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• The numerial sheme introdued by D. d'Humières [2℄ is a �exible framework todisretize mathematial models in physis and engineering. It introdues the hoie of
N (= 4 for three-dimensional aousti appliations) onserved momenta: mi ≡ Wi (for
0 ≤ i ≤ N − 1) and relaxation oe�ients sk that de�ne the evolution of non-onservedmomenta: m∗

k = mk + sk (meq

k −mk). Moreover the time step ∆t is a natural parameterfor the evolution of partile populations: fj(x, t + ∆t) = f ∗

j (x − vj ∆t, t). When theequilibrium momenta m
eq

k are a linear funtion of the onserved variables W, we haveshown in [4℄ that is is possible with the so-alled Taylor expansion method [3℄ to derive Nequivalent partial di�erential equations for the unknown vetor W at �rst order in timeand at any order of auray in spae.
• The system of linearized onservation equations issued from the lattie Boltzmannsheme an be written under the form A(∆t, ∂) • W = 0 with a ompat notation:
A(∆t, ∂) is a 4 × 4 (for three-dimensional appliations) matrix of di�erential opera-tors of high order relative to the onservative variables W . We searh the eigenmodes ofoperator A(∆t, ∂), id est the eigenvalues λj(∆t, ∂) and the eigenvetors rj(∆t, ∂) suh
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2 François Dubois and Pierre Lallemandthat A(∆t, ∂) • rj(∆t, ∂) = λj rj(∆t, ∂). We introdue the diagonal matrix Λ(∆t, ∂)omposed by the eigenvalues λj(∆t, ∂) and the square matrix R(∆t, ∂) omposed bythe eigenvetors. Then the previous relation an be written under the syntheti form:
A(∆t, ∂) • R(∆t, ∂) = R(∆t, ∂) • Λ(∆t, ∂).

• Moreover, the operator A(∆t, ∂) is a polynomial relatively to the variable ∆t:
A(∆t, ∂) ≡ A0(∂)+∆t A1(∂)+∆t2 A2(∂)+∆t3 A3(∂)+O

(

∆t4
)

. We an apply in this asethe perturbation theory for linear operators (see e.g. [1℄ for an elementary introdution).First for ∆t = 0, the operator A0(∂) is exatly the perfet linear aousti model and asystem R0(∂) of lassial referene eigenvetors an be given. The two aousti wavesand the two shear waves are put in evidene with this diagonalization. The parameter
∆t is supposed to be in�nitesimal and we introdue an expansion of the eigenvalues withdiagonal matries Λj(∂): Λ(∆t, ∂) ≡ Λ0(∂)+∆t Λ1(∂)+∆t2 Λ2(∂)+∆t3 Λ3(∂)+O

(

∆t4
)and relative perturbations Qj(∂) of the eigenvetors: R(∆t, ∂) ≡ R0(∂) •

(

Id+∆t Q1(∂)+

∆t2 Q2(∂)+∆t3 Q3(∂)+O(∆t4)
)

. We insert the previous expansions inside the eigenmodeondition and �nd step by step the expression of eigenvalues and eigenvetors at any orderof auray.
• Doing this, we expand formally the eigenvalues in terms of the in�nitesimal parameter.We an adjust the oe�ients sk of the d'Humières lattie Boltzmann sheme in orderto enfore fourth order auray (quarti parameters presented in [4℄ in the ase of shearwaves). In this ontribution, we show that the previous methodology is also appliableto aousti situations with D2Q13 and D3Q27 shemes. For simpler shemes as D2Q9and D3Q19, we show that the simulation of aousti waves is improved when isotropyonditions are enfored. We will present various simulations to verify these ideas and willlist a few pending questions.Referenes[1℄ C. Cohen-Tannoudji, B. Diu, F. Laloë. Quantum Mehanis, two volumes, Wiley,1978.[2℄ D. d'Humières. �Generalized Lattie-Boltzmann Equations�, in Rare�ed Gas Dynam-is: Theory and Simulations, vol. 159 of AIAA Progress in Astronautis and Astro-nautis, p. 450-458, 1992.[3℄ F. Dubois. �Equivalent partial di�erential equations of a lattie Boltzmann sheme�,Computers and mathematis with appliations, vol. 55, p. 1441-1449, 2008.[4℄ F. Dubois, P. Lallemand. �Towards higher order lattie Boltzmann shemes�, to ap-pear, Journal of Statistial Mehanis: Theory and Experiment, arXiv: 0811.0599,2009.


