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• T�Ç�JÉÈgA¯Ê¯MOCFÊ±?�AD?�E²Ë�P¡A£@�Ì�J Í
ÎÏt }

Ω
� t ]��8z�{8z�� t _yxrz v _N]`�N� v a8_y{ t {Ð{ v ��]`z�_²z|_

R
2 Ñ z�}�~Ð] �£v ��d ¢ v _y]��D� v a8_y{y]�ced

∂Ω ≡ ΓD ∪ΓN

� s�tÒuwv _yxrz|{ t cI}�~ tÂ� c v �y� t � � v c6}�~ t�Î ] � �Ó] u�tSv^�£t cr]¡} v cªz|_
Ω Ñ z�}�~� ]`c�z v a8xSÔ�z�c�z u ~y� t }Õ]`_y{LÖ t ay��]`_y_*� v a8_y{y]�ced uwv _y{8z×}rz v _yx ®

ØeÙOÚ
−∆u = f

z|_
Ω , u = g

v _
ΓD ,

∂u

∂n
= γ

v _
ΓN .
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� ~ t {N]¡}�a8�
f
z|xVxra �8�Dv x t {²} v � t � v _�¢#} v }�~ tBA z|��� t ce}Vx � ] uwt

L2(Ω)
� ÎÏt }VayxVz|_^}�c v[�

{ya u�t }�~ t � v � t _^}�a8�
p = ∇u

]�_8{L}�~ tDCQv � v � t�� x � ] u�t
H(

{yz �
, Ω, ΓN) = {q ∈

(L2(Ω))2;
{8z �

q ∈ L2(Ω), (q.n) = 0
v _

ΓN}
° Ñ ~ t c t n

z|xÕ_ v c���]`�±{yz|c t'u }�z v _ t ³ �
} t c�_y]��^} v

∂Ω
]`_y{

(q.n)
}�~ t }�]�_�¢ t _^}�z t �^}�cr] uwtBu�v _8xrz�{ t c t {-z|_�] Ñ t ]��Âx t _8x tFE Ô Î!G YIHõ�

� ~ t _Ð}�~ t�� c v �y� t �
(1)

u ]`_�� t Ñ c�z×}�} t _ ®

−
{8z �

p = f
z|_

Ω ,
Ø Y Ú

p = ∇u
z�_

Ω ,
ØKJQÚ

u = g
v _

ΓD ,
Ø W Ú

∂u

∂n
= γ

v _
ΓN .

Ø h Ú

L d } t x�}�z|_8¢*}�~ t c t ��]¡}�z v _ Ø Y Ú ]`¢^]`z�_8x�}-]`_4]`c��yz�}�cr]`ced �gt u } v c � ]��|a t {É��ay_ u }�z v _
q ∈

H(
{yz �

, Ω, ΓN)
]�_8{�z|_^} t ¢gcr][}rz�_�¢��^d � ]�ce}rxw°Nz×} u�v � t x ®

(p, q) + (u,
{8z �

q) −

∫

ΓD

g(q.n)
{
s = 0 .

� ~ t z|_^} t ¢^c�][}�z v _ v �k}�~ t c t ��]¡}�z v _
(3)

v _ }�~ t { v ��]�z|_
Ω
][� } t cÒ��a8�×}�z � ��d�z|_8¢Ð�^dÉ]

x u ]���]`c � ]`��a t { ��ay_ u }rz v _
v ∈ L2(Ω)

d�z t �|{yx ®
(
{yz �

p, v) + (f, v) = 0.
� ~ t _ }�~ t

u�v _^}rz�_ba v a8x � c v �8� t �
(1)

}ó]`� t xª}�~ t � v �|� v Ñ z|_8¢�� v c�� ®

Ø [ Ú




u ∈ L2(Ω), p ∈ H(
{yz �

, Ω) ,
(p, q) + (u,

{yz �
q) −

∫
ΓD

g (q.n)
{
s = 0, ∀q ∈ H(

{8z �
, Ω, ΓN)

(
{yz �

p, v) + (f, v) = 0, ∀v ∈ L2(Ω) .

• >�CFE È�P¡J^M C-M�NNM C�ADÊ
O _ Ñ ~N]¡}:� v �|� v Ñ xw° Ñ t { t _ v } t �^d T ]�� t xr~S}�~y][}�z|x±xra �8�£v x t {Â} v � t ]��yz|{yz|� t _yxrz v _y]��
u�t ���|ay��]�c u�v � � � t ³#z�_�}�~ t x t _8x tVv � E �SvPG Ù HN]`_y{ u�v � �£v x t {��^d#}rc�zÓ]`_8¢gay��]`c t � t � t _^}�xw�
s4t { t �N_ t }�~ t � v �|� v Ñ z|_8¢ u�v � �£v _ t _^}�x v ��}�~ t � t xr~ T

®
T 0 }�~ t x t } v � �^t ce}rz u�t xØ u�v � �£v _ t _^}�x v �£}�~ t � t xr~

T
v �¯{8z�� t _yxrz v _

0
Ú °
T 1 }�~ t x t } v � t {8¢ t x Ø u�v � �£v _ t _^}�xv �¯}r~ t � t xr~

T
v �Ï{yz|� t _yxrz v _

1
Ú ]`_y{

T 2 }�~ t x t } v �D}�c�z�]`_8¢g� t x Ø u�v � �£v _ t _^}�x v �£}�~ t� t xr~
T
v ��{8z�� t _yxrz v _

2
Ú � ÎÏt }�a8xÕz|_^}�c v {8a u�t }�~ t }�~8c twt � v �|� v Ñ z|_8¢�x t } v � t {8¢ t x ®�B� ~ t x t } v � C�Ê¯MOJQPOÊ/NDÌ t {8¢ t x T 1

i = {a ∈ T 1, a ∩ ∂Ω = ∅}
�

�V� ~ t x t } v �RQ E'J Í4C�@kAD?�ÊS/N£P)TVU t {8¢ t x T 1
s = {a ∈ T 1, a 6∈ ∂Ω

]`_y{
a ∩ ∂Ω 6=

∅}
° u�v � �£v x t {L�^d t {8¢ t x Ñ ~ v x t�v _ t��gt c�} t ³ � t � v _�¢^xS} v }�~ t � v ay_y{y]�c�d ]`_y{L}�~ tv }�~ t c v _ t z�x�z|_^} t c�_N]`� �

�#� ~ t x t } v � @BAD?�ÊS/N£P)T t {8¢ t x
T 1

b = {a ∈ T 1, a ⊂ ∂Ω}
� ÎÏt }

T 1
N = {a ∈

T 1
b , a ⊂ ΓN}

}�~ t x t } v �I� v ay_8{N]`ced t {8¢ t x�]�xrx v u z�][} t { Ñ z×}�~ Ö t ay��]`_y_ uwv _y{8z×}rz v _]`_y{
T 1

D = {a ∈ T 1
b , a ⊂ ΓD}

}�~ t x t } v �Â� v ay_y{y]�c�d t {8¢ t x�]�xrx v u z�][} t { Ñ z�}�~Ô�z�c�z u ~8� t } u�v _y{yz�}�z v _>W Ñ t ~y] �gt T 1
b = T 1

D ∪ T 1
N

Ø x twt ��z×¢gayc t ÙOÚ �



���3"���:I����� & ����:<� +4�����	��� ���!12
�+4�������	�� ��
�� ?<��� �(���)�@+-
�
����@"�8 
�� �

c

b

a

������ «�¥���� V ³ t � � � t x v � t {�¢ t x ® a ∈ T 1
i

°
b ∈ T 1

s

]�_8{
c ∈ T 1

b

�
• >�CFE È�P¡J^M J��(N£POCKNNM CFADÊ/NDÌ��÷ADP¡ÍÉ?�Ì-NNMOCFADÊ
s4tÐuwv _yxrz|{ t c�} Ñ v u �Ó]`xrxrz u ]`�6�N_yz�} t {yz|� t _8xrz v _N]`�Bx � ] u�t x L2

τ(Ω)
]`_y{

Hτ (
{yz �

, Ω)
�

� x u ]`�Ó]`c � ]��|a t {4��ay_ u }rz v _
v ∈ L2

τ (Ω)
z|x u�v _yx�}ó]`_^}�z|_ t ] u ~4}�c�zÓ]`_8¢g� t

K
v �Õ}�~ t

� t xr~ WI] �gt u } v c � ]`�|a t { ��ay_ u }�z v _
p ∈ Hτ (

{yz �
, Ω)

z|x�]��|z�_ t ]`c u�v ���yz|_N]¡}�z v _ v �
�$] � z�]`ce} �n� ~ v ��]�x E � �9G6G H��N]`xrz�xª��ay_ u }�z v _yx

ϕa

� v c t ] u ~ t {�¢ t
a ∈ T 1 �

• K2J^M'P¡A����! NDÌFJQPOW±C�Ê Í4C#"�J S%$�Ê�CXMOJLJbÌ�J Í4JbÊ¯M&Í4J^MOÇ�ARS
O _ }�~yz|xÂx t'u }�z v _!° Ñ t ayx t }�~ t�� ]�c�zÓ]¡}�z v _y]�� � c v �y� t � (6)

� � x
pτ ∈ Hτ (

{8z �
, Ω)

° Ñ t�£c�x�}:}�c t ][}!}�~ t Ö t ay��]�_8_ u�v _y{8z×}�z v _
(5)

� s4t z|_^}�c v {8a u�t }�~ t'& a ³
γb ≡

1
|b|

∫
b
γ(s)

{
s� v c t ] u ~ t {�¢ t

b ∈ T 1
N

]`_y{µ}�~ t
t _^}�z|c t ��z�� }�z|_8¢ v ��}�~ t Ö t ay��]�_8_Ð� v a8_y{y]�ced u�v _8{yz �
}�z v _ ®

γτ = (
∑

b∈T 1

N

γbϕb) ∈ Hτ(
{yz �

, Ω)
� � ~ t _ Ñ t ~N] �^t

Ø G Ú
pτ =

∑

a∈T 1

i
∪T 1

s ∪T 1

D

paϕa+
∑

b∈T 1

N

γbϕb ≡ πτ +γτ ∈ Hτ (
{yz �

, Ω, ΓN)+Hτ (
{yz �

, Ω)

Ñ ~ t c t Hτ (
{8z �

, Ω, ΓN) = Hτ (
{yz �

, Ω)∩H(
{8z �

, Ω, ΓN). ( aycU� t }�~ v {¦z�xU�y]�x t { v _}�~ t¦u�v _8x�}�c�a u }rz v _ v �ª]µ{8z�x u c t } t ��a8_ u }�z v _y]���x � ] uwt
H∗

τ (
{yz �

, Ω, ΓN)
¢ t _ t c�][} t { �^d

�gt u } v c�z�]��¯��ay_ u }�z v _yx
ϕ∗

a , a ∈ T 1 }�~y][}Ò]`c t�u�v _�� v c��²z�_�¢�z|_�}�~ t x � ] u�t H(
{yz �

, Ω)]`_y{ c t'� c t x t _^}�}�~ t {yay]����N]`xrz�x v �S}�~ t �æ]`��z|��d
ϕb, b ∈ T 1 Ñ z�}�~ }�~ t

L2 x u ]`�Ó]`c
� c v {ya u } ®

(ϕa, ϕ
∗
b) = δab , ∀ a, b ∈ T 1.

� ~ t _µ}�~ t���t }�c v �Q��� ]`� t c��bz|_*�²z�³ t {²�£_yz�} t
t � t � t _^}�� t }r~ v { u�v _8xrz�x�}�x�z|_ c t � �Ó] u z�_�¢ }�~ t x � ] uwt

H(
{8z �

, Ω, ΓN)
�^d�}�~ t {8aN]`�

x � ] u�t
H∗

τ (
{8z �

, Ω, ΓN)
� v cÂ} t x�}#��ay_ u }�z v _yx�z|_ }r~ t �£c�x�} t �bay][}rz v _ v �ª}�~ t {8z�x u c t } t

� v c���a8�Ó]¡}�z v _
(6)

� � ~yz|xÂ� t }�~ v {�d�z t �|{yx�}�~ t x v`�÷u ]`�|� t { KÒJ^M'POA)���* NDÌFJQPOW:CFÊ+$�Ê�CXM J
�DADÌF?�Í4JbE²E ÈOÇ�J Í4J ®

Ø Z Ú





uτ ∈ L2
τ (Ω) , πτ ∈ Hτ (

{8z �
, Ω, ΓN) ,

(πτ , q) + (uτ ,
{8z �

q)=
∫

ΓD

g(q.n)
{
s − (γτ , q), ∀q ∈ H∗

τ (
{yz �

, Ω, ΓN)

(
{8z �

πτ , v) = −(f, v) − (
{8z �

γτ , v) , ∀v ∈ L2
τ (Ω) .

Ö v Ñ }�~ t � t d �£v z�_^}:z�x!}�~ t6uwv _yx�}rc�a u }�z v _ v �b}r~ t x v`�÷u ]��|� t { S�?N¯Ì-,DN)�±CKN£P'M.�óT-Ç�A¯Í N¯E
@ NDE'CFE/�÷?�Ê�È�M CFA¯Ê�E ϕ∗

a, ∀a ∈ T 1 �N� v c�]`_Ðz|_^} t c�_N]`� t {�¢ t a ∈ T 1
i

x twt E Ô�aNf^Y[] H±]�_8{
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� v c6}�~ tÂu ]`x t
a ∈ T 1

N

z×}Vz�xVa8xr� t xrxk} v�u�v _yx�}�c�a u }
ϕ∗

a

~ t _ u�t }�~ t & a ³
γa

] u c v xrx
ΓN

z|x
{ v _ t �^d�}�~ t Ö t a8�&]`_y_²� v ay_y{y]�c�d uwv _y{8z×}rz v _±��� v cI}r~ t2u ]�x t x

a ∈ T 1
s

]`_y{
a ∈ T 1

DÑ t ]`{N] � }�}�~ t�u ]�x t }�~ t�� c t�� z v ayx�z|{ t ]�xw�

� � ¿n5NÆQ¸ À�Ä2Å 7±5y¿��±¼I9¦¸ 7�ÆQ¸�Æ
� ~yz|xVx t'u }rz v _²z�xV{ t {yz u ]¡} t {¦} v }�~ tÒu�v _yx�}�c�a u }�z v _ v �:]-{8aN]`�!�$] � z�]�ce} �n� ~ v �&]`xB�y]�xrz|x
ϕ∗

b
Ñ ~ t c t b

z|x&]`_ z|_^} t c�_N]`� t {�¢ t�v �2}�~ t � t xr~
T
� ��v x t't � xrz|� � �|z u z�}�d Ñ t Ñ z|���u�v _8xrz�{ t cÂ~ t c t ] � c v �y� t �

(1) Ñ z�}�~ v _y��d ]`_ ~ v � v ¢ t _ twv a8x�Ô�z|c�z u ~y� t }
� v ay_8{N]`ced
u�v _8{yz�}�z v _ Ø �	�F¥ �

∂Ω = ΓD, T 1
b = T 1

D, T 1
N = ∅

Ú �
• � CFÈ^CFÊ�C M�T A � NDÊ½CFÊÏM JQP¡ÊNDÌ�J S��DJ b ∈ TiÎÏt }*{ t _ v } t �^d

b ≡ (SN)
]`_½z|_^} t c�_N]`� t {8¢ t °V�^d

O
}�~ t �²z|{y{y� tLv �

SN
]`_y{

�^d
K
°
L
}r~ t } Ñ v }�c�z�]�_�¢^� t x�}�~y][} u�v � �Dv x t }�~ t�u�v`� � v ay_8{N]`ced Ø �	�F¥ � }�~ t*t {8¢ t

bz|x�z|_ u �|ay{ t {4z|_�}�~ t � v a8_y{y]�c�z t x v �
K

]`_y{
L
Ú � � ~ t _ v c���]`�

na

z|x�xra �y�£v x t {�} v
� t�v c�z t _^} t {���c v � }�~ t-t � t � t _^}

K
} v Ñ ]`c�{yx�}�~ t�t � t � t _^} L

]�_8{L}�~ t c t-t ³8z�x�}S} Ñ v�gt c�}�z u�t x
W

]�_8{
E

xra u ~ }�~N]¡}
K = (S, N, W ), L = (N, S, E).

Î!t } u�v _yxrz|{ t c
}�~ t � v ayc t {�¢ t x

(N, W )
°
(W, S)

°
(S, E)

°
(E, N)

}�~N]¡} u�v � �£v x t }�~ t � v ay_8{N]`ced
v �U}�~ t ay_8z v _

K ∪ L
]�_8{ { t �£_ t � v a8c�_ t Ñ }rc�zÓ]`_8¢g� t x

M
°
P
°
Q
]�_8{

R
]`_y{�� v ayc

_ t Ñ �gt ce}�z u�t x
A
°
B
°
C
]`_y{

D
z|_µ}�~ t � t xr~

T
� Cbv Ñ t { t �N_ t }r~ tÂ� z u z�_8z×}nd v ��}�~ tt {8¢ t

b = (SN)
]`x ®

V(b) ≡ (L, K, M, P, Q, R)
°�]`xÕz|�|��a8x�}�cr]¡} t { v _L��z×¢^a8c t Yb�

O

S
D

E

A

N

B

P

Q
R

M

L
K

n

C

W

������ «�¥	����
 z u z|_yz�}nd
V(b)

� v c�]�_�z|_^} t c�_N]`� t {8¢ t
b = (SN)

�

• � T±ËBANM Ç�JbE'CFE �÷ADP²M Ç�J S�?/NDÌ , N��:C-N£P M!� T�Ç�A¯Í NDE�@ NDE'C�E �÷?�Ê�È�M CFADÊ�E
s4t xra �8�Dv x t }�~y][}�}�~ t �$] � z�]�c�} �n� ~ v ��]�x�{yay]��:�y]�xrz|x���a8_ u }�z v _8xÕx�]¡}�z|x�� d ®

� � T±ËBANM Ç�JbE'CFE (H1)
®
ϕ∗

b ∈ H (
{yz �

, Ω) , (ϕa, ϕ
∗
b) = δab , ∀a, b ∈ T 1.� � T±ËBANM Ç�JbE'CFE (H2)

® � v c t ] u ~�z|_^} t c�_N]`� t {8¢ t
b = (SN)

°y}�~ t xra �8�Dv ce} v ��}r~ t
{yay]��$��] � zÓ]`ce} �÷� ~ v ��]`x-�N]`xrz�x-��ay_ u }�z v _

ϕ∗
b

z|x�z�_ u �|ay{ t { z�_4}�~ tµ� z u z|_yz�}nd
V (b) =

V (SN) ,
u�v � �Dv x t {Ð�^dµ}r~ t }�c�zÓ]`_8¢g� t x

K
°
L
°
M
°
P
°
Q
t }

R
�
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� � T±ËBANM Ç�JbE'CFE (H3)
®¡� ~ t {yz �^t c�¢ t _ u�t � t �|{ v �

ϕ∗
b

z|x u�v _8x�}ó]`_^}Iz�_ t ] u ~-}�c�zÓ]`_8¢g� tg®
{yz �

ϕ∗
b ∈ L2

τ (Ω) .

• � ADP¡Í NDÌ �DP)N S�CFJbÊÏM �÷A£PµCFÊÏM JQPOÊ/NDÌ$J S��DJbE
� v c

b = (SN)
� t }

ϕ∗
b

� t ]�{8aN]`�2�$] � z�]`ce} �n� ~ v ��]�x��y]�xrz|x¦��ay_ u }rz v _)x�][}rz�x�� d�z|_8¢
}�~ t ~^d �Dv }�~ t xrz|x

(H2)
� ÎÏt }Éz|_^}�c v {ya u�t }�~ t � v ��� v Ñ z�_�¢ & ab³ t x ] u c v xrx�}�~ t t {8¢ t x

SN
°
EN

°
NW

°
WS

]`_y{
SE

®
η ≡

∫
SN

ϕ∗
b .nSN

{
γ
°
α ≡

∫
EN

ϕ∗
b.nEN

{
γ
°

β ≡
∫

NW
ϕ∗

b.nNW

{
γ
°

γ ≡
∫

WS
ϕ∗

b.nWS

{
γ
°

δ ≡
∫

SE
ϕ∗

b.nSE

{
γ
� � x

πτ ∈ Hτ (div, Ω)
° Ñ t�u ]`_ Ñ c�z�} tg® πτ =

∑
a∈T 1 paϕa

][¢Q]`z|_yx�}�}�~ t �y]�xrz|x¦¢ t _ tâ�
cr]¡} t {��^dµ}�~ t �æ]��²z|�×d v ����a8_ u }�z v _8x

{ϕa}a

� � ~8z�x�� t ]`{yx�} vy®
∫

Ω

πτ · ϕ
∗
b

{
x =

∑

a

pa

∫

Ω

ϕa · ϕ
∗
b

{
x = pb =

∫

b

πτ · nb

{
s =

∫

b

∇uτ · nb

{
s.

�*v c twvO�gt cª}�~ t#t �baN]`��z�}nd
πτ = ∇uτ

u ]�_�� t Ñ c�z�}�} t _ Ñ t ]`�b��d Ñ z×}r~�}�~ t ~ t � �*v � Ø 3 ÚÑ z×}�~ q = ϕ∗
b

®
∫

Ω

πτ · ϕ
∗
b

{
x =

∫

Ω

∇uτ · ϕ
∗
b

{
x = −

∑

K∈V(b)

uK

∫

∂K

ϕ∗
b · n∂K

{
s,

Ñ ~ t c t ∂K
z|x u�v � �£v x t {��^d�}�~ t }�~yc t't�t {8¢ t x v �U}�~ t }rc�zÓ]`_8¢g� t

K
Ø x t't ��z×¢gayc t Y Ú �

� ~ t x t } Ñ v ��]`x�} t ³ � c t xrxrz v _yx�]`_y{ Ñ z×}�~Ð}�~ t ~ t � �Ðv ��{8z�� t c t _^} & ab³ v ��� t ]�{8xª} v }�~ t� v ��� v Ñ z�_�¢�� v c���a8�Ó]�� v cV}�~ t ¢^cr]`{yz t _^} ∇uτ

] uwu c v xrx�}�~ t#t {8¢ t
b = (SN)

E Ô�aNf^Y`]	H ®

Ø��^Ú





∫

b

∇uτ · nb

{
s = η(uL − uK) + α(uM − uL) +

+β(uP − uK) + γ(uQ − uK) + δ(uR − uL).

� ~ t-� c t x t _^}��£_8z×} t#�gv ��a8� t ] �8� c v ] u ~�z�x v � }ó]�z|_ t {��^dÐ}�~ t c t'� c t x t _^}ó]¡}�z v _ v ��}�~ t
_ v c���]`��z|_^} t ce�æ] u�t ¢^cr]`{yz t _^} ∫

b
∇uτ · nb

{
s
]`x2]���a8_ u }�z v _ v �6xrz´³�_ t z×¢^� v ayc�z|_8¢ � ] �

�|a t xw� O � Ñ t&u�v _yxrz|{ t c v _y��dÉ}�~ t } Ñ v }�c�z�]�_�¢^� t x K
]`_y{

L
v �ª}�~ tµu�v[� � v a8_y{y]�cedÉ} v

{ t �N_ t }�~ t x u ~ t � t Ø �	��¥ �
α = β = γ = δ = 0

Ú ° Ñ t � v a8_y{ ]�� v c t xrz|� � � t
t ³ � c t xrxrz v _*� v cS_ v c���]�� & ab³ Ø x twt�¥ � � �/E L�� ( � [IH÷° E V �;A Y¡� H Ú � s�t�u ]`_�� v ay_8{ ]`��x v
� v c tÂt ��]�� v cr][} t#t ³ � c t xrxrz v _*z|_µ}�~ t x�]�� t x � z�c�z×}'°8x t't E Ö v [ W�H�]`_y{ E	� 
 
 �
� H÷�

• � JbÈgJbE E3N£P)T È^ADÊ/S�C M CFADÊ�E �÷A£PµÊ�ADP¡Í NDÌ �DP)N S�CFJbÊÏM
� ~ t c t � v c t }�~ t�t ³ � ��z u z×}2c t � c t x t _^}ó][}rz v _ v �6}r~ t _ v c���]���¢^c�]�{8z t _^} v �

∇uτ

] uwu c v xrx
}�~ t�t {�¢ t

b = (SN)
c t �ba8z t c t x�}�~ t { t } t c��²z�_y][}�z v _ v ��}�~ t-u�vbt���u z t _^}�x

η
°
α
°
β
°
γ]`_y{

δ
]�xI}�~ t & a ³ t x v �!}r~ t {8aN]`�¯�y]�xrz|x6��a8_ u }�z v _

ϕ∗
b

°b]���}�~ v a8¢g~ Ñ t { v _ v }V~N] �gt ]`_t ³ � �|z u z�}ª�b_ v Ñ � t {8¢ tSv �:}r~ t {yay]��¯�N]`xrz�xB��a8_ u }�z v _ ϕ∗
b

� � ~ t2v c�}�~ v ¢ v _N]`�|z×}nd�c t ��][}�z v _yx
� t } Ñ t't _Ð}�~ t �$] � z�]�c�} �n� ~ v ��]�x��N]`xrz�x���ay_ u }rz v _yx ϕa

]`_y{*}�~ t {8aN]`�:�N]`xrz�x���ay_ u }�z v _
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ϕ∗
b

]��|� v Ñ } v*t ³ � c t xrxÂ_ t'u�t xrx�]�ced u�v _8{yz�}�z v _8x v _ }r~ t x t¦u�vbt���u z t _^}�x�} v { t } t c��²z|_ t �
Cbv }r~ t c t ]`c t }r~yc twt x u ]`�Ó]`c uwv _yx�}rcr]�z|_^}�x Ø x twt E ÔSayfQY¡� H Ú ®
ØeÙ f Ú

η
−−→
KL+α

−−→
LM+β

−−→
KP +γ

−−→
KQ+δ

−→
LR = |SN |nSN ,

ØeÙ�Ù¡Ú
{

α
−−→
LM.

−−→
WA+β

−−→
KP.

−−→
EB + γ

−−→
KQ.

−−→
EC+δ

−→
LR.

−−→
WD =

= −3|SN |nSN.(
−→
OL +

−−→
OK).

� ~ t¦u�v _yx�}�c�]�z|_^}�x
(10)

t ³ � c t xrx�}�~N]¡}Ò}�~ t c t ��]¡}�z v _
(9)

z|x J "!NDÈ`M z×�I}�~ t �£� t { ∇uτz|xÕ]`_�] � _ t ��ay_ u }rz v _±�

• HVJ NDE�M�E��!?/N£P¡J $�Ê�CXM J �DADÌF?�Í4JbE²E ÈOÇ�J Í4J
� ~ t�u�vbt ��u z t _^}�x

η, α, β, γ
]�_8{

δ
] �y�£t ]�c�z|_�}r~ t & ab³ t ³ � c t xrxrz v _ v �

∇uτ

] u c v xrx
}�~ t�t {8¢ t

b = (SN)
� O _ v c�{ t c2} v } t x�}Ò}r~yz|x
� t }�~ v {!° Ñ t ��ayx�}Â{ t } t c���z|_ t }�~ t x tu�vbt���u z t _^}�x#a8_y{ t c#}�~ t _ t u�t xrx�]`ced u�v _8{yz�}�z v _yxw��� v c
}�~yz|x Ñ t a8x t ]�� t ]`x�}�xr�baN]`c t x� t }�~ v {!� s4t �£_y{

η
�^dÐ��z|_yz|�²z��'z|_8¢�}�~ t ��ay_ u }rz v _N]`� ®

I(η) ≡

(
|SN |

η
nSN −

−−→
KL

)2

+

(
3
|SN |

η
nSN .(

−→
OL +

−−→
OK)

)2

.

��v ¢ t }
α, β, γ

]`_y{
δ
° Ñ t �²z|_yz|�²z�� t }�~ t ��ay_ u }�z v _N]`� ®

J(α, β, γ, δ) ≡

(
α

η

)2

+

(
β

η

)2

+

(
γ

η

)2

+

(
δ

η

)2

ay_8{ t cª}�~ t�u�v _y{8z×}�z v _yx
(10)

]�_8{
(11)

E%Lkv fQY3Hõ�
s4t ~N] �gtVu ~ v x t _
}r~yz|x�� t }�~ v {Â} v2uwv � � a } t

α, β, γ
]`_y{

δ
°¡x v }�~y][} Ñ t �²z|_yz|��z�� t}�~ t�t ³ }�cr] � {yz�][¢ v _N]`�y} t c�� v �!}r~ t ¢g� v �N]`�N��]¡}�c�z´³!°Q]�_8{&��]O³8z��²z�� t }�~ t {8zÓ][¢ v _y]�� v _ t

z|_ v c�{ t cª} v z|_ u c t ]`x t }�~ t�u ~y]�_ u�t
v �Ux�}ó]`�yz|��z�}nd^�

• <$CFPOEwM&Ê±?�Í4JQP¡CFÈ�NDÌªP¡JbE'?�ÌXM E��²CXMOÇ $�È`MOCXM CFAD?�E�E ?�POP¡AD?�Ê/S�CFÊ�� JbÌFJ Í4JbÊÏM E

���� ��«�¥	���Ï� � v �y]��!� t xr~ u�v � �£v x t {Ð�^dµ}�~ t z|_^} t c�_N]`�±� t xr~
T
v ��}�~ t z|_yxrz|{ t

{ v �&]`z|_
Ω
]`_y{��^d�]-� u }�z�}�z v ayx$� t xr~ v a }�xrz�{ t �
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s4t Ñ z��|�Õa8x t }r~ t � u }�z�}�z v ayx²� t xr~ � t }�~ v { E ÎÏt fQY3Hõ� � ~N]¡} u�v _8xrz�x�}�x¦} v xrayc�c v a8_y{
}�~ t { v ��]�z|_

Ω
�^d)]�_ t ³ }�cr]4��]'d t c v � t � t � t }�x²]�_8{ Ñ t z�� �£v x t }�~ t uτ (K) =

1
|K|

∫
K

g(x)
{
x
� v c

K
}�c�z�]�_�¢^� t-v �U}r~yz|x t ³ }�c�]���]'d t c Ø x twt ��z|¢gayc t J^Ú � � ~bayxÒ]`���±}�~ t

t {8¢ t x v ��}�~ t � t xr~
T
u ]`_�� t#uwv _yxrz|{ t c t {�]`xÕz|_^} t c�_N]`� Ø �	�F¥ �

T 1 = T 1
i

Ú �

    
���� ��«�¥�� � Ô�z�� t c t _^}�� t xr~Ðc t �N_ t � t _^}rxw�

0 1 2 3 4
time

-20

-15

-10

-5

0

ln
(e

rr
or

)

error l2 with fictitious mesh
error l2 with Dirichlet

������ «�¥����y� ~ t
`2 t c�c v c�xw°�� v c$] � _ t
t ³y] u }Õx v �|a�}rz v _ u(x, y) = 2x + y

°
u�v � � a�} t { Ñ z×}�~Ð} Ñ v � t }�~ v {8xw�

s4t ~N] �^t } t x�} t { }�~ tL� c t�� z v a8x&� t }�~ v { � v c�]�xr�bay]�c t { v ��]�z|_
Ω =]0, 1[2

]�_8{
Ñ t ~y] �gt ]��|x v ayx t { ]µ�æ]��²z|�×d v ��ay_8x�}�c�a u }�a8c t {�� t xr~ t x Ø x twt ��z×¢^a8c t W Ú � � }Â�£c�x�}w°
Ñ t ~N] �^t } t x�} t { }�~ t x u ~ t � t � v c�}�~ t�� c v �8� t � Ø

1
Ú Ñ z�}�~ ]`_ t ³y] u }²x v �|a�}rz v _ ¢gz �

�gt _ �^d
u(x, y) = 2x + y

� � ~yz|x � c v �y� t � u�v c�c t x �£v _8{yx¦} v _ v _ ~ v � v ¢ t _ twv a8x
Ô�z�c�z u ~8� t }�� v ay_8{N]`ced u�v _y{yz�}�z v _8x�]�_8{ Ñ t a8x t {µ}�~ t � u }�z�}�z v ayx�� t xr~µ� t }�~ v { v � v ¢�d^�� ~ t ��z×¢^a8c t h�x u ~ v Ñ x²}�~ t `2 c t ��][}rz �gt t c�c v c�xµ� t } Ñ twt _)}r~ tÉt ³y] u }Ð] � _ t x v ��a �
}�z v _

u(x, y) = 2x + y
]`_y{L}�~ t x v ��a }�z v _ u ]`� u ay��]¡} t { Ñ z×}�~L}r~ t��:t }rc vO�Q��� ]�� t c��bz�_x u ~ t � t � � ~ t�u a8c �gt xr~ v Ñ x�}�~y][} Ñ t*u ]�_ v � }ó]`z�_ ]�x¦] c t ��]¡}�z �gtÐt c�c v c�}r~ t*v c�{ t c

v �Õ}�~ t �&] u ~8z�_ tµ� c t'u z�xrz v _!� � ~N]¡} Ñ ]`x � c t {yz u } t { �^d4}r~ t �æ] u }�}�~y][}�}�~ t x u ~ t � t
z|x J "!NDÈ�M � v c¦] � _ t x v �|a�}�z v _ u

� s4t ~N] �gt ]`��x v } t x�} t { }�~ t x u ~ t � t � v c�] �Dv ��d �
_ v �²zÓ]`����a8_ u }�z v _

u(x, y) = x(1 − x)y(1 − y)
]`_y{ � c v {ya u } v �Vxrz�_ba8xÒ� v _ u }�z v _8x
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u(x, y) = sin(πx) sin(πy)
°£}�~y][}
]`c t�t ³y] u }2x v ��a }�z v _yx v �I}�~ t�� c v �8� t � Ø

1
Ú ° Ñ z×}�~~ v � v ¢ t _ twv ayxÕÔSz|c�z u ~8� t }�� v a8_y{y]�ced uwv _y{8z×}rz v _yxw�

0 1 2 3
ln(1/h)

−8

−6

−4

−2

0

ln
(e

rr
or

)

error l2 with fictitious  mesh
error l2 with Dirichlet
linear regression

0 1 2 3
ln(1/h)

−8

−6

−4

−2

ln
(e

rr
or

)

error l2 fictitious mesh
error l2 with Dirichlet
linear regression

������ «�¥���� �Bv � � ]�c�z�x v _ v �U}�~ t
`2 c t ��][}rz �gt�t c�c v c�x�� �×.� Log( 1

h
)
°¯� t } Ñ twt _�� u }�z �}�z v a8xV� t xr~&� t }�~ v {&]`_y{�Ô�z|c�z u ~y� t }V� v ay_y{y]�c�d�x u ~ t � tg® � t � }k� v c �Dv ��d�_ v ��z�]`�8� v _ u��

}�z v _
u(x, y) = x(1 − x)y(1 − y)

°�c�z|¢g~^} � c v {8a u } v ��xrz|_bayx
� v _ u }�z v _
u(x, y) =

sin(πx) sin(πy)
�

0 1 2 3
ln(1/h)

−10

−8

−6

−4

ln
(e

rr
or

)

error Linf with ficitious mesh
error Linf with Dirichlet
linear regression

0 1 2 3
ln(1/h)

−8

−7

−6

−5

−4

−3

−2

ln
(e

rr
or

)

error Linf with fictitious mesh
erreur Linf avec Dirichlet
linear regression

������ «�¥�� � �Vv � � ]`c�z|x v _ v �!}�~ t
L∞ c t ��][}rz �gt�t c�c v c�x�� �×.�

Log( 1
h
)
°b� t } Ñ t't _�� u }�z �}�z v a8xS� t xr~�� t }�~ v {�]�_8{ Ô�z�c�z u ~y� t }�� v a8_y{N]`ced�x u ~ t � t � v c � c t�� z v ayxr��d�{ t x u c�z|� t {

} t x�} u ]`x t xw�
� ~ t �N¢gayc t x [ ]`_y{ G xr~ v Ñ °�c t x �£t'u }rz �gt �×d^°�}�~ t `2 ]`_y{

L∞ c t �Ó]¡}�z �^t&t c�c v c�x¦� t } �
Ñ twt _
}�~ tkt ³y] u }�x v �|a�}rz v _yx�]`_y{#}�~ t x v �|a�}rz v _ u ]�� u ay��][} t { Ñ z�}�~#}�~ t���t }�c vO�Q�e� ]�� t c��bz|_x u ~ t � t � ¥â«ó��b

Log( 1
h
)
° Ñ ~ t c t h = hτ ≡ maxK∈T 2(hK)

° Ñ z�}�~ hK

z�x-{8zÓ]`� t��
} t c v �Ò]L}�c�z�]`_8¢g� t

K
�6� v c-}�~ t�u ]`x tÐv � �Dv ��d�_ v ��z�]`�k� v _ u }�z v _±° Ñ t ~y] �gt ]�_ v c�{ t c

v � u�v _ �gt c�¢ t _ uwtÂt �baN]`�:} v
1.7

� v c
`2 ]�_8{ 1.5

� v c
L∞ _ v c���x Ø ��z×¢^a8c t [ Ú �!��z�_y]��|�×d^°

� v c
}�~ t&� c v {8a u } v �$xrz|_bayx#��ay_ u }�z v _yxw°���z×¢^a8c t [�xr~ v Ñ }�~ t�v c�{ t c v � u�v _ �^t c�¢ t _ u�t
1.8

]`_y{
1.7

°Qc t x �Dt'u }�z �^t ��d^°Qz�_²}�~ t x t _yx tSv �
`2 ]`_y{ L∞ _ v c��²xw� s�t2u�v _ u �|ay{ t ~ t c t
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}�~y][}6}�~ t x u ~ t � t Ñ z×}r~�� u }�z�}�z v ayxI� t xr~¦� t }�~ v { v � v ¢`d�~N]`xI¢ vbv { u�v _ �^t c�¢ t _ u�t�� c v[��£t ce}�z t xw� O _ u�v _yx t �ba t _ uwt }�~ t z�_^} t c�_N]`�Ï�£_8z×} tÒ�^v �|ay� t xªx u ~ t � t ~N]`xÕxra u'u�twt { t {&� v c
_bay� t c�z u ]��D} t x�}'�

� � ¿�58¿����29�7±¸���3kÄÒÀ��2¼U5
	 �Ï3BÀ��S¿�¸ ¿�3kÀ
� _^}�z|�Ï~ t c t ° Ñ t ~N] �gt2u�v _8xrz�{ t c t {&]�x u ~ t � t � v c6}r~ t & ab³ pa

Ø x twt Ø
7
Ú�Ú °^� v cBz�_^} t c�_y]��

t {8¢ t xw°6_ v Ñ Ñ tL� c v^�£v x t ] x u ~ t � t � v c�]`��� t {8¢ t x a ∈ T 1 � CQv °U}�~yz|x�x t'u }�z v _ z|x
{ t {8z u ]¡} t {L} v }�~ t�u�v _yx�}�c�a u }�z v _ v ��]*{yay]��k�$] � zÓ]`ce} �÷� ~ v ��]`xÂ�y]�xrz|x

ϕ∗
b
Ñ ~ t _ }�~ tt {8¢ t

b = (SN)
z|xÂ]µx t ��z�� v a8_y{y]�ced Ø �	�F¥ �

b ∈ T 1
s

Ú v cÒx�}�c�z u }��×dLz|_ u ��a8{ t { z|_L}�~ t
� v a8_y{y]�ced v ��}�~ t � t xr~

T
Ø �	�F¥ �

b ∈ T 1
D

Ú � s4t&u�v _8xrz�{ t c
}�~ tµ� c v �y� t � Ø
1
Ú Ñ z�}�~Ô�z�c�z u ~8� t }2� v ay_8{N]`ced u�v _y{yz�}�z v _8x Ø �	�F¥ �

ΓN = ∅
Ú � s�t x�}rz��|��xra �y�£v x t }�~N]¡}2}�~ t ~^d �

�£v }r~ t x t x
(H1)

°
(H2)

]`_y{
(H3)

x�]¡}�z|x�� t {Ð� v cV}�~ t {yay]��:�y]�xrz|xª��ay_ u }�z v _yx
ϕ∗

b

�

•
� x

b = (SN) ∈ T 1
s ∪ T 1

D

°±}�~ t�� z u z�_8z×}nd
V(b)

v ����z|¢gayc t YÐ{ vbt x�_ v } t ³8z�x�}
]`_^d�� v c t � O _�]`��� u ]�x t xw° v _ t }�c�z�]�_�¢^� t }�~y][} u�v � �£v x t x�}�~ t � z u z�_8z×}nd z|x�]¡}�� t ]`x�}
�²z�xrxrz|_8¢y� �*v c twvO�gt c�°�z×� Ñ t { t _ v } t �^d ∂V(b)

}�~ t � v ay_y{y]�c�d t {�¢ t x v ��}�~ tÐ� z u z �
_yz�}nd

V(b)
Ø x twt ��z|¢gayc t Z Ú °£}�~ t {yaN]`����a8_ u }�z v _

ϕ∗
b

z�x��� «�� ©¡«�� _ v }Ò_bay�|��]`_^dL� v c t
v _ }�~ t*t {8¢ t x

a ∈ ∂V(b) ∩ T 1
D

� � ~ba8xw°�} v�u ]`� u a8�Ó]¡} t }r~ t � v ay_y{y]�c�d �baN]`_^}�z×}rz t x
∫

a∈∂V(b)∩T 1

D

uτ ϕ∗
b · na

{
s
° Ñ t _ t't {µ} v ]`{N] � }$}�~ t {yaN]`�!� v _ u }�z v _ ϕ∗

b

�
s4t x t }$}�~ t

� � T±ËBANM Ç�JbE'CFE (H4) �
Î!t }

s
� t }r~ t�u ayc � z��|z�_ t ]�c u�vbv c�{yz|_N]¡} t�t �baN]`��} v � t c v z|_

}�~ t �²z�{8{y� tÂv ��}r~ t#t {8¢ t
a
� s4t xra �8�Dv x t ∫

a
ϕ∗

b.na s
{
s = 0, a ∈ T 1

D ∩ ∂V(b).

S

W

E

A

N

B

D

L

K

M

P

R

S

W

N

B

K

P M

L

E

A

Q

K

S N

W

C
B

P

���� ��«�¥���� Ô�z�� t c t _^} u ]`x t x v ��}r~ t
� z u z�_8z×}nd
V(b)

v ��}�~ t
t {�¢ t
b = (SN) ∈ T 1

s ∩ T 1
D

�¯� v c t ³y]`� � � t z|_ u ]�x tÂv _Ð}�~ t c�z×¢^~^} Ø
SN ∈ ∂Ω

Ú °
∂V(b) = {SN, BN, BW, CW, CS}

�

O _�}�~y][} Ñ ]'d^°�a8_y{ t c�}r~ t � v �|� v Ñ z|_8¢Ò] � _ t ] �y� c v ³8z���]¡}�z v _ v �£}r~ t x v �|a�}rz v _ u
v _-}�~ t

t {8¢ t
a ∈ ∂V(b)∩ T 1

D

®
uτ(s) = ua + s∇uτ(0) + O(s2)

° Ñ t ¢ t } ∫
a
uτϕ

∗
b.nads =

ua

∫
a
ϕ∗

b.nads+O(|a|3)
° Ñ z�}�~ ua ≡

1
|a|

∫
a
g(s)

{
s
� � ~8z�xk� t ]`_ � ]`��a t

ua

z|xB_ v Ñ ]
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_N]¡}�a8cr]���{ t ¢gc twt�v �I��c twt { v � � v cÕ}�~ t�t {�¢ t
a ∈ T 1

D

]`xrx v u z�]¡} t { Ñ z×}�~�}�~ t z�� �£v x t {Ô�z�c�z u ~8� t } u�v _y{yz�}�z v _!�
• � A£P¡Í N¯Ì �£P)N S�CFJbÊÏM �÷ADP&Ê�ADÊ��óCFÊÏM JQP¡Ê/NDÌ�J S �DJbE
� ~ t�t ³ � c t xrxrz v _ v ��}�~ t & a ³ v ��}r~ t _ v c���]`�!¢^c�]�{8z t _^}2] u c v xrx�}�~ t�t {�¢ t

b = (SN)z|x$xr�|z|¢g~^}���dÐ� v {8z×� t {!� s�t ~N] �^t }r~ t � v ��� v Ñ z�_�¢ � ~ twv c t � E LBv f^Y<H÷�

T�Ç�JbA£P¡J Í � Ø Ö v c���]�� & a ³ Ú �
∫

b

∇uτ · nb

{
s =

∑

a∈∂V(b)∩T 1

D

ua

∫

a

ϕ∗
b · na

{
s −

∑

K∈V(b)

uK

∫

∂K

ϕ∗
b · n

{
s.

�*v c twvO�gt câ° Ñ t�t x�}�z���]¡} t }r~ t _bay��� t c v �ª_ t'u�t xrx�]`ced uwv _y{8z×}rz v _yx v _É}�~ t & ab³ t x η
°

α
°
β
°
γ
]`_y{

δ
� v c�� v ay_8{N]`ced t {8¢ t xw� s4t*u�v ay_^}�}�~ t _ba8��� t c v � v ce}�~ v ¢ v _y]��|z�}�d

c t ��][}�z v _yxB}�~y][} Ñ tÂu ]�_ Ñ c�z×} t � t } Ñ t't _²}�~ t {yay]��¯�N]`xrz�xV��a8_ u }�z v _ ϕ∗
b

]`_y{&}�~ t �y]�xrz|x
��ay_ u }�z v _yx

{ϕa}a
Ñ ~ t c t }�~ t a �

xª]`c t }�~ tSt {8¢ t x v �±}r~ t�� z u z|_yz�}nd v �
V(b)

��� v c6}r~ v x t
_ v _ � z�_^} t c�_N]`� t {�¢ t xw° Ñ t ~N] �^t }�~ t � v �|� v Ñ z|_8¢¦c t xra8�×} E LBv f^YIHõ�

T�Ç�JbA£P¡J Í � Ø Ö t'u�t xrx�]�ced u�v _8{yz�}�z v _8x Ú �

η
−−→
KL + α4NE

−−→
LM + β4NW

−−→
KP + γ4SW

−−→
KQ + δ4SE

−→
LR = |SN |nSN ,

Ñ ~ t c t 4a = 1
z×��}r~ t-t {8¢ t

a
] �8�Dt ]`c�xSz|_�}�~ t x t } v � t {�¢ t x v �U}�~ t�� z u z�_8z×}nd

V(b)
°

0
t ��x t Ñ ~ t c t �

• � ?�Í4JQP¡CFÈ�NDÌVM JbEwM E
s4t ~N] �gt } t x�} t {�}�~ t x u ~ t � t � v cI}�~ t x�]`� t x t } v � t ³y] u }Vx v ��a }�z v _8x v �!}�~ tS� c v �8� t �
Ø
1
Ú °��8a�} Ñ t {yz|{�_ v }�a8x t }�~ t � t }�~ v { v �ª� u }�z×}rz v ayx�� t xr~ Ø x t't Eù��t f J H Ú � Cbv °!}�~ t

Ô�z�c�z u ~8� t }&� v a8_y{y]�ced u�v _y{yz�}�z v _8xÐ]`c t _ v Ñ }�]�� t _½z|_^} v ] u'u�v ay_^}Ð�^d }�~ t x u ~ t � t
{ t x u c�z|� t {�z�_�}�~yz|xIx t u }�z v _±� � ¢Q]`z|_±° Ñ t a8x t }r~ t � t ]`x�}Ixr�baN]`c t � t }�~ v {�} v { t } t c��²z|_ t}�~ t & ab³ t x

η, α, β, γ
]`_y{

δ
�k��z×¢^a8c t x�hb°3[É]`_y{ G xr~ v Ñ }�~y][}�}�~ t � t }�~ v { Ñ z�}�~� v a8_y{y]�ced uwv _y{8z×}rz v _yx$~N]`xÕxrz|��z|��]�cVc t xra8�×}rx v � � c t u z|xrz v _�]`_y{ u�v _ �gt c�¢ t _ uwt °8]�xª}�~ t

v _ t � v cÕ}�~ t � u }�z�}�z v a8x2� t xr~ � t }�~ v {±� � ~ba8xw° v a8c2x u ~ t � t z�x � ]`�|z�{�� v cS� v a8_y{y]�ced
Ô�z�c�z u ~8� t } uwv _y{8z×}rz v _yx Ñ z×}r~ v a�}�� v xrx v � t ³y] u } t _ t xrx � c vg�Dt ce}nd v �S}r~ t x u ~ t � t � v c
] � _ t x v �|a�}�z v _

u
�

� � ¿���7 � � ¿n5y¿����S9e7±¸ ¼6À�� 	�7�Ä2Å ¼kÀ2À ��3BÄ2À��2¼I5 	 �!3kÀ �S¿n¸ ¿e3kÀ2Æ
O _�}�~8z�xUx t'u }�z v _ Ñ t�u�v _8xrz�{ t c�}�~ t$� c v �y� t � Ø

1
Ú Ñ z×}�~�� v }�~²ÔSz|c�z u ~y� t }I]`_y{�Ö t a8��]�_8_� v a8_y{y]�ced u�v _y{yz�}�z v _8xw° v � Ñ ~yz u ~�}�~ t�� ]�c�z�]¡}�z v _N]`�^� v c���a8�Ó]¡}�z v _-z|x�¢^z �^t _-�^d Ø 8 Ú �Q� v c

b ∈ T 1
N

°:z�}�z|x#ayx t � t xrx2} v�u�v _8x�}�c�a u }
ϕ∗

b

°:~ t _ u�t }�~ t/& ab³
pb = γb

z�x
z�� �£v x t {É�^d
}�~ t Ö t ay��]`_y_L� v ay_8{N]`ced u�v _y{yz�}�z v _8xw� CQv ° Ñ t Y�a8x�}Ò~N] �gt } v*u�v _8x�}�c�a u }

ϕ∗
b

� v c2]`���
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b ∈ {T 1
s ∪T 1

D, b∩T 1
N 6= ∅}

��� v cI}�~ t x tÕt {8¢ t x Ñ t ~N] �gt ] �£vbv c6x�} t _ u z|� °g�ya�}k}�~ t c tz|x6� v c t z�_ � v c���]¡}�z v _�¢^z �^t _��^d�}�~ t Ö t ay��]�_8_ u�v _8{yz�}�z v _8x v _�}�~ t � v a8_y{N]`ced t {�¢ t �
Cbv Ñ t xra �8�Dv x t � v c ϕ∗

b

®
� � T±ËkANMOÇ�JbE CFE (H′1)

®
(ϕa, ϕ

∗
b) = δab , ∀a ∈ T 1 \ T 1

N .s4t c t ��]`c���}�~y][}
}�~ t x u ]���]`c � c v {ya u a }
(ϕa, ϕ

∗
b)
z�x � � «�� ©¡«�� _ v }�_bay��� v c

aT 1
N ∩

∂V(b)
� � ~bayx�}r~ t { t u�v � �Dv xrz�}�z v _ Ø

7
Ú v �

pτ ∈ Hτ (
{yz �

, Ω, ΓN)
°y� t ]�{8x�} vy®

ØeÙ Y Ú ∫

Ω

pτ ·ϕ
∗
b

{
x =

∑

a∈T 1\T 1

N

pa

∫

Ω

ϕa ·ϕ
∗
b

{
x = pb+

∑

a∈T 1

N
∩∂V(b)

γa

∫

Ω

ϕa ·ϕ
∗
b

{
x.

s4t x�}�z|���6xra �8�£v x t ~^d �Dv }�~ t x t x
(H2)

]`_y{
(H3)

� A d �£v }�~ t xrz|x
(H4)

z|x�c t ]`�|z�x t {�z��
∂V(b) ∩ T 1

D 6= ∅
� Î z|� t z|_É}r~ t²u ]�x t�v �k}�~ t ÔSz|c�z u ~y� t }Â� v ay_8{N]`ced u�v _y{yz�}�z v _!°¯}�~ t

{yay]��y� v _ u }�z v _
ϕ∗

b

z|x�� � «�� ©¡«�� _ v }V_bay� v _¦}�~ tÕt {�¢ t x
a ∈ ∂V(b)∩T 1

N

� CQv ° Ñ t ~N] �^t} vµu ]`� u a8�Ó]¡} t }�~ t �baN]`_^}�z×}rz t x ∫
a∈∂V(b)∩T 1

N

uτ ϕ∗
b · na

{
s
°D�ya } Ñ t { v _ v }Ò~N] �gt ]`_^d

z|_�� v c���][}�z v _*]�� v a�}
uτ

v _Ð}�~ t#t {8¢ t x
a ∈ ∂V(b) ∩ T 1

N

� � ~ba8x Ñ t xra �y�£v x t� � T±ËBANM Ç�JbE'CFE (H5)
®
ϕ∗

b · na = 0, ∀a ∈ T 1
N

�
� ~ t _ }�~ t �bay]�_^}rz×}nd ∫

a∈∂V(b)∩T 1

N

uτ ϕ∗
b · na

{
s
z|x�_bay�|�æ°6]`_y{

ϕ∗
b

� t � v _8¢gx�} v }�~ t
x � ] u�t

H∗
τ (
{yz �

, Ω, ΓN)
�

• � A£P[Í NDÌ �£P	N S�C�JbÊ¯M
� ~ t#t �baN]`�|z×}nd

p = ∇uτ

u ]`_�� t { t��gt � vg�Dt {*]`x�� v �|� v Ñ x ®

ØeÙ3JQÚ





∫

b

∇uτ · ϕ
∗
b

{
x =

∑

a∈∂V(b)∩T 1

D

∫

a

uτ ϕ∗
b · na

{
s +

+
∑

a∈∂V(b)∩T 1

N

∫

a

uτ ϕ∗
b · na

{
s −

∑

K∈V(b)

∫

K

uτ

{8z �
ϕ∗

b

{
x.

� u'u�v c�{yz|_8¢S} v2t ³ � c t xrxrz v _yx Ø
12
Ú ° Ø

13
Ú ]`_y{�~^d �£v }�~ t x t x

(H4)
]�_8{

(H5)
° Ñ tVv ��}�]�z|_}�~ t � v �|� v Ñ z|_8¢�c t xray��} E ��t f J H ®

T�Ç�JbA£P¡J Í � Ø Ö v c���]�� & a ³Ð� v cÕÔ�z�c�z u ~8� t } � Ö t ay��]�_8_Ð� v a8_y{y]�ced uwv _y{8z×}rz v _yx Ú

ØeÙ W Ú





∫

b

∇uτ · nb

{
s =

∑

a∈∂V(b)∩T 1

D

ua

∫

a

ϕ∗
b · na

{
s

−
∑

a∈∂V(b)∩T 1

N

γa

∫

Ω

ϕa · ϕ
∗
b

{
x −

∑

K∈V(b)

uK

∫

∂K

ϕ∗
b · n

{
s.

� ~ t _ v c���]`� & a ³ z|x�]���z|_ t ]`c���a8_ u }�z v _ v �$}r~ t { t ¢gc twtµv ����c twt { v � v �
uτ

z|_�}�~ t
� z u z|_yz�}nd v �B}r~ t�t {8¢ t

b
°:]`xÒ�Nc�x�} � c v^�£v x t {�z|_ E Ô�a � Y)Hõ��� v cÂ_ t u�t xrx�]`ced u�v _y{8z×}�z v _yx



\�� �������)��
������
����6� �������������  #" $)�������(&(�	�*�%� +-������
/.(
 12�3+4��
�����57����� 8 
�:95B����:<�>=6
�?<�@+ 
�?

� t } Ñ t't _�}�~ t {8z�� t c t _^}�x & ab³ v � ϕ∗
b

]`_y{ ∫
Ω ϕa ·ϕ

∗
b

{
x, a ∈ ∂V(b)∩T 1

N

° Ñ t x�}�a8{�d}�~ t � v �|� v Ñ z|_8¢ � ]`ce}�z u ay��]�c u ]�x t Ø x twt Eù��t f J H±� v cª}�~ t x�}�ay{ d v �I]`��� u ]`x t x Ú ®

W

N

B

K

P M

L

E

A

SΓ
D

Γ
N

Q

���� ��«�¥�� �N� c t ]¡}�� t _^} v �U]�¢ t _ t c�]��±� v ay_8{N]`ced u�v _8{yz�}�z v _8xw�
� t }

b = (SN) ∈ T 1
s

° Ñ ~ t c t }�~ t¦�^t ce} t ³ N
z�xÂz�_^} t c�_y]���} v }r~ t { v ��]`z�_ ]`_y{ }�~ t

�gt c�} t ³
S
� t � v _8¢gx$} v

∂Ω
� ÎÏt }Õ}�~ t�t {�¢ t

(ES) ∈ T 1
N

]�_8{�}�~ t�t {�¢ t
(WS) ∈ T 1

DØ x twt ��z|¢gayc t �^Ú � O _�}�~8z�x u ]`x t } Ñ v }�c�z�]�_�¢^� t x u�v � �Dv xrz|_8¢S}�~ t�� z u z|_yz�}nd V(b)
]`c t � v x�}'�

� ~ t _ Ñ t#v ��}ó]`z�_Ð}�~ t � v ��� v Ñ z�_�¢ t ³ � c t xrxrz v _µ� v cª}�~ t _ v c��&]`� & a ³ ®

ØeÙ h Ú




∫

b

∇uτ .nb

{
s = η(uL − uK) + α(uM − uL) +

+β(uP − uK) + γ(uWS − uK) − δ̃ γES

Ñ ~ t c t δ̃ ≡
∫

Ω ϕES · ϕ∗
SN

{
x
]`_y{

γES = 1
ES

∫
ES

γ(s)
{
s
� � ~ t _�}r~ t � v a8c & a ³ t x

η, α, β, γ
]`_y{�}�~ t a8_y�b_ v Ñ u�vbt���u z t _^}

δ̃
x�][}�z|x�� dÐ}�~ t � v �|� v Ñ z|_8¢¦} Ñ v x u ]���]`c u�v _8x �}�cr]`z|_^}�x Eù��t f J H ®

T�Ç�JbA£P¡J Í � Ø Ö t'u�t xrx�]�ced u�v _8{yz�}�z v _8x Ú �
(
η
−−→
KL + α

−−→
LM + β

−−→
KP + γ

−−→
KQ

)
.

−→
SN

SN
= −

2|K|

SN
δ̃ ,

1

SN

[(
η
−−→
KL + α

−−→
LM + β

−−→
KP + γ

−−→
KQ

)
.nSN

]
+ δ̃

(
1 −

−−→
WN.

−→
SN

SN2

)
= 1.

s4t ~y] �^t�� c vO�gt _�}�~N]¡}I}�~ t x t�u�v _8x�}�cr]`z�_^}�x t ³ � c t xrxU}r~N]¡}U}�~ t c t �Ó]¡}�z v _ Ø
15
Ú z�x J "!NDÈ`M

z���}�~ t � t �|{
uτ

z�x$] � _ t �

� 7��ó7±5y7�À �!7�Æ
E L � ( � [	H L ]`cr]�_�¢ t c*\8��° � ]��Ó}rc t \8�´�6��° ( ay{8z�_��k�|° Q �Vv _y_ t u }�z v _ � t } Ñ t't _ �£_yz�} t

�^v �|ay� t x*]�_8{ �²z�³ t {)�£_8z×} t t � t � t _^}Ð� t }�~ v {yx U °	� ��
� ¥�� ��
 ��� ����� ©'¬Q¥ ��� �����
� �Ï¬�� ���µ¥�«���� ����� � ��� §` �X ° �^v ��a8� t J f8° � � W7W h � W#[Qhb° Ù � � [��
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