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ALMOST Cp GALOIS REPRESENTATIONS AND VECTOR BUNDLES

JEAN-MARC FONTAINE

Abstract: Let K be a finite extension of Qp and GK the absolute Galois group. Then GK acts
on the fundamental curve X of p-adic Hodge theory (cf. [FF]) and we may consider the abelian
category M(GK) of coherent OX-modules equipped with a continuous and semi-linear action of
GK .

An almost Cp-representation of GK is a p-adic Banach space V equipped with a linear and
continuous action of GK such that there exists d ∈ N, two GK-stable finite dimensional sub-Qp-
vector spaces U+ of V , U− of Cd

p , and a GK-equivariant isomorphism

V/U+ −→ Cd
p/U− .

These representations form an abelian category C(GK) (cf. [Fo03]). The main purpose of this paper
is to prove that C(GK) can be recovered from M(GK) by a simple construction (and conversely)
inducing, in particular, an equivalence of triangulated categories

Db(M(GK)) −→ Db(C(GK))

1. Introduction

1.1. We fix a prime number p, an algebraic closure Qp of Qp and a finite extension K of Qp

contained in Qp. We set GK = Gal(Qp/K) and Cp the p-adic completion of Qp on which GK acts
by continuity.

In [FF], Laurent Fargues and I introduced the fundamental curveXQp,C♭
p
of p-adic Hodge theory,

denoted X below, which is a separated noetherian regular scheme of dimension 1 defined over Qp

(i.e. we have H0(X,OX) = Qp). The structural sheaf is naturally equipped with a topology (cf.
§3.4): if U is any open subset of X , then OX(U) is a locally convex Qp-algebra. There is a natural
action of GK on X which is continuous. We may consider the abelian categoryM(GK) of GK-
equivariant coherent OX-modules, that is of coherent OX -modules equipped with a semi-linear
and continuous action of GK .

Any non zero F ∈ Ob(M(GK)) as a degree deg(F) ∈ Z and a rank rk(F) ∈ N, hence also a
slope s(F) = deg(F)/rk(F) ∈ Q ∪ {+∞} (with the convention that s(F) = +∞ if F is a torsion
OX -module). As in the classical case, one says that a coherent OX [GK ]-module F is semi-stable
if F 6= 0 and if s(F ′) ≤ s(F) for any non zero subobject F ′ of F .

We may consider the full sub-category M0(GK) of M(GK) whose objects are semi-stable of
slope 0. One of the main results of [FF] is that, if F is any object of M0(GK), then F(X) =
H0(X,F) is a finite dimensional Qp-vector space, hence is an object of the abelian category
RepQp

(GK) of p-adic representations ofGK (that is of finite dimensionalQp-vector spaces equipped

with a linear and continuous action of GK) and that the functor

M0(GK) −→ RepQp
(GK) , F 7→ F(X)

is an equivalence of categories (with V 7→ OX ⊗Qp
V as a quasi-inverse).

The main purpose of this paper is to discuss the following question: Is there an extension of
this result enabling us to give an analogous Galois description of all objects ofM(GK) ?
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2 JEAN-MARC FONTAINE

1.2. In [Fo03], I introduced the category of almost Cp-representations of GK : A Banach repre-
sentation of GK is a p-adic Banach space (i.e. a topological Qp-vector space whose topology can
be defined by a norm and which is complete) equipped with a linear and continuous action of
GK . With an obvious definition of morphisms, Banach representations of GK form an additive
category B(GK) containing the category RepQp

(GK) as a full subcategory. By continuity, GK acts

on the p-adic completion Cp of Qp and Cp has a natural structure of a Banach representation.
The category C(GK) of almost Cp-representations of GK is the full subcategory of B(GK) whose
objects are those V ’s for which one can find d ∈ N, two GK-stable finite dimensional sub-Qp-vector
spaces U+ of V and U− of Cd

p and an isomorphism V/U+ → Cd
p/U− in B(GK). This category

turns out to be abelian (loc.cit.).

The curve X has only one closed point ∞ which is GK-stable and the orbit under GK of any
other closed point is infinite. This implies that a torsion object ofM(GK) is supported at ∞. As
the completion of OX,∞ is the ring B+

dR of p-adic periods, the categoryM∞(GK) of torsion objects

ofM(GK) (⇐⇒ semi-stable objects of slope ∞) can be identified to the category Reptor
B+

dR

(GK)

of B+
dR-modules of finite length equipped with a semi-linear and continuous action of GK . The

topology of any B+
dR-module of finite length is the topology of a p-adic Banach space and we may

consider the forget functor

Reptor
B+

dR

(GK) −→ B(GK) .

We proved in loc.cit. that this functor is fully faithful and that the essential image C∞(GK) is
contained in C(GK). Hence, setting C0(GK) = RepQp

(GK), we see that for s ∈ {0,∞}, the functor

F 7→ F(X) induces an equivalence of categories

Ms(GK) −→ Cs(GK) .

Similarly, as for a smooth projective curve over a field, we defined in [FF] the Harder-Narasimhan
filtration of any F ∈M(GK): this is the unique filtration

0 = F0 ⊂ F1 ⊂ . . . ⊂ Fr−1 ⊂ Fr = F

such that all the F i/F i−1 are semi-stable and that s(F i/F i−1) > s(F i+1/F i) for 0 < i < r. We
call the s(F i/F i−1), for 1 ≤ i ≤ r, the HN-slopes of F .

Let M≥0(GK) the full subcategory of M(GK) whose objects are effective, i.e. such that all
their HN-slopes are ≥ 0.

Similarly let C≥0(GK) the full subcategory of C(GK) whose objects are effective, i.e. those V ’s
which are isomorphic to a subobject (in C(GK)) of an object of C∞(GK).

If F is any coherent OX [GK ]-module, then F(X) is a topological Qp-vector space equipped
with a linear and continuous action of GK . The main result of this paper is:

Theorem A. If F is any coherent OX [GK ]-module, then F(X) is an effective almost Cp-representation
of GK . By restriction toM≥0(GK) the functor F 7→ F(X) induces an equivalence of categories

M≥0(GK) −→ C≥0(GK) .

This equivalence doesn’t extend to an equivalence betweenM(GK) and C(GK). Nevertheless
each of these two categories can be reconstructed from the other: The above functor induces an
equivalence of triangulated categories

Db(M(GK)) −→ Db(C(GK))

and each of them can be reconstructed as the heart of a t-structure. More precisely:
– Denote M<0(GK) the full sub-category of M(GK) whose objects are those for which all

HN-slopes are < 0. Then t = (M≥0(GK),M<0(GK)) is what is called a torsion pair onM(GK).
From this torsion pair, we can construct an other abelian category f(M(GK))t which is the full
subcategory of Db(M(GK)) whose objects are those F•’s such that

F i = 0 for i 6∈ {0, 1} , H0(F•) is an object ofM<0(GK) , H1(F•) is an object ofM≥0(GK) .

There is a natural equivalence (M(GK))t → C(GK).
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– Similarly, denote C<0(GK) the full sub-category of C(GK) whose objects are those V ’s for
which Hom(V,W ) = 0 for all W in cC∞(GK). Then t′ = (C<0(GK), C≥0(GK)) is a torsion pair on

C(GK) which can be used to define the abelian subcategory (C(GK))t
′

which is the full subcategory
of Db(C(GK) whose objects are those V • such that

V i = 0 for i 6∈ {0, 1} , H0(V •) is an object of C≥0(GK) , H1(V •) is an object of C<0(GK) .

There is a natural equivalence (C(GK))t
′

→M(GK).

1.3. Contents.

In §2, we recall and slightly extend the results of [Fo03] on almost Cp-representations. We
first recall (§2.1) some basic facts about locally convex spaces over a non archimedean field. We
introduce (§2.2) the category of (p-adic) ind-Fréchet representations (of GK). Then (§2.3), we
recall some basic facts about the ring of periods B+

dR and BdR that we equip with a locally convex

topology. In §2.4, we discuss some properties of B+
dR-representations and BdR-representations (of

GK).
We describe (§2.5) the main properties of the category C(GK) of almost Cp-representations

and of its full subcategories C0(GK) of finite dimensional p-adic representations and C∞(GK) of

B+
dR-representations of finite length. In §2.5, we also introduce the category Ĉ(GK) of represen-

tations of GK which are suitable limits (in the category of locally convex p-adic representations
of GK) of almost Cp-representations. In §2.6, we recall the notion of almost split exact sequence
of B(GK) and the fact that an extension in B(GK) of two almost Cp-representations is an almost
Cp-representation if and only if the associated short exact sequence almost splits.

In §3, we study the category RepBe
(GK) of Be-representations of GK . We also recall and

precise some of the results of [FF] on coherent OX [GK ]-modules. We first recall (§3.1) some basic
facts about the sub-Qp-algebras B

+
cris and Be of BdR which are stable under the action of GK and

equipped with a natural topology of locally convex algebras. Then we introduce (§3.2) RepBe
(GK)

and show that this is a Qp-linear abelian category.
We recall (§3.3) the definition of the fundamental curve X = XQp,C♭

p
of p-adic Hodge theory

introduced in [FF] on which GK acts and give a description of the category Coh(OX) of coherent
OX -modules. We discuss (§3.4) the topology on the structural sheaf OX and give a description
of the category M(GK) of coherent OX [GK ]-modules (§3.5). We describe (§3.6) the Harder-
Narasimhan filtration on any F ∈ M(GK).

We consider two full subcategories ofM(GK):
– the categoryM0(GK), of the semi-stable objects of slope 0,
– the categoryM∞(GK) of objects whose underlying OX -module is torsion.
We show (§3.7) that the global sections functor induces equivalence of categories

M0(GK) −→ C0(GK) and M∞(GK) −→ C∞(GK) .

In §3.8, we introduce two kinds of twists of the objects of M(GK), the Tate twists and the
Harder-Narasimhan twists.

Say that a Be-representation Λ is trivialisable if there exists U ∈ C0(GK) and an isomorphism
Be ⊗Qp

U → Λ. In §3.9, we show that RepBe
(GK) is the smallest subcategory of itself containing

trivialisable Be-representations and stable under taking extensions and direct summands.
In §3.10, we show that, if Λ is a Be-representation of GK , then the underlying topological

Qp-vector space equipped with its action of GK is an object of Ĉ(GK) and that the forget functor

RepBe
(GK) −→ Ĉ(GK)

is exact and fully faithful.
We conclude this section by discussing the cohomology of coherent OX -modules (§3.11) and of

coherent OX [GK ]-modules (§3.12). We show that, taking the global sections, we get a functor

M(GK) −→ C(GK) , F 7→ F(X) = H0(X,OX)
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whose essential image is contained in C≥0(GK).

The aim of §4 is to construct a left adjoint

C(GK) −→M(GK) , V 7→ FV

of the functor F 7→ F(X).
We show (§4.3) that any almost Cp-representation V has a Be-hull, i.e. there is a pair Ve =

(Ve, ι
V
e ) with Ve a Be-representation (of GK) and ιVe : V → Ve a morphism in Ĉ(GK) such that,

for all Λ ∈ RepBe
(GK), the map

HomRepBe
(GK)(Ve,Λ) −→ Hom

Ĉ(GK)(V,Λ)

induced by ιVe is bijective.
Similarly with obvious definitions, we show that V has a B+

dR-hull V
+
dR and a BdR-hull VdR.

Using the existence of these hulls and the relations between them and knowing the description
ofM(GK) given in §3.5, the construction of the functor V 7→ FV is quite simple.

The proof of the existence of these hulls relies heavily on the description of all extensions in
C(GK) of an object of C∞(GK) by an object of C0(GK) which is given in §4.2.

The aim of §5 is to prove theorem A.
We first show (§5.1 (resp. §5.2)) thatM≥0(GK) (resp. C≥0(GK)) is the smallest full subcate-

gory ofM(GK) (resp. C(GK)) containingM0(GK) andM∞(GK) (resp. C0(GK) and C∞(GK))
and stable under extensions and direct summands.

Then (§5.3), we prove by dévissage that the functor

M≥0(GK) −→ C≥0(GK) , F 7→ F(X)

is an equivalence of exact categories (see §1.5), the functor V 7→ FV being a quasi-inverse.

The purpose of §6 is to extend the main result to the categoriesM(GK) and C(GK).
After some general nonsense on derived categories of exact subcategories of abelian categories

(§6.1), we first extend the main result to an equivalence of of triangulated categories (§6.2),

Db(M(GK)) −→ Db(C(GK)) .

To go further, we need to introduce the full subcategoriesM<0(GK) ofM(GK) and C<0(GK)
of C(GK) of coeffective objects. The main theorem said that, if F ∈ M≥0(GK), then H0(X,F)
has a natural structure of an object of C≥0(GK) and this structure determines F . We prove (§6.3)
that, if F ∈M<0(GK), then H1(X,F) has a natural structure of an object of C<0(GK) and this
structure determines F .

Using this result, we can build C(GK) from M(GK) and conversely. We give two different
recipes (with independent proofs) for that. We first (§6.4) describe explicitely the heart of the
t-structure on Db(M(GK)) corresponding to C(GK) and of the t-structure on Db(C(GK)) cor-
responding to M(GK)). In §6.5, we explain that (M≥0(GK),M<0(GK)) is a torsion pair on
M(GK). One can use it to construct a new abelian category equipped with a torsion pair. Up to
equivalence, it is C(GK) equipped with the torsion pair (C<0(GK), C≥0(GK)).

1.4. A remark on possible generalisations.

The results of this paper are obviously a special case of a much more general result where K is
replaced by any reasonable rigid analytic, Berkovich or adic space. Let’s sketch a description of
the case where K is now any field complete with respect to a non archimedean non trivial absolute
value with perfect residue field of characteristic p.

– We can define the abelian category Coh(OXK
) of coherent modules on the curve XK . When

K is a perfectoid field, XK is the curve XQp,K♭ constructed in [FF]. If K is not perfectoid, then
XK doesn’t exist but one can define the category of coherent modules over this virtual curve.
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When K is a finite extension of Qp, there is a natural equivalence of categories

Coh(OXK
) −→M(GK) .

– We still have the Harder-Narasimhan filtration on Coh(OXK
) and may consider its exact

subcategories Coh≥0(OXK
) and Coh<0(OXK

) which form a torsion pair t on Coh(OXK
).

– The construction of the curve XK is functorial in K. If C is the completion of a separable
closure Ks of K, for any coherent OXK

-module F , we may consider the pull-back f∗F of F via
f : XC → XK .

If GK = Gal(Ks/K), we may consider the exact category B(GK) of p-adic Banach representa-
tions of GK and we have exact and faithful functors

Coh≥0(OXK
) −→ B(GK) , F 7→ H0(XC , f

∗F)
Coh<0(OXK

) −→ B(GK) , F 7→ H1(XC , f
∗F)

But, in general, these functors are not fully faithful. Working with B(GK) amounts to work
over the small pro-étale site of K and we need to work with a bigger site. A possibility is to use
the big pro-étale site Kproét of K as defined by Scholze ([Scho]), §8 1 and to replace

– B(GK) with the category V ectQp
(K) of Qp-sheaves over Kproét ;

– and C(GK) with the category of pseudo-geometric Qp-sheaves, an abelian full subcategory of
V ectQp

(K) defined by imitating the definition of C(GK) as a full subcategory of B(GK).
The correspondence K 7→ XK can be extended to a functor

U 7→ XU

from the category of perfectoid spaces to the category of Qp-schemes. We also have exact and
faithful functors

Coh≥0(OXK
) −→ V ectQp

(K) , F 7→
(
U 7→ H0(XU , f

∗
UF)

)

Coh<0(OXK
) −→ V ectQp

(K) , F 7→
(
U 7→ H1(XU , f

∗
UF)

)

(where fU : XU → XK is the structural morphism).
It seems likely (and not so hard to prove) that these functors are fully faithful and that one

can describe their essential images V ectpg,≥0Qp
(K) and V ectpg,<0

Qp
(K). These two functors seem to

induce an equivalence of categories

(Coh(OXK
))t −→ V ectpgQp

(K)

the induced torsion pair on V ectpgQp
(K) being t′ = (V ect<0

Qp
(K), V ect≥0Qp

(K)).

In the case where K is the p-adic completion of an algebraic closure of Qp, this result has been
proved by Le Bras [LB]. We hope to come back soon on this generalisation.

1.5. Conventions and notations.

If C is a category, we often write C ∈ C for C ∈ Ob(C).

An exact subcategory of an abelian category A is a strictly full subcategory of A containing 0
and stable under extensions.

If B is an exact subcategory of A, we say that a sequence of morphisms of A is exact if it
is exact as a sequence of morphisms in A. In particular, we have the obvious notion of a short
exact sequence. It is easy to see that, equipped with this class of short exact sequences, B is
an exact category in the sense of Quillen (cf. [Qu], see also [Lau]). Actually, any exact category
B in the sense of Quillen can be viewed as an exact subcategory of an abelian category (cf [Qu], §2).

As usual Zp(1) is the Tate module of the multiplicative group, and, for all n ∈ N,

Zp(n) = Symn
Zp
Zp(1) Zp(−n) = LZp

(Zp(n),Zp) .

1More precisely, we fix an uncountable cardinal κ satisfying the properties of [Scho], lemma 4.1. The underlying
category is the category of perfectoid spaces over K which are κ-small (loc. cit., def.4.3) and covering are as defined
in loc. cit., def. 8.1 (the only difference with the big pro-étale site of Scholze is that we restrict ourself to perfectoid
spaces lying over the given non archimedean field K).
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If M is any Zp-module equipped with a linear action of GK , for all n ∈ Z,

M(n) = M ⊗Zp
Zp(n) .

1.6. I would like to thank Laurent Fargues for helpful discussions.

2. Representations of GK

In this paper, each time we say ”representation”, we mean ”representation of GK”. In this
section, we introduce a few categories of such representations and describe some of their proper-
ties. Most of them are already known (see in particular [Fo03]) or easy consequences of known
properties.

2.1. Banach, Fréchet, ind-Banach and ind-Fréchet.

We refer to [Em] and [Schn] for basic facts about p-adic functional analysis. All results of this
paragraph are either contained or easy consequences of results contained in at least one of these
two memoirs.

We fix a non archimedean field E, i.e. a field complete with respect to a non trivial non
archimedean absolute value, and denote OE its valuation ring. In the applications in this paper,
E will be Qp.

• A locally convex E-vector space is a topological E vector space V such that the open
sub-OE-modules of V form a fundamental system of neighbourhood of 0,
• A Fréchet E-vector space or an E-Fréchet is a locally convex E-vector space which is
metrisable and complete,
• A Banach E-vector space or an E-Banach is a Fréchet vector space whose topology can
be defined by a norm,
• An ind-Fréchet (resp. ind-Banach) E-vector space or an ind-E-Fréchet (resp. ind-E-
Banach) is a locally convexE-vector space V , such that one can find an increasing sequence
(Vn)n∈N of closed sub-E-vector spaces such that

i) V = ∪n∈NVn,
ii) each Vn, with the induced topology, is an E-Fréchet (resp. an E-Banach),
iii) the topology of V is the coarsest locally convex topology with these properties.

Condition (iii) is equivalent to the fact that a sub-OE-module L of V is open if and only if
L ∩ Vn is open in Vn for all n ∈ N.

If V is a topological E-vector space, it is an E-Fréchet if and only if
i) its topology can be defined by a countable family (qn)n∈N of semi-norms,
ii) V is complete.
In this situation, replacing each qn by q′n = sup0≤i≤n qi, we may assume that qn ≤ qn+1 for all

n. Then, if V n is the Hausdorff completion of V , with respect to qn, this is an E-Banach and we
have an homeomorphism

V 7→ lim
←−

n∈NV n

(with the inverse limit topology on the RHS). Conversely, any inverse limit, indexed by N, of
E-Banach is an E-Fréchet.

Let V be a topological E-vector space. We say that a decreasing filtration (FnV )n∈Z by closed
sub-E-vector spaces of V is admissible if

i) ∪n∈ZFnV = V and ∩n∈ZFnV = 0,
ii) ifm ∈ Z and r ∈ N, then FmV/Fm+rV , equipped with the induced topology, is an E-Banach,
iii) if m ∈ Z, then the natural map

FmV −→ lim
←−

r∈NF
mV/Fm+rV

is an homeomorphism (with the inverse limit topology on the RHS),
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iv) a sub-OE-module L of V is open if and only if L ∩ FnV is open in FnV for all n.

The following result is obvious:

Proposition 2.1. Let V be a topological E-vector space. Then
i) V is an ind-E-Fréchet if and only if it has an admissible filtration,
ii) V is an E-Banach (resp. an E-Fréchet, resp. an ind-E-Banach) if and only if has an

admissible filtration (FnV )n∈Z such that F 0V = V and F 1V = 0 (resp. F 0V = V , resp. F 1V =
0).

Proposition 2.2. Let V1 and V2 two ind-E-Fréchet, (FnV1)n∈Z an admissible filtration of V1 and
(FnV2)n∈Z an admissible filtration of V2. Let u : V1 → V2 an E-linear map. The following are
equivalent:

i) the map u is continuous,
ii) for all m ∈ Z, there exists n ∈ Z such that u(FmV1) ⊂ FnV2 and the induced map

FmV1 → FnV2

is continuous.

Proof : ii) =⇒ i): It’s enough to show that, if L is an open lattice in V2, then f−1(L) is open in
V1 which means that if m ∈ Z, then f−1(L) ∩ FmV1 is open in FmV1 which is indeed true as, if
n is such that f(FmV1) ⊂ FnV2, this is the inverse image of the continuous map FmV1 → FnV2

which is induced by f .
i) =⇒ ii): All the FnV2 are E-Fréchet. For each fixed m, so is FmV1 and the existence of such

an n is explained by Schneider in [Schn] (cor. 8.9). �

Corollaire 2.3. Let V be an ind-E-Fréchet and (FnV )n∈Z an admissible filtration. Then V is an
E- Banach (resp. an E-Fréchet, resp. an ind-E-Banach) if and only if there exists m ≤ n such
that FmV = V and FnV = 0 (resp. m such that FmV = V , resp. n such that FnV = 0).

Corollaire 2.4. Let V be an ind-E-Fréchet and (Fn
1 V )n∈Z and (Fn

2 V )n∈Z two admissible filtra-
tions. For all m ∈ Z, there exists n ∈ Z such that Fm

1 V ⊂ Fn
2 V .

An ind Fréchet E-algebra is a topological E-algebra B which has a multiplicative admissible
filtration, i.e. an admissible filtration (FnB)n∈Z of the underlying topological E-vector space such
that, if m,n ∈ Z, and, if b ∈ FmB, b′ ∈ FnB, then bb′ ∈ Fm+nB.

A Banach (resp. Fréchet, resp. ind-Banach) E-algebra is an ind Fréchet E-algebra B which
has a multiplicative admissible filtration (FnB)n∈Z such that F 0B = B and F 1B = 0 (resp.
F 0B = B, resp. F 1B = 0).

2.2. Ind-Fréchet representations.

From now on E will be Qp. We’ll say Banach, Fréchet, ind-Banach, ind-Fréchet instead of Qp-
Banach, Qp-Fréchet, ind-Qp-Banach, ind-Qp-Fréchet. We’ll say Banach algebra, Fréchet algebra,...
instead of Qp-Banach algebra, Qp-Fréchet algebra,...

The category IF(GK) of ind-Fréchet representations (of GK) is the category whose
– objects are ind-Fréchet equipped with a Qp-linear and continuous action of GK ,
– morphisms are GK -equivariant continuous Qp-linear map.
The category IF(GK) is an additive Qp-linear category and any morphism

f : V1 −→ V2

has a kernel and a cokernel: the kernel is the GK -stable closed sub-Qp-vector space which is the
kernel of the underlying Qp-linear map. The cokernel is the quotient of V2 by the GK-stable closed
sub-Qp-vector space which is the closure of f(V1).

We say that a morphism f is strict if the map

Coim(f)→ Im(f)
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is an homeomorphism.

Similarly one can define in an obvious way the categories B(GK), IB(GK) and F(GK) of
Banach, ind-Banach, Fréchet representations (of GK). This is coherent with the definition of
B(GK) already given in the introduction.

2.3. The rings B+
dR and BdR and their topologies.

We denote BdR the usual field of p-adic periods. Recall (cf. eg. [Fo88], §1.5) that it is the
fraction field of a discrete valuation ring B+

dR, that GK acts naturally on these two Qp-algebras

and that Zp(1) is naturally a GK-stable sub-Zp-module of B+
dR. We chose a generator t of Zp(1).

This is also a generator of the maximal ideal of B+
dR. Therefore, for all d ∈ Z, the dth-power of

this ideal is

FildBdR = B+
dR.t

d = B+
dR(d)

and is stable under GK . For each d ≥ 0, we set

Bd = B+
dR/Fil

dBdR .

Recall ([Fo88], §1.5.3) that Bd has a natural structure of a Banach algebra on which the action
of GK is continuous, that, in particular, B1 = Cp, and that, for each d ∈ N, the projection
Bd+1 → Bd is also continuous. Equipped with the topology of the inverse limit, B+

dR becomes a
Fréchet algebra on which GK acts continuously.

For all n ∈ Z, multiplication by tn defines a bijection B+
dR → FilnBdR and we equip FilnBdR

with the induced topology (for which the action of GK is continuous (but not that multiplication
by tn does not commute with the action of GK).

If n ∈ Z, then Filn+1BdR is closed in FilnBdR and we equip BdR with its natural locally convex
topology (a sub-Zp-module L of BdR is open if and only if, for all n ∈ Z, the Zp-module L∩FilnBdR

is open in FilnBdR).
We see that BdR is an ind-Fréchet K-algebra, with (FilnBdR)n∈Z as a GK-equivariant mul-

tiplicative admissible filtration. In particular BdR has a natural structure of an ind-Fréchet K-
representation of GK .

2.4. B+
dR and BdR-representations. Any B+

dR-module of finite type has a natural structure of
a K-Fréchet and any finite dimensional BdR-vector space has a natural structure of an ind-Fréchet
K-vector space.

A B+
dR-représentation (resp. a BdR-representation) (of GK) is a B+

dR-module of finite type
(resp. a finite dimensional BdR-vector space) equipped with a semi-linear and continuous action
of GK . With the GK-equivariant B+

dR-linear maps as morphisms, these representations form a
category that we denote RepB+

dR
(GK) (resp. RepBdR

(GK)).

The category Reptor
B+

dR

(GK) = C∞(GK) of torsion B+
dR-representations (of GK) defined in the

introduction (§1.2) is the full subcategory of RepB+
dR
(GK) whose objects are such that the under-

lying B+
dR-module is torsion (⇐⇒ of finite length).

Recall (e.g. [Stack], Tag 02MN) that a Serre subcategory C of an abelian category A is a strictly
full subcategory of A containing 0 which is stable under subobjects, quotients and extensions. In
particular, this is an abelian category. Given A and C, one can define the quotient category A/C
which is an abelian category, solution of the obvious universal problem.

Proposition 2.5. The category C∞(GK) is a Serre subcategory of RepB+
dR
(GK). The functor

RepB+
dR
(GK)→ RepBdR

(GK) , W 7→ BdR ⊗B+
dR

W

is essentially surjective and induces an equivalence

RepB+
dR
(GK)/C∞(GK)

≃
−→ RepBdR

(GK) .
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Proof : The essential surjectivity comes from the fact that, for any BdR-representation W , there
is a GK-stable lattice B+

dR-lattice W
+. This result itself comes from the fact that if W+

0 is a B+
dR-

lattice of W , then W0 is an ind-Fréchet K-vector space with (tnW+
0 )n∈Z forming an admissible

filtration. For each w ∈ W , the g(w)’s for g ∈ GK form a compact subset of W , hence it is
bounded which implies ([Schn], prop.5.6) that it is contained in t−nW+

0 for n ≫ 0. Hence, if
e1, e2, . . . , ed is a basis of W over BdR, there exists n ∈ N such that g(ei) ∈ t−nW+

0 for 1 ≤ i ≤ d
and g ∈ GK . Therefore the sub-B+

dR-module W+ of W generated by all these g(ei)’s is also

contained in t−nW+
0 and is a GK -stable B+

dR-lattice of W . The continuity of the action of GK on
W implies the continuity of the action on W+ which is an object of RepB+

dR
(GK). We have an

obvious identification of BdR ⊗B+
dR

W+ to W and the functor is essentially surjective.

The rest of the proof is straightforward. �

If W is any object of C∞(GK), there is an integer d such that the underlying B+
dR-module is

a Bd-module of finite type. As Bd is a Banach Qp-algebra, the underlying topological Qp-vector
space is a Banach and W has a natural structure of a p-adic Banach representation.

In [Fo03], we proved (th.3.1):

Proposition 2.6. The forget functor

C∞(GK) −→ B(GK)

is fully faithful.

In other words, given a p-adic Banach representation W of GK , there is at most one structure
of B+

dR-module of finite length on W extending the action of Qp such that W becomes a torsion

B+
dR-representation.
We use this result to identify C∞(GK) to a full subcategory of B(GK).

We denote
Ĉ∞(GK)

the full subcategory of IF(GK) whose objects are those W ’s which admit a GK -equivariant
admissible filtration (FnW )n∈Z such that FmW/FnW ∈ C∞(GK) for all m ≤ n in Z. By passing
to the limit, the previous proposition implies that, on such a W , there is a unique structure of
B+

dR-module such that the action of GK is semi-linear and each FmW is a sub-B+
dR-module (and

this structure is independent of the choice of (FnW )n∈Z). We also see that Ĉ∞(GK) is an abelian

category and that any morphism of Ĉ∞(GK) is B+
dR-linear.

Moreover RepB+
dR
(GK) can be identified to a full subcategory of Ĉ∞(GK). The proposition 2.5

implies that this is also true for RepBdR
(GK).

Proposition 2.7. Let d ∈ N.
i) Let W1 be an object of C∞(GK) such that lengthB+

dR
W1 ≥ d. There exists a finite extension

K ′ of K contained in Qp and a GK′-stable sub-B+
dR-module W ′1 of W1 of length d.

ii) Let W2 be an object of RepB+
dR
(GK) with lengthB+

dR
W2 ≥ d. There exists a finite extension

K ′ of K contained in Qp and a GK′-stable sub-B+
dR-module W ′2 of W2 such that lengthB+

dR
W2/W

′
2 =

d.

Proof : i) Via an obvious induction, we see that it is enough to check it for d = 1. Replacing W1

by the kernel of the multiplication by t in W1, we may assume that W1 is a Cp-representation.

Recall some basic facts of Sen’s theory [Sen]:
Let χ : GK → Z∗p be the cyclotomic character, HK the kernel of χ and L = (Cp)

HK which

is also the completion of K∞ = Q
HK

p . We set ΓK = GK/HK = Gal(K∞/K). The character χ
factors through a character ΓK → Z∗p that we still denote χ.
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For any Cp-representation W (of GK), denote W f
K the union of the finite dimensional sub-

K-vector spaces of WHK stable under the action of GK (acting through ΓK). This is a finite
dimensional K∞-vector space equipped with a semi-linear action of ΓK . With obvious notations,

– the functor

RepCp
(GK) −→ RepK∞

(ΓK) , W 7→W f
K

is exact and fully faithful,
– for any W ∈ RepCp

(GK), the obvious map

Cp ⊗K∞
W f

K −→ W

is an isomorphism,
– for all W ∈ RepCp

(GK), there exists a unique endomorphism αW,K of the K∞-vector space

W f
K such that:

for all w ∈W f
K , there is an open subgroup Γw of ΓK such that, if γ ∈ Γw, then

γ(w) = exp(log(χ(γ)).αW,K)(w)

(the series exp(λαW,K) converges to an endomorphism of W f
K for all small enough λ ∈ Zp).

It is easy to see that, if K1 is a finite extension of K contained in Qp, then W f
K1

can be identified

to (K1)∞ ⊗K∞
W f

K and that αW,K1 is the (K1)∞-endomorphism of W f
K1

deduced from αW,K by
scalar extension.

Chose such a K1 containing an eigenvalue λ of αW,K , hence also of αW,K1 and chose a non zero

eigenvector ω0 ∈ W f
K1

for αf
W,K1

. There is a finite extension K ′ of K1 contained in Qp such that,
for all γ ∈ ΓK′ , we have

γ(w0) = exp(log(χ(γ)).λ).w

We can view w0 as a non zero element of W f
K′ and we see that for all b ∈ K ′ and all γ ∈ ΓK′ ,

we have

γ(bw0) = γ(b). exp(log(χ(γ)).λ).w ,

hence the K ′-line of W f
K′ generated by w0 is stable under the action of ΓK′ . Therefore the Cp-line

W ′1 of W1 generated by w0 is stable under the action of GK′ .

ii) Replacing W2 by W2/t
rW2 with r big enough, we may assume that W2 is an object of

C∞(GK). The result follows by duality from the assertion (i) applied to the Pontryagin dual
W = LB+

dR
(W2, BdR/B

+
dR) of W2. �

2.5. Almost Cp-representations.

If V1 and V2 are two objects of IF(GK), an almost isomorphism

f : V1  V2 , also denoted f̃ : V1/U1 −→ V2/U2,

is a triple f = (U1, U2, f̃) where U1 is a finite dimensional GK-stable sub Qp-vector space of V1,
U2 is a finite dimensional GK-stable sub Qp-vector space of V2 and

f̃ : V1/U1 → V2/U2

an isomorphism of ind-Fréchet representations.
We say that two objects V1 and V2 of IF(GK) are almost isomorphic if there exists an almost

isomorphism

f : V1  V2 .

We have (cf. [Fo03], th.5.3):

Proposition 2.8. Let V be an object of B(GK). The following are equivalent:
i) V is almost isomorphic to a torsion B+

dR-representation,
ii) V is almost isomorphic to a Cp-representation,
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iii) there is d ∈ N such that V is almost isomorphic to Cd
p (equipped with the natural action of

GK).

We denote C(GK) the category of almost Cp-representations (of GK), that is the full subcate-
gory of B(GK) whose objects satisfy the equivalent conditions of the previous proposition. This
is coherent with the definition given in the introduction (§1.2).

The category C(GK) contains C∞(GK) = Reptor
B+

dR

(GK) and C0(GK) = RepQp
(GK) as full sub-

categories.

A weak Serre subcategory B of an abelian category A is a strictly full subcategory which is
abelian, such that the inclusion functor is exact and which is closed under taking extensions.

The following results are essentially contained in [Fo03]:

Theorem 2.9. The category C(GK) is abelian and any morphism of C(GK) is strict as a morphism
of B(GK). A sequence of morphisms of C(GK) is exact if and only if the underlying sequence of
Qp-vector spaces is exact. The category C0(GK) is a Serre subcategory of C(GK)and C∞(GK) is
a weak Serre subcategory of C(GK).

Moreover:
i) If U ∈ C0(GK) and W ∈ C∞(GK), then HomC(GK)(W,U) = 0.
ii There exists two additive functions

d : Ob C(GK) −→ N and h : Ob C(GK) −→ Z

uniquely determined respectively by d(U) = 0 if U ∈ C0(GK) and d(Cp) = 1 (resp. h(U) =
dimQp

(U) if U ∈ C0(GK) and h(Cp) = 0).
Furthermore, if W ∈ C∞(GK), then d(W ) = lengthB+

dR
(W ) and h(W ) = 0.

Proof : This is essentially the theorem 5.1 of [Fo03] except for:
– The fact that C0(GK) is a Serre’s subcategory of C(GK) which is a triviality.
– The fact that C∞(GK) is a weak Serre’s subcategory of C(GK). The only thing which is not

obvious is the stability under extensions of C∞(GK) inside of C(GK), which is contained in loc.cit.,
prop.6.3.

– The fact that if U ∈ C0(GK) and W ∈ C∞(GK), then HomC(GK)(W,U) = 0, which is the
corollary of the theorem 5.1 of loc.cit.. �

For instance, we see that, if U is a GK-stable finite dimensional sub Qp-vector space of Cp,
then d(Cp/U) = 1 and h(Cp/U) = − dimQp

U .

If V ∈ C(GK), W ∈ C∞(GK) and f̃ : V/U+ → W/U− is an almost isomorphism, from the
diagramme

0 −→ U+ −→ V −→ V/U+ −→ 0
↓≃

0 −→ U− −→ W −→ W/U− −→ 0

whose lines are exact, we deduce that

d(V ) = d(W ) , h(V ) = h(U+)− h(U−) = dimQp
(U+)− dimQp

(U−) .

Corollaire 2.10. i) For any V ∈ C(GK), we have V ∈ C0(GK) ⇐⇒ d(V ) = 0 (in which case
h(V ) = dimQp

V ≥ 0).
ii) If g : V → W is a monomorphism of C(GK) with W ∈ C∞(GK) such that d(V ) = d(W ),

then g is an isomorphism.

Proof : : Looking at an almost isomorphism as above, the first assertion is immediate.
For the second, let U be the cokernel of g. We have d(U) = 0, hence U ∈ C0(GK), hence U = 0,

as there is no non trivial morphism from W to an object of C0(GK). �
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Remark 2.11. As C0(GK) is a Serre subcategory of C(GK), we may consider the quotient

C̃(GK) = C(GK)/C0(GK)

It is known ([Fo03], prop.7.1) that this abelian category is semi-simple with exactly one isomor-
phism class of simple objects which is the class of Cp viewed as an object of this category. Hence

C̃(GK) is completely determined, up to equivalence, by the somewhat mysterious huge skew field
DK of the endomorphisms of Cp in this category (loc.cit., prop.7.2).

We denote

Ĉ(GK)

the full subcategory of IF(GK) whose objects are those V ’s which admit a GK -equivariant ad-
missible filtration (FnV )n∈Z such that FmV/FnV ∈ C(GK) for all m ≤ n in Z.

By passing to the limit, we see that the previous theorem implies:

Proposition 2.12. Any morphism of Ĉ(GK) is strict (as a morphism of IF(GK)) and this

category is abelian. A sequence of morphisms of Ĉ(GK) is exact if and only if the underlying

sequence of Qp-vector spaces is exact.The category C(GK) is a Serre’s subcategory of Ĉ(GK) though

Ĉ∞(GK) is a weak Serre’s subcategory.

Remarque 2.13. As RepB+
dR
(GK) and RepBdR

(GK) are Serre’s subcategories of Ĉ∞(GK), these

two categories are also weak Serre’s subcategory of Ĉ(GK).

2.6. Almost split exact sequences.

We say that a sequence of morphisms of IF(GK) is exact if the underlying sequence of Qp-vector
spaces is exact.

An almost splitting of a short exact sequence

0 −→ V ′ −→ V −→ V ′′ −→ 0

in IF(GK) is a GK -stable closed sub-Qp-vector space S of V such that

(1) the compositum S ⊂ V → V ′′ is onto,
(2) the Qp-vector space S ∩ V ′ is finite dimensional.

We say that such an exact sequence almost splits if there exists such an almost splitting. This
is equivalent to saying that there exists a GK -stable finite dimensional sub-Qp-vector space U of
V ′ such that the sequence

0 −→ V ′/U −→ V/U −→ V ′′ −→ 0

splits.
We observe that any almost splitting S of a short exact sequence

0 −→ V ′ −→ V −→ V ′′ −→ 0

defines, in an obvious way, almost isomorphisms

V  V ′ ⊕ V ′′  S ⊕ V ′′ .

Let’s recall two results of [Fo03] (th.5.2 and prop.5.2):

Proposition 2.14. Let

0 −→W ′ −→W −→W ′′ −→ 0

a short exact sequence in IF(GK) with W ′ and W ′′ in C∞(GK). Then W ∈ C∞(GK) if and only
if the sequence almost splits.

Proposition 2.15. Let

0 −→ V ′ −→ V −→ V ′′ −→ 0

a short exact sequence in IF(GK) with V ′ and V ′′ in C(GK). Then V is in C(GK) if and only if
the sequence almost splits.
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Corollary 2.16. Among the strictly full subcategories of B(GK) which are abelian, containing Cp

and C0(GK) and stable under almost split extensions, there is a smallest one. This is C(GK).

Proof : Clear ! �

3. Be-representations and coherent OX [GK ]-modules

3.1. The topological Qp-algebras B+
cris and Be.

Recall (cf. e.g. [Fo88], §2.3 and 4.1) that B+
cris is a Banach algebra equipped with a continuous

endomorphism ϕ and a continuous action of GK commuting with ϕ. There is a natural GK-
equivariant continuous injective homomorphism of topological Qp-algebras

B+
cris −→ B+

dR

that we use to identify B+
cris to a subring of B+

dR containing t.
For each d ∈ N, we set

P d = {b ∈ B+
cris | ϕ(b) = pdb} .

This is a GK -stable closed sub-Qp-vector space of B+
cris as well as of B+

dR. Moreover B+
cris and

B+
dR induce the same topology on P d which can be viewed as a Banach representation of GK . We

have a a canonical short exact sequence

0 −→ Qp(d) −→ P d −→ Bd −→ 0

where Qp(d) = Qpt
d and P d → Bd is the compositum P d ⊂ B+

cris ⊂ B+
dR

proj
−→ Bd. In particular

we see that P d is an almost Cp-representation with d(P d) = d and h(P d) = 1.

As usual, we set Bcris = B+
cris[1/t] that we can view as a GK -stable subring of BdR.

We have ϕ(t) = pt and ϕ extends uniquely to Bcris. Moreover the natural map Bcris → BdR =
B+

dR[1/t] is still injective and we use it to identify Bcris to a GK -stable sub-Qp-algebra of BdR.
Recall that

Be = {b ∈ Bcris | ϕ(b) = b}

is also a GK-stable sub-Qp-algebra of BdR. We endow it with the topology induced by the (locally
convex) topology of BdR.

Then, we have

Be = lim
−→

d∈NFil
−dBe = ∪d∈NFil

−dBe

where, for all d ∈ N,

Fil−dBe = Be ∩B+
dRt
−d = P d.t−d = P d(−d)

is an almost Cp-representation (with d(P d(−d)) = d and h(P d(−d)) = 1) homeomorphic to P d

as a Banach. Setting P d = P d(−d) = 0 for d > 0, we see that Be is an ind-Banach algebra with
(P−n(n))n∈Z a GK -stable multiplicative admissible filtration.

3.2. Be-representations.

The topology of Be induces on each Be-module of finite type a natural topology for which it
is an ind-Fréchet (actually an ind-Banach). A Be-representation (of GK) is a Be-module of finite
type equipped with a semi-linear and continuous action of GK . With the GK-equivariant Be-linear
maps as morphisms, Be-representations form a category that we denote RepBe

(GK).

Proposition 3.1. The Be-module underlying any Be-representation is free of finite rank. The
category RepBe

(GK) is a Qp-linear abelian category.

Proof :
Recall ([FF], th.6.5.2) that Be is a principal ideal domain. In particular it is a noetherian ring

and the fact that RepBe
(GK) is a Qp-linear abelian category is obvious.

Moreover (loc.cit., prop.10.1.1), for any maximal ideal p of Be, the orbit of p under the action of
GK is infinite. This implies that there is no non trivial GK-equivariant ideal of Be. If Λ is any non
zero Be-representation of GK , the annihilator of its torsion sub-module is a proper GK -equivariant
ideal and must be 0. Therefore the Be-module underlying Λ is torsion free, hence free of finite
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rank. �

Remark 3.2. Let Ce the fraction field of Be. This is the union of the fractional ideals of Be. For
each such ideal a, the choice of a generator a defines a bijection

Be −→ a , b 7→ ba

and we put on a the topology defined by transport de structure, which is independent of the choice
of the generator. Hence each a is naturally an ind-Banach (Qp-vector space). If a ⊂ b are two
fractional ideals, this inclusion is continuous and a is a closed sub-Qp-vector space of b. Hence we
may endow Ce with the coarsest locally convex topology such that, for all fractional ideal a, the
map a→ Ce is continuous (a lattice L in Ce is open if and only if L ∩ a is open in a for all a).

The action of GK on Ce is continuous for this topology (but Ce doesn’t seem to be an object
of IF(GK)) and we may consider the category RepCe

(GK) of Ce-representations (of GK), that
is of finite dimensional Ce-vector spaces equipped with a semi-linear an continuous action of GK .
This is obviously a Qp-linear abelian category.

We have an obvious exact Qp-linear functor

RepBe
(GK) −→ RepCe

(GK) , Λ 7→ Ce ⊗Be
Λ .

This functor is fully faithful: if M ∈ RepCe
(GK) is a Ce-representation of dimension d, there is at

most one GK -equivariant sub-Be-module of rank d because if Λ1 and Λ2 are two of them, so are
Λ1 + Λ2 and (Λ1 + Λ2)/Λ1 is torsion, hence 0.

Remark 3.3. If Λ is any Be-representation of GK , the underlying Qp-vector space is locally
convex and Λ inherits a natural structure of an object of IF(GK). We’ll see later that the forget
functor

RepBe
(GK) −→ IF(GK)

is fully faithful (prop.3.11) and that its essential image is contained in Ĉ(GK) (prop.3.12).

Proposition 3.4. Let W ∈ C∞(GK) and Λ ∈ RepBe
(GK). Then

HomIF(GK)(W,Λ) = 0 .

Proof : Let f : W → Λ such a morphism. We see that BdR ⊗Be
Λ is a BdR-representation of GK

and that

g : Λ −→ BdR ⊗Be
Λ , λ 7→ 1⊗ λ

is a morphism of IF(GK). But gf : W → BdR ⊗Be
Λ must be B+

dR-linear (§2.4). As the B+
dR-

module W is torsion though BdR ⊗ Λ is torsion free, we have gf = 0, hence also f = 0 as g is
injective. �

3.3. Coherent OX-modules.

We know that Be is a PID and we may consider the ”open curve”

Xe = Spec Be,

a noetherian regular affine scheme of dimension 1 whose function field is the fraction field Ce of
Be that we can see as a subfield of BdR. For each closed point x of X , the local ring OX,x is a
DVR and we denote vx the corresponding valuation on Ce normalised by vx(C

∗
e ) = Z.

Recall (cf. [FF], §6.5.1) that the curve X = XQp,C♭
p
can be defined as the compactification at

infinity of Xe. More precisely, as BdR is the fraction field of the discrete valuation ring B+
dR, it is

naturally equipped with a valuation vdR: if b ∈ BdR is 6= 0, then vdR(b) is the biggest n ∈ Z such
that b ∈ FilnBdR. We denote v∞ the restriction of vdR to Ce. The topological space underlying
X is obtained from the topological space underlying Xe by adding the closed point ∞ defined by
v∞. Hence, the function field of X is Ce and, if U is any non empty open subspace of X , we have

OX(U) = {b ∈ Ce | vx(b) ≥ 0, ∀x ∈ U} .
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We have X \ {∞} = Xe, the ring B+
dR is the completion of OX,∞ and BdR is the completion of

Ce for the topology defined by v∞.

Consider the following category Coh(OX):

• an object of Coh(OX) is a triple (Fe,F
+
dR, ιF) with Fe a Be-module of finite type, F+

dR a

B+
dR-module of finite type and

ιF : F+
dR −→ BdR ⊗Be

Fe

a B+
dR-linear map inducing an isomorphism of BdR-vector spaces

BdR ⊗B+
dR
F+

dR −→ BdR ⊗Be
Fe .

• a morphism (Fe,F
+
dR, ιF ) −→ (Ge,G

+
dR, ιG) is a pair (fe, f

+
dR) with fe : Fe → Ge a Be-linear

map and f+
dR : F+

dR → G
+
dR a B+

dR-linear map such that the obvious diagram commutes.

To any coherent OX -module F , we can associate an object (Fe,F
+
dR, ιF ) of this category:

• Fe = F(Xe),
• F+

dR = BdR ⊗OX,∞
F∞, the completion of the fiber of F at ∞,

• the completion at ∞ of the general fiber is BdR ⊗B+
dR
F+

dR as well as BdR ⊗Be
Fe and

ιF : F+
dR −→ BdR ⊗Be

Fe is the natural map.

This correspondence is obviously functorial and it’s immediate to see that it gives an equiva-
lence of categories. We use it to identify the category of coherent OX -modules to Coh(OX). In
this equivalence we see that the category Bund(X) of vector bundles over X , i.e. of torsion free
coherent OX -modules, can be identified to the full subcategory of Coh(OX) whose objects are
triples (Fe,F

+
dR, ιF ) such that the Be-module Fe and the B+

dR-module F+
dR are torsion free (⇐⇒

free).

3.4. The topology on OX . The curve X can be also described ([FF], §6.5.1) as

X = Proj
⊕

d∈N

P d

and there is (loc.cit., th.6.5.2) a one to one correspondence between the closed points of X and
the Qp-lines in P 1 (the map associating to such a line the prime ideal of P = ⊕d∈NP

d that it
generates is a bijection between the set of these lines and the set of non zero homogeneous prime
ideals of P different from ⊕d>0P

d). In this correspondence ∞ corresponds to the line generated
by t.

Moreover, if x1, x2, . . . , xr are closed points of X and if, for 1 ≤ i ≤ r, we chose a generator ti
of the Qp-line associated to xi, we see that the Qp-algebra OX(X \ {x1, x2, . . . , xr}) has a natural
topology: If we set u = t1t2 . . . tr, we have

OX(X \ {x1, x2, . . . , xr}) = ∪n∈NP
nru−n

and we see that it is an ind-Banach algebra with (Pnru−n))n∈N a multiplicative admissible Banach
filtration. Thus we may consider OX as a sheaf of ind-Banach algebras (the restriction maps are
obviously continuous).

3.5. The category M(GK).
The group GK acts continuously on X and it makes sense to speak of the category M(GK)

of coherent OX [GK ]-modules, that is of coherent OX -modules equipped with a semi-linear and
continuous action of GK .

We see that:
– the open subset Xe = Spec Be is stable under GK and GK acts continuously on the ind-

Banach algebra Be,
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– the point ∞ is fixed by GK and the action of GK on the Fréchet algebra B+
dR (resp. on

the ind-Fréchet algebra BdR), completion at ∞ of OX,∞ (resp. of the function field Ce of X) is
continuous.

From the description of coherent OX -modules of the previous paragraph, we see that we can
identifyM(GK) to the category whose

• objects are triple F = (Fe,F
+
dR, ιF), where Fe is a Be-representation, F

+
dR is a B+

dR-
representation and

ιF : F+
dR −→ BdR ⊗Be

Fe

is a GK -equivariant homorphism of B+
dR-modules such that the induced BdR-linear map

BdR ⊗B+
dR
F+

dR −→ BdR ⊗Be
Fe

is bijective,
• a morphism

f : (Fe,F
+
dR, ιF ) −→ (Ge,G

+
dR, ιG)

is a pair (fe, f
+
dR) with fe : Fe → Ge (resp. f+

dR : F+
dR → G+dR) a morphism of Be-

representations (resp. B+
dR-representations) such that the obvious diagramme commutes.

When there is no ambiguity about the map ιF , we write abusively

F = (Fe,F
+
dR)

We also denote

FdR = BdR ⊗Be
Fe = BdR ⊗Ce

(Ce ⊗Be
Fe)

the completion at ∞ of the generic fiber Fη = Ce ⊗Be
Fe of F .

The category BundX(GK) of GK-equivariant vector bundles over X is the full subcategory of
M(GK) whose objects are those for which the underlying OX -module is torsion free. From the
fact that any Be-representation is torsion free, we see that, if F is any coherent OX [GK ]-module,
there is no torsion away from∞. Therefore BundX(GK) is the full subcategory ofM(GK) whose
objects are those F such that the B+

dR-module F+
dR is free (⇐⇒ torsion free).

3.6. The Harder-Narasimhan filtration.

The abelian category Coh(OX) is equipped with two additive functions, the rank and the degree
(cf [FF], chap.5)

rk : Coh(OX)→ N , deg : Coh(OX)→ Z

The rank of F = (Fe,F
+
dR, ιF) is the rank of the Be-module Fe. It is 0 if and only if F is

torsion. It’s more difficult to compute the degree. But this additive function is characterised by
the following facts:

• if D is a divisor, then

deg(L(D)) = deg(D) =
∑

closed points ofX

nx , if D =
∑

nx[x] ,

• if F is a vector bundle of rank r, then

deg(F) = deg(∧rF) ,

• if F is a torsion OX -module, then

deg(F) =
∑

closed points ofX

lengthOX,x
Fx .

The slope of a non zero coherent OX -module F is

slope(F) = deg(F)/rank(F) ∈ Q ∪ {+∞}

(with the convention that the slope of a non zero torsion coherent OX -module is +∞).
As in the classical case,
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• a coherent OX -module F is semi-stable if it is non zero and if slope(F ′) ≤ slope(F) for
any non zero coherent sub-OX -module of F ,
• the Harder-Narasimhan filtration of a coherent OX -module F is the unique increasing
filtration

0 = F0 ⊂ F1 ⊂ . . . ⊂ Fm−1 ⊂ Fm = F

by coherent sub-OX -modules such that each Fi/Fi−1 is semi-stable with

slope(F1/F0) > slope(F2/F1) > . . . > slope(Fm−1/Fm−2) > slope(Fm/Fm−1)

The slopes of the Fi/Fi−1 for 1 ≤ i ≤ m are called the HN-slopes of F .

The Harder-Narasimhan filtration splits continuously but not canonically.

If F is an object ofM(GK), the unicity of the Harder-Narasimhan filtration implies that this
filtration is by subobjects in M(GK). In general, there is no GK -equivariant splitting of this
filtration.

3.7. The equivalences M0(GK)→ C0(GK) and M∞(GK)→ C∞(GK).
For all s ∈ Q ∪ {+∞}, we denoteMs(GK) the full subcategory ofM(GK) whose objects are

semi-stable of slope s. We also writeM∞(GK) =M+∞(GK).

We have H0(X,OX) = Qp. A central result of [FF] (th.8.2.10) is that a coherent OX -module
F is semi-stable of slope 0 if and only if it is isomorphic to Or

X for some positive integer r. From
that we deduce:

Proposition 3.5. If F ∈ M0(GK), then F(X) ∈ C0(GK) and

rank(F) = dimQp
F(X) .

The functor
M0(GK) −→ C0(GK) , F 7→ F(X)

is an equivalence of categories. The functor

C0(GK) −→M0(GK) , U 7→ OX ⊗ U = (Be ⊗Qp
U,B+

dR ⊗Qp
U)

is a quasi-inverse.

If F ∈ M(GK), as there is no torsion away from infinity, F ∈M∞(GK) if and only if Fe = 0.
From that, we deduce:

Proposition 3.6. If F ∈ M∞(GK), then F(X) = F+
dR and belongs to C∞(GK). Moreover

deg(F) = lengthB+
dR
F(X) .

The functor
M∞(GK) −→ C∞(GK) , F 7→ F(X)

is an equivalence of categories. The functor

C∞(GK) −→M∞(GK) , W 7→W = (0,W )

is a quasi-inverse.

For any s ∈ Q, we denoteM≥s(GK) (resp. M<s(GK)) the full subcategory ofM(GK) whose
objects are those which have all their HN-slopes ≥ s (resp. < s).

For any F ∈ M(GK), we denote F≥0 the biggest term of the Harder-Narasimhan filtration
which belongs toM≥0(GK) and F<0 = F/F≥0. We have a short exact sequence

0 −→ F≥0 −→ F −→ F<0 −→ 0

with F≥0 ∈ M≥0(GK) and F<0 ∈M<0(GK).
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The category M(GK) is equipped with a tensor product. From the classification of vector
bundles over X (cf. [FF], th.8.2.10), we get the fact that if s, t ∈ Q∪ {+∞}, if F ∈ Ms(GK) and
if G ∈Mt(GK), then F ⊗G ∈ Ms+t(GK) (with the convention that s+ t = +∞ if s or t is +∞).

The additive category BundX(GK) has an internal hom

(F ,G) 7→ HomOX
(F ,G)

We see that (HomOX
(F ,G))e = LBe

(Fe,Ge) is the Be-module of the Be-linear maps Fe → Ge
though (HomOX

(F ,G))+dR = LB+
dR
(F+

dR,G
+
dR) is the B+

dR-module of the B+
dR-linear maps F+

dR →

G+dR.
In BundX(GK), there is also a duality: The dual of F is F∨ = HomOX

(F ,OX). If F ,G ∈
BundX(GK), then HomOX

(F ,G) = F∨⊗G. If F is semi-stable of slope s, then F∨ is semi-stable
of slope −s.

3.8. Tate and Harder-Narasimhan twists.

Recall that, for any p-adic vector space V equipped with a linear action of GK and n ∈ Z, the
nth Tate’s twist of V is

V (n) = V ⊗Qp
Qp(n)

where Qp(n) = Qpt
n ⊂ BdR. This construction is functorial.

For any n ∈ Z, we denote

OX(n)T = OX ⊗Qp(n) = (Be(n), B
+
dR(n)) = (Be.t

n, B+
dR.t

n)

(where Be.t
n (resp. B+

dR.t
n) is the sub Be-module (resp. B+

dR-module) of BdR generated by tn)
the GK-equivariant line bundle of slope 0 associated to Qp(n).

For F ∈M(GK) and n ∈ Z, the nth Tate twist of F is

F(n)T = F ⊗OX(n)T = (Fe(n),F
+
dR(n), ιF (n)) .

It has the same degree, the same rank and the same slope as F .

For any n ∈ Z, we consider the GK-equivariant line bundle

OX(n)HN = (Be, B
+
dR(−n)) = (Be, B

+
dR.t

−n)

There is an obvious short exact sequence

0 −→ OX −→ OX(n)HN −→ (0, Bn(−n)) −→ 0 if n ≥ 0,
0 −→ OX(n)HN −→ OX −→ (0, B−n) −→ 0 if n < 0,

In particular, OX(n)HN is a modification of OX and is of degree n. It is semi-stable of slope n.
For F ∈M(GK) and n ∈ Z, we define the nth Harder-Narasimhan twist of F as

F(n)HN = F ⊗OX(n)HN = (Fe,F
+
dR(−n), ιF (−n)) = (Fe, t

−n.F+
dR, ιF (−n)) .

It has the same rank as F . If F is semi-stable of slope s, then F(n)HN is semi-stable of slope
s+ n.

These two construction are obviously functorial and commute with Harder-Narasimhan filtra-
tion. In particular,

– if F is semis-table of slope s, then F(n)T is semi-stable of slope s, though F(n)HN is semi-
stable of slope s+ n,

– the HN-slopes of F(n)T are the same as the HN-slopes of F , though the HN-slopes of F(n)HN

are the s+ n for s describing the HN-slopes of F .

These constructions commute: for m,n ∈ Z, we have

F(m)T (n)HN = F(n)HN (m)T .
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Remark 3.7. In [FF] (def.8.2.1) the GK-equivariant line bundle OX(n)HN (n)T is denoted OX(n).
We have to avoid confusion between the three GK -equivariant line bundles OX(n)T , OX(n)HN

and

OX(n) = (Be(n), B
+
dR) = (Be.t

n, B+
dR) .

3.9. Potentially trivialisable Be-representations.

Let Λ be a Be-representation of GK and K ′ a finite extension ofK contained in Qp. We say that

Λ is GK′-trivialisable if there is U ∈ C0(GK′) and a GK′ -equivariant isomorphism of Be-modules

Be ⊗Qp
U ≃ Λ .

We say that Λ is trivialisable if it is GK -trivialisable and potentially trivialisable if there is a
finite extension K ′ of K contained in Qp such that Λ is GK′-trivialisable.

Proposition 3.8. Any absolutely irreducible Be-representation of GK is potentially trivialisable.

Proof : Let Λ such a Be-representation. Then ΛdR = BdR ⊗Be
Λ is a BdR-representation. Let L

be the set of GK-stable B+
dR-lattices of ΛdR. We know (prop.2.5) that L is not empty. For each

L ∈ L, we may consider the GK-equivariant vector bundle over X

FL = (Λ, L) .

Such an FL is semi-stable (otherwise the Harder-Narasimhan filtration would be non trivial and
would induce a non trivial filtration of the Be-representation (FL)e = Λ which is not possible as
Λ is irreducible).

Chose such an FL. Replacing FL with FL(n)HN with n ∈ N big enough, we may assume that
the degree d of FL is ≥ 0. By proposition 2.7, we can find a finite extension K ′ of K contained in
Qp and a G′K-stable sub-B+

dR-lattice L0 ⊂ L such that lengthB+
dR
(L/L0) = d. Then FL0 = (Λ, L0)

is a GK′ -equivariant vector bundle over X of degree d − d = 0. As the Be-representation Λ is
absolutely irreducible, it is irreducible as a Be-representation of GK′ . Hence, FL0 is semi-stable
of slope 0. By proposition 3.5, there is a Qp-representation U of GK′ such that

FL0 ≃ OX ⊗ U .

Therefore Λ, as a Be-representation of GK′ , is isomorphic to Be ⊗Qp
U . �

Corollaire 3.9. The category RepBe
(GK) is the smallest full subcategory of itself containing

potentially trivialisable Be-representations and stable under taking extensions. This is also the
smallest full subcategory of itself containing trivialisable Be-representations and stable under taking
extensions and direct summands.

Proof : For any Be-representation Λ of GK , one can find a finite extension K1 of K contained in
Qp such that Λ, viewed as a Be-representation of GK1 , can be viewed as a successive extension of
absolutely irreducible Be-representations of GK1 and the first assumption results from the previous
proposition. Hence we may find a finite extension K ′ of K contained in Qp such that Λ, as a Be-
representation of GK′ , is a successive extension of GK′ -trivialisable Be-representations. Therefore
the induced Be-representation of GK

Λ′ = Be[GK ]⊗Be[GK′ ] Λ = Q[GK ]⊗Q[GK′ ] Λ

is a successive extension of trivialisable Be-representations of GK . But the obviousGK -equivariant
projection Λ′ → Λ splits (as, if Λ∨ denotes the Be-dual of Λ and if H = Gal(K ′/K), we have a
short exact sequence

0 −→ HomRepBe
(GK)(Λ,Λ

′) −→ HomRepBe
(GK′)(Λ,Λ) −→ H1(H,Λ∨ ⊗Be

Λ′)

and, as Be is of characteristic 0, we haveH
1(H,Λ∨⊗Be

Λ′) = 0). Therefore, Λ is a direct summand
of a successive extension of trivialisable Be-representations. �
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Remark 3.10. The results of this paragraph can also be deduced from the work of Berger ([Be08]
and [Be09]) relying (ϕ,Γ)-modules on the Robba ring and Be-pairs.

3.10. The forget functor RepBe
(GK)→ Ĉ(GK).

Proposition 3.11. The forget functor

RepBe
(GK) −→ IF(GK)

is fully faithful.

Proof : Let Λ and Λ′ two Be-representations. We want to prove that any GK-equivariant contin-
uous map

Λ
α
−→ Λ′

is Be-linear.
Let K ′ be a finite Galois extension of K contained in Qp such that Λ and Λ′ are successive

extensions of trivialisable Be-representations of GK′ . If H = Gal(K ′/K), we have

HomRepBe
(GK)(Λ,Λ

′) = (HomRepBe
(GK′)(Λ,Λ

′))H , HomIF(GK)(Λ,Λ
′) = (HomIF(GK′)(Λ,Λ

′))H .

Therefore, replacing K by K ′ we may assume again that there is r ∈ N and a filtration of Λ by
sub-Be-representations

0 = Λ0 ⊂ Λ1 ⊂ . . . ⊂ Λr−1 ⊂ Λr = Λ

such that each Λi/Λi−1 is trivialisable.
We proceed by induction on r, the case r = 0 being trivial. Assume r ≥ 1 and that Λr/Λr−1 =

Be ⊗Qp
U for some U ∈ C0(GK). Chose a Be-linear section s : Be ⊗ U → Λ of the projection

Λ→ Be ⊗ U . We have a decomposition of Λ as a Be-module into a direct sum

Λ = Λr−1 ⊕ s(Be ⊗ U) = Λr−1 ⊕ (Be ⊗ s(U)) .

By induction, the restriction of α to Λr−1 is Be-linear. Hence there is a unique Be-linear map

α0 : Λ −→ Λ′

such that α0(λ) = α(λ) if λ ∈ Λr−1 and α0(s(u)) = αs(u)) for all u ∈ U . It is easy to check that
α0 is continuous and GK-equivariant. The maps

α, α0 : Λ −→ Λ′

coincide on Λr−1 ⊕ s(U) and the map α − α0 induces, by going to the quotient, a morphism in
IF(GK)

β : Λ/(Λr−1 ⊕ s(U)) −→ Λ′ .

Recall (cf. eg [CF], prop.1.3) that BdR = Be + B+
dR though Be ∩ B+

dR = Qp. Hence, if we set

B̃dR = BdR/B
+
dR, we can identify Be/Qp to B̃dR.

Therefore we have

Λ/(Λr−1 ⊕ s(U)) = (Λr/Λr−1)/U = Be ⊗ U/U = B̃dR ⊗Qp
U .

and β ∈ HomIF(GK)(B̃dR ⊗ U,Λ′).

We see that B̃dR is the direct limit of the Bd(−d), for d ∈ N, hence

B̃dR ⊗ U = lim
−→

d∈NBd(−d)⊗Qp
U .

Each Bd(−d)⊗ U is an object of C∞(GK). Hence, proposition 3.4, implies that

HomIF(GK)(Bd(−d)⊗ U,Λ′) = 0 .

Therefore β = 0 and α = α0 is Be-linear. �

We use this result to identify RepBe
(GK) to a full subcategory of IF(GK).
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Proposition 3.12. We have

RepBe
(GK) ⊂ Ĉ(GK) .

More precisely, for any Be-representation Λ of GK , there is a GK-equivariant admissible filtration
(FnΛ)n∈Z with F 1Λ = 0 and FnΛ ∈ C(GK) for all n. Moreover, we may chose this filtration so

that, if b ∈ Fil−dBe and λ ∈ FnΛ (with d ∈ N, n ∈ Z), then bλ ∈ Fn−dΛ.

Proof : – Assume first that Λ is a successive extension of trivialisable Be-representations, i.e. that
there is r ∈ N and a filtration by sub-Be-representations

0 = Λ0 ⊂ Λ1 ⊂ . . . ⊂ Λr−1 ⊂ Λr = Λ

such that each Λi/Λi−1 is trivialisable. We proceed by induction on r, the case r = 0 being trivial.
Assume r ≥ 1. Setting Λr−1 = Λ′ and choosing U ∈ C0(GK) such that Λr/Λr−1 ≃ Be ⊗Qp

U , we
may assume that we have a short exact sequence of Be-representations

0 −→ Λ′ −→ Λ −→ Be ⊗ U −→ 0

and, using induction hypothesis, that we have an admissible filtration (FnΛ′)n∈Z of Λ′ satisfying
the required properties. Let s : Be ⊗U → Λ a Be-linear section of the projection Λ→ Be ⊗U , so
that we have a decomposition of the Be-module Λ into a direct sum

Λ = Λ′ ⊕ s(Be ⊗ U) = Λ′ ⊕ (Be ⊗ s(U)) .

The map
ρ : GK × U → Λ′ , (g, u) 7→ g(s(u))− s(g(u))

is continuous. Therefore, if T is a GK -stable lattice of U , then ρ(GK × T ) is compact, hence
bounded which implies ([Schn], prop.5.6) that there exists m ∈ Z such that ρ(GK ×T ), hence also
ρ(GK × U) is contained in FmΛ′.

If, for n ∈ Z, we set

FnΛ =

{
FnΛ′ ⊕ (Fn−mBe ⊗ U) if n ≤ m,

0 if n > m,

we see that (FnΛ)n∈N is an admissible filtration satisfying the required properties.
– In the general case, we chose a finite extension K ′ of K such that Λ is a successive extension

of trivialisable Be-representation of GK′ . Therefore we can find a GK′-equivariant decreasing
admissible filtration

(Fn
K′Λ)n∈Z

such that, if n ∈ Z, then Fn
K′Λ ∈ C(GK′) and that, if b ∈ Fil−dBe, for some d ∈ N and λ ∈ Fn

K′Λ,

then bλ ∈ Fn−d
K′ Λ.

For each n ∈ Z, denote FnΛ the smallest sub-Qp-vector space of Λ containing Fn
K′Λ and stable

under GK . This is also the image of the obvious map

Qp[GK ]⊗Qp[GK′ ] F
n
K′Λ→ Λ .

If h1, h2, . . . , hm is a system of representatives of GK/GK′ in GK , this is also
∑m

i=1 hi(F
nΛK′) ⊂ Λ

which is still bounded and it is clear that the (FnΛ)n∈Z satisfy the required properties. �

Remark 3.13. We see immediately that RepBe
(GK) is a weak Serre subcategory of Ĉ(GK).

3.11. Cohomology of coherent OX-modules.

We denote BdR the Be-module BdR/Be. It is not of finite type but, as the cokernel of the

inclusion Be → BdR which is a morphism of Ĉ(GK), it can be viewed as an object of this category.

The equalities BdR = Be +B+
dR and Qp = Be ∩B+

dR imply that BdR, as an object of Ĉ(GK), can

also be identified to B+
dR/Qp.

If F = (Fe,F
+
dR, ιF ) ∈ Coh(OX). The map

Fe −→ FdR = BdR ⊗Be
Fe , x 7→ 1⊗ x

is injective, we use it to identify Fe to a sub-Be-module of FdR and we denote FdR the quotient
FdR/Fe.
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From [FF], prop. 8.2.3, we know:

Proposition 3.14. For any F ∈ Coh(OX), we have Hi(X,F) = 0 for i 6∈ {0, 1} and

F(X) = H0(X,F) 6= 0 ⇐⇒ F≥0 6= 0,
H1(X,F) 6= 0 ⇐⇒ F<0 6= 0.

Moreover, there is a canonical exact sequence of Qp-vector spaces

(1) 0 −→ H0(X,F) −→ Fe ⊕F
+
dR

dF−→ FdR −→ H1(X,F) −→ 0

(where dF (x, y) = ιF (y)− x) which is functorial in F .

We have a commutative diagramme of Qp-vector spaces

0 0
↓ ↓
Fe = Fe

↓ ↓
0 −→ H0(X,F) −→ Fe ⊕F

+
dR −→ FdR −→ H1(X,F) −→ 0

↓ ↓
F+

dR −→ FdR

↓ ↓
0 0

whose columns and the two first lines are exact. Hence we have also an exact sequence

(2) 0 −→ H0(X,F) −→ F+
dR

dF−→ FdR −→ H1(X,F) −→ 0

where dF (y) is the image of ιF (y) in FdR.

3.12. Cohomology of coherent OX [GK ]-modules.

We say that an almost Cp-representation is effective if this object of C(GK) is isomorphic to
a sub-object of C∞(GK). We denote C≥0(GK) the full subcategory of C(GK) whose objects are
those which are effective.

Proposition 3.15. Let f : W → V a morphism of C(GK) with W ∈ C∞(GK) and V ∈ C≥0(GK).
Then the kernel of f belongs to C∞(GK).

Proof : By assumption, there exists a monomorphism g : V →W ′ in C(GK) with W ′ ∈ C∞(GK).
The kernel of f is the same as the kernel of gf : W → W ′. As W and W ′ are in C∞(GK), so is
this kernel. �

Proposition 3.16. Let F ∈ M(GK). Then H0(X,F) ∈ C≥0(GK).

Proof : We see that Fe, F
+
dR and FdR can be viewed as objects of the abelian category Ĉ(GK).

The inclusion Fe →֒ FdR is a morphism of this category, hence FdR can also viewed as an object

of Ĉ(GK). The map dF of the exact sequence (2) is obviously a morphism of this category, hence

H0(X,F) = kerdF and H1(X,F) = coker dF

are objects of Ĉ(GK).

For m ∈ N, big enough, F(−m)HN has all its HN-slopes < 0 and H0(X,F(−m)HN ) = 0. But
this is the kernel of the map

F+
dR(m) −→ FdR , b⊗ tm 7→ tmb (mod Fe) .

Hence we have a commutative diagramme

0 −→ 0 −→ F+
dR(m) −→ FdR

↓ ↓ ‖
0 −→ H0(X,F) −→ F+

dR −→ FdR
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(the first non zero vertical arrow sends b ⊗ tm to tmb) whose lines are exact. Therefore, the

compositum H0(X,F) → F+
dR → F

+
dR/t

mF+
dR is injective and H0(X,F), subobject in Ĉ(GK) of

F+
dR/t

m.F+
dR ∈ C

∞(GK) is in C≥0(GK). �

4. Hulls and construction of the functor V 7→ FV

4.1. Generalities.

In what follows, B? is either Be, B
+
dR or BdR.

We know (remarks 3.13 and 2.13) that RepB?
(GK) can be identified to a weak Serre’s subcat-

egory of Ĉ(GK). We have ”inclusions” of weak Serre subcategories

RepB+
dR
(GK)

ց

RepBdR
(GK) −→ Ĉ(GK)

ր
RepBe

(GK)

Let V be an almost Cp-representation. We say that V has a B?-hull if the functor

RepB?
(GK) −→ Qp-vector spaces , W 7→ Hom

Ĉ(GK)(V,W )

is representable, i.e. if there is a (necessarily unique up to unique isomorphism) pair (V?, ι
V
? ), with

V? a B?-representation and ιV? : V → V? a GK-equivariant continuous Qp-linear map, such that,
for all B?-representation W , the map

HomRepB?
(GK)(V?,W ) −→ Hom

Ĉ(GK)(V,W ) ,

induced by ιV? , is bijective.
When it is the case, we call (V?, ι

V
? ), or abusively V?, the B?-hull of V .

Our purpose is to show that such an hull always exists and to use these hulls to construct a
functor

C(GK) −→M(GK) , V 7→ FV .

Remark 4.1. Let V be an almost Cp-representation and let IV the class of morphisms

ι : V →Wι

of Ĉ(GK) whose source is V and target a B?-representation. With suitable conventions and abuses,
to say that V has a B?-hull means that the directed inverse limit

V? = lim
←−

ι∈IV Wι

exists and that the B?-module underlying this ”pro-B?-representation of GK” is of finite type.

Restricted to the full subcategory of C(GK) of almost Cp-representations admitting a B?-hull,
the correspondence V 7→ V? is obviously functorial.

Let V ∈ C(GK) such that, with obvious notations, (V +
dR, ι

V,+
dR ) exists, let M ∈ RepBdR

(GK) and

f : V →M a morphism in Ĉ(GK). We see that the sub B+
dR-module W of M generated by f(V )

is an object of C∞(GK), hence there is a unique morphism (in Ĉ(GK) or, in this case, equivalently
in C∞(GK))

g : V +
dR → W ⊂M

such that f = g ◦ ιV,+dR and we have

Hom
Ĉ(GK)(V,M) = Hom

Ĉ(GK)(V
+
dR,M) =

Hom
Ĉ(GK)(BdR ⊗B+

dR
V +
dR,M) = HomRepBdR(GK )

(BdR ⊗B+
dR

V +
dR,M) .

Therefore VdR exists and can be identified to BdR ⊗B+
dR

V +
dR.
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The same argument applies to the case where (Ve, ι
V
e ) exists. Hence we have:

Proposition 4.2. Let V ∈ C(GK).
i) If V +

dR exists, then VdR exists and is, canonically and functorially, BdR ⊗B+
dR

V +
dR,

ii) If Ve exists, then VdR exists and is, canonically and functorially, BdR ⊗Be
Ve.

Proposition 4.3. Let B? as above and let V be an almost Cp-representation of GK which has a
B?-hull (V?, ι

V
? ). Then:

i) The image of ιV? generates V? as a B?-module.
ii) If moreover

0 −→ V ′ −→ V −→ V ′′ −→ 0

is a short exact sequence in C(GK), then V ′′ has a B?-hull which is the quotient of V? by the
sub-B?-module of V? generated by the image of V ′.

iii) In this situation, if V ′ has a B?-hull, then the sequence

V ′? −→ V? −→ V ′′? −→ 0

is exact.

Proof : i) Let W0 be the sub B?-module of V? generated by the image of V . As B? is noetherian,
this is a B?-module of finite type. By the universal property of V?, there is a unique morphism
ν : V? → W0 such that the map V →W0 is ν ◦ ιV? and we see that V? = W0 ⊕ ker ν. The fact that
idV?

is the unique endomorphism of V? such that ν ◦ ιV? = ιV? forces ker ν to be 0.
ii) If W is any B?-representation, we have

Hom
Ĉ(GK)(V

′′,W ) =
{
f ∈ Hom

Ĉ(GK)(V,W ) | f(V ′) = 0
}
=

{
f ∈ HomRepB?

(GK)(V?,W ) | f(ιV? (V
′)) = 0

}
= HomRepB?

(GK)(V?/B?ι
V
? (V

′),W )

iii) Let N be the kernel of the projection V? → V ′′? . The image of V ′? in V? is clearly contained
in N . As N is the sub B?-module generated by the image of V ′, the map V ′? → N is surjective
and

V ′? −→ V? −→ V ′′? −→ 0

is exact. �

4.2. Construction of trivialisable almost Cp-representations.

A trivialisation of an almost Cp-representation V is a short exact sequence

0 −→ U −→ V −→W −→ 0

in C(GK) with U ∈ C0(GK) and W ∈ C∞(GK).
An almost Cp-representation is trivialisable if it admits a trivialisation.

If V ∈ C(GK), if f̃ : V/U+ → W/U− is an almost isomorphism with W ∈ C(GK) and if

V̂ = W ×W/U−
V , we have, in C(GK), a commutative diagramme

0 0
↓ ↓
U+ = U+

↓ ↓

0 −→ U− −→ V̂ −→ V −→ 0
‖ ↓ ↓

0 −→ U− −→ W −→ V/U+ −→ 0
↓ ↓
0 0

and V is a quotient of V̂ which is trivialisable as it is an extension of W by U+ ∈ C0(GK).
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Given U ∈ C0(GK) and W ∈ C∞(GK), it is easy to construct all almost Cp-representations
which are extensions of W by U :

Recall that

BdR = Be +B+
dR and Be ∩B+

dR = Qp

and that we set

B̃dR = BdR/B
+
dR = Be/Qp .

Let U be an object of C0(GK) and W an object of C∞(GK). Tensoring the exact sequence

0 −→ Qp −→ Be −→ B̃dR −→ 0

by U we get a short exact sequence in Ĉ(GK)

0 −→ U −→ Be ⊗Qp
U −→ B̃dR ⊗Qp

U −→ 0

inducing a map

δU,W : Hom
Ĉ(GK)(W, B̃dR ⊗Qp

U) −→ Ext1
Ĉ(GK)

(W,U)

‖ ‖

Hom
Ĉ∞(GK)(W, B̃dR ⊗Qp

U) Ext1C(GK)(W,U)

We have (cf. [Fo03], prop. 3.7):

Proposition 4.4. Let U ∈ C0(GK) and W ∈ C∞(GK). The map

δU,W : Hom
Ĉ∞(GK)(W, B̃dR ⊗Qp

U) −→ Ext1C(GK)(W,U)

is an isomorphism.

Hence if V is a trivialisable almost Cp-representation and if

(T ) 0 −→ U −→ V −→W0 −→ 0

is a trivialisation of V , there is a unique

ρT ∈ Hom
Ĉ∞(GK)(W0, B̃dR ⊗Qp

U)

such that the square
V −→ W0

↓ ↓ ρT
Be ⊗Qp

U −→ B̃dR ⊗Qp
U

is cartesian.

4.3. Construction of the hulls.

Proposition 4.5. Any almost Cp-representation V has a Be-hull Ve, a B+
dR-hull V

+
dR and a BdR-

hull VdR. We have

VdR = BdR ⊗Be
Ve = BdR ⊗B+

dR
V +
dR ,

rankB+
dR
V+

dR = rankBeVe = dimBdR
VdR ≥ h(V)

and equality holds when V is trivialisable.
Moreover
i) if U ∈ C0(GK), then Ue = Be ⊗Qp

U and U+
dR = B+

dR ⊗Qp
U ,

ii) if W ∈ C∞(GK), then We = 0 and W+
dR = W ,

iii) if

(T ) 0 −→ U −→ V −→W0 −→ 0

is a trivialisation of an almost Cp-representation V ,
a) the map Ue = Be ⊗Qp

U → Ve is an isomorphism,
b) we have a short exact sequence

0 −→ B+
dR ⊗Qp

U −→ V +
dR −→W0 −→ 0
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More precisely, V +
dR is the fiber product (BdR ⊗Qp

U) ×B̃dR⊗QpU
W0 (where W0 → B̃dR ⊗Qp

U is

the map ρT ).

Proof : From the proposition 4.2, we see that the existence of Ve and V +
dR implies the existence of

VdR and the equalities:

VdR = BdR ⊗Be
Ve = BdR ⊗B+

dR
V +
dR ,

rankB+
dR
V+

dR = rankBeVe = dimBdR
VdR .

i) Let U ∈ C0(GK). By adjunction, for any Be-representation Λ, we have

Hom
Ĉ(GK)(U,Λ) = HomRepBe

(GK)(Be ⊗Qp
U,Λ)

hence Ue exists and is Be ⊗Qp
U . Similarly, for any object W0 ∈ C

∞(GK), we have

HomC(GK)(U,W0) = Hom
Ĉ∞(GK)(B

+
dR ⊗Qp

U,W0)

hence U+
dR exists and is B+

dR ⊗Qp
U . In particular, dimBdR

UdR = h(U).

ii) Let W ∈ C∞(GK). For all Be-representation Λ, we have Hom
Ĉ(GK)(W,Λ) = 0 (prop.3.4).

ThereforeWe exists and is = 0. For anyW0 ∈ C∞(GK), we have HomC(GK)(W,W0) = HomC∞(GK)(W,W0)

(prop.2.6) hence W+
dR exists and is W . In particular dimBdR

WdR = 0 = h(W ).

iii) Let V a trivialisable almost Cp-representation and

(T ) 0 −→ U −→ V −→W0 −→ 0

a trivialisation.

a) Let Λ be a Be-representation. The inclusion U → V induces a map

α : Hom
Ĉ(GK)(V,Λ) −→ Hom

Ĉ(GK)(U,Λ)
≃
−→ HomRepBe

(GK)(Be⊗Qp
U,Λ) = Hom

Ĉ(GK)(Be⊗Qp
U,Λ)

(prop.3.11 and prop.3.12). We have a cartesian square (§4.2)

(S)

V −→ W0

↓ ρ ↓ ρT
Be ⊗Qp

U −→ B̃dR ⊗Qp
U

and we may use ρ to get a map

β : Hom
Ĉ(GK)(Be ⊗Qp

U,Λ) −→ Hom
Ĉ(GK)(V,Λ)

Let f ∈ Hom
Ĉ(GK)(Be ⊗Qp

U,Λ) and f ′ = α(β(f)). If
∑

bi ⊗ ui ∈ Be ⊗Qp
U , we have

f ′(
∑

bi ⊗ ui) =
∑

bi(β(f)(ui)) =
∑

bif(ui) = f(
∑

bi ⊗ ui)

as f is Be-linear, hence f ′ = f .
Let g ∈ Hom

Ĉ(GK)(V,Λ) and g′ = αβ(g)). If u ∈ U , as ρ(u) = u, we have

g′(u) = β(α(g))(u) = α(g)(u) = g(u)

Hence g′ − g factors through a morphism in Ĉ(GK)

W0 −→ Λ

which is necessarily 0 (th.2.9), hence g′ = g. Therefore we see that α is an isomorphism. It’s
implies that Ve exists and is equal to Ue = Be ⊗Qp

U .

b) We want to show that V +
dR exists and is equal to

W1 = (BdR ⊗Qp
U)×B̃dR⊗QpU

W0 .
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Using the cartesian square (S) and the inclusion Be ⊗Qp
U ⊂ BdR ⊗Qp

U , we get a morphism of

Ĉ(GK)

V →W1

and we have a commutative diagramme in Ĉ(GK)

(∗)
0 −→ U −→ V −→ W0 −→ 0

↓ ↓ ‖
0 −→ U+

dR −→ W1 −→ W0 −→ 0

whose lines are exact.
If W is any B+

dR-representation, we have a commutative diagramme

0 −→ Hom(W0,W ) −→ Hom(V,W ) −→ Hom(U,W ) −→ Ext1(W0,W )
‖ ↓ ↓≃ ‖

0 −→ Hom(W0,W ) −→ Hom(W1,W ) −→ Hom(U+
dR,W ) −→ Ext1(W0,W )

(where all the Hom and Ext1 are computed in Ĉ(GK)) which implies that

HomC(GK)(V,W ) −→ HomC(GK)(W1,W ) = HomC∞(GK)(W1,W )

is an isomorphism. Hence V +
dR exists and is equal to W1.

– Finally, let V be any object of C(GK). We can find an exact sequence

0 −→ U −→ V̂ −→ V −→ 0

with V̂ trivialisable. The existence of V̂e and V̂ +
dR implies (prop.4.3) the existence of Ve and V +

dR.
The exactness of the sequence

UdR −→ V̂dR −→ VdR −→ 0

implies that

dimBdR
VdR ≥ dimBdR

V̂dR − dimBdR
UdR = h(V̂ )− h(U) = h(V ) .

�

4.4. The functor V 7→ FV .

For any almost Cp-representation V , denote

ιV : V +
dR −→ VdR = BdR ⊗Be

Ve

the natural map. It induces an isomorphism BdR ⊗B+
dR

V +
dR → VdR. Therefore

FV = (V +
dR, Ve, ιV )

is a coherent OX [GK ]-module. This construction is clearly functorial and we get an additive
functor

C(GK) −→M(GK) , V 7→ FV .

From the universal properties of the functor V 7→ V +
dR and V 7→ Ve, we deduce the fact that

V 7→ FV is left adjoint to F 7→ F(X).

5. The equivalence M≥0(GK) −→ C≥0(GK)

5.1. A characterisation of effective coherent OX [GK ]-modules.

Theorem 5.1. The category M≥0(GK) is the smallest strictly full subcategory of M(GK) con-
tainingM0(GK) andM∞(GK) and stable under taking extensions and direct summands.

Lemma 5.2. Let s be a positive rational number. There exists Gs ∈ Ms(GK) which is an extension
of an object of M∞(GK) by an object ofM0(GK).



28 JEAN-MARC FONTAINE

The lemma implies the theorem: As a subcategory ofM(GK), the categoryM≥0(GK) is obviously
stable under taking extensions and direct summands. Hence, it suffices to show that any F ∈
M≥0(GK) can be written as a direct summand of successive extensions of direct summands of
objects which are extensions of an object ofM∞(GK) by an object ofM0(GK). Using the Harder-
Narasimhan filtration, it is enough to show that, if F is semi-stable of slope s ≥ 0, then F is such
a direct summand.

If s = 0, then F ∈ M0(GK) though, if s = +∞, then F ∈M∞(GK) and we may assume that
s is a positive rational number.

Let Gs as in the lemma, so that we have a short exact sequence

0 −→ G0s −→ Gs −→ G
∞
s −→ 0

with G0s ∈ M
0(GK) ans G∞s ∈M

∞(GK). As Gs is a vector bundle (it has no torsion), its dual G∨s
is well defined and semi-stable of slope −s. Therefore

F0 = F ⊗ G∨s

is semi-stable of slope 0. We have a short exact sequence

0 −→ F0 ⊗ G
0
s −→ F0 ⊗ Gs −→ F0 ⊗ G

∞
s −→ 0

and F0 ⊗ Gs is an extension of F0 ⊗ G∞s ∈ M
∞(GK) by F0 ⊗ G0s ∈M

0(GK).
But, with obvious notations,

F0 ⊗ Gs = F ⊗ G
∨
s ⊗ Gs = F ⊗ End(Gs) .

If End0(Gs) is the sub sheaf of elements of trace 0 in End(Gs), we have

End(Gs) = OX ⊕ End0(Gs)

hence

F0 ⊗ Gs = F ⊗ (OX ⊕ End0(Gs)) = F ⊕ (F ⊗ End0(Gs))

and F is a direct summand of F0 ⊗ Gs. �

Proof of the lemma: We may assume K = Qp. Recall ([FF], prop. 10.5.3, see also [CF], §5) that

• A filtered ϕ-module over Qp is a pair (D,Fil) consisting of
a) a ϕ-module over Qp, i.e. a finite dimensional Qp-vector space D equipped with an

automorphism ϕ : D → D,
b) an exhausted and separated decreasing filtration (FilnD)n∈Z.

• There is a fully faithful additive functor

(D,Fil) 7→ FD,Fil

from the category of filtered ϕ-modules over Qp to the category of GQp
-equivariant vector

bundles over X (the essential image consists of those equivariant vector bundles which are
crystalline, i.e. those F ’s such that the natural map

Bcris ⊗Qp

(
Bcris ⊗Be

Fe

)GK −→ Bcris ⊗Be
Fe

is bijective): we have FD,Fil = (FD,Fil,e,F
+
D,Fil,dR) where

– FD,Fil,e is the Be-module (Bcris ⊗Qp
D)ϕ=1 which implies that

FD,Fil,dR = BdR ⊗Be
FD,e = BdR ⊗Qp

D ,

– F+
D,Fil,dR = Fil0(BdR ⊗Qp

D) =
∑

n∈Z Fil
−nBdR ⊗ FilnD.

Set s = d/h with d, h positive integers, prime together.
Consider the ϕ-module D over Qp whose underlying Qp-vector space is of dimension h, with

(er)r∈Z/hZ as a basis and

ϕ(er) =

{
er+1 if r + 1 6= 0,
p−de0 if r + 1 = 0



ALMOST Cp GALOIS REPRESENTATIONS AND VECTOR BUNDLES 29

We equip D with two distincts filtrations Fil and Fil0:

FilnD =

{
D if n ≤ 0,
0 if n > 0

, F iln0D =





D if n ≤ −d,
⊕r 6=0Qper if −d < n ≤ 0,

0 if n > d

Set Gs = FD,Fil and G0s = FD,Fil0 . Both are coherent OX [GK ]-module of rank h. As the
polynomial Xh− p−d is irreducible over Qp, the Qp[ϕ]-module D is irreducible which implies that
Gs and G0s are stable, hence semi-stable. An easy computation shows that deg(Gs) = d though
deg(G0s ) = 0, hence Gs is semi-stable of slope d/h = s though G0s is semi-stable of slope 0, hence
belongs to M0(GK). We see that G0s,e = Gs,e and that (G0s )

+
dR ⊂ (Gs)dR. Therefore G0s is a

subobject of Gs and the cokernel G∞s is torsion, i.e. belongs toM∞(GK). �

5.2. Some properties of effective almost Cp-representations.

Recall (§1.5) that an exact subcategory of an abelian category is a strictly full subcategory
containing 0 and stable under extensions. For instance the previous theorem shows thatM≥0(GK)
is an exact subcategory ofM(GK).

Theorem 5.3. Let V ∈ C(GK). The following are equivalents:
i) V is effective (i.e. V ∈ C≥0(GK)),
ii) there is a finite extension K ′ of K contained in Qp such that V , as an object of C(GK′) is

a successive extension of objects belonging either to C0(GK′) or to C∞(GK′),
iii) V belongs to the smallest strictly full subcategory of C(GK) containing C0(GK) and C∞(GK)

and stable under taking extensions and direct summands.
Moreover C≥0(GK) is an exact subcategory of C(GK).

Before proving this theorem, let’s state an other result. Recall (§4.4) that, to any V ∈ C(GK),
we associated the coherent OX [GK ]-module

FV = (V +
dR, Ve, ιV ) .

We have

(FV )
+
dR = V +

dR , (FV )e = Ve and ιFV
= ιV .

Therefore, if we set V dR = FV dR = VdR/Ve, we have (cf. §3.12) an exact sequence

(C) 0 −→ H0(X,FV ) −→ V +
dR

ιV−→ V dR −→ H1(X,FV ) −→ 0

(where ιV = ιFV
is the compositum of ιV with the projection VdR → VdR/Ve) and, as V ⊂ Ve is

injective, the image of V in V +
dR is contained in FV (X) = H0(X,FV ).

Proposition 5.4. Let V ∈ C≥0(GK). Then,
i) we have h(V ) ≥ 0 and dimBdR

VdR = h(V ),
ii) we have V ∈ C∞(GK) ⇐⇒ h(V ) = 0,
iii) the sequence

0 −→ V −→ V +
dR

ιV−→ V dR −→ 0

is exact,
iv) the map V → H0(X,FV ) is bijective and FV ∈M≥0(GK).

Moreover, the restriction to C≥0(GK) of the four functors C(GK)→ Ĉ(GK)

V 7→ V +
dR , V 7→ Ve , V 7→ VdR , V 7→ V dR

and of the functor

C(GK) −→M(GK) , V 7→ FV

are exact.

Proof of the theorem and beginning of the proof of the proposition:
For any V ∈ C≥0(GK), we denote dV the infimum of the d(W )’s for all W ∈ C∞(GK) such that

V is isomorphic to a subobject of W (note that d(V ) ≤ dV ).
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Denote K the set of finite extensions L of K contained in Qp. For any L ∈ K, let C?(GL) the full
subcategory of C(GL) whose objects can be written as a successive extension of objects belonging
either to C0(GL) or to C∞(GL).

We now show the assertion (i) of the proposition and the implication (i) =⇒ (ii) of the theorem,
i.e. that, if V ∈ C≥0(GK), then

dimBdR
VdR = h(V ) (which implies that h(V ) ≥ 0) and there exists K ′ ∈ K such that V ∈ C?(GK′) :

We proceed by induction on dV , the case dV = 0 being trivial.
Let V ⊂ W an embedding of V into an object W ∈ C∞(GK) satisfying d(W ) = dV > 0. We

can find (cf. prop.2.7) K1 ∈ K and a GK1 -stable sub-B+
dR-module W ′ of W of length 1. Setting

W ′′ = W/W ′, V ′ = V ∩ W ′ and denoting V ′′ the image of V in W ′′, we get a commutative
diagramme in C(GK1)

0 −→ V ′ −→ V −→ V ′′ −→ 0
↓ ↓ ↓

0 −→ W ′ −→ W −→ W ′′ −→ 0

whose rows are exact and vertical arrows are injective which implies that V ′ and V ′′ belong to
C≥0(GK1). We have d(V ′) ≤ d(W ′) = 1. From corollary 2.10, we get that either d(V ′) = 1 in
which case V ′ = W ′ or d(V ′) = 0 which implies that V ′ ∈ C0(GK1).

– If V ′ = W ′, we have h(V ′) = 0 and (V ′)+dR = W ′ hence V ′dR = 0,
– If V ′ ∈ C0(GK1), we have h(V ′) = dimQp

V ′ and V ′dR = BdR ⊗Qp
V ′.

In both cases, we have dimBdR
V ′dR = h(V ′). By induction, we have dimBdR

V ′′dR = h(V ′′). The
exactness of the sequence

V ′dR −→ VdR −→ V ′′dR −→ 0

implies that

dimBdR
VdR ≤ dimBdR

V ′dR + dimBdR
V ′′dR = h(V ′) + h(V ′′) = h(V ) ,

hence, as dimBdR
VdR ≥ h(V ) (prop.4.5), we get dimBdR

VdR = h(V ), i.e the assertion (i) of the
proposition.

Also by induction, as V ′′ belongs to C≥0(GK1), there is K ′ ∈ K containing K1 such that
V ′′ ∈ C?(GK′). Then V , as a representation of GK′ , is an extension of V ′′ by either an object of
C∞(GK′) (if d(V ′) = 1) or by an object of C0(GK′) (if d(V ′) = 0). In both cases, V belongs to
C?(GK′).

Therefore, given V ∈ C≥0(GK), there is K ′ ∈ K and a filtration of V by subobjects in C+(GK′)

0 = V0 ⊂ V1 ⊂ . . . ⊂ Vr−1 ⊂ Vr = V

such that, if i = 1, 2, . . . , r, then Vi/Vi−1 belongs either to C0(GK′) or to C∞(GK′). This proves
the implication (i) =⇒ (ii) of the theorem.

In particular, we have h(V ) =
∑r

i=1 h(Vi/Vi−1) which is > 0 unless h(Vi/Vi−1) = 0 for all i,
which means that Vi/Vi−1 belongs to C∞(GK). As C∞(GK) is stable under taking extensions, we
get the equivalence

h(V ) = 0 ⇐⇒ V ∈ C≥0(GK)

which is the assertion (ii) of the proposition.

The implication (ii) =⇒ (iii) of the theorem is obvious: If V satisfies (ii), the induced repre-
sentation Qp[GK ]⊗Qp[GK′ ]V belongs to C?(GK) and V is a direct summand of this representation.

As a full subcategory of C(GK), the category C≥0(GK) is obviously stable under taking direct
summands. Hence, we see that the implication (iii) =⇒ (i) of the theorem and the fact that
C≥0(GK) is an exact subcategory of C(GK) result from the following:
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Lemma 5.5. Assume we have a short exact sequence in C(GK)

(1) 0 −→ V0 −→ V1 −→ V2 −→ 0

with V2 ∈ C≥0(GK) and V0 belonging either to C0(GK) or to C∞(GK). Then V1 ∈ C≥0(GK) and
the sequence

0 −→ V +
0,dR −→ V +

1,dR −→ V +
2,dR −→ 0

is exact.

Proof of the lemma:
– Assume first that V0 belongs to C0(GK): we have a commutative diagramme

0 −→ V0 −→ V1 −→ V2 −→ 0
↓ ↓ ↓

V +
0,dR −→ V +

1,dR −→ V +
2,dR −→ 0

whose rows are exact, the maps V0 → V +
0,dR and V2 → V +

2,dR being injective. I claim that the map

V +
0,dR → V +

1,dR is injective. As V +
0,dR = B+

dR ⊗Qp
V0 is a torsion free B+

dR-module, it is enough to
check that V0,dR → V1,dR is injective. If it were not true, we would have

dimBdR
V1,dR < dimBdR

V0,dR + dimBdR
V2,dR = h(V0) + h(V2) = h(V1) .

As we have (prop.4.5) dimBdR
V1,dR ≥ h(V1), this can’t happen. This forces V1 → V +

1,dR to be also

injective, hence V1 ∈ C≥0(GK).

– Assume now V0 belongs to C∞(GK). As the sequence (1) almost splits (prop.2.15), we can
find an extension S in C0(GK) of V2 by a U ∈ C0(GK) such that V1 = V0 ⊕U S. By what we just
saw, S ∈ C≥0(GK) and we have a commutative diagramme

0 −→ U −→ S −→ V2 −→ 0
↓ ↓ ↓

0 −→ U+
dR −→ S+

dR −→ V +
2,dR −→ 0

whose line are exacts and vertical arrows are injective.
We also have a commutative diagramme

0 −→ U −→ W ⊕ S −→ V1 −→ 0
↓ ↓ ↓

U+
dR −→ W ⊕ S+

dR −→ V +
1,dR −→ 0

(the map U → W ⊕ S send u to (u,−u)) whose rows are exact and the two first vertical arrows
are injective.

The injectivity of U+
dR → S+

dR implies the injectivity of U+
dR → W ⊕ S+

dR. To finish the proof

we only need to show that the map V1 → V +
1,dR is injective or, with obvious identifications, that

inside of W ⊕ S+
dR, we have

U+
dR ∩ (W ⊕ S) = U .

Assume (w, s) ∈ W ⊕ S belongs to U+
dR. This implies that s ∈ S ∩ U+

dR which is U as the map

V2 → V +
2,dR is injective. We then need w = −s and (w, s) is the image of −s ∈ U . �

Proof of the exactness of the functors V 7→ VdR, V 7→ Ve and V 7→ V dR: If

0 −→ V ′ −→ V −→ V ′′ −→ 0

is a short exact sequence in C≥0(GK), we know that the sequences

V ′e −→ Ve −→ V ′′e −→ 0
V ′dR −→ VdR −→ V ′′dR −→ 0

are exact. As

dimBdR
VdR = h(V ) = h(V ′) + h(V ′′) = dimBdR

V ′dR = dimBdR
V ′′dR

the map V ′dR → VdR must be injective and the functor V 7→ VdR is exact.
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As the Be-modules V ′e , Ve and V ′′e are torsion free and as

rankBe
(V ′e ) = dimBdR

V ′dR , rankBe
(Ve) = dimBdR

VdR , rankBe
(V ′′e ) = dimBdR

V ′′dR

the same argument shows the exactness of V 7→ Ve.
We then have a commutative diagramme

0 0 0
↓ ↓ ↓

0 −→ V ′e −→ Ve −→ V ′′e −→ 0
↓ ↓ ↓

0 −→ V ′dR −→ VdR −→ V ′′dR −→ 0
↓ ↓ ↓

0 −→ V
′

dR −→ V dR −→ V
′′

dR −→ 0
↓ ↓ ↓
0 0 0

whose three columns and the two first rows are exact. This implies the exactness of the last row.

Lemma 5.6. Let
0 −→ V ′ −→ V −→ V ′′ −→ 0

a short exact sequence in C≥0(GK). Assume the sequences

0 −→ V ′ −→ (V ′)+dR −→ V
′

dR −→ 0

and
0 −→ V ′′ −→ (V ′′)+dR −→ V

′′

dR −→ 0

are exact. Then the sequences

0 −→ V −→ V +
dR −→ V dR −→ 0

and
0 −→ (V ′)+dR −→ V +

dR −→ (V ′′)+dR −→ 0

are exact.

Proof of the lemma: We have a commutative diagramme:

0 0 0
↓ ↓ ↓

0 −→ V ′ −→ V −→ V ′′ −→ 0
↓ ↓ ↓

0 −→ (V ′)+dR −→ V +
dR −→ (V ′′)+dR −→ 0

↓ ↓ ↓

0 −→ V
′

dR −→ V dR −→ V
′′

dR −→ 0
↓ ↓ ↓
0 0 0

whose first and third rows are exact. By assumption, the first and the third columns are also
exact. We also now that, except may be in (V ′)+dR, the second line is exact and, as V ∈ C≥0(GK),

that the map V → V +
dR is injective. By diagramme chasing, we get the fact that the second line

and the second column are also exact. �

End of the proof of the proposition:
We first prove (iii), i.e. for all V ∈ C≥0(GK), the exactness of the sequence

0 −→ V −→ V +
dR

ιV−→ V dR −→ 0

a) If V ∈ C∞(GK), as V +
dR = V and VdR = V dR = 0, exactness is obvious.

b) If V ∈ C0(GK), this sequence can be rewritten

0 −→ V −→ B+
dR ⊗Qp

V −→ BdR ⊗Qp
V −→ 0
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and exactness is deduced by tensoring with V from the exactness of

0 −→ Qp −→ B+
dR −→ BdR −→ 0

(recall that BdR = Be +B+
dR though BdR = BdR/Be and that Be ∩B+

dR = Qp).
c) In general, we proceed by induction on the smallest integer rV such that there is K ′ ∈ K

with the property that V is a successive extension of rV objects belonging either to C0(GK′) or
to C∞(GK′). Replacing K by K ′ if necessary, we may assume K ′ = K. We just proved it’s OK if
rV = 1. Assume rV ≥ 2, so that we can find a short exact sequence in C≥0(GK)

0 −→ V ′ −→ V −→ V ′′ −→ 0

with rV ′ and rV ′′ < rV . Then, by induction, the sequences

0 −→ V ′ −→ (V ′)+dR −→ V ′dR −→ 0
0 −→ V ′′ −→ (V ′′)+dR −→ (V ′′)dR −→ 0

are exact and the result follows from the two assertions of the previous lemma.

From the exact sequence (C), we see that V = H0(X,FV ) and that H1(X,FV ) = 0 hence that
F ∈M≥0(GK), which proves (iv).

We are left to prove the exactness of the functors V 7→ V +
dR and V 7→ FV , i.e. that, if

0 −→ V ′ −→ V −→ V ′′ −→ 0

is a short exact sequence in C≥0(GK), then the sequences

0 −→ (V ′)+dR −→ V +
dR −→ (V ′′)+dR −→ 0

and

0 −→ FV ′ −→ FV −→ FV ′′ −→ 0

are exact. As we now know the assertion (iii) of the proposition, the exactness of the first sequence
is a consequence of the previous lemma. Finally, we see that exactness of the second is equivalent
to the exactness of

0 −→ (V ′)+dR −→ V +
dR −→ (V ′′)+dR −→ 0

and of

0 −→ V ′e −→ Ve −→ V ′′e −→ 0

and we are done. �

Proposition 5.7. Let V ∈ C(GK). Any decreasing sequence of subobjects of V

V1 ⊃ V2 ⊃ . . . ⊃ Vn ⊃ Vn+1 ⊃ . . .

is stationary.

Proof : Chose V̂ ∈ C≥0(GK) such that V is a quotient of V̂ . For all n ∈ N, set

V̂n = V̂ ×V Vn .

The V̂n form a decreasing sequence of subobject of V̂ and, for all n ∈ N, we have a canonical

isomorphism V̂n/V̂n+1 ≃ Vn/Vn+1. In particular

Vn+1 = Vn ⇐⇒ V̂n+1 = V̂n .

Replacing V by V̂ and the Vn’s by the V̂n’s if necessary we ay assume that V , therefore also the
Vn’s are in C≥0.

As d(Vn+1) ≤ d(Vn) and d(Vn) ≥ 0, there is an integer m such that d(Vn) = d(Vn+1) for n ≥ m.
For n ≥ m, we have d(Vn/Vn+1) = 0, hence Vn/Vn+1 ∈ C

0(GK) and, if we set hn = dimQp
(Vn/Vn+1)

(∈ N), we have h(Vn+1) = h(Vn) − hn. As Vn+1 ∈ C
≥0(GK), we have h(Vn+1) ≥ 0. Therefore,

there is an integer m′ ≥ m such that hn = 0 if n ≥ m′. This implies that Vn+1 = Vn. �
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Remark 5.8. On the other hand, there are objects of C(GK) which admit non stationary in-
creasing sequences of subobjects. For instance, it is easy to see that Cp contains infinitely many
subobjects belonging to C0(GK). From that, one can constructs non stationary increasing se-
quences

V0 ⊂ V1 ⊂ . . . ⊂ Vn ⊂ Vn+1 ⊂ . . .

of subobjects of Cp belonging to C0(GK).

5.3. The main result.

We may consider the functors

M≥0(GK) −→ C≥0(GK) , F 7→ F(X)

and
C≥0(GK) −→M≥0(GK) , V 7→ FV .

Theorem 5.9. The functor

M≥0(GK) −→ C≥0(GK) , F 7→ F(X)

is an equivalence of exact categories and

C≥0(GK) −→M≥0(GK) , V 7→ FV

is a quasi-inverse.

Proof : – As the functor V 7→ FV is left adjoint to F 7→ F(X) (§4.4), we are reduced to check
that

(1) if V ∈ C≥0(GK), the map V → FV (X) coming from adjonction is an isomorphism,
(2) if F ∈M≥0(GK), the map FFV (X) → F coming from adjonction is an isomorphism,
(3) if

0 −→ V ′ −→ V −→ V ′′ −→ 0

is a short exact sequence of C≥0(GK), the sequence

0 −→ FV ′ −→ FV −→ FV ′′ −→ 0

is exact,
(4) if

0 −→ F ′ −→ F −→ F ′′ −→ 0

is a short exact sequence ofM≥0(GK), the sequence

0 −→ F ′(X) −→ F(X) −→ F ′′(X) −→ 0

is exact.

(1) and (3) have already been proved (prop.5.4) and (4) results from the fact that, if F ′ ∈
M≥0(GK), then H1(X,F ′) = 0 (prop.3.14).

Let’s prove (2): LetM the full subcategory ofM≥0(GK) whose objects are those F ’s for which
FFV (X) → F is an isomorphism. It is obviously stable under taking direct summands. By exact-

ness of the functors F → F(X) and V 7→ FV , it is stable under extensions. It containsM0(GK)
andM∞(GK). Then theorem 5.1 implies thatM =M≥0(GK). �

6. From M(GK) to C(GK) and conversely

6.1. Some general nonsense. Let A be an abelian category and B be an exact subcategory of
A. Recall (cf. eg [Lau], §1.1) that one can define the derived category of bounded complexes of
B that we denote Db

A(B): in the triangulated category Kb(B) of bounded complexes of B up to
homotopies, the full subcategory N of bounded acyclic complexes (in B) form a null system and
we set

Db
A(B) = K

b(B)/N .
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Let A be an abelian category, B an exact subcategory of A and D a strictly full subcategory of
B which is a Serre’s subcategory of A (hence D is abelian),

– We say that the exact embedding B →֒ A is left big with respect to D if,

(1) any quotient in A of an object of B belongs to B,
(2) for any object A of A, one can find a short exact sequence

0 −→ A −→ B −→ D −→ 0

of A with B an object of B and D an object of D.

– We say that the exact embedding B →֒ A is right big with respect to D if Bop →֒ Aop is left
big with respect to Dop which amounts to requiring that,

(1) any subobject in A of an object of B belongs to B,
(2) for any object A of A, one can find a short exact sequence

0 −→ D −→ B −→ A −→ 0

of A with B an object of B and D an object of D.

We say that an exact embedding B →֒ A is left big (resp. right big) if one can find a Serre’s
subcategory D of A contained in B such that B →֒ A is left big (resp. right big) with respect to
D.

Proposition 6.1. Let B →֒ A an exact embedding which is either left big or right big. Then the
natural functor

Db
A(B) −→ Db(A)

is an equivalence of triangulated categories.

It is a formal consequence of the more precise following statement:

Proposition 6.2. Let B →֒ A be an exact embedding and D a Serre’s subcategory of A contained
in B such that B →֒ A is left big (resp. right big) with respect to D and let A• a bounded complex
of A. Then,

i) there exists a short exact sequence of bounded complexes of A

0→ A• → B• → D• → 0 (resp. 0→ D• → B• → A• → 0 )

with B• a bounded complex of B and D• an acyclic complex of D,
ii) if

0→ A• → B
′• → D

′• → 0 (resp. 0→ D
′• → B

′• → A• → 0 )

is an other short exact sequence of the same kind, there exists a a third short exact sequence of
the same kind

0→ A• → B
′′• → D

′′• → 0 (resp. 0→ D
′′• → B

′′• → A• → 0 )

together with morphisms of complexes

B• → B
′′• and B

′• → B
′′• (resp. B

′′• → B• and B
′′• → B

′•)

such that the diagramme

A•

ւ ↓ ց

B
′• → B

′′• ← B•

(
resp.

B
′• → B

′′• ← B•

ց ↓ ւ
A•

)

is commutative.

Proof of (i): It is enough to prove it in the case were the strict embedding is right big. Assume
it is the case. To prove (i), by induction, we are reduced to prove:
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Lemma 6.3. Let r ∈ Z and let

0→ D•r → B•r → A• → 0

a short exact sequence of bounded complexes of A. Assume that D•r is an acyclic complex of D,
that Dn

r = 0 for n ≥ r and that Bn
r is an object of B for all n < r. Then, there exists a short

exact sequence of bounded complexes of A

0→ D•r+1 → B•r+1 → A• → 0

where D•r+1 is an acyclic complex of D with Dn
r+1 = 0 for n ≥ r + 1 and Bn

r+1 an object of B for
all n < r + 1.

Proof of the lemma: We can identify Bn
r to An for n ≥ r. Granted to right bigness of B →֒ A, we

can find a short exact sequence

0 −→ D −→ B −→ Ar −→ 0

with B an object of B and D an object of D. Set

Bn
r+1 =





Bn
r for n < r − 1,

Br−1
r ×Ar

B for n = r − 1,
B for n = r,

Bn
r = An for n > r.

We have a commutative diagramme

0 0
↓ ↓
D = D
↓ ↓

. . . → Br−2
r+1 → Br−1

r+1 → Br
r+1 → Br+1

r+1 → . . .
‖ ↓ ↓ ‖

. . . → Br−2
r → Br−1

r → Br
r → Br+1

r → . . .
↓ ↓
0 0

whose rows are complexes and columns are exact. Hence we have a quasi-isomorphismB•r+1 → B•r .

Moreover Bn
r+1 is an object of B for all n < r+ 1 (for n = r− 1, this is due to the fact that Br−1

r+1

is a subobject of Br−1
r ⊕B which belongs to B).

The compositum

B•r+1 −→ B•r −→ A•

is a surjective morphism of complexes which is a quasi-isomorphism. Then the kernel D•r+1 is
acyclic. As it is the complex

. . .→ Dr−3
r → Dr−2

r → Dr−1
r+1 → D → 0→ . . .→ 0→ . . .

we see that Dn
r+1 = 0 for n ≥ r + 1 and that all the Dn

r+1 belong to D (for n = r − 1, this is due
to the fact that we have a short exact sequence

0 −→ D′′ −→ Dr−1
r+1 −→ D −→ 0

with D′′ = coker (Dr−3
r → Dr−2

r ) ∈ D, hence, as Dr−1
r+1 is an extension in A of D ∈ D by D′′ ∈ D,

it belongs to D). �

Proof of (ii): We just take, for each n ∈ Z, the fiber product

B
′′n = B

′n ×An Bn .

For each n, we have an exact sequence

0 −→ D
′′n −→ B

′′n −→ An −→ 0

with D
′′n = D

′n ⊕Dn and all the required properties are obviously fulfilled. �
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6.2. The equivalence of triangulated categories.

Theorem 6.4. The equivalence of categories of theorem 5.9 extends uniquely to an equivalence of
triangulated categories

Db(M(GK)) −→ Db(C(GK)) .

Proof : Uniqueness is obvious.
Recall (§5.3) thatM≥0(GK) is an exact subcategory ofM(GK) though C≥0(GK) is an exact

subcategory of C(GK).

– The categoryM∞(GK) is a Serre’s subcategory ofM(GK) contained inM≥0(GK) and any
quotient F ′′ inM(GK) of an object F ofM≥0(GK) is inM≥0(GK)

(as F ∈M≥0(GK) ⇐⇒ H1(X,F) = 0 =⇒ H1(X,F ′′) = 0 ⇐⇒ F ′′ ∈M≥0(GK)).

If F ∈ M(GK), for all n ∈ N, as, for all n ∈ N, the HN-slopes of F(n)HN are the s + n for s
describing the HN-slopes of F (cf. §3.8), for n≫ 0, we have F(n)HN ∈M≥0(GK).

Tensoring with F the short exact sequence (§3.8)

0 −→ OX −→ OX(n)HN −→ (0, Bn(−n)) −→ 0

we get a short exact sequence

0 −→ F −→ F(n)HN −→ (0,F+
dR ⊗B+

dR
Bn(−n)) −→ 0

As F(n)HN belongs toM≥0(GK) and (0,F+
dR⊗B+

dR
Bn(−n)) belongs toM

∞(GK), it shows that

the exact embedding M≥0(GK) → M(GK) is left big with respect to M∞(GK). Therefore
(prop.6.1) the natural functor

Db
M(GK)(M

≥0(GK)) −→ Db(M(GK))

is an equivalence of triangulated categories.

– Similarly, the category C0(GK) is a Serre’s subcategory of C(GK) contained in C≥0(GK) and
any subobject in C(GK) of an object of C≥0(GK) belongs to C≥0(GK).

Let V ∈ C(GK) and chose an almost isomorphism V/U+ ≃ W/U− with W ∈ C∞(GK) (cf.
§2.5). Set

V̂ = V ×W/U−
W

(where the map V →W/U− is the compositum of the projection V → V/U+ with the isomorphism
V/U+ →W/U−).

We have a diagramme

0
↓
U+

↓

0 −→ U− −→ V̂ −→ V −→ 0
↓
W
↓
0

whose line and column are exacts. The column shows that V̂ ∈ C≥0(GK) and, therefore, the line
shows that V is a quotient of an object of C≥0(GK) by an object of C0(GK). In other words, the
exact embedding C≥0(GK) → C(GK) is right big with respect to C0(GK). Hence (prop.6.1) the
natural functor

Db
C(GK)(C

≥0(GK)) −→ Db(C(GK))

is an equivalence of triangulated categories.
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As the equivalence M≥0(GK)
≃
−→ C≥0(GK) is an equivalence of exact categories, it extends

uniquely to an equivalence of triangulated categories

Db
M(GK)(M

≥0(GK)) −→ Db
C(GK)(C

≥0(GK)) .

– It is now clear that there is a unique equivalence of triangulated categories

Db(M(GK)) −→ Db(C(GK))

such that the square

Db
M(GK)(M

≥0(GK)) −→ Db
C(GK)(C

≥0(GK))

↓ ↓
Db(M(GK)) −→ Db(C(GK))

is commutative and that this equivalence extends the equivalence of the theorem 5.9. �

6.3. The equivalence M<0(GK) → C<0(GK). We say that a coherent OX [GK ]-module is co-
effective if all its HN slopes are < 0. We saw (prop.3.14) that F ∈ M(GK) is co-effective if and
only if H0(X,F) = 0. The full subcategory ofM(GK) whose objects are co-effective isM<0(GK)
and is stable under taking subobjects and extensions.

Any F ∈ M(GK) as a biggest quotient F<0 belonging toM<0(GK)and the sequence

0 −→ F≥0 −→ F −→ F<0 −→ 0

is exact.

We say that an almost Cp-representation V is co-effective if, for all W ∈ C∞(GK), we have
HomC(GK)(V,W ) = 0. We denote C<0(GK) the full subcategory of C(GK) whose objects are
co-effective. It is obviously stable undertaking quotients and extensions.

Proposition 6.5. Let V be an almost Cp-representation. The following are equivalent
i) V is co-effective,
ii) V +

dR = 0,
iii) FV = 0.
If this is the case, then

Ve = VdR = V dR = 0 .

Proof : The equivalence (i)⇐⇒ (ii) results from the universal property of V +
dR and (ii)⇐⇒ (iii) is

trivial. If V +
dR = 0, we have VdR = BdR ⊗B+

dR
V +
dR = 0, hence also Ve = 0 as the map Ve → VdR is

injective and therefore V dR = VdR/Ve = 0. �

Proposition 6.6. Let V ∈ C(GK). The set of subobjects of V in C(GK) belonging to C<0(GK)
has a biggest element V <0 and the set of quotients of V in C(GK) belonging to C≥0(GK) as a
biggest element V ≥0. Moreover V <0 (resp. V ≥0) is the kernel (resp. the image) of the natural
map V → V +

dR. The sequence

0 −→ V <0 −→ V −→ V ≥0 −→ 0

is exact.

Proof : If V ′ and V ′′ are subobjects of V belonging to C<0(GK), we see that V ′+ V ′′ also. Hence
to show the existence of V <0 it is enough to show that any increasing sequence

V0 ⊂ V1 ⊂ . . . ⊂ Vn ⊂ Vn+1 ⊂ . . .

of subobjects of V belonging to C<0(GK) is stationary. As the sequence of the integers d(Vn) is
increasing and bounded by d(V ), there exists m ∈ N such that d(Vn) = d(Vm) for all n ≥ m.
For such an n, we have d(Vn+1/Vn) = 0, hence Vn+1/Vn ∈ C0(GK). This implies Vn+1 = Vn as,
otherwise, the compositum of the projection of Vn+1 onto Vn with the injective map

Vn+1/Vn −→ B+
dR ⊗Qp

(Vn+1/Vn) , v 7→ 1⊗ v
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would be a non zero morphism from Vn+1 to an object of C∞(GK).

If V
′
and V

′′
are quotients of V belonging to C≥0(GK), then the image of V → V

′
⊕ V

′′
also

(as it is a subobject of V
′
⊕ V

′′
∈ C≥0(GK)). Hence to show the existence of V ≥0 it suffices to

show that any sequence

. . . −→ V n+1 −→ V n −→ . . . −→ V 1 ⊂ V 0

of quotients of V (belonging to C<0(GK)) is stationary. If Ṽn is the kernel of the projection

V → V n, the sequence (Ṽn)n∈N is a decreasing sequence of objects of C(GK), hence is stationary
(prop.5.7), therefore the sequence of the V n’s also.

Set V0 = ker(V → V +
dR). We obviously have V <0 ⊂ V0 and to show the equality it is enough

to show that V0 ∈ C<0(GK). Otherwise, we could find a non zero morphism f : V 0 → W with
W ∈ C∞(GK). Let V1 = ker f and consider the short exact sequence

0 −→ V0/V1 −→ V/V1 −→ V/V0 −→ 0

As V0/V1 injects into W , it belongs to C≥0(GK). As V/V0 injects into V +
dR, it also belongs

to C≥0(GK). Therefore, as C≥0(GK) is stable under extensions, V/V1 ∈ C≥0(GK). Hence the
sequence

0 −→ (V0/V1)
+
dR −→ (V/V1)

+
dR −→ (V/V0)

+
dR −→ 0

is exact. As obviously (V/V1)
+
dR = (V/V0)

+
dR = V +

dR, it contradicts the fact that, as V0/V1 is a non

zero object of C≥0(GK), we have (V0/V1)
+
dR 6= 0.

Let V2 = im(V → V +
dR). As the map V2 → V +

dR is injective, V2 belongs to C≥0(GK) and is,
therefore a quotient of V ≥0. The kernel V3 of the projection V ≥0 → V2 belongs also to C≥0(GK)
(as this category is stable under taking subobjects) and we have an exact sequence in C≥0(GK)

0 −→ V3 −→ V ≥0 −→ V2 −→ 0

Therefore the sequence

0 −→ V +
3,dR −→ V ≥0,+dR −→ V +

2,dR −→ 0

is also exact.
As V ≥0 is a quotient of V , we see that V ≥0,+dR is a quotient of V +

dR. But clearly V +
2,dR = V +

dR.

Therefore V ≥0,+dR = V +
dR and V +

3,dR = 0. As V3 ∈ C≥0(GK), this implies V3 = 0, hence V ≥0 = V2.

The exactness of

0 −→ V <0 −→ V −→ V ≥0 −→ 0

is now clear. �

Remarks 6.7. i) To any V ∈ C(GK), we just associated the canonical short exact sequence

0 −→ V <0 −→ V −→ V ≥0 −→ 0

It’s worth to compare with the canonical short exact sequence

0 −→ F≥0 −→ F −→ F<0 −→ 0

associated to any F ∈M(GK).
ii) We know that, for any F ∈ M(GK), the natural map F≥0(X) → F(X) is an isomor-

phism.The two previous propositions together imply that, for any V ∈ C(GK), the natural map
FV 7→ FV ≥0 is an isomorphism. In particular, FV always belongs toM≥0(GK).

It is clear that M<0(GK) is an exact subcategory of M(GK), though C<0(GK) is an exact
subcategory of C(GK).
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Proposition 6.8. If F ∈ M(GK), then H1(X,F) ∈ C<0(GK) and the map H1(X,F) 7→
H1(X,F<0) is an isomorphism.

Moreover, the functor

M<0(GK) −→ C<0(GK) , F 7→ H1(X,F)

is an equivalence of exact categories.

Proof :
If F ∈M(GK), we may find a short exact sequence inM(GK)

0 −→ F −→ F0 −→ F1 −→ 0

with F0 ∈ M≥0(GK). As H1(X,F0) = 0, we see that H1(X,F) is the cokernel of H0(X,F0)→
H0(X,F1), hence belongs to C(GK).

We know that H1(X,F) is a quotient of FdR therefore also of FdR. If f : H1(X,F)→W were a
non zero morphism of C(GK) with W ∈ C∞(GK), the compositum FdR → H1(X,F)→W would

be a non zero morphism in Ĉ∞(GK) and, therefore, would be B+
dR-linear. As multiplication by t is

invertible in FdR and nilpotent in W , the map must be 0 which implies that H1(X,F) ∈ C<0(GK).

If A is an object of an abelian category and d ∈ Z, we denote A[d] the bounded complex in A
which is A in degree −d and 0 elsewhere.

Denote

Γ : Db(M(GK)) −→ Db(C(GK)) (resp. ∆ : Db(C(GK)) −→ Db(M(GK)) )

the functor extending F 7→ F(X) (resp. V 7→ FV ). If F ∈M
<0(GK) and if

0 −→ F −→ F0 −→ F1 −→ 0

is as above (observe that F0 ∈ M≥0(GK) =⇒ F1 ∈ M≥0(GK)), we see that (with obvious
conventions)

Γ(F [0]) = Γ(F0 → F1) = (H0(X,F0)→ H0(X,F1)) = H1(X,F)[−1]

(as F ∈ M<0(GK) and F0 ∈M≥0(GK), the sequence

0 −→ H0(X,F0) −→ H0(X,F1) −→ H1(X,F) −→ 0

is exact).

Let V ∈ C<0(GK). We can find a short exact sequence in C(GK)

0 −→ V 0 −→ V 1 −→ V −→ 0

with V 1 ∈ C≥0(GK) which implies V 0 ∈ C≥0(GK). With obvious conventions, we have

∆(V [−1]) = ∆(V 0 → V 1) = (FV 0 → FV 1) = F [0]

with F the kernel of FV 0 → FV 1 (as V ∈ C<0(GK), we have V +
dR = Ve = 0 which implies that

FV 0 = (V 0+
dR , V 0

e , ιV 0) −→ FV 1 = (V 1+
dR , V 1

e , ιV 1)

is an epimorphism).
We have a commutative diagramme

0 0 0
↓ ↓ ↓

0 −→ H0(X,F) −→ V 0 −→ V 1

↓ ↓ ↓
0 −→ F+

dR −→ V 0+
dR −→ V 1+

dR

↓ ↓ ↓
0 −→ Fe −→ V 0

e −→ V 1
e

whose rows and columns are exact. The injectivity of V 0 → V 1 implies that H0(X,F) = 0, i.e.
that F ∈M<0(GK).
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Finally, we see that, if we view
– M<0(GK) as the full subcategory of Db(M(GK)) whose objects are of the form F [0] with

F ∈M<0(GK),
– C<0(GK) as the full subcategory of Db(C(GK)) whose objects are of the form V [−1] with

V ∈ C<0(GK),
then Γ induces the required equivalence of categories. �

6.4. t-Structures and hearts.

The functors

Γ : Db(M(GK))→ Db(C(GK)) and ∆ : Db(C(GK))→ Db(M(GK))

are as in the proof of the previous proposition.

Let (D≤0M , D≥0M ) be the canonical t-structure on Db(M(GK)): we see that D≤0M (resp. D≥0M )
is the full subcategory of Db(M(GK)) whose objects are those F• such that Hi(F•) = 0 for

i > 0 (resp. i < 0). Therefore if we denote Γ(D≤0M ) (resp. Γ(D≥0M )) the essential image under Γ

of D≤0M (resp. D≥0M ), we see that (Γ(D≤0M ),Γ(D≥0M )) is a t-structure on Db(C(GK)) whose heart

Γ(D≤0M ) ∩ Γ(D≥0M ) is an abelian category equivalent via ∆ toM(GK).

Similarly, let (D≤0C , D≥0C ) the canonical t-structure on Db(C(GK)): hence D≤0C (resp . D≥0C )
is the full subcategory of Db(CGK) whose objects are those V • such that Hi(V •) = 0 for i > 0

(resp. i < 0). Therefore if we denote ∆(D≤0C ) (resp. ∆(D≥0C )) the essential image under ∆ of

D≤0C (resp. D≥0C ), we see that (∆(D≤0C ),∆(D≥0C )) is a t-structure on Db(M(GK)) whose heart

∆(D≤0C ) ∩∆(D≥0C ) is an abelian category equivalent via Γ to C(GK).

Proposition 6.9. i) Γ(D≥0M ) (resp. Γ(D≤0M )) is the full subcategory of Db(C(GK)) whose objects
are those V •’s such that Hr(V •) = 0 for r < 0 and H0(V •) ∈ C≥0(GK) (resp. Hr(V •) = 0 for
r > 1 and H1(V •) ∈ C<0(GK)).

ii) ∆(D≥0C ) (resp. ∆(D≤0C )) is the full subcategory of Db(M(GK)) whose objects are those F•’s
such that Hr(F•) = 0 for r < −1 and H−1(F•) ∈ M<0(GK) (resp. Hr(F•) = 0 for r > 0 and
H0(F•) ∈M≥0(GK)).

Proof : Let’s prove that the description of Γ(D≥0M ) is correct (the proof of the three other statements
are similar):

Any object F of D≥0M can be represented by a bounded complex F• such that F i = 0 for i < 0.
From the fact that, for any F ∈M(GK), one can find a short exact sequence

0 −→ F −→ F0 −→ F1 −→ 0

with F0,F1 ∈M≥0(GK) and the fact that any quotient, inM(GK), of an object ofM≥0(GK) still
belongs toM≥0(GK), one easily deduces that the complex F• is quasi-isomorphic to a bounded
complex F•0 with Fr

0 = 0 for r < 0 and Fr
0 ∈ M

≥0(GK) for all r ∈ N. Therefore Γ(F) is
represented by the bounded complex

. . . −→ 0 −→ . . . −→ 0 −→ F0
0 (X) −→ F1

0 (X) −→ . . . −→ Fr
0 (X) −→ Fr+1

0 (X) −→ . . .

whose all term belong to C≥0(GK). In particular, as C≥0(GK) is stable under taking subobjects

in C(GK), we see that Γ(F) belongs to the full subcategory D≥0C,M of Db(C(GK)) whose objects

are those V ’s such that Hr(V ) = 0 for r < 0 and H0(V ) ∈ C≥0(GK).

Conversely, any object V of D≥0C,M(GK) can be represented by a complex V •0 such that V r
0 = 0

for r < 0 and that the kernel of V 0 → V 1 belongs to C≥0(GK). Using the fact that, for any
V ∈ C(GK) one can find a short exact sequence in C(GK)

0 −→ V1 −→ V0 −→ V −→ 0

with V1, V0 ∈ C
≥0(GK), one easily deduces that the complex V •0 is quasi-isomorphic to a bounded

complex V • with V r = 0 for r < 0 and V r ∈ C≥0(GK) for r > 0.
We have a short exact sequence

0 −→ (V 0
d=0) −→ V 0 −→ dV 0 −→ 0
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The inclusion dV 0 ⊂ V 1 implies that dV 0 ∈ C≥0(GK). As V 0
d=0 = H0(V •), we have (V 0)d=0 ∈

C≥0(GK). We know that C≥0(GK), as a full subcategory of C(GK), is stable under extension.
Therefore V 0 ∈ C≥0(GK).

As all the V r’s belong to C≥0(GK), we see that ∆(V ) is represented by the bounded complex

. . . −→ 0 −→ . . . −→ 0 −→ FV 0 −→ FV 1 −→ . . . −→ FV r −→ FV r+1 −→ . . .

hence belong to D≥0M . �

6.5. Torsion pairs in M(GK) and in C(GK).
The langage of torsion pairs (cf. [HRS], chap.1) is very convenient to give an explicite de-

scription of the way to go fromM(GK) to C(GK) and conversely. The results of this subsection
and of the next one are independent of those of the previous one and give an other proof of the
description of the heart of the t-structures we considered (prop.6.9).

Recall (loc. cit.) that a torsion pair in an abelian category A is a pair t = (A+,A−) of full
subcategories of A containing 0 such that:

(1) If B is an object of A+ and C is an object of A−, then HomA(B,C) = 0,
(2) for any object A of A, there is a short exact sequence in A

0 −→ A+ −→ A −→ A− −→ 0

with A+ ∈ Ob(A+) and A− ∈ Ob(A−).

Condition (1) implies that the exact sequence of (2) is unique up to a unique isomorphism and
that the correspondences A 7→ A+ and A 7→ A− are functorial.

We define the heart At of t as the full subcateogry of the derived category Db(A) whose objects
are those A• such that

H−1(A•) ∈ Ob(A−) , H0(A•) ∈ Ob(A+) , Hn(A•) = 0 if n 6∈ {−1, 0} .

Proposition 6.10. Let t = (A+,A−) be a torsion pair in an abelian category A. Consider the

full subcategories D≤0 = D≤0t (A) and D≥0 = D≥0t (A) of D = Db(A) defined by

(1) Ob(D≤0) = {A• ∈ Ob(Db(A)) | H1(A•) ∈ Ob(A+) and Hn(A•) = 0 for all n > 1},
(2) Ob(D≥0) = {A• ∈ Ob(Db(A)) | H0(A•) ∈ Ob(A−) and Hn(A•) = 0 for all n < 0}.

Then (D≤0, D≥0) is a t-structure on D whose heart is At.

Proof : To show that (D≥0, D≤0) is a t-structure, we have to check (cf. [KS], def. 10.1.1) that
(with standard notations)

(1) D≤−1 ⊂ D≤0 and D≥1 ⊂ D≥0,
(2) HomD(X,Y ) = 0 for X ∈ Ob(D≤0) and Y ∈ Ob(D≥1),
(3) For any X ∈ Ob(D), there exists a distinguished triangle X0 −→ X −→ X1 −→

+1
in D

with X0 ∈ Ob(D≥0) and X1 ∈ Ob(D≥1).

(1) is obvious. (2) is clear as, if f : X → Y with X ∈ Ob(D≤0) and Y ∈ Ob(D≥1), we have
Hn(f) = 0 for n ≤ 0 (as Hn(Y ) = 0), for n > 1 (as Hn(X) = 0) and for n = 1 (as H1(X) ∈
Ob(A+) and H1(Y ) ∈ Ob(A−)). Let’s check (3): we have H1(X) = X1

d=0/dX
0. Let U =

(Ĥ1(X))+ where Ĥ1(X) is the inverse image of H1(X) in X1
d=0. We have a short exact sequence

of complexes

0 −→ X0 −→ X −→ X1 −→ 0

where

Xn
0 =




Xn if n < 1,
U if n = 1,
0 if n > 1

and Xn
1 =





0 if n < 1,
X1/U if n = 1,
Xn if n > 1

which gives the desired distinguished triangle.
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We have At = D≤0 ∩D≥0 and the last assertion is obvious. �

In particular, At is an abelian category ([KS], prop. 10.1.11).

DenoteAt
0 the full subcategory ofA

t whose objects are those A• such that An = 0 for n 6∈ {0, 1}.
To give an object A• of At

0 amounts to give a morphism

dA = d0A• : A0 → A1

of A such that ker(dA) is an object of A− and coker (dA) an object of A+.
The inclusion functor At

0 → At is obviously an equivalence of categories: there is even a
canonical quasi-inverse

At → At
0 :

it sends A• to A−1/dA−2 → (A0)d=0.

We have an obvious functor

ι+t : A+ → At
0 , A 7→ (0 −→ A) .

It is easy to check that this functor is fully faithful and we denote At,−
0 its essential image.

Similarly, it is easy to check that the functor

ι−t : A− → At
0 : A 7→ (A −→ 0)

is fully faithful and we denote At,+
0 its essential image.

It is also easy to check that t̃ = (At,+
0 ,At,−

0 ) is a torsion pair in At
0.

Proposition 6.11. i) t = (M≥0(GK),M<0(GK)) is a torsion pair inM(GK).
ii) t′ = (C<0(GK), C≥0(GK)) is a torsion pair in C(GK).

Proof : i) We already know (§6.3) that, for any object F ofM(GK), we have a canonical exact
sequence

0 −→ F≥0 −→ F −→ F<0 −→ 0

with F≥0 ∈ M≥0(GK) and F<0 ∈M<0(GK).
If f : F → G is a morphism of M(GK), it sends F≥0 to G≥0. Therefore if F ∈ M≥0(GK)

(⇐⇒ F≥0 = F) and if G ∈ M<0(GK) (⇐⇒ G≥0 = 0), we have f = 0.
ii) We already know (prop.6.6) that, for any object V of C(GK), we have a canonical exact

sequence

0 −→ V <0 −→ V −→ V ≥0 −→ 0

with V <0 ∈ C<0(GK) and V ≥0 ∈ C≥0(GK). Let f : V1 → V2 be a morphism of C(GK) with
V1 ∈ C<0(GK) and V2 ∈ C≥0(GK). We can find a monomorphism V2 → W with W ∈ C∞(GK).
As any morphism from V1 to W is 0, the compositum V1 → V2 →W is 0, hence f = 0. �

Denote Art(M(GK)) the full subcategory of the categories of arrows ofM≥0(GK) whose objects
are those dF : F0 → F1 such that ker dF ∈ M<0(GK). Denote (M(GK))t00 the full subcategory
of (M(GK))t0 whose objects are of the form

dF : F0 → F1

with F0 and F1 objects ofM≥0(GK).
AsM≥0(GK) is stable by taking quotients, (M(GK))t00 and Art(M(GK)) have the same ob-

jects. With obvious conventions, (M(GK))t00 is the category deduced from Art(M(GK)) by
working up to homotopies and inverting quasi-isomorphisms.

Proposition 6.12. The inclusion functor

(M(GK))t00 −→ (M(GK))t0

is an equivalence of categories.
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Proof : It means that any object dF : F0 → F1 of (M(GK))t0 is quasi-isomorphic to an object of
(M(GK))t00. Indeed, we may find a monomorphism F0 → G0 of M(GK) with G0 ∈ M≥0(GK).
Set

G1 = G0 ⊕F0 F1

We have a short exact sequence

0 −→ G
0
−→ G1 −→ cokerdF −→ 0

where G
0
is a quotient of G0. Then coker dF ∈ M≥0(GK) by assumption and G

0
also because

M≥0(GK) is stable under taking quotients. As it is also stable under extensions, G1 also belongs to
M≥0(GK). Hence, G0 → G1 is an object of (M(GK))t00 which is quasi-isomorphic to F0 → F1. �

Similarly, denote Art
′

(C(GK)) the full subcategory of the categories of arrows of C≥0(GK)

whose objects are those dV : V 0 → V 1 such that cokerdV ∈ C<0(GK). Denote (C(GK))t
′

00 the full

subcategory of (C(GK))t
′

0 whose objects are of the form

dV : V 0 → V 1

with V 0 and V 1 objects of C≥0(GK).

As C≥0(GK) is stable by taking subobjects, (C(GK))t
′

00 and Art
′

(C(GK)) have the same objects.

With obvious conventions, (C(GK))t
′

00 is the category deduced from Art
′

(C(GK)) by working up
to homotopies and inverting quasi-isomorphisms.

Proposition 6.13. The inclusion functor

(C(GK))t
′

00 −→ (C(GK))t
′

0

is an equivalence of categories.

Proof : The proof is entirely similar to the proof of the previous proposition: It means that any
object dV : V 0 → V 1 of (C(GK)t

′

0 is quasi-isomorphic to an object of (C(GK))t
′

00. Indeed, we may
find an epimorphism W 1 → V 1 of C(GK) with V 1 ∈ C≥0(GK). Set

W 0 = V0 ×V 1 W 1

We have a short exact sequence

0 −→ kerdV −→W 0 −→W ′ −→ 0

where W ′ is a subobject of G0. Then ker dV ∈ C≥0(GK) by assumption and W ′ also because
C≥0(GK) is stable under taking subobjects. As it is also stable under extensions, W 0 also be-

longs to C≥0(GK). Hence, V 0 → V 1 is an object of (C(GK))t
′

00 which is quasi-isomorphic to
V 0 → V 1. �

Theorem 6.14. i) The functor

Γ̂ : Art(M(GK)) −→ C(GK) , (dF : F0 −→ F1) 7→ coker (F0(X) −→ F1(X))

factors uniquely through a functor

Γ :M(GK)t00 −→ C(GK)

and Γ is an equivalence of categories.
ii) The functor

∆̂ : Art
′

(C(GK)) −→M(GK) , (dV : V 0 −→ V 1) 7→ ker(FV 0 −→ FV 1)

factors uniquely through a functor

∆ : C(GK)t
′

00 −→M(GK)

and ∆ is an equivalence of categories.
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Proof : Let’s prove (i). Set M̂ = Art(M(GK)) and M = M(GK)t00. If dF = F0 → F1 is an
object of one of these categories we denote it also dF or F0 → F1.

We see that M has an obvious structure of an exact category and that the natural functor

M̂ →M is exact.
– Let M̂+ (resp. M+) the full subcategory of M̂ (resp. M) whose objects are those dF ’s

such that coker dF = 0. For such an object, as ker dF ∈ M<0(GK) though F0 and F1 belong to
M≥0(GK), the long exact sequence of coherent cohomology associated to the exact sequence of
M(GK)

0 −→ kerdF −→ F
0 −→ F1 −→ 0

is reduced to

0 −→ F0(X) −→ F1(X) −→ H1(X, ker dF) −→ 0

Granted to the proposition 6.8, this shows that the restriction of Γ̂ to M̂+ factors through a
functor

Γ+ :M+ → C<0(GK)

which is an equivalence of categories.

– Let M̂− (resp. M−) the full subcategory of M̂ (resp. M) whose objects are those dF such

that F0 = 0. The natural functor M̂− −→ M− is an equivalence of categories and, granted to

the theorem 5.9, the restriction of Γ̂ to M̂+ factors through an equivalence of categories

Γ− :M− −→ C≥0(GK)

– For any dF ∈ M̂ , we have a canonical short exact sequence

0 −→ dF+ −→ dF −→ dF−
−→ 0

with dF+ = (F0 → im dF) ∈ M̂+ and dF−
= (0→ F1) ∈ M̂− and this construction is functorial.

Moreover, we see that the sequence

0 −→ Γ̂(dF+) −→ Γ̂(dF ) −→ Γ̂(dF−
) −→ 0

is exact.
From these facts, we see that Γ̂ factors through a functor Γ :M→ C(GK) and that this functor

is faithful. It is also straightforward to check that it is exact.
We are left to check the essential surjectivity: Let V ∈ C(GK). We can find a short exact

sequence in C(GK)

0 −→ U −→ V̂ −→ V −→ 0

with U ∈ C0(GK) and V̂ ∈ C≥0(GK). Let F− be the kernel of the morphism FU → FV̂ ofM(GK).
As the functor global section is left exact, we have an exact sequence

0 −→ F−(X) −→ FU (X) −→ FV̂ (X)

But FU (X) = U , FV̂ (X) = V̂ and the map U → V̂ is the given map which is injective. Therefore

F−(X) = 0 which means that F− ∈ M<0(GK) and

dF = (FU −→ FV̂ )

is an object ofM. Clearly Γ(dF ) = V , i.e. Γ is essentially surjective.
The proof of (ii) is entirely similar and we leave it to the reader. �

Remark 6.15. The category M(GK)t00 is a full subcategory of Db(M(GK)) though C(GK)
is a full subcategory of Db(C(GK)). The functor Γ of the previous theorem is the restriction
to M(GK)t00 of the functor Γ : Db(M(GK)) → Db(C(GK)) considered in §6.4. Similarly, the

functor ∆ of the previous theorem is the restriction to C(GK)t
′

00 of the functor ∆ : Db(C(GK))→
Db(M(GK)) considered in §6.4.
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