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0 Introduction.

Let k be a field, ks a separable closure of k and G, = Gal(k,/k). Let X be a proper and
smooth variety over k. This defines a morphism of topoi 7 : X¢ — (Spec k)g. Let [ be a
prime number and F’ be any finite [-torsion abelian sheaf over (Spec k)¢, such as Z/I"Z
or jn (with n € N), then, for any j € N, F = Rim,n*F is again a finite abelian sheaf
over (Spec k)g. To know F amounts to the same as knowing its Galois module, that is
the finite abelian group F(k;) (the fiber of F at the geometric point k,) with its natural
linear and discret action of G.

If [ is different from the characteristic of k, this gives rises to a nice theory, the étale
l-adic cohomology which has many useful applications.

Assume now k is a perfect field of characteristic p > 0 and [ = p. Then the étale
topology is not big enough for many applications. For instance, the restriction of pi,n to
the small étale site of k is just the trivial sheaf. If we now view 7 as a morphism for the

fppf topology
T Xt — (Spec k)flat

then F = R'm.m*p,» is a finite commutative group scheme over k. To know F amounts
to the same as knowing its Dieudonné module, an elementary object whose definition
involves some linear algebra.

Now RT,m* iu,n is a good object to consider. We could also have consider R'7,w*Z/p"Z
but it would be too small for some applications. Too small as well would be the sheaves
RIT m* puyn for j > 1. Roughly speaking we want to introduce some sheaves of p-torsion, the
Sr (for n,r € N (we shall have SY = Z/p"Z and S, = p,») and to consider the Rim,7*S".
They will belong to a nice class of p-torsion sheaves which are classified by their Dieudonné
modules (elementary objects generalizing the classical Dieudonné modules). Technically,

i) we will have to use a topology which is weaker than the flat topology but also
stronger than the étale topology,

ii) the generalized Diedonné modules give more complicated objects, so-called gauges,
or rather ¢-(or Frobenius-)gauges.

The aim of this paper is to give the definition of these (-gauges, related them to
previous constructions like Dieudonné modules, F-zips, or displays, and to define a coho-
mology theory with values in ¢-gauges, which refines crystalline cohomology. For examples
and applications we will rather concentrate on the case of varieties over fields.

In following papers we will construct and discuss the functors between p-gauges and

*Université Paris-Sud
**Universitét Regensburg


http://arxiv.org/abs/1304.3740v1

certain p-torsion sheaves for the syntomic cohomology, will develop a relative theory, and
will discuss relations with p-adic Hodge theory over discrete valuation rings.

Remark: Let K be a field of characteristic 0, complete with respect to a discrete
valuation, with perfect residue field k of characteristic p. Let K be an algebraic closure of
K and Gg = Gal(K/K). Let V be a crystalline representation of G with non negative
Hodge-Tate weights and T a Gk-stable Z,-lattice of V. Then V/T may be viewed in
a natural way as one of the fibers of a sheaf I' for the syntomic-étale topology over
Spec Ok (for instance, if the Hodge-Tate weights are 0 and 1 this is a Barsotti-Tate
group (or p-divisible group) over Ok. This I' as a special fiber I'y and, roughly speaking
the kernel of the multiplication by p™ on 'y is one of these nice p-torsion sheaves that
we are constructing. Somehow, the theory we develop here is the special fiber of classical
p-adic Hodge theory.

One application we expect from this theory is to deformation of Galois representa-
tions coming from algebraic geometry. As we just said, these may often be extended in
a natural way to a p-adic sheaf for the syntomic-étale topology. The knowledge of the
p-adic sheaf is equivalent to the knowledge of the Galois representation. But when we
take sub-quotients killed by a power of p, this is no more true in general and it may
be wise to look at the deformations of the sheaves rather than just at the deformations
of the Galois representations. In the case of Barsotti-Tate groups, this idea has already
been used by Kisin [Ki]. Long time ago, just after our joint work on p-adic Hodge theory,
William Messing and one of us (JMF) started to think about this kind of things. What
follows is just a continuation of this old work which has never been completed and we
want to thank Bill heartily for the old and new discussions we had with him on that.

This paper is organized as follows: In section 1, we introduce the notion of gauges,
p-modules, and ¢-gauges, which are the basic objects from linear algebra which give
rise to the notion of generalized Dieudonné modules. In section 2, we study how these
structures arise from (virtual) W-crystals, where W = W (k) is the ring of Witt vectors
for a perfect field of characteristic p, and we discuss properties of the new category in
this case. In sections 3 and 4 we consider arbitrary schemes in positive characteristic and
show that our theory contains and extends the theories of F-zips and displays. In sections
we discuss the different Grothendieck topologies that we are going to use and their basic
properties. In section 6 we recall the definitions and properties of the syntomic sheaves
of rings 0% and we explain how one can use these rings to get a gauge of rings G,
also called the universal gauge, which is central for our theory. In section 7 we define the
gauge cohomology (cohomology theory with values in the category of gauges) which is a
refinement of crystaline cohomology, and we give some first properties.



1 Graded objects, gauges, o-modules, p-gauges, and
-rings.

1.1  Graded objects and p-gauges

By a graded object in an abelian category A we mean a Z-graded object, which is just
a collection A = (A™) of objects indexed by Z. If direct sums exist in .4, we may also
think of the direct sum &, A”. A morphism f : A — B of graded objects of degree d is a
collection of morphisms f, : A» — B"T¢. A morphism of graded objects is a morphism of
degree 0. Graded objects in A form again an abelian category.

Fix a prime p. A p-gauge in A is a graded object M in A together with a morphism
f of degree 1 and a morphism v of degree —1

f f
LMl Mt 2
with fv = p = vf. Morphisms of p-gauges are morphisms « of graded object which are
compatible with f and v (i.e., af = fa and av = va).
If, for example, A is the category of modules over a ring, then a p-gauge is simply a

module over the commutative graded ring D(R) = R[f,v]/(fv — p), where R|[f,v] is the
free graded ring generated by f in degree 1 and v in degree —1.

For —oo < a < b < 0o we say that the p-gauge (M, f,v) is concentrated in the interval
[a, b], if v is an isomorphism to the left of M® and f is an isomorphism to the right of M®.
If a and b are finite, then such a p-gauge is just determined by the finite diagram

f f
Mz ... 2MlaeM =Mtz =M,

v v

because everything is determined outside the interval [a, b].

Call a p-gauge over a ring R (i.e., in the category of R-modules) of finite type, if it is
finitely generated as a module over D(R) = R[f,v]/(fv — p).

Lemma 1.1.1 Let R be a noetherian ring, and let M be a p-gauge of R-modules. Then
the following conditions are equivalent.

(a) M is of finite type.

(b) Each M" is finitely generated as an R-module, and M is concentrated in a finite
interval (i.e., f: M"™ — M"™1 is an isomorphism for r >> 0 and v : M"™ — M"™! is an
isomorphism for r << 0).

Proof. (Compare the positively graded case in [GW], Lemma 13.10.) Assume (a) and let
my, ..., m, be generators of M, without restriction each m; homogenous of degree d; € Z,



say. Let d,;, be the minimum of the d;, and let d,,,, be their maximum. Then every
element of M"™ is a R-linear combination of the elements in the set

Sp={f'm;i|a>0,n=a+d; }U{v’m; | b>0,n=d;,—b}.
(Note that fv =p=wvf.) Since
dmin_néb:di_ngdmax_n and n_dmaxéa_dign_dmina

these are finitely many elements, which shows the first claim in (a).

For the second claim we first note that f : M™ — M"*! is surjective for n > dpe,. In
fact, for the elements v*m; with n+1 = d; —b and b > 0 in the generating set S, above
we would have d; —b=n-+1 > dype: + 1, .., d; > d,nee + 1, a contradiction. Hence these
elements do not appear. Moreover, for the elements f*m; with a+d; =n+1 2> dee + 1
we must have a > dqp — d; +1 > 1.

Next, for d = d,,., the sequence of surjections M di M+ —f» Md+2 —f» ... becomes
stationary, because R is noetherian and all M® are finitely generated. Thus f : M™ —
M"1 is surjective for n >> 0. In a similar (dual) way one proves that v : M™*1 — M"
is an isomorphism for n << 0.

The converse implication from (b) to (a) is easier: If M is concentrated in the finite
interval [a,b], and F is a finite generating set for the R-module M*® M @.. .o M1
M?", then F is a generating set for the graded D(R)-module M.

In the following we will always fix a prime p and will omit it in the notation. Of
course we could make a more general definition and replace the multiplication by p by
any natural transformation ¢ : id4 — id 4.

1.2 @-modules and p-gauges

For any gauge (M, f,v) in A we define
M*™ = lim M" and M = lim M",
— —

T—+00 T——00
where the transition morphisms are given by the morphisms f and the morphisms v,
respectively, and where these objects either exist as direct limits in A or as objects in the
Ind-category of A.

Now let 0 : A — A be some endomorphism of 4. A p-module (with respect to o) is
a gauge (M, f,v) together with a morphisms

o: o(M*T®) — M.

Morphisms of p-modules are morphisms « of gauges which are compatible with ¢ (i.e., for
the morphisms o™ and o> induced by a on the limit terms one has po(a™>) = a~%y).
A p-gauge is a p-module for which ¢ is an isomorphism. If the formation of inductive
limits is exact, then it is easy to see that the ¢p-modules form an abelian category if o is
right-exact, and that the category of p-gauges is abelian if ¢ is exact.
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1.3 Tensor products of graded modules and gauges

To fix ideas let T be a topos. Assume that 7 is the topos of sheaves over C for the topology
E.

If F is a sheaf of sets (or groups, or ...), a global section of F s a collection (sy)veonc
such that, for any morphism f: V — U of C, we have f~!(sy) = sy. The global sections
of F form a set (resp. a group,...) I'(F). If C has a final object S, we have I'(F) = F(S).

Below we will consider groups, rings, modules in 7, but for simplicity, we will omit
7T and do as if we were just using plain groups, rings, modules (which would correspond
to the trivial topos), by thinking of local sections,.... at least when the extension of the
things considered to the general setting is completely straightforward. In the whole paper,
a graded ring is a commutative graded ring with grading indexed by Z.

Let R = @,czR" such a graded ring . A graded R-module is an R-module M together
with a decompostion M = @,czM" of M in to a direct sum of abelian groups such that, if
r,s € Z,\ € R" and v € M?, then Az € M"**. The graded R-modules form a I'( R°)-linear
abelian category.

Let M and N be two graded R-modules. For r € Z, set (M®poN)" = @; 4 j—p M Q@po N7
Let L be the sub-group of (M ®ro N)" (locally) generated by the Az ® y — z ® Ay, for
NeR zeM/ ,ye NFandi+j+k=r. Wehave M @po N = ®rcz(M ®po N)" and

M ®@r N = @rez(M @r N)" with (M ®g N)" = (M ®pgo N)"/L"

This endows M @ N with a structure of graded R-module. In this way, graded- R-modules
form a tensor category.

If M is a graded R-module, for any i € Z,the i-th Tate twist of M is the graded
R-module whose underlying R-Module is M and with M (i)" = M"**. The functor M >
M (1), from the category of graded R-Modules to itself, is an equivalence of categories,
with M — M(—1) as a quasi-inverse. We have M (0) = M, M(i+j) = M(i)(j) (Vi,j € Z)
and M (i) = R(i) ®p M.

A free graded R-module of rank 1 is a graded R-module isomorphic to an R(i), for
some i € Z. A graded R-module M is called free if it can be written as a direct sum of
free R-modules of rank 1. For any graded R-module M there is a canonical bijection

Hom(R(i), M) =5 T(M™),

sending a morphism R(i) — M to the image of 1 € T'(R(:)™*) = R. Thus an R-Module
can be written as a quotient of a free graded R-module if and only if it is generated by
global sections (this is always the case, if the topos is trivial !).

If R is a graded ring, and I C R is a graded ideal, i.e., generated by homogeneous
elements, then R/ is naturally a graded ring. We can apply this to the category of gauges:
if Ry is a ring (in 7), then the category of Rg-gauges in T is equivalent to the category
of graded D(Ry)-modules, where D(Ry) = Ro[f,v]/(fv — p) is the graded ring (in T)
defined similarly as in section 1.1. Therefore there is a natural tensor product M ® N of
Ry-gauges M and N in T, defined as the tensor product M ®pr,) V.



One easily sees that, for Ry-gauges M and N, one has canonical isomorphisms
(M ®D(Ro) N)+OO gM+OO ®R0 N+OO and (M®D(Ro) N)_OO'%JM_OO ®R0 N_OO.

As a consequence, if ¢ is an endomorphism of the category of Ry-modules, and is a tensor
morphism, there is a canonical tensor product on the category of ¢-gauges of Ry-modules
with respect to o, by endowing M x N with the following ¢:

o(MT® @p, MT®) 2 g(MT®) @p, o(M+T>) 2N M~ @ N7

Obviously, this respects the subcategory of p-gauges

1.4  p-rings, and p-modules and p-gauges over them.

We need a certain generalization of the considerations in the previous section. As there,
we consider objects (rings, modules, etc.) in some topos T, and suppress the mentioning
of 7. Consider a triple (R, f,v) where R = @,z R" is a Z-graded commutative ring (in
T) with f € T(R') and v € T(R™1). Set

R*™ =R/(f-1) and R *=R/(v-—1)
Observe that we may identify these two rings, as R°-modules, to the direct limits

R™ = lim R" and R ®= lim R
— —

r—-+00 T——00

(the transition maps being given by multiplication by f (resp v).
We define a ¢-ring as a quadruple (R, f, v, ¢) with (R, f,v) as above and

p:RtT™ — R
a morphism of rings. If this is an isomorphism, we call (R, f, v, ¢) a perfect @-ring.

Let R = (R, f,v,¢) a p-ring. If M is a graded R-module, we may consider the RT*°-
module M = R** @z M = M/(f —1)M and the R~*°-Module M~ = R"*°®r M =
M/(v — 1)M. Observe that, as R’-modules, we also have the identifications

MT™ = lim M"™ and M = lim M"
— —

r—-+00 r——00

A p-R-module is a pair (M, ¢) where M is a graded R-module and
o MT® — M

is a morphism of groups such that ¢(Az) = @(A)¢(x) for A € Rt and € M.



A p-R-gauge is a ¢-R-module (M, ) such that the canonical morphism of R™-

modules
Oy R %0, @ Mt — M~
Rtoo
induced by ¢ is an isomorphism. If (R, pg) is a perfect -ring, this holds if and only if
@ 1S an isomorphism.

With obvious definitions of morphisms, the graded R-modules and the ¢- R-modules
are abelian categories with enough injectives. As a full sub-category of the category of
p-R-modules, the category of ¢-R-gauges is stable under direct sums and direct factors.
If R is a perfect ¢-ring, it is also stable under kernels and cokernels and therefore also
abelian (here we use the exactness of the formation of M*°° and M~>).

If M and N are two p-R-modules, we have

(M@RN)+OO:M+OO ®R+oo N+OO and (M@RN)_OO:M_OO ®R—oo N_OO.

Therefore, the morphism ¢ ® ¢ endows M ®g N with a structure of p-R-Module (which
is a @-gauge if M and N are p-gauges). With this tensor product, ¢-R-modules and
p-R-gauges become tensor categories.

For any graded R-module M and any i € Z, we have M (i) = M*>° and M (i)~ =
M=2°. This allows us to extend the definition of Tate twists to ¢-R-modules and - R-
gauges in an obvious way.

2 Gauges over a perfect field.

2.1  Preliminaries

Assume R is a graded ring with f € R! and v € R™! such that R = R°[f,].

If fv is not a zero divisor in R, the natural maps R — R*> and R — R~ are
isomorphisms and to give a map ¢ : R™ — R~ such that (R, f,v,¢) is a p-ring is the
same as giving an automorphism ¢ of the ring R.

If moreover fuv is invertible in R°, the correspondence M + MY induces an equivalence
between the category of graded R-modules and the category of R°-modules. Let R°[¢] the
(non-commutative if ¢ # idgo) ring generated by R? and an element ¢, with the relation
that o\ = p(\).p, for A € RY. Similarly, let R°[p, ¢~!] the ring generated over R°[p] by
an element =1 with the relations .07 = ptp =1 and Ap~! = o~ tp(N) for A € RC.
The previous equivalence of categories induces an equivalence between

— p-R-modules and left R°[p]-modules,

— p-R-gauges and left R%[¢, p~!]-modules.

In these equivalences, the tensor product becomes the tensor product over RY.

The situation is slightly more complicated when fuv is not invertible. This is the situa-
tion for our generalized Dieudonné modules : We chose a perfect field k of characteristic
p and we let W = W (k) be the ring of Witt vectors over k and, for any n € N, we let



W,, = W, (k) = W/p" be the ring of n-th truncated Witt vectors. To cover both cases, we
write W, for n € NU{oo}, where W, := W. Then W, -gauges, i.e., gauges of W,-modules,
are simply graded modules over the ring D,, = D, (k) = W,[f,v]/(fv — p).

We turn D,, into a perfect p-ring by taking for ¢ the absolute Frobenius o : D> =
W,, — W, = D=*°, which is an isomorphism by perfectness of k.

Hence a p-W,-module is a W,-gauge (M, f,v) together with a group homomorphism
@ : M*°° — M~ which is semi-linear with respect to the absolute Frobenius o on W,,.

We say that a W,,-gauge or o-W,,-gauge M is of finite type, if the associated D,,-module
is finitely generated. As we have seen in section [LI, M is then concentrated in a finite
interval [a, b] and is just given by the finite diagram of finitely generated W,,-modules

a —» — T*li) Ti> r+1 — — b
MH...(—M HM HM H...HM

v v

Y

such that fv = vf = p (Forr > b, we use the multiplication by f~" to identify M®to M".
Similarly, for » < a, we use multiplication by v*~" to identify M® to M"). The structure
of a p-module is obtained by adding a o-semi-linear map ¢ : M® — M (because, we
have canonical identifications M*+> = M® and M~ = M%). The p-module M will be a
gauge if and only if ¢ : M® — M? is bijective.

Let g o b]( W,) is the category of finite-type W, -gauges which are concentrated in [a, b].

If M is an object of Qab]( W,) and N an obJect of g[“ b]( W), then M ® N is an object

fg[“+“ s (Wn) If M is an object of gft ( W,) and i € Z, then M(i) is an object of
Gl )

2.2 The standard construction: p-divisibility of Frobenius

The idea of gauges is related to the following construction, going back to ideas of Mazur
and Kato. Let B be the fraction field of W.

Let D be an isocrystal over k, i.e., a finite dimensional B-vector space with a o-semi-
linear isomorphism ¢ : D — D, and let M be a lattice in D, i.e., a finitely generated
W-submodule with M @y B = D. We call such object a virtual crystal over k£ (and a
crystal if ¢(M) C M). For r € Z define

M"={meM | ¢(m)ep M},

let f: M"™ — M"*! be the multiplication by p, and let v : M"*! — M" be the inclusion.
Then (M, f,v) is a W,,-gauge. Moreover, by finite generation of M one has integers a < b
with p®M C ¢(M) C p®M. The last inclusion implies that M C M* and hence the
inclusions M"™ C M C M®* C M are isomorphisms for r < a. The first inclusion implies
that M" = p"~°M?" for r > b. In fact, if x € M", i.e., ¢(x) = p'y = p"*p’y with y € M,
then pby = ¢(2) with z € M. This implies ¢(x) = ¢(p"°z) and hence x = p"°z, where
z € M We conclude that the gauge is concentrated in the interval [a, b].
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Moreover, we get a canonical structure of a ¢-W-gauge. In fact, we have natural o-
semi-linear homomorphisms
oM™ — M =M™,

by sending x € M" to p~"¢(z). These are compatible (¢, 1(fx) = p~"Lo(pr) = p~"p(x) =
¢r(x)) and thus define a o-semi-linear morphism

o Mt = hin) M" — M,

T—+400

which is easily seen to be an isomorphism. Moreover, one sees
Theorem 2.2.1 The above construction gives a fully faithful embedding of categories
( wvirtual crystals (D, ¢, M) over k) — ( finite type p-W -gauges with free components ).

Now we want to characterize the essential image of this functor. If (M, f,v) is a gauge,
then we let
fri M — Mt and v, : M" — M~

be the canonical morphisms into the respective inductive limits. We introduce the follo-
wing definitions, which will also be of use later.

Definition 2.2.2 Let A be an Fy-linear abelian category. A gauge (M, f,v) in A is called
(a) strict, if the morphism

(fo,v,) : MT — RT™ @ R~

1s a monomorphism for all r € 7,

(b) quasi-rigid, if the sequence
MTL)MT+1L)MTL>MT+1

is exact for allr € 7,

(c) rigid, if M is strict and quasi-rigid.

We note that, in general, the notion of (quasi-)rigidity makes sense only if the objects
are annihilated by p, since vf = p = vf.

Lemma 2.2.3 Let M be a quasi-rigid gauge, and assume that one M?® has finite length.
Then all M"™ have finite length and have the same length.

Proof. For the morphisms f) : M"™ — M™! and v"*D . M™1 — M" we have exact
sequences

0 — im(v" D) — M" —f»im(f(r)) —0 and 0—im(f")— M —U»im(v(7"+1)) — 0.

This implies that M” and M"*! have the same length, hence the claim.
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Now we consider gauges over a field k£ of characteristic p > 0. We have the following
Nakayama-type lemma:

Lemma 2.2.4 Let M be a gauge of finite type over k. If M/(f,v)M = 0, then M = 0.
As a consequence, if my,...,m, are homogeneous elements in M whose residue classes
generate M/(f,v) as a k-vector space, then these elements generate M (as a D(k) =

k[f,v]/(fv)-module).

Proof. Assume that M/(f,v)M = 0 and let m € M* for some s. Then there exist elements
mi_, € M*tand m?, , € M with m = fm}_, +vm?2, . By induction, and noting that
fuv=vf=p=0, for each n > 0 we get elements m!_, € M*™™ and m?2,, € M**" with

s—n
_ fn, 1 n, 2
m_f ms—n+v ms+n'

We see that m = 0, since f = 0 on M* " for n >> 0 and v = 0 on M**" for n >> 0,
because v is an isomorphism on M" for r << 0 and f is an isomorphism on M" for
r >> 0, and fv = vf = 0. The second claim follows in a standard way, by looking at
M/N, where N is the sub-D(k)-module generated by my,...,m,.

We derive from this the following criterion.

Lemma 2.2.5 Let M be a k-gauge of finite type. Then the following are equivalent.
(a) M is free.
(b) M is rigid.
(c) The maps M" [v =25 M7 /v and M/ f <*— M"+'/f are injective for all 7.

Here we have used the short notation M /v for (M/(v))" or, explicitly, M" /oM™,
similarly for M"/f.

Proof. Obviously, (b) holds for the free gauge k = k(0) (see the definition in section [[3)),
i.e., the module M = D = k[f,v]/(fv), where M /v is a free k[f]-module and M/f is a
free k[v]-module. In fact, this gauge corresponds to the diagram

0 0 id id

L ok2keke.

id id 0 0
where the middle % is placed in degree 0. One immediately sees strictness (ker(v)Nker(f) =
0) and quasi-rigidity (ker(f) = im(v) and ker(v) = im(f)) at all places. Thus (b) holds
for gauges k(i) by degree shifting, and for arbitrary free gauges by taking sums.

On the other hand, (b) implies (c). In fact, for the injectivity of Mr/vi>M"+1/v
assume that f(z) = v(y) =: a for ¥ € M" and y € M""2. By rigidity we have 0 =
ker(v) Nker(f) = im(f) Nim(v), so that a = 0. Since ker(f) = im(v), f(x) = 0 implies
r € im(v) as claimed. The injectivity of M™1/f = M"/f follows dually: If v(y) = f(z),
then y € ker(v) = im(f). We also note that (c¢) immediately implies that M is quasi-rigid:
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We have a factorization M /v 2 M™1! — M"™1/v, so that (c) implies ker(f) = im(v).
Similarly, (c) implies ker(v) = im(f).

Finally we show that (c) implies (a). We may assume that M is concentrated in the
finite interval [a,b], and then (c) gives a sequence of injections of finite-dimensional k-
vector spaces

o 0 MY v M o s s MY o= ML Mttty

~

Note that M"~'< M" is an isomorphism for » < a, and that M" < M™! is zero for
r > b, because the map f in the other direction is bijective, and fv = p = 0. Now
take a k basis m{,...mg of M*/v, a k-basis m{*',...,m3"} of (M*'/v)/f(M*/v) =
Mt/ (v, f) etc. up to a k-basis m®, ... of M®/(f,b), and lift these elements to elements

me,...mg m{t, .. in M®, Mt etc. Then the universal property of the free gauges

k(i) (see section [[L3)) gives a morphism of k-gauges
b
g: F=@Pk(-i)" — M

mapping the canonical elements of k(—i)’ to the elements 7, ..., 7} . Since this map is
surjective modulo (f,v), it is surjective by lemma 224l Moreover, by construction the
map F® — M°/v = M?" is bijective: both spaces have dimension d = d, + ... + d,. But,
as remarked above, (c) implies that M is quasi-rigid, so that each M" has dimension d,
and the same is true for each F". Therefore the surjective map ¢ is an isomorphism, and
we have shown (a).

We draw the following consequences for W (k)-gauges for a perfect field k.

Corollary 2.2.6 Let k be a perfect field of characteristic p > 0, and let M be gauge
of finite type over W = W(k). If M/(p, f,v)M = 0, then M = 0. Consequently, M is
generated by homogeneous elements myq, ..., m, if and only if their residue classes generate

M/(p, f,v)M.

Proof. This follows from lemma 2.2.4] by the usual Nakayama lemma for the local ring W,
because the components M?® of M are finitely generated W -modules.

Next we characterize free W-gauges of finite type. Obviously, their components free
W-modules. But this condition does not suffice.

Theorem 2.2.7 Let M be a W-gauge of finite type with free components. Then the fol-
lowing conditions are equivalent.

(a) M is a free W-gauge.

(b) N = M/pM is a free k-gauge.

(¢) The map M" v L>]\4"+1/v is injective for all r.
(d) The map M™1/f -+ M"/f is injective for all r.

11



Proof. (a) trivially implies (b), but (b) also implies (a): Assume N = M/pM is free, say
isomorphic to @;k(i)%. By the universal property of free gauges (= free modules over
D(k) and D(W), respectively) we can lift the isomorphism modulo p to a morphism F' =
@®;W (i)% — M, which is surjective by corollary Z.2.6l Since this map is an isomorphism
modulo p, and all components are free W-modules, it is an isomorphism.

Next we remark that the maps in (c) and (d) can be identified with the maps

NT/ULNTJFI/U and Nt /f-N"/f,

respectively, because pM is contained in both fM and vM, by the equality fo =vf = p.

Therefore (b) is equivalent to the conjunction of (¢) and (d), by theorem 2.2.11

But (¢) and (d) are in fact equivalent in our situation: Assume (c). To show the
injectivity in (d) let y € M"™*! with v(y) = f(z), where z € M"™1. Then (c) implies
x =wv(z) with z € M". We get v(y) = f(v(z)) = v(f(2), and hence that y = f(z), because
v is injective (fv = p, and M is torsion-free as W-module). A similar reasoning shows
that also (d) implies (c), again since M is a torsion-free W-module. Therefore properties
(a) to (d) are equivalent.

Corollary 2.2.8 A W-gauge of finite type M is free if and only if it comes from a virtual
crystal over k, i.e., is the underlying gauge of a w-W-gauge in the essential image of the
functor in theorem [2Z.21.

Proof. Assume that M comes from the virtual k-crystal (D, ¢, L). Then M has free com-
ponents, and we show condition (c) in theorem 227 We have

M ={xzelL | ¢x)ep'L}, f(x)=pr, and ov(z)=ux,

by definition. Now let x € M" with f(z) = v(y) for y € M"2. Then, by definition, we
have x,y € L satisfying ¢(z) = p"z with z € L and ¢(y) = p" ™t with t € L, and px = y.
Then p"*'z = po(z) = ¢(pr) = ¢(y) = p" 2t and hence z = pt, since L is torsion-free.
This implies ¢(z) = p" ™, ie., z € vM 2 Conversely we show that any free W-gauge
arises from a virtual crystal. By considering sums in both categories, we may consider the
case M = W (i) for some i € Z. But this gauge arises from the virtual crystal (B, ¢, W)
where ¢(b) = p~io(b).

We can now strengthen this result and characterize the image of the functor in theorem

221

Theorem 2.2.9 A p-W-gauge (M, f,v,¢) of finite type comes from a virtual crystal
over k, i.e., lies in the essential image of the functor in theorem [2.21), if and only if the
underlying gauge is a free W-gauge.

Proof. One direction follows from corollary 2.2.8 For the other direction assume that
(M, f,v) is free. Assume that M is concentrated in the finite interval [a, b]. The functor in

12



theorem 2211 is compatible with twists: If ¢ is multiplied by p?, then the associated gauge
M is replaced by M(—i). Therefore we may assume that a = 0. Then the @-W-gauge
corresponds to the finite diagram

od L
Mz, . . =zMtlezM =M= =M
v v v v v v

together with a o-semi-linear isomorphism
@ M = M =5 MO = M

All maps f and v are injective, because fv = vf = p. Let L = M°, and define the o-linear
endomorphism

b=po s L=M"Lon L0 =1,

Then (L, ¢) is a crystal over k, and we claim that the associated p-W-gauge is canonically
isomorphic to (M, f,v, ). In fact, first we claim that, for 0 < r < b, the injective map
v": M" — L has the image L' ={z € L | ¢(z) € p'L}.

First of all, we have ¢(v"z) = o(f%v"x) = o(p"f>~"x) € p"L. Conversely, by the
assumption and criterion (c¢) in theorem 2.2.7, all maps

MO JuMt L5 Mt jo® L M2 jod L

are injective. If now z € L = M with ¢(z) = ¢(f’z) = p"y with y € L, then fbz =
P~y = frome~ly and hence f'"x = v"p~ly by injectivity of f. By the sequence of
injective maps above this implies inductively x = x; with ; € M?, hence f' vz, =
v"p Yy, hence f*~"z; = v""1p~ly by injectivity of v on M, hence x; = vy with x5 € M?>
etc. and inductively x = v"z, with x,, € M". Thus we have L" = v"M" as claimed.

Identifying L™ with M" via v" the maps v become inclusions, and the maps f become
multiplication by p, because fv = p. Finally one sees that the map ¢ : M®* — MO
identifies with p~%¢ : L* — LY sending y to p~’¢(y) as in the construction of the
p-gauge associated to (L, ¢).

Corollary 2.2.10 The functor in theorem [2Z.21 induces an equivalence of categories
( wvirtual crystals (D, ¢, M) over k) — ( finite type free p-W -gauges (M, f,v,p)),

where we call a o-W-gauge free if the underlying gauge is free.

Remark 2.2.11 Let M be a W-gauge of finite type with free components. If M is
concentrated in a point, i.e., in an interval [a, a], then it is obviously free, viz., isomorphic
to W(—a)? for some d. If M is concentrated in an interval of length 1, it is free as well.
For this we use criterion (c¢) from theorem 2.2.7. If M is represented by

M= e

v
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we have only have to show the injectivity of f : M®/oM*™ — Mt /yM*2; the injec-
tivity at the other places is clear. But the image of v : M%™2 — Mt is pM** and if
x € M® and fz = vy = pz = fuz with z € M%"!, then o = vz by injectivity of f.

But already if M is concentrated in an interval of length 2, M is not in general free.
A counterexample is the W-gauge

p p
NZ=pN =pN ,
B) =

for any free W-module N # 0, since here N/v = N/p — pN/v = 0 is not injective.

2.3  Gauges and Dieudonné modules.

A Dieudonné-module of finite type over k is a W-module of finite type M endowed with
two additive endomorphisms F' and V' such that

FV=VF=pand F(Ax) =0(AN)Fz , V(c(A\)z) =AVz VA e W, Ve € M)

With an obvious definition of morphisms, Dieudonné modules of finite type over k
form a Z,-linear abelian category Dieud(k).

Let M be an object of g};lvo](W). To give M is the same as giving (M1, M°, f, v, )
where Mt and M° are W-modules of finite type, f: M~1 — M° and v : M° — M, are
W-linear maps such that fv = pidyo and vf = pidy,—1 and ¢ : M — M~ is a bijective
p-linear map. We define F,V : M~t — M~' by F' = ¢f and V = vp~!. This turns M !
into a Dieudonné module of finite type over k. In this way, we get a functor

G "N (W) — Dieud(k),

which is an equivalence of categories.

Dieudonné-modules arise from p-divisible groups over k or from the first crystalline
cohomology of smooth projective varieties X over k. By the theory of the de Rham-Witt
complex, the i-th crystalline cohomology of X gets the structure of what could be called a
‘Dieudonné-module of weight i’: a finitely generated WW-module M together with a o-linear
endomorphism F and a o~ !-linear endomorphism V such that F'V = VF = p'. Such a
structure can also be obtained by a p-gauge with free components which is concentrated
in an interval of length 1,

a —» — rfli TL r+1 — — pgqati P a

by letting M = M%, F = ¢f?, and V = vip~!. This gives a functor

Gl (W) — Dicud'(k),

14



where Dieud'(k) is the category of Dieudonné-modules of weight i, whose morphisms
are linear maps compatible with F' and V. However, for ¢ > 1 this functor is no longer
an equivalence of categories, because it forgets all information concerning the modules
Ma-l-l’ o Ma—i—i—l.

One aim of this paper is to establish a canonical cohomology theory giving p-W-gauges
of finite type H;(X/W)* for each i, concentrated in the interval [0,4], whose associated
Dieudonné-module of weight 4 is the i-th crystalline cohomology H{ . .(X/W). This new
cohomology theory thus refines the crystalline cohomology.

2.4 Effective, coeffective modules and truncations.

We say that a gauge M over W,, = W, (k) (for 1 < n < 00) is effective (resp. coeffective)
if v: M"™ — M"!is an isomorphism for r < 0 (resp. f : M" — M"*! is an isomorphism
for r > 0).

For any object M of G (W,,), M(i) is effective for ¢ << 0 and coeffective for ¢ >> 0.

To any gauge W,-gauge M, we may associate the co-effective W, -gauge M, defined
as follows: we have MZ, = M" for r < 0 and MZ, = M° for r € N, with fz = =z if
x € MZy and r > 0 and vx = px if 2 € MZ, and 7 > 0.

If M is of finite type, so is M<y and we may view M > Mg as a functor from
G (W,,) to the full sub-category QfStO(Wn) of coeffective gauges of finite type, which is a
right adjoint of the inclusion functor. We observe that the obvious map M<y, — M is not
in general injective.

For any W,,-gauge M, the natural maps M° — (M<y)™ and (M<g)™> — M~ are
isomorphisms. Therefore, we may also view M — M, as a functor from the category
©o-M (W) of o-W,-modules of finite type to the full sub-category @—M?tO(Wn) of coef-
fective p-W,-modules, by defining ¢ : M25® — MZ$° as the compositum ¢° of the natural
map M? — M+ with the original ¢. -

Again this functor is a right adjoint of the inclusion functor. We observe that, when
M is a ¢p-gauge, M« is not always a ¢-gauge.

3 Zariski-gauges and F'-zips over schemes of charac-
teristic p

Let S be a scheme of characteristic p.

3.1 Zariski-gauges and Zariski-p-gauges
The -ring associated to S in the Zariski topology is defined as the commutative ring

(in this topology) D(S) = Og[f,v]/(fv) together with the ring morphism ¢ : D(S)*t> =
Os — Og = D(S)~> which is given by the absolute Frobenius F' = Fs on Og (which
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is the identity on S and the map = — 2P on the sections. Note that this is only an
isomorphism if S is a perfect scheme, so D(S) is not in general a perfect p-ring.

A Zariski gauge M over S is a D(S)-module, which is obviously just a gauge in the
category of O-modules. It is called coherent if it is of finite presentation over D(S). Hence,
if S is noetherian, it is coherent if and only if M is concentrated in a finite interval and
each component M" is a coherent Og-module.

In accordance with the definitions in section [[4] a Zariski p-module (M, ¢) is a Zariski
gauge M together with an Og-linear morphism

©: (M—f—oo)(P) — OS Fr®(95 M+oo — s M.

Here N ) = Og ®og N is the usual Frobenius twist (twist with the absolute Frobenius
Fr) of an Og-module N. Since this operation is a right exact functor, the p-Og-modules
form an abelian category, see section[LL4l A ¢-module is a p-gauge if ¢ is an isomorphism.
They form a subcategory which is closed under direct sums and direct factors.

3.2  The relationship with F-zips

An F-zip over S is defined as a locally free coherent Og-module M together with
(a) A descending filtration C' = (C?);cz on M® by locally direct summands,
(b) An increasing filtration D = (D;);ez on M by locally direct summands,

(c) a family (¢;)iez of Og-linear isomorphisms ¢; : C/C™* =5 D;/D; ;.

A morphism of F-zips (M,C,D) — (M’,C’, D) is an Og-linear morphism M — M’
respecting the filtrations. (This is the modified definition in [Wed], improving the origi-
nal definition of Moonen and Wedhorn [MW]. If S is perfect, then both definitions are
equivalent.)

Then one has the following result.
Theorem 3.2.1 (see [Schnl]) There is a canonical full embedding of categories
( F-zips over S') — (p-Og-gauges) .

The essential image consist of the p-Og-gauges which are rigid, coherent, and have locally
free components.
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4 Zariski-gauges and displays over schemes of cha-
racteristic p.

Langer and Zink defined the notion of a display over a ring R of positive characteristic.
Let W(R) be the ring of Witt vectors for R, and let I(R) = VW (R), the image of the
Verschiebung V' on W(R). Then a predisplay consists of the following data:

1) A chain of morphisms of W (R)-modules
. — PSP — .. — PSP,
2) For each i > 0 a W(R)-linear map
a; . Igp Qwr) B — Py,
3) For each i > 0 a Frobenius-linear map
F: P— F.

These are required to satisfy the following conditions: The composition ¢; o «; is the
multiplication Ir ® P, — P;, and one has

Fip(ai(V(n) ® ) = nkFx, fornelg,xekP;.

Predisplays form an abelian category, in an obvious way.
Finally, a predisplay is called a display of degree d if there are finitely generated
projective W (R)-modules Lo, ..., Ly such that

P=I®L)D.. d[IRL; 1) DL;D...D Ly,
and such that the structural maps ¢;, @; and F; come from Frobenius-linear maps
P, L — Log®...P Ly

with the property that @;®; is a Frobenius-linear automorphism of Ly @ ... @ Ly. (See
[LZ] Definition 2.5 for the precise prescription how to get a predisplay out of these data).
These data are not supposed part of the datum of a display, only the existence matters.
Thus the displays form a full subcategory of the category of predisplays.

Then one has the following result.

Theorem 4.0.2 (see [Wid]) There is a fully faithful embedding of categories
( predisplays over R) — (@-W(R)-modules) ,

which maps the category of displays to the category of o-W (R)-modules for which ¢ is an
epimorphism.
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5 Topologies.

Recall that a morphism of schemes is said to be syntomic if it is flat and locally a complete
intersection (which implies that it is locally of finite type).

We say that a morphism Spec B — Spec A of affine schemes of characteristic p is an
extraction of p-th root if one may write B = Alt]/(t? — a), for some a € A.

We say that a morphism X — Y of F,-schemes is a p-root-morphism (resp. is quie)
if locally for the Zariski topology (resp. for the étale topology), it may be written as a
successive extractions of p-th roots.

In characteristic p, we have the following inclusions :

open immersions C étale morphisms C flat morphisms
N N U
p-morphisms C quiet morphisms C syntomic morphims

A ring A of characteristic p is perfect if the Frobenius ¢ : A — A, a — aP is bijective.
A scheme of characteristic p is perfect if Ox is a sheaf of perfect rings.

Lemma 5.0.3 Let A be a noetherian ring of characteristic p. Then the following holds.
(1) If p : A — A is surjective, then A is perfect.
(2) The subring Aye, = Np"™(A) is a perfect ring.

Proof. Consider the ideals A(p") = {a € A | a*" = 0}. Since A is noetherian, the
ascending sequence A(p) C A(p?) C A(p?) ... becomes stationary. Assume that the union
of all these ideals is equal to A(p") for some N > 1, say.

(1): Assume that ¢ is surjective and that a € A with a” = 0. Then there exists an
element b € A with " = a. Hence """ = a? = 0 and thus 0 = b*" = a.

(2): Let © € A,,. Then there exist elements xy, 11, Tnt2, ... in A such that
N+1 N+2 N+3
_ o pNth o pNFE  pNES
T=Tny =Tny1 = Tygo =

N

N+1 N : N
P77 = 0 and hence (xy — ah, )P =0, ie, afy = (23,)".

This implies (zy — 23,4)
Setting 1y; = :EfN for i > N, we similarly get y; = yi,, for all i > N, so that yy € Ay, and
x = yk.. Hence ¢ is surjective on Ay, If now a € A, with a? = 0, we have an element
be Ay, with a = pr, and we conclude as before, arguing inside A, that a = 0.

As a consequence, if X is a locally noetherian scheme of characteristic p, there is a
unique morphism X — X, with a perfect scheme X, such that any morphism X — Y
with Y perfect factors uniquely through X,.,. We say that a scheme X of characteristic
p is absolutely syntomic if it is locally noetherian and if the morphism X — X, is
syntomic.

Lquiet abbreviates quasi-étale
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(We do not know wether or not X locally noetherian implies X, locally noetherian,
but we do not care).

A field k of characteristic p is absolutely syntomic if and only if the extension k/p(k)
is finite. If Y is absolutely syntomic and if X — Y is syntomic, X is absolutely syntomic.

We denote by C the full subcategory of the category of schemes of characteristic p
whose objects are absolutely syntomic schemes.

In this paper, an admussible class of morphisms of C is a class of syntomic morphisms
of C containing all the open immersions and stable under composition and base change.
A p-admissible class of morphisms of C is an admissible class containing the extractions
of p-th roots.

For any admissible class E, call Cp the site whose underlying category is C, with
surjective families of E-morphisms (that is of morphisms of C belonging to F) as coverings.

We set E =Zar (resp. p, ét, quiet, synt) for the class of open immersions (resp. p-
morphisms, étale morphisms, quiet morphisms, syntomic morphisms).

Let X be any object of C. For any admissible class E of morphisms of C, we call
Cx,g the site whose underlying category is the full subcategory of X-schemes ¥ — X
such that Y is an object of C, with surjective families of F-morphisms as covering. The
corresponding sheaves shall be called sheaves (over C) for the E-topology.

If moreover X is noetherian, we call X,,;; the site whose underlying category is the
full subcategory of X-schemes Y — X such that the structural morphism is quiet of finite
type, with finite surjective families of quiet morphisms as coverings.

Remarks 5.0.4: Let k be a field of characteristic p such that the extension k/p(k) is
finite.

(1) If k is not perfect, kyyict = Kquiet is the smallest Grothendieck topology able to deal
with all finite extensions of k. More precisely:

i) any finite extension of k is a quiet k-algebra,

ii) if X — k is a quiet morphism of finite type, there is a surjective quiet morphism of
finite type U — X, such that U = Spec (k) @) ®ks ®y, ... @ kq) with ki, ko, . .., k4 finite
fields extensions of k.

(2) If k is perfect, the functor which associates to any finite commutative group sche-
me over k the sheaf it defines on kg, induces an equivalence of categories between the
category of finite and flat commutative group schemes over k and the category of abelian
groups over kq,: which are representable. This is due to the fact that any finite commu-
tative group scheme over k is quiet. Observe that we have a similar statement for fields
of characteristic 0 and the étale topology.

6 The rings O and the p-rings G,.

We continue to call a ring object in a topos 7 simply a ring in 7, or a ring over C with
respect to the topology E if the topos given by the category C and the topology E.
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6.1 The p-adic ring O = (O,),.

A p-adic ring R in a fixed topos 7T consists of giving, for each n € N a commutative ring
R, in T, together with an isomorphism R, 1/p" ~ R,. A p-adic ring R in T is flat if R,
is flat over Z/p™, for all n € N, i.e., if the sequence

R, BR,"5R,
is exact. In this case, for m,n € N; we have exact sequences
0= Ry — R 2 R — Ry — 0,
and, in particular, exact sequences
0—R,— Ryym — Ry, — 0.

Let 7 = (C, E) be a ringed topos with C as in section [, a topology F, and the structural
sheaf of rings O, defined by O(X) = Ox(X) for a scheme X in C. For n € N, a Z/p"
-divided power thickening of O (for the E-topology) is a triple (G, 0,~) where G is a Z/p"-
ring on Cg, 0 : G — O is an epimorphism of rings and v is a divided power structure on
the kernel of # such that, for any object U of C, any z € G(X) and any m € N, we have
Ym(pz) = (p™/ml)z™.

The Z/p"-divided power thickenings of O for the E-topology form, in an obvious way,
a category. For E = p, this category has an initial object that we call O, This can be
shown

- either by working on the crystalline site and showing that

X — OF*(X) :== H((X — Spec W, (Ox,.,))erys, structural sheaf)

is a solution of the universal problem,
- or by constructing Q¢ directly as the syntomic sheaf associated to the presheaf

X = WX,
the divided power envelope of the ring of Witt vectors of X (see [EM]).

Moreover, for any admissible class £, O is also a sheaf for the E-topology. Therefore,
if F is p-admissible, O is also an initial object of the category of Z/p"Z-divided power
thickenings of O for the E-topology.

Under the same assumption on FE, the natural morphism O /p" — O is an
isomorphism and the p-adic Ring Q%% = (O%%),cy is flat [FM], i.e., we have natural
exact sequences for all n and m

0 Orclris Ocris (970771"@5 0.

n+m

The Frobenius ¢ : a — aP is an endomorphism of the structural Ring O. By functoriality, it
induces an endomorphism of O¢"**_ that we still denote by . This is also an endomorphism
of O i.e. the projection O — O commutes with .

If A is a perfect (noetherian) ring of characteristic p, we have O<(A) = W,,(A), with
the usual Frobenius.
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6.2 The ¢-Ring G.

For each n € N, we want to define a ¢-ring G, such that the G, form a p-adic ¢-ring
g = (gn)nEN-

Morally, we get it by the standard construction introduced in section 2.2 from the
p-adic ring O = (O<%) and the Frobenius ¢ : O — O on it, by defining

gr — ker(ocris i> Ocris N Ocris/pr) — “{.T c Ocris | QO(I‘) c procris }77 )

This makes perfect sense in the setting of pro-objects, and then gives rise to the objects
Gr = G"/p" which are essentially constant pro-objects.
For a more elementary and direct approach we proceed as follows. For all n we set
GY = O¢s | and the sub-ring ®,<(G", is the ring of polynomials in an indeterminate, called
v, with coefficients in O and v is in degree —1. In other words, for any object U of C
T

and any integer r < 0, G7(U) is the free O¢*(U)-module of rank one generated by v™".
If r>0and m € N with m > r, set

gA;;] — ker(oﬁ:is i> O%islﬁ; O;:zs/pr _ Oﬁris) ’

so this is the sub-sheaf whose sections z are such that ¢(x) is locally (for the p-topology)
divisible by p". For any m > n + r we define

G =G/
It is easily seen that this definition is independent of the choice of m > n + r, and that
this definition agrees with the previous definition G° = O for r = (.

If U is an object of C, if m,r € N with m > r and if z € " (U), y € G, (U), then
zy € GrHs(U). By going to the quotient this gives a map G x G5 — G+ which define
the multiplication on the sub-ring ®,enG.

To complete the definition of the multiplication on G,, it is enough to define the
multiplication by v : G — G~ for » > 1. Tt is induced by the inclusion C;fn C A,’j;l, via
passing to the quotients modulo p™. In this way G, becomes a graded ring.

To get the structure of ¢-ring, we have to introduce f,v and ¢. We have already
defined the global section v € G, *(F,). For all m € N, we have O%%(F,) = Z/p™Z. For
n € N and m > n + 1, the image of p belongs to G,,1(F,) and we call f its image in
G} (F,). Observe that fv = p.

The natural morphism 0% = G% — G is an isomorphism of rings and we use it to
identify G, > with O,

Finally we define ¢. Let n,r € N, let U be an object of C and z € G, (U). If we
choose an integer m > n + r, we may find a covering V' of U, a lifting y of x in Q;L(V),
a covering W of V and z € OZ*(W) such that p(y) = p"z. The image ¢,(z) of z
in O*(W) is independent of the choices made and belongs to O<*(U). In this way we
have ¢, : G" — O such that “¢,(z) = ¢(x)/p"”. Obviously, we have ¢, 1 (fx) = ¢, (),
therefore the morphisms ¢, define a map

¢: lim G" =G®° — O = G-
—>
reN,f
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One sees that ¢ is a morphism of rings; this corresponds to the equality

p(@)/p" - p(y) /P = plwy) /p”
for sections z € G7, and y € G2, and the ring endomorphism ¢ of O,

Theorem 6.2.1 For eachn > 1, the map
p:G," =G
s an isomorphism of rings.

In other words, G, is a perfect ¢-ring. The proof of this theorem is given in sections
6.3H6.5] below.

Here we note the following properties.

Lemma 6.2.2 The following holds for the gauges G,.
(i) One has natural isomorphisms G,1/p" — G, for alln, i.e., (G,), is a p-adic ring.
(i) The p-adic ring G = (G )nen 1 flat.
(ii) The gauge Gy is rigid.

Proof. Morally, all statements are proved in the same way as for the standard construction
in section @ and could be proved by noting that O is a flat (= “torsion-free”) p-adic
ring. But for concreteness we give a proof by the above explicit construction. We argue
with local sections, i.e., all statements hold after possible passing to some cover. Moreover,
we constantly use that the flatness of O implies the exactness of the sequence

OCT‘ZS p OCTZS 1 Ofrz‘ls
for all © < m. Recall that ¢, = g;/p for some fixed m >> 0 (m > n + r suffices), where
={x € O | p(x) € prOT}. Unless specified explicitly, we calculate inside O,
(i): This is trivial: (G~ /p™*")/p" = G, /p".
(ii): For each i <n and m > n + r we show the exactness of

Gro /D" = G /D" = G /0"

as follows: If z € G” and piz = p"y with y € G’ then we have pi(z — p"~'y) = 0 and
hence x — p" 'y = p™ 'z with 2 € O by flatness of O“%. Thus x = p"~‘(y + p™ "z)
with y,p™ "z € G', (note that m —n > r).

(iii) Recall that v and f are induced by the inclusion Q;L — C;f;l and the p-multiplication
Q" N gm, respectively. First we show quasi-rigidity. If x € C;Zl and r = py for y € .C’;:,;l,
then [z] = f[y| for the class [z] of x in G and the class [y] of y in G~ On the other
hand, if z € G, with pz = pz for z € G"+!, then p(z — z) = 0 and hence z — z = p™ 't
with ¢t € O Thus z = z + p™ !t € gT“ for m > r + 2, ie., [z] = v[z]. Now we show
strictness. Let # € G7, with f[z] = 0 = v[z]. This means that x = py with y € G!
and pr = pz with z € ,C’;Z;Ll. This implies pz = pr = p*y, hence p?p(y) = pp(z) = p" 2t
for some t € O, This implies p?(p(y) — p"t) = 0 and thus ¢(y) — p't = p™2u for
some u € O by flatness of O We conclude y € G, for m > r 4+ 2 and therefore
2] = [py] = 0.
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6.3 The structure of a (generalized) F-zip on O™,

Let T = (C, E,O) be a ringed topos with the category C, an admissible topology F, and
the structure ring O as in section [6.11

An effective generalized F-zip (over Q) is an O-module M together with

— a decreasing filtration (F"M),cy by sub-O-modules indexed by N such that FOM =
M and NenF" M =0,

— an increasing filtration (F,M),>_; by sub-O-modules indexed by the natural integers
r > —1 such that F_iM =0 and U,enFr M = M,

— for all » € N, an isomorphism

or FPM/F™ VM " FM/F, M
of abelian sheaves which is semi-linear with respect to the absolute Frobenius.

Remark 6.3.1 Since the absolute Frobenius F'r is an epimorphism on O, one easily sees
that this is equivalent to the fact that the associated morphism

(F"M/F™IMYP) = O p,00 (FTM/F™ M) — ELM/JE,_ M

is an isomorphism. This ties this definition with the definition in section [3.2]

We shall now define such a structure on O$™* (with O the structural sheaf). We
define F, = F,0{* = im(p,) for ¢, : GI — O and F" = FTO{* = im(v") for
v G — OF,

Proposition 6.3.2 There are canonical exact sequences for all r > 1

0— F, — Gt g 25 F — 0
0— F —gt-Ligr s 0.

Proof. For the first sequence we claim that there is an exact sequence
0= Gifd = G, B 07",

where the morphism on the right is the composition C;: o > O] £ Ot In fact, if 2 €

Gy, S0 that p(z) = p'y with y € OF%, then ¢,([z]) = [y] € OT%/p = OF* for the

cris

corresponding classes modulo p. If ¢, ([z]) = 0, then y = py’ with ¥’ € O'5. This implies

o(x) = p"tly and hence x € G:igl Applying now the snake lemma to the multiplication

by p on the exact sequence

0_>g;¢21<_>gr+2ﬁ>ﬂ_>o,

T
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we get an exact sequence
Grolp)l = F =Gt GI 8 F, -0,

where A[p] means the p-torsion subsheaf of a sheaf A. But the map on the left is zero:
If v € G, with pr = 0, then & = p"™u for some u € O5 by flatness of O“%. Then
o(z) = p7"+1g0( ), and by definition, ¢, ([z]) = [pp(u)] = 0 € O,

For the second sequence we claim that we have an exact sequence
cris
e T ngrl 01 )

where the morphism on the right is the composition Gr 1 gr s (9‘3”3 In fact, if z €
G, so that ¢(z) = p'y with y € O, and = = pz with z € O, then p'y = p(z) =
pp(z), hence p(gp( ) —p"ly) = 0, so that () — p"ty = p't with ¢ € O, This
implies z € Q,, 11, hence the claim, because x = pz. Applying the snake lemma to the
multiplication by p to the exact sequence

0_>p r+1 _>gr+1v_T>Fr—>O’

we get an exact sequence

Gralpl = F" — (G o — G 5 FT — 0.

Now we claim that the first map is the zero map. In fact, if x € ,C’;:H with px = 0,
then z = p"y with y € O by flatness of O“*. Hence z is mapped to zero in Of".
Moreover we claim that the exact sequence

0— gr+1 ] — gr+1 _>pgr+1

taken modulo p induces an isomorphism

r+1/p—>( r+1)/p

In fact, for this it suffices to show that the induced morphism (G- [p])/p — (G'71)/p is

zero. But if x € QTH[ ], then pz = 0, so that = p"t with ¢ € O5 by flatness of O,
Then = = py with y = p"~'t € G/ as claimed.
Both claims together imply the second exact sequence in the proposition.

Proposition 6.3.3 (Cartier isomorphism) The subsheaves F, = F,O{" form an in-
creasing filtration of O (i.e., F, C F.y1), and the subsheaves F™ = FTOS form a
decreasing filtration of O (i.e., F™** C F7). For each r > 0, the morphism o, : F" =
Gy — im(p,) = F, induces an isomorphism

. F'/JF"™ 5 F.JF._,.
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Proof. The first two claims are clear. For the third look at the diagram with exact rows
S g S R — 0

I
A | AN N

Since ¢, f = ¢,_1 the diagram induces an epimorphism
/ T
0. FT — F./F._4.

Explicitly: If z € F", and z = v"y for y € G, let ¢/ (x) be the class of ¢,(y), which
is well-defined modulo F,-1, because the kernel of v" is the image of f. The kernel of
this morphism is F™: If ¢/ (z) = ¢©,.(y) = @r_1(2) = ¢.(f2), then ¢.(y — f2) = 0, so
that y — fz = vt with ¢ € G by the exactness of the upper row. But then z = v"y =
v fz+ o T = 0"t € FTTL because vf = 0.

From Proposition [6.3.2] we already obtain one half of Theorem [6.2.1]

Corollary 6.3.4 The morphism @ : Gt — G~ is injective.

Proof. Let x € G™° with ¢(x) = 0. Suppose z is the image of an element x, under
fr: G — G, Then @,.(z,) = 0. By the first sequence in [6.3.2], we have x, = vx, ;. But
then fz, = fvr,,1 = px,1 = 0, which implies = = f.x, = 0.

To obtain the fact that U, F, = O (which gives the surjectivity of ¢ above and hence
the second half of Theorem [6.2.T]), and that N, F" = 0, we need some explicit calculations.

6.4 Some calculations for the universal F'-zip

We first observe that we have a morphism of rings
f:0— 05,

In fact, if X is an object of C and if a € O(X), one may find a quiet covering ¥ — X
such that a is the image of some b € Of"**(Y) and f(a) = V" is independent of the choice
of b and belongs to Of"*(X).

The kernel F'O§ (often called Jlm) of the canonical epimorphism Of"* — O is a
dived power Ideal and, for all » € N, we set F rO§s = Jl[r], the r-th divided power of
FLO5s = 1[1]. We set [ = Jlm/Jlm and call it the cotangent space. We denote G"O§"*
the abelian sheaf F7Ogris | fraioeris — gl il (hence GOOs = © and G1O5™s = ).
On each G"O{"*, we have two different structures of O-Modules :

— the naive structure which comes from the fact that Jl[rﬂ] C Jl[r] are sub-O-modules

of Ogrs,
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— the nice structure which comes from the fact that J' ™ ¢ JI' are sub-O¢*-modules

of O§*, but that Ji'.J" ¢ 77 and 05/ 71 = 0.

If X is a local section of O and a a local section of FTO{* A 4ive@ = NP.picea. In
what follows, we will always consider Jl[r] / Jl[rﬂ] as a O-module via the nice structure (but
we have to keep in mind that, in the structure of F-zip, it is the naive structure which

matters).

If Ais aring, A < 6,,0,,...,0; > is the divided power algebra in the indeterminates
01,0,...,04 with coefficients in A. If ¢ belongs to some divided power ideal in some Z)-
algebra, and if m = ¢p +r, with ¢, € N and r < p, we have 7,,(t) = ¢, t"v,(7,(t)) with

Cm = % a unit in Z,). The following result is the key for many explicit computations

with (’)f”isz

Proposition 6.4.1 Let k be a perfect ring of characteristic p > 0, let A be a smooth
k-algebra, ty,ts, ..., tg € A a reqular sequence, A = A/(t], 15, ..., th) and t; the image of
t; in A. The unique homomorphism of divided power A-algebras

A<0,0y,...,00>— OF(A)

sending 6; to v,(f(t;)) is an isomorphism. Moreover

i) For any m = qp +r with ¢,7 € N, v < p, set Y (t;) = cml;7,(0;). For any r € N,
Jlm(A) is the image of the sub-A-module generated by the Ym, (t1)Ym, (t2) - .. Ym, (ta) for
YXm; >r.

ii) Let I be the ideal of A generated by the t; and let A= A/I. The A-module quotient
Jl[r}(A)/Jl[TH} (A) is annihilated by T and is a free A-module with the images of the elements

Vma <t1>7m2 <t2> s TYmg (td) fOT Emz =T

as a basis.
iii) The natural map Jl[r}(A)/Jl[TH}(A) — (Jl[r}/Jl[TH})(A) is injective and, for the nice
structure, (Jl[r]/Jl[TH})(A) is a free A-module with the images of the elements

Yma <t1>7m2 <t2> - Ymg (td) fOT Xm; =r

as a basis.

iv) Let p be an endomorphism of the k-algebra A such that one can find A, Ag, ..., g €
A with p(t;) = N\it;). Then the endomorphism induced by p on A < 01,0q,...,04 > (by
functoriality and the isomorphism A < 01,0y, ...,04 >~ Of*(A)) is compatible with the
divided power structure and sends 0; to \Y6;.

We start with a lemmas

Lemma 6.4.2 Let A" be a k-algebra, ti,ts,...,tg € A a reqular squence and A =
A )8 85, ... th). Let D' the divided power envelope of A" with respect to the ideal ge-
nerate by the t;’s and & : A" — D' the structural map. Then:
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i) each t¥ belongs to the kernel of £ (and therefore D' may be viewed as an A’-algebra),
i) the unique homomorphism of divided power A’-algebras

n:A <0.,0,...,00>—7D
sending 0; to v,(t;) is an isomorphism.

Proof of the lemma: We have t! = plvy,(t;) = 0, which proves (i).

As an A’-algebra, D’ is generated by the Ilv,,.(t;). But, if m; = pg; +r; with ¢;,r; € N

and r; < p, we have
oy, (£:) = e, 1T Ty, (75 ()
hence D’ is also generated by the IIv,,,(7,(t;)) and 7 is surjective.

For m € N, let 7" the m-th divided power of the structural divided power ideal of
D', let Z the ideal of A’ generated by the t;’s and A=A /Z. As the t;’s form a regular
sequence, Z/Z? is a free A “module with the image of the t;’s as a basis and the canonical
map ' (Z /T?) — Jm ) gm+1 s an isomorphism, where I'”, (M) denotes the r-th divided
power of an A'-module M [Be] 1, 3.4.4. If jl[m} denote the inverse image under n of 7™,
we see that, for all m, the induced map jl[m] / jl[mH] - J [m]/ JmH] s an isomorphism.

[m]

As Npend; = 0, the map 7 is injective. O

Proof of proposition [6.4.1] Let A" = A, but viewed as an .A-algebra via the absolute
Frobenius, that we use to identify A to a sub-ring of A’. Therefore, any element of A has
a unique p-th root in A’ and, for an b € A’, we have t» € A. We denote by ¢; the element
t; viewed as an element of A, hence (t})? = t;.

As A is smooth, A’ is a syntomic A-algebra and t,ts, ..., t4 is still a regular sequence
in A’. The map ¢ : A" — A sending b to b’ is an isomorphism and the compositum @
with the projection onto A is surjective, with kernel the ideal generated by the ¢;’s. As A’
is smooth, if D’ is as in the lemma, we have (ref. XXX) an exact sequence

0= O (A) > D =D Qu Uy,
which, granted to the previous lemma, can be rewritten as

0= OF(A) = A" < 01,0s,...,00 > A < 01,0,...,00 >0,

with 6; mapping to 7,(t’). Therefore, we have df; = ~,_1(t").pt' " = 0. For m =
(my,ma, ..., mg) € N set v,,(0) = Iy, (0;). We have also dv,,(6) = 0, for all m.

But A" < 01,0,,...,0; > is a free A’-module with basis the v,,(0)’s. If > a7 (0) €
A < 01,0y, ...,04 >, we have d(D_ amym(0)) = > damym(6). It is easy to check that we
have n=A®u QL s and that the sequence

0= A=A — QY
is exact. This proves that the map

A< Oy,0s,...,0, >— OT(A)
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is an isomorphism.

The proof of (i) and (ii) and (iv) are straightforward. Let us prove (iii). We have
to understand the sheaf F' associated to the presheaf P : X — Jl[r] (X)/Jl[rﬂ} (X). It is
enough to consider the restriction of the functor P to the objects X of C of the form
X = Spec A, with A as in the proposition.

Let M be the set of the m = {m;, ms, ..., mq} € N¢ such that 3" m; = r. For any such
m, let 7, the image of I1v,,, (t;) in P(A) and 7,, its image in F'(A). Checking carefully, we
see that the map P(A) — F(A) is A-linear if F'(A) is equipped with the naive structure.
We may express this fact as follows: Let A; the image of ¢ : A — A. The absolute
Frobenius induces an isomorphism f : A — A; and we may view it to view P(A) as a free
Aj-module. Now the map P(A) — FA) is Aj-linear when we endow F(A) with the A;-
structure coming from the inclusion A; C A and the nice structure of A-module on F'(A).
Therefore, if we set P'(A) = A®4, P(A), we have a natural A-linear map P'(A) — F(A)
and what we want to prove is that this map is an isomorphism.

Because there are enough algebras of this kind, it makes sense to speak of the sheaf
associated to the presheaf A — P’(A) and all what we have to prove is that this presheaf
is a sheaf. We are easily reduced to checking that, if B is any faithfully flat A-algebra of
the type A[zy, 2o, ..., x|/ (ug, ug, ..., uy,) with uy, us, ..., u, € Alxy,zo, ..., x,] asequence
which is transverse regular with respect to A, then the sequence

0— P/(A) > P’(B):P’(B ©4 B)

is exact. Replacing B with a covering if necessary, we may assume that u; = v and
the v} ’s are transverse regular as well. Set B = Alz1,22,...,2,] and C = B®4 B =
Alxy, zo, .o e Y1, Yoy -y if we set 2 = ;@ 1 and y; = 1@ @y, If for 1 < i < n,
we choose a lifting t4,; of v; in B and if, for 1 < ¢ < n, we set ty; = tqy; ® 1 and
tarnti = 1 @ tayi, The sequence ()i<i<a (vesp. (ti)i1<i<drn, (ti)1<icaran) is regular in A
(resp. B, resp. C) and

A= A/((t)<i<a) » B =B/((t])1cicdn) » B®@a B =C/((t])1<i<d+2n)

Let M (resp. N, resp. L) the set of the m = (m;)1<i<a (vesp. (m;)1<i<din, reSp. (Mi)1<i<dt2n)
such that Y m; = r and, for m € M (resp. N, L), let v,,(t) the image of I1v,,,(¢;) in P'(A)
(resp. P'(B), P'(B ®4 B)). These v,,(t) form a basis respectively of the free A-module
P’(A), the free B-module P'(B), the free B® 4 B-module P'(B®4 B) and we are reduced

to prove the exactness of the sequence
_>
0= Gmer AVm(t) = GmenBYm(t)_, Omer B @4 Bym(t)

This is easily reduced to the exactness of
0—-A—B—>B®s4B

which comes from the fact that B is faithfully flat over A. [
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Call J the kernel of the absolute Frobenius ¢ on O (hence, with the usual notations
J = qy).

Proposition 6.4.3 We have a commutative diagram of abelian sheaves

0 - J — O 5 0 = 0

l bs |

0 - JU 5 oris 5 0 5 0

whose lines are exact and whose vertical arrows are monomorphisms.

Proof. The commutativity of the diagram is clear. We already know that the second line
is exact. As our topology allows us to extract p-th roots, the Frobenius is an epimorphism
and the first line is also exact. We are left to check that f is a monomorhism. As we
can always cover any object X of C by affine k-schemes Y = Spec A, with A as in the
previous proposition, we are reduced to check the injectivity of A — O¢**(A) which is a
consequence of that proposition. [

If A is a commutative ring and M is an A-module, we may consider the symmetric
algebra SymaM = @,enySym/y M and the divided power algebra I'yM = @,y M. They
are graded algebras, with grading indexed by N. For » € N, I'", M is the sub-A-module of
I'4M generated by the v, (x1)Vr, (22) . .. Y, (2a) With 71,79, ..., 74 € N satisfying Xr; = r
and x1,xs,...,xqg € M. This extends to rings and modules in a topos.

Proposition 6.4.4 We have ﬂreNJl[r] = 0 Moreover, for any r € N, the obvious map
Tl — g7/

s an isomorphism of O-modules.

Proof. From proposition [6.4.1l we see that for any k-algebra A satisfying the condition of
GAT, we have NyenJ)(A) = 0 and the map I'hI(A) — (JI/ 7Y (A) is an isomorphism.
The proposition thereof follows from the fact that any object X of C has a covering by
affine k-schemes Y = Spec A, with A of this kind. [J

In view of proposition [6.4.3, we may use f to regard O as a sub-ring of O and .J as a
sub O-Module of O, For any r € N, we call F,O¢"* the sub-O-module of Q"% generated
locally by the elements of the form 7, (21)Vprs(®2) - . Vpr,(xa) With ri,79,...,74 € N
satisfying Xr; < r and x1,29,...,24 € J. We have FoOf”'s = O and we set F_lOf”s =0.

The next theorem gives the second construction for the structure of F-zip on Q5™ :

Theorem 6.4.5 i) We have U,en O = 057,
it) (Cartier isomorphism, second version) Let r € N. There is a unique morphism of
O-modules

foo W RO B 05
such that, if r1,79,...,7q € N satisfies Xr; = r and if v1,22,...,24 € J1, then f, sends

the image of Yy, (€1)Vr, (22) - - - Vr,(xa) to the image of (=1) Ypr, (T1)Vpro (2) - - Vpry (%)
Moreover f,. is an isomorphism.
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Proof. Again, it is enough to prove the corresponding assertion for the sections of these
sheaves with values in A for any k-algebra A of the kind considered in proposition [6.4.11

We use the notation of that proposition. Then J(A) is the A-module generated by the
t;. For mq,mo,...,mg € N, we have

Ypma (fl)/h)mz (EQ) -+ Upmy (Ed) = Cmy,ma,...;mgVma (91)/77712 (02) < Umg (ed)

my = Hm(f!’gf)),!ni, a unit of Zg,. Hence, F,O{"(A) is the free A-module
with basis the vy, (61)Vm, (02) - - - Ym,(0) with ¥m; < 7 and the first assertion is clear.
We see also that the A-module F,O{(A)/F, O{*(A) is free with the images of the
Yy (01)Yims (02) - - . Yim, (0a) (or, equivalently of the Ypm, (t1)Vpms (€2) - - - Ypm, (ta)) for ¥my =
r as a basis.

Let z,y € J(A). For all m € N, we have y,m(r +y) = ZiyjmmVpi(2) 1 (y) + ez, y)
with e(z,y) € F,,_10§"(A). From that and from the fact that if a € F,,0f*(A) and
b € F,0{"5(A), then zy € FpnO5(A), we deduce the fact that f,. is well defined.
The A-module (JI/JI ) (A) is free with the images of the Yy, (1), (2) - Ym, (ta) for

dmy = as a basis. AAS the A-linear map f, sends the basis onto a basis of the free
A-module F,O{"*(A)/F, O{*(A), f. is bijective. [J

with ¢y m,

.....

Remarks 6.4.6 - i) The reason for the sign (—1)" is that we want f,. to be “morally”
the Frobenius divided out by p". In characteristic 0, we have v, (2?) = p" U Ypm (), With
Uy, € Zgy), congruent to (—1)™ mod p.

ii) We may say that O™ is a ring object in the category of F-zips, i.e this is a ring,
which is a O-Algebra and for r,s € N, we have FrO x FsO¢s ¢ Fr5Os and
Frofris X F’Sofris C Fr-{—so?is-

6.5 End of the proof of theorem [6.2.1 and of the construction of the
structure of an F-zip on Q5™

By the flatness of the p-adic ring G it suffices to show theorem forn = 1.
First it follows inductively from theorem (ii) and remark (i) that we have,
for all r € N,
w() = FOT™,

i.e., F. = F., and that we have F" = F" (for the rings considered in the previous section):
The start of the induction is the fact that we have FO = Q¢ = FO by definition, and
that the Frobenius ¢ = g : O — O5™* has image FyO5™s = Oi> O™ and kernel
Jlm. We conclude that Fy = O = Fy and F' = ker(¢) = F'. Then, by remark (i) the
map f,. in theorem (ii) can be identified with the map induced by ¢,, which gives
the induction steps. In fact, if F, = F,for s <r—1and F* = F* for s < r, then the two

exact sequences
0— F — F 2S5 E/F_, —0
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0— F't' S F" 25 FJF_y — 0
imply that F, = F, for s <r and F* = F* for s <7 + 1.
This now shows that N, F" = 0 (by proposition [6.4£4]) and that U,.F, = O (by
theorem [6.4.7] (i)), showing the surjectivity in theorem .21 and the remaining property
of F-zips.

7 @-gauge-cohomology - a refinement of crystalline
cohomology

Let k be a perfect field of characteristic p, let W,, = W, (k) for n € N, and let X be a
syntomic variety over k.

7.1 The definition of gauge-cohomology

We define the i-th p-gauge cohomology of level n of X by
H(X,W,)=H.,(X,G,)

syn
This is a @-W,-gauge by transport of structure: We let H} (X, W,,)" := H.,.(X,G}), and
let the structural maps

7 r i) 7 r+1
H (X, W) THQ(X’ W)
be induced by the morphisms
! 1
G, =Gt
Moreover, the o-linear map of W,,-modules
@ Hi(X,W,)T™ = lim H(X,W,)" — lim HA(X,W,) = H.(X,W,)™>

r—4o00,f TH—00,V

is induced by the isomorphism ¢ : G — G>°, i.e., the isomorphisms

ri—s+oo, f T —00,V

where the outer isomorphisms come from the commuting of cohomology with limits.
We note that

Hy(X, W)™ = H, (X, G7%) = HE,, (X, 077) = He (X W)

syn
by the comparison theorem of Fontaine and Messing [FM]. In this way, we achieved the
refinement of crystalline cohomology announced in section We note also that

% r—1,% 7 T

H (X, W) <THg(X, W)
is an isomorphism for 7 < 0, because this holds for G"~ <~ G”. Hence the gauge H;(X W)
is effective (concentrated in degrees > 0), and we have H}(X,W,)™™ = H}(X,W,)" =
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7.2 The de Rham gauge of a variety X over k

We denote by Cép )(OX) the following category:
— An object is a bounded complex

(C) oot on S ot

of Ox-modules of finite type, whose differentials (which are additive) are O%-linear (i.e.,
satisfy d"(aPz) = aPd"x for any n € Z, any local section a of Ox and x of C™ for any
nez).

— A morphism « : C° — D’ is a collection of Ox-linear maps o™ : C" — D", for n € Z,
such that the diagram

- Ccvt 5 o 5 ot o

1 1 \

— D1 pr — pDrtl

1s commutative.
This is an abelian (O%-linear) category.

Because k is perfect, we have Q% k= Q= Q4 sz~ The de Rham complex
(Qx) Ox = Q% — ... = Q! = Q% - Ot — .

is an object of the above category (We adopt the following convention: if a complex C”
starts with a given term on the left, this term is in degree 0 and C™ = 0 for n < 0).

The restriction of scalars via the absolute Frobenius o : Ox — Ox defines an additive,
exact and faithful functor from Cép)((’)x) to itself: If C" is an object of Cép)(OX), we let
(,C)" =, (C™) and take the same differentials. In other words, the underlying complex of
sheaves of abelian groups is C", but we change the structure of Ox-module on each C" :
the multiplication of a local section x of ,C" by a local section a of Oy is the multiplication
of z by a” in C™.

Let us recall that, for any integer n € N, the Cartier isomorphism is an isomorphism
of sheaves of abelian groups
C: Hn<Qx) — Q}
satisfying c(aP’a) = ac(a) for a (resp. «) any local section of Ox (resp. H"(Q2x)). It is
characterized by the fact that, if ag, a1, ..., a, are local sections of Oy, then ¢~ (agda; A
... Aday,) is the image of the closed form afa? 'ab™" ... a? 'day Aday A ... A day,.
We can also regard ¢ as an Ox-linear morphism

H(Qx) = Q.

If ZQ% denotes the kernel of d : Q% — Q%! the map c induces an exact sequence of
sheaves of Ox-modules

n—-1 d n c n
v — L — Q% = 0.
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We observe that the fact that d(a”)w = aPdw (for a local section of Ox and w local section
of Q%) implies that ,ZQ% is in fact a sub Ox-module of 2% .

We are now ready to construct the de Rham ¢-gauge G1(X) = (G (X), f,v,¢) of X,
which is an object in P (Ox):

— For r < 0, G7(X) is the de Rham complex Q' x:

d 1 4 n—1 4@ n d n+1 4,
Ox = Qx — ... = Q% = Q% = QY — ...

—for r > 0, G7(X) is the complex

d d d oyl d d d d d
Ox S0 = S, Q8 S, 200 SQF S .50 5 .

—the map f: G7(X) — G (X) is 0 for » < 0 and is, for r > 0,

d 1 d d d d

Ox = .. Q50 5 z2o, S0 ot S oo S0k

J{H J{H J{incl J/O J/O J/O
d 1 d d d d

Ox = .. 0 5 O P/ 0 S O L T A

~ the map v : G5TH(X) — G%(X) is the identity for » < —1 and is, for r > —1,

d 4 d d d d
Ox = .. Q50 5 zo, =S ot S S0k
d y d d d d
Ox = .0 Q0 S5 0 5 Zo8 S0 S0k

Clearly vf = fv = 0, hence we have a gauge. We see also that for all » € Z, the map

(f,v): GL(X) = G77H(X) @ G71(X) is injective. Hence we have a strict gauge.
Because ¢ : Z,0x — Ox is an isomorphism, v_; is an isomorphism, hence we have an

effective gauge.

—If d is the dimension of X, we have

Gl(X)=,0x" for r>d

(for 7 = d, because ,Z0% =,0%) and f: G}(X) — G;7(X) is an isomorphism if r > d.
Hence, we have a gauge concentrated in the interval [0, d], with G7*°(X) = Qx " and
GT(X) =, Qx-. We define the isomorphism

p: GI(X) =20 Gr(X)
as the identity on x ', which finishes the definition of the de Rham ¢-gauge G1(X).

Theorem 7.2.1 Let v : Xy, — Xzar be the morphism of sites coming from the fact
that the Zariski topology is coarser than the syntomic cohomology. There is a canonical
isomorphism

Ra*gl ;) G1 .
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Proof. This follows via the same methods proving the Fontaine-Messing isomorphism
H,,,(X,07") = H;,; (X/k) = Hyp(X/k),
using canonical isomorphisms following from results of Berthelot [Be]
Ralf 203
where the complex on the right is obtained by naive truncation, i.e., is the upper part,

starting with Q% of the de Rham complex.

Corollary 7.2.2 Let X be a proper variety over k. Then the following holds.

(a) The gauge cohomology H}(X,W,) is of finite type and is concentrated in the interval
[0,4], and it vanishes for i > d.

(b) One has H)(X,W,)? = H.,; (X/W,).
(c) If X is smooth, proper, and irreducible of pure dimension d, then the Poincaré duality
for crystalline cohomology extends to a perfect duality of p-W,-gauges

i 2d—i 2d ~
Hy (X, Wy) x H (X, Wy) — H(X, Wy,) — Wy (—d) .
Here the W, -gauge W, (—d) extends to a ¢-W,-gauge by defining
0 Wo(—=d)™® =W, = W, = W,(—=d)~>
as the Frobenius o on W,,, which is o-linear.
Proof. All questions are easily reduced to the case n = 1. But by theorem [L.2.T we have

H(X,W1) = H%,,(X,G7), and thus the claim follows from classical Serre duality, and
the explicit shape of the de Rham gauge G1(X) defined above.
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