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Important points
Let k£ be a field.

e The main players are central simple algebras over k: finite-dimensional k-
algebras whose center is £ and have no nontrivial two-sided ideals.

o Wedderburn’s theorem characterizes central simple algebras: those are of the
form M, (D), i.e. matrices algebras over a division algebra D, which has trivial
center.

e Two basic operations on k-algebras are change of base field: replace A with the
K-algebra A®, K, where K is a field extension of k, and tensor product: given
k-algebras A and B, we may form the tensor product A ®; B.

e There are two main technical properties at play for central simple algebras.
First, a form of the bicommutant theorem: let A a finite-dimensional k-algebra,
M a simple left A-module. Then End4 (M) is a division algebra D, and the
natural map A — Endp(M) is onto. In other words, consider the action of A
as linear endomorphisms of the k-vector space M. Then D is the commutant
of A, and the result states that the commutant of D is the image of A (which
it obviously contains.

e Second important technical result: A is central simple if and only if the natural
map A ®; AP — A is an isomorphism.

e This allows us to prove the key permanence properties of central simple algebras:
given a field extension K of k, A is central simple if and only if A®; K is. Given
central simple algebras A and B, A ®; B is central simple.

e In particular, central simple algebras are exactly the finite-dimensional k-algebras
A such that A ®; K is a matrix algebra for some finite (Galois) extension K
of k. In other words, central simple algebras are the forms of matrix algebras.
This gives a link between central simple algebras and Galois theory.

e Important definition: the Brauer group of k is the set of central simple algebras
over k modulo the equivalence A ~ B if and only if M, (A) ~ M,,(N) for some
m,n. Tensor product turns the Brauer group into an abelian group. As a set, it
may be identified with equivalence classes of finite-dimensional division algebras
over k.
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