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Lattice Boltzmann: s
S af ingredients

Analysis ' Modeling

Kn(Mao;Ty,+ 0,y + 0yToy + 0, o) = W (Tl — To,)

W, : magicrelaxationrates
T : magic attractors




Cumulant method: a magic
/ example
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Magic relaxation rate:

p— — 20 30 40 50 60 70
Wyyz = 2 — Wy L

Error in viscosity
Magic cumulant method O(k?)
BGK/ELB O(I2)




From Magic to Science

® Step |:Galilean invariance
® Central moments or cumulants

® Step 2: Optimize relaxation rates

® Errors from Taylor analysis SZv// z
O

® Find roots of error pre-factors Lo
O




Galilean invariance

Iz, wedk Sense

® Problem: relaxation of (raw) moments with
different rates like in MRT method breaks
Galilean invariance




Galilean invariance
vz wedk sense
® Regard MRT raw moment equations:

Kn (Maatnxy 1 axnxxy 1 aynxyy) (ny (Tc Tcx}})
Kn (M aatnxx B axnxxx B aynxxy) (M (TC Tcxx)
Kn (M aatnxxy T axnxxxy T aynxxyy) :(Dxxy(neq - Tcxxy)
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® Apply Galilean transformation to 3rd eq.
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Scattering cascade

® Non-linear transformation to Galilean
invariant variables

® Central moments 00y O VI {f}

e Cumulants 00, 9 log(F{f})

® Back to raw moments BZ;BZjBij {1}

® Example 3rd moment

T =27,

XXy




o o . / ea'é sSepsSe
Galilean invariahceat 3rd
order moments

® Perform the Galilean transformation
T, —T, +a
T,—Ty, +b
Txy— Txxy + DTy + 2aT,y + 2abT, + azny +a’b

= rhSuy+b rhsy+ 2arhsy, + 2ab rhsy + a” rhsy, + a’b rhsy =

UMy + b Lhsy + 2a Lhsy,
® 3rd order moment now as Galilean

invariant as they would be with BGK ansatz




Central moments versus
cumulants

® Raw moments:

® orthogonal decomposition in lattice (=arbitrary) frame of
reference

® Central moments:

® orthogonal decomposition in frame moving with flow

® Cumulants or irreducible moments

® orthogonal decomposition in any frame of reference




Equilibrium central moments

advection for non-

® Transform to raw moments . ... ..coen!

[
M= — T, T +. 27'CXZTCxTCy
@ 2T T, — T T0, T, + 37 T
® Central moment equilibria polynomials in

first order raw moments and monomials in
raw moments




Equilibrium cumulants

® Jransform to raw moments

e ,,(’ag on £for non-

consS erved MOMGJ?Z‘

—=—4T, T, T, + + 270, Ty '
(T, 67t

_I_TcyTCXXZ —I_ TCZ 27.cxx —I_ nxxy - 47tx7.cxy

® Cumulant equilibria polynomial in all lower
order raw moments




Test case: 3rd order
moments @ O(Ma?)

® | et us investigate:

® Assumptions: truncated (,,equilibrium®
state) at 4th order

® Expansion to low order using =,, = 1/3+ O(Ma*)

My =T/3 + O(Ma’)
Ty — Ty =0(Ma’)




Test case: 3rd order
moments @ O(Ma?)

® Note that:

Maal‘nx — _axnxx - aynxy - aznxz

® So:
Ox(Taryy — T/ 3) + Oy (Tyyy — Ty / 3) + 0z (Tayye — T/ 3) = O(M a4)

® Hence: Ty — T/3+0WM a’)
Tayyy = Ty/3 + O(Ma*)
Ropye — Te/3 + O(Ma*)




Test case: compare

Central moments Cumulants

2 2
xxyy =1/9+7/3+72/3+ O(Ma") nxxyy =T /3 + O(Ma")

thyyy—nxny + O(Ma*) Tcxyyy—nxy + 0,7, + O(Ma®)

[ =mm,/3+ O(Ma") ¥ =m../3+ O(Ma")
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Understand the errors
(a research plan)

® Taylor method (Dubois) « /izt/e siodified

Mo+ MaKnd g+ - - = T, — Kn(9,m, + ayn:‘xy +O.m )

Pre-collision Post-collision
expansion In time expansion In space

® Expansion in moment form

Several poS S /‘5// ties Ma &

® [wo scale parameters o
P K» saﬁgeéz‘ea/ Ay Asinars

® No generic (acoustic or diffusive) scaling




Some pitfalls on our way...

® Expansion parameters ought to be small
Not clear for Cime Step eXpan\S/on

® Asymptotic order ought to increase with
expansion

[
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Do not forget to scale
relaxation rates

-1 Kn 1 Kn 1

Ma Dy - Ma 2 |
Jiffusive scaling
Ma=Kn

Mj> OXMDITT O MDi11 better?
L) (

Kno,m;,, + Kndym,, + )

XXy

efai/iériam as small

as re/y[/‘na/ er ! / /

Be careful! U179 ths: n;cky — nig + O (Kn)




Equilibria and their scale in
Mach number

TCeq —O0O(M 612) 2 |
cg cyelic repetition o O M2, XX Ma ), & X Ma?)

for all /7/3/zer order poments

Knetdsen etmer!




Magic parameters
B~

Analytic solution NSE
uy(x,y,2,t = 0)=upsin(2x/L,m) cos(2z/L;x)
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Magic MRT versus magic
cumulants
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Questionnaire

® Are parameters ,,magic” or ,,quadric’!

/V/aﬂfc I' I do not wunderstand ¢her!
® Do they help us?
I# Zhey work wnder 3enel‘d/ condition, Then Chey are a 5/3
/ eqp forward. I not, we M/B/?Z‘ st/ learn s omeZ‘/’}/nﬁ

/‘mporz(dnf £} Lo Z‘/?e . A)e ha\/e lo wunderstand Z‘/?em .I
® Are cumu antsmbetter than moments?

YeS ! 6&/ i/ean imvariance and S Z‘dé/‘/ /‘Z‘y 1S /‘MPI‘O\/QG/ .
@é[da/l‘/‘c Aeﬁd\//‘or even /‘f Loe e?é(/‘/ /‘AI‘QZ( e 42‘/’}
cumet!lants. Bud Z‘/?ey do not solve al/ proé/emé




