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1 - Introduction

The LBM method is said to be :

1) simple and explicit;
2) unconditionally stable and accurate;

3) adapted to model porous medium;

4) parallelisable.

Nevertheless, the LBM method is not really known in the applied

math. community.




In fact, the LBM scheme is often presented ...

e Point 1) ... as a physical model that is more general than the
EDPs it is supposed to solve. For example:

“It is known that existence-uniqueness-reqularity problems are very
hard at the Navier-Stokes level (...). However,

at the lattice Boltzmann level, [there is| no existence, uniqueness

and reqularity problems.” In : U. Frisch, Phycica D, 47, p. 231-232, 1991.

Or: “It may appear unusual that (...) in the LBM approach,

the approximation of the flow equation is only shown

after the method is already postulated.”

In : Mishra et al, Journal of Heat and Mass Transfer, 48, p. 3648-3659, 2005.

As a consequence, the LBM scheme is often described with:
LBM scheme — continuous EDPs

(as it is the case for the Boltzmann equation) instead of

continuous EDPs — discretization — LBM schemae.




e Point 2) ... as a miraculous numerical method:

Example : “ (...) the Lattice Boltzmann technique may be

regarded as a new |explicit| finite-difference technique for the

Nawvier-Stokes equation

having the property of unconditionnal stability.” (Mishra et al.).

The aim of this talk is to give precise math. justifications of all

these assertions in the simple case of the heat equation.




We propose the following approach:

continuous kinetic system <= continuous heat eq.

(8 = “collision time”) ek 1 (fluid limit when ¢ < 1)

! !

l links with finite differences 7
discretization with ¢ < 1 stability, convergence in Lo 7
LBM scheme discretization of

the heat eq. since e < 17

We can summerize this approach (which is the standard approach in num. anal.) with:

Continuous EDP — discretization — LBM scheme — stability, convergence 7

instead of:
LBM scheme as a “physical” model — discretization — continuous EDP




2 - Fluid limit of a simple kinetic system
Construction of a simple kinetic system:

We firstly define the “maxwellian” distribution

M, =" [1 + “’(x)] =P [1 + (—1)61“(5”)] (v = (—1)%¢)

2 Vg 2 C

where u(x) is a given function and ¢ € RT. It verifies

1

2.

g=1,2 \ Uq




Proposition 1 Let f,(t,x) be solution of the kinetic system
1
Ocfq+ (—1)%cOs fy = E(Mq — fq)

where My 1= # I+ (—1)‘1@ . Thus, the density p := f1 + fo

is solution up to the order € of

Orp + Op(up) = v07,p with v = ec? (2)

when |u(z)| < ¢ and e K 1. Moreover, we have

2 C 2c

foltsa) = & 1 (1 eoaye (C%(x)

Proof : We use an Hilbert or Chapman-Enskog expansion.[]




When u =0 :

Corollary 1 Let f,(t,x) be solution of the kinetic system

atfq - (_1)qcaa:fq — é(Mq - fq)

with M, := # Thus, the density p := f1 + fo is solution up to
the order €% of

Op = 102 p with (4)

when € < 1. Moreover, we have

folta) = [L+ ()72 ] 4 0(e)

Let us note that ¢ < 1 means € < ¢;yiq Where t 1,0 = O(1).




3 - Construction of two LBM schemes

3.1 - Integration of the kinetic system

Proposition 2 Let {f,(t,z)},=12 be solution of

L, — £,) = Qu(f)(ta) (g=

€

Or fog + (=1)cOr fq =

and let

gq(th) F= f(J(tvx) - %QQ(f)(th)

Thus

gelt+ Atz + (—1)cAt] = g4(t, x)(1—n)+ M, (t, z)n+

where

1

n = 1 -
~ 13

Since g1 + g2 = f1 + f2 := p, it is possible to propose a LBM scheme by using the

discrete version of (5) i.e. by using the variable g/ ; instead of f,.




Proof of the proposition 2:

The solution of the continuous EDP

1
atfq -+ (_1)qcaa:fq = E(Mq — fq) F= Qq(f)(tax)
is given by

At

folt + At x4 (—1)1cAt] = f,(t, z)+ Qu()t+s,x+ (—1)9cs]ds.

A classical numerical integration would give
2
falt + At,z + (=1)7%cAt] = fo(t ) + AtQq(f)(t. z) + O(2L).

But O(A?tQ) = O(At) (since € = O(At): see the sequel ...).
Thus, we use the integration formula

falt + Atz + (=1)%cAt] = fo(t,2) + G Qq(F)(t,2)
Qq(f)(t + At,z + (—1)7cAt)]
O(AL).

3




But, the relation

folt + At,x + (=1)9cAt] = f,(t,2) + B[O, (f)(t, x)
Q,(f)(t+ At,x + (—1)9cAt)]
O(%F)

3

is equivalent to

galt + AL,z + (=1)7eAt) = go(t,7) + —— Qy(9) (1, 7) + O(A—tg)

Ar T3 €

where g,(t,z) = f,(t,z) — 8L Q,(f)(t, z).0

Remark: The previous proof is based on an idea that we can find in:

e He et al — A Nowvel Thermal Model for the LBM in Incompressible Limit — JCP,
146, p. 282-300, 1998.

e Karlin et al — Elements of the Lattice Boltzmann Method I: Linear advection

Equation — Comm. In Comp. Phys., 1(4), p. 616-655, 2006.
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3.2 - A first LBM scheme

We choose:

— E = CdAt

E —=

_ Az
C= Ar>
v
02

A 2
with At =28 <0
1%

(Cq > 0). We deduce from the estimate (cf. proposition 2)

At3

gqlt + At,x + (—1)%cAt] = g4(t,z)(1 —n) + My(t,x)n + O(—)

€

(where n = —-—) a first LBM scheme:

IS5 1
AL T3

( n+1 n n
91,—; =971 (1 —m) + M, qm,

9721,_;1 =95 1(1—mn)+ M3, _n,

n+1 = n+1 n—+1
L P =915 192,




By noting that M, = 2192 we see that the LBM scheme is

equivalent to

([ n+1 7

Ui

91 =9rim1(1—3)+ 3951139,
n

n+1l _ n n n
92 _92,i—1( - 2)+92,z‘—1§7 where

n+1 = n+1 n+1
L P =91, T 92,

We will use this formulation in the sequel.

Let us remark that 1 €]0,2[ when Cy (i.e. At) € R .




The “magic” formula: 1t is possible to writte the previous LBM scheme

with

( n+1 _ n
91 = 91,z'+1(

n+l _ n
92 — gZ,i—l(

LT =gl 4y

2,i

where € is such that v = (?— %) (%)2.

To simplify the situation, most of the LBM schemes are written with

and without the function g:

~

fl(t+1,$—1) fl(t,x

ON N ONTES
M= )=

\

where ||v = (E— 1) c?|with ¢; := “sound velocity” (= 1 here).

2 S

For example: D. Wolf-Gladrow — A Lattice Bolzmann Equation for Diffusion — J.
of Stat. Phys., 79(5,6), p. 1023-1032, 1995.




A last remark:

By noting that

0u(t,2) 1= fo(t) — 50, () (1)

we can rewrite the LBM scheme

n+l _ n
91 = 91,z'+1(

n+1

+ 95119 ?7
) 2,412 where

1 —
92 = gg”i_l(l —3)+ gg,z‘—lg

with the f, variable. We obtain the LBM scheme:

(1 fln,z'—{—l(160621_1)+f2n,i—|—1(4Cd+1)+f2n,i—1(4Cd_1>+f1n,i—1
1,2 160d(0d—|—%) !

_ fln,i—l—l(4Cd_1)+f§,i+1+f;,i—1(1602_1)+fﬁi—1(4cd+1>
16Cd(Cd—|—%) ’




3.3 - A second LBM scheme

We choose:

C =

€

Az
A e = Cy|At|| with At :=
oz

(Cyq > 0). We deduce from the estimate (cf. proposition 2)

. . At
Galt + Atz + (~1)1eAl = gy (t2)(1 = 7) + My(t, 2)7+ O(=-)

(where i = ) the second LBM scheme:

€ 1
A—+§

’

9711?1 =g1:(1 = n) + M7,
gyt = g5 (1 — 1) + Mg7,
L P =91 T 93,




We have the property:

Property 1 The LBM scheme

/

P

971%,7,11 — g?,i(l — 1)+ Mﬁﬂ?a

—1 PR Py
gg,i—l — 95’,@'(1 —1) M%fm,
L P =91 T 93

18 equivalent to the LBM scheme

([ n+l _ n ] n n
91, — 91,z‘+1(1 - §) T 092i-17%>
n

gg,jl — gg,i—l(l - 2) T 9{”,i+1§, where 1 =

n+1 = n+1 n+1
. Pi — 91, _'_9271'

Cq+

with At := C’dATmQ. We name this scheme LBM?* scheme.

1
2




QUESTIONS:
e LBM = LBM* ?

e initial conditions ¢77" and ¢g57° ?

e boundary conditions 7
e stability and convergence 7

e probabilistic interpretation (not treated in this talk) ?




4 - Links with a finite-difference type scheme

Les us recall the two LBM schemes:

e LBM scheme:

([ n+l _ n n n n
91 — 91,7;+1(1 - §) T 092.i4179>

n+l _ n Ui n n
92, = 92,@—1(1 — 5) T 91173 where

n+1 = n—+1 n+1
L P =915 T 92,

e LBM™ scheme:

[ n+1 n n

9 =9ri1(1—3)+g5, 13,
n

n+l _ n n n
92, = gQ,i—l(l — 2) T 014179

n+1 = n+1
L P — Y914

Ui

Here, we only study the LBM™* scheme which is more simple to

study than the LBM scheme. Nevertheless, all the properties
verified by the LBM* scheme are also verified by the LBM scheme.




Dirichlet boundary conditions
p(t, Tmin) = Pz i, aNd Ti = Tmin + AT (i=1,...).
Lemma 1 The LBM* scheme with the boundary condition

n+1 __ n n 1
92.i=0 = Prmin — 91,i=1 T 77(91,1':1 — §P:cmin)a

(n € {0,...

0
92,i=0 = XPxnin

91 = (1 —a)py,

0o _ 0
g2, = Qp;

and with the initial condition {

18 equivalent to the Du Fort-Frankel scheme

n—+1 n—1
p; T —p, v n n+1 n—1 n
AT = am (Pl — o = i),

n __
IOO_pxmin

when p?= in (6) is defined with

n—

P b= 04,0?—1 + (1 - @)PZQH-

(i e{1,...



Remarks:

e We have a similar result for Neumann B.C. when

gg,j:lo — 9?,?:11 + (93,1:0 - 9?,1':1)(1 —1n),

0 0
92.i=0 = OPi=1

(n € {0,...})

and we recover the bounce-back B.C. g3, o = g7,
when a = 1/2.

e This equivalence between a LBM scheme and a finite-difference

scheme was firstly mentioned in:

Ancona M.G. — Fully-Lagrangian and Lattice- Boltzmann Methods for Solving

Systems of Conservation FEquations — JCP, 115, p. 107-120, 1994.

Nevertheless, the importance of the initial and boundary
conditions was not studied.

e the Robin B.C. has not been studied.




5 - Some properties: convergence and maximum principle

5.1 - Convergence in L,

Proposition 3 For any Cy > 0 (At :=c,222) and any a € R:

174

i) the LBM* schemes with periodic, Neumann or Dirichlet B.C.
and with the initial condition

’ (ie{1,...})
ggi :04,09

Y

converge in Lo ;

it) the Du Fort-Frankel scheme

n+1 n—1
P; — P; v n n—+1 n—1 n
N — A2 (pi—l—l - /0¢+ —p; T Pi 1)

with peritodic, Neumann or Dirichlet B.C. converges in L., when

n=1

pr =t = api_y + (1= a)pliy;
i11) the convergence order is equal to 2 <= o =

1
3 -




Basic idea of the prootf:

unconditional L., stability of the LBM™ scheme [due to convexity]

+ equivalence lemma (i.e. lemma 1)

U

unconditional L., stability of the Du Fort-Frankel scheme

AND

Lax theorem (stability + consistency)

U

unconditional L., convergence of the Du Fort-Frankel scheme

AND

equivalence lemma (i.e. lemma 1)

4

unconditional L., convergence of the LBM™ schemes.




Some comments: Recall that At := Cjy AV2.

e It is known since 1953 that the Du Fort-Frankel scheme is
unconditionally stable in Ly under periodic B.C. (¢f. Fourier

analysis).
e But, since the Du Fort-Frankel scheme may be written with

VAL 1 vAt vAt

(14+2-—)pi ! =1 —2-=)pl " + QA—:CQ(p?-f-l + pi 1),

Ax? Ax?
we have also the L., stab. under the stab. cond. 0 < C; < 1/2

(since the maximum principle is verified in that case).

e Here, we have obtained the unconditional L., stability of the Du

Fort-Frankel scheme when

=ap)_ 1+ (1 —a)pl,, ack




5.2 - Maximum principle with periodic and Neumann B.C.

Lemma 2 For any Cq > 0 (At := CdAT“"Q), the LBM* scheme with

the wmitial condition

(1 o Oé)pg,')?

(ie{1,...})
ap]

verifies the maximum principle

min pj < pj’ < max pj
J J

i) for any o € |0, 1] in the periodic case;

1

i) when o = 3 in the Neumann case.

Thus, this is also the case for the Du Fort-Frankel scheme with periodic or

Neumann B.C. when the first iterate is defined with p?zl = ong_l + (1 — a)pg+1.

Remark: for the periodic B.C. (¢f. point i), the result is also valid for the LBM sch.. Nevertheless,

for the Neumann B.C. (c¢f. point i), the result has still to be proved for the LBM scheme.




Remark:

The Du Fort-Frankel scheme is equivalent to

pi+1 = pip (1 — 5) + pi (1 - 5) T P "(n—1)

€ [0,2). Thus, when pI'="' := ap) | + (1 — a)piy:

[opf + (1 — a)pip](1— 4

+lapi_o + (1 —a)pi](1 -
[ap) o+ (1 —a)pf o) (1 —

This proves that: | min pg < p? < max ,09 for any At >0
j j

for the periodic case when « € [0, 1].

Nevertheless, it is a prior:i more difficult to obtain a similar result

for p!=* without using the LBM equivalence !!!




5.3 - Maximum principle with modified Dirichlet B.C.
In the Dirichlet case

n+1 n n 1
92i=0 = Pzmin — 91,i=1 T 77(91,7;:1 — §mein)a

0
92.i=0 = XPxmin

(7)

(idem in x = Tyay), the maximum principle

. . 0 n 0
MUD(P,m1 5 Py TN P) < P77 < MAX(Pipy11 5 P » X )
J J

is verified when 0 < C; < %

We would like this maximum principle to be unconditionally
satisfied (as for the periodic and Neumann cases),
to be able to treat the case Cy > + and cells number = O(1).

— We have to modify the Dirichlet B.C. (7).
— We will lose the equivalence LBM / Du Fort-Frankel !!!




Lemma 3 For any Cq > 0 (At := C’dATxQ), the LBM* scheme with
the modified Dirichlet boundary condition

93,7,:0 — %pxmin7 (8)

n 1
gl,Z:N—|—1 o prmax

and with the tnitial condition

verifies the maximum principle
. . 0 n 0
MUD( V1105 P> TN P) < P77 < MAX(Ppi0 5 P » IAX ).
j j

Some comments: With the modified Dirichlet B.C. (8) —

;

i) loss of the equivalence LBM - Du Fort-Frankel,;
i) convergence 7
ii1) a priori, loss of the order 2 (verified with numerical experiments);

iv) but ROBUST on ROUGH mesh because of the maximum principle !!!




6 - Numerical results

We test the LBM™ scheme

[ n+1 _ n n n n
91i =9t (l—95)+95: 13,
n

n+l _ n n n
92, = 92,@—1(1 — 2) T 0141795

n+1 = n+1 n—+1
L P =915 T 92

1 1

77: :I/ .
Ca+ 3 Aﬁg_F%

We choose [Zmin, Tmax] = [—10,10] and v = 1.




Test-case 1: Maximum principle with order 2 or (order 1 ?) modified

Dirichlet B.C.

We study the influence of the order 2 Dirichlet B.C.

n+1 __ n n 1
92i=0 = Pmin — 91,i=1 T 77(91,7;:1 — §pxmin)a

0 1
92,i=0 = 2 PZmin

n 1 .
and of the (order 1 7) modified Dirichlet B.C. J2i=0 = 3P xlmm’
gqll,i:N—i—l ~ 5 PTmax
on the maximum principle when the mesh is ROUGH

(we think that this is an important test for porous medium).

Here, cells number = 10 and the initial condition is given by

p; = §ifid {56}
if + € {5,6}.

We choose Cy =4 and tfinar = tn=10,




p=* with order 2 Dirichlet B.C. (C; = 4)

wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwww

p=* with (order 1 ?) modified Dirichlet B.C. (Cy = 4)

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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Test-case 2: instat. analyt. sol. with order 2 or (order 1 ?)
modified Dirichlet B.C. and with a fine mesh

We compare the results with the analytical solution

L; — Tmin

VAv(t +to)

o(t,x) =erf [

We impose the order 2 or (order 1 7) modified Dirichlet B.C. with

We choose cells number = 100, Cy € {2,4,8,16} and ¢ finq = 15.




Order 2 Dirichlet B.C.
prr and pegact(t™, x;) (" = 15)

0.3+

00— T T T T T T T T T T T T T T
-1

Cyq =2

31-1
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(Order 1 ?7) modified Dirichlet B.C.
plr and pegact(t™, x;) (" = 15)
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Convergence (LBM* scheme)
Erreur Ly(Ax) (—) et y =ax! o2 (- - -)
pour N € {50,100,500} (Cy = 2)

-

1
.01 0.1 1

le-04 . 0.001
0.01 0.1 0

Order 2 Dirichlet B.C. (Order 1 ?7) modified Dirichlet B.C.

Thus, the modified Dirichlet B.C. seems to be of order 1. This B.C. is
adapted when the mesh is rough (c¢f. porous medium) since the max. principle is

verified (ROBUST code). But, when the mesh is fine, the order 2 is better.




Test-case 3: Influence of the first iterate p?~' on the

properties of the Du Fort-Frankel scheme
We impose periodic boundary condition.
We choose cells number = 100 and Cy; = 4.
We choose the initial condition
Py 0 siz # 50
1 si¢ =50

(i.e. p? = Dirac in z = 0).




Influence of p?=! on the positivity of the DFF scheme

o.a: O.B:
o.e: 0»5:
0.4: 0.4:
o.z: 02:
o.o: o.o:

n=1 __ 0 n=1 __ 0
Pi = Piy1 Pi = Pi-1
(= LBM with o = 0) (= LBM with o = 1)
n=1 __ 1 0 0 n=1 _ 0
PP~ = 5(pi_1 + Pit1) i =P
(= LBM with a = 1) (# LBM)
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7 - Two strange properties

(At = Oy AxQ)

o Cd =0:
Lemma 4 When Cy =0 (i.e. At =0), the LBM* scheme

preserves the initial condition in the sense

Cqg=0 — YneN: pl'=plt2

Thus, the Du Fort-Frankel scheme verifies the same property when

the first iterate is defined with p=" = ap)_; + (1 — a)p}. ;.

o ('y=+00:

When C; — +00, we observe waves and discontinuities !!!




Dirichlet B.C. and C; = 1000

[ [
A} A}
Lo
N [
— Y
tn:10 tn:20
[ [
[ [
L)
// \\ e
tn:30 tn:40
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Neumann B.C. and C; = 1000

\ [
// \\ // \\
L)
ANVA -
tn:10 tn:20
[ [
[ [
// \\ // \\
[ [
A A
tn:40 tn:80
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We can explain this phenomena:

When Cy — +oo (i.e. At — 400), the LBM and LBM* is given by

)
n+l _ n
91, — 91,i+1>

’I’L—l—l _ n
92 — Y92,i-1;

n+1 = n+1 n—+1
L P =091, T 92, -

The distributions g, are advected with the velocity v, = (—1)‘1%—?’.

Thus, pI' cannot converge toward the stationary solution of the heat

equation when At — +00.




More precisely, we can prove that the consistency error [E of the
Dufort-Frankel scheme is given by E = —Vﬁ—ﬁ@%p + O(Ax?).

Thus, the equivalent equation is given by

_Ayc
At

Op = v(02,p — 502p) |+ O(Az?) with c

(telegraph equation).

— This means that the Du Fort-Frankel scheme is consistent

under the consistency condition At = (Y Afz.

Thus, when Cj — +00 or when At = C%'Az, the LBM scheme

solves the wave equation

Ax

0%p—c?0° p=0 ith = —.
tth C a:a:p W1 C At

This explains why there are waves and discontinuities

when Cj; — +o0.




Thus: although the LBM scheme is unconditionally stable,

we do not have to choose a large C};.

More precisely, the LBM scheme is consistent

under the condition At = C**Axz® (a > 1).

But, from a practical point of view, how to choose Cy 7

It depends on the test-case and on the mesh.




9 - Conclusion

e construction of two LBM schemes for d;p = v02?,_p;

e equivalence with a particular class of Du Fort-Frankel schemes for
periodic, Neumann and Dirichlet B.C.;

e convergence of this particular class of Du Fort-Frankel schemes in
L, for any At := C’dATxQ c RT:

e maximum principle for any At € R™ with periodic and order 2
Neumann B.C., but not with the order 2 Dirichlet B.C.;

e modification of the order 2 Dirichlet B.C. — LBM scheme with a
order 1 Dirichlet B.C.;

— maximum principle for any At € R* for the LBM scheme with
this new order 1 Dirichlet B.C.;

e it is possible to propose a probabilistic interpretation of the LBM
scheme and of the Du Fort-Frankel scheme: could it be a general
tool to analyse LBM schemes for other equations 7




