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Expansion of equations and solutions

Species distribution functions

Electrons

fe = f 0
e (1 +εφe +ε2φ2

e +ε3φ3
e ) +O(ε4),

Heavy particles i ∈ H

fi = f 0
i (1 + εφi + ε2φ2

i ) +O(ε3).

Boltzmann equations

Electrons

ε
−2D−2

e (f 0
e ) + ε

−1D−1
e (f 0

e , φe )

+ D0
e (f 0

e , φe , φ
2
e ) + εD1

e (f 0
e , φe , φ

2
e , φ

3
e )

= ε
−2

J
−2
e + ε

−1
J
−1
e

+ J
0
e + εJ

1
e +O(ε2),

Heavy particles i ∈ H

D0
i (f 0

i ) + εD1
i (f 0

i , φi ) = ε
−1

J
−1
i

+ J
0
i + εJ

1
i +O(ε2).

Constraints

Electrons

〈〈f 0
e , ψ̂

l
e〉〉e = 〈〈fe , ψ̂l

e〉〉e, l ∈ {1, 2},

Heavy particles i ∈ H

〈〈f 0
h , ψ̂

l
h〉〉h = 〈〈fh , ψ̂

l
h〉〉h,

l ∈ {1, . . . , nH+4}.



LB schemes for
multi-temperature

plamas

B. Graille

Outline

Macroscopic Model

Chapman-Enskog expansion

Macroscopic equations

LB scheme with
Source Terms

Description of the scheme

Formal Expansion and
Macroscopic Equations

LB scheme for
Electrons and
Heavy Particles

Description of the scheme

Formal Expansion and
Macroscopic Equations

Numerical Simulations

Conclusion

Resume of the Chapman-Enskog steps

Order Time Heavy particles Electrons

ε−2 t0
e Expression of f 0

e
Thermalization (Te)

ε−1 t0
h Expression of f 0

i , i ∈ H Equation for φe
Thermalization (Th) Zero-order momentum relation

ε0 t0 Equation for φi , i ∈ H Equation for φ2
e

Euler Drift-diffusion
First-order momentum relation

ε t0

ε
Navier-Stokes Second-order Drift-diffusion
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Order ε−2 — Electron thermalization

Proposition

The zero-order electron distribution function f 0
e , solution to the

Boltzmann equation at order ε−2, i .e., D−2
e (f 0

e ) = J−2
e , that

satisfies the scalar constraints is a Maxwell-Boltzmann distribution
function at the electron temperature

f 0
e = ne

(
1

2πTe

)3/2

exp

(
− 1

2Te
Ce·Ce

)
.
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Order ε−1 — Heavy particles thermalization

Proposition

The zero-order family of heavy-particle distribution functions f 0
h

solution to the Boltzmann equation at order ε−1, i .e., J−1
i = 0,

i ∈ H, that satisfies the scalar constraints is a family of
Maxwell-Boltzmann distribution functions at the heavy-particle
temperature

f 0
i = ni

(
mi

2πTh

)3/2

exp

(
− mi

2Th
Ci ·Ci

)
, i ∈ H.
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Order ε1 — Heavy particles Navier-Stokes

Proposition
the first-order conservation equations of heavy-particle mass,
momentum, and energy read

∂tρi + ∂x·(ρivh + ε
Mh
ρiVi ) = 0, i ∈ H,

∂t(ρhvh) + ∂x·(ρhvh⊗vh + 1
M2

h

pI) = − ε
M2

h

∂x·Πh + 1
M2

h

nqE + I∧B,

∂t(ρheh) + ∂x·(ρhehvh) = −(phI + εΠh):∂xvh − ε
Mh
∂x·qh + ε

Mh
Jh·E′

+ ∆E0
h + ε∆E1

h .
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Order ε1 — Electrons Drift-diffusion

Proposition
the first-order conservation equations of electron mass and energy
read

∂tρe + ∂x·
h
ρe
`
vh + 1

Mh
(Ve + εV2

e )
´i

= 0,

∂t(ρeee) + ∂x· (ρeeevh) = −pe∂x·vh − 1
Mh
∂x·
`
qe + εq2

e

´
+ 1

Mh

`
Je + εJ2

e

´
·E′ + δb0εMhJe·vh∧B + ∆E0

e + ε∆E1
e .
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LB scheme with Source Terms

Let us first introduce the framework of the scheme.

Space x lives in a Lattice α ⊂ Rd

Velocities belong to a finite set ν = {vj , 0 6 j 6 J}
The distribution of particles f is denoted by fj(x , t), 0 6 j 6 J

Momenta vector m = (mk)06k6j , is defined by the momenta
matrix

mk =
∑

06j6J

Mkj fj

The conserved momenta are mass ρ = m0 and directional
momenta qα = mα, 1 6 α 6 d

ρ =
∑

06j6J

fj , qα =
∑

06j6J

vαj fj

The source terms are given by ϕ = (ϕk)06k6J , with ϕk = 0
for d+1 6 k 6 J
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Description of the scheme

The scheme is composed by 4 steps that take into account
successively the different terms of the Boltzmann equation

relaxation towards equilibrium

first part of the source terms

free motion

second part of the source terms

Let us introduce relaxation parameters sk , 0 6 k 6 J, with sk = 0
for 0 6 k 6 d . The momenta m∗

k after collision satisfy

m∗
k = mk + sk(meq

k −mk), 0 6 k 6 J
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Description of the scheme

The scheme is composed by 4 steps that take into account
successively the different terms of the Boltzmann equation

relaxation towards equilibrium

first part of the source terms

free motion

second part of the source terms

Let us introduce the parameter a ∈ [0, 1] that ponders the first
and second part of the source terms. The momenta m̃k after this
step are given by

m̃k = m∗
k + a∆tϕk , 0 6 k 6 J
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Description of the scheme

The scheme is composed by 4 steps that take into account
successively the different terms of the Boltzmann equation

relaxation towards equilibrium

first part of the source terms

free motion

second part of the source terms

The free motion step mimics at the discrete level the free
evolution through characteristics

f̄j(x , t + ∆t) = f̃j(x − vj∆t, t), 0 6 j 6 J
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Description of the scheme

The scheme is composed by 4 steps that take into account
successively the different terms of the Boltzmann equation

relaxation towards equilibrium

first part of the source terms

free motion

second part of the source terms

The momenta m̂k after this step are given by

m̂k = m̄k + (1−a)∆tϕk , 0 6 k 6 J
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Description of the scheme

The scheme is composed by 4 steps that take into account
successively the different terms of the Boltzmann equation

relaxation towards equilibrium

first part of the source terms

free motion

second part of the source terms

The global scheme can be reduced to

mk(x , t+∆t) =
X

06j,l6J

MkjM
−1
jl

h
m∗l (x−vj ∆t, t) + a∆tϕl (x−vj ∆t, t)

i
+ (1−a)∆tϕk (x , t+∆t)

for 0 6 k 6 J
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Formal Expansion – zeroth-order

We investigate the Taylor expansion method proposed previously
by F. Dubois to LB scheme with source term.
The goal is to establish the equivalent partial differential equations
at second-order in the asymptotic limit ∆t goes to 0.

Proposition – zeroth-order

The momenta yield to equilibrium state

mk = meq
k +O(∆t), 0 6 k 6 J

m∗
k = meq

k +O(∆t), 0 6 k 6 J
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Formal Expansion – first-order

Let us introduce

F eq
αβ =

∑
06j6J

vαj vβj f eq
j 1 6 α, β 6 d

θk =
∑

06j6J

Mkj

(
∂t f

eq
j +

d∑
α=1

vαj ∂αf eq
j

)
d+1 6 k 6 J

Proposition – first-order equations

Mass conservation

∂tρ+
d∑
α=1

∂αqα = ϕ0 +O(∆t)

Momenta conservation for 1 6 α 6 d

∂tqα +
d∑
β=1

∂βF
eq
αβ = ϕα +O(∆t)

Expansion of the unconserved momenta

mk = meq
k −

∆t
sk
θk +O(∆t2), d+1 6 k 6 J

m∗
k = meq

k − ( 1
sk
− 1)∆t θk +O(∆t2), d+1 6 k 6 J



LB schemes for
multi-temperature

plamas

B. Graille

Outline

Macroscopic Model

Chapman-Enskog expansion

Macroscopic equations

LB scheme with
Source Terms

Description of the scheme

Formal Expansion and
Macroscopic Equations

LB scheme for
Electrons and
Heavy Particles

Description of the scheme

Formal Expansion and
Macroscopic Equations

Numerical Simulations

Conclusion

Formal Expansion – second-order

Let us introduce

Λk
αβ =

∑
06j6J

M−1
jk vαj vβj 1 6 α, β 6 d , 0 6 k 6 J

Proposition – second-order equations

Mass conservation

∂tρ+
d∑
α=1

∂αqα = ϕ0 + ( 1
2−a)∆t

(
∂tϕ0 +

d∑
α=1

∂αϕα
)

+O(∆t2)

Momenta conservation for 1 6 α 6 d

∂tqα +
d∑
β=1

∂βF
eq
αβ = ϕα + ( 1

2−a)∆t
(
∂tϕα +

d∑
β,γ=1

Λγαβ∂βϕγ
)

+ ∆t
J∑

k=d+1

d∑
β=1

Λk
αβ

(
1
sk
− 1

2

)
∂βθk +O(∆t2)
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LB scheme for Electrons and
Heavy Particles
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LB scheme for Electrons and Heavy Particles

Framework for two species (electrons–heavy particles)

Space x lives in a Lattice α ⊂ Rd

Velocities belong to a finite set ν = {vj , 0 6 j 6 J}
The distribution of electrons f e (resp. heavy particles f h) is
denoted by f e

j (x , t) (resp. f h
j (x , t)), 0 6 j 6 J

We define F = (f h
0 , . . . , f

h
J , f

e
0 , . . . , f

e
J )

The momenta m = (ρh, ρe , qh
1 , . . . , q

h
d , q

e
1 , . . . , q

e
d ,E , δE ) are

linked with F by the momenta matrix M, such that m = MF
with

M =



1 . . . 1 0 . . . 0
0 . . . 0 1 . . . 1
v1

0 . . . v1
J 0 . . . 0

.

.

.

.

.

.

.

.

.

.

.

.
vd

0 . . . vd
J 0 . . . 0

0 . . . 0 v1
0 . . . v1

J

.

.

.

.

.

.

.

.

.

.

.

.
0 . . . 0 vd

0 . . . vd
J

|v0|2/2 . . . |vJ |2/2 |v0|2/2 . . . |vJ |2/2
|v0|2/2 . . . |vJ |2/2 −|v0|2/2 . . . −|vJ |2/2


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LB scheme for Electrons and Heavy Particles

Framework for two species (electrons–heavy particles)

Space x lives in a Lattice α ⊂ Rd

Velocities belong to a finite set ν = {vj , 0 6 j 6 J}
The distribution of electrons f e (resp. heavy particles f h) is
denoted by f e

j (x , t) (resp. f h
j (x , t)), 0 6 j 6 J

We define F = (f h
0 , . . . , f

h
J , f

e
0 , . . . , f

e
J )

The momenta m = (ρh, ρe , qh
1 , . . . , q

h
d , q

e
1 , . . . , q

e
d ,E , δE ) are

linked with F by the momenta matrix M, such that m = MF

The masses ρh, ρe , the heavy particles momenta qh
1 , . . . , q

h
d ,

and the global energy E are conserved during the collision

The electron momenta qe
1 , . . . , q

e
d relax towards equilibrium

states defined by (qe
α)eq = qh

α(ρe/ρh)2

The exchanged energy term δE relaxes towards equilibrium
state defined by δE eq = 0
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Description of the scheme

Extending the velocities by periodicity vj = vj−J−1 for
J+1 6 j 6 2J+1, the global scheme can be reduced to

mk(x , t+∆t) =
2J+1∑
j,l=0

MkjM
−1
jl m∗

l (x−vj∆t, t)

where the momenta after collision are defined by

m∗
k = mk for k ∈ {0, 1, 2, . . . , d+1, 2d+2}

m∗
k = mk + sk(meq

k −mk) for k ∈ {d+2, . . . , 2d+1, 2d+3}
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Second-order mass conservation

Let us introduce

vh
α = qh

α/ρ
h, 1 6 α 6 d

θe
α =

∑
06j6J

vαj
(
∂t(f e

j )eq +
d∑
β=1

vβj ∂β(f e
j )eq

)
1 6 α 6 d

Proposition – heavy particles mass conservation

∂tρ
h +

d∑
α=1

∂αqh
α = O(∆t2)

Proposition – electron mass conservation

∂tρ
e +

d∑
α=1

∂α(ρevh
α) = ∆t

d∑
α=1

( 1
sα
− 1

2 )∂αθ
e
α +O(∆t2)
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Second-order momentum conservation

Let us introduce

ph = 1
d

∑
06j6J

|vj−vh|2(f h
j )eq

Παβ = −
d∑
γ=1

Λγαβ( 1
sγ
− 1

2 )θe
γ − ΛE

αβ( 1
sE
− 1

2 )θE 1 6 α, β 6 d

Λγαβ =
∑

06j6J

vαj vβj M−1
jγ+d+1, ΛE

αβ =
∑

06j6J

vαj vβj M−1
j2J+1

θE =
P

06j6J

1
2
|vj |2

h
∂t
`
(f h

j )eq−(f e
j )eq

´
+

dP
β=1

vβj ∂β
`
(f h

j )eq−(f e
j )eq

´i

Proposition – heavy particles momentum conservation

∂tq
h
α +

d∑
β=1

∂β(qh
αvh
β+phδαβ) = −∆t

d∑
β=1

∂βΠαβ +O(∆t2)
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Second-order global energy conservation

Let us introduce

H = E + ph + pe

pe = 1
d

∑
06j6J

|vj−vh|2(f e
j )eq

Qe
β = −

d∑
γ=1

Λγ2Jβ( 1
sγ
− 1

2 )θe
γ 1 6 β 6 d

Λγ2Jβ =
∑

06j6J

1
2 |vj |2vβj (M−1

jγ+d+1 + M−1
J+1+jγ+d+1)

Proposition – global energy conservation

∂tE +
d∑
β=1

∂β(Hvh
β) = −∆t

d∑
β=1

∂βQ
e
β +O(∆t2)
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Numerical Simulations



LB schemes for
multi-temperature

plamas

B. Graille

Outline

Macroscopic Model

Chapman-Enskog expansion

Macroscopic equations

LB scheme with
Source Terms

Description of the scheme

Formal Expansion and
Macroscopic Equations

LB scheme for
Electrons and
Heavy Particles

Description of the scheme

Formal Expansion and
Macroscopic Equations

Numerical Simulations

Conclusion

Framework

D1Q3 scheme with 2 species (h for ions and e for electrons)

Momenta matrix

M =


1 1 1 0 0 0
0 0 0 1 1 1
−1 0 1 0 0 0

0 0 0 −1 0 1
1/2 0 1/2 1/2 0 1/2
1/2 0 1/2 −1/2 0 −1/2


← heavy particle mass is conserved
← electron mass is conserved
← heavy particle momentum is conserved

← (qe )∗ = qe + sv (qhρe/ρh − qe )
← global energy is conserved
← (δE)∗ = δE + sE (0− δE)

The distribution of charge induces internal electric force
acting on each species
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In prospect

A more accurate calculus of the viscous stress tensor for
heavy particles. In particular, it seems to have a good
agreement with the model for symmetric mesh

Numerical simulations for three species (neutral, ions and
electron)

Add a chemistry term in the model because plasmas are
strongly reactive gas mixtures
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