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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT

Anisotropic advection-diffusion equations
Non-linear equations

Minimal velocity sets: D1Q3, D2Q5 & D3Q7
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model

Simple reflections

Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

, D2Q5 & D3Q7: anisotropic diagonal tensors
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

Hydrodynamic & anisotropic diffusion equations

D2Q9  but also D3Q13, D3Q19, D3Q27, ...
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations
Non-linear equations

LINK: & = —¢,

All elements are decomposed into their symmetric and
anti-symmetric components for any pair of opposite velocities J
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations
Non-linear equations

TRT: two-relaxation-times model (2004—)

QR-1 Q-1 Q-1

Mass: eozp—Ze:, p= qu: z:e;r

q=1 q=0 q=0
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

TRT: two-relaxation-times model (2004—)

fo(F+Cq, t+1) = (fo+es +e, )7 1), &

q » Mg = 1qg —€

Q-1 Q-1 Q-1

. _ + _ _ +

Mass: eo—p—Zeq , p= fq = &g
q=1 q=0 q=0

Mass source:
+ + q _ _
€ =7 € T % Hzgq *ZM‘?* ’

q=0 q=0

Momentum source:
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

TRT: two-relaxation-times model (2004—)

fo(F+Cq, t+1) = (fo+gd +g, )(Fot), gF = \ong , ng =f—ef

- -

Stokes Eq. for P(p) & j = pU AADE: 9,p+ V- pU =V -DVP

ef =t"P(p), P=cep ef =t"'P(p), Y P(p)
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

TRT: two-relaxation-times model (2004—)

1

Stokes Eq. for P(p) & j = pU AADE: d;p+V -pU =V -DVP

—

el =t"P(p), P=cep es =t"P(p), ¥ P(p)

Q
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

TRT: two-relaxation-times model (2004—)

Isotropic and hydrodynamic weightS' £42) — (m) =t}

q
Q-1
Zt CqaCqB8 = 0ap , Vi, 3, 32 tchacqﬁ =1,Va#p
q=1 qg=1
1 1 1
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TRT model for Micro/Macro Flow and Transport

Two-relaxation-time model

Simple reflections

Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

TRT: two-relaxation-times model (2004—)

Isotropic and hydrodynamic WeightS' £42) — (m) =t}

0 =
Q-1
Zt CqaCqB8 = 0ap , Vo, 3, 3 Z tchacqﬁ =1,Va#p
q=1 qg=1
U, 2\2 U 2
e = of + 365t Sl Y
Stokes —> Navier-Stokes D — D-D"™m
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

TRT: two-relaxation-times model (2004—)

Isotropic and hydrodynamic weights: tc(,a) = c(,m) =t

Q-1 Q-1
Ztgcqacqg =0ap, Vo, , 3 Z tc*,cf,acgﬁ =1,Va#p
q=1 qg=1

ANTI-DIFFUSION+NUMERICAL DIFFUSION= O

Do _ A- D+ U2—U2 Dy + Uy Uy~ Uy U,
Dy + UeUy— U, Dyy+U2— U2
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

TRT: two-relaxation-times model (2004—)

Stokes or Navier-Stokes Egs. Isotropic linear ADE
N =—(3+&)>0 AN=-(G+5)>0
1/:%, ng(%—ce)/\Jr Dao = N Ce, P = cep

“Magic” (ghost, kinetic) parameter is free:
A=ANAt>0
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT

Anisotropic advection-diffusion equations
Non-linear equations

No-sLIp (ZERO VELOCITY) CONDITION WITH BOUNCE-BACK:

fa(Fo, t +1) = (fo + & + &5 ) (7, 1)
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT

Anisotropic advection-diffusion equations
Non-linear equations

ZERO CONCENTRATION CONDITION WITH ANTI-BOUNCE-BACK:

ot t +1) = —(fg + &5 +85) (P )
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

Pesticide transport in cultivated soil porosity
Valérie Pot, Nadia Elyeznasni & Hassan Hammou, I'INRA

Optical
microscopy

Soil porosity
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations
Non-linear equations

Pesticide transport in cultivated soil porosity
Valérie Pot, Nadia Elyeznasni & Hassan Hammou, I'INRA

Optical
microscopy
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

Pesticide transport in cultivated soil porosity
Valérie Pot, Nadia Elyeznasni & Hassan Hammou, I'INRA

Optical

microscopy Pesticide plume
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TRT model for Micro/Macro Flow and Transport 2 time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations
Non-linear equations

Pesticide transport in cultivated soil porosity
Valérie Pot, Nadia Elyeznasni & Hassan Hammou, I'INRA

Uniform sorption +biofilm degradation
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

Full anisotropic 2D and 3D diffusion tensors

ANisoTrOPIC COLLISION: L (link) -operator

gq (F.t) = ATng(F.t) , gq (1) = Ay ng (7, t)

AL A Ay
A ( 2600+ (53—t +25) G-t = A7) >
ny Dyy

Irina Ginzburg Consistent two-relaxation-times LBE model for porous flow anc




TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations
Non-linear equations

Full anisotropic 2D and 3D diffusion tensors

ANisoTrOPIC COLLISION: L (link) -operator

gq (Fot) =XTng (7, t), g5 (F,t) = Ay ng (7, t)

A A

AL )\; Ay
L-operator reduces to TRT for hydrodynamics: A\, = A\~

TRT =MRTUL
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TRT model for Micro/Macro Flow and Transport Two-rela -time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

Full anisotropic 2D and 3D diffusion tensors

ANISOTROPIC EQUILIBRIUM:

et =t P(p) = ES P(p)

v
m
Q
=a
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TRT model for Micro/Macro Flow and Transport Two-relax -time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

Full anisotropic 2D and 3D diffusion tensors

ANISOTROPIC EQUILIBRIUM:

+ _ (m) +
Diagonal links : eq = tq P(p) = Eq P(p)

m a8 PapCqat D,
d2Q9,d3Q15 : Ef =t"c.+ ZSB P Dy ==L
a#3 tqatqB
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

Full anisotropic 2D and 3D diffusion tensors

ANISOTROPIC EQUILIBRIUM:

Diagonal links ¢
Za;ﬁﬁ D(Yﬁ CqaCqp Daﬁ

d2Q9,d3Q15 : Ef =¢Mc + , Do = 2L
! > a4 Caolap

Coordinate links
Minimal models & d2Q9, d3Q15

1
E;_ = t((qm)ce + 5 ;(Daa — Ce)Cgoz

— Za D(YOC

Mean : ¢ 4
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

Full anisotropic 2D and 3D diffusion tensors

AADE: 8,p+ V- pU =V -DVP

71 _
Dop = ch;):l Nq E;quccqﬂ
e;r = EjP(p)

Local diffusive flux:

D(p) = (A, &; - Eq) = DagVsP(p)
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

Full anisotropic 2D and 3D diffusion tensors

AADE: 8,p+ V- pU =V -DVP

71 _
{ Dop = ch;):l Nq E;quccqﬂ

e;r = EjP(p)

L-model TRT-model
e Anisotropic {A7 } e Isotropic {A; = A"}
@ Isotropic or Anisotropic @ Anisotropic {Ej}
{E5}

TRT freedoms : full models: {t{™, £}

- U
all models: U, cc.A™ = Yl , P=cep, and A
Peclet
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations
Non-linear equations

Full anisotropic 2D and 3D diffusion tensors

L-model _ B TRT-model
e Anisotropic {A7 } o Isotropic {A; = A~}

@ Isotropic or Anisotropic o Anisotropic {Ej}

{Eg}

*available anisotropy for pure diffusion
{ES > 0} & |Dagl| < ming Do, for d2Q9 and d3Q15.
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

Full anisotropic 2D and 3D diffusion tensors

L-model _ B TRT-model
e Anisotropic {A7 } o Isotropic {A; = A~}
@ Isotropic or Anisotropic . . n
e Anisotropic {E_}
{ES} 9

Heterogeneous D, : discontinuous A, or Ef ?

)V

z L
0 > 4 .

-

N
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

Full anisotropic 2D and 3D diffusion tensors

L-model _ B TRT-model
e Anisotropic {A7 } o Isotropic {A; = A~}
@ Isotropic or Anisotropic . . n
e Anisotropic {E_}
{ES} 9

Heterogeneous D, : discontinuous A, or E, ? Eigenvalues A !

)V

z L
0 > 4 .

-

N
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations
Non-linear equations

Dynamics of underground water tables
under rainfall episodes

Dynas Project: I'ENPC/Cemagref/I'INRIA 0" VT YT U7 U
2003-2004 S T P
Vector field = J J J
water-table 4| 4]
e |

0504706 08 1T 12714 16
X, [m]
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT

Anisotropic advection-diffusion equations

Non-linear equations

Richard’s equation for variably saturated flow

UNSATURATED ZONE: 6, < 6 < 6,
0:0+V-i=0
i=—K(0)K3(Vh0) +1,)

SATURATED ZONE: 6 = 6,

V-i=0
i=—KK3(Vh+1,)

Variables
e 4(7,t) water content
e h(0) pressure head, [L]
o K() = K,(0)Ks hydraulic conductivity, [L T~}]
o K,(0) relative hydraulic conductivity
o K, = ng saturated hydraulic conductivity, [L T71]
o kK< permeability tensor, K7 = | if isotropic
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT

Anisotropic advection-diffusion equations
Non-linear equations

Richard’s equation as the AADE

dep+V - j(p) = V- D(p)

ep =40 conserved quantity
°oj =-K([KLl] -1, non-linear convective flux
e —D = —K(p)[LK®L] - Vh(p) non-linear diffusive flux
o L =diag(l,ly, 1) grid transformation

from physical to cuboid (LBE) grid

tent two-relaxa es LBE model for porous flow anc



TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations
Non-linear equations

Computations on cuboid grid via anisotropic sub-grid

transformations

i
\
\
N

R OSNN

0.3 ——— S SR,

0.2 | o T

o1l T :

o 0z 04 06 08 T 12 °© 02 04 06 08 I 12
Distance x, [m] Distance x, [m]
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations
Non-linear equations

Equilibrium forms of Richard’'s equation

EQUILIBRIVM: € = " P(6) , e =0 — Y9 ef

DIFFUSIVE FLUX: D = A~V P(6) should fit D = K(0)V h(0)

f-based
P(6) = cet
ceN™ = K(0)9gh(0)
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

Equilibrium forms of Richard’'s equation

Pressure head 0
e i o £ 4
092 0% 0% 0% _~1 % i
©
-0 2o
@ ~
c I/
-0 1,
F3L | 1
& I/
-006 Eoql i |
a : "0y oty o
08 sl wEsT
0O 02 04 06 08 1
o Effective water content
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations
Non-linear equations

Equilibrium forms of Richard’'s equation

EQUILIBRIUM: e = t(m)P(H) , €0 =0— 23:_11 el

DIFFUSIVE FLUX: D = A~V P(6) should fit D = K(0)V h(0)

f-based Integral transforms
P(0) = cef — co [MO K(H)an
ceN™ = K(0)0ph(0) ce/\’ =1
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

Equilibrium forms of Richard’'s equation

EQUILIBRIVM: € = " P(6) , e =0 — Y9 ef

DIFFUSIVE FLUX: D = A~V P(6) should fit D = K(0)V h(0)

0-based 0/ h-based Integral transforms
P(9) = cet P(0) = ceh(0) P() = co [™ K(H')d
ceN\™ = K(0)0gh(0) ce\™ = K(0) A =1
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

Equilibrium forms of Richard’'s equation

EQUILIBRIVM: € = " P(6) , e =0 — Y9 ef

DIFFUSIVE FLUX: D = A~V P(6) should fit D = K(0)V h(0)

0-based 0/ h-based Integral transforms
P(9) = cet P(0) = ceh(0) P() = co [™ K(H')d
ceN\™ = K(0)0gh(0) ce\™ = K(0) A =1

Heterogeneous soils/grids: only P(0) = cch(0) is suitable
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

Equilibrium forms of Richard’'s equation

EQUILIBRIVM: € = " P(6) , e =0 — Y9 ef

DIFFUSIVE FLUX: D = A~V P(6) should fit D = K(0)V h(0)

0-based 0/ h-based Integral transforms
P(9) = cet P(0) = ceh(0) P() = co [™ K(H')d
ceN\™ = K(0)0gh(0) ce\™ = K(0) A =1

Non-linear equilibrium or non-linear eigenvalues ?

Linear stability Non-linear stability Improve stability ?
Stiff A=(6) Smoother A7 (6) Improve sharpness ?
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

Filling of expanded cavity with Bingham (plastic) fluid

predictions: A. N. Alexandrou, E. Duc & V. Entov, 2001

.
D=0 if ||T|| < To &T:(V—Fﬁ)D it ||T|| > To

Reynolds= % = 12.5 & Bingham= % =904
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT

Anisotropic advection-diffusion equations
Non-linear equations

Oil distribution in anisotropic fibrous material

relative permeability and capillary pressure versus saturation
ITWM, 1999-2002

Oil is wetting Oil is non-wetting
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

From mixture to steady distribution

Stokes flow with (ﬁ—g)’b =1&

vRIb _ R \phys _ (R \phys(p®\phys
(Ko = (15 yoms — ()25
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TRT model for Micro/Macro Flow and Transport Two-relaxation-time model
Simple reflections
Flow & transport with the TRT
Anisotropic advection-diffusion equations

Non-linear equations

From mixture to steady distribution

High viscosity values accelerate the convergence to steady state

Irina Ginzburg Consistent two-relaxation-times LBE model for porous flow anc



Linearity of linear equations ? Permeability measurements
Poiseuille flow with bounce-back
Brinkman model

Single-relaxation-time BGK operator*

Most popular and poor, BGK € TRT € MRT:

fo(F+Cqrt +1) = fo(F, ) + A(fg — €g) , AT =27 = A

*Y. Qian, D. d’'Humieres and P. Lallemand, Europhys. Lett. 1992.
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Linearity of linear equations ? Permeability measurements
Poiseuille flow with bounce-back
Brinkman model

Single-relaxation-time BGK operator*

Most popular and poor, BGK € TRT € MRT:

fo(F+Cqrt +1) = fo(F, ) + A(fg — €g) , AT =27 = A

BGK = TRT in cost but BGK cannot set Magic parameter A
o A=N2=7t2 =092

e AN — o0 when v — o

e AN—0 when v—0

*Y. Qian, D. d’'Humigres and P. Lallemand, Europhys. Lett. 1992.
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Linearity of linear equations ? Permeability measurements
Poiseuille flow with bounce-back

Brinkman model

Permeability measurements

Let us compute Stokes flow Lising the bounce-back,
then compute mean velocityfand derive permeability K of porous
structure from

Darcy’s Law:  vj = K(F — VP)

Irina Ginzburg Consistent two-relaxation-times LBE model for porous flow anc



Linearity of linear equations ?

Permeability measurements
Poiseuille flow with bounce-back
Brinkman model

Linear Stokes flow 7

TABLE SHOWS:

. k(A —k(AT=3)

versus At = 3v

/\+

1/8
15/2

k(AF=13)
203, ¢~ 0.965 | 903, ¢~ 0.941
BGK BGK
—0.077 —0.083
4.699 2.236

when all eigenvalues are equal !

@ The permeability depends on the viscosity of the modeled rowJ

Irina Ginzburg
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Linearity of linear equations ? Permeability measurements
Poiseuille flow with bounce-back
Brinkman model

Linear Stokes flow 7

k(AT)—k(At=3)

TABLE SHOWS: versus At = 3v

k(At=3)
AT 203, ¢ ~ 0.965 903, ¢~ 0.941
TRT BGK | TRT | BGK
1/8 10713 —0.077 | 1071 | —0.083
15/2 | —2.8x 1072 | 4699 | —10713 | 2.236

@ The permeability depends on the viscosity of the modeled flow
when all eigenvalues are equal !

@ But it is constant when A is fixed (1995) !
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Linearity of linear equations ? Permeability measurements
Poiseuille flow with bounce-back
Brinkman model

Effective location of no-slip walls

EXACT SOLUTION*:  HZ% = H?2 + A1
Hi = H if A=
Heg < H if A<

Hog > H if A >

&lwGlwgw

T

r¥IG & P. Adler, 1994

Consistent two-relaxation-times LBE model for porous flow anc
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Linearity of linear equations ? Permeability measurements
Poiseuille flow with bounce-back
Brinkman model

Effective location of no-slip walls

Bounce back permeability error:

k — kth
BGK : T = (487/2 — 1)
k—k" _(PA-1)

TRT o o

[N

e\

1*1G & P. Adler, 1994
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Linearity of linear equations ? Permeability measurements
Poiseuille flow with bounce-back

Brinkman model

Effective location of no-slip walls

SECOND ORDER NON-EQUILIBRIUM EXPANSION:

<
+ — — + _ &g
84 =0qeq » Ng = 3F
192,— — _A+92e— p— — 8o
Ogeq = —N"0zeq , ng = 3%

- _ 9 .+
8 = Oqng + 305€4

BOUNCE-BACK CLOSURE RELATION:
fa(Fo, t + 1) = (o, t) = fg + 8 + 84

— W7 - [ - ;
[eq +%g;__A &q ](rb) =0, € = t;(Jq—{_ACI FQ) ) _Fq = %83-/‘7

TOGETHER:
Q-1 o
o1 2 - . S S - . F
g + anlq + g/\ag./q](rb) =0, Jg=pl-Cq, pi= Z fqCq + Pl
q=1
ExACT TAYLOR EXPANSION ONLY IF A = = AND 6 = 3
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Linearity of linear equations ? Permeability measurements
Poiseuille flow with bounce-back

Brinkman model

Consistency of the LBE Brinkman model

Stokes equation with the resistance force

= v . = .
F:ﬂAu, where F =K vi

¢

¢: porosity, K : prescribed permeability tensor

Irina Ginzburg Consistent two-relaxation-times LBE model for porous flow anc



Linearity of linear equations ? Permeability measurements
Poiseuille flow with bounce-back
Brinkman model

Consistency of the LBE Brinkman model

Stokes equation with the resistance force
— % o — N
F:%Au, where F =K vi

X. Nie & N. S. Martys : “Breakdown of Chapman-Enskog
expansion and the anisotropic effect for lattice-Boltzmann models
of porous media” (Phys. Fluids, 2007):
the apparent BGK viscosity differs from the predicted,

AT
Vor 7 3
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Steady state recurrence and conservation equations

. . Parametrization of boundary-schemes
Physical and collision numbers

Links with the infinite Chapman-Enskog expansion
Force variation

Consider one pair of evolution equations

7 _

aNell

[

.Y
o 3|
+

Qﬁl
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Steady state recurrence and conservation equations

Parametrization of boundary-schemes
Links with the infinite Chapman-Enskog expansion

Physical and collision numbers
Force variation

. F—.EI fE]
fy
Lo

and another pair (back)

imes LBE model for porous flow a
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Steady state recurrence and conservation equations

. . Parametrization of boundary-schemes
Physical and collision numbers

Links with the infinite Chapman-Enskog expansion
Force variation

The L—operator is equivalent to recurrence equations:
_ 1
(o 2+ +1(7
8q (r) = [Aqej - Aqueq + (/\q - Z)A?;gq ](r)
using the link-wise finite-difference operators:

Bodl7) = (67 +8) — b7 — &)
D2O(F) = o7+ Tg) — 20(7) + 67 — &)
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Steady state recurrence and conservation equations
Parametrization of boundary-schemes

Links with the infinite Chapman-Enskog expansion
Force variation

Physical and collision numbers

The L—operator is equivalent to recurrence equations:
gqi(F) = [Aqej _AZ:Aieét—i_(/\ - 7)Ang]( )
Bulk solution is:
gq (F) = 1qled) —2A{Tq(eg) ,

Yq(#) and T'4(¢) obey :

Yq : odd-order variation of ¢ = e
- 1
Yq(¢) = Dgop+ (Ag— Z)A?ﬂq(qﬁ) ;
g : even-order variation of ¢ = ejt

1
M4(¢) = A3¢ +2(Ag — Z)Aérq(ﬁb) .
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Steady state recurrence and conservation equations

. . Parametrization of boundary-schemes
Physical and collision numbers

Links with the infinite Chapman-Enskog expansion
Force variation

The L—operator is equivalent to recurrence equations:
(o A 2+
8q (f) = [Aqej - Aqueq + (/\q ) ng ]( )

Exact macroscopic equations are:

Q-1 Q-1 ~
> 8 =0, g é=F
q=0 q=0
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Steady state recurrence and conservation equations
Parametrization of boundary-schemes

Links with the infinite Chapman-Enskog expansion
Force variation

Physical and collision numbers

Steady Stokes equation

Substituting Stokes equilibrium distribution
Jg=1t30-G) . Fg=1t(F-cq), Py =1t3P(p)

Mass <A™
(Aq/\Jrj; : 1q) = /\(AZP; : 1q)

1 e
—(N= ) % (A37a(NJy) + MAZg(Fg) = 20A2T o(Pg)] - 1q)

Momentum
(BgPy-Cp) = F + (D2NY)5 - &) + NA2F; - &)
1 . )
—(N =) X (1B57a(P) = 283T4(AJ) = 20AZTG(F)] - &)
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Steady state recurrence and conservation equations
Parametrization of boundary-schemes

Links with the infinite Chapman-Enskog expansion
Force variation

Physical and collision numbers

Parametrization of the bounce-back

EXACT STEADY STATE CLOSURE RELATION:

_ 1 I
leg + 88 — A g5 1(7) =0

Then the closure relation becomes (multiplying by A™):

2

"k * 1 x *
(A7) + ARG+ (1g(NTJg)+Mvg(Fg) — 2AT4(Py)
+ 2N(Tg(Ajg) +2ATg(Fg) — Ayg(Pg)) =

0.

THEN BOUNCE-BACK MAINTAINS THE PROPERTIES OF BULK
SOLUTION ! And the TRT/MRT gives viscosity independent
permeability for fixed \ !
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Steady state recurrence and conservation equations
Parametrization of boundary-schemes

Links with the infinite Chapman-Enskog expansion
Force variation

Physical and collision numbers

From recurrence solution to Chapman-Enskog expansion

Expand the recurrence solution:
- 1
Yq(0) = DBgp+ (Ag— Z)Agﬂq(ﬁf)) )
1
2Mq(#) = B30 +2(Ag—;)A54(0)

into series around the equilibrium:
ax-102"1¢ a0 ¢
7q(¢):ZW7 rq(¢):ZW;
k>1 k>1
also replacing the central-difference operators by the series:

_ a2k 1,(/} 2k

k>1
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Steady state recurrence and conservation equations
Parametrization of boundary-schemes

Links with the infinite Chapman-Enskog expansion
Force variation

Physical and collision numbers

From recurrence solution to Chapman-Enskog expansion

the solution of recurrence equations is:

_ a2k—1¢ 82k¢
7q(¢)zza2(k2:_ql)!a rq(¢)zzaz(l;lj)!a

i1 k>1
where

a = 1,a=1,

1 (2k — 1)!
1 = 1+4+2(A;— - -
k-1 +2(Aq 4) Z a2n 1(2n_1)!(2(k—n))!’
1<n<k
(2k)!

1
N 1+2(/\q4)1;k"’2"(2n)!(2(k—n))!'
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Steady state recurrence and conservation equations
Parametrization of boundary-schemes

Links with the infinite Chapman-Enskog expansion
Force variation

Physical and collision numbers

Back to Brinkman problem

The second order correction in the RHS of NSE is:

. AT S
err(F)y =V - ?V/\*F
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Steady state recurrence and conservation equations
Parametrization of boundary-schemes

Links with the infinite Chapman-Enskog expansion
Force variation

Physical and collision numbers

Back to Brinkman problem

The second order correction in the RHS of NSE is:

. AT R
err(F)y =V - ?V/\*F
The second-order error for the resistance force is:

via A
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Steady state recurrence and conservation equations
Parametrization of boundary-schemes

Links with the infinite Chapman-Enskog expansion
Force variation

Physical and collision numbers

Back to Brinkman problem

The second order correction in the RHS of NSE is:

. AT .
err(F) =V - ?V/\_F

The second-order error for the resistance force is:

err(F = —%) = —AVAU

The exact effective viscosity coefficient, either from the
recurrence equations or the infinite Chapman-Enskog
expansion, for parallel (62 = 1) and diagonal (6% = }) flows:

A 2 1
1-—— +—(A— =
v = vl + (A= 7))
It depends on the orientation (©2 !), except for A = !
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Time Discretization
Notes on the optimal stability

Recurrence equations for time dependent problems

Aed™ +NTAFOT = —(Sg-vg)

SE(Ft) = Dgel —NTAZef + (N — - )AZgE
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Time Discretization
Notes on the optimal stability

Recurrence equations for time dependent problems

Aed™ +NTAFOT = —(Sg-vg)

SE(Ft) = Dgel —NTAZef + (N — - )AZgE
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Time Discretization
Notes on the optimal stability

Recurrence equations for time dependent problems

Equivalent diffusion equation when A = 1 is:

plt+1) = p(t—1)
2

=N ceX

Q-1
£ (p(F+ &5, 1) — (p(Fot — 1) + p(7, t + 1)) + p(F — &, 1))
1

Q
Il
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Time Discretization
Notes on the optimal stability

Recurrence equations for time dependent problems

Equivalent diffusion equation when A = % is:
t+1)—p(t—1
MDD
Q-1
" (p(F + €, ) = (p(F.t = 1) + p(F, t 4 1)) + p(F — &, 1))
q=1

This is idea of Du Fort-Frankel diffusion scheme, M. T.A.C. 1953:
explicit and unconditionally stable |
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Time Discretization
Notes on the optimal stability

Recurrence equations for time dependent problems

Equivalent diffusion equation when A = 1 is:

1) — -1
Aeet)—ple=D)

(o7 + &, t) = (p(Frt— 1)+ p(Fot + 1))+ pl7 — &, 1))

This is idea of Du Fort-Frankel diffusion scheme, M. T.A.C. 1953:
explicit and unconditionally stable |

Optimal stability of
OTRT = TRT(A = 1) = TRT(2 %A~ = —1):
the same stability for any A~ and AT provided that A“AT = l
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Summary

Towards conclusion

THE MAGIC PARAMETER A CONTROLS

O Stability
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Summary

Towards conclusion

THE MAGIC PARAMETER A CONTROLS
O Stability

@ Consistency and accuracy (beyond the second order) of bulk
solutions at steady state

o They are set on a given grid when Reynold/Peclet and A are
constant !
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Summary

Towards conclusion

THE MAGIC PARAMETER A CONTROLS
O Stability

@ Consistency and accuracy (beyond the second order) of bulk
solutions at steady state

© The boundary/interface accomodation layers

'

r—

Talell

[
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Summary

Towards conclusion

THE MAGIC PARAMETER A CONTROLS
O Stability

@ Consistency and accuracy (beyond the second order) of bulk
solutions at steady state

© There exist the infinite number of second and third order
accurate consistent boundary schemes.

R + (5q E},

R, — &, A /?W_—Fb+a,
1
T
??
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Summary

Towards conclusion

THE MAGIC PARAMETER A CONTROLS
Q Stability
@ Consistency and accuracy (beyond the second order) of bulk
solutions at steady state
© The third-order accurate schemes are exact for inclined
Poiseuille flow at any A and they shift the dependency on A
beyond the second order.

Cl @ L —
+
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Summary

Towards conclusion

THE MAGIC PARAMETER A CONTROLS
O Stability

@ Consistency and accuracy (beyond the second order) of bulk
solutions at steady state

© The boundary/interface accomodation layers

@ A compromise between the advanced efficiency and precision
is Iooked for:
A= 4 ' 16 ,6(O(h4) =0), 12(O(h3) =0),...777
permeability measurements in CT images better agree with
the experiment when A\ — 0...
courtesy of Valérie Pot (INRA) and Laurent Talon (FAST)
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Summary

Thanks to

DOMINIQUE D’HUMIERES, L’ENS PARIS
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Eloise Beaugendre & Alexandre Ern, I'ENPC
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