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Motivation

Macroscopic Scale

1
pDiu = -Vp+ —V-o

Re
Df = ()t + u-V
pv

0 = [(Vu)+(Vu)']

N > Ny = 6.02-10%
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Microscopic Scale

OH OH
gk = 8Pk’ Pr = _qu
H— Z D+KN 2 +V
i = Hz/;

h2

=~V +V]
h~6.62-10734(J -s)
c~2.99-10%(m/s)
a~5-10"(m)
te & 2.41-10717(s)
m ~ 1077 (kg)
N=1,2,..., Ny
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Motivation

Microscopic Scale

Mesoscopic Scale Macroscopic Scale

e

D+KN 2 f=f(z & t) D=0t uv
— Z, S, 4
H= T+ v ) - = 2 (V) + (Tu)]
7“* = H’lw’ e=Kn=—, Ma=— 2
K2 ; I ‘e /JQI(V )

—ﬁz;j\:]V%V kp ~ 1.38-10723(J/°K)
h~ 6.62 - 10734(J - )| [ERIOE0(A)

- ﬁ
¢~ 2.99-10%(m/s) ~ 10 - 100 (nm) v~ 1075-107* (m?/s)

a ~5-107 (m) T~ 1071%(s)
tq ~2.41-10717(s)  ||€s =300 (m/s)
m ~ 1077 (kg)
N=1,2, ..., Ny N>1 N > N4~ 6.02-10%3
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Motivation

Macro-Descriptions of Fluids

B Mean Free Path
L Characteristic Hydrodynamic Length

Knudsen Number Kn :=

Macroscopic (Continuum) Theory (Kn = 0)
PDESs of Conservation Laws

Navier-Stokes Euler
Equations Equations

Super-Burnett|[ Burnett Turbulence Models
Equation Equation RANS, LES, - - -

Gas-Kinetlc
Scheme
R R
Direct Simulation Discrete Discrete Moment Linear Relaxation Models
Monte Carlo Velocity Models | | Ordinance Method Equatlons System of Finite Moments bt
BRIy
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Motivation

In the Course of Hydrodynamic Events ...

Ma (Mach) and Kn (Knudsen) characterize nonequilibrium

Van Karmen relation based on Navier-Stokes equation (Kn=0(¢)): Ma=Re-Kn

H Rex1 ‘ Rer1 ‘ Rex>1
Stokes Flows Incompressible Navier-Stokes Flows
Mak1
Ma=0(e?), Re=0(¢) Ma=0(g), Re=0(1) Ma=0(e!'~%), Re=0(s~%)
Mol Sub/Transonic Flows
Ma=0(1), Re=O(e~1)
Ma>1 Super/Hypersonic Flows
Ma=0(e~1), Re=0(e72)
With the framework of kinetic theory (Boltzmann equation)
Hydrodynamics Slip Flow Transitional Free Molecular
Kn<107—3 1073<Kn<10~1! 10~ 1<Kn<10 10<Kn

s
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Motivation Theory of LBE

A Priori Derivation of Lattice Boltzmann Equation

The Boltzmann Equation for f := f(«, &, t) with BGK approximation:
of +6VF = [Ifif= b~ £ === 171 ()

The Boltzmann-Maxwellian equilibrium distribution function:

fwzp@wr@@ap[“;;V} 0:=RT (2)

The macroscopic variables are the first few moments of f and f®:

p= [ rag= [ rode. (3a)

pu= [erae— [eroae, (3)
m=;/@—w%@=;/@—w%%ﬁ- (5
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Motivation Theory of LBE

Integral Solution of Continuous Boltzmann Equation

Rewrite the Boltzmann BGK Equation in the form of ODE:
Dif +5f =51, Dyi= 0+ €. (4)
Integrate Eq. (4) over a time step d; along characteristics:
f(@+ &b, & t+0) = e f(a, & 1) (5)
+§e*‘”” /05[ O (gt € 1) dt

By Taylor expansion, and with 7 := \/d;, we obtain:

f(m +€6t-/ 57 t+ 6t) - f(m/ 57 IL) - _%[f(aaﬁ 57 t) - f(O)(wa 57 t)] + O((StQ) .
(6)

Note that a finite-volume scheme or higher-order schemes can also be _,
formulated based upon the integral solution. PR
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Motivation Theory of LBE

Passage to Lattice Boltzmann Equation

Three necessary steps to derive LBE:!:2
© Low Mach number expansion of the distribution functions;

@ Discretize &-space with necessary and min. number of &,;
@ Discretization of x space according to {&,}.

Low Mach Number (u ~ 0) Expansion of the distribution functions f
and f up to O(u?) is sufficient to derive the Navier-Stokes equations:

w_ P & Eu  (&-u)? W

I = Graypr Xp[ 29] {H T 29}+O( ). (7a)

F= o en|- £Q}Za<n><m ) H(E), (7h)
(270)P/2 20] ~

where a® =1, a) = u, a® = wu — (6 — 1)1, and {H™ (¢)} are
generalized Hermite polynomials.

1 =

X. He and L.-S. Luo, Phys. Rev. E 55:R6333 (1997); tbid 56:6811 (1997).
2X. Shan and X. He, Phys. Rev. Lett. 80:65 (1998).

Luo (Math Dept, ODU) DNS Turbulence Paris, 01/19/2010 10 / 49



Motivation Theory of LBE

Discretization and Conservation Laws

The conservation laws are preserved exactly, if the hydrodynamic
moments (p, pu, and pe) are evaluated exactly:

1= / £ e g = / exp(—€2/20) (€)dE, (8)

where 0 < m < 3, and ¥(&) is a polynomial in £&. The above integral
can be evaluated by quadrature:

1= [ exp(-€/20)u(€)de - S Wies-g00E) O

where £; and W) are the abscissas and the weights. Then
p= Z FEP=" fas pu= Zea ()= Zsafa, (10)
where fo := fo(z, t) = Waf(z, &a, t), and f(eq) = WafC(z, &a, t).

The quadrature must preserve the conservation laws exactly! ol
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Motivation Theory of LBE

In two-dimensional Cartesian (momentum) space, set

(&) = &'y,

the integral of the moments can be given by

—+00
I=(V20)"m LI, Im = / e ¢mde,  (11)

—0o0

where ( = &, /v20 or &,/v26.
The second-order Hermite formula (k = 2) is the optimal choice to
evaluate I, for the purpose of deriving the 9-bit model, i.e.,

3
Im = Z ch;»n.
7=1

Note that the above quadrature is exact up to m =5 = (2k +1). "=
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Motivation Theory of LBE

The three abscissas in momentum space ((;) and the corresponding

weights (w;) are:

G=-3/2, (=0, (s =1/3/2,
wlzﬁ/G, WQZQﬁ/B, W3:ﬁ/6.

Then, the integral of moments becomes:

I = w21/) ZWWJQ"/) Ea Z%?/J Eoz 5

a=1
where
(07 O) o = 0,
€n =14 (£1,0)V30, (0, £1)v30, a=1 4,
(+1, £1)V/30, a=>5-8.
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Motivation Theory of LBE

Identifying
Wa = (27 0) exp(€2/20) wa , (15)

with ¢ := 6,/0; = V30, or ¢2 = 0 = ¢?/3, &, is the lattice constant,
then:

fo(zeq)(a:v t) - Woéf(eq)(wv &a, t)
et e 3

c2 2c4 2c2

where weight coefficient w, and discrete velocity ¢, are:

4/9a (0’ O)v a=0,
We =% 1/9, e =& =4 (£1,0)c, (0, £1l)e, a=1-4, (17)
1/36, (£1, £1)c, a=5-8.
With {c,|la =0, 1, ..., 8}, a square lattice structure is constructed in_
the physical space. el
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Motivation Theory of LBE

With Cartesian coordinates in &-space, a 2D square lattice is obtained:

(0, 0), a=0,
ca=1{ (£1,0)¢c, (0, £1)¢, a=1-4,
(£1, £1) ¢, a=5-8.

L. LN L

S 6

If spherical coordinates are used, a 2D triangular lattice is obtained.

c _{(0,0), Oé:(),
* | (cos((aw —1)m/3), sin((aw — 1)7/3)) ¢, a=1-6.
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Motivation D3Q19

D3Q19 MRT-LBE Model

£ + €, b+ 66) = £y, )~ M-S [m—m(], (18)

19 11
eV = —116p+ —j-j, €V =35p—-—j-j, (19a)
Po 2po
2, ..
(qg(ceOL)7 qéeQ), qgeoﬂ) — _g(jm Jy» ]Z), (19b)
1 . . . 1 .. .
p&i?) = 3710 [2.75 - (35 +J§)]7 p1(§1611)) = % [35 - jz]: (19¢)
1. . 1. 1.
p;‘f‘) = %]:p]y; pz(,‘iq) = %]y]z» pgzq) = %Jm]m (19d)
1 1
re = —Lpten e — Lo (19¢)
mled) = mgeq) = {9 = 0, (19f
where §p is the density fluctuation, p = pg + dp and pg = 1. ol
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Motivation D3Q19

D3Q19 MRT-LBE Model (cont)

Conserved quantities:

Q-1 Q-1
6/): Zfl) J:PDU: Zfici7
=0 =0

Transport coefficients and the speed of sound:

1/1 1 S B5=9) 11 s 1
SR IR e
where ¢ := 0x/0t.

The transform between the discrete distribution functions f € V = R?
and the moments m € M = R%:

m=M-f, f=M"!' m.

Note that M~! is related MT. ol
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Motivation D3Q19

Implement LBE Computation

Implementation:
@ Initialize uo(x;), po(x;) = 1 or a consistent solution from u;
@ TInitialize f(x;, o) = £V (pg, ug)
@ Advection: f(xzj,t9) — f(x; + cds, to + 6¢)
@ Collision:

o Compute moments m = M - f and their equilibria m(¢®;
o Relaxation: m* = —S - [m — m(°9];
o Go back to velocity space: f* =f + M~ . m*;

@ Go to Advection ...
Features of LBE:
e A 2nd-order central-finite difference scheme;
e Larger stencil — isotropy (2nd order);
e No stagger grid needed for incompressible Navier-Stokes equation;

o Related to “artificial compressibility” method; oy
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Results = Vortex

A vortex ring impacting a flat plate

For a vortex ring of initial
circulation I', radius ry, and core
radius o, the initial velocity is:

e I 4
w =5 <1 e n (20)
where 7 is the distance from the
core center, o/rg = 0.21. 1
The domain size is Vortex ring o
LxW x H=12ry x 12rg X Trg. Plane wall
The resolution is rg = 300,

Nz x Ny x N, = 360 x 360 x 210.

The Reynold number is Re = 2roUs /v, Us = (I'/4dmro)[In(8rg /o) — 1/4]
is the initial translational speed of the ring.

s
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Results = Vortex

Vortex structure: Re = 100, 500, 1,000; 8 = 20°
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Results = Vortex

Vortex structure: 8 = 0, 30°, 40°; Re = 500

a9 @ = & &8
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Motivation

@ What is a DNS of turbulence?
o Numerical methods without explicit turbulence modeling?
e Schemes which demonstrably resolve everything up to the smallest
dynamically relevant scale?
In the latter sense, spectral-type methods are the only ones
completely true to this meaning of “DNS” we know of.
@ What is the best way to construct a good (high-order) numerical
scheme for DNS/CFD?
We will compare the LBE method, a second-order method, with a
pseudo-spectral method, an exponentially accurate and the de facto
method for homogeneous turbulence.

s
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Results = DNS

Decaying Homogeneous Isotropic Turbulence

The decaying homogeneous isotropic turbulence is the solution of the

incompressible Navier-Stokes equation

du+u-Vu=-Vp+vViu, V.-u=0 =xc [0, 27r]3,

(21)

with periodic boundary conditions. The initial velocity satisfies a given

initial energy spectrum Fy(k)
Eo(k) = E(k, t = 0) = Ak*e O k€ [ky, k).
The initial velocity ug can be given by Rogallo procedure:

akky + mﬁk% Bkoks — akik . B/K? + kgk
3

_|_ —
WERE kR k
where o = \/Eqo(k)/4mk2e? cos ¢, 8 = \/Eo(k)/4mk2e?? sin ¢,

1:=+/—1, and 01, 65, ¢ € [0, 27| are uniform random variables.

uo(k) =
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Results DNS

Low-Order Turbulence Statistics

The energy and the compensated spectra:

a(k, t)-al(k, t), k) :=ek)BBE®WR), (24)

DN |

E(k, t) =

And the pressure spectrum P(k, t). Low-order moments of E(k, t):

K(t) := /dk:E(k t), Qt):= /dkaE(k,t) (25a)

e(t) := 2vQ(t), = /v (25Db)
S () = M Sut) =<3 8 (25¢)
T (@ T 3 e
_ ((0mua)*) _1
RO = (gume BO=gTR @
We will also compare instantaneous flows fields u(x, t) and w(x, t). o

Luo (Math Dept, ODU) DNS Turbulence Paris, 01/19/2010 24 / 49



Pseudo-Spectral Method

The pseudo-spectral (PS) method solve the Navier-Stokes equation in
the Fourier space k, i.e.,

u(z, t) =Y alk, t)e®®  —N/2+1 <k, < NJ2.

@ The nonlinear term u - Vu computed in physical space « by
inverse Fourier-transform w and ku to « for form the nonlinear
term; and it is transformed back to k space;

o De-aliasing: u(k, t) = 0 V| k|| > N/6;
e Time matching: second-order Adams-Bashforth scheme:
u(t + ot) — u(t) 3~

1 2
—_°T “T(t — —vk=dt
2 DT + 5T — bt

- win

where T := Flw x u] — (Flw x u] - k)k. oy
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Parameters in DNS

Use N3 = 128% and [k, k] = [3, 8].

In LBE: v = 1/600 (céx), ¢ := dz /6t = 1, Mamax = ||%0|/max/cs < 0.15,
A =1.4293-10* in Ey(k), and Ko ~ 1.0130 - 1072, up ~ 8.2181 - 1072,
The time ¢ is normalized by the turbulence turn-over time ¢ty = Ky/eg.
In SP method, Ky =1 and u), = \/2/3.

| Method | L [ 6z [  wf | ot | v | ot ]
LBE 21 | 21/N | \/2Ko/3 2w /N v 21 /Ntg
PS 27 | 2w /N 2/3 | 2nvKo/N | v/ Ko | 2m/Ntg

The Taylor microscale Reynolds number:

u' A /15 , [15v
By = — = —=u = — 2
Re) o A 50" U (26)

The resolution criterion:
SP: N ~ 0.4Re?, n/éz >1/2.1, N =128 — Rey = 46.78
LBE nkmax - 7]/51; Z 1, N - 128 — Re)\ - 2435 wﬁ\m
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Results = DNS

Initial Conditions

For the psuedo-spectral method:
o Generate ug(k) in k-space with a given Ey(k) (Rogallo’s
procedure) with Ky =1 and v = /3/2;
o The initial pressure pg is obtained by solving the Poisson equation
in k-space.
For the LBE method:

@ Use the initial velocity ug as in PS method except a scaling factor
so that May,.x = 0.15;

@ The pressure pg is obtained by an iterative procedure with a given

U0.3

3R4 Mei, L.-S. Luo, P. Lallemand, and D. d’Humigres, Computers & Fluids 35(8/9):855-862 (2006).
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DNS

K(t')/ Ko, €(t')/eo, and n(t')/ox

K" := /dk:E(k:, t), e(t):=2v /dkaE(k, t, nt") = /v3/e(t)

Rey = 24.37, v = 1/600, ny/dx ~ 1.036.

T i T
10 “.\

Re=2435

5]
T

5]
T

i ul
niéx

R(CVEK,, (e,

107 E
= Energy (LBE) \ E

—— — Dissipation (LBE) : 1
ot T Energy (PS) \_
—— — Dissipation (PS) E
e L 0" y

r
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Decaying exponent n

K(0)/Ko~ (¢ f10) ", (t)/0 ~ (¢ 1)+
~ InK(t;) —In K(t)) Ine(t;) —Ine(t))

Ng = , n.+1=
In tj - lnti : lntj - lnti
— — - T — ™)
———— Ezergy (LBE) R | —&—— Energy (LBE)
————— Dissipation (LBE) | | —<©—— Dissipation (LBE)
———— Energy (PS) ———— Energy (PS)
3'_ == = = Dissipation (PS) 3 | = = = Dissipation (PS) a
il “ w \
g AT y g
z M‘ ] (\H z
& H] &
=Lk | i HI\’HH‘ = Lb .
it il I |
il ]
Re=24.35 Re=24.35 |
o o %0 ‘ 30 'o ‘ o P 20 3 Raon
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4

a(k, t') - ak, t7,

Uk, t') := k53 2BE(k, t)

=8 = r=0.1349 (PS)

| = =P = =8.0962 (PS)

™ T T T T

— =0

e '=0.1349 (LB)
e 1'=0.5397 (LB)
— {'=4.0481 (LB)
m— 1'=8.0962 (LB)
— 1'=16.192 (LB)
— '=29.146 (LB)

—6 = =0.5397 (PS)
—-© = =4.0481 (PS)

— @ = =16.192 (PS)
——y == £=29.146 (PS)

TTrrni
| ZS A X Y]
Trrrni

=0

1'=0.1349 (LB)
£=1.0795 (LB)
1'=4.0481 (LB)
£=8.0962 (LB)
1'=16.192 (LB)
£=29.146 (LB)
1'=0.1349 (PS)
£=1.0795 (PS)
1'=4.0481 (PS)
£=8.0962 (PS)
1'=16.192 (PS)
1'=29.146 (PS)

ODU)




Results DNS

Skewness S, and Flatness F,

T
Su, 0BE) Ro=24.35 ‘ Fu, (LBE) Re=24.35

<(8aua)3>
<(3aua)2>3/2 s

1
Sy = 32@:%

<(8aua)4>
((Oaua)?)?

F, = %ZFU
e

Su, () ==

F, (t):=

560
B0y
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Acoustics, Rey, = 24.37

From left to right: the rms pressure dp/(t")/0pj, the pressure spectra
P(k, t"), and the velocity divergence ©'(t')/wy(:

T
Re=24.35

rrrr— T o T
s . im
— I
oot |
0'h ]
10
o ~ -
3
b3 e 2
£ £ s
3 g 3
Bl | S &
0005 g
1
0k E 0962 5) "
£-16.192 () N
Re=2435 £229.146 °5)
TINNY R \ A, \ ) |
6% 6 2656 40 0 7 S
v & v

01/19/2010
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Results = DNS

Acoustics, Re) = 24.37 (o,

The Fourier transform of the fluctuating parts of ©'(¢') and F,,(¢'). The
normalized basic frequency is:

Re=24.35

0.0001 -

')

FAf)

s
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Results DNS

K(t')/ Ko, €(t')/eo, and n(t')/ox

Ko, 8 ),

100

Ky

Rey = 40.67
v =1/1000

;770 = 4/ 3/5 ~ 0.77 0] A + i 1005 o IB\RFAOM
X

10'

Rey = 72.37
v =1/1800

To
— =4/1/3~0.55
ox /

£10°

Re=72.37
103457 & L H
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Result

DNS

Energy and compensated spectra

r=0
£=0.1616 (LB)
It

=8.2417 (PS)
£=16.483 (PS)
=l = 1'=29.088 (PS)

0217 LB)
£=4.0869 (LB)
.1738 (LB)

6347 (PS)
£=29.289 (PS)

Y(k, 1)

£=1.0504 (PS)
1=4.3632 (PS)
£=8.2417 (PS)
=16.483 (PS)
£=29.088 (PS)

O
TOMINION




Results DNS

Skewness S, and Flatness F), at Re) =

Fron left to right: LBE and averaged-LBE vs. PS1, and PS1 vs. PS2

T T

T T

T T T T
Su, (LBE) Re=40.67 —5— su, (LBE) Re=40.67 —e— su,(Ps2) Re=40.67
Su! (L8E) o suse) o sups2)
Su, (LBE) —S— Sul(LBE) —&— su(Ps2)
Su'LBE) —>— sl ok —>— sues2 ‘|
. - Su, (S 1)

b ° Su, (PS)

Su, (PS)
su, (S)
- su. (PS)
— suPS)

540
S0
540

s L
3 70 2 30 6 2 30 i 2 EY
v v 4
T T T T T
—a— Fu, (LBE) Re=40.67 —a— Fu, (PS2) Re=40.67
—&— Fu, (LBE) 4 —&— Fu, (PS2) s i
—&— Fu, (LBE) S & 3 ;
—b— FulLBE)

Fu, (PS)
Fu (PS)_
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Results DNS

Skewness S, and Flatness F), at Re

T T T T T T T T T
Su, (LBE) —5— su, (LBE) Re=7237 —e— su,(Ps2) Re=7237
Su! (L8E) o suse) o sups2)
Su, (LBE) —S— Sul(LBE) —&— su(Ps2)

ok Su'LBE) & —b— suaee 1 & —— s |
su, (PS) - == suPS) - = = Su,(PS1)

su, (PS)
su; (PS)
Su'(PS)

Su, (PS) + Su, (PS1) -
——— Su,(PS) ——— Su(PS1) Pt
— Su (PS) — Sy (PS1) e

540
S0
540

T T
Re=72.37 Re=72.37

Fu, (LBE) Fu, (LBE)
Fu, (LBE)
Fu, (LBE)
Fu'(LBE)

Fu, (PS2)
Fu, (PS2)
Fu, (PS2)
Fu'Ps2)
Fu, (PS1)
Fu, (PS1)
Ful (PS1)
Fu (PS1)

\




Results DNS

= 40.67 and 72.37, P(k, t')

T L T T T
10°k Re=40.67 |
10
£
s
b |
“10”
Jp——
F—o=— el
100 —5— £=43632 (PS)
— B £=8.2417 ®S)
— G — =16.483 ()
—a = £=29.088 (PS) ) W
0 20 30 40
k
T Ly
10°F, Re=72.37 |
0" F 4
£
>
A
“r0'E 4
10°F 1BE 4
PS1 g
: : iy
0 20 30 NN




Results DNS

Velocity Iso-surface in 3D, Rey = 24.37
LBE vs. PS1 (equal 6t): ' = 0.1348, 0.2359, 0.573; ||u(t) /|| = 2.0

pr” :
> \

Spectral
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Results DNS

Vorticity Iso-surface in 3D, Re) = 24.37
LBE vs. PS1 (equal 6t): ' = 0.1348, 0.2359, 0.573; |lw(t')/u/|| = 13.0
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Results DNS

|w(t") /|| and ||w(t')/u'|| at Rey = 24.37, t' = 4.048
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Results DNS

|w(t") /|| and ||w(t')/u'|| at Rey = 40.67, t' = 4.363
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Results DNS

|w(t") /|| and ||w(t")/u'|| at Rey = 72.37, t' = 4.086
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LBE vs. PS1 (equal 6t)

and PS2

(6t/3), PS1 vs. PS2.
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Results = DNS

Re) Dependence of d||ou(t')||/dt’
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Results = DNS

Efficiency and Performace

T T L B S RN EEE RRAN LARY L
10° - -
L | LBE ]
i [ ] Ps ]
o ®
®
z I " i
£
= | | [
D107~ -
E')' r ] ]
i f |
1 | | IR IR SAVE NN FETN R
10 Y 3
Number of CPUs b
Doy

Luo (Math D ODU) S Turbulence is, 01/19/2010 47 / 49



Conclusions and Future Work

Conclusions

For DNS of the decaying homogeneous isotropic turbulence:
o When flow is well resolved, the LBE can yield accurate low-order
statistical quantities: K(t), (t), Syu(t), Fu(t), E(k, t), U(k, t);
e The LBE is not accurate for the pressure spectra P(k, t), because
it does not solve the Poisson equation accurately;
e The LBE can accurately compute velocity and vorticity fields;

o The difference between the velocity fields obtained by the LBE
and PS methods grows linearly in time, and the grow-rate depends
linearly on the grid Reynolds number Re} := Re)/N;

o LBE requires twice the resolution in each dimension as that of PS;
e LBE has low-dissipation and low-dispersion, and is isotropic.

Given the formal accuracy of LBE is of O(§22%) and O(dt), it is a
surprisingly good scheme for DNS of turbulence. -
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Conclusic nd Future Work

Future Work

e High-order LBE schemes (Dubois and Lallemand);
Stability analysis (Ginzburg and d’Humiéres);

e Numerical analysis (Dubouis, Junk et al.);
LBE-LES (Krafczyk, Sagaut et al.);
Better theory/models of multi-component/phase fluids;

Extended hydrodynamics (finite Kn effects, etc.);

Good propagada: Go to ICMMES, http://www.icmmes.org

s
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