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TR T L RS T T L N e T
THE SCHEME FV4

Approximate the solution (for Dirichlet BC for instance) of
—Au=f ()

in an open bounded set 2 discretized by control volumes x (ex : triangles).
The finite volume scheme principle
» Integrate (*) overall control volumes :

/Cf:[C—Au:—Z Vu-n,.

ocCcox’9

» Approximate normal fluxes

/an,w

» Taylor expansion for o = K|z

|0'| u(—XL)d_ u(x£> ~ / Vu-t, where 7, = et
KC o

[l |l
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THE FV4 SCHEME

Approximate the solution (for Dirichlet BC for instance) of
—Au=f (*)
The classical FV4 scheme

U, — U
= —Au=— /Vu.na% o= k.
[r=] > [ Vune Y lo

oCOoxK oCOoxK

CONSISTENCY : YES if [xc,x.] L o.

o

= Such meshes are called admissible.
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TR T L TELRET T T L R e T
THE FV4 SCHEME

Approximate the solution (for Dirichlet BC for instance) of

—Au=f (*)
The classical FV4 scheme
/f:/—Au:— Z /Vu-n,w% Z |cr|ucd_u’c.
K K ccoc’? ocCox KL
CONSISTENCY : NOif [xcx.] L o >

= Such control volumes are said to be non admissible.

'
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ERROR ESTIMATES FOR THE FV4 SCHEME

ADMISSIBLE MESHES

The error of the FV4 scheme in case of admissible meshes, is bounded by Csize(T).
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ERROR ESTIMATES FOR THE FV4 SCHEME

NON ADMISSIBLE MESHES

If non admissible control volumes are located along a curve I, the error of the FV4
. 1
scheme is bounded by Csize(T)z.

Example of non admissible meshes.
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ANISOTROPIC OPERATOR

Can we only use admissible meshes ?

NO

1. To few meshes satisfy the admissibilty condition (triangles, Voronof, ...).

2. For the anisotropic operator
—div(AVu) =f

the admissibility condition becomes : A[xcx.] / 1 ...
3. How write these geometrical condition in case of variable diffusion tensor ?

—div(A(z)Vu) =f.

A solution is to approximate the two componants of the gradient.
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NONLINEAR DIFFUSION OPERATOR

Example : p-laplacian

Approximate in “W& 7(£2)” the unique solution of
—div(|VulP2Vu) =f, 1 <p < +o0.

Finite volume approach requires a consistant approximation of

/ |VulP~*Vu - n.

Impossible to obtain only with the two values u, and u,.

~> We still need an approximation of the whole gradient .
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THE PROBLEM OF DISCONTINUOUS COEFFICIENTS

o

—div(k(z)Vu) =f,

k(z) e R.
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THE PROBLEM OF DISCONTINUOUS COEFFICIENTS

o

—div(k(z)Vu) =f,
k(z) e R.

If k 1s smooth, the finite volume FV4 writes :

— Uk
—div(k(z)Vu) dz = / $)Vu) -nds =~ o k ,
[r=] -y X Ielks "

ocCOK oCox

=flux

where k, is an approximation of k on the edge o

1
ks = k(x,) where k, = o] / k(s)ds
a o




TR T T S T A A e N VI
THE PROBLEM OF DISCONTINUOUS COEFFICIENTS

o

—div(k(z)Vu) =f,

k(z) e R.

If k is discontinuous across o : ke ans k. on K et £ :
How to write the scheme ? We look for &, such that
Up — Uk

lo |k = z/g(k(s)Vu(s)) - nds.

KL

The simple choices of k, = k., k, = k. where k, = %(k,C + k. ) lead to non
consistent fluxes.

Indeed Vu - n is discontinuous across o !




TR T T S T A A e N VI
THE PROBLEM OF DISCONTINUOUS COEFFICIENTS

o

—div(k(z)Vu) = f,

k(z) e R.

TAKE A NEW UNKNOWN u, ON THE EDGE 0 :
Write the continuity of the approximate fluxes across o.

def U — Uy Us — Uk

Fy. =|olk.

= lolk
o ok dio

Eliminate the fictive unknown u,, :

" — kedieouy + kidootix
7 kedyo + kidio

Uy — Uk . k}CkL(dICO’ + dﬁa)
= F, = |o|k thk, = ———
KL |0| o d}cc ; WI o kz:dlca + k)cdca

, harmonic mean value.
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THE PROBLEM OF DISCONTINUOUS COEFFICIENTS

In presence of discontinuities, the scheme converges but the order of convergence
depends on the choice of &, :
. kT ifx>0.5
c_d d = =
CAS 1D : =4 (k(x) Lue) = f, with k(x) { = ifx <05
» k, arithmetic mean value : order %

» k, harmonic mean value : order 1

0.045

16 mailles, avec lambda=1si x<0.5 et 10 sinon

exact
—+— moyenne arithmétique
004 —+— moyenne harmonique
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AIM AND NOTATIONS

» The DDFV scheme (DISCRETE DUALITY FINITE VOLUME) for

—div (¢(z, Vue(2))) = f(z), in€Q,
ue =0, on 0L,

»  in an open bounded polygonal set R

> u+— —div(p(-, Vu)) is an monotonic and coercitive (of Leray-Lions type)
operator.
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ASSUMPTIONS ON ¢

> Letp €]l,00[,p' = Iﬁ andf € L' (Q). » p > 2 to simplify.

» ©:Q x R? — R?is a Caratheorory function such that :

(p(2,€),8) = Cy (€ — 1), (H1)
lo(z,6)] < Cp (IEP~"+1). (Ha)
(p(e6) = plen) € =) 2 ool — P (743)
©
|0(2,€) = @(z,m)| < Cop (14 [EP72 + [l 72) [€ =] (Ha)

» ¢ is lipschitz continuous with respect to z.




THE DDFV MESHES

primal, dual and “diamond”.

Primal control volumes
~ (MIC ) KEM



THE DDFV MESHES

primal, dual and “diamond”.

Primal control volumes Dual control volumes
~ (U ) ceom ~ (U ) e



THE DDFV MESHES

primal, dual and “diamond”.

A IR Y
mesh M 4 # mesh M *

Primal control volumes Dual control volumes Diamond cells
~ (i) cem ~ (Uer ) e eom= ~+ Discrete gradient

TN R A



THE DDFV SCHEME

THE DISCRETE GRADIENT

1 Uy — U Upx — Ui .
Vi = —— | —=—"ncy, + ————ny |, Vdiamond cell D.
sinap lo*| lo]|

T,7T —
. .. Vpu '(xz: _x)c) = Uy — Uk,
Equivalent definition s 7
VZub - (Xps — Xier) = Upr — Uyes.




THE DDFV SCHEME

THE DISCRETE GRADIENT
1 U, — U Upx — Ui .
Voum = —— [ —"Eneoe + =——"ny, |, Vdiamond cell D.
sinap lo*| lo]|

THE STANDARD DDFV SCHEME
Classical finite volume formulation :

— " ol (0o (VEuT ) mics) = / F)dz, Wk €M,

gEEK

- Z lo"| (on(Vou™), nx=q) =/ f(z)dz, V&* € I,
-

o*EE

with

1
wp(&) = |_D| /D ©(z,€) dz, approximate flux on the diamond cell




THE DDFV SCHEME

THE DISCRETE GRADIENT
1 U, — U Upx — Ui .
Voum = —— [ —"Eneoe + =——"ny, |, Vdiamond cell D.
sinap lo*| lo]|

THE STANDARD DDFV SCHEME
Classical finite volume formulation :

= 3 ol (ol VEu ) me) = [ f@)de v,

[

—E:WW%WQWMQ=/f@&Nﬁemﬂ
-

o*EE

or
fMQ%W@W:/MW,WEM,
K

—divZ. (oo (VIuT)) = / f(z)dz, Vk* € 97,

o*




THE DDFV SCHEME

THE DISCRETE GRADIENT

1 Uy — U Upr — U .
Viul = — | ——nfxo + —————Rx+ |, Vdiamond cell D.
sinap lo*| lo]|

THE STANDARD DDFV SCHEME
Thanks to a Green formulae we have :
~ Variational formulation (discrete duality) :

2 Iol (po(VEu). V2T) = [ e [ 57 s, w7 € R
DED Q Q

CONSEQUENCES

» Existence and uniqueness of a solution to the scheme (monotonicity).

» Variational structure preserved if ¢ = V®.




CONVERGENCE OF DDFV‘SC'HEME |

THEOREM

Letf € IV (Q) and T, a family of meshes such that size(T,,) tends to 0 with

reg(7,) =max (max o de- >

de
max ———, max
DeD |D|’Kewt Ve " K emt ,/|,C*|’
bounded. Then

> ul — ue strongly in LP ().

n—oo
» VIuT — Vue strongly in 1P (S2).
n—o0
> (-, uT) — (-, ue) strongly in L' ().

n—o0

WA o T TP



ERROR ESTIMATES FOR THE DDFV SCHEME

REGULAR COEFFICIENTS
» The laplacian (i.e. ¢ is linear with p = 2) :
Domelevo & Omnes (M2AN, 05)
= Estimate in O(h) under few restrictions on the meshes.

» General case :
Andreianov, Boyer & H. (Num. Meth. for PDEs, 07)

THEOREM
If ue € W?P(Q) and if

@ is Lip. for all Q, with ‘?;ZD(Z, 6)‘ <C,(1+ |§|P*1) , V€ €R?, (Hs)

then

e — u™ ||y + |jute — u™ || + || Vte — V7 u”||p < Csize(T)7T.

Y IR A€
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AIMS

(F. Boyer & F. H., preprint, 06)

If ¢ is discontinuous with respect to z
» uc does not belong to W27 (92).
» The consistency is lost along the discontinuity.

» The DDFV scheme converges but slowly.

WE ASSUME THAT ¢ IS PIECEWISE LIPSCHITZ CONTINUOUS.

We modify the DDFV scheme in order to recover the consistency.
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THE PROBLEM IN 1D

_6x(90—(8xue)) :fa On] - 1’0[7
—Oc(p(x,0ctte)) =f In Q<= ¢ —0i(p,(Osute)) =f, on]0, 1],
¢ (Oue™(0)) = ¢ (Owue™(0))
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THE PROBLEM IN 1D

0 - 1wt = { 20D

Letx,=—1<...<xy=0<...<2xy = 1be adiscretization of [—1, 1]. The
finite volume scheme in 1D writes fori € {O,N + M — 1} :

Xit1
—F,+F = F(x) dx. (1)
Xi
with
Uyt — U1
Fi=o@(x,Vu"), Vum = —2 2 Vi#N, )
x,+% —X,-,%

QUESTION : How to define Fy ?
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THE NEW GRADIENT 1D

We look for # such that

Uy, 1 — U U— Uy 1
V+MT: N+ % N—
N

we have
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THE NEW GRADIENT 1D

In fact we can rewrite i as
hl\_,uN_,_% + h;,'uN_%
hy + hy

i=a+0, witha =

so that




THE NEW GRADIENT IN 1D

THEOREM (CASE p > 2)

> Forallu™ € RN, there exists a unique § such that

of ) 1)
EV 2 Y- (VNHT + hv) = P+ (VNMT 7 M) 9

we note it 0, (Vyu®).
» The new scheme admits a unique solution.

L
> The flux Fy is consistent with an error in hr=".

THE PROOF RELIES ON : Monotonicity, coercivity, ...

SR T 03] 46
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EXAMPLE

For a p-laplacian like equation :

p_(§) =k ¢+ G_I"2(E+Go),
o () =k ¢+ G+|p72(§ +G,),
where k_,k, € RT and G_, G, € R?. We obtain

p—1

I
k'K (hy + By

Fy= I I
he k™" + hy k!

|Vu +G| (Vyu™ +G),

where G is a weighted arythmetic mean value of G_ and G, defined by

h;G_ +hiG,

G =
hy + hy

Warning : the expression of 6y can not in general be explicited.
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THE SCHEME IN 2D 1/3

> VX¥u7 is constant on each quarter of diamond

VT = Z 1oVEu™,
2€ND

Rir

- 2 (o — 3(ux + uxc+)
2kt T sinap lox]

o]

ua,c—%(u;c—ku;c*)n )
K*Lc*

s VU™ = VIuT + Bod”, VO C D.

» B, is a2 x 4 matrix that only depends on the geometry.
» 07 are a family of new intermediate unknowns to be determined.
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THE SCHEME IN 2D 2/3

WE IMPOSE THE CONSERVATIVITY OF THE FLUXES
Note

1
® §)=—/<pz,£ dz.
Q( |Q| o ( )
We look for 67 € R* such that

Xjcw

(‘pgzc,)c* (V;uT + Bgzc,ic* 573)7"16*0*) = (‘pQ;c,g* (v;uT + BQ)C,[:* 613)7”76*0*)




THE SCHEME IN 2D ' 2/3
WE IMPOSE THE CONSERVATIVITY OF THE FLUXES
Note

1
vaolf) = Q|/Q<p(z7§)dz

We look for 6” € R* such that

(SOQ)C,IC* (Vou” + BQK,K* 07

(oo, (VI + B, 07)Rgege
(Par o (VEUT + By 007
(Por oo (VEUT +Boy .0

PROPOSITION

For all u™ € R? and all diamond cell D, there exists a unique 0” € R* that ensures
the conservativity condition.

By 6] 46
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THE SCHEME IN 2D 3/3

THE M-DDFV SCHEME
We changethe approximate flux of the DDFV scheme :

oz =L [ van

by
N(OT, T 1 T T DT, T
L2 (VDM ) = m E |Q|<PQ(VDM +Bgo (Vpu ))7

2€0p :VguT

DISCRETE DUALITY FORMULATION ON THE DIAMOND CELLS

25 Jol (93 (VIUT), VIVT) = / pr / A4 W eRT. (3)
Q Q

DED
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EXAMPLE

Ifpis:
» linear ie. o(z,§) = A(2)¢.
> constant on primal cells, A(z) = A sur k.

We find the schemes proposed in Hermeline (03) for which all the computations can be
done explicitly.
e A(z) = A(z)Id, A constant on the primal cells, ap = &

(‘PN V) = AcAe U — Uk
D>
|UICI+|01:I)"c + |0‘}c|+|o' |/\L low| + loe|”
N’,I/* — ( |0}c*| Ao + |0'z:*| A\ ) Upr — Ur .
((pD ) |0';c*|+|0'£*| K |U;c*|+|UL*| L |O')6*|+|0'1:*|




PROPERTIES OF THE M-DDFV SCHiEME
The scheme finally can be written as

eeN

F ( (V;uT + B@V’(V%lf))

) = sources terms,

with on each diamond cells

57(6) = G (0).

THEOREM (CASE p > 2)

» The scheme m-DDFV admits a unique solution u” .

> If @ piecewise smooth and if ue is smooth on each quarter of diamond Q, we have

e — u” ||y + || Vite — VU7 ||y < ChiT.

AR TN 20 46
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REMARKS ON THE POTENTIEL CASE

If ¢ dérives from a potentiel

0(z,§) = Ve®(z,§), forallé € R? ae.z €,
®(z,0) = 0, a.e.z€ .

PROPOSITION

The solution u™ of the (3) is the unique minimum of

JTOT) =2) " > 1Q@o(VEYT)

DED QEND

— Z |<|ficvie — Z ¥ |frxvier, WT € R
K K*

with <I>Q(-):/<I>(z,-)dz.

Q

LN 8 Ak



REMARKS ON THE POTENTIEL CASE

PROPOSITION

(

<
N
<
|

, (0P (VZu™))p) is the unique minimun of the functional

]TA

0)=2>" > |Q0o(Viv" + Bod®)

DED 0€N D

- Z |<lficvie — Z | ficsvies, WT € RT, V6 € A,
K K*

LY 39 46



A DECOMPOSITION-COORDINATION “ALGORITHM |

NON QUADRATIC FUNCTIONAL (see Glowinsky & al.)
Let A = (Ag)oen be a family of 2 x 2 positive definite matrices.

LZYA(VTagaga )‘) dz&f 2 Z |Q‘(I>Q(g9) - Z |KVICVIC - Z |K* lflc*vic*

Q€EN K K*
+2 Z ‘Q‘()‘QagQ - ngT *BQSD)
oeN
10 (Ao 55— B 7 8257,

€N
W e R7 V6 € A, Vg, ) € (R?)=.

The solution u™ of the m-DDFV scheme is obtained from the unique saddle-point of
the lagragian LZ"A.

REMARK : Standart choice of the augmention parameter : Ao = rld.

T 99l A€
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THE ALGORITHM

e Step 1 : Find (u”", 8% ) solution of

2Z|Q|< vT Tn+BQ5D )vT T>

Q€eN

—Z|lc[f,cv,c+2|ic v +2 > 1QI(NG 1, Vay), W € R7.

€N
Y 1QBoAG(Bodh +VIu™" =g ') = Y [QBAY =0, VD € D.

2€0p 2€Qp

e Step 2 : On each Q, find g, solution of
Po(gh) + N ' +Ao(gh — Vou™" — Bodp) = 0.
e Step 3 : On each Q compute A}, as

Mo =N+ Ag(gh — VIu™" — Bodp).




T

CONVERGENCE OF THE ITERATIVE “METHOD

For all family of augmentation parameter A, the previous algorithm converges
towards the unique solution of the m-DDFV scheme.

The algorithm is still valid in the non-potential case.

10 — Lpor. 10 —= Lper.
*— wiper —o Wiper
O residual @@ residual

&

. @
10 b @ ® o . 10’5 2

o] ®e og ® e ®
10 ®$$@ g ESP o
1000 20 40 60 80 100 120 140 160 180 10 40 6 '8 100 120 140

isotropic augmentation naisotropic augmention
Ag =rld. A, adapted to the problem

AR TN AR Ak
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BEHAVIOUR OF DDFV SCHEME

ANISOTROPIC OPERATORS~~ Benchmark Finite volume Schemes on general grids
for anisotropic and heterogeneous diffusions problems. FVCAS juin 2008

—div(A(z)Vue) = f
2 2
_ 1 5+ (1-0)azn
Az, 22) = |22 ((1 - duzn 0+

For ue(x,y) = sin(mx) sin(my). For the DDFV scheme

) Order L> Order H' Order L> Order H'
rectangle rectangle triangle  triangle
2 2.01 1.95 2.0 1.0
107! 2.03 1.91 2.0 1.0
1073 1.88 1.64 2.0 1.0




BEHAVIOUR OF DDFV SCHEME
“ANISOTROPIC OPERATORS~ Benchmark Finite volume schemes on general grids.
for anisotropic and heterogeneous diffusions problems. FVCAS juin 2008

—div(A(z)Vue) = f

A(g g),with<g>(11%2>onﬂl,<g><ig:§>onﬂz

Non admissible coarse mesh ~ Mesh 320 x 320

AR T TN AR A6



COMPARISON OF DDFV AND M-DDFV SCHEMES

ANISOTROPIC OPERATORS~~ Benchmark Finite volume Schemes on general grids
for anisotropic and heterogeneous diffusions problems. FVCAS juin 2008

—div(A(z)Vue) = f

A:R0< g g )Re_l,(S:O.Z,ue(x,y):—x—6,5:tan0

<g>:( 11(())2 ) on {2y, <g>:< 101_1 ) on £ U Q3.

Mesh following the discontinuity : 210 quadrangles
¥ = 8(x—0.5) — 0475 £ 0 » The DDFV scheme

Q3
% erl2 ~ 1.18 x 1072, ergradl2 ~ 1.33 x 107*

25}
¥y = 8(x—0.5) —0.475 F 0

» The m-DDFV scheme is exact :

erl2 ~ 5.45 x 10716, ergradi2 ~ 3.88 x 1071




P

OTHER APPLICATION

FLOWS IN FRACTURED POROUS MEDIA (GDR MOMAYS)

divv = 0, Mass conservation,
v = —KVp, Darcy law.

Porous media : K = Id. T

Fractures (Left) : K = 10~ 2Id. EZZZZZ%E
Fractures (Right) :

—_—
2 — ] Q)
K= (1(()) 100—2> : [ — I
Y | Y

el —]

Domain 2 =0, 12 I
Aperture of the fractures : 1072

p=02x—1)(Bx—1)




CUTLINES OF THE PRESSION

Cutline at x=0.65

18

16F

141

12f

s

08

06
—— m-DDFV - maillage grossier|

04} ——— m-DDFV - maillage fin
——— DDFV - maillage grossier

DDFV - maillage fin
02
. . . . . . . . .

0 01 0.2 03 0.4 05 06 07 08 09 1

Coarse mesh : 17760 cells
Fine mesh : 68160 cells




NONLINEAR PROBLEMS

THE M-DDFV FOR A NONLINEAR TRANSMISSION PROBLEM
. 2
lle < 057 SD(Z’ 5) = |€|p £7

ifz > 0.5, o(z,€) = (AL, €)' TAE, with A = (

(el 8]
wn O
N—

ILLUSTRATION FOR P=3.0
w- / °
10“t

& m-DDFV & m-DDFV
4—¢ DDFV 4—4 DDFV
10 s i i 10 s T2 i

10 10 10 10 10 10 10 10

Error in L*° - orders 1.71 and 0.97 Error in W' - orders 1.0 and 0.3




NONLINEAR PROBLEMS

MORE GENERAL TRANSMISSION PROBLEMS
Q = Q; UQ, with Q; =]0,0.5[x]0, 1] and Q, =0.5[x]0, 1]

0(z,6) = |§|pi_2§ on

—1
xf (AT —1) @x—1)+1) forx <0.5
(1—x)((1+AN)(2x—1)+1)forx>0.5

ue(x, y) =

~» Large discontinuities of the gradients along the interface

Forp, =2,p, =4

h DDFV m-DDFV DDFV m-DDFV
Q) Q) W' (Q) W' (Q)
7.25E-02 470E-01 3.61E-02 2.5E+01 141
3.63E-02 2.36E-01 9.14E-02 2.03E+01 6.62E-01
1.81E-02 1.19E-01 2.24E-03 1.65E+01 3.11E-01
9.07E-03 6.01E-02 4.46E-04 1.34E+01 1.47E-01
order 0.98 2.11 0.30 1.08

= P e T
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CONCLUSIONS

» The approach DDFV or m-DDFV allows the use of a large variety of meshes and
of elliptic operators.

» The structure of the continuous problem is preserved so that it can be
successfully used for nonlinear problems.

» In case of discontinuous coefficients, a good convergence order is recovered by
the use of the m-DDFV scheme.

» We derive an efficient nonlinear algorithm to solve such schemes.
» We can couple a linear operator with a non linear ones.

» Drawback : the maximum principle is not fullfilled.
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OTHER WORKS ON DDFV SCHEMES

» More general boundary conditions (Neumann, Fourier) S. Krell, master report
2007.

» Coupling with a domain decomposition method S. Krell, master report 2007.

» Extension to 3D Works on Hermeline or Andreianov and all or with Y. Coudiere
et all.

» Extension to the div — rot problem and to the Stokes problem Works of S.
Delcourte, P. Omnes and all.




CONCLUSIONS

PERSPECTIVES

>
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Boundary condition of Ventcel type and coupling with a domain decomposition
algorithm Work in progress with L. Halpern.

Extension to nonlinear stokes equations, PHD thesis of Stella Krell.
Nonlinear tests functions to recover the maximum principle.
Optimal strategy for the choice of the augmentation parameter.

Error estimates in the case where the regularity of the solution in only of Besov
type.
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