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Continuous spaces and discrete spaces

@ Finite volume methods: discretization schemes for
conservation laws: elliptic, parabolic, hyperbolic equations

e Different continuous spaces: H,, L?(0, T, H'), L*=...

@ Cell centred finite volume schemes:
One discrete space: Hp(Q2) = piecewise constant functions
on the control volumes.

@ Similar tools for the analysis of the continuous and discrete
problems.
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Principle of the finite volume method

@ Conservation law u; + div(F(u, Vu)) + s(u) = 0 on Q c RY.
® Mesh7 of : Q= [ J K.

KeT
control volumes K: polygonal subsets of Q2

discretization D= (mesh 7, edges &,...)
@ Balance equation:

/utdx+ F(u,Vu) -ndy(x +/s
K K
<:>/utdx+Z/FuVu)nd7 +/s
K
o€k

@ Discrete unknowns ug

up € Hp(Q): up = >  uklk
KeT

@ Discretization of the fluxes / F(u,Vu)-n~ Fg ,(up).
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Example: linear convection equation

F(u,Vu) =vu,v e R, s(u)=0.

For o = OKL: VKo = /V ‘NK o,
o

2
+ p— . .
Vi o Uk — Vi UL upwind choice, stable

)

Uk +U ,
E { VK o KT centred choice, unstable
Ko —

un+1 —uyn
Ut“rdiV(VU):OWKTtK"‘F § FK,U:O
LeNyk
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Example: linear convection diffusion reaction

F(u,Vu) = —Vu+vu,veR? s(u)=bu, beR.

/F(u)-nKvg:/Vu-nK,(,+v-nK7(,u
g g

m, N _
FKJ = *7dKL(UL — uk) + Vi o Uk + Vk oUL, 0 = 0KL

u—Au + div(vu) + bu = 0 ~~
Uin<m - U/Q +1 +1
n n _
5t T 265 Fy., +bmgug™ =0.
oECK

Consistency of the diffusive flux ?
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Admissible meshes for diffusion operators

Figure 1: Notations for an admissible mesh

Examples: triangles, rectangles, Voronoi.

R. Herbin, http:/www.cmi -mrs.frioherbin/ MOMAS, CNAM, 2005



Weak formulation, convection diffusion, steady state

@ Continuous problem:
Find u € H{(Q) ;

/Vu(x -Vo(x)dx + / div(vu)(x)o(x)dx
Q

/ bu(x / f(x)p(x)dx, Vo € HY(RQ).
= (7,&,P) : discretization of Q2

o FV scheme, weak form:
Find up € Hp(Q);
[up, ¢]p + cp(Up, §)

+/ bup(X)6(x) dx_/f X)dx, Vo € Hp(Q).

OCpUp<) V u V., U )Ok.
K,oYK = VK YL)PK

Ke T(TRLK

R. Herbin, http://www.cmi.univ-mrs.fri-herbin/ MOMAS, CNAM, 2005



Weak formulation, convection diffusion

Inner product on Hp(2) (PO functions on the mesh)

my
[u,v]p = ——(uL — uk)(vL — vk)
dkL
Uegim, U:K|L
m
) g Uk vk
dK o
0E€Eext, 0EEK ’
U —ukg Vv — Vg
ol o=KL KL KL
Ug Vg
+ Z mO' dK,O' d d
0€Eext, 0EEK Ko YKo

m,dyx; = dx area of “diamond cell”
(convex hull of o, Xk, x;)
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Equivalence weak form / flux form

(WFV) [up, ¢]p + cp(u, ¢)
+/ bup(x)p(x) dx :/ f(x)p(x)dx, Vo € Hp(Q2);,
Q Q

(FFV) > Fk.o + bmycuy = mfy.

o€k
(=) ¢ =1k in (WFV)
(<) Multiply (FFV) by ¢« and sum over K € 7.
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Discrete norm

u € Hp(Q2) piecewise constant functions

lullio = (u,up) 2= (Y Z%‘L(uL—uK)Z

0€Em, o=K|L
m 1/2
¢ Y
0€Ext, 0€EK Ko

Poincaré inequality on u € Hp : ||ul|2(q) < diam(Q) ||ull1p

= || - |[1,p norm
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Proof of convergence: main steps, coercive case

%diverb >0

1 A priori estimates on the approximate solution in the Hp
norm and the L2 norm :
~ existence (and uniqueness) of up solution of the
scheme.
~ weak convergence in L2, up to a subsequence, to some
uel2

2 Strong convergence ? U € Hl? :
Consequence of the discrete Rellich theorem.

3 U weak solution of the continuous problem ?
Passage to the limit in the scheme as hp — 0 (hp = mesh
size).

4w unique ~ the whole sequence converges.
By-product: existence of the solution to the continuous
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A priori estimate

@ Take ¢ = up in the scheme:

[uD,uD]p+CD(UD,UD)+/Qbu%(x) dx:/ﬂf(x)up(x)dx.

@ cp(up, up) > 0 (upstream choice)

2
v [|upllip < Ifllz(@)llupllz(e)

@ By Poincaré,

|upll1,p < diam(Q)||f12(q)

existence of up and weak convergence in L?.
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Discrete Rellich theorem

@ Control on the oscillations of the approximate solutions
@ Estimate on the translates of v € Hp(Q)

V(- + 1) = VI < Inl (In] + 4hp)) (VI3 p.

Proof: mimics the continuous case

@ Discrete Rellich : (Dp)neny Sequence of admissible
discretizations ; hp, — 0. up € Hp,; ||unl1 p, < C,
there exists a subsequence (Un)nen and T € HJ(Q) s.t.
up — ain L2(Q)
Proof: Consequence of the Kolmogorov theorem and the
estimate on the translates.
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Passage to the limit in the scheme

@ Let (Dp) sequence of discretizations; hp, — 0
@ Scheme (b =0, v =0):
(U Slo, = [ F()6(x) . V6 € Hip,(2),
Q
@ v CX,let g = Pp,yp:

Pp : mterpolatlon operator. Pp : C(Q) — Hp(Q),
¢ — Ppp, Ppp(x) =o(xk), pp- x € K,VK €T

@ Lemma: ,
[UD,7 Ppnlp]pn — / VEI X c VQ,D(X)O'X.
(Proof : conservativity and consistency of the flux)

/f )Pp, o(x dxﬂ/f

@ uis a weak solution, and by uniqueness: U = u.
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The non coercive case

u:Q—NR
{ —Au+div(vu) + bu = fin Q, (P)
u=0o0n o9,
or:
u:Q2—NR
{ —Au+Vv-Vu+bu=f, inQ, (PY)
u=0o0n 9%,

Assumptions:

fel?(Q)or H(Q),b>0,

v € C'(Q) (no assumption on divv)

analysis also possible with non homogeneous Dirichlet,
Robin, mixed conditions (open problem for Neumann
conditions).
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Non coercive case: technique of proof in the

continuous case (Droniou, 2001)

A priori estimates on the truncates of u solution to (P) and
on In(1 + |u]) in H}().

Estimate on v solution to (P): HUHH&(Q) < C([[fll2(q))
Proof of existence by topological degree for Problem (P)

A priori estimate on the solution w of (P*), choosing as a
test function a solution to (P) with r.h.s. —Aw.

Proof of existence by topological degree for Problem (P*)

Existence and uniqueness to both (P) and (P*) by a
classical duality argument.
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Non coercive case: convergence of the FV scheme

f € H=' Droniou Gallouét 02, f € M(Q2) Droniou Gallouét H. 03

u:Q—~R
—Au+div(vu) 4+ bu = fin Q, (P)
u=0o0n o9,

Upwind FV scheme ~ AU = F, with A such that A;; <0,
Aij>0,and A > — S8 A

~ Alsuch that A, <0, A, > 0,and Al > — ¥, AL
Hence Alv > 0= v > 0.

~ Av > 0 = v > 0 ~ existence and uniqueness.

Convergence: estimates with same test functions as the
continuous case, weak convergence, passage to the limit
in the scheme....
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The parabolic case

u:Qx[0,T];
us +div(vu) — Au=0in Q,
u(.,t) =00n 09,
U(.,O) = Uo(X),
Up € L2(Q),v € RY
FV scheme, implicit Euler scheme in time:

un+1iun
H T+ Y R =0.n>0,
o€k
: /
0
uy = — [ uo(x)dx.
K mg K
m
n-+1 o ¢ n+1 n+1 + ,,n+1 - ,,n+1
Fx, —— (U U ) Ve U = v U
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Estimates for the continuous parabolic problem

ue L0, T, H}(Q) ~

Ju(-+m,-) = u( )lzeT.20) < Clnl

ueL?0,T,H{(Q))and u; € L2(0, T,H1(Q)) ~

1
Ju(, -+ 7) = u(s )z, 7,20)) < C72.
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Estimates for the discrete parabolic problem

Approximate solution up € Hp(Q2 x (0, T)) = set of
piecewise constant functions on K x (fp, thi1)

Estimates on up: ||Up|| (0, 7),L2(0)) < C

and discrete version of L2(0, T, H}(Q2)) estimate.
Estimate on the space translates: 1
lup(- +n,-) = up(:, )l 20,7, 2() < C(Inl(Inl + hp))?
Estimate on the time translates: 1

|up(-s -+ 7) — Up(-, )lz(0,7,12(00)) < C72
~ Convergence of up to & € L2((0, T), H1()) in

L2((0, T), L2(Q)).

Passage to the limit in the scheme: U = u, weak solution of
the parabolic problem.
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Incompressible Navier-Stokes equations

@ Steady state Stokes equations: u: Q — R p: Q - R

divu =01in Q,

—vAuU+ Vp=rfinQ,
u =0 on o09Q.

@ Weak formulation E(Q) := {v € (H{(Q))?, divv = 0}.

u= .. . udieE®Q),
V/Vu:Vvdx:/f-vdx, Vv € E(Q).
Q Q

with/Vu:Vv dx = /Vu -wvvDdx.
Q i=1,d
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Discrete divergence and gradient

@ Hp(Q) c L3(Q) piecewise constant functions on K cells.

° Forue(H1)d,/d1vudx_ > / U- Nk, dy(x)
LeNk
Centred discretization of u-non oy ~

(U +ur)

1
For u e (HD)d, divpu = — Z Moy, NK oy 2

m
K LeNk

/divDup——/u-Vpp,
Q Q

1 _
~ (Vpp)k = me Z mO'KLnK’O'KL(pL2pK)7

K LENK
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Properties of the discrete gradient

If ||u(™||p,, < C forall me N. Then:

Ju* € H{(Q) and a subsequence of ( u(™) ey such that:
ul™ — u* as m — +oo in L3(Q),

“Elliptic " lemma : Vo € C2°(),

Erﬂx[u(m). Pp,,¢lD, = '/Q Vu* -V dx.

m

Vo, ul™ weakly converges to Vu* in L2(Q)? as m — +oc.
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Colocated finite volume scheme: non coercive
~» penalized version

(1,9) € Hp(Q) x Hp(Q).

v, dlp — /Q p(x)divp(6)(x) dx = /Q F(x) - 6(x) dx,
Vo € Hp(Q)7,

/Q divp(u)(x)a(x) X = —(p, 4)p,x, VG € Ho(Q).

(¢, ¥)p Z Z >\K|L K‘L ¢L — oK) (L — Yk ), with
KeTLeN
A€ — R,
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Stabilization

@ H' penalization

(¢, ¥)p Z > )\K\Li o — ¢k) (YL — ¥k),
KeTLeN
with A : £ — R.

@ Stabilization a /la Brezzi Pitkaranta:
kL = Bhp®, a € (0,2).
@ Stabilization by clusters Ck:

oo =10 Ck#CL
KL=l v ek=cCt

v > 0.
@ System equivalent to. ..
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Penalized FV scheme

~v (Z (U — uk) + Y TK,a(UK)> +

LGNK o€EKNEext
m n o
Z mf’w (pL — Px) :/ f(x) dx, VK € T,
LeENK K
S - (uk + ug)
LeNk

+ Z MkLTre(PL — Px) =0, VK € 7.
LENK
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@ Estimate on velocity
v|up|p < diam(Q)||f[[(12(q))e,

@ Estimate on pressure (thanks to penalisation).
v |ppl5 y < diam(Q)[|f]|(2(q))e-

@ Hence existence and uniqueness of u and p.

@ L2 estimate on pressures IPpllz@) < Cllfll(z(a))e
Proof: use function v € H}(Q)? (Ne¢as) such that
divv = pp and [|v[| i (gye < Cllpplli2()
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Passage to the limit in the scheme

@ Estimates on the velocity translates

@ Kolmogorov: convergence to some &1 € H}, up to a
subsequence.

@ Convergence of p to some p weakly in L2.

(U, p) weak solution to the scheme ?

@ YES | Take ¢ € C°(Q2), and v = Pp(¢) in the scheme, and
pass to the limit as hp tends to 0, using weak consistency
of the divergence (consistency of the normal fluxes) and
weak convergence of the gradient.

R. Herbin, http://www.cmi.univ-mrs.fri-herbin/ MOMAS, CNAM, 2005



Transient isothermal incompressible Navier Stokes

Continuous problem

u;—uAu+u-Vu+;)Vp:f
divu = 0,
+BC.,+1.C.  (u-Vu)= Y ugu).

i=1,d
Time discretization by the Crank Nicolson scheme

n+1 __ ,n
{U A Wias By B 7.0 SRR LS L
p
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The weak continuous problem

Continuous problem
E(Q) = {v € (H}(R))9; divv = 0}
uec L?(0, T; E(Q))NL>(0, T; L2(Q)9),

//u By dx at — / o(X) - o(x, 0) dx
—H// /Vu Ve dx dt +/ / u-vVu))-p)dxadt
//f - pdxat

Vo € L?(0, T; E(R)) N CX(Q x (—o0, T))Y.
Ford=3,uc L2(o, T; E(Q)) N L>(0, T; L3(Q)Y) yields
(u-V)u e L*30, T, (E(Q))) so that :

ur € L*3(0, T, (E(Q))).
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Finite volume scheme

Discretization of the nonlinear convection term:

/(U-V)u(x, t)dx:/ (u-ng)u(x)dy(x) =
K

oK

Z/ U Nk )U(x) 7 (x)

o€k

My Nk K|L ug + ug
> Z#~(UK+UL) >

€&

(omitting the penalization terms)

Mg Nk K|L Vk + Vi
bo(u,v,w) = > =SS (uk + u) TS wi
o€k
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Finite volume scheme for incompressible NS

(Up, pp) € Hp(Q)? x Hp(Q),
untt —up
/ Divdx + v[up, V]p + bp(up, up, v)
/ pp(X)divp(v)(x) dx = / f(x) - v(x) dx, Vv € Hp(Q)“,
Q

| divp(up)(x)a(x) dx = —(Pp, @), Y9 € Hp(@)

1 1
(All non specified up and pp are ug+2 and pg?).
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Estimates for the continuous NS problem (d = 3)

uel?0,T,E(Q) ~

|u(- +m,-) — u(, ')HLZ(O.T.(L?(Q))S) < Cn
E(Q) = {v € (H}(R))3; divv = 0}
u e L2(0, T, E(Q)) and u; € L3(0, T, (E(Q))) ~

luC, - +7) = uC, ) g < Crt.
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A simple continuous estimate

uel?0,T,E(Q))and us € L'(0, T, (E(Q))) ~

n=

[u(-, - +7) = u( ), @) < Cre.

BUT NO L2(0, T, (L?(Q)3) estimate.
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Estimates for the discrete NS problem

Approximate solution up € Hp(Q2 x (0, T)) = set of
piecewise constant functions on K x (ty, t,11)
Estimate on up: [|up|| e ((0,7),(2(2))?) < C-
[Upll2((0,7),Hp()) <

Estimate on the space translates:

|up(- +n,-) = up(- )20, 7,(L2()0) < C(ﬁ|”/’(|fl| - hp))
Estimate on the time translates: 1
|up(-,-+7) = Up(- )l o,7,(2(0)9) < CT2

(Estimate in L3 (0, T, (L2())?) possible, but not

L?(0, T, (L*(2))7) )

N[ =
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Convergence Navier-Stokes

~~ Convergence of up to & € L2((0, T), E(Q)) in

L'((0,T), L2(Q)).

Passage to the limit in the scheme: U = u, weak solution of
the NS equations.
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The semilinear parabolic case

u:Qx|[0,Tl;
us + div(vf(u)) —eAu=0in Q,
u(.,t) =0on 09,
u(.,0) = up(x),
Up € L>(Q),v e RY, f € C'(R,R), f > 0 (for simplicity)
FV scheme
uttt —yn
H K Y R =0, n>0,
1 o€k
U = / Uo(x)dx.
K mk Jx O( )
sl fg%(ugﬁ — Uty + viE FURT") + vig F(uft).
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Estimates for the discrete semilinear problem

Estimate on up: HUDHLoo((Q7T)7Loo(Q)) ~ weak *
convergence (up to a subsequence) to U

Estimate on the space translates:

ellup(- +n,-) = up( Mz 0.1y < Cn(n + hp)

Estimate on the time translates:

ellup(-,-+7) — up(-, ')Hi(gx(okr))) <Cr

~ Convergence of up to & € L2((0, T), Hl()) in

L2((0, T), L2(Q)).

Passage to the limit in the scheme: U = u, weak solution of
the parabolic problem.
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The hyperbolic case (¢ = 0)

u(-,t)=0, on{ x € 9Q2,v-n(x) > 0},

us + div(vf(u)) = 01in Q,
{ U(-,O) = U,

Up € L*(Q),v € RY, f € C'(R,R), f' > 0 (for simplicity)
Estimate on up: [|up||L((0,T),L(0))

~ weak * convergence (up to a subsequence) to U in
L>=((0, T), L>=(%2))

not sufficient to pass to the limit in the scheme (even in the
linear case).

Weak-BV inequality (Champier Gallouét 90):

> Ivkol(f(uk) — f(up))? < C.
(K.L)e€

Does not yield strong compactness.
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Weak BV estimate

D IVkol(f(uk) — f(u)? < C.

(K.L)eE
Upwinding on u adds a diffusion term (v = (v4,. .., vg)Y):
ur + div(vf(u hDZD (|vi||f(u)| Diu) =

Weak BV inequality ~ weak H' inequality:

Z |vif' (u)Djul) 2 < f
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Nonlinear weak x convergence, Young measures

L>°(Q x (0, T))-estimate on up ~» Ju € L>*(Q x (0, T) x (0,1))
such that up — U, as hp — 0 (up to a subsequence) in the
following sense:

/g(uD( dX—>/ /g u(x, a))e(x)dxda,
Q

forall o € L'(Q x (0, T)) and all g € C(R, R),
that is:

¥
g(up) — /O 9(T(-, ))da, L2(Q x (0, T)) weak-x.

’
(/ 9(u(x,a))da = / a(s)dvx(s), vx is a probability on R)
0 R
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Convergence to the entropy weak solution

@ U is an entropy weak process solution of
{ Ut + div(vf(u)) = 0in Q,

u(-,t) =0, on{x €90Q,v-n(x) > 0},
u(-,0) = uo,

Q Ifuel~(Qx(0,T)x(0,1)), is an entropy weak process
solution then:

e U(x,«) does not depends on «.
e U is the unique entropy weak solution u.

The proof uses the doubling variables method of Krushkov.
© up converges to uin (LP(Q x (0, T))) for all p < cc.
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Conclusions

@ Cell centred finite volumes widely used in industrial codes:
e addresses coupled problems (e.g. parabolic - hyperbolic -
algebraic)
e produces "user friendly” codes, even for complex
applications
@ Analysis of the cell centred finite volume scheme
presented here for
Elliptic problems with Dirichlet boundary conditions
Parabolic problems
Non linear hyperbolic equations
Transient incompressible Navier-Stokes
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Conclusions

Analysis also exists for:
@ Elliptic or parabolic problems with general boundary
conditions (Bradji, Gallouét Herbin Vignal)
@ Elliptic or parabolic problems with L' or measure data
(Droniou Gallouét Herbin)
@ Corner singularities (Djadel Nicaise)
@ Nonlinear reaction diffusion equations (Eymard Gallouét,
Hilhorst)
@ Variational inequalities (Herbin, Marchand )
@ Degenerate parabolic equations (Eymard, Gallouét ,
Herbin, Hilhorst ,Michel...)
@ Hyperbolic equations with discontinuous fluxes
(Bachmann, Gallouét, Vovelle)
Similar tools also used for
@ A posteriori estimates and mesh adaptation (Kroner,
Ohlberger)
@ Numerical homogeneisation (Eymard, Gallouét)
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Ongoing work and perspectives

@ Anisotropic diffusion problems (Domelevo Omnes, Le
Potier, Andreianov, Boyer, Hubert, , Droniou, Eymard
Gallouét Herbin)

@ Coupled systems: Ohmic losses (Bradji Herbin)
semi-conductors (Chainais-Hillairet)

@ Compressible Navier-Stokes equations (Eymard Herbin)

@ Two phase flow in porous media, heteregeneous media
(Enchéry, Cances)

@ Image processing (Mikula)
@ Hyperbolic systems (Gallouét Hérard Seguin)
° ...
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Weak entropy solution and weak entropy process
solution

@ Weak entropy solution
ueLl>(QxRy)
| [o@ee+ o) vraxat+ [ wa()etxox

Ry
+ [oo V- n ®(0) p dy(x) >0,
for all n € C?(R), & s.t. &' = 'y, Vo € CX([0, T[,R,) s.t.
p=0o0on{v-n>0}.
@ Weak entropy process solution
u 6 L®°(Q2 x Ryx(0,1)),

/ / / Ut + ®(u) - Vo dx dtdo +

/ n(to(x)) $(x)x + / V-1 ©(0) ¢ dy(x) >0,
Ry 0
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Proof of the lemma

m
® Xmn = [Um, Pp,elon = > o ——(uL — uk)(pL — pK)+
€&, U:K|L KL
my
Z Uk ¢k
K,o

Uegexty UegK
@ v € CX = mlarge enough so that px = 0if K'is a
neighbor to the edge

m
Xm= > o ~(up — uk)(pL — ¢x)
KL

o CEm, o=KL

@ Reordering:

y I My
Xm = Z Uk Z Fk -(), with Fi () = T(SDL — ¥K)-
KeT oeék KL
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Proof of Lemma, sequel

F;%,U(QP) = /K —Ve- nK,UdW"fmﬁRK.n(Q)'
Consistency: If ¢ € C3(Q), or p € H3(Q), |Rx.,| < C.hp.

Xm = ZUKZF;%,O'(SO) = Ym+ Zn,

KeT o€ék

EUK / Ve -ndy = — [, up(x)Ap(x)dx

KeT
—>/ X)Ap(x)dx = / Vu(x) - Ve(x)dx as hp, — 0.

ZUKZm Rk - (), and |R,(¢)| < C,hp.

KeT e d<tore
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Proof of Lemma, end

Zm=—> Uk Y MyRrk,(p)

KeT o€k

Conservativity: if o = oy, then Rk ,(¢) = —RL,(v).

Znl < 3 Mol Ricol lux — ul

o=K|L
m,
Znl? < Cuhp > dams > —uk — u?
—KIL e G
= o=K]|L

< Cuhp d|Q| diam(Q)||f| 2(q)-
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