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Lattice Boltzmann two phase calculations in porous media, 2002
Fraunhofer Institut for Industrial Mathematics (ITWM),
Kaiserslautern

Oil distribution in an anisotropic fibrous material

Fleece oil is wetting oil is non-wetting
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Free surface
Lattice Boltzmann method
for Newtonian and Bingham fluid

l. Ginzburg and K. Steiner, Lattice Bolzmann model for free-surface O
and its application to filling process in casting, J.Comp.Phys., 185, 2003
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Key points

Basic LB method:
(D Linear collision operators

(2) Chapman-Enskog expansion
Applications:
(3) Boundary schemes

— Permeability computations in
porous media (4) Finite-difference type recurrence equations

— Richard’s equations for (5) Knudsen layers
variably saturated flow in
heterogeneous anisotropic (6) Stability conditions
aquifers
(7) Interface analysis
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Cubic velocity sets {(_fq, g=_0,...,Q— 1}
B 6q:{Cq(x,(]:1,...,d}
— d2Q5: 0 and
(£1,0), (0,£1)

— d3Q7:0and
(+1,0,0), (0,£1,0), (0,0,£1)

— d3Q13: 0and
(41,41,0), (0,41, +1), (£1,0,41)

— d3Q15: 0and
(41,0,0), (0,41,0), (0,0,41), (41,1, £1)

— d3Q19: 0and
(+1,0,0), (0,+1,0), (0,0,£1), (£1,£1,0), (0,41,+1), (+1,0,+1)

one rest (immobile):

o =0=(0,0)

Q — 1 moving:

Cq = (£1,0), (0,£1), (£1,£1)

~ d3Q27=d3Q19Ud3Q15
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Velocity space | Moment space

fo (_fo fo bl
fk Ck fi bk

-

fQ_l Co-1 fQ_l bQ_l

— Moment (physical) space:
basis vectors bk

and eigenvalues )\k,
k=0,..,0-1.

— Projection into moment
space:
f= 5250 fb, fio= (flb).

— Collision in moment space:
A (1f —€)lg=

5100 M f— &)big.

— Linear stability:

—2 <A <0.

Multiple-relaxation-time MRT-model

Gridspace: Arg=1,a=1,... ,d
Time: At =1 (1 update)
Population vector: f(f,t) = (fq), qg=0,..,0-1

Equilibrium function: ~ €(T,t) = (€g). ¢=0,.,0-1

Collisiong(T,t) = (A4 - (f — €)|q, A[Q x Q]-matrix
fq(F,t) = fq(T,t) +Collisiong

Propagation: fq(?—l— Cq,t + 1) = qu(?,t)
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MRT basis of d2Q9 model
jZQgibk, k:].,...,g

by | Db, | bs | ba | bs | b | by | bs | Do
1100 |=4l0]0 004
, _ 111 o0 =110 =202
;bl)q - 111 1]2lo]1|1]1]1
b2)g = Cox 1|01 |-1|-1|0]0|-2]=2
b B 1 -1l 120 |=1]1|1]1
b3)g = Coy 1 -1 0 |=1]1]0/|=2]0]-=2
: 82 2 2 2 |1 |-1|=1] 201|111
\b4)q — 3Cq—4,Cq—CqX—I—qu 1|0 |-1]|-1|-1]0]|0|=-2]-=2
: 52 2 1|1 |-1l2o0o|=1]1|1]1
\b5)q o ZCQX_CCI Eigenvalues
ib6)q — ququ AN LA TN AT AT [ AT [ A5 | A | Af
b7)q = Cqx(3¢%—5)
b )q cq (3Cg 5) )\ar—>0, A = 0,A; =0,
e 1qy a A =V, Ay =V, A =V,
, B 4 a2
bg)gq = é(9(:q 21cG+8).
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Link-model LM, (2005)

- Link: {Cq,Cq}, Cq= —Cq

- Collisiong=pg+ My

— Symmetric collision part: pq — )\(_ql_( f(j_ o ea_)

— Decomposition:

— Antisymmetric collision part: Mg = }\a(fq o ea)

— Local equilibrium: €q = ear -+ ea, €q = Eq(f)

— Symmetric part:

ff = 3(fq+ fq)

— Antisymmetric
part: fq_ = %( fq — fq)
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Microscopic conservation laws with Link Model

— Conserved mass quantity p(? t)

Mass+momentum with LM: Let p(T,1) = ZQ 1 fq= Z f+ =
two-relaxation-time operator, Q— 1 n
TRT only !!! > a— eq then

—I— —I— — ' + _\ T
e A= — zqu (f eq)_O it Ag =At.
(Qian, d’Humieres & — cConserved 0—dimensional momentum quantity T(?,t):

- 1

Lallemand, 1992) Let j(?,t) — ZqQ fqéq z f 6q —

A-(-elg=Mla-&) 59 Ta, 30 Terg tner
{ BGKC TRTC MRT Zg:_ll)\a(fq_ —€5)Cq=0 if Ag=A".

BGKC TRTC LM
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Following idea of Chapman-Enskog (1916-1917)

Let & = % — Population expansion around the equilibrium:
with L as a characteristic [1] 2 (2]

length fg=eq+efg +efqg +...

Let X, — X — Collision [cc])mponents ;

2 o =[]
my = (a1

— Macroscoplc laws:

zq Slpg +pa] =0,

Zq:O [mgl] m([ZIZ]]éCI =0.

Let Uy =€, lp=¢

Ot = 80'[1 —|—82(3t2 +...
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Directional Taylor expansion, aq = [- (_fq — Saq/

— Evolution equation: fq(?—l— (_fq,'[ -+ 1) fq(? ’[) —
>n€"(pg" (F,0) + My (F,1))

— First order expansion:

+n _ py 1]

— Inversion is trivial for LM :

fq " = T] epq’ = (O € + Of€q ).
_ n 1 _
fq n_ r;"';_ 8mc[q] = €(0y8q +0geg)-
q — Second order expansion:
— Eigenvalue functions:
221 .2 [1] _ 1]
AN =—(G+3)>0 P =E Oteq — &0\ TP +0g/\gMg ),
2 _ _ |1 1
Ao =-(brlys0  e2mE =e2yeg —e@uAqmy +ogATpi).
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TRT + isotropic weights
» &g =14(P(pP) + ja) , iq=1"Tq, J—Zq 1 quéq

( (1) Stokes equation for pressure P and momentum | :
Kinematic viscosity: v = 3/\+
(2) Isotropic linear convection-diffusion equation
whenP =cep (0 < ce < 1)and j=pU
D|ffu5|on coefficients: Dgq =CA ,Va=1,---.d
2
. eq=t5(P(p) + 251 1 g

(1) Navier-Stokes equation
Isotropic weights: (2) Isotropic linear convection-diffusion equation
without second order numerical diffusion O(A~UqUp)

7\

Q—1,x -
Zq 1 thqvaB = Oy, X
Z t C (;2 _ 1 “Magic parameter” A~ = AT/ is free for both

q=qd™=gp — 3 equations.
X £ [3.
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Let P =cZp

Mach number:
Ma:%,

U is characteristic
velocity.

Sound velocity:
0<ci<1

A2 1
(Lallemand & Luo, 2000)

Incompressible Navier-Stokes equation
— MRT/TRT/BGK with forcing %:

fq(F+Cq,t+1) = fg(F,t) + pg+ Mg+ ;-
Incompressible limit, Ma — 0:
p=po(l+ Mazp’) P = P(p)—P(pO)’

0-U=0O(—Ma2dP) = O(e?) if U = O(¢)

Podtl+poll- (U®T) =
—0OP+0O- (povOd) 4 F 4+ 0O(e3) + O(Ma?)

Force: |f — qu:_]_l%éq
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Boundary nodes:
fluid nodes with at
least one outside
neighbor

Kinetic boundary problem
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e Dirichlet velocity condition

via the bounce-back

f(b) = fq(Th)—
Zea (rb + 6q 6q)

e Dirichlet pressure condition

via the anti-bounce-back

fq(Tp) = — fq(Th)+
Zea_(?b + 6q 6q)

Bounce-hack:
H=h+2A

H - effective channd wigth

Boundary conditions

No dlip W%%W//WM Bounce-back
"B
N

Freedip

Periodic

Zzzzzy  Specular
Reflection

B

gugs
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No-slip condition via bounce-back reflection
|. Ginzburg & P. M. Adler, J.Phys.II France, 1994

| qqqq.
h _9 — First order closure relation:
jq(To) + 39qia(Tb) = O(€?). 5 = 3
f~ AL — Second order closure relation
H < hif A* < £ ja(Th) + 30qiq(Fo) + 53/ "0giq(Th) = O(e°)
H=hif /\j: 13_6 — For Poiseuille flow, effective width H of the channel is
H > hif AT > 3 HZ2=h?+ 2N -1

H o oifAT=A"
and v — o (BGK)
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Darcy law:

vi=K(F—-0OP)

Permeability is viscosity
dependent for BGK,

AT = 9y?

Permeability is absolutely
viscosity independent for
TRT

if A= = AT /AT
and AT is fixed

WHY ?7?

Permeability measurements with the bounce-back reflection

k(AT)—k(AT=3)

KINt=3)

, V=

AT 203, @~ 0.965 90%, @~ 0.941
TRT BGK TRT BGK
1/8 10~13 —0.077 | 107 | —0.083
15/2 | —2.8x107%2 | 4699 | —1078 | 2236
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Steady recurrence equations (2006)

- Equivalent link-wise finite-difference form:

1
pq_)\+nq _Aqeq N\ Aqeq + (A ——)Azpq

— 1
AT — + A2 2
mq=A"ng =Ageq —ATAGEG + (AT — )AgMg
— where link-wise f.d. operators are:

1

- (@ +Cg) — o — Cg))

DGO(T) = QT +Cg) — 29(7) + G(F — Cg) , V .

Aq(P(r) =
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Look for solution as expansion around the equilibrium:

Pg = Pg(€”) —2A"py(et),
rrlque: mg(e™) —2ATmg(e™),
pg(e") = Ske12. Ta2 (e

)
o) = Skero T2 V()

mg(e™) = Skt Ta2(e7)
(") =

Sk=12.. Tq(2k_1)(e+) ,

(Zk) 205 ey
Tq (€)= 2(k2|?) aZk 1

Tq— (e):aZK(zi 1)1

=

Slide 20




Solution for the coefficients of the series, k > 1:
ok_1 =1+
(2k—1)!

+2(AF — ) S 1<n<k@n— 12n—1)12(k—n))!

gk =1+ Z(Ai — Z) 21§n<ka2n(2n)!gl((|)<!_n))!

— Non-dimensional steady solutions on the fixed grid
v 1 p— PR
J PoU poUZ

are the same if

= gL’ Re = % and /\ are fixed

— Provided that this property is shared by the microscopic
boundary schemes,

the permeability is the same if AT is fixed !l
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Multi-reflection Dirichlet boundary schemes (2003).

Boundary surface cuts at .
the link between b — 2Cq Th—Cq Ty +Cq
boundary node ?band an ':K—z K_1=':K_1 Ko == B =Cl
outside one at F*b + (_fq. o +5Cq
Sgﬁ ST — + Kofg(Mp,t+1)
1 | Y] + K_lfq(?b—(_fq,t—l—l)
T + K_1fg(Th — Cg,t+1)
=L + K_2fg(Th—2Cq,t + 1)

.C.
Coefficients are adjusted to T kb%( 7t + 1)+ fCIIJ

fit a prescribed Dirichlet
value via the Taylor
expansion along a link:

Linear schemes: exact for linear velocity/constant pressure.
— MR schemes: exact for parabolic velocity/linear pressure.
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o
@
o

0.40

O Edwards et. al
o Bounce-Back
1008 <& Llnee_lr o
o A Multi-reflection
. 2:% *---% Ghaddar
S o
4 i
=08+ O
g e
< . &
o *féoo
0.60 oodh
0.40 : !
0.0 100.0 200.0
Re
O Edwards et. al
0 Bounce-Back
Loom <& Llnee_lr o
N A Multi-reflection
_ S@ *---% Ghaddar
= &
= 0.80 A
g Hopo
X \\%é\
\\\U & oo
L=l

0.0

100.0

200.0
Re

Stokes and Navier-Stokes flow in a square array of cylinders.

Error (in percents) of different methods in Stokes regime in 66° box

(0] Edwards, FE | Bounce-back Linear Multi-reflection | Ghaddar, FE
0.2 2.54 —1.63 5.5x 1077 —6.5x 1072 —2.4x 1072
0.3 0.53 0.78 0.51 2.8x 1072 9.8x 103
0.4 —-0.64 —4.86 0.13 —9.2x 1077 —2.2x10°7
0.5 —2.54 -1.1 —0.95 —89x10°° 3.4x 1077
0.6 —8.36 —6.9 0.55 —2.1x1071 1.3x 1072

— Stokes quasi-analytical solution (Hasimoto, 1959) : FTd = %,

k= %k*, @is the relative solid square fraction (Qnax = 1/4).

— Apparent (NSE) permeability is computed from Darcy Law.

— Dimensionless permeability versus Re number is plotted:

(1) Top picture: NSE permeability/Stokes quasi-analytical

solution.

(2) Bottom picture:NSE permeability/Stokes numerical value.
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Application of multi-reflections for moving boundaries

Pressure distribution around three spheres moving in a circular tube
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0.8

Symmetric part, L=8

% 0.6
é 04 |
S5 0.2
E 0 + + duyivhiaih 47 "'
% 02 it
E 04 -
g 06 —
g -0.8 :
1 2 8 4 5 6 7 4
y, [I.U]
Symmetric part, L=17
08r—T——T—T—T T T T
% 0.6
— 04}
2 o - i sk b oo e ek e
N HES VY
-0.2 HiS
Bl
g 08 f
17 4 6 & 10 12 14 16 18
L y, [1.U] _
N\* < 7. accommodation
oscillates, ( , N\E =

A* > 71 it decreases
exponentially (A* = 3)

3
16)

Solutions beyond the Chapman-Enskog expansion
P = P+ 04 Mo = TG + 0
gq (N — _)Ang ZQ_l g =0
Jq = (/\jE ) ng Q ' 199Cq=0

Example of Knudsen layer in horizontal channel:
e.g.,exact Poiseuille flow using non-linear equilibrium

g = (3Cax_ 1)th+(Y)Cay

d = (3¢t — 1)t<’§K_(Y)qu
KE(y) = kg +korg 7, r — VAT
- 2VAT-1
ro and 1/rq obey: (r + 1) = ANF(r —1)2

NF = %: accommodation in boundary node
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h[L] =—-y(6)/pg
(0) capillary pressure

KILT™Y  hydraulic
conductivity, K = KK

Ks[LT!] saturated
hydraulic conductivity,

Ks = kpg/u

Kr(h) = krw dimensionless

relative hydraulic
conductivity

kK2 permeability tensor

K2 is dimensionless tensor
K& =1 inisotropic case

Richards’ equation: 0t0 + _D, .U=0,
U= —K(h)K2 (Ch+1g).

— Conserved variable: moisture content 9(? t)

— Characteristic scaling: hib = thhys Kb = ‘ZlehyS.

— Coordinate scaling: AF'P = £H . APPYS — 1,
H — diag(lx,ly,lz).
— LB grid:
06— 0-K'P(g)K'P. T — 7. K'b(egKa'b OhlP,

K (e) ‘quhyS(e)’ KlbB B]physla’ ,K & [KaB]physl IB

IZ - 4IX
LB grid Solution gri
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Generic advection and anisotropic dispersion equation (AADE).
~ i fg(F+Cg t+1) = fo(F,t) + Mg+ pa+ &

_ Equilibrium: eq:th(p)+tajq, q=1,....0—1

— Immobile population: Q=P— Zq 1 eq
— AADE: Otp+D-T= D'D+M M=% :Olsar
e Diffusive flux: [_5 Z q mqéq

— LM-operator has (Q— l)/Z Do = aBaBP( ) 1 d ,p=1,....d
/\C_I-freedoms for DGB

T 7 T

2

e Diffusion tensor: DGB zq 1 %qu(CqB % = Ny tq

— MRT-operator has only d
eigenvalue freedoms
for Daa
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-0.02}

-0.04|

-0.06|

-0.08!

. 7520

‘hd=—9cm

VGM Sandy soil:
a=37m 1 n=5
Original VGM (1980)
dgh(8 = 1) is unboun
1/y=0gh(1-107%) =

ded
3566.24 m

Modified VGM (T. Vogel et all,

2001): dgh(hs) < w, hg

<0

Richards’ equation via the AADE.

—

p =0, eg=tqP(p) + g | = —K(6)K - 1g

op+0- = 0-k(P)K2OP(p).
 Mixed form, 6/h-based

P=h(0), k(P) =K(0).

« Moisture content form, 0-based
P =0, k(P) = K(8)dgh(8).
« Kirchoff transform, 6/P—based

p= MOk (r)d, k(P) =1.
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Compared to finite element
solutions,
E. Beaugendre et.al, 2006.

No-flow condition except for
open surface.

Seepage face conditions on
open surface.

Explicit in time,
Multi-reflection boundary
schemes.

Heavy rainfall episodes,

Project “Dynamics of shallow water tables”,

http://lwww-rocq.inria.fr/estime/DYNAS.

physical axis parallel to LB axis.

T T
Vector field ———=
water-table

geometry ssrssssaan ]
e y??TT ..............
MRS TR L LT T
\\\\\\\\\\QE::§§;x*,$;bw%¢l
- — s = . —
© {xuwmsss\ =
NN NN NN NN S A
r—d Tyl Y N N NI e el el /AN
= (@) b1V VY N N N N N NN == T ]
- Volov N N N N N N N N e T T T il A N N
~ VOV N Y N N N N N N e e e ////////7_
LY \ N NN N N NN N NNt Ttet—r————————————— - //,/ f'
NN N N T T e s S S B
O. NN ————— e S B _
NN gt A
NN SR AN
O. - il lIIITI IS SISO CSZZZZZZCZcof i .
- aada P e P S IR | ~:I
(@) oO.2 0.4 0.6 0.8 B 1.2 1.4 A

=

| geometry serreienn
B NN e .

RN R R ———— === 1

O. NN N N N e A A .
OV N N N N NN NN = T 3

NN NN N N N N T e S PP A i
— TN N N N N NN S et S S A A A B B
= (@) PN NN gt SR et A A R A B Y
e - T %y v N N N N N NN J//j:j;’j;;ﬁff',:
~ RN s s B S S
NN i A A A

O. s YN IIISISCSoOCoCSCoCSCo oS
O. B = - - - = - = - - - - - = Teiaeieaat -
- e S :

e

ONDMOO®RN ONAMOD®PRN

O iy
o |
l_\

............

7?
/%
&i
§ _

1.2 1.4

O

O

\V

p:w

IN

0

o) B RANN

open surface parallel to LB axis.

ad.

(S
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SAND on non- allgned grid YLC and SAND, on aligned grid

0.6

05}
041

Compared to finite element o 03¢

X

solutions,

-0.1
-0.2

Rainfall intensity is
Jin = 0.1Kg for all soils.

FE grid with 280 nodes on

the open surface. 0.5
504t
LB grid with /0 nodes onthe £,;!
x
L
open surface. 2 02
2
& 0.1
0

ﬁl 0.2}
S 01t

E. Beaugendre et.al, 2006. ol

Reduced vertical velocity on open surface, u;/Ks.

" hs=0, FE | L
hs=-9cm, LB, Node
hs=-9cm, LB, Wall ~«------+ i

X, [m]

Relative ex-filtration fluxes

FE, hs=0 —
LB: hs=0, {t=80
LB, hs=0, it=20,

02 4 6 81012141618
time, [h]

0 02040608 1 1.21.4

Relative Exfiltration

0.

0.
0.
0 0.
ﬁl 0.2}
S 01t

-0.
-0.

o
IS
T

o o
N w
T T

o
=
T

6

51
4|
3L

0
1
2

0

" YLC, hs=-2cm, FE ——
YLC, hs=-2cm, LB

SAND, hs=0, LB e

7

SAND, hs=0, FE --+++-++ 1

X, [m]

SCL on non- allgned grid YLC on allgned gr|d

0 02040608 1 1.21.4

FE, hs=-2cm
LB, hs=-2cm «--e--

01 2 3 456 7
time, [h]
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Solution for ‘Za = /\C_Itq, DO‘B = ZqQ:_ll %qu(CqB.
— d2Q4: 2links for Dy, Dy — Coordinate links: Ty = %(Daa —S),a=1,...,d

— d3Q7: 3links for Dy, Dy, Dz~ Free parameters: Sgq = 2Zq(diag) TCICEIO(

— Diagonal links:

d2Q9 . (Za — %(Sa ‘|— nyCchqy) s Sa — SX - Sy

Sa+S5—Sy

d3Q19 T = 7(Sup + DapCaoCap) » Sap =~

— Positivity of the equilibrium weights '[q Z 0 (Zg=Ngtqg > 0):
IDagl < Sap s Sa = (Sap+Say) < Daa ; Daa > 0 may restrict the
— d2Q9: 4 links for Dyy, Dyy, Dy range of the off-diagonal coefficients:

_ d3Q13 6 links for 6 diff. coeff. — d2Q9 . |ny| S min{DXX,Dyy} — pOSitive definite

— d3Q19: |Dyp| + |Day| < Daa = positive definite
— d3Q15: 7 links for 6 diff. coeff.

— d3Q19: 9 links for 6 diff. coeff.
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Linear (von Neumann) stability analysis (2004-)
— Periodic, linear in space solution: f(?,t) = Qt K))((Kg//KZZf*

— Evolution equation: (I +4- (I —E))-f*=Q K - f*,
K = diag(Kx®™, Ky?, Kz%)

— If ‘Q| > 1 for any wave-vectors (Kx, Ky, Kz) the model is
unstable, otherwise the model is stable:

Qff=K"1.(I+4-(I-%)) -

— Principal analytical result (with help of Miller’s Theorems,

1971):
For advection-diffusion TRT model,
it AT=ATA =+ ie A\T+A" =-2

[

then condition QZ — 1 is equivalent for any /\+ and A\~
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Diffusion dominant criteria for LB:
— Positivity of immobile weight: 0 < % <1

— Minimal stencils:
t & _ Q-1 A <d _ A—<Q-1
b /,/tx — YV At and YV Ay the model is stable if
by A~ > A Zg:l Do
' A>2<A2 |
minimal stencils - or, At <N —z—~=—,/\" isarbitrary.
_1Daa
a=1
- I ea_ — — Stability/accuracy is adjusted with /\+ (/\:I: — %)
3US—|U|?
tqp(1+ q2| | ),then — LBwith/\+:/\_:%<:>
U g A Forward-time central scheme (FTCS)

Daa — Daa + =5

LBwith AT =A" = % &
MFTCS or Lax-Wendroff
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oil (B) o B f(§3
q | undary
fx I,
Soil (R)

Richards’ equation in heterogeneous media

First order: [PRZq€| t(I;Q] (?') = [PB > gel '[5’] (?')

Continuity of the diffusion variable in stratified soil:
PR = PB(r') + O(€?) ifonly

R__ B
qul tq — qul tq

Mixed form:

PR=hR PB = hBen hR(P!) = hB(r!)
Moisture content form: PR GR PB GB then
6R(F) = B(F!), hR(F)  hB(P!)

Kirchoff transform:P(G) — fil((x?) K(h’)dh’
hR(?') £ hB(?') if KR(h)  KB(h) or hR(8) # hB(8)
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Drainage tube from Marinelli &

Durnford (1998)

Pressure head at the base

(Z = 0) is reduced from the

hydrostatic to the
atmospheric value

medium-grained sand is in
the middle between
fine-grained sands:

Kgniddle/Kgop — 100

Mixed LB formulation with
Ax =1/150 m, At = 1/150h

Minimum Ax of the adaptive
implicit RK method is
AX ~ 1078 —107"m, At = 3h

Pressure, [m] Effeptive 0 Velocity/Kg
5
9
A |
| S
&
5| t =75h|
1]
RN
208 0 06 b2
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Anisotropic weights (TRT-A) or Anisotropic eigenvalues (LM-I)

— No interface layers if only %RaqPR Tqo0qPB, T = N\ tq

— TRT-A: Vertical flow, necessary: 74° /TR = [ty\g |8/ [te\g |} = D%, /DR,

isotropic {/\a} =A\",V(Q
anisotropic weights{tq}

—
S
PR = PB(P) ifony | 25k
B B 57 2*[>[>[> E
A" _ Dz 3 ol T S
— S » 5O
/\_R DZRZ «g | ; > > g
iy Ir S i
i ] >
— LM-I: 05 05 b >
isotropic weights: o e, ‘ TSR i L
0 05 1 15 2 0 0005 001 0015 002 0025 003
’[5 — tg’ — Ceta’ \v’q TRT-A: discontinuous LM-I: correction to solution

_B _R
anisotropic {/\C_I} R/l e.glg/\l — /}3 = e.g., diagonal links: T; TEQ TR,
Exact only if h™(")/h>(") = D%/D =5 vertical Imks_‘IJ_ /TJ_ — 7

Ag® DB

/\q_R N D?z
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Anisotropic heterogeneous stratified 3D box
following M. Bakker & K. Hemker, Adv. Water. Res. 2004

Anisotropic principal — Problem: O-KROhR=0,z< 0, 0-KBOhB=0,2>0
XY — axis:
" — Interface conditions: h?(07) = hB(0T), K?a,hR(0~) = KBo,hB(0T)
KXX ny O
Ky Ky 0 — Boundary conditions:
|
O O KZ(Z) qx — —[Kxxaxh ‘|‘ nyayh] |:|:X: O, ayh |:}:Y: _O-, qz — _Kzzazh |:|:Z: O
q, =0 — From 3D to 2D: h(x,Y,z) = ¢(X,z) — oy +hy, hy = h(0,0,0),
) (£X) = g0, g0 = k) /Ko
— Three solutions can be distinguished for 2 layered system:
Invariant along x and z: @(x,z) =0, ifg8 =g" =0
Linear along X, invariaBntRanng z: @(x,z) = L3, if gB = gf
F yh=—0 Non-linear: @(x,z) = (555 x + (9% — g¥)9*(x,2)), if g° # R,
Gz =1 OxQ"(£X,2) = 3sign(z)
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Ground water whirls: U(X Z) —

1

— Analytical solution (2005) via
Fourier series for ¢*(X,2)
KR By @ + Kzzazch* 0,z<0
KBaw@ +KBo, 0 =0,2>0

Vertical coordinate Z

-1

— Boundary:

aX(p*(j:X7Z) —
%sign(z)
OZ(p*(X, :I:Z) =0

0.25

o

-0.25

-0.5

Vertical coordinate Z

— Interface:

¢ (X 0") =
KS0.9%(x,07) =
KB99*(x,07)

(%,07)

Isotropic tensors

0.75 |
05 |
0.25
0k
-0.25 |

-05 |

VKR KS and KR KE 2 .|

-2 ) -1 0 1_
Horizontal coordinate X

0.75 |

05 |

-0.75 |

| Z}\\\&::::iifﬁ

)

\}\ \\ M///
N

\\ _,_.///

\M//i

“ \;_,..a’/// vd

AN

L !
-3V -2

) -1 0 1_ 2
Horizontal coordinate X

3

Vertical coordinate Z

Vertical coordinate Z

-0.25

-0.75 -

0.75 |

-05 |

-0.75

1

0.75 -

05 -

0.25 -

0+

@

05

13

e
3V 2 1 3
Horizontal coordlnateX

Horizontal, K)I(BX/K;RX =5 Vertical, Kng/ KZF\; =5

\}\ //
0.5 f
NRTIPRRRRRY %
0.25

3 -2 ) -1 0 1_
Horizontal coordinate X

(— K&)axcp* Kz(iQach*)
Proportlonal K /K
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3D computations without interface flux corrections
KB/KR =5, KB = KR, g = K /K = Lsign(z)

solution: @(x,z) = (gB—gR)qY( ) Ox@*(£X,2) = 3sign(z)

- e tR BA— B
interface links: tfA; ;ét /\ P (07) # B, (0T)
@*(x,07) —¢*(x,07) 0x@*(x,0™) — 0x@*(x,07)
L L B B B B B — -
— Brad 09} [ e :
n 0 LM ] : -
01 A TRT-A with eg.+ correction 08 Z %ng-Awitheq&correction

S066885885606060°

Horizontal coordlnateX m

Horizontal coordinate X, m
| I

I N NP SRR B NR 1
25 -2 -15 -1 -050 05 1 15 2 25 %5 2 15 -1 050 05 1 15 2 25

[

vvvvvv
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Leading order interface corrections

— Piece-wise linear solution for i‘"— layer:
fq) = [eq +t4dgP(x,,2)/Ag10, PR(F!) = PB(F)

(RE)+8f fR(TR) + &F Then 9;PR(¥') = ;PB(F"), and DX ,PR(P") = D8a,PB (")
7 — No interface Iayers if each flux component IS continuous:
O}, = DL, i.e. tRA; “9aPRega = t8A; "0aPBeqa, Vg € |
— Piece-wise linear solutions for any anisotropy and
[AtEFface 1 > heterogeneity via the interface corrections
B _ fR(¢R + R —R
fQ(rR7t + 1) _ ]:qB(?B7t) + (6q B—I_ 6q B)’
fg(P™,t+1) = fR(F5,t) + (55 °+85 )
f8(7®) + &8 f8(7®) + &8 Diffusion variable:5; R = S}(rf — 1), sR ei"+1 mR ~ el ()

Fluxes: Oy " = Za feva) 650( O = Poa (rErRrG — 1)
with ratios: rg :th/tR, R =N /N" IR = [OGPB/GGPR](?')
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Neumann conditions via the
modified bounce-back:
]iq(?b,t +1) =

fq(Th,t) + n(Th,t) + Sr (T, t)

Prescribed normal derivative:

6n — —Z%Onp(?w, t)an

Relaxed tangential
derivatives:

8 = —2T; 3+ P (T, 1)Cor,

0P is derived from the
current population solution

LM-I-model with interface corrections
Comparison with exact and * multi layer” solutions for

axcp* (X O+) and (9)(([)?k (X 0~ ) KXy = [Kﬁx)mgn( 2)]/2

05

0,25
0
-0,25(P
A 2D multi-layer
_015, 0 2DLM- 4

0 3DLM-

e ey ey by T L
25 -2 -15 -1 05 0 05 1 15 2 25
Horizontd coordinate X
B R __ B _ wR
Kzz/ Kzz - 500’ KTT - KTT
diagonal links:
B R_ R B _
T2/ T = T/ T = 7
vertical links: 7B/TR = 1498

0,25
0 A
0251
+—+ Exact
A 2D multi-layer
-05- O DLMI 4

0 3DLM-

25 715 1050 05 1 15 2 25
Horizontal coordinate X
Ksz/KzF§ = 500, K{BT/KTRT =100
diagonal links:
T/ T4t = Tg3/ T3 = 100
vertical links: 72/TR = 1300
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Steady-state unconfined flow
computed with h—formulation on anisotropic grids

Reference solution:

Clement et al, J.Hydrol., 181 Uniform refining in Anisotropic non-uniform refining
1996 1002 — 12 m2 bOX I?Ottom O 5 Itop — I;Op/I?Ottom — 8
o Uniform grid, 100x100 box Anisotropic grld I, 50x130 box, A=8
Boundary conditions: e - e
R - open.water level. «x s e e e = T @ oleedd
Top/bottom: No-flow via | ]
bounce-back reflection % %
fg(Fo, t+1) = fq(Po, t) 8 8
& &
N Q
West: Hydrostatic, e -
hb(Z) +zZ=1 Mvia - _, I
anti-bounce-back Oc—0z 04 06 08 I 12 Ov—02 04 06 08 I 12
reflection Distance x, [m] Distance x, [m]
fq(Tp,t+1) =

—fq(Tp,t) + 2tgh°(2)

East: Seepage above
7 — 0.2 m Slide 42




Solutions on the anisotropic grids

Uniform refining, A= |£Op/|1230ttom =1

TRT: A= 3, (6) (anisotropic weights, isotropic ratio A~'°P /A~Po1o™)

. . ) ) h
Horizontal velocity uf™(z) Vertical velocity ul™*(z) Pressure head h(z)
|pbottom , |ptopy oy [pbottom 1\ ptop
PPOOM P ) — PP ) — P 1
1 - u\ T T T 1 T /.r \\. ‘\‘\ \
~, - \ \\
09) . f 0.9/ - , 091 N\ \
08l i ] 08l " ] 08F NN N\
0.7 \ 0.7} VN N\ —
. - \ - 07 r A ‘\‘ E
\ 0.6L \ \ \, =
06} “.\ E 0.6} ‘\ \\ \\ GNJ
051l \.\ | 05| qi f 1 05} -,; \ ‘\\ %
71— 04l \ ______9ridinteriace 0.4 ,\\\ g
0.3} | N\ &
03} \ ] 0.3} ' N\
0.2} ] 0.2} 0.2} \ \\ \
\. 0.1} \ \ N\
0.1l - 0.1} \ N\
0 | | \ | ‘\\ I N\
0600005 0.001 0.0015 0,002 00005000025 0 0402 0 02040608 1
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12—

10

Harmonic mean:

K|
if

KR+KB

N TINGE =NF NP =KE/KE
With or without convection:
=0 or

0-KO(h+1,)
0-KOh=0

S 2 KZZ KZZ

L P—6—4g L
-1 -0,8 -0,6 -0,4 -0,2 0 0,2 04 06 08 1
Channel width, m

AADE: interface collision operator (2005)

Prescribed continuity conditions:

Diffusion variable: efR(F') = ef®(¥') + O(¢?)

Advective-diffusive flux components:

— ~-RR_ A—B —B B

&g —N\g Mg =¢€q" —N\g Mg
Interface collision components:
r —I 1/A—R -B
1) eq =3(eq " +eq”)

Harmonic means:

LM A7 = H it Ag"/AG® = mB/mR
CA— - R, A-B
TRT-A: A~ = A A i AR A8 =5 mB/ 5 oo mR

T ABEAFR
2 py=3(pR+ps)
(3) Mass source: Qq+' L Qq+R+Qq+B)

(4) Deficiency: P'=3(P® +P®) 1+ AP, AP = 1(9,P®) —9,P

(R))
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Topics of International Conference for Mesoscopic Methods in
Engineering and Science (ICMMES), www.icmmes.org

LB Method: Applications:
— Porous media: flow+dispersion, capillary functions, relative
Kinetic schemes permeabilities, acoustic properties,...
Finite volume and — Direct Numerical Simulations including Large-Eddy
finite-difference LB Simulations (LES), e.g. for external aerodynamics of a car
Adaptive grids — Rheology for complex fluids:
Thermal (hybrid) schemes (1) particulate suspensions
Comparative studies of LBE, (2) foaming process
FE and FV

(3) multi-phase and multi-component fluids

* Difficult problems: (4) non-Newtonian and bio-fluids

Stabilization for high

— Flow-structure interactions and Micro-fluidics
Reynolds numbers

(non-continuum effects)

Stabilization for high density  _  parallel, physically based animations of fluids.
ratios

Stability of boundary
schemes.
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