Pseudo pressure formulation: steady state and saturated zone

— Conserved variable: extended water content

0= es—|—y(h— hs), P = 0, P(G) —=h,h>hg
— The linear extrapolation is regular if Y = ahe(hs) 75 0

— The Richards’ equation with the pseudo-compressible error

yoth:

yoth+0- = 0-k(h)K&- Oh
yoth — 0 whent — oo

— Sub-steps are run in saturated points to reach the local
steady state: yath ~ 0
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Semi-analytical 2D “multi-layer” method of M. Bakker &
K. Hemker, based on exact Laplace solution along x

— Solution: (p EHE™ l@ Jd= {O’%}
H = diag{X Sinh (x//W2)

’ /Wacosh(X/,/Wa) ’
sinh (x/,/WN) -
Ty COSh (X /A } . ‘E and W are
elgenvectors/elgenvalues Céfztrldlagonal matrix ‘B
oV, HN — 1D discretization along z: 0 (P Bo,
HIKQ LY _ -0 g
@, H" Xox2 Cn+1
@ HL Assumptions: vertical approximatlon for the hydraulic
) . _ 11 w0
ot H resistance Cp = Z(Kn T TK )
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Compressible Navier-Stokes type equations.
— MRT/TRT with forcing % :

fq(F+Cq,t +1) = fq(T,t) + pg+ Mg+ ;-
- NsE 0P+ = 0(ed)

ot +0- (J®J)
~0P+0- (vO]) + O(gD- ) + F + O(e3).

— -1 - —1 =
e Force: F = Zqul %(?q, | = Zqul fq(_fq—l-%F.

e Slress tensor:
. : -1
V(0q IB + 6[310() = AT Zqul PgCqaCop

o TRT:V = Vg = %/\JF, MRT:Vg 7 V.
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Implicit interface continuity conditions (1993,2005):

(1) Symmetric equilibrium part: ﬁ(FR)

- (r®)

with Sy = eF +3mMq— At pg+35q"

(2) Antisymmetric equilibrium part: GR(?R)
AgMg+35q

with Gg = € +2pq

~Gg(r®)

B

F»B

(F»R t) Collisian (B)
(FB, t) Interface f
fR

r
I\

Iq

Collisior

1 (R)
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N-S-E: interface continuity conditions

(1) Symmetric equilibrium part: eaLR(?') = eaLB(F") + 0(83)
Continuity of the pressure P (without surface tension):

RvY _ pB(¥ 2 e R_ (B
Two phase Couette flow: PE(r") = P=(r") + O(&7) only if tg = 1t

0,j =0, j(=H) =0, j(+H) = 1
-B _'_ — .R _
\J)Bgo'lg O+J (:ngea RO RAHR (#1y — BB (7l _ i i

(2) Continuity of the tangential stress components:

Exact for any viscosity ratio  (3) Continuity of the tangential momentum components:

when the interface is midway _ ]
two lattice rows J(?(rl) — Jg)(rl) + 0(82) , A= {X7 y}
A Tangential velocity Ug = jo(/p is discontinuous,
i(2/i(0) Uﬁ(?l ) # Ug’(?l ) if density are different pR - pB,

15+

R B
P=c3p,ci /cs =pB/pR

8 6 -4 -2 0 2 4 6 8

vR=vB vR/yB =10, VvR/VB = 10° Slide 5




Two phase Poiseuille flow, example
j(2)/i(0) when VR/VB = 107, 0,,jB/0,jR = 10°

— Ve, = —FO j(£H) =0 /\i — 63_4’ /\j: — 13_6’ /\:t — %,

1°(0) = 7(0)
vBa,jB(0") = vRa,jR(0")

40 w w w w 40—

— No-slip condition via . .
bounce-back

a 30

20 A4 20

— Continuity condition
jB(07) = jR(07) is exact
midway the lattice nodes

when two curvatures differ 0 ‘ o 0 =S I
- -2 2 4 -8 6 -4

0 2 0 2
only when /\j: =16 Channel width Channel wicth

‘ ‘ ‘
Reduced momentum
‘ ‘ ‘
Reduced momentum
|

10

: 10

+*»

e When A~ # =%, “double” error from the bounce-back and
interface conditions
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fB
FB
ollision |(B) 'f'|
g
?I Collisio
g
f_R

Collisior

Interface collision operator

(1) Interface symmetric equilibrium part:
Mg+ 3 = (&™)
with Sq = 2rnq At pg+ 25q

(2) Interface anti-symmetric equilibrium part:
py+ 3(S§+ 5y = (GB+GR) ()
with Gg = €5 + 3Pq— Ag Mg+ 35
Find interface collision components,

ph (or AT, eaL'), m{] (or A\ ™, ea') and source 5('1,

from the prescribed interface conditions
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Two phase Poiseuille flow

Harmonic mean:

j}(07) = jB(0) exactly if
/\il /\iR /\iB 8
Arithmetic mean: continuity of
the stress is not exact at the
interface

120 1(2/1(0)

60

— ‘ ‘
Reduced momentum
(o]

20- .

o b o & o & T T R S|
6 4 -2 0 2 4 6 8
Channdl width

VR/VB =10 FR=FF

P

N-S-E: interface collision operator (1994,2005)

Prescribed continuity conditions:

Pressure: el (M) = efB(F) + O(e?)
Tangential stress components: vRDR (1) = vBDB (7)

Tangential momentum components: jR({) = j8() + O(e?)

Interface collision components:

(1)

(2)
3)
(4)

1 1/a+R | afBy A+l _ 2ATRATE
| _ 2vRVB
VR4yB

Harmonic mean interface viscosity: V

= 30+
Forcing: Sg = 3(S§+5¢)
Deficiency: jo(7') = 3(iR+ j8) (M) + Aja, Ajo = 3(0,j8 — 0,j})
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