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Arbitrary Interface Conditions
and Non conforming grids

Model elliptic problem:
np + a.Vp — div(kVp) = f in €, p=g¢g on 0.

Arbitrary transmission conditions as matching conditions can
be useful in optimized Schwarz (a.k.a two-field) domain
decomposition methods :

Iterative matching at the interface for a two subdomains

decomposition:
8p§"+1 1 Opy
K + Sipi T = —ka—= + Sip}
1 o 1P1 2 O 1P2
opytt Op?
K + Sopytt = —ky =L + Sop}
2 O 2D2 1 O 2DP1

Problem : How to discretize these conditions with finite
volume and nonmatching grids?



Example: Sedimentary Basin formation

Location of oil, water, pressure in layers (drilling)



Conditions d’interface optimisées pour les MDD
travail en commun avec E. Flauraud

Construction algébrique de conditions d’interface (CI) optimisées

Sauts du coefficient x de 4 ordres de grandeur.
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Valeurs propres du probleme sous-structuré

Figure 1: Conditions d’interface: star: opt0, triangle: opt2, circle:
bid0, cross: bid2



Bibliography : Cell-Centered Finite Volume
Schemes on the interfaces

Integrating the PDE in the volume K yields :

. 0
/np+/ anp — a—p=/f,
K oK oK on K

int

we shall call (pg)ke7r the approximation of p(xx) and (pe)ece the
interface.



TPFA

PK — DK’

UK K’ meas\| € -
o o) e p €[ Py
K1
. . K\
Consistency is lost because e D
|K', K| and 7 are not parallel. .
Fk . is a bad approximation of " L
the outward flux.

e Scheme is stable.

e No consistency for outward flux through interface.

e Error Estimate: O(h'/2) instead of O(h) (classical FV).
Cautres-Herbin-Hubert.



Ceres (IFP)

_ meas([K,L))px+meas([K',L])p s+ K P
PL = T (10 ) E— "
be—ps P

U’G — \
d(yeaajL) ‘

e Interpolation on subgrid inside the subdomains.
e No stability proven.

e Error Estimate seems to be in O(h).



Mortar Method with Finite Element

Q); are L? orthogonal projectors on the trace of FE of ; and

modify interface conditions in mortar conditions:

EE—
Ql
p1 = Q1(p2)
2
Uz = —Q2(u1) . P
They are no more symmetric: “
(), is the slave, ()5 the master. Q
e 2 1

e Method based on finite element discretisation.
e Error estimate in O(h) with P; FE.
e Dirichlet/Neumann Interface conditions type.

Bernardi-Maday-Patera.



Mortar Method with Mixed Finite Element

Mortar method extended to Mixed Finite Element (Mass

conservation): a space of function is introduced in T'.

T <Q2 Interface conditions are:
| po— Pl
PP, p2 = P(pr)

Q| P, Qi(u1) = Q2(u2)

e Error estimate in (O(h)) with P1/P0 MFE.
e Dirichlet/Neumann interface conditions type.

Arbogast-Cowsar-Wheeler-Yotov.
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New Cement

Mortar method extended to Robin interface conditions using F'V
(Q; L? orthogonal projector).

Q
The robin interface conditions are: “m
u; gg -+
ur + agropp1 = Q1(—u2 + giopp2) BRI
€
uz + agropp2 = Q2(—u1 + Qgiobp1) .
They are symmetric. T Q
1

e Unique and global a: problem in heterogeneous media.

e Error estimate and solution depend on a (e = O(1/h)/2):

a = O(1/h)Y = O(h}~7/2)
Achdou-Japhet-Maday-Nataf , Numer. Math. 92 (2002)
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Goal of the new method

Finite volume scheme.

Non-Matching Grids.

Error estimate in O(h): as Finite Volume on Matching Grids.

Arbitrary interface conditions.

Generalization to heterogeneous media.
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The finite volume method in the subdomains (R. Herbin, 95,
Num. Meth. P.D.E)

e The domain () is partitioned into /N non-overlapping
subdomains.

e Let 7; be a partition of €2, made of polygonal closed sets K :

o £, is the set of the edges of 7;.
e For two control volumes K and K’ with K N K’ € £q,, let

[K,K'] =0K NoK".

e &;p is the set of the edges on 92 N 0f); : Dirichlet boundary
conditions.

o &, is the set of the edges on 092;\0€2. Transmission
conditions will be enforced on 0€2;\0f).
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Assumption We suppose that there exist points (ye)eece,ue,
(ye € €) and (k) keT, € K such that

1. For two adjacent volumes K and K’, the line [xx, xk/] is
orthogonal to the edge [K, K'] .

2. For each edge € € & U &;p, the straight line [z (), ye is
orthogonal to the edge e.

%
B
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The scheme in the subdomains Integrating the PDE in the
volume K yields :

S Op
/np+/ anp — a_:/ I
K OK oK ONn K
m&\d’é\) %

int

we shall call (px) ke the approximation of p(xx) and (pe)ece the
approximation of p(y.).
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Discrétisation Volumes Finis

. 0
/np+/ anp — 8—p=/f,
K OK oK ONn K

est discrétisé par

; P~ P :
nmeas(K)py — Z meas(|K, K'])
K’EN-(K) dwr, vK)

Z a,KK/p} Z dy ) meas Zu meas( = Fg

K'eN(K) €e€&ip ec&;

avec p} décentrage amont, ax = |, KK angk et u. défini par

ul = pi—p% on e € &;
d(y&xK) ‘

et avec des conditions d’interfaces sur &; a définir liant (u’,pl) avec

(u?,p?) ou 1, est un sous-domaine voisin de §2;.
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Dirichlet-Neumann interface conditions
Transmission operators ()1 and ()2 between the non conforming

grids on the interface &; # &;:

Q1 : PY(&) — PY(&) —— ueP(g)
Q2 : PY(&1) — PY(&) S

Pa—— —
where PY(&;) space of piecewise constant functions &;.

Assumption 1 Vu € P°(&) and Vv € P°(&;)
< Qi(u),v> = <u,Q2v)> (A1)

Dirichlet-Neumann Interface con-

ditions (mortar type): S,
o .. 9

p2 = Q2(p1) b
ur = Qi(—u2) %Ql -

(), is the master and (25 the slave (conforming grids @); = Id).
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Arbitrary Interface Conditions

Arbitrary Interface Conditions: S; : PY(&;) — P%(&;)

Assumption 2 S, is positive definite

Arbitrary Interface Conditions:

Q1(52(Q2(p1))) tur = Q1(S2(p2) — u2)
P2+ Qa2(ST 1 (Qi1(u2))) = Qa(pr — Sy (wr))
Example of interface conditions:
e Steklov-Poincaré operator (S; = (DtN;)p)

e Robin interface conditions S; = diag(al), S; = diag(as,,,)
optimized of order 1 or 2 (S; tridiagonal)

In New Cement, the interface relation was
ur + S2(p1) = Q1(—uz2 + S2(p2))
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Dirichlet /Neumann and arbitrary interface
conditions

p2 = Q20p1) (5) _ Sa(p2) = S2(Q2(p1))
) ST (w) = STH(Qi(—u2))

Q1(S2(Q2(p1))) (5")
Q2(STH(w1)) = Q2(ST'(Q1(—u2))) (6

yield arbitrary interface conditions

+up = Q1(S2(p2) —u2) (7)
u2))) = Qa2p1 — Sy (u1)) (8)

—
&
0
N\
3
<
I
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@Q); = PY L? orthogonal projection on P°(&;)
\V/f S LQ(F), Ve € &, Qz(f) — mec%s(e) fe f

\V/Uj c Po(gj), Vee &, i 7& 75
Quluy))e = [PC(u))] = Doce, meoslen)ys

Operator ); satisfies assumption (Al).

V
I QZ(V)
[ T I —
1T 1 1 1 1 1 1
A A B S O E
81 82

(Q2(v) mean value on € € & of v € PY(&;) )
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(); defined via a linear rebuilding
We introduce (¢ = 1,2):
e the interface grid: £? coarsening by a factor 2 of &;.
e P1(&?) discontinuous piecewise linear functions on E?.

e interpolation operator I; : P°(&;) — P7(E?) and its tranpose
I! (w.r.t. the scalar product L?(T'), Vu € P%(¢;) and
Vv € Pl(Gg) < ]7;(’11,),’0 >L2(F):< U,I,f(’l)) >L2(F))-

STl

e PL L? orthogonal projection on Pj(E?)
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Transmission scheme

1 1
Q 1 h h Q 2

The definitions of the transmission operators are inspired by 1.

Yotov’s work in mixed finite element method :

Q: = Pl
Q1 = Qb =1pt

They satisfy assumption (A1) (but are not projections).
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Theoretical Results

e Globally and locally well-posed problems

e Dirichlet/Neumann and arbitrary interface conditions are
equivalent

e Krror estimate:
— O(h)'/? with L? orthogonal projections
— O(h) with linear rebuilding

— O(h) with L? orthogonal projections if the master is a

subgrid of the slave

— Maximum principle with L? orthogonal projections if the

slave is subgrid of the master.

e Frror estimate done with a convective term as well
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Global well posedness and stability estimate

Discrete Norm Definition:

[ol7:p = Y (vk)*meas(K)
Ker
(v — vkr)?
"U%’T — y: y: Jir o) meas([K, K'])
KETK’E./\/'(IC) KoK
—+ meas —|— meas(e
Zd Z o) e
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Global well posedness and stability estimate

Theorem 1 Under assumptions A1 and A2, the global problem
defined by the set of equations VF-(7)-(8) is well posed and there
exists C' > 0 independent of the mesh size such that:

2
ST lpill2eg,) + 02zl < CY NERaq,

i=1,2 i=1

—> The global discret problem has a unique solution without

further assumption on the mesh
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Local Well posedness

Theorem 2 Under assumptions A1 and A2, the local problem
defined in 1 by the equations F'V-(7) and the local problem defined
in Qo by the equations FV-(8) are well posed.

—> each local problem has an unique solution
For iteratively solving the domain decomposition problem, we have

to compute local solution at each iteration.
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Error Estimate

Discrete Norm Definition:

[0lli2) = D (vk)*meas(K)
Ker

Vi = > ooy (Vr = Vi) meas([K, K'])

S P e+ 3 e o
eeED ect&

General Error Estimate: For admissible meshes
If we define ex = p(xx) — pr and e, = p(ye) — pe , with p € C?(Q)
solution of (2), 3C' > 0 such that:

1/2
(el ey +lefir) = Ch
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Error Estimate

Assumption 3 dC, 3 > 0 such that:

Ve &, diam(e) < Cd(zk,y.)’

Theorem 3 Under assumptions A1-A2-A83, we have:

1/2

(1) > [lleillZe ) + lesli 7] < CO)n

i=1,2

with v = 1/2 with L? orthogonal projections (8= 1) and v = 1 with
linear rebuilding (8 =1/2).

Recall that

e v =1 with L? orthogonal projections if the master is a subgrid
of the slave (8 =1/2).

e Maximum principle holds with L? orthogonal projections if the
slave is a subgrid of the master.
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Numerical Results in the homogeneous case

Numerical tests have been done with the equation in four

subdomains :
p—Ap = z%y* —62y® — 225 + (1 + 2* + y?)sin(zy) in
p = pg on Of2

This results have been compared to the analytical solution which is

p(z,y) = 2°y* + sin(zy).
A substructuring method and a GMRES algorithm have been used.
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Solution and Error: 4 Domains

OO00O Pk
ONBROFNRO0

0.0006 0.0006
0.0004
0.0002 0.0004
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0
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-, T PR 0.7 ] 1 ~ 0405 06 o7 08
Lineaire New Cemen 80910
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Error: 4 Domains

0.0006
0.0004
0.0002

—0.0002
-0.0004
-0.0006 [~

'0.40.5. . 5086 P
TPFA TG Constant Moo

Numerical results obtained with a;; =1 (¢ # 7, et 4,5 = {1,2,3,4})
and for grids

o (21: 12 x 12 cells
o ()y: 14 x 14 cells
o ()3: 16 x 16 cells
o (1 18 x 18 cells
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4 Domains

\ \ \
New Cement 0 =1 —<—
New Cement g =1/h —

TPFA —2—
Constant —x—

—Iog (Error in discrete H1 Norm)

|3'5 h
—092()

Linear ~ 1.3 ; New Cement(a = cte)~ 1.3;
New Cement(a = appt )~ 0.9;
1/h)~ 0.6 Constant~ 0.5 ; TPFA~ 0.5;

New Cement(a
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Heterogeneous Problem

Test1 Test 2
P=1 P=1

Flux=0 Flux=0 Flux=0 Flux=0

Flux=0 Flux=0

np — div(kVp) =C
with 1 and k highly discontinuous and anisotropic.
The flux across the interface is a highly discontinuous function.
The points of discontinuities are located on the intersection points

of the lithology. This feature has to be taken into account by the

numerical scheme.
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Non conforming heterogeneities
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Basin Modeling
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Basin Modeling
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Tested Modifications

e Modified transmission operators that are x dependant.

— KO

e A third subdomain is added in between (e << 1)

&
QS

Q Q Q

1 2 1
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Linear and Ceres

Linéaire
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TPFA and Constant

TPFA
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Conclusion

Method for arbitrary interface conditions

Addition of a third subdomain for robustness w.r.t.

heterogeneities

Prospects

Analysis of the same idea for a Finite Element discretization

Overlapping non conforming meshes
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Thanks!



