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The Fisher-KPP equation — a model for reaction-diffusion

Och = Ph+ h— b J
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The Fisher-KPP equation — a model for reaction-diffusion

deh = 02h+ h— h?

In mean-field reaction-diffusion system (chemistry)
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The Fisher-KPP equation — a model for reaction-diffusion

Och=0%h+h— b J

In mean-field reaction-diffusion system (chemistry)

A and B diffuse A+ B —2A
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For a very large concentration

1

h(x,t) = (pr°p°rt'°“ of A ) = \ follows Fisher-KPP
around x at time t
0 X

Also the mean-field of an evolutionary problem
A and B diffuse

A reproduces faster than B population size constant
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The Fisher-KPP equation — step initial condition

B:h=82h+ h— h? )

For a step initial condition, h(x,t) as a function of x.
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The Fisher-KPP equation — step initial condition

O¢h=02h+h— h J
For a step initial condition, h(x,t) as a function of x.
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Convergence to a travelling wave:  h(us + z,t) - w(z), N
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The Fisher-KPP equation — step initial condition

Och=02h+h- h ]
For a step initial condition, h(x,t) and h(x,t)e*#* as a function of x.
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The Fisher-KPP equation — step initial condition

Och=02h+h— h? ]

For a step initial condition, h(x,t) and h(x,t)e*#* as a function of x.
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h(pe +z,t) > w(z) with w(z) ~ Aze™?,
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(Scaling regime:  h(p: + z,t)e? ~ Aze™ ")
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The Fisher-KPP equation — step initial condition

Och=02h+h— h? ]

For a step initial condition, h(x,t) and h(x,t)e*#* as a function of x.
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h(pe +z,t) > w(z) with w(z) ~ Aze™?,

ut=2t—%lnt+Cste+o(1)

(Scaling regime:  h(p: + z,t)e? ~ Aze™ ")
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The Fisher-KPP equation — other initial conditions

Beh=02h+ h— h? ]
1 1+.001e*/2
Compare h(x,t) and h(x,t) with initial conditions and — ©
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The Fisher-KPP equation — other initial conditions

Och=02h+h— h? ]
1 1+.001e*/2
Compare h(x,t) and h(x,t) with initial conditions and — oote
1+ex 1+ex
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Not the same velocity, not the same travelling wave
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The Fisher-KPP equation — position of the front

Oeh=02h+ h— K2 |
@ Converges to a travelling wave, moving at velocity v:
he+z.8) > wy(2), B v
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The Fisher-KPP equation — position of the front

B:h=82h+ h— h? )
@ Converges to a travelling wave, moving at velocity v:
h(pe +z,t) > wy(2), % > v

@ Velocity v depends only on how hg decays at infinity
v=2 if y>1,

ho(x) ~ Ax“e " —
0(x) {v='y+%>2 if v<1.
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The Fisher-KPP equation — position of the front

8:h=92h+h- )
@ Converges to a travelling wave, moving at velocity v:
h(pe +z,t) > wy(2), % > v

@ Velocity v depends only on how hg decays at infinity

v=2 if y>1,

v='y+;ly>2 if v<1.

@ Sublinear corrections depend also only on how hg decays at infinity
Iff [ dx ho(x)xe™ < oo M=2t—§lnt+ C+o(1)
If ho(x) ~ Ax®e™ with o> -2 py=2t+ %L Int+ C+o(1)
If ho(x) ~ Ax%e "™ with y<1  pr=vt+2 In t+C+o(1)

ho(x) ~ Ax“e 7" —
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The Fisher-KPP equation — position of the front

8:h=92h+h- )
@ Converges to a travelling wave, moving at velocity v:
h(pe +z,t) > wy(2), % > v

@ Velocity v depends only on how hg decays at infinity

v=2 if y>1,

v='y+%>2 if v<1.

@ Sublinear corrections depend also only on how hg decays at infinity
Iff [ dx ho(x)xe™ < oo M:zt—§|nt+ C+o(1)
If ho(x) ~ Ax“e™™ with a > -2  py=2t+ % Int+ C+o(l)
If ho(x) ~ Ax%e "™ with vy <1  pr=vt+2 In t+C+o(1)

ho(x) ~ Ax“e 7" —

o Fisher-KPP is diffusion, linear growth and saturatlon
One can understand some terms with diffusion and linear growth only
Some other terms require saturation

@ The nature of the saturation term is not important
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The Fisher-KPP equation — universality

YA _ 2 ve=2, vc=1
Oeh=02h+h—h s e J

Diffusion, linear growth (h =0 is unstable), saturation (h =1 is stable).

Iff [ dx ho(x)xe¥* < oo,  then pi; = vct - % Int+ C+o(1)
If ho(x) ~e ™ and v <~¢, thenv=v(y)>v
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The Fisher-KPP equation — universality

YA _ 2 ve=2, vc=1
Oeh=02h+h—h s e J

Diffusion, linear growth (h =0 is unstable), saturation (h =1 is stable).

Iff [ dx ho(x)xe¥* < oo,  then pi; = vct - % Int+ C+o(1)
If ho(x) ~e ™ and v <~¢, thenv=v(y)>v

dth=092h+h—h*,
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The Fisher-KPP equation — universality

YA _ 2 ve=2, vc=1
Oeh=02h+h—h s e J

Diffusion, linear growth (h =0 is unstable), saturation (h =1 is stable).

Iff [ dx ho(x)xe¥* < oo,  then pi; = vct - % Int+ C+o(1)
If ho(x) ~e ™ and v <~¢, thenv=v(y)>v

. !
dth=092h+h—h*, h(x,t+1)=min[1,2/0 deh(x —e,t)|.
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The Fisher-KPP equation — universality

YA _ 2 ve=2, vc=1
Octh=0ch+h—h v(y)=y+yt J

Diffusion, linear growth (h =0 is unstable), saturation (h =1 is stable).

Iff [ dx ho(x)xe¥* < oo,  then pi; = vct - % Int+ C+o(1)
If ho(x) ~e ™ and v <~¢, thenv=v(y)>v

. !
dth=092h+h—h*, h(x,t+1)=min[1,2/0 deh(x —e,t)|.
Ve=2 7c=1 ve = 0.815172.. ., 7. = 5.26208.. ..
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The Fisher-KPP equation — universality

_ a2 2 ve=2, ye=1
Octh=0ch+h—h v(y)=y+yt J

Diffusion, linear growth (h =0 is unstable), saturation (h =1 is stable).

Iff [ dx ho(x)xeTe*
If ho(x) ~ e 7 and

< 00, thenut:vct—%lnt+C+o(l)
v <Y, thenv=v(y)>v

dth=092h+h—h*,

: e
h(x,t+1) =min [1,2/0 deh(x —¢,t)|.

Ve=2, ye=1 Ve = 0.815172. .., v = 5.26208...
a1 _ 1[0t
v(v) =v+3, v(7) vln[2 5 ]
VA .
Ve .-
/YL
Ve
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The Fisher-KPP equation — universality

_ 92 ) ve=2, ye=1
Oth=0.h+h-h V() g1

Diffusion, linear growth (h =0 is unstable), saturation (h =1 is stable).

Iff [ dx ho(x)xe¥* < oo,  then pi; = vct - % Int+ C+o(1)
If ho(x) ~e ™ and v <~¢, thenv=v(y)>v

dth=092h+h—h*,

- !

h(x,t+1) =min [1,2/0 deh(x —¢,t)|.

Ve=2,7c=1 Ve = 0.815172.. ., 7. = 5.26208. ..
v(y) =7+ 2, v(7) = 1in[2€2L],

VA

- ’ To find v(7):
Ve -

Ye
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The Fisher-KPP equation — universality

_ a2 2 ve=2, ye=1
Octh=0ch+h—h v(y)=y+yt J

Diffusion, linear growth (h =0 is unstable), saturation (h =1 is stable).
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The Fisher-KPP front — precise position

Oth = 8)2(h+ h— h?, initial condition hg, ¢ is the position: h(ug, t) =

Theorem (Bramson 1983)

Wi = Vet —

Int + cste + o(1) for large t

c

if and only if [dx ho(x)x €7°* < oo
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The Fisher-KPP front — precise position

dth=092h+h—h?, initial condition hy, i is the position: h(p, t) = %J

Theorem (Bramson 1983)

3
e = Vet — 5 Int + cste + o(1) for large t

c

if and only if [dx ho(x)x €7°* < oo

Conjecture (Ebert and van Saarloos 2000)

t = Int+cste— 3 27 t_% +
Wt = Vet — n — 3, [— =
‘ ‘ 27c v (7e)
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The Fisher-KPP front — precise position

Oth=92h+ h—h?, initial condition hg, s is the position: h(ps, t) = %J

Theorem (Bramson 1983)
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e = Vet — 5 Int + cste + o(1) for large t
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dth=092h+h—h?, initial condition hy, i is the position: h(p, t) = %J

Theorem (Bramson 1983)

3
e = Vet — 5 Int + cste + o(1) for large t

c

if and only if [dx ho(x)x €7°* < oo

Conjecture (Ebert and van Saarloos 2000)

2w _1
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Ye ’YCV (FYC)
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The Fisher-KPP front — precise position

Oth=92h+ h—h?, initial condition hg, s is the position: h(ps, t) = %J
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Precise position — strategy

Oth = Qz(h +h-h Diffusion, linear growth, saturation J
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@ There must be some saturation term
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Oth = 6)2(h +h-h Diffusion, linear growth, saturation J

@ There must be some saturation term

@ Otherwise, essentially linear
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Oth = 6)2(h +h-h Diffusion, linear growth, saturation J

@ There must be some saturation term
@ Otherwise, essentially linear

@ The results are universal
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Precise position — strategy

dth=8%h+h— h? Diffusion, linear growth, saturation J

@ There must be some saturation term
@ Otherwise, essentially linear

@ The results are universal

We construct an equation with the simplest possible saturation term J
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Three approaches

First approach, on the lattice [Joint work with B. Derrida]

_Jh(n,t) +h(n-1,t) if h(n,t) <1,
O¢h(n,t) _{ if h(n,t) =1,
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Three approaches
First approach, on the lattice [Joint work with B. Derrida]
h(n,t)+ h(n-1,t) if h(n,t)<1,

Oth(n,t) =
eh(n,t) if h(n, t) = 1,

0.00 0.00 0.00 0.00 0,00 0,00 0.00 0.00 0.00 0.00 0,00 0,00 0.00 0.00 0,00 0.00 0.00 0.00 0.00 0,00
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Three approaches

First approach, on the lattice [Joint work with B. Derrida]
h(n,t)+ h(n-1,t) if h(n,t)<1,

0

Oth(n,t) =
eh(n,t) if h(n, 1) = 1,

0.00 0.69 1.06 1.40 1.72 2,00 Z.00 2.00 Z.00 2.00 Z.00 2,00 Z.00 Z.00 Z2.00 Z.00 Z.00 2.00 Z.00 Z.00
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Three approaches

First approach, on the lattice [Joint work with B. Derrida]
8th(n, t) _ h(”a t)+h(n_17t) if h(n7t) < 17 £ = [when h(n, t)]
0 if h(n,t) =1, reaches 1
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Three approaches

First approach, on the lattice [Joint work with B. Derrida]
h(n,t)+h(n-1,t) if h(n,t)<1

ath(n, t) _ (n7 ) (n ) ) I (n7 ) ’ t, = [When h(n, t)]
0 if h(n,t) =1, reaches 1

0.00 0.69 1.06 1.40 1.72 2,00 Z.00 2.00 Z.00 2.00 Z.00 2,00 Z.00 Z.00 Z2.00 Z.00 Z.00 2.00 Z.00 Z.00

Main result Assuming ho(0) =0 and ho(n)
n)e’" = e St _e
,%:1 0( ) /\ +1 ,;_

Eric Brunet Vanishing corrections for FKPP May the 3"d, 2017, Paris 10 / 19



Three approaches

First approach, on the lattice [Joint work with B. Derrida]
h(n,t)+h(n-1,t) if h(n,t)<1

8th(n, t) _ (n7 ) (n ) ) I (n7 ) ’ t, = [When h(n, t)]
0 if h(n,t) =1, reaches 1

0.00 0.69 1.06 1.40 1.72 2,00 Z.00 2.00 Z.00 2.00 Z.00 2,00 Z.00 Z.00 Z2.00 Z.00 Z.00 2.00 Z.00 Z.00

Main result Assuming ho(0) =0 and ho(n)

Zho(n)e)‘": [2Ze A — ")—e)‘

n>1 n>1

From there, extrain asymptotic behaviour of t, as n — oo.
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Three approaches

First approach, on the lattice [Joint work with B. Derridal
Oeh(n.t) = h(n,t)+ h(n-1,t) if h(n,t) <1, £ = [When h(n, t)]
if h(n,t) =1, reaches 1

Third approach, in the continuum  [Joint work with B. Derrida & J. Berestycki]

o Let y; be the position where the front saturates:
h(x,t) =1 if x < .
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if h(n,t) =1, reaches 1

Third approach, in the continuum  [Joint work with B. Derrida & J. Berestycki]

o Let u; be the position where the front saturates:
h(x,t) =1 if x < .
@ On the right of p¢, be linear:
Oth=2h+h if x> .
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Three approaches

First approach, on the lattice [Joint work with B. Derridal
Oeh(n.t) = h(n,t)+ h(n-1,t) if h(n,t) <1, £ = [When h(n, t)]
0 if h(n,t) =1, reaches 1

Third approach, in the continuum  [Joint work with B. Derrida & J. Berestycki]
o Let u; be the position where the front saturates:
h(x,t) =1 if x < .
@ On the right of p¢, be linear:
Oth=2h+h if x> .
@ Assume h is continuous and differentiable at p;:
h(pe, t) =1, Oxh(pe, t) =0.
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Oeh(n.t) = h(n,t)+ h(n-1,t) if h(n,t) <1, £ = [When h(n, t)]
0 if h(n,t) =1, reaches 1

Third approach, in the continuum  [Joint work with B. Derrida & J. Berestycki]
o Let u; be the position where the front saturates:
h(x,t) =1 if x < .
@ On the right of p¢, be linear:
Oth=2h+h if x> .
@ Assume h is continuous and differentiable at p;:
h(pe, t) =1, Oxh(pe, t) =0.

Oth=02h+h if x>y, h(pe,t) =1, Oh(pe, t) =0 . J
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Three approaches

First approach, on the lattice [Joint work with B. Derridal
Oeh(n.t) = h(n,t)+ h(n-1,t) if h(n,t) <1, £ = [When h(n, t)]
0 if h(n,t) =1, reaches 1

Third approach, in the continuum  [Joint work with B. Derrida & J. Berestycki]
o Let u; be the position where the front saturates:
h(x,t) =1 if x < .
@ On the right of p¢, be linear:
Oth=2h+h if x> .
@ Assume h is continuous and differentiable at p;:
h(pe, t) =1, Oxh(pe, t) =0.

Oth=32h+h if x> p, h(pe, t) =1, Och(pe,t) =0 .
Both h(x,t) and p; are unknown quantities!
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Three approaches

First approach, on the lattice [Joint work with B. Derridal
Oeh(n.t) = h(n,t)+ h(n-1,t) if h(n,t) <1, £ = [When h(n, t)]
0 if h(n,t) =1, reaches 1

Third approach, in the continuum  [Joint work with B. Derrida & J. Berestycki]
o Let u; be the position where the front saturates:
h(x,t) =1 if x < .
@ On the right of p¢, be linear:
Oth=2h+h if x> .
@ Assume h is continuous and differentiable at p;:
h(pe, t) =1, Oxh(pe, t) =0.

Och=02h+h if x > g, h(pe, t) = Lo,  Oxh(us, t) =P 5.
Both h(x,t) and p; are unknown quantities!

Eric Brunet Vanishing corrections for FKPP May the 3"d, 2017, Paris 1 /19



Three approaches

First approach, on the lattice [Joint work with B. Derridal
Oeh(n.t) = h(n,t)+ h(n-1,t) if h(n,t) <1, £ = [When h(n, t)]
0 if h(n,t) =1, reaches 1

Third approach, in the continuum  [Joint work with B. Derrida & J. Berestycki]
o Let u; be the position where the front saturates:
h(x,t) =1 if x < .
@ On the right of p¢, be linear:
Oth=2h+h if x> .
@ Assume h is continuous and differentiable at p;:
h(pe, t) =1, Oxh(pe, t) =0.

Och=02h+h if x > g, h(pe, t) = Lo,  Oxh(us, t) =P 5.
Both h(x,t) and p; are unknown quantities!

Can be solved with same method as First approach. But is it a well-posed
problem 7
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Three approaches

First approach, on the lattice [Joint work with B. Derridal
Oeh(n.t) = h(n,t)+ h(n-1,t) if h(n,t) <1, £ = [When h(n, t)]
0 if h(n,t) =1, reaches 1

v

Third approach, in the continuum [Joint work with B. Derrida & J. Berestycki]

at‘h=8)2<h+h ifX>/~Ltv h(ﬂt;t)=a; 8Xh(/ut7 t)=/8'
Both h(x,t) and p; are unknown quantities!

Second approach, in the continuum
[Joint work with J. Berestycki, M. Roberts & S. Harris. Also studied by C. Henderson]

For any given pt
Oeh=02h+h if x> py
h(:u’ta t) =0
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Three approaches

First approach, on the lattice [Joint work with B. Derridal
Oeh(n.t) = h(n,t)+ h(n-1,t) if h(n,t) <1, £ = [When h(n, t)]
0 if h(n,t) =1, reaches 1

v

Third approach, in the continuum [Joint work with B. Derrida & J. Berestycki]

ai‘h=8)2<h+h ifX>/~Ltv h(ﬂt;t)=04; 8Xh(/JJt7 t)=/8'
Both h(x,t) and p; are unknown quantities!

Second approach, in the continuum
[Joint work with J. Berestycki, M. Roberts & S. Harris. Also studied by C. Henderson]

For any given pt
ath=8§h+h if x> ps
h(pe, t) =0
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Three approaches

First approach, on the lattice [Joint work with B. Derridal
Oeh(n.t) = h(n,t)+ h(n-1,t) if h(n,t) <1, £ = [When h(n, t)]
0 if h(n,t) =1, reaches 1

v

Third approach, in the continuum [Joint work with B. Derrida & J. Berestycki]

at‘h=8)2<h+h ifX>/~Ltv h(ﬂt;t)=a; 8Xh(/ut7 t)=/8'
Both h(x,t) and p; are unknown quantities!

Second approach, in the continuum
[Joint work with J. Berestycki, M. Roberts & S. Harris. Also studied by C. Henderson]

For any given pt
(9th=8)2<h+h if x> ps
h(pe, t) =0

hx,e) = [ay ho(y)E[3(Be - x) ]
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Three approaches

First approach, on the lattice [Joint work with B. Derridal
Oeh(n.t) = h(n,t)+ h(n-1,t) if h(n,t) <1, £ = [When h(n, t)]
0 if h(n,t) =1, reaches 1

v

Third approach, in the continuum [Joint work with B. Derrida & J. Berestycki]

at‘h=8)2<h+h ifX>/~Ltv h(ﬂt;t)=a; 8Xh(/ut7 t)=/8'
Both h(x,t) and p; are unknown quantities!

Second approach, in the continuum
[Joint work with J. Berestycki, M. Roberts & S. Harris. Also studied by C. Henderson]

For any given pt
(9th=8)2<h+h if x> ps
h(pe, t) =0

h(x, t) = eydy ho(y)E*[3(B: - x) ]
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Three approaches

First approach, on the lattice [Joint work with B. Derridal
Oeh(n.t) = h(n,t)+ h(n-1,t) if h(n,t) <1, £ = [When h(n, t)]
0 if h(n,t) =1, reaches 1

v

Third approach, in the continuum [Joint work with B. Derrida & J. Berestycki]

at‘h=8)2<h+h ifX>/~Ltv h(ﬂt;t)=a; 8Xh(/ut7 t)=/8'
Both h(x,t) and p; are unknown quantities!

Second approach, in the continuum
[Joint work with J. Berestycki, M. Roberts & S. Harris. Also studied by C. Henderson]

For any given pt
Oeh=02h+h if x> py
h(:u’ta t) =0

h(x, £) = e [dy ho(y)E?[8(Be = )1 (b5 st
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Three approaches

First approach, on the lattice [Joint work with B. Derridal
Oeh(n.t) = h(n,t)+ h(n-1,t) if h(n,t) <1, £ = [When h(n, t)]
0 if h(n,t) =1, reaches 1

v

Third approach, in the continuum [Joint work with B. Derrida & J. Berestycki]

at‘h=8)2<h+h ifX>/~Ltv h(ﬂt;t)=a; 8Xh(/uh t)=/3'
Both h(x,t) and p; are unknown quantities!

Second approach, in the continuum
[Joint work with J. Berestycki, M. Roberts & S. Harris. Also studied by C. Henderson]

For any given 4. if ;s grows too fast,  h(us+2z,t) -0

Octh=0%h+h if x> pe | if pr grows too slowly, h(us+z,t) - oo
h(ue, t) =0 if e grows just right, h(ue +z,t) > w(z2)

h(x, £) = e [dy ho(y)E?[8(Be = )1 (b5 st
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Three approaches

First approach, on the lattice [Joint work with B. Derridal
Oeh(n.t) = h(n,t)+ h(n-1,t) if h(n,t) <1, £ = [When h(n, t)]
0 if h(n,t) =1, reaches 1

v

Third approach, in the continuum  [Joint work with B. Derrida & J. Berestycki]

8t‘h=8)2<h+h ifX>/~Ltv h(ﬂt;t)=a; 8Xh(/uh t)=/3'
Both h(x,t) and p; are unknown quantities!

Second approach, in the continuum
[Joint work with J. Berestycki, M. Roberts & S. Harris. Also studied by C. Henderson]

For azny giver.I He if e grows too fast,  h(ut+2z,t) >0
Oth=0xh+h if x> pe | if 1, grows too slowly, h(us +z,t) > oo
h(ue, t) =0 if e grows just right, h(ue +z,t) > w(z2)

h(x, £) = e [dy ho(y)E?[8(Be = )1 (b5 st
What are the p¢ such that h(us + z,t) - w(z)?
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Three approaches

First approach, on the lattice [Joint work with B. Derridal
Oeh(n.t) = h(n,t)+ h(n-1,t) if h(n,t) <1, £ = [When h(n, t)]
0 if h(n,t) =1, reaches 1

v

Third approach, in the continuum  [Joint work with B. Derrida & J. Berestycki]

8t‘h=8)2<h+h ifX>Mtv h(ﬂt;t)=a; 8Xh(,ut’ t)=/3'
Both h(x,t) and p; are unknown quantities!

Second approach, in the continuum
[Joint work with J. Berestycki, M. Roberts & S. Harris. Also studied by C. Henderson]

For any given 4. if e grows too fast,  h(ut+2z,t) >0

Octh=0%h+h if x> pe | if pr grows too slowly, h(us+z,t) - oo
h(ue, t) =0 if e grows just right, h(ue +z,t) > w(z2)

h(x, £) = e [dy ho(y)E?[8(Be = )1 (b5 st

What are the p such that h(pus + z,t) - w(z)? With a fast convergence rate?
May the 3™, 2017, Paris 12 / 19



Let us get more technical

We focus on
h(n,t)+ h(n-1,t) if h(n,t) <1,

Och(n,t) = {0 if h(n, t) = 1.

0.00 0.69 1.06 1.40 1.72 2.00 Z.00 2.00 2.00 Z.00 2.00 Z.00 2.00 2.00 Z2.00 Z.00 2.00 2.00 Z.00 Z.00
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Model on the lattice
Deh(n. 1) = h(n,t)+ h(n-1,t) !f h(n,t) <1,
if h(n,t) =1,

tn = [when h(n,t) reaches 1].
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Model on the lattice
Deh(n, t) = h(n,t)+ h(n-1,t) !f h(n,t) <1,
if h(n,t) =1,

tn = [when h(n,t) reaches 1].

Looking for h(n,t) ~ e (") yy =1+ ¢
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Model on the lattice
h(n,t)+ h(n-1,t) if h(n,t)<1
(o) {HR )+ R(n=1.) i h(n ) <1,
if h(n,t) =1,
tn = [when h(n,t) reaches 1].
Looking for h(n,t) ~ e (") yy =1+ ¢

v(y) = % ve=1.27856..., ve=3.50112...

»<

Ve -
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Model on the lattice

h(n,t) +h(n-1,t) if h(n,t)<1 }
O¢h(n,t) = (m£) +h(n-1,t) I (n,) <1,
if h(n? t) =1, v
tn = [when h(n,t) reaches 1]. T AN
Looking for h(n,t) ~ e (") yy =1+ ¢ 8
v(y) =12 4o =127856..., v, =3.50112. . R

Z ho(n)eA" = ::_ [2 Z vl _ g Assuming ho(0) =0 and ho(n)

n>1 n>1 )
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Model on the lattice

h(n,t)+h(n-1,t) if h(n,t) <1 3
Beh(n, 1) = { P8+ Bln=1,8) i A(n,£) <,
0 if h(n? t) =1, v
tn = [when h(n, t) reaches 1]. I N
Looking for h(n,t) ~ e (") yy =1+ ¢ 8
v(y) = 4 =1.27856..., v, =359112. .. ‘ -

S ho(n)e = 1+ [2Ze AN .

n>1 n>1

Assuming ho(0) = 0 and ho(n)

v

[Solve for t € [ty, tos1] with a generating function, and then glue things together]
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Model on the lattice

ouh(n. ey - [ D T A(I=10) i h(n, ) <1, }
n =
R 0 if h(n,t) =1,

tn = [when h(n,t) reaches 1].
Looking for h(n,t) ~ e (") yy =1+ ¢ 8
v(y) = 1*6’” ve=1.27856..., v. =3.59112. .. ‘ >

Ve oo -7

S ho(n)e = 1+ [2Ze AN .

n>1 n>1

Assuming ho(0) = 0 and ho(n)

v

[Solve for t € [ty, tos1] with a generating function, and then glue things together]
Basic observation:

o if ho(n) ~ Ae™7" with v < 7
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Model on the lattice

oub(n 1) - [P+ hn=11) i h(n.) <1, }
0 if h(n,t) =1,

tn = [when h(n,t) reaches 1].
Looking for h(n,t) ~ e (") yy =1+ ¢ 8
v(y) = 1*6’” ve=1.27856..., v. =3.59112... ‘ >

Ve oo -7

S ho(n)e = 1+ [2Ze AN .

n>1 n>1

Assuming ho(0) = 0 and ho(n)

v

[Solve for t € [ty, tos1] with a generating function, and then glue things together]
Basic observation:

o if ho(n) ~ Ae™7" with v < 7
o pick A =7 —¢; then ¥ 51 ho(n)e’ ~ Ale
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Model on the lattice

oub(n 1) - [P+ hn=11) i h(n.) <1, }
n =
R 0 if h(n,t) =1,

tn = [when h(n,t) reaches 1].
Looking for h(n,t) ~ e (") yy =1+ ¢ 8
v(y) = 1*6‘” ve=1.27856..., v. =3.59112... ‘ >

Ve oo -7

S ho(n)e = 1+ [2Ze AN .

n>1 n>1

Assuming ho(0) = 0 and ho(n)

v

[Solve for t € [ta, tse1] with a generating function, and then glue things together]
Basic observation:

o if ho(n) ~ Ae™7" with v < 7
o pick A =7 —¢; then ¥ 51 ho(n)e’ ~ Ale
@ one must have t, ~ n/v(~) to reproduce the singularity in the R.H.S.:
n v'(7)
n—-v(vy-e) = ne
[ V(v)] v(7)
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The case hg =0
> ho(n)e = 1 2 3 Aln-v(Nta] _ ] el N
n>1 n>1 3
H >
no e 72

Eric Brunet Vanishing corrections for FKPP



The case hy =0

> ho(n)e” = 1+ 2y vl _ ] JVC»

n>1 n>1

1 Ve V2
If hg=0: |3 eMrvVtl - =
n>1 2
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The case hy =0

»<

1
Zho(n)e)\n_ )\ 226 n— v()\)tn]_
n>1 +1 n>1
If hg=0: |3 Almvml - &

n>1

2

Use t, = 2 + 2020 where r, = O(1).

Eric Brunet Vanishing corrections for FKPP
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The case hy =0

1 v
S ho(n)e = o 2y vVl _ ] e b N
n>1 +1 n>1
1 g
A Ve 72
- € Al 1- VO‘)] Avo‘)(aln n+r)

I ho=0: |3 vl 2 €| 5 - n
Use th= -+ C"v""’/”" where r, = O(1).
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The case hy =0

v
1
S ho(me= L [ox ot o] LIRS
A
n>1 +1 n>1
; el
e vy Av(A) e 2
T R B
n>1 2 n>1
_n alnn+ry
Use t, = - + S22 where r, = O(1).
e~ _VT iy V) 2 2
Take now \ = 7. — € and use )\[1 o ] N =Ygy -Qe".
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The case hy =0

1 v
Z ho(n)e)\n _ )\ 2 Z e [n=v(N)ta] _ ] ve b -
n>1 +1 n>1 :
i %
A Ve V2
- € Al 1- VO‘)] Avo‘)(aln n+r)

If ho = 0: URIICL) I ) [ ve !
Use t, = ;- + a'y”’"/”" where r, = O(1).
Take now \ =~ — € and use )\[1 - S—C)‘)] N =Y 2(‘2‘:) 2= —Qé2.

: . CnQ—r,
(nice function of €) » > e Q¢ ~mp~
n>1
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The case hy =0

S ho(n)e = A1+1 2 Y vl ] N

n>1 n>1

i %
Ve 72

A
- € A 1—V(>‘):| Av(A)(aInn+r)
If ho=0: | vVl - =1 > e” [ ve "
nx1 2 n>1

Use t, = 2 + 200 \where r, = O(1).

YeVe
Take now \ = 7. — € and use )\[1 - S—C)‘)] N =Y 2(‘ZC) 2= Qe

: . CnQ—r,
(nice function of €) » > e Q¢ ~mp~
n>1

Remark: Z e Mn 1T =
n>1
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The case hy =0

1
>, ho(n)e™" = P 2 Z vVl _ ] ve b
n>1 +1 n>1
i %
A Ve V2
- € A 1—V(>‘):| Av(A)(aInn+r)

If ho = 0: URIICL) I ) [ ve !
Use t, = ;- + a'y”’"/”" where r, = O(1).
Take now \ =~ — € and use )\[1 - S—C)‘)] N =Y 2(‘2") 2= —Qé2.

: . CnQ—r,
(nice function of €) » > e Q¢ ~mp~
n>1

Remark: Z e ™n 17 =205-427u%" +2.78u - 0.154% + 0.007u> + -

n>1
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The case hy =0

1
Zho(n)eA”— )\+1 2Ze n-v(A)tn] _ ] JV‘ LN

n>1 n>1

i %
Ve 72

A
- € A 1—V(>‘):| Av(A)(aInn+r)
If ho=0: | PURIICOL) Ry > e” [ ve !
nx1 2 n>1

Use t, = 2 + 200 \where r, = O(1).

YeVe
Take now A =y — € and use A[1 - %] N =Y 2(‘Z°) 2= -Qe.

: . CnQ—r,
(nice function of €) » > e Q¢ ~mp~
n>1

Remark: Z e ™n 17 =205-427u%" +2.78u - 0.154% + 0.007u> + -
nz1 M1-a)u®!  (ifag¢N")

“™n™ = (nice function of u) +
r;e n (nice function of u) {((ali)ﬂla Unu (fac)
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The case hy =0

1 v
> ho(n)e" = o 2y vVl _ ] I A
n>1 +1 n>1
1 J
A e Y2
- € Al 1- V(A)] AV(A)(aIn n+r)
I ho=0: |3 vl 2 €| 5 - n
Use t, = vic + a'y’”\’/”” where r, = O(1).

Take now \ =, — € and use )\[1 - %] n —rye L) V'(e) (2 -, _ Qg2

2ve
(nice function of €) ~ Y e QS g (nice function of 62) + cste(e?) !
n>1

Remark: Z e ™n 17 =205-427u%" +2.78u - 0.154% + 0.007u> + -

n>1 oy e ) ) I'(l Od)ua—l (ifOé¢N*)
e "'n" = (nice function of u) +{ 1y 4 . *
,,521 = 1)|U Inu (if a eN*)
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The case hy =0

1

Zho(n)eA”— )\+1 2Ze n-v(A)tn] _ ] JV‘ LN

n>1 n>1

i %
Ve 72

A
- € A 1—V(>‘):| AV(A)(aInn+r)
If ho=0: | PURIICOL) Ry > e” [ ve !
nx1 2 n>1

Use t = - + a'y”"’/”” where r, = O(1).

Take now A\ =7, — ¢ and use )\[1 - %] — rrz(vvc) 2. _Qe.
(nice function of €) Z e Qe pma (nice function of 62) I cste(ez)o“l
n>1

a= % to have a term of order ¢ J

Remark: Z e ™n 17 =205-427u%" +2.78u - 0.154% + 0.007u> + -

n>1 oy e ) ) I'(l Od)ua—l (ifOé¢N*)
e "'n" = (nice function of u) +{ 1y 4 . *
,,521 = 1)|U Inu (if a eN*)
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Bramson's term

V(A) =) ho(n)e” = [2 Z [r=v(Nta] _ g | . pick A\ =7 —€ J

n>1 n>1

If hg =0, to get the term of order € right, one must take
n . % Inn+O(1)

Ve YcVe

th =
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Bramson's term

V(A) =) ho(n)e” = [2 Z [r-v(Nta] _ A | pick A=7.—¢€ J

n>1 n>1

If hg =0, to get the term of order € right, one must take
n % Inn+O(1)
th=—+——"—— © =V
Ve Ve Ve
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Bramson's term

V(A) =) ho(n)e” = [2 Z [r=v(Mta] _ A ] . pick A\ =7 —€ J

n>1 n>1

If hg =0, to get the term of order € right, one must take
n % Inn+O(1)
th=—+——"—— © =V
Ve Ve Ve

Bramson!
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Bramson's term

V(A) =) ho(n)e” = [2 Z [r=v(Mta] _ A ] . pick A\ =7 —€ J

n>1 n>1

If hg =0, to get the term of order € right, one must take
n % Inn+O(1)
th=—+——"—— © =V
Ve Ve Ve

Bramson!

If ho(n) ~ An®*e™ <"
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Bramson's term

V(A) =) ho(n)e” = [2 Z [r=v(Mta] _ A ] . pick A\ =7 —€ J

n>1 n>1

If hg =0, to get the term of order € right, one must take
n % Inn+O(1)
th=—+——"—— © =V
Ve Ve Ve

Bramson!

If ho(n) ~ An®*e™ <"
Then

V(vc—€) & Y An“e™
n
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Bramson's term

V(A) =) ho(n)e” = [2 Z [r=v(Mta] _ A ] . pick A\ =7 —€ J

n>1 n>1

If hg =0, to get the term of order € right, one must take
n % Inn+O(1)
th=—+———" =V
Ve YeVe

Bramson!

B a=-31: W(yc—€) = a+ betce® + ket + ...
If ho(n) ~ An®e <" 5 )

a=-3:VU(y—€)=a+be+e +ke lne+---
Then a=-29: VU(ye—€)=a+be+ke®+
=-2.2: W(y.—¢€)=a+be+ket? +
a=-2:V(y—-€)=a+kelne+--

a=-17: VU(ye—€)=a+k® +

V(ye—€) 8 Y An“e "
n
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V(ye—€) 8 Y An“e "
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Bramson's % Int term is there if o < =2.
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Bramson's % Int term is there if o < =2.
In fact, Bramson's term is there iff W(y. —€) = a+ be + ---.
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Bramson's term

V(A) =) ho(n)e” = [2 Z [r=v(Mta] _ A ] . pick A\ =7 —€ J

n>1 n>1

If hg =0, to get the term of order € right, one must take
n % Inn+O(1)
th=—+———" =V
Ve YeVe

Bramson!

B a=-31: W(yc—€) = a+ betce® + ket + ...

If ho(n) ~ An®e <" ) 5

a=-3:VU(y—€)=a+be+e +ke lne+---
Then a=-29: W(yc—€)=a+be+ke?+
=-2.2: W(y.—¢€)=a+be+ket? +
a=-2:V(y—-€)=a+kelne+--

a=-17: VU(ye—€)=a+k® +

V(ye—€) 8 Y An“e "
n

Bramson's % Int term is there if a < -2.
In fact, Bramson's term is there iff W(y. —€) = a+ be + ---.
Which means that Bramson's term is there iff .1 ho(n)n < oo.

Eric Brunet Vanishing corrections for FKPP May the 3"d, 2017, Paris 16 / 19




The term from Ebert and van Saarloos

n>1 n>1

W(\) —Zho(n)eA”: 1+ 2Ze nvNt] _ M and pick)\zfyc—eJ

Bramson's term to get the € term right iff ¥,51 ho(n)n < oo:

M %Inn+0(1)
n = -— -
Ve Yc Ve

< pt=vct—2i%lnt+(9(1)
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The term from Ebert and van Saarloos

n>1 n>1

W(\) —Zho(n)eA”: 1+ 226 nvNt] _ M and pick)\zfyc—eJ

Bramson's term to get the € term right iff ¥,51 ho(n)n < oo:

3 Inn+O(1) 3
tn=V£c+QT = Mt=VCt—2—%|nt+O(1)
3nn+C
For t,,:vl+27n—"7/+ exactly:  W(yc—€)=a+be+ke?lne+--
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The term from Ebert and van Saarloos

W(\) —Zho(n)eA”: 1+ 226 nvNt] _ M and pick)\z%—eJ

n>1 n>1

Bramson's term to get the € term right iff ¥,51 ho(n)n < oo:

M %Inn+0(1)
n Ve Yc Ve
2nn+C

For tp =2 +2——
Ve YeVe

< U= vct—%%lnt+(9(1)
exactly:  W(yc—€)=a+be+ke?lne+--

Remember: =-31: V(yc—-€)=a+ betce® + ket +
If ho(n) ~ An® e a=-3: U(y.—€)=a+be+ kéZlne + -

a=-29: W(y.—€)=a+be+ke®+
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The term from Ebert and van Saarloos

W(\) —Zho(n)e)‘”: 1+ 226 nvNt] _ M and pick)\zfyc—eJ

n>1 n>1

Bramson's term to get the € term right iff ¥,51 ho(n)n < oo:

M %Inn+0(1)
n Ve Yc Ve
2nn+C

For tp =2 +2——
Ve YeVe

< U= vct—%%lnt+(9(1)
exactly: V(yc—€)=a+be+ke?lne+--

Remember: =-31: V(yc—-€)=a+ betce® + ket +
I ho(n) ~ An® e a=-3: U(y.—€)=a+be+ kéZlne + -

a=-29: W(y.—€)=a+be+ke®+

o If o < -3, there is no €2 Ine term
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The term from Ebert and van Saarloos

W(\) —Zho(n)e)‘": 1+ 2Ze nvNt] _ M and pick)\zfyc—eJ

n>1 n>1

Bramson's term to get the € term right iff ¥,51 ho(n)n < oo:

M %In n+O(1)
n Ve Yc Ve
%In n+C

< Mt=vct—2i%lnt+(9(1)

For t, =2 exactly: V(ye—€) =a+be+ke®lne+--

Ve YeVe

- . ) = 2 2.1
Remember: =-31: W(yc—€)=a+betce + ke™ " +

If ho(n) ~ An®e™ 7" a=-3: W(y.—€)=a+be+k®lne+--
a=-29: W(y—¢)=a+be+ke?+

o If a < -3, there is no €% Ine term K+o(1)

3Inn+C+
: . . n 2
@ The only way to get rid of it is to pick | t, = — + v/

Ve YcVe

Eric Brunet Vanishing corrections for FKPP May the 3a 2017, Paris 17 /19



The term from Ebert and van Saarloos

W(\) —Zho(n)e)‘": 1+ 2Ze nvNt] _ M and pick)\zfyc—eJ

n>1 n>1

Bramson's term to get the € term right iff ¥,51 ho(n)n < oo:

M %In n+O(1)
n Ve Yc Ve
%In n+C

< Mt=vct—2%clnt+(9(1)

For t, =2 exactly: V(ye—€) =a+be+ke®lne+--

Ve YeVe

- . ) = 2 2.1
Remember: =-31: W(yc—€)=a+betce + ke™ " +

If ho(n) ~ An®e™ 7" a=-3: W(y.—€)=a+be+k®lne+--
a=-29: W(y.—€)=a+be+ke®+

o If a < -3, there is no €% Ine term K+o(1)

3Inn+C+
: . . n 2
@ The only way to get rid of it is to pick | t, = — + v/

Ve YcVe

@ This is the van Saarloos term, present iff W(vy. —¢€) = a+ be + o(€2In¢)

(which is nearly the same as ¥, ho(n)e?<"n? < o).
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Thank you for listening!

3 Int+cste—3\/ 27 t
27c 'VE’VH('YC)

iff [dx ho(x)x e <00 if [dx ho(x)x2€7X < oo if Jdx hg(x)x3e7ex < oo

N=

e = Vet — + KInTt+(9(1)

t
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https://arxiv.org/abs/1705.08416

Thank you for listening!

Vet 3 Int +cste— 3 27 t
pie = vet = -3\
T 2y v (ve)

iff [dx ho(x)x e7eX < oo

N=

+ Kln—t+(9(1)
t t

if fdx ho(x)x?e¥eX < oo if [dx ho(x)x3eTeX < oo

By matching singularities in a model on the lattice

E. Brunet and B. Derrida, An exactly solvable travelling wave equation in the
Fisher-KPP class, Journal of Statistical Physics 2015, 161 (4), 801.
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Thank you for listening!

3 Int+cste—3\/ 27 t
27c "YEV//(')’C)

iff [dx ho(x)x e <00 if [dx ho(x)x2€7X < oo if Jdx hg(x)x3e7ex < oo

N=

e = Vet — + KInTt+(9(1)

t

By matching singularities in a model on the lattice

E. Brunet and B. Derrida, An exactly solvable travelling wave equation in the
Fisher-KPP class, Journal of Statistical Physics 2015, 161 (4), 801.

Second approach, by computing some expectation of Brownian paths

J.Berestycki, E.Brunet, S.C.Harris and M.l.Roberts, Vanishing corrections for the position
in a linear model of FKPP fronts, Comm. in Mathematical Physics 2017, 349, 857
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Thank you for listening!

2 | 1
3 Int+cste— 3 5—7Tt_ + Kn—t+(9(—)
27c V 72v"(7e) t t

iff [dx ho(x)x e <00 if [dx ho(x)x2€7X < oo if Jdx hg(x)x3e7ex < oo

N=

e = Vet —

By matching singularities in a model on the lattice

E. Brunet and B. Derrida, An exactly solvable travelling wave equation in the
Fisher-KPP class, Journal of Statistical Physics 2015, 161 (4), 801.

Second approach, by computing some expectation of Brownian paths

J.Berestycki, E.Brunet, S.C.Harris and M.l.Roberts, Vanishing corrections for the position
in a linear model of FKPP fronts, Comm. in Mathematical Physics 2017, 349, 857

Third approach, by matching singularities in a model in the continuum

J.Berestycki, E.Brunet and B. Derrida, Exact solution and precise asymptotics of a
Fisher-KPP type front, https://arxiv.org/abs/1705.08416
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27c V 72v"(7e) t t

iff [dx ho(x)x e <00 if [dx ho(x)x2€7X < oo if Jdx hg(x)x3e7ex < oo

N=

e = Vet —

By matching singularities in a model on the lattice

E. Brunet and B. Derrida, An exactly solvable travelling wave equation in the
Fisher-KPP class, Journal of Statistical Physics 2015, 161 (4), 801.

Second approach, by computing some expectation of Brownian paths

J.Berestycki, E.Brunet, S.C.Harris and M.l.Roberts, Vanishing corrections for the position
in a linear model of FKPP fronts, Comm. in Mathematical Physics 2017, 349, 857

Third approach, by matching singularities in a model in the continuum

J.Berestycki, E.Brunet and B. Derrida, Exact solution and precise asymptotics of a
Fisher-KPP type front, https://arxiv.org/abs/1705.08416

Remark: for a step initial condition, with u =2t + 6y :
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2 | 1
3 Int+cste— 3 5—7Tt_ + Kn—t+(9(—)
27c V 72v"(7e) t t

iff [dx ho(x)x e <00 if [dx ho(x)x2€7X < oo if Jdx hg(x)x3e7ex < oo

N=

e = Vet —

By matching singularities in a model on the lattice

E. Brunet and B. Derrida, An exactly solvable travelling wave equation in the
Fisher-KPP class, Journal of Statistical Physics 2015, 161 (4), 801.

Second approach, by computing some expectation of Brownian paths

J.Berestycki, E.Brunet, S.C.Harris and M.l.Roberts, Vanishing corrections for the position
in a linear model of FKPP fronts, Comm. in Mathematical Physics 2017, 349, 857

Third approach, by matching singularities in a model in the continuum

J.Berestycki, E.Brunet and B. Derrida, Exact solution and precise asymptotics of a
Fisher-KPP type front, https://arxiv.org/abs/1705.08416

Remark: for a step initial condition, with u =2t + 6y :
Ve >0, f°° dt et (1) _ g
0
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3 Int+cste— 3 5—7Tt_ + Kn—t+(9(—)
27c V 72v"(7e) t t

iff [dx ho(x)x e <00 if [dx ho(x)x2€7X < oo if Jdx hg(x)x3e7ex < oo

N=

e = Vet —

By matching singularities in a model on the lattice

E. Brunet and B. Derrida, An exactly solvable travelling wave equation in the
Fisher-KPP class, Journal of Statistical Physics 2015, 161 (4), 801.

Second approach, by computing some expectation of Brownian paths

J.Berestycki, E.Brunet, S.C.Harris and M.l.Roberts, Vanishing corrections for the position
in a linear model of FKPP fronts, Comm. in Mathematical Physics 2017, 349, 857

Third approach, by matching singularities in a model in the continuum

J.Berestycki, E.Brunet and B. Derrida, Exact solution and precise asymptotics of a
Fisher-KPP type front, https://arxiv.org/abs/1705.08416

Remark: for a step initial condition, with u =2t + 6y :

3T Int

*® —2t+(1-€)d: 3
Ve >0, dte =1 = f=—Int+a—-—+K—+--
0 2 Vt t
May the 3™, 2017, Paris 18 / 19
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Bonus: linear FKPP
Och=02h+h ifx>pe,  h(ue,t) =0 J
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Bonus: linear FKPP
Och=0%h+h ifx>pue,  h(ue,t)=0 J

h(x,t) = fdyh(y,O)...
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Bonus: linear FKPP
Och=0%h+h ifx>pe,  h(ue,t)=0 J

h(x,t) = fdy h(y,0)e‘q(x, t;y)
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Bonus: linear FKPP
Och=0%h+h ifx>pue,  h(ue,t)=0 J

h(x,t) = fdy h(y,0)e'q(x,t;y), q(x,t;y)= Eéro[é(Bt—x). . ]
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Bonus: linear FKPP
Och=0%h+h ifx>pe,  h(ue,t)=0 J

h(x, t)=fdyh(y,0)etq(x,t;y), q(x,t;y) = Bl [ 0(Be=x) (5,5 vset) |
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Bonus: linear FKPP
Beh=Rh+h ifx>pe, (e t)=0 J

h(x,t) = fdy h(y,00e'q(x,t;y),  alxty) =B [6(Bi-x)1 g vsct)
Write Bs = s + & and make a Girsanov transform

_Ll gt _1opteory2
q(pe +x,t;y) :E}éro[é(ﬁt—X)1{§5>0,v$<t}e 2 Jo ”Sdgs]e 1 Jo (us)*ds
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Bonus: linear FKPP
Oech=02h+h ifx>pue,  h(ue,t)=0 J

hx,t) = [dy h(y,00e'alx,tiy),  lx,t:) =B [0(Be=x)T (b5 vser)

Write Bs = s + & and make a Girsanov transform
q(:ut +Xx,t; }/) ]EBro[é(gt - X)1{§s>0,\15<t} ef% fot #;dﬁs]eﬂl’; fot(ﬂg)zds

_1 .t v 1 ptg e .
:]E)éro[e e #sdisg = %8s > O] Bro[é(ét X)H{§s>0 Vs<t}]e #fo 1y
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Bonus: linear FKPP
Oech=02h+h ifx>pue,  h(ue,t)=0 J

hx,t) = [dy h(y,00e'alx,tiy),  lx,t:) =B [0(Be=x)T (b5 vser)

Write Bs = s + & and make a Girsanov transform
1t _1orter\2gs
qlpe+x,tiy) = EBrO[é(gt_X)l{§s>0,VS<t}e 2o “SdES]e a Jo (ne)*d
_1lrt _Lortey24s
- Eéro[e i §e= %8> O] Bro[é(ét X)H{§s>0 Vs<t}]e #fo 1y

1t 1ot 2 .
- E}ées[e 2o bidts §e = X] E}éro[é(& _X)H{£s>0,Vs<t}]e +fo )%
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Bonus: linear FKPP
Oech=02h+h ifx>pue,  h(ue,t)=0 J

hx,t) = [dy h(y,00e'alx,tiy),  lx,t:) =B [0(Be=x)T (b5 vser)

Write Bs = s + & and make a Girsanov transform
1t _1orter\2gs
qlpe+x,tiy) = EBrO[é(gt_X)l{§s>0,VS<t}e 2o “SdES]e a Jo (ne)*d
_1lrt _Lortey24s
- E)ém[e i §e= %8> O] Bro[é(ét - X)H{§s>0 Vs<t}]e #fo 1y

1t 1ot 2 .
- E}ées[e 2o bidts §e = X] E}éro[é(ft _X)H{£s>0,Vs<t}]e +fo )%

_lrt s Lt r(des—>*2d
E}ées[e 3 Jo medés ft=X] =E'\ées[e 2 Jo “5( &= 5)

Xy
& = x] e Mt
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Bonus: linear FKPP
Oech=02h+h ifx>pue,  h(ue,t)=0 J

hx,t) = [dy h(y,00e'alx,tiy),  lx,t:) =B [0(Be=x)T (b5 vser)

Write Bs = s + & and make a Girsanov transform
1t _1orter\2gs
qlpe+x,tiy) = EBrO[é(gt_X)l{§s>0,VS<t}e 2o “SdES]e a Jo (ne)*d
_1lrt _Lortey24s
- Eém[e i §e= %8> O] Bro[é(ét - X)H{§s>0 Vs<t}]e #fo 1y

1t 1ot 2 .
- E}ées[e 2o bidts §e = X] E}éro[é(ft _X)H{£s>0,Vs<t}]e +fo )%

_lrt s Lt r(des—>*2d
E}ées[e 2 Jo pisdes &t =X] =E}ées[e 2o MS( S S)

Xy
& = x] e Mt

E)é [e_% Iy “;(dfs_%ds)
€s

1 oo 7
— ~ RY -3 pgds
Co= x| WBL [e o v
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