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Motivation
mm

super-di�usion: mass spreadingwith ∞ se
ond momentobservations in
ompatible with�nite 2nd moment [Metzler+Klafter, (2004)℄[ Clark, Silman,Kern, Ma
klin, HilleRisLambers,(1999)tra
er tests in rivers: tra
erdensity measured [Deng, SinghBengtsson, (2004) ℄[ Benson,S
humer, Meers
haert,Wheat
raft (2001)℄animal, seeds: sometimes tra
er density sometimes individualtraje
toriespolymers in biologi
al membraneswater mole
ules in porous media [Néel, Bauer, Fleury,(2014)℄M.C.Néel, A. Cartalade, A. Younsi () 2 / 22



Organisation
1. Spa
e fra
tional di�usion equations2. Fra
tional integrals and derivatives3. 1D stable Lévy motion4. Stable Lévy motion in higher dimension5. Spa
e fra
tional di�usion equation : stable Lévy motion density,boundary 
onditions
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1. Spa
e fra
tional di�usion equation1.1. De�nitionin 1D: ∂tC = ∂x [−uC ] + D[p ∂αC
∂+xα + (1− p) ∂αC

∂−xα ]in 2D:
∂C
∂t (x, t) +∇ · u(x, t)C (x, t) = ∇ ·D∇α−1p C (x, t) + S
 (x, t)
∇α−1p C ≡





p1 ∂α1−1C
∂+xα1−11 + (1− p1) ∂α1−1C

∂−xα1−11p2 ∂α2−1C
∂+xα2−12 + (1− p2) ∂α2−1C

∂−xα2−12 

provided derivatives exist: ∂
∂x ∂α1−1C

∂+xα1−1 = ∂αC
∂+xαMeers
haert+Sikorskii (2012)℄
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1.2. Normal di�usion: a parti
ular 
ase
in 1D: ∂tC = ∂x [−uC ] + D[p ∂2C

∂+x2 + (1− p) ∂2C
∂−x2 ]in 2D:

∂C
∂t (x, t) +∇ · u(x, t)C (x, t) = ∇ ·D∇1pC (x, t) + S
(x, t)
∇1pC ≡

(

∂C
∂x1
∂C
∂x2 )
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2. Fra
tional integral/derivative
2.1. De�nitionsRiemann-Liouville derivatives in ]a, b[:
∂α′ f
∂+xα′ (x) = ∂

∂x (I 1−α′

+x f )(x)
∂α′ f
∂−xα′ (x) = − ∂

∂x (I 1−α′

−x f )(x)
α′ ∈]0, 1]Riemann-Liouville integrals I γ+,x and I γ

−x in ]a, b[:I γ+,x f (x) = 1
Γ(γ)

∫ xa f (x ′)
(x−x ′)γ−1 dx ′ and I γ

−,x f (x) = 1
Γ(γ)

∫ bx f (x ′)
(x ′−x)γ−1 dx ′
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2.2. Fourier transform
1D: f̂ (k) = ∫ +∞

−∞
e ikx f (x)dxderivative: ∂f

∂x : −ik f̂ (k)
∂αf
∂+xα : (−ik)αf̂ (k)
∂αf
∂−xα : (ik)αf̂ (k)
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3. Di�usion equation and Brownian motion3.1. Brownian motion.
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3.2. From Brownian motion to di�usion equation
1D: dX ([t, t + dt[) = u(X (t))dt + D1/2dB([t, t + dt[)2D: dX([t, t + dt[) = u(X(t))dt +( D1/211 00 D1/222 ) dB([t, t + dt[)the probability density fun
tion C : ∂C

∂t (x, t) +∇ · u(x, t)C (x, t)
= ∇ ·D∇1pC (x, t) , ∇1pC ≡ ∂C

∂x in 1D
∇1pC ≡

(

∂C
∂x1 , ∂C

∂x2)T in 2D
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4. More general stable Lévy motion4.1. Repla
e BM by stable motion, in 1D.
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dX ([t, t + dt[) = u(X (t)dt +D1/αdLα,β([t, t + dt[) andX (0): pro
ess of p.d.f Csolution of ∂tC = ∂x [−uC ] +D[p ∂αC
∂+xα + (1− p) ∂αC

∂−xα ] with
β = 2p − 1dLα,β([t, t+ dt[) independentof the past as dB([t, t + dt[)dLα,β([t, t + dt[) d

=
−dt1/α 
os πα2 S(α, β)S(α, β) stable 1D randomvariableS(2, β) 1D gaussian randomvariableM.C.Néel, A. Cartalade, A. Younsi () 10 / 22



4.1. 1D stable pro
ess
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4.2. Stable RV
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stable randomvariable S(α, β),stability exponent0 < α ≤ 2,skewness
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∞ varian
e ex
eptNORMAL RV
α = 2
hara
teristi
fun
tion
〈e ikS(α,β)〉 =e−ϕα,β(k)
ϕα,β(k) = |k |α(1−iβsign(k) tan πα2 ),
ϕα,−β(k) =
ϕα,β(−k)S( − ): mirrorimage of SM.C.Néel, A. Cartalade, A. Younsi () 12 / 22



4.3. The word �stable�stable w.r.t what? for random variablesthe distribution of the sum of independent identi
ally distributedvariables
S1 and S2 independent, distributed as S(α, β) ⇒
S1 + S2 d

= 21/αS(α, β)
S1, ...,Sn independent, distributed as S(α, β) ⇒
S1 + ...+ Sn d

= n1/αS(α, β)
onsequen
e: dLα,β([t, t + dt[) d
= −dt1/α 
os πα2 S(α, β) 
an hold forall dt, and Lα,β(t) d

= −t1/α 
os πα2 S(α, β)
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4.4. Stable variables are attra
tors
why studying stable random variables?be
ause they are attra
torsGaussian variables are attra
tors: Yi independent 
opies of Y whosevarian
e is �nite, there exist an and bn s.t ∑ aiYi − bi ⇒ Gif Yi independent, distributed as Y whose p.d.f falls of as x−α−1 at
∞: ∑ aiYi − bi ⇒ S(α, β)ubiquitous in Nature
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4.5. Stable Lévy motion in 1D and 2D
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dX ([t, t + dt[) = u(X (t)dt +D1/αdLα,β([t, t + dt[) andX (0): pro
ess of p.d.f Csolution of ∂tC = ∂x [−uC ] +D[p ∂αC
∂+xα + (1− p) ∂αC

∂−xα ] with
β = 2p − 1dLα1,α2,β1,β2([t, t + dt[)independent of the pastdLα1,α2,β1,β2([t, t + dt[) d

=

−

( dt1/α1 
os πα12 00 dt1/α2 
os πα22 ) S 1 1S 2 2
∂C
∂t (x, t) +∇ · u(x, t)C (x, t) = ∇ ·D∇α−1p C (x, t) + S
 (x, t)
∇α−1p C ≡





p1 ∂α1−1C
∂+xα1−11 + (1− p1) ∂α1−1C

∂−xα1−11p2 ∂α2−1C
∂+xα2−12 + (1− p2) ∂α2−1C

∂−xα2−12 
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4.6. Skewness parameter and traje
tories
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5. Stable Lévy motion density and spa
e fra
tional di�usion5.1. In R2dX([t, t + dt[) =u(X(t))dt + D1/α( D1/α11 00 D1/α22 ) dLα,β([t, t + dt[)X(0) random variable of R2, β = 2p− 1
∂C
∂t (x, t) +∇ · u(x, t)C (x, t) = ∇ ·D∇α−1p C (x, t) + S
 (x, t)
∇α−1p C ≡





p1 ∂α1−1C
∂+xα1−11 + (1− p1) ∂α1−1C

∂−xα1−11p2 ∂α2−1C
∂+xα2−12 + (1− p2) ∂α2−1C

∂−xα2−12 


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5.2. In bounded domain Ω, C = 0 on ∂Ω

Killing X(t) at 1st exit time τ from Ω yields XΩ(t) [Chen, Meers
haert,Nane (2012)℄ ..
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5.2. Killing X(t) at 1st exit time τ from Ω
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5.2. In bounded domain Ω, C = 0 on ∂Ω

The density of XΩ(t) satis�es
∂C
∂t (x, t) +∇ · u(x, t)C (x, t) = ∇ ·D∇α−1p C (x, t) + S
(x, t) andC = 0 on ∂Ω
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Con
lusion
mm
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2 approa
hes of super-dispersion.why?numeri
al simulation: theequivalen
e validates 
odesexperiments: sometimes wemeasure tra
er 
on
entrations,sometimes we measure otherfun
tionals related to the statisti
sof mole
ular motion.Example: the 
hara
teristi
 fun
tion of water mole
ule displa
ement
〈e ik∆x 〉. If stable motion rules mole
ular motion, = e iku∆t−D∆tϕ,
ϕ = |k |α(1− iβsign(k) tan πα2 )M.C.Néel, A. Cartalade, A. Younsi () 21 / 22



Con
lusion
mm sometimes we measure individualtraje
tories, and somemathemati
al properties atta
hedto parameter α help usdis
riminating betwen models
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