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Motivation: relaxed systems

What we want to solve is an hyperbolic relaxation system:

∂tu+∇x ·A(u) =
S(u)

ε
or

∂tu+H(u)∇xu =
S(u)

ε

(1)

Applications:
Jin–Xin system
Kinetic models
Multiphase flows
Viscoelasticity problems
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Goal

A scheme that is
Asymptotic preserving:

Fε∆ F0
∆

F0Fε

ε→ 0

ε→ 0
∆→ 0∆→ 0

High order in space and time
Computationally explicit (as much as possible, no mass matrix)
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Kinetic Models

Kinetic relaxation models by D. Aregba-Driollet and R. Natalini1.
Hyperbolic limit equation is

ut +

D∑
d=1

∂xdAd(u) = 0, u : Ω→ RK .
Ω ⊂ RD RK

RL

u

f
M P

Ad

Λd
Relaxation system

f εt +
D∑
d=1

Λd∂xdf
ε =

1

ε
(M(Pfε)− f ε) , fε : Ω→ RL

Pfε → u, P (M(u)) = u, PΛdM(u) = Ad(u).

1D. Aregba-Driollet and R. Natalini. Discrete kinetic schemes for multidimensional
systems of conservation laws. SIAM J. Numer. Anal., 37(6):1973–2004, 2000.
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Scalar 1D example: Jin–Xin system

Let u : [0, 1]→ R and A(u) = a(u) with a : R→ R.
Limit equation

ut + a(u)x = 0. (2)

Now, let f = (f1, f2) with Pf = f1, Λ =

(
0 1
λ2 0

)
, M1(u) = u,

M2(u) = a(u) So that

f εt +

D∑
d=1

Λd∂xdf
ε =

(
f1

f2

)
t

+ ∂x

(
f2

λ2f1

)
=

1

ε
(M(Pfε)− f ε) =

(
f1−f1
ε

a(f1)−f2
ε

)
{
∂tf1 + ∂xf2 = 0

∂tf2 + λ2∂xf1 = a(f1)−f2
ε
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Whitham’s subcharacteristic conditions: Jin–Xin

{
∂tf1 + ∂xf2 = 0

∂tf2 + λ2∂xf1 = a(f1)−f2
ε

f2 = a(f1)− ε
(
∂tf2 + λ2∂xf1

)
∂tf1 + ∂xa(f1)− ε∂x

(
∂tf2 + λ2∂xf1

)
= 0

∂tf1 + ∂xa(f1)− ε∂x
(
a′(f1)∂tf1 + λ2∂xf1

)
+O(ε2) = 0

∂tf1 + ∂xa(f1)− ε∂x
(
−a′(f1)∂xf2 + λ2∂xf1

)
+O(ε2) = 0

∂tf1 + ∂xa(f1)− ε∂x
(
−a′(f1)a′(f1)∂xf1 + λ2∂xf1

)
+O(ε2) = 0

∂tf1 + ∂xa(f1)− ε
(
−a′(f1)2 + λ2

)
∂2
xf1 +O(ε2) = 0

So the stability condition to be dissipative is

λ2 ≥ a′(f1)2 ⇔ λ ≥ |a′(u)|, ∀u ∈ R. (3)
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Whitham’s condition: Kinetic scheme

If we call uε = Pfε, vεd = PΛdf
ε we have from (8) that{

∂tu
ε +

∑D
j=1 ∂xjv

ε
j = 0

∂tv
ε
d +

∑D
j=1 ∂xj (PΛjΛdf

ε) = 1
ε (Ad(u

ε)− vεd)
.

For this case, the Whitham’s subcharacteristic condition 2 becomes

Bjd := PΛdΛjM
′(u)−A′d(u)A′j(u),

D∑
j,d=1

(Bdjξj , ξd) ≥ 0.

2D. Aregba-Driollet and R. Natalini. Discrete kinetic schemes for multidimensional
systems of conservation laws. SIAM J. Numer. Anal., 37(6):1973–2004, 2000.
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Kinetic model

We have to find M,P,Λ that respect previous conditions.
L = N ×K with P = (IK , . . . , IK) N blocks of identity matrices in RK .
fn ∈ RK with n = 1, . . . , N

Λd = diag(Λ
(d)
1 , . . . ,Λ

(d)
N ) Λ(d)

n = λ(d)
n IK , for λ(d)

n ∈ R.

With this formalism we can rewrite (8) as{
∂tf

ε
n +

∑D
d=1 Λ

(d)
n ∂xdf

ε
n = 1

ε (Mn(uε)− f εn) , ∀n = 1, . . . , N

uε =
∑N

n=1 f
ε
n

.

(4)
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Kinetic model – DRM

Let us present the diagonal relaxation method (DRM). Here
N = D + 1. Then we have to define maxwellians Mn and matrices
Λ

(d)
j . Take λ > 0 and

Λ
(d)
j =


−λIK j = d

λIK j = D + 1

0 else
.

The Maxwellians can be defined as follows:{
MD+1(u) =

(
u+ 1

λ

∑D
d=1Ad(u)

)
/(D + 1)

Mj(u) = − 1
λAj(u) +MD+1(u)

Important: we have to choose λ according to Whitham’s
subcharacteristic condition.
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Example of DMR model

u : Ω ⊂ R→ R, D = 1, N = 2, f : R→ R2

Limit equation
ut + a(u)x = 0 (5)

Λ =

(
−λ 0
0 λ

)
, M(u) =

(
u
2 −

a(u)
2λ

u
2 + a(u)

2λ

)
, Pf = f1 + f2 (6)

Kinetic model is∂tf1 − λ∂xf1 = 1
ε

(
f1+f2

2 − a(f1+f2)
2λ − f1

)
∂tf2 + λ∂xf2 = 1

ε

(
f1+f2

2 + a(f1+f2)
2λ − f2

) (7)
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IMEX discretization

Stiff source term⇒ oscillations when ε� ∆t
∆t ≈ ε not feasible
IMEX approach: IMplicit for source term, EXplicit for advection term

un+1 − un
∆t

+∇x · F (u)n =
S(u)n+1

ε
(8)
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IMEX discretization - Kinetic model

Stiff source term⇒ oscillations when ε� ∆t
∆t ≈ ε not feasible
IMEX approach: IMplicit for source term, EXplicit for advection term

fn+1,ε − fn,ε
∆t

+

D∑
d=1

Λd∂xdf
n,ε =

1

ε

(
M(Pfn+1,ε)− fn+1,ε

)
f0,ε(x) = f ε0 (x)

(9)

How to treat non-linear implicit functions?
Recall: PM(u) = u and Pfε = uε, so

un+1,ε − un,ε
∆t

+
D∑
d=1

PΛd∂xdf
n,ε = 0. (10)

Find un+1,ε and substitute it in (9).
IMEX formulation = L1 (first order accurate).

D. Torlo (UZH) HO DeC RD IMEX schemes 16 / 58



IMEX is asymptotic preserving

To prove AP: induction.

Induction Hypothesis

un+1 − un
∆t

+

D∑
d=1

∂xdAd(u
n) +O(ε) +O(∆) = 0 (11)

fn+1 − fn
∆t

+

D∑
d=1

∂xdΛdf
n − M(un+1)− fn+1

ε
+O

(
∆

ε

)
+O(∆) = 0

(12)

Given that the space discretization is consistent with the model.
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Residual Distribution

High order
Easy to code
FE based
Compact stencil
No need of Riemann solver
No need of conservative variables
Can recast some other FV, FE schemes3

∂tU +∇x ·A(U) = S(U)

Vh = {U ∈ L2(Ωh,RD) ∩ C0(Ωh), U |K ∈ Pk, ∀K ∈ Ωh}.

3R. Abgrall. Some remarks about conservation for residual distribution schemes.
Computational Methods in Applied Mathematics, 2018. DOI:
https://doi.org/10.1515/cmam-2017-0056.
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Residual Distribution - Spatial Discretization

Figure: Defining total residual, nodal residuals and building the RD scheme
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Residual Distribution - Spatial Discretization

1 Define ∀K ∈ Ωh a fluctuation term (total residual)
φK =

∫
K ∇ ·A(U)− S(U)dx

2 Define a nodal residual φKσ ∀σ ∈ K :

φK =
∑
σ∈K

φKσ , ∀K ∈ Ωh. (13)

3 The resulting scheme is∑
K|σ∈K

φKσ = 0, ∀σ ∈ Dh. (14)

Remark: the definition of the nodal residuals leads to the scheme!
We use as Galerkin, Rusanov, PSI limiter, jump stabilization.
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Residual Distribution – Examples

How to split into φKσ ⇒ choice of the scheme. For example, we can
rewrite SUPG in this way:

φKσ (Uh) =

∫
K
ϕσ(∇ ·A(Uh)− S(Uh))dx+ (15)

+hK

∫
K

(∇ ·A(Uh) · ∇ · ϕσ) τ (∇ ·A(Uh) · ∇ · Uh) . (16)

Furthermore, we can write the Galerkin FEM scheme with jump
stabilization4:

φKσ =

∫
K
ϕσ(∇ ·A(Uh)− S(Uh))dx+

∑
e|edge of K

θh2
e

∫
e
[∇Uh] · [∇ϕσ]dΓ,

(17)
4E. Burman and P. Hansbo. Edge stabilization for galerkin approximations of

convection–diffusion–reaction problems. Computer Methods in Applied Mechanics
and Engineering, 193(15):1437 – 1453, 2004.
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Deferred Correction 5

How to combine two methods keeping the accuracy of the second and
the stability and simplicity of the first one?
L1(Un+1, Un) = 0, first order accuracy, easily invertible (IMEX).
L2(Un+1, Un) = 0, high order r (>1), not directly solvable.

Algorithm (DeC method)

L1(U (1), Un) = 0, prediction U (1).
For j = 2, . . . ,K corrections:
L1(U (j), Un) = L1(U (j−1), Un)− L2(U (j−1), Un).

Un+1 := U (K).

Remark
L1 is used implicitly and L2 only explicitly.

5A. Dutt, L. Greengard, and V. Rokhlin. Spectral Deferred Correction Methods for
Ordinary Differential Equations. BIT Numerical Mathematics, 40(2):241–266, 2000.
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Deferred Correction

Theorem (Deferred Correction convergence)
Given the DeC procedure. If
L1 is coercive with constant α1

L2 − L1 is Lipschitz continuous with constant α2∆

∃!U∗∆ such that L2(U∗∆) = 0.
Then if η = α2

α1
∆ < 1, the deferred correction is converging to U∗∆ and

after K iterations the error is smaller than ηK times the original error.
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DeC – Proof

Proof.
Let U∗ be the solution of L2(U∗) = 0. We know that
L1(U∗) = L1(U∗)− L2(U∗), so that

L1(U (k+1))− L1(U∗) =
(
L1(U (k))− L2(U (k))

)
−
(
L1(U∗)− L2(U∗)

)
α1||U (k+1) − U∗|| ≤||L1(U (k+1))− L1(U∗)|| =

=||L1(U (k))− L2(U (k))− (L1(U∗)− L2(U∗))|| ≤
≤α2∆||U (k) − U∗||.

||U (k+1) − U∗|| ≤
(
α2

α1
∆

)
||U (k) − U∗|| ≤

(
α2

α1
∆

)k+1

||U (0) − U∗||.

After K iteration we have an error at most of ηK · ||U (0) − U∗||.
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High order RD schemes: L2

How to build L2?
High order in time: we discretize our variable on [tn, tn+1] in M
substeps (Un,mσ ).

tn = tn,0 tn,1 tn,m tn,M = tn+1

Thanks to Picard–Lindelöf theorem, we can rewrite

Un,mσ = Un,0σ +

∫ tn,m

tn
∇ ·A(U(x, s))− S(U(x, s))ds

and if we want to reach order r + 1 we need M = r.
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High order RD schemes

More precisely, for each σ we want to solve L2
σ(Un,0, . . . , Un,M ) = 0,

where

L2
σ(Un,0, . . . , Un,M ) =

=



∑
K3σ

(∫
K

ϕσ(Un,1(x)− Un,0(x))dx+
tn,1∫
tn,0

IM (φKσ (Un,0), . . . , φKσ (Un,M ), s)ds

)
...∑

K3σ

(∫
K

ϕσ(Un,M (x)− Un,0(x))dx+
tn,M∫
tn,0

IM (φKσ (Un,0), . . . , φKσ (Un,M ), s)ds

)


which is a fully implicit system of M equations with M unknowns

(times #DoFs).
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Low order RD

Instead of solving the implicit system directly (difficult), we introduce a
first order scheme L1

σ(Un,0, . . . , Un,M ):

L1
σ(Un,0, . . . , Un,M ) =

=



∑
K3σ

(
(Un,1σ − Un,0σ )

∫
K

ϕσdx+
tn,1∫
tn,0
I0(φKσ (Un,0, Un,1), s)ds

)
...∑

K3σ

(
(Un,Mσ − Un,0σ )

∫
K

ϕσdx+
tn,M∫
tn,0
I0(φKσ (Un,0, Un,M ), s)ds

)


IMEX discretization

mass lumping on implicit terms (time derivative and source term)

easy to be solved (explicit or small implicit systems)

stable
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DeC – Example order 2 – Kinetic model

Consider M = 1, K = 2.

L1(U (1), Un) = 0. (18){
u

(1),n+1
σ = unσ − ∆t

Cσ

∑
K|σ∈K Pφ

K
σ (fn)

f
(1),n+1
σ = ∆t

ε+∆tM(u
(1),n+1
σ ) + ε

∆t+εf
n
σ − ε∆t

Cσ(∆t+ε)

∑
K|σ∈K ΦK

σ (fn)

(19)

where Cσ =
∑

K|σ∈K
∫
K ϕσ(x)dx.
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DeC – Example order 2 – Kinetic model

Consider M = 1, K = 2.

L1(U (2), Un) = L1(U (1), Un)− L2(U (1), Un). (20)

u
(2),n+1
σ = u

(1),n+1
σ − ∑

K|σ∈K

∫
K ϕσ(u(1),n − un)+

−∆t
Cσ

∑
K|σ∈K P

(
1
2φ

K
σ (fn) + 1

2φ
K
σ (f (1),n+1)

)
f

(2),n+1
σ = f (1),n+1 + ∆t

ε+∆t(M(u
(2),n+1
σ )−M(u

(1),n+1
σ ))+

+ ε
∆t+ε

∑
K|σ∈K

∫
K ϕσ(f (1),n+1 − fn)+

− ε∆t
Cσ(∆t+ε)

∑
K|σ∈K

ΦKσ (f (1),n+1)+ΦKσ (fn)
2 +

+ ∆t
∆t+ε

∑
K|σ∈K

∫
K ϕσ

M(u(1),n+1)+M(un)−f (1),n+1−fn
2

(21)

where Cσ =
∑

K|σ∈K
∫
K ϕσ(x)dx.
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RK vs DeC

DeC can be rewritten into Runge Kutta stages (with r2 stages)

Runge Kutta Deferred Correction
Coefficients Specific ∀ order General algorithm
Stages r ≤ s < r2 s = r2 (r||r)
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DeC is asymptotic preserving

Idea of proof6

We know that
L1 = 0 is AP.

We can prove that
L1
u − L2

u = O(ε) +O(∆)

L1
f − L2

f = O
(

∆
ε

)
+O(∆).

6R. Abgrall, D.T.. Asymptotic preserving deferred correction residual distribution
schemes. arXiv:1881.09284.
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Numerical tests: Linear advection for convergence

ut + ux = 0, x ∈ [0, 1], t ∈ [0, T ], T = 0.12, u0(x) = e−80(x−0.4)2 ,

outflow BC, λ = 1.5, ε = 10−10, θ1 = 1, θ2 = 5 (derivative stabilization).
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(a) Scalar 1D convergence
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(b) Order varying relaxation parameter

Figure: Scalar linear 1D test
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Numerical tests: Euler equation

Next simulations will be over the Euler equation ρ
ρv
E


t

+

 ρv
ρv2 + p

(E + p)v


x

= 0, x ∈ [0, 1], t ∈ [0, T ] (22)

ρ is the density, v the speed, p the pressure and E the total energy.
The system is closed by the equation of state

E =
p

γ − 1
+

1

2
ρv2. (23)
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Numerical tests: Sod shock test

γ = 1.4, T = 0.16, outflow BC, ε = 10−9, λ = 2, CFL = 0.2.
For B1 θ1 = 1, for B2 θ1 = 1, θ2 = 0.5, for B3 θ1 = 2.5, θ2 = 4.

ρ0 = 1[0,0.5](x)+0.11[0.5,1](x), v0 = 0, p0 = 1[0,0.5](x)+0.1251[0.5,1](x).
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Density ,Sod test ,N=64
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(a) N = 64
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(b) N = 256
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Numerical tests: Woodward–Colella test

γ = 1.4, T = 0.038, outflow BC ε = 10−9, λ = 20, CFL=0.1.
For B1 θ1 = 0.5, for B2 θ1 = 0.8, θ2 = 1, for B3 θ1 = 5, θ2 = 1.
The initial conditions are

ρ0 = 1, v0 = 0, p0 = 103
1[0,0.1](x) + 10−2

1[0.1,0.9](x) + 102
1[0.9,1](x).

0.0 0.2 0.4 0.6 0.8 1.0
0

1
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Density, Woodward Colella test, N=256
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(c) N = 256
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(d) N = 512
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Numerical tests: Shu–Osher test

γ = 1.4, T = 1.8, outflow BC ε = 10−9, λ = 3, CFL=0.1.
For B1 θ1 = 0.5, for B2 θ1 = 0.8, θ2 = 1, for B3 θ1 = 3, θ2 = 1.
The initial conditions areρ0

v0

p0

 =

 3.857143
2.629369
10.333333

x ∈ [−5,−4],

ρ0

v0

p0

 =

1 + 0.2 sin(5x)
0
1

else.
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Density, Shu-Osher test, N=64
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(e) N = 64
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Density, Shu-Osher test, N=128
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(f) N = 128

D. Torlo (UZH) HO DeC RD IMEX schemes 39 / 58



Numerical tests: Shu–Osher test

γ = 1.4, T = 1.8, outflow BC ε = 10−9, λ = 3, CFL=0.1.
For B1 θ1 = 0.5, for B2 θ1 = 0.8, θ2 = 1, for B3 θ1 = 3, θ2 = 1.
The initial conditions areρ0

v0

p0

 =

 3.857143
2.629369
10.333333

x ∈ [−5,−4],

ρ0

v0

p0

 =

1 + 0.2 sin(5x)
0
1

else.

6 4 2 0 2 4 6
0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5
Density, Shu-Osher test, N=256
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(g) N = 256
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(h) N = 512
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Numerical tests 2D: Euler equation

Euler equation in 2D domain

∂tU(x, t) + ∂xf(U(x, t)) + ∂yg(U(x, t)) = 0, x = (x, y) ∈ Ω ⊂ R2,

U =


ρ
ρu
ρv
E

 , f(U) =


ρu

ρu2 + p
ρuv

u(E + p)

 , g(U) =


ρv
ρuv

ρv2 + p
v(E + p)

 (24)

ρ is the density, u is the speed in x direction, v is the speed in y
direction, E the total energy and p the pressure.
The closing EOS is:

p = (γ − 1)
(
E − 1

2
ρ(u2 + v2)

)
. (25)
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Numerical tests 2D: Steady vortex for convergence

Initial conditions and solution for all t ∈ [0,∞) are


ρ0

u0

v0

p0

 =



(
1− γ−1

γ
1
2

(
5

2π

)2
e

1−r2
2

) 1
γ−1

5
2π (−y)e

1−r2
2

5
2π (x)e

1−r2
2

ργ0

 .

Here r2 = x2 + y2, the boundary conditions are outflow and T = 1.
γ = 1.4, ε = 10−9, λ = 1.4 and CFL = 0.1.
For B1 θ1 = 0.1, for B2 θ1 = 0.01, θ2 = 0, for B3 θ1 = 0.001, θ2 = 0.
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Numerical tests 2D: Steady vortex for convergence
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h
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Convergence of rho

B1
order 2
B2
order 3
B3
order 4

Figure: 2D convergence
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Numerical tests 2D: Sod shock test

Initial conditions are
ρ0

u0

v0

p0

 =


1
0
0
1

 if r <
1

2
,


ρ0

u0

v0

p0

 =


0.125

0
0

0.1

 if r ≥ 1

2
.

Here r2 = x2 + y2, γ = 1.4, ε = 10−9, λ = 1.4, CFL = 0.1, T = 0.25 and
outflow boundary conditions.
For B1 θ1 = 0.1, for B2 θ1 = 0.1, θ2 = 0.0001, for
B3 θ1 = 0.01, θ2 = 0.0001.
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Numerical tests 2D: Sod shock test

(a) B1, N = 13548
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Numerical tests 2D: Sod shock test

(b) B2, N = 13548
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Numerical tests 2D: Sod shock test

(c) B3, N = 13548
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Numerical tests 2D: Sod shock test

(d) Slices of B1 (blue), B2 (red) and B3 (green), N = 13548
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Numerical tests 2D: DMR test

Double mach reflection test: initial conditions


ρ0
u0

v0
p0

 =


8

8.25
0

116.5

 if x ≤ −0.05


ρ0
u0

v0
p0

 =


1.4
0
0
1

 if x > −0.05.

T = 0.2, ε = 10−9, λ = 15, CFL = 0.1, N = 19248 triangular elements.
For B1 θ1 = 0.1, for B2 θ1 = 0.01, θ2 = 0.0001, for B3

θ1 = 0.005, θ2 = 0.0001.
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Numerical tests 2D: DMR test

Figure: Density of DMR test B1
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Numerical tests 2D: DMR test

Figure: Density of DMR test B2
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Numerical tests 2D: DMR test

Figure: Density of DMR test B3
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Multiphase flows - Baer Nunziato

1 mass fraction equation
2 Euler systems (+ 2 EOS)

∂tαg =− Vi∂xαg +µ∆P (26a)

∂tαgρg+ ∂xαgρgug =0 (26b)

∂tαgρgug+ ∂x(αgρgu
2
g + αgPg) =Pi∂xαg − λ∆u (26c)

∂tαgρgEg+ ∂xug(αgρgEg + αgPg) =PiVi∂xαg +µPi∆P − λVi∆u (26d)

∂tαlρl+ ∂xαlρlul =0 (26e)

∂tαlρlul+ ∂x(αlρlu
2
l + αlPl) =Pi∂xαl + λ∆u (26f)

∂tαlρlEl+ ∂xul(αlρlEl + αlPl) =PiVi∂xαl −µPi∆P + λVi∆u (26g)

EOS: ρE = P+γP∞
γ−1

+ 1
2
ρu2

λ, µ→∞ relaxation parameters
∆f = fg − fl
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IMEX discretization - Multiphase flows

αn+1
g − αng

∆t
=− Vi∂xαng + µ∆Pn+1

αgρ
n+1
g − αgρng

∆t
+ ∂xαgρgu

n
g =0

αgρgu
n+1
g − αgρgung

∆t
+ ∂x(αgρgu

2
g + αgPg)

n =Pi∂xα
n
g − λ∆un+1

αgρgE
n+1
g − αgρgEng

∆t︸ ︷︷ ︸
time derivative

+∂xug(αgρgEg + αgPg)
n︸ ︷︷ ︸

conservative flux

=PiVi∂xα
n
g︸ ︷︷ ︸

non cons

+µPi∆P
n+1 − λVi∆un+1︸ ︷︷ ︸

stiff source

IMEX approach: IMplicit stiff source term, EXplicit fluxes

Difficulties: non linear implicit system (αn+1
g Pn+1

g + µPi∆P
n+1)

Non linear solver

Discretization of non conservative terms
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Numerical tests 1D: Multiphase flow

Test1: pressure and mass fraction discontinuity 7

µ = 109, λ = 0, T = 350µs, EOS: ρE = P+γP∞
γ−1 + 1

2ρu
2

Rusanov scheme

IC

Phase 1 Phase 2
Liquid Air

γ = 4.4, P∞ = 6 · 108 γ = 1.4, P∞ = 0

α = 0.3 α = 0.7
ρ = 1050kg/m3 ρ = 1.2kg/m3

x < 0.5 u = 0m/s u = 0m/s
P = 106Pa P = 106Pa

α = 0.7 α = 0.3
ρ = 1050kg/m3 ρ = 1.2kg/m3

x > 0.5 u = 0m/s u = 0m/s
P = 105Pa P = 105Pa

7R. Saurel, A. Chinnayya, and Q. Carmouze. Modelling compressible dense and
dilute two–phase flows. Physics of Fluids 29, 063301 (2017).
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Numerical tests 1D: Multiphase flow
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B1 (arr), (page) n=512, (arr) Test=23
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Numerical tests 1D: Multiphase flow

Test2: separated phases with high pressure discontinuity
µ = 109, λ = 107, T = 150µs, EOS: ρE = P+γP∞

γ−1 + 1
2ρu

2

Rusanov scheme

IC

Phase 1 Phase 2
Liquid Air

γ = 4.4, P∞ = 6 · 108 γ = 1.4, P∞ = 0

α = 0.000001 α = 0.999999
ρ = 1050kg/m3 ρ = 100kg/m3

x < 0.5 u = 0m/s u = 0m/s
P = 109Pa P = 109Pa

α = 0.999999 α = 0.000001
ρ = 1050kg/m3 ρ = 100kg/m3

x > 0.5 u = 0m/s u = 0m/s
P = 105Pa P = 105Pa
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Numerical tests 1D: Multiphase flow
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B1 (arr), (page) n=512, (arr) Test=24
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Conclusion and perspective

Conclusions
Asymptotic preserving
IMEX
Residual Distribution
Deferred Correction

Perspective
High order multiphase flows
MOOD for multiphase flows
Compare with high order RK IMEX schemes
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IMEX DeC RD

Thank you for the attention!
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Whitham’s subcharacteristic condition

fεt +
D∑
d=1

Λd∂xdf
ε =

1

ε
(M(Pfε)− fε) , fε : Ω→ RL

If we call uε = Pfε, vεd = PΛdf
ε we have from (8) that{

∂tu
ε +

∑D
j=1 ∂xjv

ε
j = 0

∂tv
ε
d +

∑D
j=1 ∂xj (PΛjΛdf

ε) = 1
ε (Ad(u

ε)− vεd)
.

If we do a Taylor expansion in ε we get

vεd = Ad(u
ε)− ε

∂tvεd +

D∑
j=1

∂xj (PΛdΛjf
ε)

 (27)

= Ad(u
ε)− ε

∂tvεd +

D∑
j=1

∂xj (PΛdΛjM(uε))

+O(ε2). (28)
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Whitham’s condition

∂tu
ε +

D∑
d=1

∂xdAd(u
ε) = ε

D∑
d=1

∂xd

∂tvεd +

D∑
j=1

∂xj (PΛdΛjM(uε))

+O(ε2)

∂tu
ε +

D∑
d=1

∂xdAd(u
ε) = ε

D∑
d=1

∂xd

 D∑
j=1

Bdj(u
ε)∂xju

ε

+O(ε2).

For this case, the Whitham’s subcharacteristic condition8 becomes

Bjd := PΛdΛjM
′(u)−A′d(u)A′j(u),

D∑
j,d=1

(Bdjξj , ξd) ≥ 0.

8natalini.
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Problems: convection parameter

How to set the convection parameter automatically?
To verify Whitham’s subcharacteristic condition we have to

Bjd := PΛdΛjM
′(u)−A′d(u)A′j(u),

D∑
j,d=1

(Bdjξj , ξd) ≥ 0.

In DRM for 2D systems, we have:

Λ1 =

−λIK 0K 0K
0K 0K 0K
0K 0K λIK

 , Λ2 =

0K 0K 0K
0K −λIK 0K
0K 0K λIK


PΛ1 = (−λIK , 0K , λIK), PΛ2 = (0K ,−λIK , λIK)

PΛ1Λ1 = (λ2IK , 0K , λ
2IK), PΛ2Λ2 = (0K , λ

2IK , λ
2IK)

PΛ1Λ2 = PΛ2Λ1 = (0K , 0K , λ
2IK)
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Problems: convection parameter

Moreover we now that

R(K,K·N) 3M ′(u) =

=

u
3 + 1

3λ(−2A1 +A2)
u
3 + 1

3λ(A1 − 2A2)
u
3 + 1

3λ(A1 +A2)

′ = 1

3

IK + 1
λ(−2A′1 +A′2)

IK + 1
λ(A′1 − 2A′2)

IK + 1
λ(A′1 +A′2)

 .

So, if we compute the B matrices we get

B11 =
2

3
λ2IK + λ(

2

3
A′2 −

1

3
A′1)−A′1A

′T
1

B12/21 =
1

3
λ2IK + λ(

1

3
A′2 +

1

3
A′1)−A′1/2A

′T
2/1

B22 =
2

3
λ2IK + λ(

2

3
A′1 −

1

3
A′2)−A′2A

′T
2
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Problems: convection parameter

Then, if we restart from the following condition
2∑

i,j=1

〈Bijξi, ξj〉 ≥ 0 ∀ξj ∈ RK ,

Different from scalar case K = 1. Scalar case:
2∑

i,j=1

〈Bijξi, ξj〉 ≥ 0 ∀ξj ∈ R,

you can get something solvable, but in our case, what we get is:

2

3

2∑
i,j=1

〈ξi, ξj〉λ2 +
λ

3

(
〈(2A′2 −A′1)ξ1, ξ1〉+

+ 〈(−A′2 + 2A′1)ξ2, ξ2〉+ 〈(A′2 +A′1 + (A′2 +A′1)T )ξ1, ξ2〉
)
+

+

2∑
j,i=1

〈A′iA
′T
j ξi, ξj〉 ≥ 0, ∀ξ1, ξ2 ∈ RK .
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Problems: convection parameter

How they saw this was in the sense of

ξTBξ ≥ 0.

So doing spectral analysis, finding the eigenvalues of B and imposing
the positivity of both of them for scalar case. Finally, they got this
condition from a 4th degree equation

λ ≥ max
(
−A′1 −A′2, 2A′1 −A′2,−A′1 + 2A′2

)
.

But for general case B is a 2K × 2K matrix and I have no clue how to
find the 2K eigenvalues.
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Problems: changing the convection parameter

If we change the convection parameter from timestep to timestep, we
get big oscillations.
Where should this come from?
Back to IMEX 2
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Residual distribution - Choice of the scheme

How to split into φKσ ⇒ choice of the scheme. For example, we can
rewrite SUPG in this way:

φKσ (Uh) =

∫
K
ϕσ(∇ ·A(Uh)− S(Uh))dx+ (29)

+hK

∫
K

(∇ ·A(Uh) · ∇ · ϕσ) τ (∇ ·A(Uh) · ∇ · Uh) . (30)

Furthermore, we can write the Galerkin FEM scheme with jump
stabilization by burman:

φKσ =

∫
K
ϕσ(∇ ·A(Uh)− S(Uh))dx+

∑
e|edge of K

θh2
e

∫
e
[∇Uh] · [∇ϕσ]dΓ,

(31)
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Residual Distribution - Choice of the scheme

φK,LxFσ (Uh) =

∫
K
ϕσ (∇ ·A(Uh)− S(Uh)) dx+ αK(Uσ − UKh ), (32)

where UKh is the average of Uh over the cell K and αK is defined as

αK = max
e edge ∈K

(ρS (∇A(Uh) · ne)) , (33)

ρS is the spectral radius.
For monotonicity near strong discontinuities, PSI limiter:

βKσ (Uh) = max

(
ΦK,LxF
σ

ΦK
, 0

)∑
j∈K

max

(
ΦK,LxF
j

ΦK
, 0

)−1

(34)
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Residual Distribution - Choice of the scheme

Blending between LxF and PSI:

φ∗,Kσ = (1−Θ)βKσ φ
K
σ + ΘΦK,LxF

σ ,

Θ =
|ΦK |∑

j∈K |Φ
K,LxF
j |

.
(35)

Nodal residual is finally given by

φKσ = φ∗,Kσ +
∑

e|edge of K

θh2
e

∫
e
[∇Uh] · [∇ϕσ]dΓ. (36)
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DeC – Proof

Proof.
Let U∗ be the solution of L2(U∗) = 0. We know that
L1(U∗) = L1(U∗)− L2(U∗), so that

L1(U (k+1))− L1(U∗) =
(
L1(U (k))− L2(U (k))

)
−
(
L1(U∗)− L2(U∗)

)
=
(
L1(U (k))− L1(U∗)

)
−
(
L2(U (k))− L2(U∗)

)
α1||U (k+1) − U∗|| ≤||L1(U (k+1))− L1(U∗)|| =

=||L1(U (k))− L2(U (k))− (L1(U∗)− L2(U∗))|| ≤
≤α2∆||U (k) − U∗||.

||U (k+1) − U∗|| ≤
(
α2

α1
∆

)
||U (k) − U∗|| ≤

(
α2

α1
∆

)k+1

||U (0) − U∗||.

After K iteration we have an error at most of ηK · ||U (0) − U∗||.
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