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Motivation: relaxed systems

What we want to solve is an hyperbolic relaxation system:

Ou+ V- Alu) = S(u) or
Sgu) M
Ou+ H(u)Vyu = -

Applications:
@ Jin—Xin system
@ Kinetic models
@ Multiphase flows
@ Viscoelasticity problems
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A scheme that is
@ Asymptotic preserving:

]__55—>0]__0

A—>Ol lA—>O
]:esi)o]_—o

@ High order in space and time
@ Computationally explicit (as much as possible, no mass matrix)
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@ Kinetic models
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Kinetic Models

Kinetic relaxation models by D. Aregba-Driollet and R. Natalini’.
Hyperbolic limit equation is

0 cRP —5 RE DD Ay

D
ut+28did(u):0, u:Q— RE.
d=1 M P

RE D Ag
Relaxation system

D
F+ D0 M, 7=~ (M(PF) — ), f7:0 > R
d=1

Pf¢ —wu, P(M(u))=u, PA;M(u)=Aiu).

'D. Aregba-Driollet and R. Natalini. Discrete kinetic schemes for multidimensional

systems of conservation laws. SIAM J. Numer. Anal., 37(6):1973-2004, 2000.
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Scalar 1D example: Jin—Xin system

Letw:[0,1] - Rand A(u) = a(u) witha : R — R.
Limit equation
ut +a(u)y = 0. (2)

Now, let f = (f1, f») with Pf = f,, A = (AOQ é) Mi(w) = u,

Ms(u) = a(u) So that

€ _ fl
ZAdc‘)xdf (f>

Ofr+0:f2=0
O fo + N0, 1 = fl) f2
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Whitham’s subcharacteristic conditions: Jin—Xin

{atfl +0ufs =0

Oufo + N2, f1 = f1) f2

fo=a(f1) —e(dfo+ )\23zf1)

O f1+ Ozalfr) — €0y (Opfo + N20uf1) =0

Ouf1 4 O0za(f1) — e, (a (fl)atfl + N0, f1) +O(%) =0

O f1 + Oza(f1) — b, (—a f1 )0u f2 + X20, f1) + O(e%) =

Ouf1 + Ovalfr) — €0y (—a'(f1)a' (f1)0uf1 + A20uf1) + O(e 2) =0
Ouf1 + Oalfr) —e (=d'(f ) +A2) 0 fr+0(e%) =0

So the stability condition to be dissipative is
N>d(f1)? o A>|du)|, YueR. (3)
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Whitham’s condition: Kinetic scheme

If we call u® = Pf¢, v = PAyf® we have from (8) that

opuf + Zle Oy;v5 =0
0§ + 211 By (PAjAGS?) = L(Ag(uf) — v3)

For this case, the Whitham’s subcharacteristic condition 2 becomes

D
Bjq := PAgA; M’ (u) — Ay(u) A% (u), (Bgj&;,6a) > 0.
jd=1

2D. Aregba-Driollet and R. Natalini. Discrete kinetic schemes for multidimensional
systems of conservation laws. SIAM J. Numer. Anal., 37(6):1973-2004, 2000.
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Kinetic model

We have to find M, P, A that respect previous conditions.
L =N x K with P = (Ix,...,Ix) N blocks of identity matrices in R¥.

foeREwWthn=1,...,N
Ag = diagAD . AD)  AD — AD for AD e R

With this formalism we can rewrite (8) as

N

9

afe + X2 APo,, o= L (M (uf) - f2),  Wn=1,..
ut = 27]1\[:1 ffz
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Kinetic model — DRM

Let us present the diagonal relaxation method (DRM). Here
N = D 4+ 1. Then we have to define maxwellians 1,, and matrices
Agd). Take A > 0 and

AN  j=d
AD =S j=D+1
0 else

The Maxwellians can be defined as follows:

{MD+1<u> = (u+§ 22 Aaw) /(D +1)

Mj(u) = =5 Aj(u) + Mpy (u)

Important: we have to choose \ according to Whitham’s
subcharacteristic condition.
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Example of DMR model

w:QCR—-R, D=1,N=2 f:R—R?
Limit equation

ut + a(u), =0 (5)
A:<_)\ 0) M(u) = %_%\0 Pf=fi+f (6)
— s+ %)

Kinetic model is

{atfl — A0 f1 = % th;fz _ ll(f12->i\-f2) _ f1§
1

8tf2 + /\8$f2 = fl;fQ + a(f12;\Lf2) o f2
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© MEX
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IMEX discretization

Stiff source term = oscillations when ¢ <« At
At ~ ¢ not feasible

IMEX approach: IMplicit for source term, EXplicit for advection term
un+1 _.n S(U)n+l

u n
T+Vx‘F(U) = - (8)
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IMEX discretization - Kinetic model

Stiff source term = oscillations when ¢ <« At
At =~ ¢ not feasible
IMEX approach: IMplicit for source term, EXplicit for advection term

D
fn+1,a _ fn,e .
At + > MOy, [ =
d=1

(@) = f5()

How to treat non-linear implicit functions?
Recall: PM(u) = w and Pf¢ = uf, so

m | =

M(P n+le\ _ pntle
(M(Pfrthey — frite) )

un—f—l,e — uE

D
——+ dz_; PAgOy, f™° = 0. (10)

Find »"*+1¢ and substitute it in (9).
IMEX formulation = £ (first order accurate).
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IMEX is asymptotic preserving

To prove AP: induction.

Induction Hypothesis

n+l _ ,n D

utt +Z@wdAd(u”)+O(a)+O(A):0 (11)
n+1 n M n+1\ _ rn+1 A

= F 3 o - M )= +O(;>+(’)(A)=0

d=1

Given that the space discretization is consistent with the model.
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@ Residual Distribution
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Residual Distribution

@ High order

@ Easy to code

@ FE based

@ Compact stencil

@ No need of Riemann solver

@ No need of conservative variables

@ Can recast some other FV, FE schemes?®

U + V.- A(U) = S(U)
Vi = {U € L*(Q,,RP)n (), Ulg € P*, YK € Q).

®R. Abgrall. Some remarks about conservation for residual distribution schemes.
Computational Methods in Applied Mathematics, 2018. DOI:
https://doi.org/10.1515/cmam-2017-0056.
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Residual Distribution - Spatial Discretization

Figure: Defining total residual, nodal residuals and building the RD scheme
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Residual Distribution - Spatial Discretization

@ Define VK < Qy, a fluctuation term (total residual)
of = [ V- A(U) - S(U)dx
@ Define a nodal residual ¢X Vo € K :

¢f =" of, VK e, (13)

ceK

© The resulting scheme is

> 6K =0, VoeD. (14)
KloeK

Remark: the definition of the nodal residuals leads to the scheme!
We use as Galerkin, Rusanov, PSI limiter, jump stabilization.
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Residual Distribution — Examples

How to split into ¢X = choice of the scheme. For example, we can
rewrite SUPG in this way:

SO = [ 0oV AW:) ~ SW)dot (15)
K
+hK/K(v-A(Uh)-v-%)T(v.A(Uh)-v.Uh). (16)

Furthermore, we can write the Galerkin FEM scheme with jump
stabilization®:

o = | ©o(V - A(U) — S(Uy))dx + OhZ [ [VU] - [Vo]dr,
/K " " e|edg§e:ofK /e "
(17)

4E. Burman and P. Hansbo. Edge stabilization for galerkin approximations of
convection—diffusion—reaction problems. Computer Methods in Applied Mechanics
and Engineering, 193(15):1437 — 1453, 2004.
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e Deferred Correction
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Deferred Correction °

How to combine two methods keeping the accuracy of the second and
the stability and simplicity of the first one?

e LY(U"t U™) = 0, first order accuracy, easily invertible (IMEX).
e L2(U™ U™) = 0, high order r (>1), not directly solvable.

SA. Dutt, L. Greengard, and V. Rokhlin. Spectral Deferred Correction Methods for
Ordinary Differential Equations. BIT Numerical Mathematics, 40(2):241-266, 2000.
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Deferred Correction °

How to combine two methods keeping the accuracy of the second and
the stability and simplicity of the first one?

e LY(U"t U™) = 0, first order accuracy, easily invertible (IMEX).
e L2(U™ U™) = 0, high order r (>1), not directly solvable.

Algorithm (DeC method)

o LY UM, U™ =0, prediction UM,
@ Forj=2,...,K corrections:

LYU9, Uy = ot U — 26D, U,
o Untl .= ylK),

L' is used implicitly and £? only explicitly.

SA. Dutt, L. Greengard, and V. Rokhlin. Spectral Deferred Correction Methods for
Ordinary Differential Equations. BIT Numerical Mathematics, 40(2):241-266, 2000.
D. Torlo (UZH) HO DeC RD IMEX schemes 24/58




Deferred Correction

Theorem (Deferred Correction convergence)
Given the DeC procedure. If
e L' is coercive with constant o,
@ L% — L' is Lipschitz continuous with constant co A
@ J!U} such that L2(U}) = 0.

Then ifn = 52A <1, the deferred correction is converging to Ux and
after K iterations the error is smaller than n’* times the original error.

v
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DeC — Proof

Let U* be the solution of £2(U*) = 0. We know that

LY(U*) = LY U*) — L%(U*), so that
£1<U(k+1)> _ El(U*) _ (El(U(k)) _ £2<U(k)>) _ (El(U*> _ £2(U*))
ay [[UFHD — || <[l U*HD) - H(U)]] =

=l U®) — L2UP) - (£'(U*) - L2UM)]] <

<apA|JU® — U~
s Qo k+1

o+~ o < (2a) w® - o7l < (24) @ - oL

aq aq

After K iteration we have an error at most of < - |[|[U©) — U*||. O

v
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High order RD schemes: £?

How to build £2?
High order in time: we discretize our variable on [t",t" 1] in M
substeps (U,"™).

o o—eo—0o—o—0o—0o—9@
tn — tn,O tn’l tnvm tn’M — tn+1

Thanks to Picard—Lindel6f theorem, we can rewrite

$nm

urm =m0 4 / VAU (z,s)) — S(U(x,s))ds

tn

and if we want to reach order » + 1 we need M = r.
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High order RD schemes

More precisely, for each o we want to solve £2(U™°,. .., U™M) =0,
where

czum, .. umMy =

Lkso (}{ o (U™ (z) — U™ (2))dz + tfo i (¢g (U™), ..., 05 (U™M), S)d8>

t"’M

> koo <;{ 0o (UPM(z) — U™ (z))dx + [ IM(¢£((U"’O)7...,q&f(U"‘M),s)ds)

tn,0

which is a fully implicit system of M equations with A unknowns
(times #DoFs).
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Low order RD

Instead of solving the implicit system directly (difficult), we introduce a
first order scheme £L(U™Y, ..., U™M):

cLomo,... umM) =

tn,0

tnl
Y Kso ((U;hl nO f¢adﬂ7+ | To( <Z5K Um0 Uy, s)ds)

tnM
> K30 <(U§"M Uz fsoadx+ [ To(oE@U™0, umM), s)ds)

tn,0

@ IMEX discretization

@ mass lumping on implicit terms (time derivative and source term)
@ easy to be solved (explicit or small implicit systems)

@ stable
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DeC — Example order 2 — Kinetic model

Consider M =1, K = 2.
£ium um =o. (18)
{U((TI)JH_I = Uy — At - D Kloek POy (f")

1),n+1 A 1)n+1 f ¢ J
f( ) = - t:tM( ), ) Ats+5 ’ CgsTtls)ZkaeK ( )

where Cy = 3k \per [ Po(@)da.
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DeC — Example order 2 — Kinetic model

Consider M =1, K = 2.

iU umy = clw®, umy - c2u®, om. (20)
u((j2)7n+1 _ u((;l)’n+1 _ Z fK (Pa(u(l)’n B un)+
KloeK

~ 2 Lrjoer P (305 (1) + 365 (f0H)

+arre > fKSO f(l) ml _fn)+
KloceK
eAt PE(fLnt) LK (fn

)
T Cr(Atte) KooK 2 +
oc

(21)

At u(l) n+1)+M( ) f(1)7n+1,fn
tare 2 Jxe o L 2
KloceK

\

where Co = 3" g e [ ¥o(T)dz.
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RK vs DeC

DeC can be rewritten into Runge Kutta stages (with r? stages)

| Runge Kutta | Deferred Correction
Coefficients | Specific V order | General algorithm
Stages r<s<r? s =12 (r[|r)
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DeC is asymptotic preserving

|dea of proof®

We know that
e Ll =0is AP.
We can prove that
o Ll —1L2=0()+0(A)
° Li—LF=0(2)+0(A).

®R. Abgrall, D.T.. Asymptotic preserving deferred correction residual distribution
schemes. arXiv:1881.09284.
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e Numerical tests
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Numerical tests: Linear advection for convergence

utuy, =0, xe€l0,1], te€l[0,T],T=012, wug(x)= ¢~ 80(z—04)
outflow BC, A = 1.5, e = 107'%, 6; = 1, 6, = 5 (derivative stabilization).

Convergence of u o5 Orders of u
=—a Bl +—+ Bl
10 -~ order2 +— B2
e B2 +—— B3
1 order 3 4
»—+ B3
: order 4 1o
E 10 % 3
® 10 ° 3.0
2 M
2 log10(epsilon)
(a) Scalar 1D convergence (b) Order varying relaxation parameter

Figure: Scalar linear 1D test
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Numerical tests: Euler equation

Next simulations will be over the Euler equation

p pv
(pv) + ( pv? +p) =0, xz €[0,1], t €[0,T] (22)
EJ, (E+pp/

p is the density, v the speed, p the pressure and E the total energy.
The system is closed by the equation of state

D 1 5
E=—4 —pv~. 23
7_1+2w (23)
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Numerical tests: Sod shock test

v =14, T = 0.16, outflow BC, e = 107, A = 2, CFL = 0.2.
ForB' 6, =1,forB% 60, =1, 6, = 0.5, for B3 §; = 2.5, 6, = 4.

po = Lio,0.5/(2)+0.11g51)(z), vo =0, po=Ljg0.5(x)+0.12511 5 ().

Density ,Sod test ,N=64 Density ,Sod test ,N=256
10 10 ,fj
0.8 o8l “‘f
0.6 0.6 ‘f"
0.4 0.4} X
— Bl
0.2 02f| — B2
— B3 — B3
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
(@) N =64 (b) N = 256
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Numerical tests: Woodward—Colella test

v =14, T =0.038, outflow BC € = 102, A\ = 20, CFL=0.1.
ForB' 6, = 0.5, for B2 6; = 0.8, 0, = 1,forB> 0, =5, 6 = 1.
The initial conditions are

po=1, v =0, po=10"T01(x)+10 11 00)(x) + 10°Lg g1 ().

Density, Woodward Colella test, N=256 Density, Woodward Colella test, N=512

— Bl — BL
— B2 — B2

5 — B3 St — B3

4 4

3 3

2 2

1 1 5

Q 0

0o 02 na 06 ng| 10 no 02 na 06 ng| 10

(©) N = 256 (d) N =512
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Numerical tests: Shu—Osher test

v =14, T =18, outflow BC ¢ = 1072, A = 3, CFL=0.1.
ForB! 6, = 0.5, for B2 6, = 0.8, 6, =1, for B3 6; = 3, 6 = 1.
The initial conditions are

00 3.857143 £0 1+ 0.2sin(5x)
vo | = | 2629369 | x € [-5,—4], |v | = 0 else.
o 10.333333 2 1

Density, Shu-Osher test, N=64
4 [

Density, Shu-Osher test, N=128

Bl
B2

v WN — &
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Numerical tests: Shu—Osher test

v =14, T =18, outflow BC ¢ = 1072, A = 3, CFL=0.1.
ForB! 6, = 0.5, for B2 6, = 0.8, 6, =1, for B3 6; = 3, 6 = 1.
The initial conditions are

00 3.857143 Po 1+ 0.2sin(5x)
vo | = | 2629369 | x € [-5,—4], | v | = 0 else.
o 10.333333 Po 1

Density, Shu-Osher test, N=256

Density, Shu-Osher test, N=512

a5

4.0

35

3.0

25

2.0
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Numerical tests 2D: Euler equation

Euler equation in 2D domain

AU (x,1) + Bu f(U(x, 1)) + 0,9(U(x,£)) = 0, x = (z,y) € 2 C R,

p ,20u pU
puU pus +p puv
U= , U) = , U) =
ol T =" 90 =| o,
E uw(E + p) v(E + p)

p is the density, v is the speed in x direction, v is the speed in y
direction, FE the total energy and p the pressure.
The closing EOS is:

p=(- 1)(E - %p(u2 +v2))‘
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Numerical tests 2D: Steady vortex for convergence

Initial conditions and solution for all ¢ € [0, o) are

1
_ .2 y—1
_ =11 (532 5
0o (1 72(277)62

uo 1—r
w | = ar(—y)e =
5 1—r
Po g(ff)e 2
Py

Here r? = 22 + ¢2, the boundary conditions are outflow and 7" = 1.
y=14,6=10"?, A =1.4and CFL=0.1.
For B' 6, = 0.1, for B26; = 0.01, 6, = 0, for B36; = 0.001, 6 = 0.
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Numerical tests 2D: Steady vortex for convergence

10!

Convergence of rho
:

—a Bl
" - - order2
100} 4
e—e B2
-~ order3
1071 E +—« B3
order 4
L 1072
2
$
= g
107
107°
—6 L
10 107! 10° 10
h
Figure: 2D convergence
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Numerical tests 2D: Sod shock test

Initial conditions are

Po 1 Po 0.125

U 0ol . 1 U 0 . 1
v 0 |fr<2, v 0 |fr_2
Po 1 Po 0.1

Here > =22 + 4%, v =14, =102, A =1.4,CFL=0.1, T = 0.25 and
outflow boundary conditions.

For B! 9, = 0.1, for B, = 0.1, #; = 0.0001, for

B3 6, = 0.01, 63 = 0.0001.
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Numerical tests 2D: Sod shock test

Pseudocolor

(a) B!, N = 13548
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Numerical tests 2D: Sod shock test

Pseudocolor

(b) B2, N = 13548
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Numerical tests 2D: Sod shock test

Pseudocalor

0.1251
Max: 1.000
Min: 0.1251

(c) B3, N = 13548
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Numerical tests 2D: Sod shock test

T T T T T T L e B e e e e LA
-1.0 -0.5 0.0 0.5

(d) Slices of B* (blue), B? (red) and B (green), N = 13548
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Numerical tests 2D: DMR test

Double mach reflection test: initial conditions

po 8
vo | [ 825 | o <005
Vo 0
Do 116.5
Po 1.4
Uo 0 .
= if z > —0.05.
Vo 0
Do 1

T=02¢e=102 A=15CFL=0.1, N = 1924é triangular elements.
For B! 9, = 0.1, for B9, = 0.01, A = 0.0001, for B>
#1 = 0.005, 8, = 0.0001.
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Numerical tests 2D: DMR test

1.400
Max: 18,02
Min: 1.400

Contour
Var U1

Manx: 18,02
Min: 1,400

10 e e e
0.0 0.5 1.0 1.5 2.0 2.5

Figure: Density of DMR test B!

=] =
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Numerical tests 2D: DMR test

—6.124

1.400
Max: 20,30
Min: 1.400 2.0+

Contour
Var U1

—19.04
17.78

Man: 20.30
Min: 1.400

D. Torlo (UZH)

0.0 0.5 1.0 1.5 2.0 2.5

Figure: Density of DMR test B2
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Numerical tests 2D: DMR test

—6.205

1.400
Max: 20,62
Min: 1.400 2.0+

Contour
Var U1

Manx: 20,62
Min: 1,400

D. Torlo (UZH)

.0

0.5 1.0 1.5 2.0 2.5

Figure: Density of DMR test B?
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@ Multiphase flow
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Multiphase flows - Baer Nunziato

1 mass fraction equation
2 Euler systems (+ 2 EOS)

Dy = — Vidzay +uAP (26a)
Ororgpg+ Dworgpgig =0 (26b)
Oragpgug+ Du(Qgpgtiy + agPy) =P;dyary — AAu (26c)
OragpgEg+  Owug(agpgEg + agPy) =P;Vidzay +uP AP — AV;Au  (26d)
Oraupi+ Ozarpru; =0 (26e)
Oray prug+ 8;0(041plul2 + aP) =P;0, + \Au (26f)
Oraup B+ Ozui(upt By + cuP) =P; Vi cu —uP, AP+ A\V;Au  (26Q)

EOS: pE = % + %pu2
A, p — oo relaxation parameters

Af:fg_fl
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IMEX discretization - Multiphase flows

OéZHAt— ag =~ V;0,a® + pAP" !

%;agpgjL Oragpguy =0

agpgugHAt_ Qolatty + O (agﬂgug +agPy)" =Pi0say — At

angE;LHA* ool + Oatig(0tgpg Eg + 0g Py)" = PiVidpay + pP AP — AV Ay
¢ N

. o conservative flux non cons stiff source
time derivative

@ IMEX approach: IMplicit stiff source term, EXplicit fluxes

@ Difficulties: non linear implicit system (o ™' PP+ + pP, AP™Y)
@ Non linear solver

@ Discretization of non conservative terms
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Numerical tests 1D: Multiphase flow

Test1: pressure and mass fraction discontinuity ’
p=10° X =0, T = 350us, EOS: pE = F2= 4 1 py2

Rusanov scheme

2

Phase 1 Phase 2
Liquid Air
¥ =44,Pyy=6-10% | y=14,P =0
a=0.3 a=0.7
p = 1050kg/m?3 p = 1.2kg/m?
IC  2<0.5 u=0m/s u = 0m/s
P =10°Pa P =10°Pa
a=0.7 a=0.3
p = 1050kg/m3 p = 1.2kg/m?
x> 0.5 u=0m/s u = 0m/s
P =10°Pa P =10°Pa

"R. Saurel, A. Chinnayya, and Q. Carmouze. Modelling compressible dense and
dilute two—phase flows. Physics of Fluids 29, 063301 (2017).
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Numerical tests 1D: Multiphase flow

08 alpha s +1.0495¢3 rhol & rho2
0.7 0.7 35
06 06 30
25
05 05
2.0
4 0.4
0 15
03 03 10
0.2 05
0 02 04 06 08 02 04 06 08 00 02 04 06 08 1
10 12 speedl 00 speed2
08 10 500
08 400
06
06 300
0.4
0.4 200
02 02 100
02 04 06 08 02 04 06 08 10 00 02 04 06 08 1
10 pressurel pressure2
990000
08 0000 800000
790000
06 0000 60000
0.4 0000 290000
490000
0.2 0000 390000
00000
02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08
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Numerical tests 1D: Multiphase flow

Test2: separated phases with high pressure discontinuity
p=10° X =107, T = 150us, EOS: pF = £428= 4 1 g2

Rusanov scheme

Phase 1 Phase 2
Liquid Air
y=44,Py=6-10° | y=14,P =0
a = 0.000001 a = 0.999999
p = 1050kg/m3 p = 100kg/m?
IC 2<05 u=0m/s u = 0m/s
P =10°Pa P =10°Pa
a = 0.999999 a = 0.000001
p = 1050kg/m3 p = 100kg/m?
x>0.5 u=0m/s u = 0m/s
P =10°Pa P =10°Pa
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Numerical tests 1D: Multiphase flow

Volume fraction Mixture density

1.0 1400
osl | 1200
1000
0.6 1 800
0.4} { 600
400
0.2f 1 200
0.0 B B - B 0 B B B B
00 02 04 06 08 10 00 02 04 06 08 1.0
400 . Mlxtlure speed . 1.0Lle9 IMlxtulre prelssurel
350} 1
300 | o8r 1
250+ 1 o6l i
200 1
150 - 1 04t ]
100 1 o2l |
50 1
0 B B B B 0.0 B B B B
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e Conclusion and perspective
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Conclusion and perspective

Conclusions
@ Asymptotic preserving
e IMEX
@ Residual Distribution
@ Deferred Correction

Perspective
@ High order multiphase flows
@ MOOQOD for multiphase flows
@ Compare with high order RK IMEX schemes
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IMEX DeC RD

Thank you for the attention!

D. Torlo (UZH) HO DeC RD IMEX schemes



Whitham’s subcharacteristic condition

(M(Pf5)=f%), [ :Q—=R"

™ | =

D
JE+Y  Aalde, f° =
d=1

If we call u® = Pf<, v = PAqf® we have from (8) that

ouf + ZJDZI Oy;v5 =0
0§ + 210 Oy (PAjAGf?) = L(Ag(uf) — v3)

If we do a Taylor expansion in ¢ we get

j=1

D
v = Ag(uf) — € (atvg + 0, (PAGA; fE)) (27)

D
= Ag(uf) — ¢ (atug +Y o, (PAdAjM(us))) +O®E2).  (28)

Jj=1
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Whitham’s condition

Mo

D D
Oyut + Z Bdid(uE) =¢ 8xd (atvfl + Z axj (PAdA]M(UE))) + 0(52)

d=1 d=1 j=1
D D
Oyu® + Z@did( = Z ZBdJ IJ + 0(52).
d=1 =1

For this case, the Whitham’s subcharacteristic condition® becomes

D
Bjq = PAA M (u) — Ay(w)Aj(u), > (Bg&j, &) >
7,d=1

®natalini.
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Problems: convection parameter

How to set the convection parameter automatically?
To verify Whitham’s subcharacteristic condition we have to

D
Bjq = PAgA; M (u) — Aly(u) A (u), > (Byéj,&a) > 0.
j,d=1
In DRM for 2D systems, we have:
Mg 0 O 0 Og O
A1: OK OK OK y AQZ OK —/\IK OK
OK OK )\IK OK OK >\IK

PAy = (Mg, 0, M), PAy = (0, Mg, Mk)
PA Ay = (NIx, 05, N2I), PAsAy = (05, NI, Vo)
PA1Ay = PAsAy = (O, O, N2 I )
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Problems: convection parameter

Moreover we now that
R(K,KN) 5 M/(’U,) _
§+ (241 + A2) Lo Ik + §(-240 + )
- %+q(A1—2A2) = - IK"‘Xl(Al/—Qf%Q) .
5+ 55 (A1 + A2) Ik + 5 (A} + Ay)
So, if we compute the B matrices we get
2 2 1 /
1 1 1 /
Bigjo1 = §>\2IK + A(g 5+ gAll) - ,1/2A271

2 2 1 /
Boy = §A2IK + )\(gA’l — gAg) — ALAT
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Problems: convection parameter

Then, if we restart from the following condition
2
> (Bt &) =0 V¢ eRK,
i,j=1
Different from scalar case K = 1. Scalar case:
2

3 (Bijtin&) >0 Vg ER,

ij=1
you can get something solvable, but in our case, what we get is:

fZ&,@ IA? + <<2A’ ADér, &)+

5,j=1
F((— A+ 24769, &) + ((Ay + AL + (Ay + AN, &)+
2
+ Z <A;A;'T£i7£j> >0, Vel & e RE,
7,0=1
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Problems: convection parameter

How they saw this was in the sense of
&'BE>0.

So doing spectral analysis, finding the eigenvalues of B and imposing
the positivity of both of them for scalar case. Finally, they got this
condition from a 4th degree equation

A > max (—A] — A5, 241 — Ay, —A] +2A5) .

But for general case B is a 2K x 2K matrix and | have no clue how to
find the 2K eigenvalues.
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Problems: changing the convection parameter

If we change the convection parameter from timestep to timestep, we
get big oscillations.

Where should this come from?

Back to IMEX 2
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Residual distribution - Choice of the scheme

How to split into ¢X = choice of the scheme. For example, we can
rewrite SUPG in this way:

oK () = / o (V - A(Uy) — S(Uy))da+ (29)
K
hic /K (VAU V- g0) 7 (V- AUL) -V -Tp).  (30)

Furthermore, we can write the Galerkin FEM scheme with jump
stabilization by burman:

0K = | 0o(V - A(UL) — S(Un))dzx + 0n2 [ (VU] - [Vip,]d,
/KSO " " eledg:ofK /6 ' ’

(31)
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Residual Distribution - Choice of the scheme

¢£{,LxF(Uh) — /K Do (V . A(Uh) — S(Uh)) dxr + OZK(UU - UhK)v (32)

where U,If is the average of Uy, over the cell K and ay is defined as

O = max (ps (VA(Up) - ne)) (33)

ps is the spectral radius.
For monotonicity near strong discontinuities, PSI limiter:

K LaF pILaF -
BE(U,) = max (;K,O> (Z max ( ]cpK ,O)) (34)

jEK
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Residual Distribution - Choice of the scheme

Blending between LxF and PSI:

o = (1-0)pKel + ol
|®X] (35)

K,LaF "
D jer 1257

Nodal residual is finally given by

R / VUL - [Vipo)dr. (36)
eledge of K ¢
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DeC — Proof

Let U* be the solution of £2(U*) = 0. We know that
LY U*) = LY U*) — £2(U*), so that

L{UED) - L) = (L U®) - L2O®)) - () - L2O)
= (@) - £10M) - (AU - 2v)
aa|[U+D — || || U D) — LUl =
=[I1C'U®) - L2 W) - (£1(U*) - LU <
<a AU —U™||.
k+1
||U(k+1) U < (?A) ||U(k) U*|| < (agA) + ||U(o) — U]

After K iteration we have an error at most of n€ - ||[U(©) — U*||. O
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