
A quantum approahfor determining a state of the opinionFrançois DuboisConservatoire National des Arts et MétiersDepartment of Mathematis, Paris, Frane.franois.dubois�nam.fr09 September 2012 1Abstrat We propose to de�ne a notion of state of the opinion in order to linkpolitiian popularity estimations and voting intentions. We present two ways of modelling:a lassial approah and quantum modelling. We test these ideas on data obtained duringthe Frenh presidential eletion of April 2012.Keywords Opinion polls, voting.1) IntrodutionEletoral periods are favorable to opinion polls. We keep in mind that opinion pollsare intrinsially omplex (see e.g. Gallup [14℄ or Tillé [31℄) and give an approximatespiture of a possible soial reality. They are traditionnally of two types: popularity pollsfor various outstanding politial personnalities and voting intentions polls when a list ofandidates is known. We remark that in the �rst ase, a grid of appreiation is given bythe questionnaire, typially of the type �very good� ≻ �good� ≻ �no opinion� ≻ �bad�
≻ �very bad�.
• We have two di�erent informations and to onstrut a link between them is not aneasy task. In partiular, the determination of the voting intentions is a quasi intratableproblem! Preditions of votes lassially use of so-alled �voting funtions�. Voting fun-tions have been developed for the predition of presidential eletions in the United States.They are based on orrelations between eonomial parameters, popularity polls and othertehnial parameters. We refer to Abramowitz [1℄, Lewis-Bek [27℄, Campbell [11℄, Lafay[25℄ and the survey paper proposed by Auberger [2℄.1 This ontribution has been presented on Thuesday 03 July 2012 at the session �Quantum DeisionTheory� during the symposium Foundations and Appliations of Utility, Risk and Deision Theory (FUR),Georgia State University, Atlanta, USA. Edition 04 January 2013.
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• We do not detail here the mathematial di�ulties assoiated with the question ofvoting when the number of andidates is greater than three [3, 7, 10℄. They ondut topresent-day researhes like range voting, independently proposed by Balinski and Laraki[4, 5℄ and by Rivest and Smith [29, 30℄. It is omposed by two steps: grading and ranking.In the grading step, all the andidates are evaluated by all the eletors. This �rst stepis quite analogous to a popularity investigations and we will merge the two notions inthis ontribution. The seond step of range voting is a majority ranking; it onsists of asuessive extration of medians.
• In this ontribution, we make the hypothesis that there exists some global state of theopinion assoiated with a given grid of analysis, denoted by G in the following. We studyhow voting intentions interat with the state of the opinion. In partiular, we proposeto determine as muh information as possible about this state of the opinion, in the asewhere voting intentions and popularity polls are both available. In Setion 2, we proposea mathematial model founded on a lassial framework. The state of the opinion isdesribed by a disrete law of probability and the double information of popularity pollsand opinion polls give the input information.
• We adopt afterwards in Setion 3 quantum modelling (see e.g. Bitbol et al [6℄ foran introdution), in the spirit of authors like Khrennikov and Haven [24℄, La Mura andSwiatzak [26℄ and Zorn and Smith [32℄ onerning voting proesses. We reall two votingmodels developed in previous ontributions [12, 13℄, founded on range voting and �rstrun of an eletion, having impliitely in mind the ase of the Frenh presidential eletion.Then we propose in Setion 4 to link our two quantum models and use for doing thisan equivalent andidate and the state of the opinion. We test in Setion 5 our previousideas with three sets of data oming from 2012 Frenh presidential eletions and proposenumerial results.2) A lassial approahWe onsider a grid G of m types of opinions as one of the two following ones. Wehave m = 5 for the �rst grid (1) and m = 3 for the seond one (2):(1) ++ ≻ + ≻ 0 ≻ − ≻ −−(2) + ≻ 0 ≻ − .These ordered grids are typially used for popularity polls [17, 18, 21, 22℄. We assumealso that a ranking grid like (1) or (2) is a basi tool to represent a �state of the opinion�.If some politial personality has a great proportion of �very good� or �++� opinion (as in(1)), we suppose here that this fat is a kind of mirror e�et of an existing state of soialopinion. The re�etion that the opinion is for a ertain proportion in a �very good� state.
• We have two type of data, as explained in the introdution. We denote by Γ the setof andidates and we denote by n their number. We suppose also that(3) the number of candidates ≡ n > m ≡ the size of the grid G .





A quantum approah for determining a state of the opinionOn one side the result of a popularity poll for the n andidates is given. We have a matrixof data (
Sγ ν

)
γ∈Γ, ν∈G

with an hypothesis of oherene:(4) Sγ ν ≥ 0 ,
∑

ν∈G

Sγ ν = 1 , γ ∈ Γ .On the other side, we have the voting intentions βγ for eah andidate γ ∈ Γ. We haveat our disposal a vetor β ≡
(
βγ

)
γ∈Γ

with n omponents and satisfying
βγ ≥ 0 ,

∑

γ∈Γ

βγ ≤ 1 , γ ∈ Γ .In other words,
β ∈ K̃n ≡

{
q ∈ IRn, qj ≥ 0 ,

n∑

j=1

qj ≤ 1
}

.

• We adopt in this setion a lassial point of view for taking into aount the varietyof possibles underlyings. We suppose that the opinion ν (with ν ∈ G) is present inthe entire population with a probability pν . So the state of opinion is mathematiallymodelized by a law of probability (
pν

)
ν∈G

. The state of the opinion p satis�es the naturalonstraints(5) p ∈ Km ≡
{

q ∈ IRm, qj ≥ 0 ,

m∑

j=1

qj = 1
}that express that we have a disrete law of probability. There are two natural questionswhen we try to link the vetor β of voting intentions with the state of opinions p.(Q1) If the state of the opinion is known, how to predit the voting intentions ?(Q2) If the voting intentions are known, how to determine the state of the opinion ?

• The answer to the question (Q1) is simple if we onsider that voting intentions ouldbe determined by the state of the opinion. Then we think oherent to express that theexpetation of the family Sγ ν for ν running in G is equal to the voting intention β ∈ K̃n.We an say also that the orrelation of the probability vetors p and sγ ≡
(
Sγ ν

)
ν∈G

isequal to the voting intention βγ. In algebrai terms,(6) ∑

ν∈G

Sγ ν pν = βγ , γ ∈ Γ .The question (Q2) exhanges the datum and the unknown. Then the relation (6) is nowa linear system with unknown p ∈ Km and given datum β ∈ K̃n. Of ourse, the system(6) is in general not orretly posed if the hypothesis (3) is satis�ed. We have n equationsand only m unknowns. We adopt in this ontribution a least square approah and replaethe system (6) by the minimization of some squared funtional, say
J(p) =

1

2

∑

γ∈Γ

(∑

ν∈G

Sγ ν pν − βγ

)2to �x the ideas. The onstraint (5) has to be satis�ed beause the family of numbers(
pν

)
ν∈G

is a probability distribution. We solve a quadrati optimization problem withthe funtional J(•) and the linear inequalities onstraints (5):(7) find p ∈ Km such that J(p) = inf
{
J(q), q ∈ Km

}
.





François DuboisIf the matrix Sγ ν introdued at the relation (4) is of maximal rank m (and we do thishypothesis in the following), the problem (7) is the minimization of a oerive quadratifuntional inside a losed non empty onvex set. This problem has a unique solution; wesolve it using the Uzawa algorithm (see e.g. the book of Gondran and Minoux [15℄).3) Two quantum models for voting proessThe fat of onsidering quantum modelling indues a spei� vision of probabilities.We refer e.g. to the lassial treatise on quantum mehanis of Cohen-Tannoudji et al.[9℄, to the so-alled ontextual objetivity proposed by Grangier [16℄, to the approahof Mugur-Shähter [28℄, or to the elementary introdution proposed by Busemeyer andTrueblood [8℄ in the ontext of statistial inferene.
• In a �rst tentative [12℄, we have proposed to introdue an Hilbert spae VΓ formallygenerated by the andidates γ ∈ Γ. In this spae, a anditate γ is represented by aunitary vetor | γ > and this family of n vetors is supposed to be orthogonal. Then aneletor ℓ an be deomposed in the spae VΓ of andidates aording to(8) | ℓ> =

∑

γ∈Γ

θℓγ | γ> .The vetor | ℓ>∈ VΓ is supposed also to be a unitary vetor to �x the ideas. Aordingto Born's rule, the probability for a given eletor ℓ to give his voie to the partiularandidate γ is equal to | θℓγ |
2. The violene of the quantum measure is learly visiblewith this example: the opinions of an eletor ℓ never oinidate with the program of anyandidate. But with a voting system where an eletor has to hoie only one andidateamong n, his soial opinion is redued to the one of a partiular andidate.

• Our seond model [13℄ is adapted to the grading step of range voting [4, 29℄. Weintrodue a spei� grading spae WG of politial appreiations assoiated with a gradingfamily G. The spae WG is formally generated by the m orthogonal vetors | ν > relativeto the opinions. Then we suppose that the andidates γ are now deomposed by eaheletor on the basis | ν >:(9) | γ> =
∑

ν∈G

αν γ | ν> , γ ∈ Γ .Moreover the vetor | γ> in (9) is supposed to be by a unitary:(10) ∑

ν∈G

|αν γ |
2 = 1 , γ ∈ Γ .With this notation, the probability for a given eletor to give an opinion ν to a andidate

γ is simply a onsequene of the Born rule. The mean statistial expetation of a givenopinion ν for a andidate γ is equal to |αγ ν |
2 on one hand and is given by the popularitypolls Sγ ν on the other hand. Consequently,(11) |αν γ |

2 = Sγ ν , γ ∈ Γ , ν ∈ G.





A quantum approah for determining a state of the opinion4) State of the opinion: a link between quantum voting modelsWe have at our disposal two quantum models. The �rst one operates in an Hilbertspae VΓ generated (formally) by the andidates | γ > for γ ∈ Γ. The seond uses anHilbert spae WG formally generated by the grading G of appreiations | ν > for ν ∈ G.

• The �rst model in spae VΓ is well adapted for determining the voting intentionsthrought the Born rule. In this ontribution, we simplify the approah (8) and supposethat there exists some equivalent andidate | ξ>∈ VΓ suh that the voting intention βγfor eah partiular andidate γ ∈ Γ is equal to | < ξ , γ > |2:(12) | < ξ , γ > |2 = βγ , ∀ γ ∈ Γ ; | ξ>≡
∑

γ∈Γ

| γ> < γ , ξ > ∈ VΓ .

• The seond model in spae WG is appropriate to range voting and popularity polls.We interpret now the relation (9) in the following way: for eah andidate γ ∈ Γ, thereexists a politial deomposition A | γ>∈ WG in terms of the grid G and we have(13) A | γ> =
∑

ν∈G

αν γ | ν > , γ ∈ Γ .By linearity, we onstrut in this way a linear operator A : VΓ −→ WG between twodi�erent Hilbert spaes. A state of the opinion is now modelized by a vetor | ζ >∈ WG.Remark that the oe�ients αν γ are related to the data Sγ ν with the help of the relation(11). We suppose also αν γ ≥ 0 in the following to �x the ideas.
• The questions (Q1) and (Q2) presented in Setion 2 an now be formulated in terms oflinks between the equivalent andidate | ξ>∈ VΓ and the state of the opinion | ζ >∈ WG.If the state of the opinion | ζ > is known, the question set by (Q1) is now to determine thevoting intentions βγ obtained also by the relation (12). We suppose that this operationis also done for eah partiular andidate γ ∈ Γ aording to the Born rule via a salarprodut between the opinion state | ζ > and the politial deomposition A | γ> proposedin (13):(14) | < ζ , A γ > |2 = | < ξ , γ > |2 , ∀ γ ∈ Γ ; | ζ >∈ WG .Then there exists some phase ϕγ ∈ IR for eah γ ∈ Γ and the relation (14) implies(15) < ζ , A γ > = e−i ϕγ < ξ , γ > , ∀ γ ∈ Γ .We introdue the �phase operator� J with a diagonal matrix omposed by the di�erentphases:

J = diag
{

ei ϕγ , γ ∈ Γ
}

.We remark that the adjoint operator J∗ is the inverse J−1 of the operator J : J∗ = J−1.We introdue also the adjoint operator A∗ : WG −→ Vγ. Then the relation (15) takes theform(16) < A∗ ζ , γ > = < ξ , J∗ γ >≡< J ξ , γ > , ∀ γ ∈ Γ .By linearity of the operators A and J , we an write the relation (16) under the ompatform(17) A∗ | ζ > = J | ξ> .





François DuboisWe have a response to the �rst question (Q1): if the state of the opinion | ζ > is known,it determines an equivalent andidate | ξ > modulo a phase. We observe also that thephase operator is eliminated when we onsider the Born rule (14). In the following, wereplae the operator J by the identity and (17) by(18) A∗ | ζ > = | ξ> .

• The question (Q2) an now be formulated in a simple way: if the equivalent andidate
| ξ> is known, is it possible to determine a state of the opinion | ζ >∈ WG suh that therelation (18) holds ? The di�ulty onerns now linear algebra. Beause rank A = m,the operator A∗ is injetive WG −→ VΓ. But it is not a surjetive operator sine n > mas supposed in (3). In this ontribution, we propose to solve (18) in terms of least squares,i.e. to solve the equation obtained after multiplying the relation (18) by the operator A:(19) A A∗ | ζ > = A | ξ> .Then the state of the opinion | ζ > an be determined without di�ulty. We normalizeit for our appliation. When the state | ζ > is known, the relative quantum probability
δν of observing the partiular state ν ∈ G is equal, as onsequene of Born's rule, to thesquare of the omponent < ν, ζ > :(20) δν = |< ν, ζ >|2 , ν ∈ G .5) Spring 2012 preliminary resultsWe have obtained in Frenh popular newspapers three politial popularity polls infebruary, marh and april 2012. For eah ase, we have hosen voting intention polls at adate as lose as possible to the previous ones. The �rst family of data has been obtained infebruary 2012. Popularity data [17, 21℄ and result of voting intentions [17, 21℄ are displayedin Table 1. The names of the prinipal andidates to the Frenh presidential eletion areproposed in alphabeti order with the following abbreviations: �Ba� for François Bayrou,�Ho� for François Hollande, �Jo� for Eva Joly, �LP� for Marine Le Pen, �Mé� for Jean-LuMélanhon and �Sa� for Niolas Sarkozy. Similar data are displayed in Table 2 for marh2012 [18, 20℄ and in Table 3 for april 2012 [22, 23℄. In this last table, we have also reportedthe result of the eletion of 22 April 2012.

+ 0 − votingBa .55 .14 .31 .125Ho .52 .08 .40 .30Jo .29 .13 .58 .03LP .28 .06 .66 .175Mé .38 .20 .42 .085Sa .33 .00 .67 .25Table 1. Popularity and sounding polls, february 2012 [17, 19, 21℄.
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++ + 0 − −− votingBa .08 .62 .03 .23 .04 .12Ho .09 .45 .00 .30 .16 .275Jo .02 .34 .02 .40 .22 .03LP .10 .24 .01 .26 .39 .17Mé .11 .46 .03 .31 .09 .11Sa .10 .31 .00 .29 .30 .28Table 2. Popularity and sounding polls, marh 2012 [18, 20℄.

+ 0 − voting resultBa .56 .07 .37 .095 .091Ho .57 .03 .40 .285 .286Jo .35 .10 .55 .015 .023LP .26 .05 .69 .15 .179Mé .47 .10 .43 .145 .111Sa .49 .05 .46 .29 .272Table 3. Popularity, sounding polls and result, april 2012 [22, 23℄.
• The result of our mathematial treatment is presented in tables 4 to 7. From pop-ularity polls and voting intentions, we evaluate a lassial and a quantum state of theopinion. The �rst line gives the lassial probability p solution of the problem (7). Theseond line desribes the omponents of the quantum state of the opinion ζ ompatiblewith the relation (19). The third line is the quantum probability, id est the square ofthe seond line aording to Born's rule (see (20)). We observe that the onstraints (5)are ative and indue values equal to zero for some lassial probabilities in the �rst lineof Table 5 and Table 6. The quantum state ζ (seond line of tables 4 to 7) is unitary.We observe that the sign of some omponents is negative. The omparisons of lassialand quantum probabilities (�rst and third lines of tables 4 to 7) agree globally in a �rstapproah. Nevertheless for preise omponents (opinion �−� in marh 2012 id est fourtholumn of Table 5, opinion �+� in april 2012 id est �rst olumn of tables 6 and 7) the twoprobabilities di�er notabily.

+ 0 −lassial probability .15 .74 .11quantum state .34 −.90 .26quantum probability .11 .82 .07Table 4. Classial and quantum state of the opinion, february 2012.
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++ + 0 − −−lassial probability .57 .14 0 0 .29quantum state −.58 .53 −.18 −.51 .31quantum probability .33 .28 .03 .26 .10Table 5. Classial and quantum state of the opinion, marh 2012.

+ 0 −lassial probability .28 .72 0quantum state .14 −.96 .25quantum probability .02 .92 .06Table 6. Classial and quantum state of the opinion, april 2012.
+ 0 −lassial probability .25 .73 .02quantum state .13 −.96 .25quantum probability .02 .92 .06Table 7. Similar to Table 6, but the voting polls have been replaedby the result of 22 April (last olumn of Table 3).6) Conlusion and perspetivesIn this ontribution, we have introdued a state of the opinion to analyse with agiven degree of preision the variety of appreiations of politial programs. In a lassialapproah the state of the opinion is a disrete law of probability. With quantum modelling,this state is a vetor in an Hilbert spae of politial appreiations. Two questions has beenformulated. On one hand, how the knowledge of the state of the opinion determines thevoting intentions ? The reverse question on the other hand: how the knowledge of votingintentions an de�ne a state of the opinion ? We have studied these two questions in bothlassial and quantum points of view. We have proposed responses as simple as possible interms of mathematial modelling. We have tested the possibility to determine a state ofthe opinion with data issued from popularity and voting intentions polls available duringthe ��rst tour� of Frenh presidential eletion of April 2012. Of ourse the existene ofsuh a state of the opinion remains an hypothesis, espeially in the quantum ase. Wesuggest that a possible further step is to replae an ordered grading family of opinions bya non-ordered set of politial points of view.AknowledgmentsThe author thanks Jerome R Busemeyer for his kind invitation to partiipate to thesession �Quantum Deision Theory� during the symposium Foundations and Appliationsof Utility, Risk and Deision Theory (FUR), Georgia State University, Atlanta (USA) inJuly 2012.
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