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2 François Dubois1 Measure proess between di�erent sales
• Matter is onstituted by disrete quanta and this fat was empirially put in evi-dene by E. Rutherford in the beginning of 20th entury. Mirosopi quanta as lassialatoms or photons are not diretly pereptible by our senses, as pointed out by M. Mugur-Shähter [MMS08℄. In onsequene, any possible knowledge for a human observer of amirosopi quantum is founded on experimental protools. The mathematial frame-work onstruted during the 20th entury desribes unitary �free evolution� through theShrödinger equation and �redution of the wave paket� assoiated to measure proessthrough a projetion operator in Hilbert spae. We refer the reader e.g. to the book ofC. Cohen-Tannoudji et al [CDL77℄. The philosophial onsequenes of this new vision ofNature are still under onstrution; in some sense, an a priori or an external desription ofNature is not possible at quantum sale. We refer to B. D'Espagnat [DE02℄ and M. Bitbol[Bi96℄. Independently of the development of this renewed physis, the importane of saleinvariane have been reognized by various authors as B. Mandelbrot [Ma82℄ and L. Not-tale [No98℄. The word �fratal� is devoted to �gures and properties that are self-similarwhatever the refering sale.
• We have suggested in 2002 the frataquantum hypothesis [Du02℄, founded on tworemarks: Nature develops a sale invariane and quantummehanis is ompletely relevantfor small sales. In order to express this hypothesis, we have introdued (see e.g. [Du05,Du08a℄) the notion of �atom�, in fat very similar to the way of vision of Demorite andthe anient Greek philosophers (see e.g. J. Salem [Sa97℄). To �x the ideas, an �atom�an be a lassial atom, or its nuleus, or a moleule, or a miro-organism like a ell,or an entire maro-organism as a human being or till an entire soiety! If we divide an�atom� into two parts, its qualitative properties hange strongly at least in one of theseparts. With this framework, elementary omponents are supposed to exist in Nature atdi�erent sales. A lassial atom is a �miro state� relative to a Human observer. Inthis partiular ase, a ℓittle �atom� ℓ is a lassial atom and a Big �atom� B is a humanobserver. More generally, two �atoms� ℓ and B have di�erent sales when �atom� ℓ is notdiretly pereptible to �atom� B. In other words, a diret interation between B and ℓ annot be ontrolled by B himself. In this ase, the diret interation between little �atom�
ℓ and big �atom� B an be negleted as a �rst order approximation.
• In this ontribution, we suggest to revisit this lassial quantum formalism when littleand big �atoms� are nonlassial ones. In fat, this researh program is tremendous! Forsimilar programs, we refer e.g. to the works of G. Vitiello [Vi01℄, P. Bruza et al [BKNE08℄,A. Khrennikov and E. Haven [KH07℄, P. La Mura et al [LMS07℄. The phenomenology ofpossible measurement interations should be reonstruted. What is a big �atom� B thatan measure some quantities on little �atom� ℓ? Does the lassial framework of quantummehanis operates without any modi�ation? Of ourse all these questions motivate our



On Voting Proess and Quantum Mehanis 3ommuniation. Due to the lak of knowledge of what an be a measure done by �atoms�at mesosopi or mirosopi sales, we restrit ourselves in this ontribution to measuresdone by human soiety onsidered as a whole on individual human beings.
• We onsider here a partiular example of the measurement proess assoiated withvoting. In this ase, �atom� ℓ is a soial ator and �atom� B is the entire soiety. We�rst introdue the sienti� problem of voting proess and in the following setion, wepresent a preliminary quantum model for voting. In the two following setions we desribewith the help of frataquantum hypothesis the range voting proedure (�vote par valeurs�)developed independently by M. Balinski and R. Laraki [BL07a℄ at Eole Polytehnique(Paris) and by W.D. Smith [Sm07, RS07℄ at the �Center of Range Voting� (Stony Brook,New York).2 On the voting proess
• We onsider a marosopi �atom� B omposed by an entire soial struture. Forexample, B is a state like Frane to �x the ideas. The soial ators of soiety B are thelittle �atoms� ℓ in our model. We write here(1) ℓ ∈ Beven if the expression (1) does not take preisely into aount the detailed struture ofsoiety B. The numbers of suh indistinguable individuals are quite important (106 to
109 typially). The demorati life in soiety B suppose that soial responsabilities aretaken by eleted representants of soial orpus. Thus a voting proess has the objetiveto determine one partiular soial ator among all for aepting soial responsabilities.This kind of position is supposed to be attrative and a set Γ of andidates γ among theentire set of �atoms� ℓ is supposed to be given in our framework.
• The problem is to determine a single �eleted� andidate γ1 among the family Γ thanksto the synthesis of all opinions of di�erent eletors ℓ. The soial objetive of soiety Bis the determination of one andidate among others through a soial proess managedby the entire soiety, modelized here as a maro �atom� B. This problem is highly illposed and we refer to the pioneering works of J.C. de Borda [1781℄ and N. de Condoret[1785℄ followed more reently by the theorem of non existene of a soial welfare funtionsatisfying reasonable hypotheses, proved by K. Arrow [Ar51℄. We desribe this result inthe following of this setion.
• With K. Arrow, we suppose that eah eletor ℓ determines some ordering denotedby ≻σℓ

(or simply by σℓ) among the andidates γ ∈ Γ :
γσl(1) ≻σℓ

γσl(2) ≻σℓ
. . . γσl(i) ≻σℓ

γσl(i+1) . . . ≻σℓ
γσl(K) , ℓ ∈ B.



4 François DuboisWe onsider now the set σ of all orderings σl for all the eletors ℓ

σ = {σℓ, σℓ ordering of andidatesΓ, ℓ ∈ B} .A so-alled soial welfare funtion f determines a partiular soial ordering σ∗ = f(σ)as a global synthesis of all orderings σℓ in order to onstrut a ommun and soiallyoherent position. Some demorati properties are a priori required for this funtion f :(i) UnanimityIf everybody thinks that andidate γ is better than γ′ the soial hoie must satisfy thisproperty:(2) If ( ∀ℓ ∈ B, γ ≻σℓ
γ′ ) for some γ, γ′ ∈ Γ, then (γ ≻σ∗ γ′ ) .(ii) Independane of irrelevant alternativesConsider two orderings σ and τ grading in a similar way the two andidates γ and γ′ :(3) ((γ ≻σℓ

γ′) and (γ ≻τℓ
γ′)) or ((γ ≺σℓ

γ′) and (γ ≺τℓ
γ′)) , ∀ℓ ∈ B .Then the soial orderings σ∗ = f(σ) and τ ∗ = f(σ) must satisfy the orrespondingproperty:(4) γ ≻σ∗ γ when ((γ ≻σℓ

γ′) and (γ ≻τℓ
γ′)) or γ≺σ∗ γ when ((γ≺σℓ

γ′) and (γ≺τℓ
γ′)) .The soial welfare funtion depends only on the relative ranking and not on the interme-diate andidates.

• Then the Arrow impossibility theorem (proven elegantly by J. Geanakoplos in [Ge01℄)implies that under onditions (2) of unanimity and (3)-(4) of independane of irrelevantalternatives, the soial welfare funtion is simply a onstant:(iii) Ditatorship(5) ∃ d ∈ Γ , f({σℓ, ℓ ∈ B}) ≡ σdand the result is a ditature! In other terms, it is impossible to onstrut a soial welfarefuntion that has the two �rst properties of unanimity and independane of irrelevantalternatives and the non-ditatorship property, obtained by negation of (5).3 A preliminary quantum model for voting
• We desribe in this Setion a quantum model presented in [Du08b℄. We restrit hereto the so-alled ��rst tour� proess as implemented in a lot of situations. In this proess,eah eletor ℓ has to transmit the name of at most one andidate γ. Then an ordered listof andidates is obtained by ounting the number of expressed votes for eah andidate.



On Voting Proess and Quantum Mehanis 5Introdue the spae HΓ of andidates generated formally by the �nite family Γ of allandidates:(6) HΓ =
⊕

γ∈Γ

C | γ>where C denotes the �eld of omplex numbers. This deomposition (6) is supposed tobe orthogonal:
< γ | γ′> =

{

0 if γ 6= γ′

1 if γ = γ′,
, γ, γ′ ∈ Γ.The �wave funtion� assoiated with an eletor ℓ is represented by a state denoted by

| ℓ> in this spae HΓ:(7) | ℓ> =
∑

γ∈Γ

| γ> < ℓ | γ> .The salar produt < ℓ | γ> in relation (7) is the omponent of eletor ℓ relative to eahandidate γ. This number represents the politial sympathy of eletor ℓ relative to theandidate γ. We suppose here that the norm ‖ℓ‖ of state | ℓ> id est
‖ℓ‖≡

√
∑

γ∈Γ

|< ℓ | γ>|2is inferior or equal to unity. We follow the Born rule and suggest that the probabilityfor eletor ℓ to give its vote to andidate γ is equal to |< ℓ | γ >|2 . We suggest also thatthe probability to unswer by a vote �blank or null� is 1− ‖ℓ‖2 in this framework.
• The interpretation of the projetion proess in the quantum measurement for suha �rst tour of eletion proess is quite lear. During the eletion, id est the partiularday where the measure proess ours, the eletor ℓ is obliged to hoose at most oneandidate γ0. In onsequene, all his politial sensibility is soially �redued� to thispartiular andidate. We an write:

| ℓ> = |γ0 >to express the wave funtion ollapse. This quantum interpretation of suh voting proesslearly shows the violene of suh king of deision making. Of ourse, no eletor haspolitial opinions that are idential to one preise andidate and this measurement proessis a true mathematial projetion. Nevertheless, the operational soial voting proessimposes this projetion in order to onstrut a soial hoie. The disadvantage anddangers of suh proess have been learly demonstrated in Frane during the presidentialeletion proess in 2002 (see e.g. [wiki℄).



6 François Dubois4 Range Voting (i): quantum approah for grading step
• The voting proess suggested by M. Balinski and R. Laraki [BL07a℄ is more omplexthan the one studied in the previous setion. The key point in order to overome theArrow impossibility theorem is the fat that in this framework the opinion of eletorsamong the andidates are odi�ed by soiety B through a given set of so-alled �grades�.These grades are a priori very similar to the ones given by the solar system, as integersbetween 0 and 20 in Frane with an assoiated order

0 ≺ 1 ≺ . . . ≺ j ≺ j + 1 ≺ . . . ≺ 19 ≺ 20 ,letters from A to F in the United States with an order
A ≻ B ≻ C ≻ D ≻ E ≻ F ,or numbers from 1 to 6 in Germany with the following (mathematially unusual!) order
1 ≻ 2 ≻ 3 ≻ 4 ≻ 5 ≻ 6 .These grades an be also an ordered list of given words�very good� ≻ �good� ≻ �not so bad� ≻ �passable� ≻ �insu�ient� ≻ �to be rejeted�as proposed by the previous authors [BL07b℄ in Orsay experiment for Frenh presidentialeletion in 2007. These grades de�ne an elementary ommon language that is supposedto be endowed by all soial ators ℓ of soiety B. In other terms, a ommon ordered set

G of grades ν is supposed to be given:(8) ν1 ≻ ν2 ≻ . . . ≻ νK , νj ∈ G .As a onsequene, an ordering of opinions expliitly refer to this partiular set of givengrades and to an expliit ordering between these grades like in (8). Remind that inBalinski-Laraki proess [BL07a℄, the soiety B imposes a ommun grading referential toall eletors.
• The ranking proess between the andidates proeeds by two steps. First eah eletorgives a grade to eah andidate. Seondly the andidates are arranged in order through�majority ranking�. Eah eletor ℓ has to express an opinion relative to eah andidate
γ ∈ Γ through a grade g(γ, ℓ) ∈ G. During the day of the eletion as in [BL07b℄, eaheletor grades eah andidate. We propose in this setion a quantum model for the �rststep of this proessus. This �rst step is a measure done by soiety B on eah little �atom� ℓwhih onstitutes it, as suggested by relation (1). Observe now that eah andidate γ hasa published politial program, is giving radio and television interviews, has a blog, et. Weintrodue a �politial Hilbert spae� HP that refer to all this set of politial information,



On Voting Proess and Quantum Mehanis 7following modern approahes for Information Retrieval as suggested by K. von Rijsbergen[vR04℄. The family G of grades is imposed by the general laws of soiety B. Nevertheless,the evaluation of the politial program of all andidates is done by the eletor ℓ himselfin suh a proess! We suggest that eah eletor ℓ deomposes this Hilbert spae HP into�grading� orthogonal omponents Eℓ
ν through his own internal proess:(9) HP =

⊕

ν∈G

Eℓ
ν , ℓ ∈ B .The subspae Eℓ

ν is the eigenspae giving the grade ν relative to the opinion of eletor ℓ.If we denote by Aℓ the quantum self-adjoint operator assoiated with the grading proessdone by eletor ℓ, we have(10) Aℓ
• | ξ> = ν | ξ> , | ξ>∈ Eℓ

ν ⊂ HP , ν ∈ G .In other words, we introdue the orthogonal projetor P ℓ
ν onto the losed spae Eℓ

ν .Then these projetors ommute
P ℓ

ν P ℓ
ν′ = P ℓ

ν′ P ℓ
ν , ν , ν ′ ∈ G , ℓ ∈ Band generate a deomposition of the identity operator Id(HP ) in the politial Hilbertspae HP :(11) ∑

ν∈G

P ℓ
ν ≡ Id(HP ) , ℓ ∈ B .On a very onrete point of view, in front of eah politial idea, eah eletor has theapability to give an opinion in the language suggested a priori by the set G of grades.The examples of suh sets given above show also that the way of deomposition of politialspae HP through the grades is strongly in�uened by the soial hoie of the family G.

• In some sense, via a partiular hoie of grading, the soiety B imposes some �lteringof spae HP of all politial data. Note that the preise way this �lter is done dependson eah itizen ℓ. In this model, soiety B imposes the set G of eigenvalues and eaheletor ℓ �xes the eigenvetors as in (10). After the eletor has interpreted the grades
ν in his own voabulary, id est one he has deomposed the spae HP into orthogonalomponents, we suppose that the grading proess, id est the result of the measure is apriori obtained aording to the Born rule. Preisely, we introdue the �pereption� ρℓ

γof politial opinion of andidate γ by the eletor ℓ. Mathematially speaking, the eletor
ℓ measurates the politial ideas of the andidate γ in a quantum way relatively to theHilbert spae HP . Aording to Gleason theorem [Gl57℄, suh a quantum probability isde�ned by a density matrix, id est a positive self-adjoint operator of unity-trae that wedenotes also by ρℓ

γ :
ρℓ

γ positive self-adjoint operator HP −→ HP , tr
(
ρℓ

γ

)
= 1 .



8 François DuboisThen, following A. Gleason [Gl57℄ and K. von Rijsbergen [vR04℄, the measure µℓ
γ asso-iated with eletor ℓ and andidate γ of any losed subspae E ⊂ HP is given in allgenerality aording to(12) µℓ

γ(E) = tr
(
ρℓ

γ PE

)
, E ⊂ HP , ℓ ∈ B ,where PE is the orthogonal projetor onto spae E. Consider now the spae E = Eℓ

νintrodued in (9). Then the (real!) number µℓ
γ,ν de�ned by(13) µℓ

γ,ν = µℓ
γ(E

ℓ
ν) = tr

(
ρℓ

γ P ℓ
ν

)represents the quantum probability for eletor ℓ to give the grade ν to andidate γ. Ofourse, if we insert the identity operator Id(HP ) deomposed in (11) inside relation (12),we have due to (13)(14) ∑

ν∈G

µℓ
γ,ν = 1 , ℓ ∈ B, γ ∈ Γ,and the sum of probabilities for all di�erent grades is equal to unity.

• Remark that two di�erent ingredients are neessary to determine the previous prob-ability µℓ
γ,ν in (13). First the deomposition (9) of the politial spae through the grades

G. As usual in quantum mehanis, no detailed struture of �atom� ℓ is transmittedthrough the measure proess. In this ase, the orthogonal deomposition (9) is not knownby the soiety. Seond the �pereption operator� ρℓ
γ whih represents in some sense thepartiular �politial knowledge� that the eletor ℓ has onstruted for himself about theandidate γ. Remark that no diret interation between the andidates ours in themodel. Aording to Condoret's ideas [1795℄, eah itizen is adult has make his ownopinion through his own way of thinking!5 Range Voting (ii): majority ranking

• After this �rst step of grading, the result of the vote of eletor ℓ is a list
g(γ, ℓ) ∈ G , γ ∈ Γ , ℓ ∈ Bof grades ν = g(γ, ℓ) given by eletor ℓ to eah andidate γ. We give in this setion themajor points introdued By Balinski and Laraki [BL07a℄ without any modi�ation. Aftersummation, eah andidate γ has a ertain number nγ

ν ∈ N of opinions transmitted bythe eletors:(15) nγ
ν = Card { ℓ ∈ B , g(γ, ℓ) = ν } ∈ N , γ ∈ Γ , ν ∈ G.



On Voting Proess and Quantum Mehanis 9The way of ranking suh a list(16) nγ ≡
(
nγ

ν1
, nγ

ν2
, . . . nγ

νK

)
∈ N

K , γ ∈ Γwhen the grades ν ∈ G are arranged in order without ambiguity by (8) an be expliitedwith the so-alled �majority ranking� introdued by Balinski and Laraki [BL07a℄. We givehere some details of the algorithm, based on a suessive extration of a median valuefrom a list as the one desribed in (16) and refer to [BL07a℄, [BL07b℄ and [PB06℄.
• From an algorithmi point of view, the list nγ an also be written as a list mγ ofgrades written in dereasing order to �x the ideas:(17) mγ =

(

ν1, ν1, . . . , ν1
︸ ︷︷ ︸

nγ
ν1

times

, ν2, ν2, . . . , ν2
︸ ︷︷ ︸

nγ
ν2

times

, . . . , νK , νK , . . . , νK
︸ ︷︷ ︸

nγ
νK

times

)

∈ N
|B|where |B |= Card(B) is the number of eletors. Then a list m

γ
1 an be onstruted byomitting the grade ν

γ
j1

at the median position |B|
2

inside the list (17). We obtain inthis way a new list extrated from (17)(18) m
γ
1 =

(

ν1, ν1, . . . , ν1
︸ ︷︷ ︸

n
γ
1, ν1

times

, ν2, ν2, . . . , ν2
︸ ︷︷ ︸

n
γ
1, ν2

times

, . . . , νK , νK , . . . , νK
︸ ︷︷ ︸

n
γ
1, νK

times

)

∈ N
|B|−1and the integers n

γ
1, νi

are equal to the nγ
νi

exept for index j1 for whih we have
n

γ

1, ν
γ
j1

= n
γ

ν
γ
j1

− 1 .The grade ν
γ
j1

is the �rst �majority grade� of andidate γ in the majority ranking algo-rithm of Balinski and Laraki. If ν
γ
j1
≻ ν

γ′

j1
then we have the relative �nal position γ ≻γ′between the andidates γ and γ′ . If ν

γ
j1

= ν
γ′

j1
we apply the same step from (17) to (18)exept that we start with the list (18). Doing this, we extrat a seond grade ν

γ
j2

foreah andidate γ . If ν
γ
j2
≻ ν

γ′

j2
or ν

γ
j2
≺ ν

γ′

j2
, the onlusion is established. Otherwise theproess is arried on until the two majority grades at a ertain step are distint.

• It is a main ontribution of M. Balinski and R. Laraki [BL07a℄ to extrat an intrinsiorder
γ1 ≻ γ2 ≻ . . . γj ≻ γj+1 ≻ . . . , γj ∈ Γamong the andidates Γ from the given double list (16) of integers nγ . The importantsoial fat is that the overdetermination of a favorite andidate essentially does not in�u-ene the �nal majoritary ranking with this grading method! The proof of this importantfat is omitted here and we refer to [BL07a℄. We ould also think that there is a ontradi-tion between this positive result and the Arrow impossibility theorem. In fat, as pointedin [BL07a℄, the hypotheses of Arrow theorem are qualitative: eah eletor onsider someordering of the andidates with his own sensibility. As we have intensively explained withthe orthogonal deomposition (9), the soial hoie of a given family of grades is essentialfor the grading step and the majority ranking.



10 François Dubois6 Conlusion
• The very elaborated proess initialized by M. Balinski and R. Laraki [BL07a℄ forrange voting has been studied in this ontribution. The seond step of �majority ranking�has been desribed without adding any new idea to this beautiful artile. Conerningthe �rst step of the algorithm devoted to the grading of eah andidate by eah eletorwith a given list of grades, we have proposed a quantum algorithm essentially based onmodern quantum approahes for Information Retrieval presented in K. von Rijsbergen'sbook [vR04℄. First an orthogonal deomposition of the politial Hilbert spae supposesthat eah eletor has the apability to have a preise opinion for eah politial subjet.Seond, following Gleason theorem [Gl57℄, we have introdued a �pereption operator�that desribes mathematially the way a given andidate is politially understood by agiven eletor. In some sense, a psyhologial model is inorporated with this desription.
• With these two ingredients, the omputation of the probability for an eletor to givea partiular grade to eah andidate an be evaluated as a result of the model. Of ourse,it is not atually lear whih preise pratial advantages has this quantum approah inthe desription of the voting proess. Moreover, we want to �nd in future works someprevisions of the quantum model, and try to ompare it with the previsions of a lassimodel.
• In this ontribution, we have also presented a �rst quantum model of a lassialeletion. In this framework, the big sale (the soiety) imposes a diret generalization ofthe measure proess in quantum mehanis. All the harateristis of the mathematialmeasure operator are ontrolled by the large sale. We have notied the violene of themultisale interation through suh a the measuring proess.
• Last but not least, this work is motivated by the frataquatum hypothesis [Du02℄.The ase of a voting proess is an example of measuring proess between two di�erentsales in Nature. If we suppose that the general onepts of quantum mehanis have anextension to all �atoms� in Nature, the proess of measuring has to be re-visited to allpairs of �atoms� with di�erent sales. This ontribution is a small step in this diretion!
AknowlegmentsThe author thanks the referees who pointed learly the importane of Information Re-trieval framework for this work and proposed a list of very interesting remarks and animportant number of whih have been inorporated in the present writing!
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