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b ? _dc P ^2ed`gfih OUjajak ^Dl PmM)O ? P ^2enc%ho_de jdk ^2pdfrq M >�st? k ^ P `gc PmM > ea` P ^2ed` O l P ` u M bwv
? kxPry _ >z> e|{}^�^ k cL^2ededb > `<{wuLf P edc kxPry _ > `}~2]&^2_d` jak ^ j ^W`x^2ed`<_de7b�f�b M > e ?�� e P�O l P ` u M bwv
? kxPry _ > {}^WeL�5^ kxM > c O ea`�f�h > ` jaO { > c >�� ^2p�^Wf >�� ^2�9f > jak ^2pdfrq M >�> ` ? M)O ?�� b M)O ? Pry _ > vM > e ? p P > e j ^W`xb2~�]&^W_a`�{�^ M7j�OUk ^Wea`NeL^2` k bD`�_df ? O ? ` O �W> {|f > `�{ � b M)O�jak ^ j ^2`xb j�OUk
��~2� > k { P > k >�?<� ~�� O _d� > fL_ ? P f P ` O e ? c > `�b�frb M > e ? ` � e P `�` ? O eac OQk cd` O �2> {�_de > {�^2edc P v
? P ^2e|c >�� PrkxP { � f >�? c P `�{ k q ?�> `�_ k fih O l > ~2� > `�cLb}� O _ ? `<c%h O l > c P ` jaOQkxOQP `�` > e ? O �2> {�ed^ ? k >`�{ � b M�O >�? eL^2_d`z^Wpa` > k � ^2ed` > l j b kxPrM > e ? O f > M > e ? f > M7��M > ^ k c k > c > {�^We �2> k � > ea{ >O ` u M)j ? ^ ? Pmy _ > j ^W_ k f > `&c > _�l M b ?�� ^�c > `}~
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¸ :�4 A +¹,/º A \» > ` ? _dcLu ?��d> OUjajdk ^Dl PrM�O ? P ^2e�^Q� O ?�� k >}> v¼c PrM > ed` P ^Weae O f jak ^2pdf > M ½�P ?�� {wuLf P eac kxP v
{ O fS` u M7M >�? k u P e j ^2f OUk {�^�^ k c P e O ?�> `}~d» > jdk ^ j ^W` > O e > ½¨¾�P edc�^U� O l P ` u M7M >�? kxP {
� e P ?x>�> f > M > e ? ½ � P { � P `¢{�^2e��5^ k M)P ed� P e ?��L>"� ^2p�^Wf >�� ` jaO { > ½ �L> k >�?��L> jak ^Wpaf > M P `
M)O ?��d> M)O ? P { O frf¿u ½ > fmfÀv j ^W` > c%~�» > {}^ M7j�OUk > ^W_ k;k > `�_af ? ` ½�P ?���?��d> jak >}� P ^W_a`�`�{ �d> M >jak ^ j ^W` > c�p2uÁ��~'� > k { P > kÂO eac � ~;� O _d� > f�_a` P ed��` ? O eac OUk c � e P ?�>
> f > M > e ? ` ½�P ?��O c P `�{ k >�?�>�� PmkxP { � f >�? {�^2edc P ? P ^2e9^2e ?��L> O l P `}~�Ã �L> O l P `�c > � O _af ? ` � O e P ` � ½�P ?�� ^W_ k
`�{ �L> M > O edc ½ >�> l j > kxPrM > e ? O frf¿u
^Wpa` > k �W>�?��d> ` OUM > O ` u M7j ? ^ ? P {�^ k c > k ^U�'{}^We �W> k v� > ed{ > �5^ k p�^ ?�� M >�?�� ^�ca`}~
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• ]&^W_a`�{�^Wea` P cdb k ^Wea`�f > jdk ^Wpaf�q M > M ^�cdq�f > c > � PrkxP { � f >�? v©] > _ M)O ede j ^W_ k f > � O v
j f O { P > e > e®cL^ M)OUP e > O l P ` u M b ? kxPry _ >	- cLb � e P c O ed`g_ae ^2_ �2> k ? Ω ⊂ ]0, +∞[×R. {�^Wea` ? P ? _dbÂc > ` j ^ P e ? ` (r, z) ?�> f y _ > r > 0 - z ∈ R / - {�^2ede > l >	- p�^ k edb >}? c > � k ^We�v
? P q k > ∂Ω

c > {}f O `�` > C1 j�OUkzM ^ k { > O _�l - ` > cLb�{}^ M7j ^2` O e ?�> e ? k ^ P ` j�OUk ? P > ` Γ0
- ΓN>�? ΓD

- c´h P e ? b k P > _ k `&c P `10©^ P e ? `32
∂Ω = Γ0 ∪ ΓN ∪ ΓD

- ^W� Γ0 = ∂Ω ∩ {r = 0} 2

. K /





−1

r

∂

∂r

(
r
∂u

∂r

)
− ∂2u

∂z2
+

u (r, z)

r2
= f (r, z) , ∀ (r, z) ∈ Ω

u = 0, ∀ (r, z) ∈ ΓD

∂u

∂n
= g, ∀ (r, z) ∈ ΓN

� O ed`�f O `�_ P ?�>	- ^WeteL^ ?�> ‖u‖L2(Ω) =
√∫

Ω |u|2dx
f O ed^ kxM > L2 c´h _ae > �5^2ed{ ? P ^We uc > { OQkxk b P e ? b}� k�O paf > ~54«^W_ k ? ^W_ ?�> �5^2ed{ ? P ^We M > `�_ k�O paf >	- cLb � e P > `�_ k

]0, +∞[×Rj�OUk
u : (r, z) 7→ u (r, z) - ^We ed^ ?�> u√ f O �5^Wea{ ? P ^We u√ (r, z) ≡ u(r,z)√

r
>}? u

√ f O
�5^Wea{ ? P ^2e u

√
(r, z) ≡ √

ru (r, z)
~76�e {�^2ed` P cLq k > f > ` > ` jaO { > ` c > � ^Wp�^2f >���s j ^ P ca`

`�_ P � O e ? `32
. R / L2

a (Ω) =
{
u : Ω → R

-�?�> f y _ > u
√

∈ L2 (Ω)
}

.. J / H1
a (Ω) = {u ∈ L2

a (Ω) -�?�> f y _ > u√ ∈ L2 (Ω) ,∇u ∈ L2
a (Ω)}.

6"e j ^2` > ‖u‖L2
a
(Ω) = ‖u

√
‖L2(Ω)

-
‖u‖H1

a(Ω) =
√

‖u‖2
L2

a(Ω) + ‖∇u‖2
L2

a(Ω) + ‖u√ ‖2
L2(Ω){�^ M7M > eL^ k M > ` k > ` j > { ? P �2> `}~�8 �2> {"f > ` eL^ ? O ? P ^2ed` jak b�{�b�c > e ?�> ` - j ^2_ k Γ ⊂ ∂Ω - ^2eed^ ?�> L2

a (Γ, ∂Ω)
f�h > ed` > M paf > c > `<�5^Wea{ ? P ^2ed` u : ∂Ω → R

M > `�_ kxO pdf > ` - e�_dfmf > ` � ^ k `c > Γ >�?�?�> frf > ` y _ > u
√

∈ L2 (Γ)
~

• 6"e ed^ ?�> C∞
a

(
Ω

) fih > ea` > M pdf > c > ` k > ` ? kxP { ? P ^Wea` s Ω
c > `"�5^Wea{ ? P ^2ed` P eacLb � e P vM > e ? cdb kxP � O pdf > ` >�?|s `�_ jaj ^ k ? {�^ M7j�O { ? `�_ k

]0, +∞[×R
~ � _ P � O e ? ��~�� > k { P > k

>�?�� ~%� O _d� > f:9 J�; - { >�?�> ed` > M paf >Â> ` ? c > ea` > c O ea`
H1

a (Ω)
~ ��> j fr_a` - f�h OUjaj f P { O ? P ^We

? k�O { > ed^ ? b > γ0
- y _ P s v ∈ C∞

a

(
Ω

) O `�`x^�{ P > ` > ` � O f > _ k ` O _9p/^ k c
γ0v : ∂Ω → R

-
` > jak ^Wfr^Wed� > c > M)O e P q k > _ae Pmy _ >z> eg_de > OQjdj f P { O ? P ^2e�f P edb OUPmk > {�^We ? P e�_ > c > H1

a (Ω)c O ea`
L2

a (∂Ω, ∂Ω)
~%Ã'^2_ ?�> �5^Wea{ ? P ^2e u ∈ H1

a (Ω) � b kxP ��> γ0u = 0
`�_ k fih O l > ~<6"e

ed^ ?�> H1
0,a (Ω)

f�h > ` jaO { > c >>= P frp > k ?&?�> f y _ > γ0u = 0
`�_ k

ΓD
~ � k�? { >�s f O {�^ M)jaO v

{ P ? b�c > H1
a (Ω)

c O ea`
L2

a (Ω) - P f > ` ? � O { P f > c > M ^We ? k > k;y _ > f O ` > M7P v¼ed^ kxM > | |H1
a
(Ω)cdb � e P > j�OUk 2

.�@ / |u|H1
a(Ω) =

√
‖∇u‖2

L2
a(Ω) + ‖u√ ‖2

L2(Ω), u ∈ H1
0,a (Ω) .
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> ` ? _ae > eL^ k M > `�_ k
H1

0,a (Ω) - ` P f O9M > `�_ k > c > Γ0
> ` ? ed^We[e�_afrf > ~ 6"e ` > cd^Weae >

f ∈ L2
a (Ω) >�? g ∈ L2

a (ΓN , ∂Ω)
~ 6"e P e ? k ^�ca_ P ? f O �5^ k M > p P f P edb OUPmk > a(u, v) -cdb � e P > `�_ k

H1
0,a (Ω)

j�OUk

a (u, v) =

∫

Ω

∇u∇v rdrdz +

∫

Ω

uv
drdz

r

>�? f O �5^ kxM > f P eLb OUPrk > ` (v) =

∫

Ω

fv rdrdz +

∫

ΓN

gv rdγ
~;� > jak ^Wpaf�q M > . K / ` >

�5^ kxM _df >�� OUkxPÌO ? P ^2ede > frf > M > e ? 2
.�� / ? k ^2_ �2> k u ∈ H1

0,a (Ω) ?�> f y _ > 2
a (u, v) = ` (v) , ∀v ∈ H1

0,a (Ω) .
� O �5^ kxM > p P f P edb OUPmk > a (., .) > ` ? {�^ > k { P �W> >�? f > jdk ^2pdfrq M > .�� / O c M >�? _de > _ae Pry _ >`x^Wfm_ ? P ^We�c O ea`

H1
0,a (Ω)

~

� � ¥ ¬�µB ��´��¥©¬L����¥¦¯ ¤ µ%¯<¤�­°¯� �ª §

• � ^ P ? T _de >�? kxPmO ed�W_af O ? P ^We k b}�W_af P q k > c > Ω
O �W> {�f > `�{}^Weac P ? P ^Wea`g{}f O `�` Pry _ > `c > {�^ M7j�O ? P p P f P ? b�c´h P e ?�> k ` > { ? P ^2e > l j ^2`xb > ` j�OUk > l > M)j f > c O ea`�� PmOQk f >�? 9 K ; ~ 6�e

ed^ ?�> T 0
. k > ` j ~ T 1 - T 2 / f�h > ed` > M paf > c > `&`x^ M7M >�? ` c > { >}? ?�>�? k PÌO ed�W_af O ? P ^We . k > ` j ~

OUk � ?�> ` -/? kxPmO ed�Wf > ` / ~�6�e�cdb�` P �We > j�OUk
P 1 fih > ` j�O { > c > ` j ^Wf�uLe�� M > `�c > c > � k b ? ^ ? O fP eL�5b kxP > _ k ^2_9b}� O f s _ae%~ � O ea`zfih OQk ? P {}f > c > ��~B� > k { P > k >�?"� ~=� O _L� > f - f O `x^2fr_ ? P ^We

u > ` ? OUjajdk ^�{ � b > c O ea`N_de > ` j�O { > XT
c´h b�frb M > e ? ` � e P `N{}f O `�` Pry _ > ` P 1 {�^We ? P e�_a`O �W> {Â_ae > {�^2edc P ? P ^2e�c >�� PrkxP { � f >�? e�_afrf > `�_ k f�h O l >Â>�? `�_ k

ΓD
2

XT =
{

u ∈ C0
(
Ω

) - u|K ∈ P 1, ∀K ∈ T 2 - u|Γ0
= 0 - u|ΓD

= 0
}

.

� O {�^2e��5^ k M)P ? b XT ⊂ H1
0,a (Ω)

PmM7j ^W` > _de > {}^Weac P ? P ^We c > � PmkxP { � f >�? c P `�{ k q ?�> `�_ k
f�h O l > ~���h > ` jaO { > {�^2e ? P e�_ H1

0,a (Ω) > ` ? O fr^ k ` k > M)j f O {�b j�OUk fih > ` j�O { > c P `�{ k >�? XTc O ea`zf O �5^ kxM _af O ? P ^We .�� / >�? ed^W_a`�{ �d> k { � ^Wea` uT ∈ XT ?�> f y _ > 2
. V / uT ∈ XT , a (uT , v) = ` (v) , ∀v ∈ XT .

� O ed`<f > M|��M > ? k�O � OUP f - { > ` O _ ?�> _ k ` M ^2e ? k > e ? y _ > ‖u−uT ‖H1
a
(Ω)

?�> eac �W> k `���b k ^
s f�h ^ k c k > _ae k > f O ? P �2> M > e ?<s f ONM > `�_ k > hT

c > f ONj fr_a`<� k�O eac > OQk � ?�> ca_ M�OUP fmf O � > ~
• ]&^W_a` jdk ^ j ^W`x^2ed` P { P _ae > ` j�O { >�� e O ? _ k > f�� c > c P `�{ k b ? P ` O ? P ^2e -�> e k b��5b k > ed{ > sf�h > ` j�O { > �5^2ed{ ? P ^Weae > f H1

a (Ω)
^W�Nf > jdk ^Wpaf�q M > .�� / > ` ? p P > e j ^2`xbW~-]&^2_d`«{}^Wea` P cdb k ^Wea`

f�h > ` j�O { > c P `�{ k >�? `�_ P � O e ? 2
HT =

{
u ∈ C0

(
Ω

) - u√ |K ∈ P 1, ∀K ∈ T 2 - u|ΓD
= 0

}
.
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�ze > �5^2ed{ ? P ^We ũT ∈ HT > ` ? c > f O �5^ k M > 2
ũT (r, z) = α̃

√
r + β̃r

√
r + γ̃

√
rz, ∀K ∈ T 2,

^W�
(α̃, β̃, γ̃) ∈ R

3 - O f�^ k ` y _´h _ae > �5^Wea{ ? P ^2e uT ∈ XT > ` ? c > f O �5^ k M > uT (r, z) =
α + βr + γz

~ � >�?N> ` jaO { > c P `�{ k >�? HT > ` ? e O ? _ k > frf > M > e ? P ed{�fr_a`Âc O ea` f�h > ` j�O { >�5^Wea{ ? P ^2ede > f�c > k b��5b k > ea{ > 2
HT ⊂ H1

0,a (Ω)
~ 4«^2_ k f O �5^ kxM _df O ? P ^2e®c P `�{ k q ?�> c >.�� / - f�h > ` jaO { > {�^We ? P e�_ H1

0,a (Ω) > ` ? k > M7j f O {�b jaOQk f�h > ` jaO { > c P `�{ k >�? HT >�? ed^W_a`
{ �L> k { � ^2ed` ũT ∈ HT ?x> f y _ > 2
.�� / ũT ∈ HT , a (ũT , v) = ` (v) , ∀v ∈ HT .

• 4 OQkSk�OUjaj ^ k ? O _Â{ � ^ P l O e ? b kxP > _ k c > � > k { P > k v � O _d� > f - eL^2_d`Sc P ` j ^W`x^Wea`«cd^Wea{�c >G��58;4zc > c > � k b�`�c > f P p > k ? b 2 j ^W_ k { � OUy _ > `x^ M7M >}? S
c > f�h O l > T 0∩Γ0

- f O �5^Wea{ ? P ^Wec > p O ` > {�^ kxk > ` j ^Weac O e ?�> φS ∈ HT
P eacd_ P ? _de�c > � k b�c > f P p > k ? b�`�_ k f�h O l > . {Wh > ` ? f >{�^ >�� { P > e ? α̃

c > √r
c O ed` .�� /�/ - M7��M > ` P f O � O f > _ k {�^ k k > ` j ^Weac O e ?x> c > f O �5^Wea{ ? P ^We

> ` ? e�_afrf > ~ � P ? ^Wea` P { P f >�? k�O � OUP f&c > ]Â~ � M)O ? P 9 � ; - y _ PzP e ? k ^�ca_ P ? _ae > �5^Wea{ ? P ^WeO _�l P f PmOQPrk > ed^We ` P ed�W_af P q k > `�_ k f�h O l >	- k > �5^ k M _af > f > f OQj f O { P > e O l P ` u M b ? kxPmy _ >�> ejak > e O e ? { >�?x?�> �5^Wea{ ? P ^We[{�^ M7M > P ed{}^Weae�_ >#>�? k b�`x^2_ ? f > jak ^Wpaf�q M > c P `�{ k >�? OQP ea` P
^Wp ?�> e�_ O �W> { c > `"bDf�b M > e ? ` � e P `"{�f O `�` Pmy _ > `}~ ��> j _ P ` - f�h O e O f�uL` > e�_ M b kxPry _ > c O ea`
f�h > ` j�O { > c >n� ^Wp�^2f >�� s j ^ P ca`

H1
a

c%ho_de > OQjdjak ^�{ �d> ` j > { ? k�O f > �5^WeacLb > `�_ k _de >OUjajak ^Dl PmM)O ? P ^2e j ^Wf¿uLed^ M)PmO f > c >Â� O _ ? c > � k b O b ? b"cdb �W> fr^ jaj b > j�OUk ��~�� > k e OQk c P -��~ � O _L� >�>�?	� ~B� O c O u 9 @ ; ~
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• 6"e `�_ jaj ^2` > c O ed`�{ >�?x?x> j�OUk ? P > y _ > Ω =]0, 1[2 >�? ΓD = ∅
~ 6"e P e ? k ^Ývca_ P ? c > _�l j�OUk�OQM q ? k > ` k b > fm` α > 0, β > 0 - _ae�` > {}^Weac M > M p k > f
cd^Weaedb jaOQk

f (r, z) ≡ rα

[(
α2 − 1

) zβ

r2
+ β(β − 1)zβ−2

]
>�? _de > cL^2ededb > c > ] > _ M�O eae

g

?�> frf > y _ > g(r, z) = α
` P

r = 1 - −βrαzβ−1 ` P
z = 0 - βrα ` P

z = 1
~=� O `x^2fr_ ? P ^Weca_ jdk ^2pdfrq M > .�� / `}h > l jdkxPmM > ` PrM)j f > M > e ? 2

u (r, z) ≡ rαzβ ~
• ]&^W_a` jak bD` > e ? ^Wea` s f O � �W_ k > K f > `�{�^2_ k p > `�c%h P `x^ � O f > _ k ` . >�? f > _ k �}^�^ M O _ge P v
�W> O _Nc > f�h O l > / c > `'`x^2fr_ ? P ^Wea` OQjdjak ^�{ � b > `«ca_ jak ^2pdfrq M > .�� / j ^W_ k

u (r, z) ≡ r1/4zβ

j�OUk f O M b ?�� ^�c > c > � > k { P > k v©� O _L� > f >}? f�h OUjajdk ^�{ �L> jak ^ j ^W`xb > c O ea`g{ >�?x?�> ]&^ ?�>j ^2_ k ? k ^ P ` � O f > _ k ` > e ? P q k > `32
β = 0 - β = 1 >�? β = 2 >�? j ^2_ k _ae M)OUP frf O � >z? k PÌO e�v�W_af OQPrk > k b}�2_df P > k s 31×31

c > � k b�`«c > f P p > k ? bW~¹� > `«e�_ M b k ^W`'`�_ k f > ` O l > ` jak bD` > e ?�> e ?f > ` P eac P { > `&c P `�{ k >�? `&c > M)OQP fmf > ~�� O {�^Wfr^Weae > c > c k ^ P ?�>N> ` ? _ae O � k�O eac P `�` > M > e ? c >f O7jaOQk ? P >�> ea{ O c k b >N>�? j > kxM >�? _de >N� P `�_ O f P ` O ? P ^We j fm_d` jak bD{ P ` > c > ` P `x^ � O f > _ k ` O _
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e P �W> O _�c > fih O l > ~´� O {�^2edc P ? P ^We�c >7� PrkxP { � f >�? PrM)j ^W`xb > j ^W_ k f > `�{ � b M�O � > k { P > k v� O _d� > f P e ? k ^�cd_ P ? c > ` >��=>�? `gc%h O l > p P > e®{�^Weae�_a`
c > ` jak�O ? P { P > ea`}~���e k >}� O ed{ �d>	-ed^ ? k > OQjdjak ^�{ �d>�> ` ? cLb%0 s jak b�{ P ` > O �2> {"{ > M)OQP frf O � > O `�` > ��� k ^W`�` P > k 2Lf > `&c > � k b�`&c >f P p > k ? b�e O ? _ k > fm`�`�_ k f�h O l > `�_ jdjakxPrM > e ? f > ` >��=>�? `�c´h O l > >}? fih > kxk > _ k > ` ? `�_ � ` OUM v
M > e ? j >�? P ?�> j ^W_ k�y _ > ed^ ? k > `x^Wfm_ ? P ^2e OQjdjak ^�{ � b > `x^ P ? � k�OUj � Pmy _ > M > e ? {}^WeL�5^Weacd_ >O �W> {Âf O `x^2fr_ ? P ^We O e O f¿u ? Pry _ > ~

� P �a~ K ~ �i`x^ � O f > _ k ` >�? ��^�^ M O _9e P �W> O _9c > fih O l > u (r, z) ≡ r
1

4zβ � ed^W_a`{�^ M7jaOQk ^Wea`&f > ` k b�`�_af ? O ? `�c > � > k { P > k v � O _d� > f (MR) >}? ed^ ? k > OQjdjak ^�{ �d> (DD)
~

• ]&^W_a` jdk b�` > e ? ^2ed` s f O � �W_ k > R f > ` P `x^ � O f > _ k `�c > `�`x^Wfm_ ? P ^Wea` OQjdjak ^�{ � b > `�ca_
jak ^2pdfrq M > . � / j ^2_ k

u (r, z) ≡ r1/4 j�OUk eL^ ? k > M b ?�� ^�c >t>�? { > frf > c > � > k { P > k v� O _d� > f j ^2_ k c > _�l M)OQP fmf O � > ` ? kxPÌO ed�W_af OUPmk > ` k b}�W_af P > k ` s 31 × 31 >�? 71 × 71`x^ M)M >�? `}~'� O � �2_ k > c > � O _d{ �L> {�^ kxk > ` j ^2edc O _ M)OUP frf O � >
? kxPmO ed�W_af OQPrk > 31 × 31>�? { > fmf > c > c k ^ P ?�> O _ M)OUP frf O � > 71 × 71
~%� > `�cdb�� O _ ? `�c´h O l > `}h OQM7M > e�_ P ` > e ? jaOQk

k�O � e > M > e ? ca_ M)OUP frf O � > ~�]&^2_d`|^2pd` > k � ^Wea` y _ > eL^ ? k > OUjajdk ^�{ �L>t> ` ? cLb%0 s�? k q�`



� �������	��

����������

������������� �!�"�#���%$��&�('

jak bD{ P ` > O �W> {�f > M)OUP frf O � > f > j fr_a`g� k ^2`�` P > k >�? f�h > k k > _ k > ` ? `�_ � ` OQM7M > e ? j >�? P ?�>j ^2_ k9y _ > ed^ ? k > `x^2fr_ ? P ^We OUjajak ^�{ � b > `x^ P ? � k�OUj � Pry _ > M > e ? {�^2e��5^2edca_ > O �2> { f O
`x^Wfm_ ? P ^We O e O f�u ? Pry _ > ~

� P �a~ R ~ � ^2e �W> k � > ed{ >�> e M�OUP fmf O � > c > ` P `x^ � O f > _ k ` u (r, z) ≡ r1/4 � eL^2_d`{�^ M7jaOQk ^Wea`&f > ` k b�`�_af ? O ? `�c > � > k { P > k v � O _d� > f (MR) >}? ed^ ? k > OQjdjak ^�{ �d> (DD)
~

� P ��~ J ~ � ^W_ k p > ` c > {}^We �W> k � > ea{ > j ^W_ k c P �2> k ` > ` eL^ kxM > ` u (r, z) ≡ rαzβ � ed^W_a`{�^ M7jaOQk ^Wea`&f > ` k b�`�_af ? O ? `�c > � > k { P > k v � O _d� > f (MR) >}? ed^ ? k > OQjdjak ^�{ �d> (DD)
~
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• ]&^2_d` jak bD` > e ? ^Wea` s f O � �W_ k > J f > ` {�^W_ k p > ` c > {�^2e �W> k � > ed{ > c > f�h > kxk > _ k<j ^W_ k
c P �W> k ` > `�eL^ k M > ` > e��5^Wea{ ? P ^2e�ca_ jaO `�c > M)OUP frf O � > j ^2_ k

α = 1/4 - α = 1/3 - α =
2/3 >}? β = 0 - β = 1 - β = 2

~�� > ` � �2_ k > `<c > � O _d{ �L> . k > ` j ~2ca_ M7P f P > _ - c > c k ^ P ?x> /{�^ k k > ` j ^Weac > e ?�s f O eL^ kxM > L2 . k > ` j ~«` > M7P v¼ed^ kxM > H1 cL^2ededb > j�OUk .�@ / - ed^ kxM >
`∞ / ~�� O�jak b�` > e ? O ? P ^2e c > ` k b�`�_af ? O ? ` j�OUk _ae > b�{ �d> fmf > f�^W� OUkxP ?�� M7Pmy _ > j > kxM >}? f O
f > { ? _ k > c > `�^ k c k > `¢c > {}^We �W> k � > ea{ >������ f O"j > e ?�> c > `�c k ^ P ?�> `}~ 4 OUk > l > M7j f >	- ed^ ? k >`�{ � b M�O j ^2_ k

β = 0 >�? α = 2/3
{�^We �2> k � >�> e eL^ k M > L2

. jak > M7P q k >�� �W_ k > /O �W> {�_de ^ k c k > jak ^�{ �d> c > J ~�6"e {�^Wea` ? O ?�>�> l j b kxPrM > e ? O f > M > e ? y _ >	- c > � O�� ^We
�QbDeLb k�O f >	- f O�M b ?�� ^�c > y _ > ed^W_a` jdk ^ j ^W`x^2ed` P { P=O f > M|��M > ^ k c k > c > {�^We �2> k � > ea{ >y _ > f O"M b ?�� ^�c > c > � > k { P > k v©� O _d� > f�~ 4 OUk {�^2e ? k >�s M)OQP fmf O � > cd^Weaedb - fih > kxk > _ k�O �2> {ed^ ? k > M b ?�� ^�c >�> ` ? p > O _a{�^2_ j#j fm_d` j >}? P ?�> y _ > { > frf > ^Wp ?�> e�_ > O �2> {�f > ` O � ^ Prk vi� OQPrk >O e ? b kxP > _ k ~

	 � ¯<¤�µ%¡ ��¬�¥¦¯ ¤
]&^W_a` O � ^2ed` jak ^ j ^2`xb j ^W_ k f > f OUj f O { P > e O l P ` u M b ? kxPry _ > c´h _ ? P f P ` > k c > `NbDf�b M > e ? `
� e P ` O c OUj ? bD` s fih > ` j�O { > �5^2ed{ ? P ^Weae > f�^W� f > jdk ^Wpaf�q M > > ` ? M)O ?�� b M)O ? Pmy _ > M > e ?p P > e j ^2`xbW~�� > ` k b�`�_af ? O ? ` ^Wp ?x> e�_d` M ^We ? k > e ? _ae > k b > frf > OUM b�f P ^ k�O ? P ^2e j�OUk�k�OQj v
j ^ k ?�s _ae > OUjajak ^�{ �d> {}f O `�` Pry _ > ~�� > `�^ k c k > `�c > {�^2e �W> k � > ed{ > ^Wpa` > k � b�`&`x^We ? { > _�lO ?x?�> eacd_a` j�OUk f�h O e O f¿uL` > c > fih > kxk > _ k c´h P e ?�> kxj ^Wf O ? P ^2e >�? f�h O e O f¿uL` > e�_ M b kxPry _ > `x^2_d`©v
0 O { > e ?�>�> ` ? jdk ^ j ^W`xb > c O ea` 9 R ; ~
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9 K ; 4'~ � ~�� PmOUk f >�? ~���
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#"%$'&("*)������ �,+-����.0/ )1"32%�����5476%]&^ k ?�� v
= ^2frf O edc - 8 M ` ?�> k c OQM - K%8 �:9 ~

9 R ; �<~ � _ap�^ P ` -=� ~ � _ jak > u2~ � � ^We �2> k � > ea{ > ^U� O e O l P ` u M7M >�? kxP { � e P ?�>N> f > M > e ? � -
? ^ OUjaj > OQk - RÝTQTWV ~

9 J ; ��~'� > k { P > k -S� ~'� O _d� > f�~ � ��b�`x^2fr_ ? P ^We�c´h _ae jak ^Wpaf�q M > O _�l�f PmM7P ?�> `�c O ea`Â_de
^2_ �2> k ? O l P ` u M b ? kxPmy _ > j�OUk b�f�b M > e ? ` � e P ` > e (r, z) >�? `xb kxP > `�c > �L^W_ k P > k > e
θ
��~ -<;>=@?A=CBD=E;�=GFH?��-� �,I*4J� ��K �MLN) ��ONK � -d� ^2f�~ K�V - e o

@ - j ~ @ T � v @ VdK - K%8 9 R ~
9 @ ; ��~�� > k e OQk c P - ��~ � O _L� >	- � ~d� O c O u - ��~�8
� OQP > �2~QP + � .(� ) � �  � � 
#"%$R4S&("R) ?�T���U4�I:�V�M� � ) ��.XW "R� �*��� 476 ����> kxP > ` P e 8 jaj f P > c � O ?��L> M�O ? P {}` � -´� ^Wfi~ J - ��fm` >�� P > k

� { P > ed{ >�- KJ8�8�8
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