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Let (X, %, 11, ») be a conservative and ergodic measure-preserving dynamical system in dis-
crete time. We assume that the measure p is o-finite. We fix A € # with a non-zero and finite
measure. We denote by 74 : X — N* U {+o00} the first return time, and by 74 the k-th return
time to A, defined recursively by :

71(2) = Ta(z) = min{n > 1| ¢"(x) € A},
and for k > 1,
Te+1(z) = min{n > 7(z) | ¢"(x) € A}.
Finally, we denote by ¢4 : A — A the induced map, defined as ¢4(z) = ¢™@(2) if x € A
such that 74(z) < +oo (and ¢4(z) = x otherwise). We denote by p4 the measure p restricted

to A (i.e., if B C A is measurable, then pa(B) = p(B)), and we assume that ¢4 preserves the
measure 4 and that the induced dynamical system (A, B4, 14, ¢a) is ergodic (see TD1).

Part I — The goal of this part is to verify that mixing does not behave well with respect to
the induced map. To do so, we consider an invertible and mixing probabilistic dynamical system
(Y, By, iy, ), and for fixed n > 2, we define X = (Z/nZ) x Y equipped with the product
measure of the uniform measure on Z/nZ and py. We define ¢ : X — X by (k,y) — (k+1,y).
Let A={(0,y) |y e Y}.

(1) Verify that ¢ preserves the measure, is ergodic, and that the induced map ¢4 is well-
defined and mixing.

(2) Prove that ¢ is not mixing.

Part IT — The objective of this part is to show that for all functions f, g € L'(X, u), with
Jx gdp # 0, we have for py-almost every x :
Y d
n=oo B,9(x) [y gdp
(where we have denoted X, f(x) = X728 f o ¢F()).

(1) Prove equation (H) when p is finite.

(2) We return to the general case. Explain why there exists a set X’ C X with u(X~X’) =0,
such that for all € X’ and for all k € N*, we have 7,(x) < +o0.

(3) (a) Let z € A and k € N*. Show that for any measurable subset B C A and for all
n € |7(x), Ti41(2)], we have

Yn(1p)(w) = Z—:o 13(@%4@))-

Specify the value of this sum when A = B.
(b) Deduce that equation (H) holds when f = 15 and g = 1 4.
(4) Now fix f € L}(X, u) and assume f > 0. Define for z € X,

Ta(x)—1
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(a) Let k € N*. Show that for all z € A and for all n € |7 (x), 7k11(x)], we have
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(b) We want to prove that

*) [ PA@dua@) = [ f@)du()
(i) Show that it suffices to prove equation (*) for f = 1 with B € £ of finite
measure, and then that we can assume B disjoint from A.

(ii) Assume B is disjoint from A. Consider the dynamical system (AU B, ¢aup)
with the induced measure. Using Kac’s theorem on the return time to A in
this system, prove equation (*).

(¢) Deduce from the above that for p4-almost every z, we have
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(d) Conclude.



