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TD 01 : Introduction to dynamical systems

Toral endo- and automorphisms

(1) Recall that the determinant of a square matrix with entries in a commutative ring is a polynomial
in its entries. If A € GL,(Z), then det A € Z is an invertible element in Z (with inverse det(A™!)),
hence is equal to £1. Conversely, if A € L, satisfies that | det A| = 1, then det A = +1 and A is
invertible over the field Q. Since the comatrix A’ of A also has entries in Z and since A~ = det 5 A,
we have A~! € L,,.

(2) Since AZ"™ C 7, the map 7 o A induces by taking quotient a continuous map f4 : T — T" such
that o A = fom. Since fa([x]) = m(Az), such a map is unique. By uniqueness, we have f; = idp»
and fap = fao fgforall A, B € Ly, hence if A € GL,(Z), then f is bijective with inverse fs-1.

(3) If [z] € Pery(fa), since m(APz) = fhi(w(x)) = w(x), we have APz — x € Z", as wanted.

(4) If 1 is an eigenvalue of A, let F/; be its associated eigenspace (which has dimension at least 1, then
7(F1) is a uncountable set such that for every x € E1, we have f4([x]) = 7(APz) = m(x), hence
[z] € Pery(fa), and Per,(f4) is uncountable. If 1 is not an eigenvalue of A, then I,, — A is invertible
over Q. Let ¢ = det(I,, — AP) so that (I,, — AP)~1Z" C 52”. Since W(%Z”) = %Z” mod Z" is finite,
the set Per,(f4) is finite.

(5) This has been seen in (4).

(6) The set %Z” is invariant under A by linearity and since A has integral netries. Hence the set
W(éZ”) is invariant under f, and, being finite, all its points have finite orbit.

(7) Since Q™ is dense in R™, its image 7(Q") is dense in T". Since every point of Q" belongs to %Z”
for some ¢ € Z . {0} by common reduction of denominators, the result follows from (6).

(8) Since A is diagonalisable over R with distinct eigenvalues \ = %5 > land p = %5 €10, 1],
there are only two A-invariant lines, the corresponding eigenspaces, that we denote respectively by
E* and E*. For every x € E*, we have A*x = pF2, which tends to 0 as k — +oc. Forevery z € EY,
we have A¥x = Mz, which tends to 0 as kK — —o0.

(9) We only prove the result in the stable case, the proof for the unstable one is similar. We have
fa(W=(0)) = fo(n(E®)) = n(AE®) = n(E®) = W*(0), hence W*(0) is invariant by f4.

If z € E?, since f5([z]) = w(A*(z)) by the commutative diagram in (2), since 7 is continu-
ous, and by (8), we have kgrfoo f%([z]) = 7(0) = 0. Conversely, if kgrfoo f%([z]) = 0, then since

f%([x]) = w(A*(z)) and since 7 is a covering hence a local homeomorphism, there exists a neigh-
borhood U of 0 in R? such that for k large enough, A*(z) belongs to U and klim Ak (z) = 0. Si

—+00

r=x +xtwithz™ € E~ and 2+ € ET, then since lim AFz™ = 0, we have lim AFz~ = 0.
k—+o00 k—+o00
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Since A¥x~ = Az~ and khm N = 400, the fact that A*z belongs to U implies that 2~ = 0.

—+00
(10) We only prove that W*(0) is dense, the proof that W*(0) is dense is similar. Since 7 is a lo-
cal homeomorphism, we only have to prove that £* + Z? is dense in R% For every vertical line
D = {a} X R, the intersection of D with E* + Z? is {a} x (Z + pZ). Since p is irrationnal, the
subgroup Z + uZ is dense in R. Hence E* + Z? is dense in T?.

(11) If £ = W=#(0) N W*(0) is a homoclinic point, then by (9), we have kliIJP f5(€) = 0 and
—400
lim fA(f) = 0.

Topological dynamical systems

(1) ¢ If z € X is periodic of period p, then h(x) is periodic of period dividing p, since we have
¢'"(h(x) = h(¢P(x)) = h(x). Hence h(Per(¢)) C Per(¢’). Since h is surjective, continuous and
conjugates ¢ to ¢/, we therefore have X' = h(X) = h(Per(¢)) C h(Per(¢)) C Per(¢')). Thus
Per(¢') is dense in X".

e Since h is continuous, for every x € X, we have

= h({* (@) : k=>n})

C () {r(¢5 (@) = k=n} =) {¢"(h(@)) : k=n}=w(h(z)).

Hence if € w(z), then h(z) € h(w(z)) C w(h(x)), and h(z) is positively recurrent.

e Assume that (X, ¢) is topologically transitive. For all nonempty open subsets U and V" in X”, since
h=Y(U) and h' (V) are nonempty open subsets of X, there exists n € Z such that the intersection

“HU)N¢~™(h~1(V)) is non empty. Since the image of an intersection is contained in the intersec-
tion of the images, since ¢~ "(h=1(V))) = (ho ¢™) (V) = (qb’” o h) Y V) = h (¢ "(V)), the
intersection U N ¢~ " (V'), which contains h(h~'(U) N ¢~"(h~*(V'))), is hence nonempty. Therefore
(X', ¢') is topologically transitive.

e Assume that (X, ¢) is topologically mixing. For all nonempty open subsets U and V' in X', since
h=Y(U) and h~1 (V) are nonempty open subsets of X, there exists n € N such that for every k > n, the
intersection b1 (U)N¢~*(h~1(V)) is non empty. Since the image of an intersection is contained in the
intersection of the images, since ¢ *(h~1(V))) = (h o k)1 ( )= (¢ o h)"H (V) = h=H(¢'F(V)),
the intersection U N ¢/~"(V'), which contains h(h~*(U) N ¢~ *(h~1(V'))), is hence nonempty. There-
fore (X', ¢') is topologically mixing.

e Assume that (X, ¢) is minimal and let 2 € X'. Since h is surjective, let x € X be such that
h(z) = «’. Since O(x) is dense in X and since h is continuous and conjugates ¢ to ¢', we have
X' =nh(X)=h(O(z)) C h(O(z)) = O(h(z)). Hence the orbit of i(x) is dense in X",
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(2) Since the closure of any orbit is nonempty, closed and invariant, if the only nonempty closed in-
variant subset of X is X, then every orbit is dense. Conversely, assume that every orbit is dense. Let
F be a nonempty closed invariant subset of X and let x € F'. Then since [ is invariant and closed,
we have X = O(z) C F = F. Hence the only nonempty closed invariant subset of X is X.

(3) Assume that there exists a point z in X whose orbit is dense in X. Let U and V' be two nonempty
open subsets in X . Since O(z) is dense in X and since U and V' are nonempty, there exists n, m € Z
such that ¢"(z) € U and ¢™ () € V. Hence the intersection U N ¢~ (™~ (V), which contains ¢"(x),
is nonempty. Conversely, assume that (X, ¢) is topologically transitive. Since X is a separable metric
space, there exists a countable basis (U;);en of open sets of X. Let Y = (J, oy U,ez " (Us). Since
(X, ¢) is topologically transitive, the open set | ., ¢"(U;) is dense. By the Baire property of the
complete separable metric space X, the Gs-set Y is dense in X, and in particular nonempty.




