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Abstract

We study in this paper the asymptotics of marked ortholength spectra, in the
presence of equilibrium states. Let D~ and DT be properly immersed closed convex
subsets of a Riemannian manifold with pinched negative sectional curvature. Using
mixing properties of Gibbs measures, we give an asymptotic formula as t — 400 for
the number of common perpendiculars of length at most ¢ from D~ to DT, counted
with multiplicities and weights, and we prove the equidistribution in the outer and
inner unit normal bundles of D~ and D™ of the tangent vectors at the endpoints of
the common perpendiculars. When the manifold is compact with exponential decay of
correlations or arithmetic with finite volume, we give an error term for the asymptotic.
We give an asymptotic formula for the number of connected components of the domain
of discontinuity of Kleinian groups as their diameter goes to 0. !

1 Introduction

Let M be a complete connected Riemannian manifold with pinched sectional curvature
at most —1 whose fundamental group is not virtually nilpotent, let (g)scr be its geodesic
flow, and let F' : T'M — R be a potential, that is, a bounded Holder-continuous func-
tion. Let D~ and DT be proper nonempty properly immersed closed convex subsets of
M. A common perpendicular from D~ to DT is a locally geodesic path in M starting
perpendicularly from D~ and arriving perpendicularly to D+.

In this paper, we give a general asymptotic formula as ¢ — +oo for the number of
common perpendiculars of length at most ¢+ from D~ to DT, counted with multiplic-
ities and with weights defined by the potential, and we prove the equidistribution of
the initial and terminal tangent vectors of the common perpendiculars in the outer and
inner unit normal bundles of D~ and D™, respectively. Common perpendiculars have
been studied, in various particular cases, sometimes not explicitly, by Basmajian, Bridge-
man, Bridgeman-Kahn, Eskin-McMullen, Herrmann, Huber, Kontorovich-Oh, Margulis,
Martin-McKee-Wambach, Meyerhoff, Mirzakhani, Oh-Shah, Pollicott, Roblin, Shah, the
authors and many others (see the comments after Theorem 1 below, and the survey [PP6]
for references).

We refer to Subsection 2.3 for a precise definition of the common perpendiculars when
the boundaries of D~ and DT are not smooth, and to Section 3.3 for the definition of
the multiplicities, which are equal to 1 if D~ and D™ are embedded and disjoint. Higher

'Keywords: counting, geodesic arc, convexity, common perpendicular, ortholength spectrum, equidis-
tribution, mixing, decay of correlation, negative curvature, skinning measure, Gibbs measure, Kleinian
groups. AMS codes: 37D40, 37A25, 53C22, 30F40

1



multiplicities can occur for instance when D are non-simple closed geodesics in dimension
at least 3. We denote the length of a common perpendicular « by ¢(«), and its initial and
terminal unit tangent vectors by v, and v} . For all ¢ > 0, we denote by Perp(D~, Dt t)
the set of common perpendiculars from D~ to DT with length at most ¢ (considered with
multiplicities), and we define the counting function with weights by

Np-,p+,r(t) = Z ela ",
a€Perp(D—, Dt t)
where [ F = f(f(a) F(g'vy) dt.

We prove an asymptotic formula of the form Ap- p+ p(t) ~ ceft as t — +oo, with
error term estimates. The constants ¢, ¢’ that will appear in such asymptotic formulas
will be explicit, in terms of ergodic properties of the measures naturally associated to the
potential F', that we now describe.

Let .# be the set of probability measures on 7'M invariant under the geodesic flow
and let h,,(g') be the (metric) entropy of the geodesic flow with respect to m € .#. The
pressure of the potential F' is

0 = sup (hm(gl) + de> .

meH TM

When F = 0, the pressure dr coincides with the critical exponent of the fundamental
group of M, by [OtP]. We assume that dr > 0. We will prove that dr is the exponential
growth rate of Ap- p+ p(t).

Let mp be a Gibbs measure on T'M associated to the potential F (see [PPS] and
Section 3.1). When finite and normalised to be a probability measure, it is an equilibrium
state: it attains the upper bound defining the pressure dg (see [PPS, Theo. 6.1], improving
[OtP] when F' = 0). For instance, mp is (up to a constant multiple) the Bowen-Margulis
measure mpy if ' = 0, and the Liouville measure if M is compact and F' is the strong
unstable Jacobian v — — %| o log Jac (gt‘wsu(v))(v). We will use the construction of
myp by Paulin-Pollicott-Schapira [PPS] (building on work of Hamenstédt, Ledrappier,
Coudeéne, Mohsen) via Patterson densities on the boundary at infinity of a universal cover
of M associated to the potential F'. We avoid any compactness assumption on M, we only
assume that the Gibbs measure mp of F' is finite and that it is mixing for the geodesic
flow. We refer to [PPS, Sect. 8.2] for finiteness criteria of mp (improving on [DOP] when
F = 0). By Babillot’s theorem [Bab], if the length spectrum of M is not contained in a
discrete subgroup of R, then mp is mixing if finite. This condition is satisfied for instance
if the limit set of a fundamental group of M is not totally disconnected, see for instance
[Dall, Dal2].

The measures 025_ and o, on the outer and inner unit normal bundles of D™ and
D to which the initial and terminal tangent vectors of the common perpendiculars will
equidistribute are the skinning measures of D~ and DT. We construct these measures
as appropriate pushforwards of the Patterson(-Sullivan) densities associated with the po-
tential F' to the unit normal bundles of the lifts of D~ and D" in the universal cover of
M. This construction generalises the one in [PP5] when F' = 0, which itself generalises
the one in [OS1, OS2] when M has constant curvature and D™, DT are balls, horoballs
or totally geodesic submanifolds. In [PP5], we gave a finiteness criterion for the skinning
measures when F' = 0, generalising the one in [OS2] in the context described above.
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We now state our counting and equidistribution results. We denote the total mass of
any measure m by ||m/].

+

Theorem 1 Assume that the skinning measures o7/,

Then, as s — 400,

and o, are finite and nonzero.

o5 Il lop |l e ¢
[mp| OF

JVD*,DJF,F(S) ~

When F' = 0, the counting function A5~ p+ o(t) has been studied in various special
cases since the 1950’s and in a number of recent works, sometimes in a different guise, see
the survey [PP6] for more details. A number of special cases (all with F' = 0) were known
before our result:

e D~ and DT are reduced to points, by for instance [Hub2], [Marl] and [Rob],

e D~ and D7 are horoballs, by [BHP|, [HP2], [Cos] and [Rob] without an explicit

form of the constant in the asymptotic expression,

e D™ is a point and D7 is a totally geodesic submanifold, by [Her], [EM] and [OS3]

in constant curvature,

e D~ is a point and D7 is a horoball, by [Kon] and [KO] in constant curvature, and

[Kim]| in rank one symmetric spaces,

e D~ is a horoball and DV is a totally geodesic submanifold, by [OS1] and [PP3] in

constant curvature, and

e D~ and DT are (properly immersed) locally geodesic lines in constant curvature and

dimension 3, by [Pol].

When M is a finite volume hyperbolic manifold and the potential F' is constant 0,
the Gibbs measure is proportional to the Liouville measure and the skinning measures of
totally geodesic submanifolds, balls and horoballs are proportional to the induced Rieman-
nian measures of the unit normal bundles of their boundaries. In this situation, we get
very explicit forms of some of the counting results in finite-volume hyperbolic manifolds.
See Corollary 30 for the cases where both D~ and D™ are totally geodesic submanifolds
or horoballs, which are new even in these special cases. As an example of this result, if
D~ and D™ are closed geodesics of M of lengths /_ and £, , respectively, then the number
A (s) of common perpendiculars (counted with multiplicity) from D~ to DT of length at
most s satisfies, as s — 400,

7T5—1r(n_—1)2 E*EJr (n—1)s

Ao 008~ FE o rE VoD ¢ @

Let Perp(D~, D") be the set of common perpendiculars from D~ to DV (considered
with multiplicities). The family (¢(a))aeperp(p—, p+) Will be called the marked ortho-
length spectrum from D~ to D'. The set of lengths (with multiplicities) of elements
of Perp(D~, D") will be called the ortholength spectrum of D~, D*. This second set has
been introduced by Basmajian [Bas| (under the name “full orthogonal spectrum”) when M
has constant curvature, and D~ and DV are disjoint or equal embedded totally geodesic
hypersurfaces or embedded horospherical cusp neighbourhoods or embedded balls (see
also [BK] when M is a compact hyperbolic manifold with totally geodesic boundary and
D~ = Dt =0M). When M is a closed hyperbolic surface and D~ = D™, the formula (1)
has been obtained by Martin-McKee-Wambach [MMW] by trace formula methods, though
obtaining the case D~ # DT seems difficult by these methods.
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Theorem 1 is deduced in Section 4 from the following equidistribution result that shows
that the initial and terminal unit tangent vectors of common perpendiculars equidistribute

to the product measure of skinning measures. We denote the unit Dirac mass at a point
z by A,.

Theorem 2 For the weak-star convergence of measures on T*M x T'M, we have

. —Opt Z faF _ + —
tl}inoo dr |Impl e el A-®A+ = o Qop, .
a€Perp(D—, D+, t)

Both results are valid when M is a good orbifold instead of a manifold (for the appro-
priate notion of multiplicities), and when D™, DT are replaced by locally finite families
(see Section 3.3).

Besides its generality, this work presents several new features not present in earlier
related work: we have very weak finiteness and curvature assumptions on the manifold;
non-constant weights using equilibrium states have only been used in the orbit-counting
problem in [PPS]; all previous works have regularity assumptions on the convex sets (see
Corollary 5 below for a striking application using convex sets with fractal boundary); ex-
cept in the case of two points (and with a different presentation, as initiated by Roblin,
with several subsequent works), no other work (besides Herrmann’s) proved a simulta-
neous equidistribution result of the initial and terminal normal vectors of the common
perpendiculars. The ideas from Margulis’s thesis to use the mixing of the geodesic flow
(in our case, extended to equilibrium states) are certainly present, but major new tech-
niques needed to be developed to treat the problem in the generality considered in this
paper. Due to the symmetry of the problem, a one-sided pushing of the geodesic flow, as in
all the previous works using Margulis’s ideas, is not sufficient, and we need to push simul-
taneously the outer unit normal vectors to the convex sets in opposite directions. We also
need a new study of the geometry and the dynamics of the accidents that occur around
midway (see in particular the effective statement of creation of common perpendiculars in
Subection 2.3).

The techniques of Section 4 allow to obtain in Section 4.2 the following generalization
of [PP5, Theo. 1] which corresponds to the case F' = 0, which itself generalised the ones
in [Mar2, EM, Rob, PP3] when M has constant curvature, F = 0 and D~ is a ball, a
horoball or a totally geodesic submanifold.

Theorem 3 Assume that the skinning measure JIJS_ is finite and nonzero. Then, as t

tends to +o0o, the pushforwards (gt)*azg, of the skinning measure of D™ by the geodesic
flow equidistribute towards the Gibbs measure mp.

In the cases when the geodesic flow is known to be exponentially mixing on T*M (see
the works of Kleinbock-Margulis, Clozel, Dolgopyat, Stoyanov, Liverani, and Giulietti-
Liverani-Pollicott, and Section 5 for definitions and precise references), we obtain an ex-
ponentially small error term in the equidistribution result of Theorem 3 (generalizing [PP5,
Theo. 20] where F' = 0) and in the approximation of the counting function .47~ p+ o by
the expression introduced in Theorem 1. In particular when M is arithmetic, the error
term in Equation (1) is O(e™~1=%)t) for some x > 0.



Theorem 4 Assume that M is compact and mp is exponentially mizing under the geodes-
ic flow for the Holder reqularity, or that M is locally symmetric, the boundary of DT is
smooth, mp is finite, smooth, and exponentially mizring under the geodesic flow for the
Sobolev regularity. Assume that the strong stable/unstable ball masses by the conditionals
of mp are Holder-continuous in their radius.

(1) As t tends to +oo, the pushforwards (gt)*al‘;_ of the skinning measure of D~ by
the geodesic flow equidistribute towards the Gibbs measure mp with exponential speed (see
Theorem 27 for a precise statement).

(2) There exists k > 0 such that, as t — 400,

Cob N lopell 5,0 it
Np- p+ p(t) = s llmel T e (1 +O(e )) .

See Section 5 for a discussion of the assumptions and the dependence of O(-) on the
data. Similar (sometimes more precise) error estimates were known earlier for the counting
function in special cases of D¥ in constant curvature geometrically finite manifolds (often
in small dimension) through the work of Huber, Selberg, Patterson, Lax-Phillips [LaP],
Cosentino [Cos], Kontorovich-Oh [KO], Lee-Oh [LeO].

We conclude this introduction by stating a simplified version of an application of
Theorem 1 to the counting asymptotic of the images by the elements of a Kleinian group
of a subset of its limit set when their diameters tend to 0. For instance, consider the picture
below produced by D. Wright’s program kleinian, which is the limit set of a free product
I'=Tg=x Wofoyal of a quasifuchsian group I'g and its conjugate by a big power vy of a
loxodromic element whose attracting fixed point is contained in the bounded component
of C— AT, so that the limit set of I is the closure of a countable union of quasi-circles. As
we will see in Section 4.4, the number of Jordan curves in A" with diameter at least 1/
is equivalent to ¢T° where ¢ > 0 and § €]1,2[ is the Hausdorff dimension of the limit set.

We will also prove in Corollary 25 that the number of connected components of the
domain of discontinuity of a geometrically finite discrete group of PSLs(C) which is not
virtually quasifuchsian but has bounded and not totally disconnected limit set, has such
a growth.



Corollary 5 Let I' be a geometrically finite discrete group of isometries of the upper
halfspace model of HE, with bounded limit set AT in R"™1 = 0, ,HZ — {oo} (endowed
with the usual Fuclidean distance). Let § be the Hausdorff dimension of AI'. Let T'y be
a convex-cocompact subgroup of I' with infinite index. Then, there exists an explicitable
c > 0 such that, as T — 400,

Card{y € I'/Ty : diam(yAT¢) > 1/T} ~ ¢T? .

This corollary is due to Oh-Shah [OS3] when the limit set of I'y is a round sphere.
We refer to Corollary 24 for a more general version and to Section 4.4 for complements,
generalizing results of Oh-Shah [OS3], and for extensions to any rank one symmetric space.

The results of this paper have been announced in the survey [PP6]. Some applications
and generalisations will appear in separate papers: In [PP7], we give several arithmetic
applications of the results, obtained by considering arithmetically defined manifolds and
orbifolds of constant negative curvature. In [PP8], we consider arithmetic applications
in the Heisenberg group via complex hyperbolic geometry. In [PP9], we study counting
and equidistribution in conjugacy classes, giving a new proof of the main result of [Hubl]
and generalising it to parabolic cyclic and more general subgroups, arbitrary dimension,
infinite volume and variable curvature.

Acknowledgement: The first author thanks the Université de Paris-Sud (Orsay) for a month of
visiting professor where this work was started, and the FIM of ETH Ziirich for its support in 2011-
2012 when this work was continued. The second author thanks the ETH in Ziirich for frequent
stays during the writing of this paper. Both authors thank the Mittag-Leffler Institute where this
paper was almost completed.

2 Geometry, dynamics and convexity

Let M be a complete simply connected Riemannian manifold with (dimension at least 2
and) pinched negative sectional curvature —b?> < K < —1, and let 29 € M be a fixed
basepoint. Let I" be a nonelementary (not virtually nilpotent) discrete group of isometries
of M , and let M be the quotient Riemannian orbifold F\M .

In this section, we review the required background on negatively curved Riemannian
manifolds seen as locally CAT(—x) spaces (see [BH] for definitions, proofs and comple-
ments). We introduce the notation for the outward and inward pointing unit normal
bundles of the boundary of a convex subset, and we define dynamical thickenings in the
unit tangent bundle of subsets of these submanifolds, expanding on [PP5]. We give a pre-
cise definition of common perpendiculars in Subsection 2.3 and we also give a procedure
to construct them by dynamical means.

For every € > 0, we denote by #¢A the closed e-neighbourhood of a subset A of any
metric space, by .4~ A the set of points z € A at distance at least € from the complement

of A, and by convention AHA = A.

2.1 Strong stable and unstable foliations, and Hamenstadt’s distances

We denote by dso M the boundary at infinity of M and by AT the limit set of T.
We identify the unit tangent bundle T'N (endowed with Sasaki’s Riemannian metric
and its Riemannian distance) of a complete Riemannian manifold N with the set of its
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locally geodesic lines ¢ : R — N, by the inverse of the map sending a (locally) geodesic
line ¢ to its (unit) tangent vector £(0) at time ¢ = 0. We denote by 7 : T'N — N the
basepoint projection, given by m(¢) = £(0).

The geodesic flow on T'N is the smooth one-parameter group of diffeomorphisms
(g")ter of T'M, where gt¢ (s) = £(s +t), for all £ € T'N and s,t € R. The action of the
isometry group of N on T'N by postcomposition (that is, by (v,£) — 7 o £) commutes
with the geodesic flow. - -

When T acts without fixed points on M, we have an identification T\T'M = T' M.
More generally, we denote by 7'M the quotient Riemannian orbifold F\T1]\7 . We use the
notation (g*);er also for the (quotient) geodesic flow on T'M.

For every v € TlM let v_ € O M and Uy € Oso M , respectively, be the endpoints at
—oo and 400 of the geodesic line defined by v. Let 62 M be the subset of 0o M X O M
which consists of pairs of distinct points at infinity of M Hopf’s parametrisation of M
is the homeomorphism which identifies TM with 92, M x R, by the map v — (v_,v,1),
where t is the signed distance of the closest point to zy on the geodesic line defined by v
to m(v). We have ¢°(v_,vy,t) = (v_,vy,t + s) for all s € R, and for all v € T', we have
y(v—, vy, t) = (yo_,yvq,t +ty o o, ) Where ty ,_ o, € R depends only on v, v_,v,.

Let ¢ : T*M — T'M be the (Hoélder-continuous) antipodal (flip) map of T'M defined
by (v = —wv or, using geodesic lines, by v : t — v(—t). In Hopf’s parametrisation, the
antipodal map is the map (v_,v4,t) — (vy,v—,—t). We denote the quotient map of ¢
again by ¢ : T'M — T'M, and call it the antipodal map of T*M. We have 1o gt =gt o
for all t € R. .

The strong stable manifold of v € T'M is

W) = {/ € T'M : d(v(t),v'(t)) = 0 as t — 400},
and its strong unstable manifold is
W (v) = {v' € T'M : d(v(t),v'(t)) = 0 as t — —occ}.

The union for ¢ € R of the images under g* of the strong stable manifold of v € le\Af;is the
stable manifold W*(v) = U,cg 9'W*™ (v) of v, which consists of the elements v’ € T'M with
v/, = vg. Similarly, W*(v) = U, "W (v), which consists of the elements v € T 1\
with v = v_, is the unstable manifold W"(v) of v. The maps from R x W*¥(v) to WS(v)
and from R x W (v) to W"(v) defined by (s,v") — ¢°v’ are smooth diffeomorphisms.

The strong stable manifolds, stable manifolds, strong unstable manifolds and unsta-
ble manifolds are the (smooth) leaves of topological foliations that are invariant under
the geodesic flow and the group of isometries of M , denoted by W, %= W™ and #™
respectively. These foliations are Holder-continuous when M has compact quotients by
[Ano] or when M has pinched negative sectional curvature with bounded derivatives (see
for instance [Bri], [PPS, Thm. 7.3]) and even smooth when M is symmetric.

For any point & € 9o M, let pe : [0, 4o00] — M be the geodesic ray with origin zo and
point at infinity £&. The Busemann cocycle of M is the map 3 : M x M x Oso M - R
defined by

(z,y,€) = Pe(,y) = lim d(pe(t), ) — dlpe(t),y) -
The above limit exists and is independent of xg.
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The projections in M of the strong unstable and
strong stable manifolds of v € T'M, denoted by H_(v) =
(WS (v)) and Hi(v) = w(W%(v)), are called, respec-
tively, the wunstable and stable horospheres of v, and are
said to be centered at v_ and vy, respectively. The unsta-
ble horosphere of v coincides with the zero set of the map
x> f_(x) = By_(x,m(v)) and the stable horosphere of v co-
incides with the zero set of x +— f(z) = B,, (2, 7(v)). The
corresponding sublevel sets HB_(v) = f~!(] — 00,0]) and
HB, (v) = f;(] — 00,0]) are called the horoballs bounded
by H_(v) and H,(v). Horoballs are (strictly) convex sub-
sets of M.

For every v € M » let dyysu(yy and dyyss(,) be Hamenstddt’s distances on the strong
unstable and strong stable leaf of v, defined as follows (see [HP1, Appendix| and compare
with [Ham)]): for all w,z € Ws%(v), let

sy () = lim_edd@0-=0)-¢

and for all w', 2 € W(v), let

dyss (v (', 2') = dywon oy (0, 02) = lim 200

The above limits exist, and Hamenstddt’s distances are distances inducing the original
topology on W% (v) and W (v). For all w,z € W%(v), all w’, 2" € W™ (v), and for every
isometry v of M, we have

dysn(yo) (YW0,72) = dyysu(yy(w, 2)  and  dyyss(y0) (YW, 72") = dypssy (0, 27) .
For all v € T'M and s € R, we have for all w, z € W5t (v)

dysu(gsv) (9w, 9°2) = € dyysu(y) (W, 2) - (2)
and for all w', 2 € W*(v)
dyss(gon) (970", g°2") = €™ P dyyss (i (W', 2') . (3)
Lemma 6 For allv € T'M, v' € W=(v) and v" € W (v), we have
d(m(v),7(v")) < dyssy(v,0")  and  d(m(v), 7(v")) < dysu(e (v,0") .

Proof. We prove the first inequality, the second one follows by using the antipodal map.

Let z = 7(v), 2/ = #() and p =
dyyss(y(v,0").  Consider the ideal triangle A
with vertices v_,v” and vy = v/,. Let p €
Jo_,vq[, p' € 0, v [ and ¢ € Ju_,v" [ be the
pairwise tangency points of horospheres cen-
tered at the vertices of A. These points are
uniquely defined by the equations S, (p,p’) =
Bo_(p,q) = By (p',q) = 0. By the definition
of Hamenstéddt’s distance, the algebraic distance
from p to z on the geodesic line Jv_, v [ (oriented
from v_ to vy ) is —Inp.




Consider the ideal triangle A in the upper halfplane
model of the real hyperbolic plane H]%, with vertices
—2, 2 and co. Let p = (—3,1), P = (3,1) and 7 =
(0, %) be the pairwise tangency points of horospheres
centered at the vertices of A. Let T and T’ be the
point at algebraic (hyperbolic) distance —In p from p
and P/, respectively, on the upwards oriented vertical
line through them. By comparison, we have d(x,z’) <
d(z,7) < 1/e P = p. O

2.2 Dynamical thickening of outer and inner unit normal bundles

Let D be a nonempty proper (that is, different from M ) closed convex subset in M.
We denote by 9D its boundary in M and by OsD its set of points at infinity. In this
subsection, we recall from [PP5] the definition of the outer unit normal bundle of 9D,
the dynamical thickenings of its subsets, and we extend these definitions to the inner unit
normal bundle of 0D.

Let Pp: M U (OOOM — 0xcD) — D be the (continuous) closest point map defined on
e Ao M — oo D by setting Pp () to be the unique point in D that minimises the function
Yy — Be(y,xz0) from D to R. The outer unit normal bundle BiD of the boundary of D
is the topological submanifold of T'M consisting of the geodesic lines v : R — M with
Pp(v4) = v(0). The inner unit normal bundle of the boundary of D is 91 D = 101 D. Note
that 7(01 D) = dD, that 01 HB_(v) is the strong unstable manifold Ws"(v) of v and that
WS (v) = 0L HB, (v). When D is a totally geodesic submanifold of M, then 01D =0l D.

The restriction of Pp to dsM — s D is not injective in general, but the inverse PE
of the restriction to 8_1‘_D of the (positive) endpoint map v — v is a natural lift of Pp
to a homeomorphism from 8007\\4/ — O D to Q{D such that 7 o PE = Pp. Similarly,
P, =10 PE : (9001\7 — 0D — 0L D is a homeomorphism such that 7 o P, = Pp.

For every isometry v of M, we have 0L (yD) = v0LD and PfD oy =n70P5 In
particular, 01D is invariant under the isometries of M that preserve D. For all t > 0, we
have ¢gt'0LD = 0L (D).

We define

U5 ={veT'M: v, ¢ 0D} (4)
and
U, ={ve T'M : v_ ¢ 05D} = U (5)

Note that %Di is an open subset of T M , invariant under the geodesic flow. We have
%ﬁ) = W%Di for every isometry + of M and, in particular, %Di is invariant under the

isometries of M preserving D.



Define a map f;; : %5 — 8_1‘_D as the composition of the
positive endpoint map from %5 onto 8OOM — 0D and the
homeomorphism P;)' from [“)OOM — OsxoD to B}FD. The map
fz)r is a fibration as the composition of such a map with the
homeomorphism PE. The fiber of w € B}FD for ff)L is exactly
the stable leaf

Wi (w) ={v € T'M : vy = wy}.

Analogously, we define a fibration f, =0 f;; oL U, — 01 D as the composition of the
negative endpoint map and the map P, for which the fiber of w € 9L D is the unstable
leaf s

W (w)={veT'M : v_=w_}.

For every isometry ~ of M , we have
fryov=70fh. (6)

We have f,/inD =gt o fE forall t >0, and f3 o gt = f5 for all t € R. In particular, the
fibrations ff; are invariant under the geodesic flow.

_The next result will only be used for the error term estimates in Section 5. Note that
if M is a symmetric space (in which case the strong stable and unstable foliations are
smooth, and the sphere at infinity has a smooth structure such that the maps v — vy
from W (w) to 0xM — {w_} and v — v_ from W*(w) to 0xcM — {w4} are smooth),
and if D has smooth boundary, then the fibrations flj)E are smooth.

Recall that a map f : X — Y between two metric spaces is (uniformly locally) Hélder-
continuous if there exist ¢, > 0 and « € ]0, 1] such that d(f(z), f(y)) < ¢ d(z,y)* for all
x,y € X with d(z,y) <.

Lemma 7 The maps ff; are Holder-continuous on the set of elements v € %[‘Jf such that
d(r(v), w(f5(v))) is bounded.

Proof. We prove the result for fg, the one for f, follows similarly. For all u,u’ € T'M ,
denote the geodesic lines they define by ¢ — wu, uj, and let

51 (u,u') = exp(—sup{t >0 : sup d(us,u,) <1}) and do(u,u') = sup d(ug, uy) .
s€[—t,t] te[0,1]

with the convention & (u,u') = 1 if d(ug,uy) > 1 and 61 (u,u’) = 0 if w = /. By for
instance [Bal, page 70], the maps 61,2 are distances on 7'M which are Holder-equivalent
to Sasaki’s distance.

Ut

~

Let v,v/ € T'M be such that d(vo,vy) < 1, let w = f}(v) and w’' = fh(v). Let
T =sup{t > 0 : supycjpyd(vs,vs) < 1}, so that d1(v,v") > e~T. We may assume that
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T is finite, otherwise vy = v/,, hence w = w'. Let = vy and &’ = v/,, which satisfy
d(z,z') < 1. Let y (respectively 3’) be the closest point to x (respectively z’) on the
geodesic ray defined by w (respectively w’). By convexity, since d(vo,wp) and d(vj, wy)
are bounded by a constant ¢ > 0 and since vy = w4, v’ = w/,, we have d(z,y) < ¢ and
d(2',y’) < c. By the triangle inequality, we have d(y,y’) < 2c+ 1, d(y,w1) > T —2c — 1
and d(y',w}) > T —2c—1. By convexity, and since projection maps exponentially decrease
the distances, there exists a constant ¢/ > 0 such that

S (w,w') = d(wy,w)) < c/d(y,y')ef(Tfkfl) <d(2c+ 1)62ch1 51(v,v').

The result follows. O
Let 0,1’ > 0. For all w € T'M, let

B (w,f) = (o) € Ww) : diyesguy(o'sw) <o} (1)

and ' 1))
B~ (w,n) = {v e W (w) : dWsu(w)(v’,w) <n'} (8 " OW 4
s

be the open balls of radius 7’ centered at w for Hamenstadt’s
distance in the strong stable and strong unstable leaves of w.

Let
Vuj;n,n, = U ¢ B (w,n') .
s€]=n,n[
We have B~ (w,n') = tB* (1w, n') hence Venow = LVLjv,n,n“ We have
¢°BE (w, 1) = BX(g°w, eT*n’) hence gSVlimn, = Viqfw,n,e*sn’ 9)

for all s € R. For every isometry ~ of M, we have yBT (w,n') = B (yw, ') and 'nyn w =

Vviwvnvn" The map from | — n,n[ xB¥(w,n’) to Vujf’n,n, defined by (s,v") — g% is a
homeomorphism.

For all subsets Q2 of 8j1LD and Q1 of 9L D, let

+ -\ _ + - +\ -
7/77777/(9 )= U vanvn’ and 7/77771’(9 ) = U Vw,n,n/'

weN~ weNT

For every isometry ~ of M , we have 77/77i77’ (QF) = ”//nin/ (vQ2F) and for every t > 0, we have

gitnj/%in’ (QJF) =7

oy (9T (10)

The thickenings (or dynamical neighbourhoods) ”I/n iﬁ,((ﬁ) are nondecreasing in 7 and in
1’ and their intersections and unions satisfy

() 75,@QF)=0% and | 77, (0LD) =%y .

n,n'>0 n,n' >0

The restriction of f3 to ”Vnin/(QjF) is a fibration over QF, whose fiber over w € Q7 is the
open subset an , of the stable /unstable leaf of w.
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2.3 Creating common perpendiculars

We start this subsection by giving a precise definition of the main objects in this paper
we are interested in. .

For any two closed convex subsets D~ and DT of M, we say that a geodesic arc
a:[0,T] — M, where T > 0, is a common perpendicular from D~ to DT if its initial
tangent vector ¢(0) belongs to 3}FD* and if its terminal tangent vector &(7") belongs to
0L D*. Tt is important to think of common perpendiculars as oriented arcs (from D~ to
D™T). Note that there exists a common perpendicular from D~ to DV if and only if D™
and D+ are nonempty and the closures D~ and D+ of D~ and D7 in the compactification
M U Oy M are disjoint. Also note that a common perpendicular from D~ to DT, if it
exists, is unique.

When D— and DT are disjoint, and when dD~ and dD* are €'-submanifolds (for
instance, by [Wal], if D¥ are closed e-neighbourhoods of nonempty convex subsets of M
for some € > 0), this definition of a common perpendicular corresponds to the usual one.
But there are interesting closed convex subsets that do not have this boundary regularity,
such as in general the convex hulls of limits sets of nonelementary discrete groups of
isometries of M. Although it would be possible to take the closed e-neighbourhood, to
count common perpendiculars in the usual sense, and then to take a limit as € goes to 0,
it is more natural to work directly in the above generality (see [PP6, Sect. 3.2] for further
comments).

The aim of this paper is to count orbits of common perpendiculars between two equiv-
ariant families of closed convex subsets of M. The crucial remark is that two nonempty
proper closed convex subsets D~ and DV of M have a common perpendicular « of length
a given t > 0 if and only if the pushforwards and pullbacks by the geodesic flow at time
% of the outer and inner normal bundles of D~ and D™, that is the subsets g%B}FD* and
97%61D+ of T1M , intersect. Then their intersection is the singleton consisting of the
tangent vector of « at its midpoint.

In this subsection, we relate the existence of a common perpendicular (and its length)
from D~ to DT with the intersection properties in T M of the dynamical neighbourhoods
of the outer and inner normal bundles of D~ and D™ introduced in the previous subsection,
pushed/pulled equal amounts by the geodesic flow.

Lemma 8 For every R > 0, there exist tg,co > 0 such that for all n € ]0,1] and all
t € [to,+oo[, for all nonempty closed conver subsets D, DT in M, and for all w €
gt/Q”//nTR(D_) N g_t/Q”f/,{R(Dﬂ, there exist s € | — 2n,2n[ and a common perpendicular ¢
from D~ to DT such that

e the length of ¢ is contained in [t + s — ¢ efé,t +s+c 67%],

o ifwT = f;zF (w) and if p* is the endpoint of ¢ in D*, then d(m(w¥),p™) < co 67%,

e the basepoint w(w) of w is at distance at most ¢y e~3 from a point of ¢, and

t

max{ d(r(gw ), 7(w)), d(x(g~bwt),m(w)) } < n+coet .

12



b/

Proof. Let t > 3 and n € |0, 1]. By definition of the dynamical neighbourhoods %IJFR(Di),
there exist w® € 01 DF and s* € | — 7, +n[ such that

dyyss(w-)(9 3 S w,w ) <R and dWsu(w+)(g%+S+w,w+) <R.
Let 2% = m(w¥), y = 7(w), and let a~ (respectively a™) be the angle at 2~ (respectively

x1) between w™ (respectively tw™) and the geodesic segment [z, z1].

Step 1. Let @~ (respectively @) be the angle at
x~ (respectively x1) between the outer normal vec-
tor w~ (respectively (w') and the geodesic segment
[z~ y] (respectively [xT,%]). Let BT be the angle at y
between +w and the geodesic segment [y, z*]. Let us
prove that there exist two constants ¢1,c; > 0 depend-
ing only on R such that if ¢ > ¢; then at < e7s.

By Lemma 6 and Equation (3), we have

d(r (g2~ w),27) < dyesqu) (9

d(y,ﬂ(g%“iw*)) < dWss(w)(w,g%“iw*) <Re 27° . (11)
In particular,

t

d(m(w),w(g3w ) < d(y,w(g2" w)) + s < Re 2" tn<epe s 4

if we assume, as we may, that cg > Re”. With a similar argument for w™, this proves the
last formula of Lemma 8.

Recall that by a hyperbolic trigonometric formula (see for instance [Bea, page 147)),
for any geodesic triangle in the real hyperbolic plane, with angles «, 3,y and opposite side
lengths a,b,c, if v > 3, then tana < ﬁ, which is at most if ¢ > a by the
triangle inequality. By comparison, if ¢ > 2(R + 2) (which implies that % +sT—R>1),
we hence have

sinh(c—a)

1 o
max{tana ,tan 7} < <d4e Tz HR
{ b }_sinh(%%—s*—R)_

With a symmetric argument for @, 3T, the result follows.
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Step 2. Let @* be the angles at % of the
geodesic triangle with vertices z_,z,,y. Let ¢/ be Y

- - 7 - -6
the closest point to y on the side [x_,z,]. Let b
us prove that there exist two constants t9,co > 0 9U+
depending only ontR such that if ¢ > ¢y then Y
ai’d(y’y,) < coe 2.

Since the angle Ay(:c_,x+) is at least m — B~ — 8T, at least one of the two angles

Zy(y ,xi) is at least # By a comparison argument applied to one of the two
triangles with vertices (y,v/, xi), as in the end of the first step, we have tan # <

1
Smhd(y, 7 Hence ) )
d(y’ y,) < sinh d(y, y/) < tan #

and the desired majoration of d(y,y’) follows from Step 1. By the same argument, we
1 . 4+ t + _t_ o= .
sinh(d(zE, y)—d(y, 7)) Since d(z*,y) > 5§ —s* — Re" 27" by the inverse

triangle inequality and Equation (11), the desired majoration of &@* follows.

have tana* <

Step 3. Let us prove that there exist two constants t3,c3 > 0 depending only on R
such that if ¢ > t3 then there exists a common perpendicular ¢ = [p~,p*] from D~ to D
such that d(z~,p~),d(z",p") < c3 e~3. This will prove the second point of Lemma 8 (if
to > t3 and Co > 03).

By the first two steps, we have, if t > min{ty,¢2},

[SIES

o <at+aT < (14 e)e” (12)
Assume by absurd that the intersection of the closures of D~ and D7 in M U@OOM contains
a point z. Then by convexity of D¥, and since the distance d(z~,27) is big and the angles
a¥ are small if ¢ is big, the angles at 2% of the geodesic triangle with vertices z,z 7, x T are
almost at least 7, which is impossible since M is CAT(—1). Hence the nonempty closed
convex subsets D~ and D have a common perpendicular ¢ = [p~,p*], with p* € D*.

Consider the geodesic quadrilateral @ with vertices z*, p*. By convexity of DT, its

angles at pT are at least 5 and its angles at xzt are at least 5= a®. Note that if
t >t =2(R+ co + 1+ argsinh 2) then we have, by Step 2,
d(z=,2%) > d(=”,y) +d(y,a") — 2d(y,y")
t t
Z(§+s_—R)+(§+s+—R)—2026_%22argsinh2. (13)

Up to replacing @) by a comparison quadrilateral (obtained by gluing two comparison
triangles) in the real hyperbolic plane H]%Q, having the same side lengths and bigger angles,
we may assume that M = H2% and that 2~ and 2™ are on the same side of the geodesic line
through p~,p™. Up to replacing Q by a quadrilateral having same distances d(xz~,z™),
d(z=,p7), d(x*,p") and bigger angles at x~, 2", we may assume that the angles at p~, p™
are exactly 5. If, say, the angle at 2" was bigger than the angle at z~, up to replacing z™
by a point on the geodesic line through p™, 2™ on the other side of 2 than p™ if p™ # o™,
which increases d(z~,x1), d(z™,p™), decreases the angle at T and increases the angle at
x~, we may assume that the angles at 2% are equal, and we denote this common value by
¢ > % —min{a",a"}.
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Let by = $d(z,2") and by = d(z~,p7) =
d(z™,pT). By formulas of [Bea, page 157] on Lam-
bert quadrilaterals, we have

sinh by
\/sinh? by sin? ¢ — cos? ¢ .
By Equation (12), with ¢, = ¢; + ¢o, let t§ > 0 be a constant, depending only on R,
such that if ¢ > §, then sin¢ > max{cosa*} > 1 — e~ > 1/2. By Equation (13), if
t >th, then by > § — R—1— ¢y > argsinh2 (and in particular 1/sinhb; < 1/2). Hence,
if ¢ > max{t}, t7)}, then

cosh by =

1
-R

1
cosh by < < <(1 - 0/22 e )2 —

n2h — 1
Sin (b sinh?2 b1

1
~32 .
=1+0(e).
sinh? (% -1- 02)) +oe)

Since coshu ~ 1 + ”72 as u — 0, Step 3 follows.

Step 4. Let us now conclude the proof of Lemma 8.

Let t > tq = max{ts, 3,3}, co = max{2e2R, 2(ca+c3)} and, with the previous notation,
let s =5~ + st €]—2n,2n[. By convexity, the triangle inequality and Equation (11), we
have

d(p™,p") <d(z™,2") <d(z",y) +d(y,z™)

_t
2 .

t - t
< (§+57+R67%78 )—{—(§+S+—|—R67%73+) <t+s+ce
Similarly, using Step 3 and Step 2, we have

d(pi,er) d(xi?er) - d(piaxi) - d(er’er) Z d(xi?er) - 263 67%

d(x™,y) +d(y, ™) — 2d(y,y') — 2cze”
t t

> (5 + S_) + (5 + S+) — 2(02 + 03) e

Y
role

v

ol
(SIS

>t+s—cpe

Let y” be the closest point to 4’ on the common perpendicular [p~,p*] (see the picture
before this proof). Then, by Step 2, and by convexity and Step 3, we have

[SIES
[SIES

Ay, y") < d(y,y) +d(y,y") < cae 2 +cze7 7 < cpe”

This concludes the proof of Lemma 8. U

2.4 Pushing measures by branched covers

All measures in this paper are nonnegative Borel measures. .

In Section 3 and Section 4, we will need to associate to a I'-invariant measure on T'M
or to a I' x I'-invariant measure on T'M x T'M (which is in general infinite) a measure
on T'M or T'M x T'M (hopefully finite), in a continuous way. For lack of references,
we recall here the construction (which is not the standard pushforward of measures),
not-so-well-known when I" has torsion.

Let X bea locally compact metrisable space, endowed with a proper (but not necessar-
ily free) action of a discrete group G. Let p: X 5 X = G\)Z be the canonical projection.
Let 1 be a locally finite G-invariant measure on X.
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Note that the map N from X to N — {0} sending a point € X to the order of its
stabilisez in G is upper semi-continuous. In particular, for every n > 1, the G-invariant
subset X, ~1({n}) is locally closed, hence locally compact metrisable and Ik, is a

locally finite G-invariant measure on X,,. With X, = p(X ), the restriction Pix, X, —
X, is a local homeomorphism. Since g is G-invariant, there exists a unique measure pi,
on X, such that the map Pz, locally preserves the measure. Now, considering a measure
on X,, as a measure on X with support in X,,, define

M:Z%Mm

n>1

which is a locally finite measure on X, called the measure induced by pz on X.

Note that if i gives measure 0 to the set N~!([2,4+oc[) of fixed points of non-trivial
elements of G, then y = 1, and the above construction is not needed.

If X' is another locally compact metrisable space, endowed with a proper action of a
discrete group G, if i’ is a locally finite G’-invariant measure on X', with induced measure
@ on G'\X', then the measure, on the product of the quotient spaces G\X x G'\X’,
induced by the product measure it ® fi’, is the product pu ® y’ of the induced measures.

It is easy to check that the map g — u from the space of locally finite measures on X
to the space of locally finite measures on X, both endowed with their weak-star topologies,
is continuous.

Recall (see for instance [Bil, Part]) that the narrow topology on the set .#;(Y') of finite

measures on a locally compact metrisable space Y is the smallest topology on .#(Y") such
that, for every bounded continuous map g : ¥ — R, the map from .#Z;(Y) to R defined
by u— p(g) is continuous.
It is easy to check that if ji; for k € N and zz are G-invariant locally finite measures on
X, with finite induced measures on X, such that for every Borel subset B of X such that
f(B) is finite and 1z(0B) = 0, we have limy_, o fix(B) = u(B), then the sequence (ug)keN
narrowly converges to .

3 Potentials, cocycles and measures

Let M, xzg, I' and M be as in the beginning of Section 2. In our main result, we will
count common perpendicular arcs between two locally convex subsets of M using weights
defined by a fixed potential. We introduce in this section, in addition to the potentials
themselves, the basic properties of the measure-theoretic structure induced by a potential
on T'M and T'M, in particular in connection with (families of) convex subsets of M.

For any Riemannian orbifold N, we denote by %.(IN) the space of continuous real-
valued functions on N with compact support.

3.1 Potentials, Patterson densities and Gibbs measures

The content of this subsection is extracted from [PPS], to which we refer for the proofs of
the claims and for more details.

Let F: T'M — R be a fixed bounded Hélder-continuous I'-invariant function, called
a potential on T'M. The potential F induces a bounded Hélder-continuous function
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F LTIM — R, called a potential on T'M. We will also consider the potential Fouon
T'M and its induced potential F o on TTM.

For any two distinct points x,y € M , let vy € TQ}M be the initial tangent vector of
the oriented geodesic segment [x,y] in M that connects x to y. The F-weighted length of

the segment a = [z,y] is
~ Yo d(z,y) _
/ F= / F = / F(g'vgy) dt
« T 0

and we set ffﬁ:Ofor all z € M. Note that fmyﬁ:fyxﬁOL.

Since F' is Holder-continuous (see [PPS, Lem. 3.2]), there exist two constants ¢; > 0,
¢ €10, 1] such that for all z,2’,y,y" € M with d(z,2’) <1 and d(y,y") < 1, we have

Yy Yo
[ F - [F| ety o )+ Il s+ dley)) . (019

The critical exponent of F' is

. 1 Y 1
0r = limsup — log E el' F
n
noEeo v€l, n—1<d(z,vy)<n

The above upper limit is finite since F' is bounded, is independent of x, i, and in particular
5F = 5FOL .

In what follows, we assume that dr is positive (which is the case up to adding a constant
to F, since 0p1, = 0 + o). By [PPS, Theo. 6.1], the critical exponent d is equal to the
pressure of F' on T' M, see the Introduction for the definition of the pressure.

The (normalised) Gibbs cocycle associated with the group I" and the potential F is the
function CF : oo M x M x M — R defined by

& &
(€o) = Cfg) = tim [ (F =)~ [ (F-op),

t—+00 Y

where t — & is any geodesic ray with endpoint £ € &X,M . (Note the order of y and = on
the right-hand side.) The above limit exists. We denote by C'~ the Gibbs cocycle of the
potential Fou. IfF = 0, then C~ = C* = §pf3, where 3 is the Busemann cocycle defined
in Section 2 and dr = dp is the usual critical exponent of I'.

The Gibbs cocycles satisfy the following equivariance and cocycle properties: For all
£ € oM and x,y,z € M, and for every isometry v of M, we have

Coe(yz,vy) = CE(w,y) and Cf(x,2) + Cf (2,y) = C¢ (z,y). (15)

If x is a point in the (image of the) geodesic ray from y to &, then Cg(m, y) = fym (ﬁ —0F).

Hence for every w € T 1\ , for all x and y on the image of the geodesic line defined by w,
with w_, z,y, w4 in this order, we have

Cuu (2:) = Ci (90) =—C (e = | "(F - o). (16)

T
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By taking limits in Equation (14), there exist two constants ¢; > 0, ¢z € ]0,1] such that
for all £ € 0o M and z,2' € M with d(z,2') <1, we have

‘ Cgi(z, )| <erd(z,2)? 4+ ||Flloo d(z,2) . (17)

A family (p7), 57 (vespectively (p7 ), 77 ) of finite measures on 9o M, whose support is

the limit set A" of T', is a Patterson density of dimension 6 for the pair (T, ﬁ) (respectively
(I,Fou))if

’7*/‘::1!: = :U"\:l/:m
for all y € T" and = € M , and if the following Radon-Nikodym derivatives exist for all
z,y € M and satisfy for all £ € oM

dpz
dyiy;

(=%,

We fix two Patterson densities (), car and (pg ), g7 of dimension ép for the pairs

(T, ﬁ) and (T, Fo t), respectively, which exist. The Gibbs measure on TIM for I (associ-
ated to this ordered pair of Patterson densities) is the measure mp on T1M given by the
density

diinp(v) = €O o mW)FC8 om0 ) diif (04 (18)

in Hopf’s parametrisation. The Gibbs measure m is independent of xq, and it is invariant
under the actions of the group I' and of the geodesic flow. Thus (see Section 2.4), it
defines a measure mp on T'M which is invariant under the quotient geodesic flow, called
the Gibbs measure on T'M. If mp is finite, then the Patterson densities are unique up
to a multiplicative constant; hence the Gibbs measure of F is uniquely defined, up to
a multiplicative constant, and, when normalised to be a probability measure, it is the
unique measure of maximal pressure of the geodesic flow for the potential F. If F' = (0 and
the Patterson densities coincide, the Gibbs measure coincides with the Bowen-Margulis
measure (associated to this Patterson density) which, when finite and normalised to be a
probability measure, is the unique measure of maximal entropy of the geodesic flow. If
M is compact and F(v) = —%hzo log Jac(g" [ysu(v))(v), then the Gibbs measure coincides
with the Liouville measure (see [PPS, §7] for extensions of this result).

Babillot [Bab, Thm. 1] showed that if the Gibbs measure is finite, then it is mixing
for the geodesic flow of M if the length spectrum of M is not contained in a discrete
subgroup of R. This condition is satisfied, for example, if I" has a parabolic element, if AT’
is not totally disconnected (hence if M is compact), or if M is a surface or a (rank-one)
symmetric space, see for instance [Dall, Dal2].

We refer to [PPS, §8] for finiteness criteria of mp. In particular, if I' is geometrically
finite (see for instance [Bow] for a definition), if ||F||e < 3(ér — ér,) for every parabolic

fixed point p of I in (900]\7 , where dr, is the critical exponent of the stabiliser I'; of p in
I', then mp is finite (see [PPS, Coro. 8.6]).

3.2 Skinning measures

Let D be a nonempty proper closed convex subset of M. The (outer) skinning measure

on 01 D (associated to the Patterson density (u}), car for (T, F)) is the measure o =
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5; 7 on B}FD defined, using the positive endpoint homeomorphism v +— v, from B}FD to

OOOM— Oso D, by
a5 (v) = 7 PR it (v

and the (inner) skinning measure on 01 D = 191 D (associated to the Patterson density
(17 ) g7 for (I', Fou)) is the measure o, = L*ﬁz 7., defined, using the negative endpoint

)

homeomorphism v — v_ from 9L D to &X,M — 05D, by
5 (v) = oCo_ (w0, Pp(v-)) dpig, (v-).

Since Pp(vy) = w(v) for every v € LD, we will often replace Pp(v+) by 7(v) in the
above formulas when there is no doubt on what v is.

When F = 0, the skinning measure has been defined by Oh and Shah [OS2] for the
outer unit normal bundles of spheres, horospheres and totally geodesic subspaces in real
hyperbolic spaces, and the definition was generalised in [PP5] to the outer unit normal
bundles of nonempty proper closed convex sets in variable negative curvature. We refer
to [PP5] for more background.

Remarks (1) A potentlal F is said to be reversible if there exists a Holder-continuous

T-invariant function G : 1M — R which is differentiable along the flow lines and satisfies

Fo) = Foulv) = 5 Glg")

v) —Fouv)=— v

dt |t=0 g

for all v € T*M. When F is reversible (and in particular when F' = 0), we have C~ = C™,
we may (and will) take py = pf for all z € M, hence v, = Mmp, and 5, = .05,

(2) If D = {x} is a singleton, we have 01D = T;M and
dog(v) = dut(ve) .

(3) The (normalised) Gibbs cocycle being unchanged under replacing the potential F' by
the potential F'+o for any constant o, we may (and will) take the Patterson densities, hence
the Gibbs measure and the skinning measures, to be unchanged by such a replacement.

The following results give the basic properties of the skinning measures analogous to
those in [PP5, Sect. 3] when the potential is zero.

Proposition 9 Let D be a nonempty proper closed convex subset of M, and let ,lej; be the
skinning measures on OLD for the potential F.

(i) The skinning measures 51% are independent of .

(i1) For all v € T', we have 7*5% = &th. In particular, the measures 5% are invariant
under the stabiliser of D in T'.

(iii) For all s > 0 and w € OLD, we have

- m(g%w) (f .
d(gis)*O'lj;( +s w) _ e*Ctﬂ (m(w), 7(gE5w)) _ ef”((w)) (F~ or) if =+
dU/D =20 ) Gherwise |

(iv) The support of 55 is {v € LD : vy € AT} = PE(AT — (AT' N 0aD)). In particular,
,lej; s the zero measure if and only if AT is contained in OxoD.
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Proof. We give details only for the proof of claim (iii) for the measure 55, the case of
o, being similar, and the proofs of the other claims being straightforward modifications
of those in [PP5, Prop. 4]. Since (¢*w)4 = w4 and w € 8} D if and only if g*w € 8} A;D,
we have, using the definition of the skinning measure and the cocycle property (15), for
all s >0,

45, p(g*w) = 9 0TI Gt () = O T 7O g )
which proves the claim (iii) for 57,, using Equation (16). O

Given two nonempty closed convex subsets D and D’ of M et Ap pr = 8OOM — (0 DU
oo D’) and let hjch, . P5(Ap.p) — P2, (Ap.pr) be the restriction of P3, o (P5)~! to
P; (Ap,pr). It is a homeomorphism between open subsets of 01D and 91 D’, associating
to the element w in the domain the unique element w’ in the range with w/, = wy. The
simple proof of Proposition 5 of [PP5] generalises immediately to give the following result.

Proposition 10 Let D and D’ be nonempty closed convexr subsets 0f]\7 and h* = hljg D

The measures (ht), 53 and 5;5, on PE,(Ap pr) are absolutely continuous one with respect
to the other, with
d(h*). 75
do s,

for all w € PE(Ap pr) and w' = h*(w). O

(w) = ¢~ Ckx (r(w), 7))

)

The skinning measures associated with horoballs are of particular importance in this
paper. Let w € T'M. We denote the skinning measures on the strong stable and strong
unstable leaves W™ (w) and W (w) of w by

- _ - + _ =+
Hyyss(w) = I HB, (w) and Hyysa(w) = OHB_ (w) *

For future use, using the homeomorphisms v — vy from W (w) to Do M — {w_} and
v = v_ from W3 (w) to 0xxc M — {w }, we have

+ X (v
it (©) = €75 0T it () (19)

and -
By (0) = €= g (0 (20)

It follows from (ii) of Proposition 9 that, for all v € I', we have
- I - ot
Vebwesu) = Pwssw) 804 Tebyen) = Pives )

It follows from (iii) that for all ¢ > 0 and w € T'M, we have for all v € Ws(w),

—t —
dlg ]*”WSS(w) (g~'v) = e~ Cv (F@) 7o~ _ O, (@), m(9 ) (21)
dlu’Wss(g—tw)
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and for all v € W= (w),

t +
G )<ty on ~CE, (n(), (g")) _ Ca_(x(v),w(g"v)) (22)

¢
N (gv)=e
d/’LWsu(gtw)
The homeomorphisms (s,v") — v = ¢°v’ from R x W (w) to W%(w) and from R x
W% (w) to W (w) conjugate the action of R by translation on the first factor to the
geodesic flow. Using them, we define, for all w € T'M, the measures v, on W(w) and
v on W"(w) by the densities

— 5 (r(w), T (v -
dl/w ('U) — 60w+( ( )7 ( )) dS d#wss(w)(vl) (23)

and - ,
deJE(v) _ BCw_ (m(w), 7(v")) ds dlu—’v;lsu(w) (’U/) ] (24)

The importance of these measures will be seen in Proposition 13, where they will be shown
to be the conditional measures on the pointed stable/unstable leaves of the Gibbs measure
mp. Note that the measures v25 depend in general on w (and not only on the stable and
unstable leaves of w as when F = 0). They are invariant under the geodesic flow: for all
t € R, we have

(9")sVis = Vi - (25)
For all ¥ € T, we have v,/ = yécw. The supports of v, and v, are respectively {v €
Ws(w) : v_ € AT} and {v € W"(w) : vy € AI'}. We give two other properties of the

measures V& in the next two lemmas.

Lemma 11 For all w € T*M and t > 0, we have

£ _ Cuy(w(w),m(g* w)) v

1% =€

gitw
Note that this result proves that the measures v, and v are proportional (and not
g=w w
only absolutely continuous one with respect to the other).

Proof. Let us prove the claim for ;. Note that if (s,v") = v = g%’ is the considered
homeomorphism from R x W5%(w) to W%(w), then (s, g'v’) — v = g%’ is the considered
homeomorphism from R x W3(g'w) to W"(g'w) = W"(w). Using the definition of v,
Equation (22), the cocycle property of C~, again the definition of v}, and finally Equation
(16), we have, for all v € W"(w) and ¢ > 0,

d”;w(v) — Cu_(m(g'w),m(g"")) ;¢ du-l-Wsu(gtw)(gtv’)

_ 601;_ (W(gtw)v n(gtv/))_CJ_ (77(1)’)7 W(gtv’)) ds dﬂ—’l/{/su(w) (U/)

— Cuw_ (r(g'w), m(w))+Co_ (m(w), m(v"))

ds dl‘%su(w) (v")
_ 601;7 (w(gtw),ﬂ(w)) dquj;(v) — €C$+ (7r(w)77r(gtw)) dyqj}_(v) ,

which proves the claim. The proof of the other claim is similar, using Equation (21). O

Lemma 12 For every nonempty proper closed convex subset D' in M, there exists Ry > 0
such that for all R > Ry and n > 0, for every w € d1D’, we have Vf;(an r) > 0.
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Proof. By [PP5, Lem. 7], there exists Ry > 0 (depending only on D’ and on the
Patterson densities) such that for all R > Ry, w € 91D’ and w' € 91 D', we have
M;Vss(w)(B+(w,R)) > 0 and u+Wsu(w/)(B*(w',R)) > 0. The result hence follows by the
definitions of v and Vujf 0 R O

The following disintegration result of the Gibbs measure over the skinning measures of
any closed convex subset is a crucial tool for the counting result in Section 4. Recall the

definitions (4), (5) of the flow-invariant open sets % and the fibrations f3 : %5 — 91D
from Subsection 2.2.

Proposition 13 Let D be a nonempty proper closed convex subset of M. The restriction
to %Di of the Gibbs measure mp disintegrates by the fibration f; : %55 — 01D, over
the skinning measure 5?5 of D, with conditional measure v, on the fiber (f;)*l(w) of
w € 01D:

d(ﬁp)@g(v) = /ealD dv,} (v) d&ljg(w) .

Proof. To prove the claim for the fibration f;), let ¢ € 6.(%,). Using in the various
steps below:

e Hopf’s parametrisation with time parameter ¢ and the definition of mp,

e the positive endpoint homeomorphism w — w4 from 8j1LD t0 OsoM — O D, and

the negative endpoint homeomorphism v' +— v’ from W (w) to Do M — {w4}, with
s € R the real parameter such that v' = ¢g7%v € W (w), noting that ¢t — s depends
only on vy = wy and v_ =’

e the definitions of the measures ;. (w) and 5]5 and the cocycle properties of CF,

e Equation (16) and the cocycle properties of C',
we have

(v) dmp(v)
Uy

L+eaxﬂ_awD[}€6wﬁ_{v+}/tER H(o) Cr O TEICL @0 ) gy 4 ()t ()
N /weaiD /U’GWSS(UJ) SER (b(gsv’) ecvl - F(gsv/))+0$+ ool ds dﬂ;@ (Ul—) dM:Jpro (wy)
/weap /U,EWSS(UJ) [ ot O () R DO, (r(w), (57) sy (41 €55 0
= /w ot / S R e T sy (0) AT (),

which implies the claim. The proof for the fibration f,, is similar. O

In particular, for every u € TM , applying the above proposition to D = HB_(u) for
which 0} D = W*'(u) and

U = T'M — W*(wu) = U We(w) ,
weWsH (u)

the restriction to T'M — W3(wu) of the Gibbs measure mp disintegrates over the strong
unstable measure :“?/{/su(u)? with conditional measure on the fiber W*(w) of w € W*"(u)
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the measure v : for every ¢ € C.(T'M — W5(wu)), we have

[ e
TYM—-Ws(wu)
& (w(w), T (v -
:/ / ¢(gsvl) e (T () g d,UWss(w)(v/) d/‘—iv;/su(u)(w)- (26)
weWst(u) Ju'eWss(w) JseR

Note that if the Patterson densities are atomless (for instance if the Gibbs measure mp
is finite, see [PPS, §5.3]), then the stable and unstable leaves have measure zero for the
associated Gibbs measure.

3.3 Equivariant families and multiplicities

Equivariant families. Let I be an index set endowed with a left action (,4) — ~i of T'.
A family 2 = (D;);er of subsets of M or T'M indexed by I is I'-equivariant if yD; = D.;
for all v € I" and ¢ € I. We equip the index set I with the I'-equivariant equivalence
relation ~ (to shorten the notation, we do not indicate that ~ depends on &) defined by
setting ¢ ~ j if and only if there exists v € Stabr D; such that j = i (or equivalently if
D; = D; and j = ~i for some v € I'). Note that I" acts on the left on the set of equivalence
classes I/ .

An example of such a family is given by fixing a subset D of M or T'M , by setting
I =T with the left action by translations (,7) — i, and by setting D; = iD for every
i € I'. In this case, we have i ~ j if and only if i~!j belongs to the stabiliser I'p of D in T,
and I/ =1T/T'p. More general examples include I'-orbits of (usually finite) collections
of subsets of M or T*M with (usually finite) multiplicities.

A T-equivariant family (A;);er of closed subsets of M or T'M is said to be locally finite

if for every compact subset K in M or TlM the quotient set {i € I : A; NK # 0}/ ~
is finite. In particular, the union of the images of the sets A; by the map M — M or
T'M — T'M is closed. When T\I is finite, (4;)ie; is locally finite if and only if, for all
i € I, the canonical map from I'4,\A; to M or T'M is proper, where I 4, is the stabiliser
of A;in T,
Skinning measures of equivariant families. Let 2 = (D;);c; be a locally finite
I'-equivariant family of nonempty proper closed convex subsets of M. Let Q = (Qi)ier be
a '-equivariant family of subsets of T’ 5V , where €; is a measurable subset of 91 D; for all
i € I (the sign + being constant). For instance 012 = (01 D;);c; is such a family.

Then
O-S:% - Z 5$1|Qz )
i€l/~

is a well-defined (independent of the choice of representatives in I/.), I'-invariant by
Proposition 9 (ii), locally finite measure on T' M whose support is contained in Uier /. Sk
Hence by Subsection 2.4, the measure 55 induces a locally finite measure on T M, denoted
by 0'?2:.

In the important special cases when ) = ai.@ and Q = 0! 2, the measures 55 and
o, are denoted respectively by

0, = Z op, and 0, = Z Tp, ;
SV i€l/~
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and are called the inner and outer skinning measures of 2 on TIM. Their induced
measures on 7'M = T\T'M are called the inner and outer skinning measures of 9 on
T'M. For instance, if Zo has stabiliser I';z, and maps to zg € M, if 2 = (vZo)yer, if
F =0, if M has dimension n, constant curvature and finite volume, then, normalising the
Patterson density so that ||p. | = Vol(S"~1), we have 05 = VOlT;OM and ||O'$|| = %.
See Section 6 for other examples.

Multiplicity of unit tangent vectors. Given v € T'M, we define the natural
multiplicity of v with respect to a family €2 as above by

~ Card{ic I/ : veQ}
ma(v) = Card(Stabr v) ’

for any preimage v of v in T'M. The numerator and the denominator are finite, by the
local finiteness of the family 2 and the discreteness of I', and they depend only on the
orbit of ¥ under T'.

This multiplicity is indeed natural. Concerning the denominator, in any counting
problem of objects possibly having symmetries, the appropriate counting function consists
in taking as the multiplicity of an object the inverse of the cardinality of its symmetry
group. The numerator is here in order to take into account the multiplicities of the images
of the elements of 2 in T'M. Note that if T is torsion-free, if 2 = 91 2, if for every i € I
the quotient I'p,\D; of D; by its stabiliser I'p, maps injectively in M = F\ZTI/ (by the
map induced by the inclusion of D; in M), and if for every i,j € I such that j ¢ I'i, the
intersection D; N D; is empty, then the nonzero multiplicities mq(v) are all equal to 1.

Here is a simple example of a multiplicity different from 0 or 1.
Assume T is torsion-free. Let ¢ be a closed geodesic in M, let ¢ be
a geodesic line in M mapping to ¢ in M, let 2 = (7¢)yer, let = be 2
a double point of ¢, let v € T.'M be orthogonal to the two tangent
lines to ¢ at = (this requires the dimension of M to be at least 3).

Then mai@(v) = 2.

Weighted number of geodesic paths with given initial/terminal vectors. Given
t > 0 and two unit tangent vectors v,w € T'M, we define the number ns(v,w) of locally
geodesic paths having v and w as initial and terminal tangent vectors respectively, weighted
by the potential F', with length at most ¢, by

ny(v,w) = Z Card(Ty) ela ¥

where the sum ranges over the locally geodesic paths « : [0,s] — M such that &(0) = v,
Aa(s) =w and s € ]0,¢t], and T, is the stabiliser in I" of any geodesic path & in M mapping
to a by the quotient map M — M. If F = 0 and T is torsion free, then ny (v, w) is precisely
the number of locally geodesic paths having v and w as initial and terminal tangent vectors
respectively, with length at most t.

4 Counting and equidistribution of common perpendiculars

Let ]\7, xg, I' and M be as in the beginning of Section 2. Let F: TLM — R be a bounded
[-invariant Holder-continuous function, and let F : T'M = I'\T'M — R be its quotient
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(2

map. Let 27 = (D; )jc;- and 27 = (D]‘.F)jeﬁ be locally finite I'-equivariant families of
nonempty proper closed convex subsets of M.

The main counting function of this paper is defined as follows. Let Q= = (£, );c;- and
O = (Qj)je 7+ be I'-equivariant families of subsets of T'M , where QF is a measurable
subset of 9L D[ for all k € IT. We will denote by Mo~ o+ p(t) the number of common
perpendiculars whose initial vectors belong to the images in M of the elements of 2~ and
terminal vectors to the images in M of the elements of Q7 counted with multiplicities
and weighted by the potential F, that is:

Mo oe 7)) = D mo-(v) ma+ (w) ne(v,w) .

v,weTIM

When QF = 8#.@% we denote Ao- o+ g by A5- g+ p. If T has no torsion, if 9+ =
(yf)i),yep where D¥ is a nonempty proper closed convex subset of M (such that the
family 27 is locally finite), and if D¥ is the image of D= by the covering map M— M=
I’\]\Aj (which is a nonempty proper properly immersed closed convex subset of M), then
N9~ o+ r is the counting function Ap- p+ p given in the introduction.

In order to give a precise asymptotic to these counting functions (see Corollary 20),
we will start by proving a result of independent interest on the equidistribution of the
initial /terminal vectors of the common perpendiculars in the outer/inner normal bundles

of the convex sets, first in T*M (see Subsection 4.1), then in T'M (see Subsection 4.3).

Let us continue fixing the notation used throughout this Section 4. For every (i, )
in I~ x I't such that D;” and D;f have a common perpendicular (that is, whose closures

D; and D—]"' in M U 5@0M have empty intersection), we denote by «; ; this common
perpendicular, by ¢(q;, ;) its length, by v; . € 91 D;

1, ] K3

v;rj € 01 D its terminal tangent vector. Note that if i’ ~ i, j' ~ j and v € ', then

its initial tangent vector and by

Y = gy May i) = ayi ;) and Yy o= (27)

When T is torsion free, we have, for the diagonal action of I on I~ x IT,
F
No— g+, p(t) = Z i I
(i,5)EP\((I~ /~)x (I /~)) : Dy NDF =0, €(ai, ;)<t
We denote by A, the unit Dirac mass at a point x in any measurable space.

4.1 Equidistribution of endvectors of common perpendiculars in 7'M

The following core theorem shows that the ordered pairs of initial and terminal tangent
vectors of common perpendiculars of two locally finite equivariant families of convex sets
in the universal cover M equidistribute towards the product of the skinning measures of
the families.

Theorem 14 Let M be a complete simply connected Riemannian manifold with pinched
sectional curvature at most —1. Let I' be a monelementary discrete group of isometries
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of M. Let F : T'M — R be a bounded T-invariant Hélder-continuous function with
positive critical exponent 0p. Let 9~ = (D7 )icr- and 91 = (D;r)jeﬁ be locally finite

(2

I'-equivariant families of nonempty proper closed convex subsets of M. Assume that the
Gibbs measure mp is finite and mizing for the geodesic flow. Then

. - F ~ ~
lim 6p ||mp| e oF? g ef%w A QA + =0, Q0
t—4o00 Vi, vi Uy=1i,;
i€l /~, j€ItT /0, vel
= o
D; ﬁ’yDj =0, Lo, )<t

for the weak-star convergence of measures on the locally compact space TIM x T M.

In the special case of 27 = (y&)yer and 27 = (yy)yer for some z,y € M, this
statement may be proved to be a consequence of the proof of [Rob, Theo. 4.1.1] if F =0,
and of [PPS, Theo. 9.1] for general F. Although we use the same technical initial trick
as in the proof of [Rob, Theo. 4.1.1], we will immediately after that use a functional
approach, better suited to obtain error terms in Section 5. We will give a reformulation in
TYM x TYM of this result after its proof, and some applications to particular geometric
situations in Section 6.

Proof. We first give a scheme of the proof (see [PP6, §8] for a more elaborate one). The
crucial observation is that two nonempty proper closed convex subsets D~ and DT of M
have a common perpendicular of length a given ¢ > 0 if and only if géaiD* and g_%(?i D+
intersect. After some reduction of the statement, we will introduce, for n small enough,
two test functions (;57:;: vanishing outside a small dynamical neighbourhood of 91 D¥, so

that the support of the product function ¢, o g’% gb;;' o g% detects the intersection of

g%B}FD* and g_%BEDJF (using Subsection 2.3). We will then use the mixing property of
the geodesic flow for the Gibbs measure to obtain the equidistribution result of Theorem
14.

The estimation of the small terms occuring in the following steps 2, 4 and 5 is much
more precise than what is needed to prove Theorem 14. These estimates will be useful to
give a speed of equidistribution of the initial and terminal vectors, and an error term in
the asymptotic of the counting function .45~ 4+ g(t) in Theorem 28.

To shorten the notation, we will fix for the rest of the paper the convention that the
sums as in the statement of Theorem 14 are for (i,j,7) such that D; and WD;.L have a
common perpendicular (a necessary condition in order for o ; to exist). The fact that
this sum is independent of the choice of representatives of i in I~/ and j in It/ follows
from Equation (27).

Step 1: Reduction of the statement. By additivity, by the local finiteness of the

families 27, and by the definition of 5;¢ = helF /o 511132?, we only have to prove, for all
fixed i € I~ and j € I, that

lim Op [mpl et S Joii T A @A -5 @5

F ||mpl| e e’ - ot =0,-®0

t—+o00 ] y—1li, 5 i

(28)
yel': 0<£(Oéi’ —Yj)ﬁt

for the weak-star convergence of measures on 7'M x T'M.
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Let Q™ be a Borel subset of 91 D and let 2" be a Borel subset of BED]‘.F. To simplify
the notation, let

- - + ~t _ ~t
D~ =D;, DF :D;-L7 Oy = Q4 i, Ly =L(0y), Uit = v, ,; and ot =05:-  (29)

Let vg be the tangent vector at the midpoint of ay (see the picture below, sitting in M ).

,/291 y—
oL D grmoL Dy
\ \ ss(,,0
\\ /s (U;) \\ w (Ufy)
\ \
\ e
\ \\ 2 -7 78£D+
\ ” -
| L7
— 0 +
o / vy vy
! o //
/ , |
// / !
/ /
/ g /2401 Dt K
! su(,,0 su(,,+
W (vy) Wt (v] )

Assume that Q= and Q1 have positive finite skinning measures:
FH(Q7),57 (") € ]0, o0l
and that their boundaries in 91 D~ and 0! DT have zero skinning measures:
at O ) =5 (00") =0.

Let

Lo o+ (t) = 8p [mp| 07t Y eor I
veT: 0<ty <t
vy €07, vl eyt

Let us prove the stronger statement that, for every such QF, we have

lim Ig- o+(t) = a7 (Q7) o (). (30)

t——+o0

Step 2: Construction of the bump functions. In order to prove Equation (30), we
start by defining the test functions gbf]: mentioned in the scheme of the proof.

. 1. + . — N
We consider the measurable families of measures (1), .77 and (v, ), ez defined

using Equation (24) and Equation (23) respectively. We fix from now on R > 0 such that

sz(qut,n,R) > 0 for all > 0 and all w € 92 D*, hence for all w € v0%D* for all y € T.

Such an R exists by Lemma 12.
For all n,n’ > 0, let hf}t g T'M — [0, +oco[ be the measurable maps defined by

1
hE (W) =
) V)
if l/fE(VJ o) > 0 (which is for instance satisfied if wy € AT'), and hi v (w) = 0 otherwise.
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We give a few properties of this technical map. Since v,v: = y,yiw and 'yVJn y =

VT

yw,n, 7’ ;
By Lemma 11, by Equation (9) and by the invariance of v under the geodesic flow

(see Equation (25)), for all t > 0 and w € T*M, we have

for all v € I', the functions hf}E , are T'-invariant.

1 1
oy, (g7 w0) = =
1 F + T
" Vﬁtw(vﬁtw,n, n/) “ix (W(w)’w(gnw)wﬂg;tvjn, e*tn')

— Cibig (gt w), w(w)) W i (W)

By Equation (16), we hence have

¢ T, (Fsp)

iy plg™tw) = oo T ), (31)

(') (F_g
bt plg'w) = elmo E00) gt ). (32)
The last property of hf}E o that we will need is its behaviour as 7’ is very small. Let
7' €]0,1]. For all w € T'M and all v € BT (w,n), by Lemma 6, we have
d(m(w),7(v")) < dWss(w)(w,v/) <n<1.

Hence by taking ¢; > 0 and c2 € ]0,1] such that Equation (17) is satisfied, by taking
c3 =1 + ||F|loo, we have by Equation (17)

| Co_(m(w), w(v")) | < e () .

Using the above, the analogous estimate for C,,, and the defining equations (23) and (24)
of v, forall se R, w e TM and o' € B*(w,n'), we have

o3 ()2 g T (W) < dvg (g°0") < e 1) (s Abyyss () (v'),

)

and similarly

o3 ()2 g diu’;/r[/su(w (W) < dvt(g®v) < e 2 gs d,UJVE/su(w)(U/)'

)

It follows that for all 7,7’ €]0,1] and w € T'M such that w_,w, € AT, we have

e—cs (1) e (w) ecs ()2 (33)
<h _(w)< — s
20 iy B (o)) S B )
—c3 ()2 cs ()2
° <t (w) - (34)

< .
277M$Vsu(w)(3’(wﬂ7’)) i QWM;rvsu(w)(Bf(wanl))

Let us denote by 14 the characteristic function of a subset A. We finally define the
test functions ¢, = quR gr 1 TPM — [0, 400 by

+
¢r:;: = hiR o fD:F ]l'Vn:FR(Q:F) ) (35)
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where ”l/i (QF) and f5. are as in Subsection 2.2. Note that if v € ”l/i (QJF) then

vy ¢ O D¢ by convex1ty, that is, v belongs to the domain of deﬁnltlon % of ijF,
hence ¢ (v) = th o fD? (v) is well defined. By convention, ¢ (v) = 0if v ¢ ”//i R (7).

For all v € TIM and t > 0, we have, by Equations (31) and (10),

QS;’ R, Qt (gitv) - h;R ° git o gt o fl—)’—— (v) lgtV/nJ,rR(Q_)(v)

(@)
/ b (F - 6p)

(gt - () -
= ™ Jmp R () (36)

Lemma 15 For every n > 0, the functions qﬁ are measurable, nonnegative and satisfy

/ oF dinp =5+ (QF).
T'M

Proof. The proof is similar to that of [PP5, Prop. 18]. By the disintegration result of
Proposition 13, by the last two lines of Subsection 2.2, by the definition of hi r and by
the choice of R, we have

/ ¢y dmp = / hy o fst(v) dmp(v)
T'M VeV E L (QF) "

= /EQ; h gp(w) /evi dv,} (v) d&liF (w) =(QF). O

w,n, R

Now, the heart of the proof is to give two pairs of upper and lower bounds, as T' > 0
is big enough and n € )0, 1] is small enough, of the quantity

T
— Spt — t/2 +O —1 ~ .
| b | (Gyoa G og o i de. (30

Step 3: First upper and lower bounds. For all ¢t > 0, let

o)=Y [ () 66 diie ().

~yel’

Note that by Lemma 15 just above, we have that leM ¢ dmp = o+ (QF) is finite and
positive. By passing to the universal cover the mixing property of the geodesic flow on
T'M for the Gibbs measure mp, for every € > 0, there hence exists 7. > 0 such that for
all t > T,, we have

—€ €

(&

[l

¢ de/ o ding < ay(t) < —
M M K

< [ oy da [ o dir.
Impell Jrar T'M

Hence for every € > 0, there exists ¢, > 0 such that for all 7> 0 and 7 € ]0, 1], we have

in(T) < € et aH Q) () + e, (38)
oF [lmpl|
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and similarly

6<5FT

in(T) > e~ FHQ) 5 Q) e (39)

TR
OF [|mp|

Step 4: Second upper and lower bounds. Let T > 0 and n € ]0,1]. By Fubini’s
theorem for nonnegative measurable maps and the definition of the test functions quIE, the
quantity 4, (7") is equal to

T
> [ e
0

~yel’

o hare Th (g7"%v) b po fre (719" ?0)

]17/"4?1{(9_)(97’5/2?)) Lf/nTR(QJr)(fyilgtpv) dmyp dt. (40)

We start the computations by rewriting the product term involving the technical maps
hi g ForallyeT andve %7 N %ﬁﬁ’ define (using Equation (6))

wo = f;,(v) and w’ = fq/_D+(U) = 7f5+(7_1 ) - (41)
This notation is ambiguous (w~ depends on v, and w™ depends on V and ~), but will
make the computations less heavy. By the invariance of ff;; by precomposition by the
geodesic flow, wT is unchanged if v is replaced by g°v for any s € R, and by Equation
(31), we have

h;,R °© ff)L— (git/%) = h;R o fz)r— (v) = h;,R o g*t/Q(gtﬁw*) .

(g'/?w7)
= ey F0R)

hn’ e—t/2R(gt/2w7) .
Similarly, by Equation (6), by the I'-invariance of h;; r and by Equation (32), we have

ST (F-p)

B g o fpe (v gP0) = enam Pt T (g Pt

n, e—t/2R

Hence,

hy go (g o) bt o fr.(v'g'?)

fﬂ—(gt/Qw_) ﬁ+f7r(w+}2 F—, t/2 n t/2 N
m(w™ (g~ t 2w - - -
v @ h g9 TwT) B (g7 w™).

__—opt
=€ e T],e_t/QR

Now, we consider the product term in Equation (40) involving the characteristic
functions. Note that (see Section 2.2 and in particular Equation (10)) the quantity
]I'anR(Q*)(git/%) 17/{3(”*)(771925/2”) is different from 0 (hence equal to 1) if and only if

= gt/QﬂI/n—,’—R(Q_) N ’Yg_t/qu/n,_R(Q—i_) =yt

SN (LG VU Tk A G VD

n,e /2R

By Lemma 8 (applied by replacing D by DT and w by v), there exists ¢, ¢ > 0 such that
for all n €]0,1] and t > t, for all v € T' M, if HVnTR(Q’)(git/QU) ]l,VnTR(Qﬂ(,Yflgt/%) # 0,
then the following facts hold:

(i) by the convexity of D*, we have v € %5_ N %ﬁﬁ’
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(ii) by the definition of w® (see Equation (41)), we have w™ € Q~ and wt € yQF (The
notation (w~,w™) here coincides with the notation (w™,w™") in Lemma 8),
(iii) there exists a common perpendicular o, from D~ to yDT, whose length ¢, satisfies

|€7_t|§277+006_t/2a

whose origin 7(vy) is at distance at most cg e~!/? from w(w~), whose endpoint
m(v¥) is at distance at most co e~ 2 from m(w™), such that the points 7(g"/?w™)

and 7(g~"?wt) are at distance at most 1 + coe~*/? from 7(v), which is at distance
at most ¢p e */2 from some point p, of Oy
In particular, using (iii) and the uniform continuity property of the F-weighted length
(see Inequality (14) which introduces a constant co € |0, 1]), and since F' is bounded, for
iy : —t/2 —1,¢/2
all n €]0,1], t >ty and v € T*M for which ]17/;}?1(97)(9 t/2y) ]l,VnTR(Qﬂ(y g"%v) # 0,

we have

(gt 2w™) =, pr(wT ~ pv 7 o) = —t/2
efw((j—)w )F+fﬁ(;’”_t}2w+)F _ efw(v;)F—’—fpv 7 F+O((n+et/2)e2)
— ooy B LO(te 1 /2)e2) (42)

For all ) €10,1], y € T and T > to, define .«7, ,(T) as the set of (t,v) € [to, T] x T*M

such that v € "f/n+ (gt/QQ_) N 7/17 . (VQ_t/QQ+)}, and

e"t/2R ,e"t/2R

jW,’Y(T) = //(t et A (T) h; eft/2R(9t/2w7) h,—;: eft/2R(97t/2w+) dt dﬁlF(v)-
yV)EDn ~

By the above, since the integral of a function is equal to the integral on any Borel set
containing its support, and since the integral of a nonnegative function is nondecreasing
in the integration domain, there hence exists ¢4 > 0 such that for all 7" > 0 and 7 € ]0, 1],
we have

. ﬁ' . _ —l~ /2\c
ZU(T) > —c4 + Z efaw ]nW(T) e O((n+e™"/%)°2) ’
V€D : to+2+co<ly <T—O(n+e~*1/?)

- _ s +
U1 € et/ T EIN g emtr/2)

and similarly, for every T" > T,

. fa F . / O —£~/2)co
ZU(T) <cq+ Z elay ]7]7'\/(T)6 ((n+e )e2) .
YET : tg+24co<ly <T+O(nt+e41/2)

U:YFE’YJV 7ZW/2)Q+

vy €
i O(n+e

Hogre=ta/H
We will take 7" to be of the form T+O(n+e~%/?), for a bigger O(-) than the one appearing
in the index of the above summation.

Step 5: Conclusion. Let v € ' be such that D™ and vD™ have a common perpen-
dicular with length £, > to 4+ 2 + cg. Let us prove that for all € > 0, if 5 is small enough
and £., is large enough, then for every T > £, +O(n 4 e~%/?) (with the enough’s and O(-)
independent of «y), we have

1—€e<gp,(T)<1+e. (43)
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Note that ¢+ (AZ(QF)) and 7+ (A_.(QF)) tend to 7 (QF) as € — 0 (since 7+ (9NF) =
0 as required in Step 1). Using Step 3 and Step 4, this will prove Equation (30), hence
will complete the proof of Theorem 14.

We say that (M I, F ) has radius-continuous strong stable/unstable ball masses if for
every € > 0, 1f r > 1 is close enough to 1, then for every v € T'M, if B~ (v, 1) meets the
support of uwsu ()’ then

M;rysu(y)(Bi(v’T)) < eelu;/m(v) (B~ (v,1))
and if B*(v,1) meets the support of Pyss () then

M;Vss(v)(B+(v’ 7)) < eel‘;{/ss(v) (B+(Ua 1)).

We say that (M I,F ) has radius-Hélder-continuous strong stable/unstable ball masses if
there exists ¢ € ]0,1] and ¢ > 0 such that for every € € ]0, 1], if B~ (v, 1) meets the support
of Ma/su ()’ then

M-iVE/su(v)(Bi(v’T)) < 60/6CN+Wsu(v) (B~ (v,1))

and if B*(v,1) meets the support of ,u;VSS(U), then
ILLI;/SS(U) (B+(U7 T')) S ec eCIU'ITVSS(U) (B+(U7 1)) .

When the sectional curvature has bounded derivatives and when (]\7 I,F ) has Holder
strong stable/unstable ball masses, we will prove the following stronger statement: with a
constant ¢z > 0 and functions O(-) independent of v, for all n € ]0,1] and T' > £, + O(n +

e~4/?), we have
Jn~(T) = <1 +0 (egv/2>>260((n emtr/2)er) (44)
G 2n

This stronger version will be needed for the error term estimate in Section 5. In order
to obtain Theorem 14, only the fact that j, ,(7") tends to 1 as firstly £, tends to +oo,

secondly 7 tends to 0 is needed. A reader not interested in the error term may skip many
technical details below.

Given a,b > 0 and a point z in a metric space X (with a, b, x depending on parameters),
we will denote by B(z, an(b)) any subset Y of X such that there exists a constant ¢ > 0
(independent of the parameters) with

B(z,ae ¢®) CY C B(z,ae?).
Let n € 10,1} and T' > £, 4+ O(n + e~t1/2). To simplify the notation, let
e = e_t/QR, w, = gt/Qw_ and w;r = g_t/2w+.

By the definition of j, -, using Equations (33) and (34), we hence have

jmw(T)=L// h;n( ;) hat o, (W) dt dimp (v)
(t V)€, (

7(;2Z’7/2

dt di
_ //’ 7 7”{“0 . ()
()t (T (B (w; re)) 1 (B (w1 r0))

WSS( ) Wsu(w:‘)

We start the proof of Equation (43) by defining parameters s, s, s,v’,v” associated
o (t,v) € @y~ (T).
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wenwd)./ N\ w?)

We have (t,v) € o, (T) if and only if there exist s* € | —n,n[ such that

g v e BE (g™ ?wT, e M?R).

The notation s coincides with the one in the proof of Lemma 8 (where (D, w) has been

replaced by (yD™,v)).

In order to define the parameters s, v’,v”, we use the well known local product structure
of the unit tangent bundle in negative curvature. If v € T'M is close enough to 1)9/ (in
particular, v_ # (v9)4 and vy # (v9)-), then let v/ = f;Bi(vg)(v) be the unique element

0 . !/ " __ — : 0
of W*(vy) such that v, = vy, let v" = fHB+(v2)(v) be the unique element of W (vJ)
such that v” = v_, and let s be the unique element of R such that g~ %v € W (/).
The map v — (s,v',v”) is a homeomorphism from a neighbourhood of v in T'M to a

neighbourhood of (0,v9,v9) in R x W (0) x W*(v)). Note that if v = g"v) for some

r € R close to 0, then

_ b, —t by, —1t
w :vﬁ/,w+:v+,s:r,v’:v’/:v2,s = 72 + s, s+:—72 —s.

Up to increasing to (which does not change Step 4, up to increasing c4), we may assume
that for every (t,v) € @, ,(T), the vector v belongs to the domain of this local product

structure of T1M at vg.
The vectors v, v, v” are close to vg if ¢ is big and 7 small, as the following result shows.

We denote (also) by d the Riemannian distance induced by Sasaki’s metric on 7! M.

Lemma 16 For every (t,v) € oy~ (T), we have d(v,v3),d(v',v9),d(v",v9) = O(n+et/2).

Proof. Consider the distance d’ on T'M , defined by

YV 1,09 € Tlﬂ, d (vi,v2) = rr[1a1xo}d(7r(grv1),7r(grv2)) .
re|—1,

As already seen in Step 4, we have d(ﬂ(wi),w(vf)), d(m(v), ) = O(e*/?), and besides
d(m(gt?w™), 7 (v)), %—% = O(n+e?). Hence d(r(v), 7(v2)) = O(n+e~*?). By Lemma

6, we have !
dlr(g™3 ), 7(v) < dlmlg™2 " 0), m(w?)) +dlm(w), 7)) < Reteoe™/2.

By an exponential pinching argument, we hence have d’(v,v9) = O(n + e~t/2). Since d

and d' are equivalent (see [Bal, page 70]), we therefore have d(v,v9) = O(n + e~tr/?),
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For all w € T'M and V € TwTIZf\\I/ , we may uniquely write V = VU + V0 4+ VS with
Vsu e T, W (w), VO € R%‘togtw and V* € T,,W"(w). By [PPS, §7.2] (building on [Bri]
whose compactness assumption on M and torsion free assumption on I' are not necessary
for this, the pinched negative curvature assumption is sufficient), Sasaki’s metric (with

norm || - ||) is equivalent to the Riemannian metric with (product) norm

VI'= VIV R+ VO + [ Ve]?.

By the dynamical local product structure of TM in the neighbourhood of 1)9/ and by the
definition of v/,v”, the result follows, since the exponential map of TIM at vg is almost
isometric close to 0 and the projection to a factor of a product norm is 1-Lipschitz. O

We now use the local product structure of the Gibbs measure to prove the following
result.

Lemma 17 For every (t,v) € <, (T'), we have
_ e—tr/2ye _
dt diivp(v) = Qe ) gt ds Attgiran o) (V) Aptygres 0y (V") -

Proof. By the definition of the measures (see Equation (18), (19), (20)), since the above
parameter s differs, when v_, vy are fixed, only up to a constant from the time parameter
in Hopf’s parametrisation, we have

difip(v) = €0 0T+ CL @070 gy () dpit, (v ds

b (w0, 7))
+

d/’L+Wsu(vg)(U/) =€ dﬂ:o (’U;) 5

} oy (@0, m (")
d/’[/Wss(UQ{)(v”) =€ - dlu$() (U/—,) .
By Equation (17), since F' is bounded, we have | Cgc(z, Z)| = O(d(z, 7)) for all £ € o M

and 2,2’ € M with d(z,2') bounded. Since the map 7 : T'M — M is 1-Lipschitz, and
since v = v/, and v_ = v”, the result follows from Lemma 16 and the cocycle property

(15). O
When £, is big, the submanifold 9} (¢©/?Q7) has a second order contact at vg with

Wsu(vg) and similarly, 9% (g=%/2Q7") has a second order contact at 1)9/ with WSS(U,OY). Let
P, be a plane domain of (t,s) € R? such that there exist s € | — n,n[ with sT =
g”;t + 54 0(e~/?). Note that its area is (27 +O(e~%/2))2. By the above, we have (with

the obvious meaning of a double inclusion)

y~(T) = Py x B’(vg,n 60(77+6_€7/2)) X B+(1)9/,T‘t 60(77+6_Z7/2)).
By Lemma 17, we hence have
Ay~ (T)

(Bf(vg, T eO(nJre—éw/?))) u BJF(US, r eO(nJre—Z—y/z))) .

+
’LLWSU(UQ{) Wss (vg)(
(46)
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The last ingredient of the proof of Step 5 is the following continuity property of strong
stable and strong unstable ball volumes as their center varies (see [Rob, Lem. 1.16], [PPS,
Prop. 10.16] for related properties, though we need a more precise control for the error
term in Section 5).

Lemma 18 Assume that (M, T, F) has radius-continuous strong stable /unstable ball mas-
ses. There exists cs > 0 such that for every e > 0, if n is small enough and € large enough,
then for every (t,v) € @, (T, we have

:u'+Wsu(wj)(B7(w:_7rt)) = 60(6%) M;/su(vg)(Bi(U?ﬂrt))
and
Hypos oy BT (w2 71)) = €97 sy o (B (05, 10))

If we furthermore assume that the sectional curvature of M has bounded derivative and
that (M,T, F) has radius-Hdlder-continuous strong stable/unstable ball masses, then we
may replace € by (n + G_E'V/Q)CG for some constant cg > 0.

Proof. We prove the (second) claim for #%, the (first) one for #*" follows similarly.
The final statement is only used for the error estimates in Section 5.

Bt (w™,R)

Uy

B+(v;,ReO(n+efv/2))

Using respectively Equation (9) since w; = ¢//?w™ and r; = e""/?R, Equation (21)
where (v, t,w) is replaced by (gt/2v,t/2,gt/2w*), and Equation (16), we have

_ . _ - t/2
ety B = [ e 6
- Ci_ (n(v), w(g"?v)) 7. —
- € d/’[/ SS () — (U)
/v€B+(w—,R) wes(w™)
t/2.\ ~
B fﬂ((g) v)(F—(SF) du=
= e’ Pyyrss (- (V) - (47)
/v€B+(w—,R) wes(w™)
Similarly, for every a > 0, we have
/’L;Vss(v())(B+(Uga art)) _ / ef:((f)t/%)(ﬁ—éF) dﬂ;{/ss(v())(v) (48)
v vEBT(vY,aR) v

Let h~ : Bt (w™, R) — W*(v;) be the map such that (h~(v))- = v_, which is well
defined and a homeomorphism onto its image if £, is big enough (since R is fixed). By
Proposition 10 applied with D = HBy(w~) and D" = HB,(v), we have, for every
v € BY(w,R),

— — o= Co_(7(), (™ (v))) 4, — -
dlu/Wss(w—)(v) =€ dlu’wss(v’?)(h ('U)) *
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Let us fix € > 0. The strong stable balls of radius R centered at w™ and vy are
very close (see the above picture). More precisely, recall that R is fixed, and that, as
seen above, d(m(w™),m(vy)) = O(e=%/?) and d(w(gtﬂw*),ﬂ(gzw/%;)) = O(n+eh/?).
Therefore we have d(m(v), 7(h™(v))) < € for every v € BY(w™, R) if n is small enough
and /, large enough. If furthermore the sectional curvature has bounded derivatives, then
by Anosov’s arguments (see for instance [PPS, Theo. 7.3]) the strong stable foliation is
Hoélder-continuous. Hence we have d(7(v), 7(h~ (v))) = O((n + e~/2)%) for every v €
BT (w™, R), for some constant ¢ > 0, under the additional hypothesis on the curvature.
We also have h™ (Bt (w™, R)) = B* (v, ReP) and, under the additional hypothesis on

the curvature, h~ (B*(w™, R)) = B*(v7, Reo(("‘ke%wm)%)). Assume in what follows that

¢ = (n+ e~H/2)% under the additional hypothesis on the curvature. By Equation (17),
we hence have, for every v € BT (w™, R),

dﬂ‘}/ss(w—)(v) — (O(e2) d”;vss(v;)(h_ (v))

and, using Equation (14),

m(gt/2v) _ m(g"/2h=(v)) _
/ (F—(SF)—/ (F — 6p) = O(e®2) .
(v) w(h=(v))

The result follows, by Equation (47) and (48) and the continuity property in the radius.
O

Now Lemma 18 (with € as in its statement, and when its hypotheses are satisfied)
implies that

// dt dT%F(U)
()€t (T) Hygre ey (B0 7)) 1o (B (i 10))

_ £O(e5) ff(m)edm(ﬂ dt dmp(v) .
ety BT (. 70) 1y (B (28 7))

By Equation (45) and Equation (46), we hence have

) /209y ees (20 4 O(e=/2))?
A (T) = OUFeT775)%2) e
n "/( ) (277)2

under the technical assumptions of Lemma 18. The assumption on radius-continuity of
strong stable/unstable ball masses can be bypassed using bump functions, as explained in
[Rob, page 81]. O

4.2 Equidistribution of equidistant submanifolds

In this subsection (which is not needed for the counting and equidistribution results of
common perpendiculars), we generalize the main theorem of [PP5] from Bowen-Margulis
measures to Gibbs measures, to prove that the skinning measure on (any nontrivial piece
of) the outer unit normal bundle of any proper nonempty properly immersed closed convex
subset, pushed a long time by the geodesic flow, equidistributes towards the Gibbs measure,
under finiteness and mixing assumptions.
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Theorem 19 Let M be a complete simply connected Riemannian manifold with pinched
sectional curvature bounded above by —1. Let F:T'M — R be a bounded T-invariant
Hélder-continuous function with positive critical exponent dp. Assume that the Gibbs
measure mp is finite and mizing for the geodesic flow. Let 9 = (D;) be a locally finite
I-equivariant family of nonempty proper closed convex subsets of M. Let Q = (Q)ier be
a locally finite I'-equivariant family of measurable subsets of Tlﬂ, with Q; C 8}rD,~ for all
i€ 1. Assume that ag s finite and nonzero. Then, ast — +oo,

1 Lo 1
om0 = T

Similarly, under the assumptions of this theorem, if Q = (9;);er is a locally finite
I'-equivariant family of measurable subsets of TV M, with €; C 9L D; for all i € I, if og is
finite and nonzero, then, as t — +oo,

1
1(g~")xoqll

1

(6o = T
. [mp|

Since pushforwards of measures are weak-star continuous and preserve total mass, we
have, under the assumptions of Theorem 19, the following equidistribution result in M of
the immersed t-neighbourhood of a proper closed properly immersed convex subset of M:
as t — +o0,
! T (gh)sod = ! TaMp .
Togll " [mepll
When F = 0, M is a symmetric space and I' has finite covolume, then m,mpg is, up to
a constant multiple, the Riemannian volume measure of M. In particular, the bound-
ary of the immersed t-neighbourhood of the convex hull of any infinite index loxodromic
cyclic or convex-cocompact nonelementary subgroup of I' equidistributes in M towards
the Riemannian volume.

Proof. The proof is analogous with that of Theorem 19 of [PP5]. Given three numbers
a,b, ¢ (depending on some parameters), we write a = b+ cif |a — b| < c.

Let n € ]0,1]. We may assume that I'\ [ is finite, since for every € > 0, there exists a I'-
invariant partition I = I'UI"” with '\’ finite such that if Q" = (), and Q" = ();er7,
then o = o, + ob, with [[(g7")soqn|| = |lods|| < e. Hence, using Lemma 12, we may
fix R > 0 such that V;(VJmR) > 0 for all w € 91 D; and i € I. We will use the global

test functions 5,, cTIM — [0, +00[ now defined by (using the conventions of Step 2 of

Theorem 14)
= 2 nra = D Mg fb Lyt
i€l /~ i€l /~

As in [PP5, Lem. 17], the map 5,7 cTIM — [0, 4+00] is well defined (independent of the
representatives of i), measurable and I'-equivariant. Hence it defines, by passing to the
quotient, a measurable function ¢, : T'M — [0,+oc[. By Lemma 15, the function ¢, is
integrable and satisfies

/ by dmp = o] (49)
TIM
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Fix v € €.(T*M). Let us prove that

! b d(gh)uol = —

lim ———
t=too [[(g)wo |l Jrim @ lmell S

wdmp.

Consider a fundamental domain Ar for the action of T' on T M as in [Rob, page 13] (or in
the proof of [PP5, Prop. 18]). By a standard argument of finite partltlon of unity and up
to modifying Ar, we may assume that there exists a map ¢ T'M — R whose support
has a small neighbourhood contained in Ar such that ¢ = 1 o p, where p : TlM —
T'M = F\TlM is the canonical projection (which is 1-Lipschitz). Fix e > 0. Since 1/) is
uniformly continuous, for every n > 0 small enough and for every ¢ > 0 large enough, for

alleTlMandveV

. e—tR We have

P(v) = Y(w) £ 5. (50)

If ¢ is big enough and 7 small enough, we have, using respectively

Proposition 9 (iii) for the second equality,
the definition of h, .-« for the third equality,
the disintegration Proposition 13 for the fibration fj% D; for the fourth equality,

the fact that a small neighbourhood of the support of v is contained in Ar, the

definition of the test function gb; e—tR, gt and Equation (50), for the fifth equality,

e Equation (36) for the sixth equality, N
e the definition of the global test function ¢, for the seventh equality,
e the invariance of the Gibbs measure under the geodesic flow the last equality.
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/1/1 ()0
-y / o D) dtg')., )

i€/~
~ m(w) ~
- Z / P(w) ¢ Jrtgmtuy (F—0F) a5, (w)
i€l )~ wegtQ)
— ( F 5 B B
B Z /Egtﬂ ‘ ”(9 o h”’e_tR(w) Yw (Ver,n,e—tR) 7/)( )dU/VD (w)
icl/~ "
(. 5 )
7jﬁqj§ onF=08) N _ R
) Z / 7 (9'9) ‘ o hnye_tR © f/%DZ(’U) ¢(f/%Dz(v)) de(’U)
i€l /~ ve —tr\9g
fJV () -
7f7r - t+ (F—dF) N ) )
= Z e (9=trt, D, () ¢ e—tR tQ,(U) (1}[)(1}) + _) de(v)
eI/~ Y VEAT ; RS 5
_ _ ~ € B
- Z / b 1.0, (970) (V(v) £ 5) dinp(v)
’iEI/N vEAD 2

~ ~ e 6 ~ _ .
:/ ¢nogtzpdmpi§/ qﬁnogtdmp
AF A1"
_ €
:/ ¢nogtwdmpi§/ ¢y dmp .
T'M T'M

By Equation (49), we have ||(¢')so|| = lod || = [71,, &y dmp. By the mixing property of
the geodesic flow on T'M for the Gibbs measure, for ¢t > 0 big enough (while 7 is fixed),
we hence have

Jodg)og  Jpy o9 Vdme e Jpyvdme

I(g")o s Jring 60 dme 2 [l

This proves the result. O]

4.3 Equidistribution of endvectors of common perpendiculars in 7'M

Using Subsection 2.4, we now deduce from Theorem 14, which is an equidistribution result
in the space T'M x T'M, an equidistribution result in its quotient T'M x T'M by the
action of I' x I,

The following Corollary is the main result of this paper on the counting of common
perpendiculars and on the equidistribution of their initial and terminal tangent vectors in
T'M.

Corollary 20 Let M,F,Fv, D=, 97 be as in Theorem 14. Then,

t£+m 5 ||mp|| e OF Z Myt g ) Mgt g+ (W) ny(v,w) Ay @Ay = O';_ ® 0,
v, weTTM
(51)
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for the weak-star convergence of measures on the locally compact space T*M x TYM. If

0;_ and o, are finite, the resull also holds for the narrow convergence.
Furthermore, for all T-equivariant families QF = (Q]::;:)ke[;t of subsets of T'M with
QF a Borel subset of 831ED2F for all k € IT, with nonzero finite skinning measure and with

boundary in 8}_LD,f of zero skinning measure, we have

log-Il llog I
%iﬂtF(t) ~ Zo-iFo+ll eépt,
oF |lme||

as t — +oo.

In particular, if the skinning measures o

- and o are positive and finite, as t — +o0,

e o1 1o
o o
Nog- t) ~ —Z- AR
9 ,9+,F() 5F HmF‘
Proof. Note that the sum in Equation (51) is locally finite, hence it defines a locally finite
measure on T'M x TT'M. We are going to rewrite the sum Lin the statement of Theorem
14 in a way which makes it easier to push it down from T'M x T'M to T'M x T'M.
For every v € T' M, let

mT(¥) = Card{k € IT/. : "€ ILD},

so that for every v € T'M, the multiplicity of v with respect to the family 9127 is (see
Subsection 3.3)

m¥(v)
Moy o+ (v) = Card(Stabrv) ’
for any preimage v of v in T'M.

For all v € I and ¥, @ € T' M, there exists (i,5) € (I7/~) x (I'"/.) such that v = V;
j{r_li,j = *lv;ﬂ/j if and only if yw € ¢g® v, there exists i’ € I~/ such that
v € 3}FDZ._, and there exists j/ € I't/. such that yw € 8£D]'t. Then the choice of such
elements (i,7), as well as ¢/ and j', is free. We hence have

F
E ef"‘iv/j Av_ (4 AU+
) 4 7] y=Li, g
ZEI_/Nv ]EI+/~7 ’YEF

0<£(a¢7 ’Yj)gt ) v;—y]’:%’v v

and w = v

. =w
y=Li, j

1) f . - - ~ -
= Z el ® Card {(i,j) € I~ /~) x (IT/~) : Vi i = U5 U;L*Ii,j =w} Ay ®Ag
y€el, 0<s<t
Yw=g%v
Yy (W) 75
= Y O T @) mt () A @ Ag .
verl', 0<s<t
Yw=g*v

Therefore

Z ef“iﬁi F A- @A+

R . v
i, YJ ~—Li, 4
i€l /~, jEIT ), vEDT
O<€(aiﬁj)§t

vy (W) 7=
— Z < Z effr(ﬁ) F> m—(qu) m+({5) AE@A@ .
,weT'M Ve, 0<s<t
yw=g°v
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By definition, 09¢ is the measure on T'M induced by the I'-invariant measure 09:F
Thus Corollary 20 follows from Theorem 14 and Equation (30) (after a similar reduction
as in Step 1 of the proof of Theorem 14, and since no compactness assumptions were made
on QF to get this equation), by Subsection 2.4. U

Remark. Under the assumptions of Corollary 20 except that we now assume that ép < 0,
by considering a big enough constant o such that ép , = dr + 0 > 0, by applying
Corollary 20 with the potential F' 4+ o (see Remark (3) before Proposition 9), and by an
easy subdivision and geometric series argument, we have the following asymptotic result
as t — +oo for the growth of the weighted number of common perpendiculars with lengths
in |t — ¢, t] for every fixed ¢ > 0:

(L—e’" ) log| llo

oF |lme|l

W@77@+7F(t)_JV.OJ*,_O]“”F(t_C) ~ j+|| 6Ft .

Using the continuity of the pushforwards of measures for the weak-star and the narrow
topologies, applied to the basepoint maps © x 7 from T'M x T'M to M x M, and from
TYM x T'M to M x M, we have the following result of equidistribution of the ordered
pairs of endpoints of common perpendiculars between two equivariant families of convex
sets in M or two families of locally convex sets in M. When M has constant curvature
and finite volume, 2~ is the I'-orbit of a point and 27 is the I'-orbit of a totally geodesic
cocompact submanifold, this result is due to Herrmann [Her].

Corollary 21 Let M,F,Fv, D2=,97 be as in Theorem 14. Then
t Jos F
lim 6p ||mp| e F > et A

t—+o0
i€l= /n, JEIT /n, €T
O<Z(ai’ 'yj)St

- ®A7T ot

= T _Qmo
ivg) ( 771M) 0 * 9+ ’

(v

for the weak-star convergence of measures on the locally compact space M x ]\7, and

t_l)lin op ||mp]|| e 0F? ZT:IMmai@(v) Mot g+ (W) 1 (v, W) Ay @ Ar(u)
v, weE

= 7'('*0'5, & 40 gy

for the weak-star convergence of measures on M x M. If the measures JEJF are finite, then
the above claim holds for the narrow convergence of measures on M x M. O

Before proving the theorems numbered 1, 2 and 3 in the introduction, we recall the
precise definition of a proper nonempty properly immersed closed convex subset D¥ in a
negatively curved complete connected Riemannian manifold M: it is a locally geodesic (not
necessarily connected) metric space D¥ endowed with a continuous map f* : D¥ — M
such that, if M — M is a universal covering of M with covering group I, if D* — D=
is a locally isometric covering map which is a universal covering over each component of
D*, if fjE DF — M is a lift of f*, then fjE is, on each connected component of DjE
isometric embedding whose image is a proper nonempty closed convex subset of M and
the family of images under I' of the images by f £ of the connected component of DjE
locally finite.
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Proof of Theorems 1, 2 and 3. Let I* =T x Wo(ﬁi) with the action of I' defined
by v - (a,¢) = (ya, ¢) for all v, € T and every component ¢ of DE. Consider the families
2% = (Di)er= where Dy = a () if k = (a,¢). Then 9% are I'equivariant families
of nonempty proper closed convex subsets of M , which are locally finite since DT are

properly immersed in M. The theorems 1 and 2 then follow from Corollary 20. Theorem
3 follows by taking 2 = O}FD_ in Theorem 19. U

Corollary 22 Let M,F, ﬁ, D=, 97 be as in Theorem 1/. Assume that U;I are finite and
nonzero. Then

b 1 OF Ml e0r
im lim N —
sotoot=too |log_|l[log. ||

mai@f(v) ng g+ (V) Dgsy = mp,
veTIM

where
ng,g+ (V) = Z Myt g+ (W) g (v, w)
weTt M
is the number (counted with multiplicities) of locally geodesic paths in M of length at most
t, with initial vector v, arriving perpendicularly to .

Proof. For every s € R, by Corollary 20, using the continuity of the pushforwards
of measures by the first projection (v,w) + v from T'M x T'M to T'M, and by the
geodesic flow on T M at time s, since (¢°)+A, = Agsy, we have

. -5 _
i Sy [l Y mgy g (0) mge (0) Mgy = (6705
veTI M

The result then follows from Theorem 19 with Q = O}F.@_. O

4.4 Counting closed subsets of limit sets

In this section, we give counting asymptotics on very general equivariant families of subsets
of the limit sets of discrete groups of isometries of rank one symmetric spaces, generalising
works of Oh-Shah.

Recall (see for instance [Mos, Par|) that the rank one symmetric spaces are the hy-
perbolic spaces Hg where IF is the set R of real numbers, C of complex numbers, H of
Hamilton’s quaternions, or O of octonions, and n > 2, with n = 2 if K = 0. We will
normalise them so that their maximal sectional curvature is —1. We denote the convex
hull in H of any subset A of Hy U 0. Hy by € A.

We start with H. The Euclidean diameter of a subset A of the Euclidean space R™~1
is denoted by diam A. For any nonempty subset B of the standard sphere S*~!, we denote
by 6(B) the least upper bound of half the visual angle over pairs of points in B seen
from the center of the sphere. Let JZ, be the horoball in Hf centred at oo, consisting

of the points with vertical coordinates at least 1. For every Patterson density (,um)x i
for a discrete nonelementary group of isometries I' of M (with critical exponent dr) and
the potential F' = 0, for every horoball # in M, and for every geodesic ray p starting
from a point of 0.7 and converging to the point at infinity & of J#, the measure e t,up(t)

converges as t tends to 400 to a measure p  on BOOM —{¢}, independent on the choice of
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p (see [HP2, §2]). Since we consider the potential F' = 0, we have dp = 0r and mp = mpwm
as already seen. We take, as we may, (p; ), 77 = (,uj)xe]\;[f, which is the reason there is
no exponent + on the skinning and Patterson measures in the following statement.

Corollary 23 Let I' be a discrete nonelementary group of isometries of Hy, with finite
Bowen-Margulis measure mpy. Let (F;)ier be a T'-equivariant family of nonempty closed
subsets in the limit set AT, whose family 9% = (€'F;)icr of convex hulls in HE is locally
finite, with finite nonzero skinning measure.

(1) In the upper halfspace model of HE, assume that AT is bounded in R"™! = 9, HE —{oc},
and that oo is not the fized point of an elliptic element of I'. Let 2~ be the I'-equivariant
family (v %) er. Then, as T — +o0,

Card{i € I/, : diam(F;) > 1T} ~ 17z lloz=ll opsr
or|lmem||

(2) In the unit ball model of Hy, assume that no nontrivial element of I' fizes 0. As
T — +o00, we have

Card{i € I/ : cotO(F;) < T} ~ Imoll oz (2T)°r .
or[lmauml||

(3) In the upper halfspace model of H, assume that oo is not the fized point of an elliptic
element of . Let Q be a Borel subset of R" ™1 = O HE — {00} such that pe (Q) is finite
and positive and py, (02) = 0. Then, as T — +o0,

) |log
Card{i € I/ : diam(F;) > 1/T, F;NQ # 0} ~ %)”“ﬁ*” (27)°r .
T BM

This corollary generalises results of Oh-Shah (Theorem 1.4 of [OS1] and Theorem 1.2

of [OS3]) when the subsets F; are round spheres.
When I' is an arithmetic lattice, the error term in the claims (1) and (2) is

O(Tr ")

for some x > 0, as it follows from Theorem 27 (ii) (using the Riemannian convolution
smoothing process of Green and Wu as in [PP4, §3] to smooth by a very small perturbation
the boundary of ¥ F;, so that the perturbation of the lengths of the common perpendiculars
and the integrals of the potential along them are uniformly small).

Proof. Note that the Bowen-Margulis measure mpgyr, since finite in a locally symmetric
space, is mixing (see for instance [Dal2, page 982]).

+

o —

(1) Note that the skinning measure o, _ is nonzero since I' is nonelementary, and finite
since the support of 5;}00, consisting of the points v € aiffoo such that vy, € AT, is
compact.

For each i € I, let z;,y; € F; be points that realise the diameter, that is, diam F; =
|zi — vill, where || - || is the Euclidean norm in R"~!. The (signed) length ¢(c ;) of the
common perpendicular . ; from 2%, to the geodesic line in Hy with endpoints x; and y;
(which is also the common perpendicular from .75, to €F;) is log m Thus, since the
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stabiliser in I of an element of 01 7% is trivial, and since I acts transitively on the index
set of the family 27,

Card{i € I/~ : diam(F;) > 1/T} = Card{i € I/~ : {(ae ;) <log(2T)}
= Nz~ g+,0(log(2T))

which implies the claim (1) by Corollary 20.

(2) Let 27 be the I'-equivariant family ({y0}),er, whose skinning measure in T'M is
o= > ver :“y07 so that Ha9 || is equal to the (finite and nonzero) total mass ||ug || of
the Patterson measure at 0, since the stabiliser of 0 in I" is trivial.

For each i € I, let x;,y; € F; be such that 0(F;) = 0({x;,y;}). The angle of parallelism
formula (see for instance [Bea, p. 147]) implies that cot 8(F;) = sinhd(0, € F;), and the

rest of the proof is analogous to that of (1).

(3) Note that we do not assume in (3) that the I'-equivariant family 2~ = (v )~er
is locally finite, and we will only use Equation (30) (and not Corollary 20) to prove the
claim (3). One can check that the proof of Equation (30) does not use the local finiteness
property of 2~. By applying the definition of the skinning measure a}m with the base
point z¢g = p(t) where p is a geodesic ray starting from a point of 9., and converging
to oo, and letting ¢ — 400, we see that the pushforward of the measure p_»_ by the map
x — (0,-1) € T(lx’l)Hﬂ% from R™"™! to 017 is exactly the skinning measure 5}'&. If
diam F; is small and F; meets €2, then F; is contained in 4.{2 for some small € > 0, and
W, (Ne€) converges to puz, () as € — 0. We hence apply Equation (30) with Q_ the
image of Q by this map = — (0, —1). O

Corollary 5 in the Introduction is a special case of the following corollary. For every
parabolic fixed point p of a discrete isometry group I' of Hlg, recall that, by Bieberbach’s
theorem, the stabiliser of p in I' contains a subgroup isomorphic to ZF with finite index,
and k = rkp(p) > 1 is called the rank of p in T

Corollary 24 Let I' be a geometrically finite discrete group of isometries of the upper
halfspace model of HY, whose limit set AT is bounded in R"™! = 9,,HR — {00} (endowed
with the usual Euclidean distance). Let Ty be a geometrically finite subgmup of I' with
infinite index. Assume that the Hausdorff dimension & of AI' is bigger than rkr(p)—rkr, (p)
for every parabolic fixed point p of I'y. Then, there exists an explicitable ¢ > 0 such that,
as T — +o0,

Card{y € T'/T : diam(yAlg) > 1/T} ~ ¢T° .

The assumption on the ranks of parabolic groups (needed to apply [PP5, Theo. 10])
is in particular satisfied if every maximal parabolic sugbroup of I'y has finite index in the
maximal parabolic subgroup of I' containing it, as well as when n = 3 and 6 > 1 (or
equivalently if I' does not contain a Fuchsian group with index at most 2, when AT is not
totally disconnected, see [CaT, Theo. 3 (3)]).

Proof. First assume that oo is not fixed by an elliptic element of I'. Since I' is ge-
ometrically finite, its Bowen-Margulis measure is finite (see for instance [DOP]). The
critical exponent dr of I' is equal to the Hausdorff dimension 6 of AT'. Let I'{y be the
stabiliser of the limit set ATy of Iy, and recall that I'g has finite index in I'f, (see for
instance [Kap, Coro. 4.136]). Let us consider I = I', the family (F; = iAT'g);er (which
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consists of nonempty closed subsets of AT'), and 21 = (¢'F;);er (which is locally finite),
so that I/ =T'/I'{,. Since I'¢ is geometrically finite, the convex set ¥ AT is almost cone-
like in cusps and any parabolic subgroup of I" has regular growth (see the definitions in
[PP5, Sect. 4]). Hence, under the hypothesis on the ranks of parabolic groups, by [PP5,
Theo. 10], the skinning measure o, is finite. It is nonzero by Proposition 9 (iv), since
ATy # AT as T’y has infinite index (as seen above). Note that

Card{y € I'/Ty : diam(yAT'¢) > 1/T}
= [y : Tp]Card{y € T'/T§, : diam(yATo) >1/T}.

The result then follows from Corollary 23 (1).

Now, if oo is fixed by an elliptic element of I', let IV be a finite-index torsion-free
subgroup of I' (in particular I is geometrically finite, and AT = AT is bounded, with
Hausdorff dimension §). The action by left translations of IV on I'/Ty has only finitely
many (pairwise distinct) orbits, say ailo,...,aplg. For ¢ = 1,...,k, the group I'} =
a;Toa; ! NT' is geometrically finite with infinite index in I'". Let A(T) = {yTo € T/T :
diam(yAT'g) > 1/T} and Ai(T) = {yTo € A(T) : T'ATy = MeyTo} for i = 1,... k,
so that Card A(T) = Y% Card 4;(T). The map 4Ty — T from Ay(T) to {y'T} €
/T, : diam(y'AT) > 1/T} where o/ € T satisfies Y['g = 7', is easily seen to be
well-defined and a bijection. Note that the Hausdorff dimension § of AT” = AT is bigger
than rkp/(p) — rkr (p) = rkp(a;lp) - rkpo(aflp) for every parabolic fixed point p of T,

since a;lp is a parabolic fixed point of I'y. By the above torsion-free case, for i =1,...,k,
there exists ¢; > 0 such that Card 4;(T) ~ ¢; T% as T — +oo. The result then follows
with ¢ = Zle Ci- O

Corollary 25 LetI' be a geometrically finite discrete group of PSLa(C) with bounded and
not totally disconnected limit set in C, which does not contain a quasifuchsian subgroup
with index at most 2. Then there exists ¢ > 0 such that the number of connected compo-
nents of the domain of discontinuity QU of I' with diameter at least 1/T is equivalent, as
T — 400, to ¢T® where § is the Hausdorff dimension of the limit set of T

When oo is not the fixed point of an elliptic element of I' (for instance if I" is torsion
free), we have
_ 2oyl
o
= 5ol 2 178!

with 27 = (v )~er and Q= (v€2)er, where § ranges over a set of representatives of
the orbits under I' of the connected components of QI' whose stabiliser has infinite index
inT.

Proof. As mentionned after Corollary 24, we have § > 1, hence the assumption of this
corollary on the ranks of parabolic groups is satisfied. By Ahlfors’s finiteness theorem, the
domain of discontinuity QI' of T (which is a finitely generated Kleinian group) has only
finitely many orbits of connected components (see for instance [Kap, Coro. 4.108]). Since
I" is geometrically finite, the stabiliser of a component of QI is again geometrically finite
(see for instance [Kap, Coro. 4.112]). The components of QI' which are stabilised by a
finite index subgroup of I' do not contribute to the asymptotics.
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The assumptions on I' imply that there exists at least one other component of 2I'.
Otherwise indeed, the stabiliser of every component (2 of QI has finite index in I', and in
particular 02 = AI'. Up to taking a finite index subgroup, we may assume that ' is a
function group (that is, leaves invariant a component of QI'). By [MaT, Theo. 4.36], ' is a
Klein combination of B-groups (that is, preserving a simply connected component of their
domain of discontinuity) and elementary groups. Since AT is not totally disconnected and
since 0€) = AT for all components € of QI', this implies that I' is a B-group. By the
structure theorem of geometrically finite B-groups (see [Abi, Theo. 8]), this implies that
I" is quasifuchsian, a contradiction.

The stabilisers of these other components of QI' have infinite index in I'. Hence the
result follows from Corollary 24, by a finite summation. O

For example, Corollary 25 gives an expression for the asymptotic number of the com-
ponents of the domain of discontinuity with diameter less than % as T — oo of the crossed
Fuchsian group generated by two Fuchsian groups, using the terminology of Chapter VIII
§E.8 of [Mas], as in the figure below, produced using McMullen’s program 1lim. See for
example Maskit’s combination theorem in loc. cit. for a proof that crossed Fuchsian groups
are geometrically finite.

We now consider Hg, leaving to the reader the extension to the other rank one sym-

metric spaces. We denote by (v, w) — w' - w = Z?;ll w; w; the usual Hermitian product

on C" ! and |w| = w-w. Let
¢ = {(wp,w) €eCxC" ' : 2Rewp — |w|* > 0},
endowed with the Riemannian metric (normalised as in the beginning of Section 4.4)

! (
(2Re wy — [w]?)?

ds?® = (dwy — dw - w)((dwy — w - dw) + (2Re wy — |w|?) dw - dw),
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be the Siegel domain model of the complex hyperbolic n-space (see [Gol, Sect. 4.1]). Let
Horo = {(wo,w) € Cx C"1 : 2Re wy — |w|? > 2},
which is a horoball centred at oo. The manifold
Heisg, 1 = OuHE — {00} = {(wo,w) € C x C"™' : 2Re wy — |w|* = 0}
is a Lie group (isomorphic to the (2n — 1)-dimensional Heisenberg group) for the law
(wo, w) - (W), w") = (wo + wj +w - w',w+w').

The Cygan distance dcygs (see [Gol, page 160]) and the modified Cygan distance d’Cyg
(introduced in [PP1, Lem. 6.1]) are the unique left-invariant distances on Heisy,,—1 with

dCyg((wovw)v (070)) =V 2‘?1}0‘ ) d/Cyg((w07w)7 (070)) -V 2‘?1}0’ + ’w’2 :

doye? . . . . .
Let ’éyg = dcfi, which, since doyg < déyg < \/idcyg, is almost a distance on Heisg,_1.
Cyg

For every nonempty subset A of Heisg,_1, we denote by

diamdgyg (A) = z,y&%};yéy déyg(x’ y)

the diameter of A for this almost distance.

Corollary 26 Let I be a discrete nonelementary group of isometries of the Siegel domain
model of HY, with finite Bowen-Margulis measure mpy. Assume that AL is bounded in
Heisy,—1, and that oo is not the fixed point of an elliptic element of I'. Let 2~ be the
I'-equivariant family (v ) yer. Let (Fy)ier be a I'-equivariant family of nonempty closed
subsets in AT, whose family 2% = (€'F,)icr of convex hulls in Hf. is locally finite, with
finite nonzero skinning measure. Then, as T — +o0,

: : log-1llog+ll oms
Card{i € I/~ : diamyg (F;)>1/T} ~ ———=—— (27)°".
{ / dcyg( Z) / } 5FHmBMH ( )

The proof of this corollary is similar to the one of Corollary 23 (1), and has a similar
corollary as Corollary 24 (replacing the rank of a parabolic fixed point by twice the critical
exponent of its stabiliser), since

e the (signed) length in H of the common perpendicular from 7%, to a geodesic in

¢ with endpoints z,y € Heisa,_; is log m by [PP2, Lem. 3.4];
Cyg\*"?
e the critical exponent of a geometricbz/ﬂly finite group I' of isometries of H is the

Hausdorff dimension of AT for anyone of the (almost) distance dcyg, gy, Ay

5 Error terms

Let ]\7, xzg, I' and M be as in the beginning of Section 2. Let E: T'M — R be a I-
invariant Holder-continuous function, and let F : T'M = I'\T'M — R be its quotient
map. We assume that the Gibbs measure mp is finite, and we define mp = anl—i”

In this section, we give bounds for the error term in the equidistribution and counting
results of the previous section when the geodesic flow is exponentially mixing and the
(strong) stable and unstable foliations are assumed to be at least Holder-continuous.
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There are two types of exponential mixing results available in this context. Firstly,
when M is a symmetric space, then the boundary at infinity of M, the strong unstable,
unstable, stable, and strong stable foliations of 7'M are smooth. Hence talking about
leafwise €*-smooth functions on T M makes sense. We will denote by €(T! M) the vector
space of €*-smooth functions on T'M with compact support and by |[[1/||; the Sobolev
W%2-norm of any ¢ € €X(T'M).

Given ¢ € N, we will say that the geodesic flow on T'M is exponentially mizing for
the Sobolev regularity ¢ (or that it has exponential decay of £-Sobolev correlations) for the
potential F' if there exist ¢, x > 0 such that for all ¢,y € CKCZ(TIJM) and all t € R, we have

[ oegtwdme— [ ame [ wdmp | < el ol
T'M T'M T'M

When F' = 0 and I is an arithmetic lattice in the isometry group of M (the Gibbs measure
then coincides, up to a multiplicative constant, with the Liouville measure), this property,
for some ¢ € N, follows from [KM1, Theorem 2.4.5], with the help of [Clo, Theorem 3.1]
to check its spectral gap property, and of [KM2, Lemma 3.1] to deal with finite cover
problems. Also note that when F'= 0 and M has finite volume, the conditional measures
on the strong stable/unstable leaves are homogeneous, hence (M I, F ) has radius-Hoélder-
continuous strong stable/unstable ball masses.

Secondly, when M has pinched negative sectional curvature with bounded derivatives,
then the boundary at infinity of M, the strong unstable, unstable, stable, and strong stable
foliations of T'M are only Holder-smooth (see for instance [Brl] when M has a compact
quotient (a result first proved by Anosov), and [PPS, Theo. 7.3]). Hence the appropriate
regularity on functions on TM is the Hélder one. For every a € |0,1[, we denote by
€& (X) the space of a-Holder-continuous real-valued functions with compact support on
a metric space (X, d), endowed with the Holder norm

_ @)= 0]
”f”a_”f”erx,yexP#y e

Given « € )0, 1[, we will say that the geodesic flow on T'M is exponentially mizing for
the Hélder regularity o (or that it has exponential decay of a-Hélder correlations) for the
potential F' if there exist ¢, x > 0 such that for all ¢,1 € €*(T*M) and all t € R, we have

[, eostvame~ [ oamp [ vamr | <ee ol [l

This holds for compact manifolds M when M is two-dimensional and F' is any Holder
potential by [Dol], when M is 1/9-pinched and F' = 0 by [GLP, Coro. 2.7], when mp is
the Liouville measure by [Liv], and when M is locally symmetric and F' is any Holder
potential by [Sto]. See also [MO)] for the first important case of infinite covolume.

Theorem 27 Let M be a complete simply connected Riemannian manifold with negative
sectional curvature. Let I be a nonelementary discrete group of isometries of M. Let
F :T'M — R be a bounded T-invariant Hélder-continuous function with positive critical
exponent 0. Let 9 = (D Z)261 be a locally finite I'-equivariant family of nonempty proper
closed conver subsets ofM with finite nonzero skinning measure og. Let M = F\M and
let F: T'M — R be the potential induced by F.
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(i) If M is compact and if the geodesic flow on T M is mizing with exponential speed for
the Hélder regularity for the potential F, then there exist a € 10,1[ and k" > 0 such that
for all ¢ € €T M), we have, as t — +oo0,

1 1 "
e / b d(gh)sog = —— / ¥ dmp + O™ []la) -

[mp]|

(ii) Ifﬂ is a symmetric space, if D; has smooth boundary for every i € I, if mp is finite
and smooth, and if the geodesic flow on T'M is mizing with exponential speed for the
Sobolev reqularity for the potential I, then there exists £ € N and k" > 0 such that for all
Y € CHTTM), we have, as t — +00,

1
loall

1 12
/ ¥ dlg')ers = o / W dmp + O™t [[4]0) -

Note that if M is a symmetric space, if M has finite volume and if F is small enough,
then mp is finite, as seen at the end of Section 3.1. The maps O(-) depend on M,T', F, 7,
and the speeds of mixing.

Proof. Up to rescaling, we may assume that the sectional curvature is bounded from
above by —1. The critical exponent §r and the Gibbs measure mpg are finite in all the
considered cases.

The deduction of this result from the proof of Theorem 19 by regularisations of the
global test function ¢, introduced in the proof of Theorem 19 is analogous to the deduction
of [PP5, Theo. 20] from [PP5, Theo. 19] when F = 0. The doubling property of the
Patterson densities and the Gibbs measure for general F', required by this deduction in
the Holder regularity case, is given by [PPS, Prop. 3.12]. For the assertion (ii), the required
smoothness of mp (that is, the fact that mp is absolutely continuous with respect to the
Lebesgue measure with smooth Radon-Nikodym derivative) allows to use the convolution
approximation. ]

Theorem 28 Let M be a complete simply connected Riemannian manifold with negative
sectional curvature at most —1. Let I' be a nonelementary discrete group of isometries
of M. Let F : T'M — R be a bounded [-invariant Holder-continuous function with
positive critical exponent dp. Assume that (M ,I’,ﬁ ) has radius-Hélder-continuous strong
stable/unstable ball masses. Let 9~ = (D; )ic;- and 91 = (Df)jepr be locally finite

1
I'-equivariant families of nonempty proper closed convexr subsets of M, with finite nonzero
skinning measure 0g- and og+. Let M = T'\M and let F : T'M — R be the potential
induced by F'.

(1) Assume that M is compact and that the geodesic flow on T M is mizing with expo-

nential speed for the Holder regularity for the potential F'. Then there exist o € |0, 1] and
k' > 0 such that for all nonnegative Y= € €(T' M), we have, as t — +o0,

oF |lmpll
eépt

Y Mgy (0) Mgt g (w) my(v,w) Y7 (v) P (w)

v,weT1M

= [ wdoh / Wdoy, +O(e W o 4+ la) -
TIM TIM
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(2) Assume that M isa symmetric space, that D/,:CIE has smooth boundary for every k € I,
that mp is finite and smooth, and that the geodesic flow on T*M is mizing with exponential
speed for the Sobolev regularity for the potential F. Then there exist £ € N and k' > 0
such that for all nonnegative maps Y+ € (ff(TlM), we have, as t — 400,

DIl S gy (0) s g () (o) ¥ (0) 0 )

v, weTtM
N / Ydog, / Yrdo, + O™ |y [le [l le) -
TM TiM

Furthermore, of 2~ and 9 respectively have nonzero finite outer and inner skinning
measures, if (M,T', F) satisfies the conditions of (1) or (2) above, then there exists " > 0
such that, as t — 400,

+
o ol sty 4 oe—rty

‘/V_Q L9t F(t) 5F HmFH

The maps O(:) depend on M U0 F, 9, and the speeds of mixing.

Proof. We will follow the proofs of Theorem 14 and Corollary 20 to prove generalizations
of the assertions (1) and (2) by adding to these proofs a regularisation process of the test
functions ﬁ as for the deduction of [PP5, Theo. 20] from [PP5, Theo. 19]. We will then
deduce the last statement of Theorem 28 from these generalisations, again by using this
regularisation process.

Let 3 be either a € 0, 1] in the Holder regularity case or £ € N in the Sobolev regularity
case. We fix i € I—, j € I, and we use the notation Di, ay,ﬁv,vf and o+ of Equation
(29). Let ¢* € %B(ﬁiDi) be such that leM{bvi doy . is finite. Under the assumptions
of Assertion (1) or (2), we first prove the following avatar of Equation (30), indicating
only the required changes in its proof: there exists ko > 0 (independent of Q,Zi) such that,
as T' — 400,

op Imell e ™ ST el i) d )

~€T, 0<t,<T
_ / b5t / 0 d5— + 0T |3 |15 |5+ 15) - (52)
ol D— ol D+

By Lemma 7 and the Holder regularity of the strong stable and unstable foliations under
the assumptions of Assertion (1), or by the smoothness of the boundary of D¥ under
the assumptions of Assertion (2), the maps f;]F ”Vi (8j1[D¢) — 01 DT are respectively
Holder-continuous or smooth fibrations, whose fiber over w € 91 DT is exactly V w1, R By
applying leafwise the regularisation process described in the proof of [PP5 Theo. 20] to

characteristic functions, there exists a constant x; > 0 and Xn R € ¢ (TlM ) such that
+ _
Xy rlls =Om™"),
o 1,4+ < <1,+
7 o o @209 S X S o ok
e for every w € (931FDi, we have

/1/:F Xi dV sz(”f/w:'me) e O = = Pw (ﬂj/w:':ne* O, Re~ 0(77)) O
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We now define the new test functions (compare with the second step of the proof of
Theorem 14). For every w € achi, let

1
XiRdV’L:ll): .

HiR(w) =

Jyz

Let @,f :T'M — R be the map defined by

n, R

Oy = (Hy p ) o [ Xy g

The support of this map is contained in “//jE r(03 D*). Since M is compact in Assertion (1)
and by homogeneity in Assertion (2), if R is blg enough, by the definitions of the measures
v, the denominator of H ij g(w) is a least ¢n where ¢ > 0. The map H* . r 18 hence Holder
continuous under the assumptions of Assertion (1), and is smooth under the assumptions
of Assertion (2). Therefore ‘1>,le € Cﬁﬁ(Tl]\Aj ) and there exists a constant kg > 0 such that

135115 = O™ 15) -

As in Lemma 15, the functions @j are measurable, nonnegative and satisfy

_OF dingp = / PEdeT .
T'M 8]1FDi

As in the conclusion of the second step of the proof of Theorem 14, we will estimate in
two ways the quantity

OFt — o t/2 / m
n=[ Z/;;M g (@ Tdipde. ()

We first apply the mixing property, now with exponential decay of correlations, as in
the third step of the proof of Theorem 14. For all ¢ > 0, let

= ~(g %) ("% 10) dinp(v).
Aglt) §[€T1M¢n<g ) 5 (9" ) diie(v)

Then with k > 0 as in the definitions of the exponential mixing for the Holder or Sobolev
regularity, we have

1
lmrll Jriar

1 T g~ - —Kt, —2Ka || — i
_ 1 I ot / Jr A5+ O 22 g 510 |5) -
el Jot o- -

A,(8) = o i [ afdie + O, s

Hence by integrating,

6<5FT

L(T) =5
") = e

([, ot [ atds + o Ty E al9t) - (60
o' D~ o D+

51



Now, as in the fourth step of the proof of Theorem 14, we exchange the integral over
t and the summation over 7 in the definition of I,,(T"), and we estimate the integral term
independently of ~:

Z/ W/ (@, 0 g %) (@, 0 g"? 0y7h) dinp dt.
T'M

yerl’

Let @% = HiR o f;t X1j7:,R7 so that <I>$ = zzi o ;t @% By the last two properties of
the regularised maps X: r» we have, with ¢;" defined as in Equation (35),

+ - —0() < (/133 < (b% O (55)

If v € TM belongs to the support of (@, o g~ t?) (®F o g"? o 4~1), then we have
v E gt/z”f/nTR(@_li_ )N g_t/z”f/ r(70LD™). Hence the properties (i), (ii) and (iii) of the
fourth step of the proof of Theorem 14 still hold (with Q_ = 91 D~ and Q4 = 9L (yD™)).
In particular, if w™ = f;, (v) and wt = f;D+ (v), we have, as in the fifth step of the proof
of Theorem 14, that
d(wi,vff) =0(n+eH7?).

Hence, with k3 = « in the Holder case and k3 = 1 in the Sobolev case (we may assume
that ¢ > 1), we have

| 0F () — P E () | = O((n+ e7H7/2) [ ).
Therefore there exists a constant x4 > 0 such that

L(T) =Y (0 (o) (03) + O(n+ e )[4 [lg]l* 1)) x

verl’

/ 5”/ g~'"0) B (v g"*v) dinp(v) dt.
UETlM

Now, using the inequalities (55), Equation (52) follows as in the last two steps of the
proof of Theorem 14, by taking n = e™*5T for some x5 > 0.

In the same way that Corollary 20 is deduced from Theorem 14, the following result
can be deduced from Equation (52) under the assumptions of assertions (1) or (2). Let
(z/)k Jker+ be a I'-equivariant famlly of nonnegative maps ¢k € (56(81 Di) such that

SUDPper+ ||1/)k |l is finite. Extend ¢k by 0 outside aleDf: to define a function on T'M.
The measurable -invariant function ¥% = D ohert Jmo 12?,:: on T'M defines a measurable
function % on T'M. Assume that [, U+ do}, is finite. Then there exists xy > 0
(independent of (@,f)kgi) such that, as t — 400,

Or [mel et Y marg-(0) mar g (w) ne(v,w) O (0) U (w)
v, weTtM

= [yt [ v o+ O s 161 s 1519 60
T'M TM

i€l—
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Now to prove the assertions (1) and (2), we proceed as follows. If v+ € €2(T*M), for
every k € I, we denote by Q,Zki the restriction to aleDki of * o T'p where p : M — M
is the universal cover. Note that the map U+ defined above coincides with ¥* on the
elements u € T'M such that mg=(u) # 0, and that supycj+ Hl;;:”g < ||3b*||5. Hence the
assertions (1) and (2) follow from Equation (56).

The last statement of Theorem 28 follows by taking as the functions {/;,f the constant
functions 1 in Equation (56). O

6 Counting arcs in finite volume hyperbolic manifolds

In this subsection, we consider the special case when M is a finite volume complete con-
nected hyperbolic good orbifold and the potential F' is zero. Under these assumptions,
taking M = Hg to be the ball model of the real hyperbolic space of dimension n and I'
to be a discrete group of isometries of Hy such that M is isometric to (hence from now
on identified with) I'\HZ, the limit set of the group I' is S”~! and the Patterson density
(e = pf = piy )zemp of the pair (I',0) can be normalised such that ||| = Vol(S"~1) for
all x € Hg.

The Gibbs measure mp with F' = 0 is, by definition, the Bowen-Margulis measure
mpmM, which is known, by homogeneity in this special case, to be a constant multiple of
the Liouville measure Volyi1,, of T'M. This measure disintegrates as

dVOITlM :/ dVOlT%M dVOIM(.%') .
zeM

Note that Vol(T! M) = % where I'; is the stabiliser in I' of any lift # of z in Hf,
and that I'z = {e} for Volys/-almost every x € M. Furthermore, if D is a totally geodesic
subspace or a horoball in Hy, then the skinning measures alj; are, again by homogeneity,

constant multiples of the induced Riemannian measures Voly: p. These measures disinte-
grate with respect to the basepoint fibration Bfch — 0D over the Riemannian measure
of the boundary 0D of D in Hf (with 0D = D if D is totally geodesic of dimension less
than n), with measure on the fiber of x € 9D the spherical measure on the outer/inner
unit normal vectors to D at z:

dvolal DﬂTlM dVOlaD (ﬂj) .
x€dD + ”

The following result gives the proportionality constants of the various measures explicitly.
For later use, we also give the pushforward images of these measures under the basepoint
map 7: T'M — M.

Proposition 29 Let M = I'\Hg be a finite volume hyperbolic (good) orbifold of dimension
n > 2 and assume that the Patterson density (pz)zemp of (I',0) is normalised such that
|tz || = Vol(S™™Y) for all € HE.

(1) We have mpym = 2" Vol . In particular,

[mem| = 2" Vol (S 1) Vol(M)

and
mempym = 271 Vol(Sn_l)VolM .
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(2) If D is a horoball in Hy, then o5, = 2" ' Vol p and map, = 2"~ Volpp. In
particular, if D is centered at a parabolic fived point of I' with stabiliser I'p and if
9 = (YD)~er, then

lo5|| = 2" Vol(T p\dLD) = 2"} (n — 1) Vol(I'p\D) .

(3) If D is a totally geodesic submanifold of Hg with dimension k € {1,...,n — 1},
then 65, = o, = Volp: p and 77*55 = Vol(S**~1) Volp. In particular, with T'p the
stabiliser in T of D, if Tp\D is a properly immersed finite volume suborbifold of M
and if 2 = (yD)~er, then

o] = Vol(T'p\dLD) .

If m is the number of elements of I' that pointwise fix D, then
1
eS| = — Vol(S"*=1) Vol(I'p\D) .

Proof. Claims (1) and (3) are proven for the outer skinning measure assuming that T’
has no torsion in Proposition 10 and Claim (1) of Proposition 11 in [PP6], respectively.
Note that 01D = 01D if D is a totally geodesic submanifold, and C* = C~, pu} = pg,

it =0, hence o, = L*ﬁf). Note that ¢ preserves the Riemannian metric of M , hence
55 = VOlai p implies 7, is also equal to Volai p- If I has torsion, Claim (1) follows by

restricting to the complement of the points in M with nontrivial stabiliser, this set has
zero Riemannian measure in M, and Claim (3) follows from the fact that the fixed point
set on D of an isometry which preserves D, but does not pointwise fix D, has measure 0
for the Riemannian measure of D.

The first part of Claim (2) is proved in Claim (1) of [PP6, Prop. 10] for the outer
skinning measure. For the second part, note that if the horoball D is precisely invariant
(that is, the interiors of D and D intersect for v € I' only if v € I'p), then I'p\ D embeds
in M and the image is, by definition, a Margulis cusp neighbourhood. In the general case,
there is a precisely embedded horoball D’ contained in D such that D = 4D’ for some
t>0. Let 2" = (vD')yer. As T'py =T'p, we have

loE]| = e VoL || = D2 (n — 1) Vol(Dp/\D') = 2"} (n — 1) Vol(T'p\ D),

by Proposition 9 (iii), by [PP6, Prop. 10] and by the scaling of hyperbolic volume. The
case with torsion follows as in Claims (1) and (3). O

Proposition 29 allows us to obtain very explicit versions of Theorems 1 and 4 in the
case when M is a finite volume hyperbolic manifold (or good orbifold) and the properly
immersed closed convex subsets are assumed to be points, totally geodesic orbifolds or
Margulis neighbourhoods of cusps. The following result gives these explicit asymptotics
of the counting function in the cases that we have not found in the literature. The
corresponding result holds for the remaining three combinations when A~ and A" are
both points, when one of them is a point and the other is totally geodesic, and the case
when one of them is totally geodesic and the other is a Margulis cusp neighbourhood.
We refer to the Introduction as well as to our survey article [PP6] for more details and
references.
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Corollary 30 Let M = HE, F = 0, let I' be a discrete group of isometries of Hg, and
assume that M = T\H} has finite volume. If A~ and A" are properly immersed finite
volume totally geodesic suborbifolds in M of dimensions k= and k* in {1,...,n — 1},
respectively, let

~ Vol(S"F 1) Vol (S* ¥ 1) Vol (A7) Vol(A™)
2 1(n —1) Vol(S*1) Vol (M) ’

c(A™, A1)

as s — +oo. If A~ and AT are Margulis cusp neighbourhoods in M, let

2"~ 1(n — 1) Vol(A~) Vol(A™)

(A7, A7) = Vol(S"—1) Vol(M)

If A= is a point and A" is a Margulis cusp neighbourhood, let

_ ~ Vol(AT)
c(A™,AT) = Vol (D)

If A= is a Margulis cusp neighbourhood and AT is a properly immersed finite volume
totally geodesic suborbifold in M of dimension k in {1,...,n — 1}, let

Vol(S™1-5) Vol(A™) Vol (A*)
Vol(S"—1) Vol(M)

(A, AT) =

In each of these cases, if m* is the cardinality of the intersection of the isotropy groups

in the orbifold M of the points of AT, then
C(A_’AJ’_) 6(nfl)t
m~—m* '

Np=, a4 (t) = a4+ ,0(t) ~

Furthermore, if I is arithmetic or if M is compact, then there is some k" > 0 such that,
as t — +o0,

C A_,A+ n— —
Np-, a+(t) = ﬁ e U1+ 0(e™)) . O

We refer to [PP7, PP8] for several new arithmetic applications of these results.
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