Hausdorff dimension of diophantine geodesics

in negatively curved manifolds

Sa’ar Hersonsky Frédéric Paulin

Abstract

We provide a sharp estimate for the visual dimension of the set of geodesic rays, starting from any fixed point p in a closed pinched negatively curved Riemannian manifold, that are coming back exponentially close to p infinitely often.^1

1 Introduction

Let M be a smooth complete Riemannian manifold of dimension n ≥ 2 with pinched negative curvature −a^2 ≤ K ≤ −1, with 1 ≤ a < ∞. Let h be the volume entropy of ~M, that is h = lim sup R→+∞ log vol Bf_M (p̃, R) R , where ~M → M is a universal cover of M and p̃ any point in ~M. Fix two points p, q in M, and endow the unit tangent sphere at p with Gromov’s visual metric (the definition is recalled in section 2) and with the Hausdorff measures defined by this metric.

In this paper, we provide sharp estimates on the Hausdorff dimension of the set of geodesic rays γ starting from p that accumulate on q exponentially fast. More precisely,

Definition 1.1 Let α ∈ [0, +∞[, a geodesic γ starting from p is α-Liouville at q if there exist a constant K > 0 and a sequence (t_n)_{n∈}N converging to +∞ such that, for every n

in N,_{d(q, γ(t} n)) ≤ Ke^{−αtn} . If α = 0, then the Liouville geodesic rays are exactly the recurrent geodesic rays.

Theorem 1.2 If M is compact, then the Hausdorff dimension D_α of the set of α-Liouville geodesic rays starting from a given point in M satisfies h 1 + α ≤ D_α ≤ h 1 +^α_a . Note that the bounds depend neither on p nor on q. If the curvature is constant and equals −1, then the visual metric on the unit tangent sphere coincides with the spherical metric, and the Hausdorff dimension of the set of α-Liouville geodesic rays starting from a given point in M is exactly^{n−1}_{1+α} .

1AMS codes: 53 C 22, 58 F 17, 28 A 78, 11 J 83. Keywords: geodesic flow, negative curvature, Hausdorff dimension, metric diophantine approximation.

No smoothness assumption is necessary, this result also holds when M is a metric space with curvature bounded above by −1 and below by −a^2 in the sense of Alexandrov (see for example [GH]). For the assertion regarding the upper bound, the compactness assumption of M can be removed, by replacing h with the critical exponent δ of the covering group ~M → M (see Theorem 4.1).

When α = 0, and without the compactness assumption, this result is due (besides partial cases by S. Dani, C. Aravinda, J. Fernández-M. Melián, C. Aravinda-E. Leuzinger and B. Stratmann) to Bishop-Jones [BJ] for rank one symmetric spaces of non compact type, and to [Pau] for hyperbolic metric spaces in the sense of Gromov, again up to replacing h by δ. When α > 0, this result is a contribution to the Hill-Velany’s [HV1] program of “shrinking targets”, in the case (that they did not develop) of the geodesic flow of negatively curved Riemannian manifolds. Also note that the paper [HV2] gives, in constant curvature, an analogous result when the point q is “at infinity” (and a parabolic fixed point). We plan to extend it to our variable curvature setting, see [HP2].

Definition 1.3 A geodesic ray γ starting from p is α-Diophantine if there exists a constant K > 0 such that for all t in [1, +∞[, d(q, γ(t)) ≥ Ke^{−αt}. We say that γ is of Roth type if it is α-Diophantine for every α > 0. We prove that almost every (for the Hausdorff measure of the visual sphere) geodesic ray starting from p badly approximates q, in the sense of the next result, which immediately follows from Theorem 1.2, since the Hausdorff dimension of T^1_p M is h.

Corollary 1.4 Almost every geodesic ray starting from a given point in M is of Roth type.

These results for the geodesic flow of a negatively curved manifold are analogous to results in metric diophantine approximation theory (see for example [Khi]). We make this analogy explicit in section 2 after recalling the basic definitions that are needed for the proofs. See also [HP1, KM, BD] for other connections. The (easier) upper bound is proved in section 4 and the lower bound in section 5. We also consider (see Theorem 2.1) the case when the function t → e^{−αt} in the definition of α-Liouville geodesic rays is replaced by t → g(t) with g(t) → 0 as t goes to +∞. To obtain our bounds, we give new estimates on the size of the shadows of tiny balls on the boundary of M̃, that were known for instance by Patterson-Sullivan when the radius of the ball is fixed (see section 3).

Acknowledgement: The work on this paper started in 1996, when the second author was a member of the mathematics department UMR 128 CNRS at the ENS Lyon, and the first one was visiting there, and was completed during a stay of the first author at the IHES in 1999. We warmly thank both institutions.

2 Background and notation

We recall some notations, definitions and results of [Bou, GH] about negatively curved metric space, that have essentially been introduced by M. Gromov.

Let X be a proper CAT(−1) space (for example a simply connected complete Riemannian manifold ~M with curvature K ≤ −1), and let Γ be a discrete group of isometries of

X (for example the covering group Γ_M of a universal cover ~M → M with M as in the introduction). Let x, y be points in X, with x considered as the base point.

The boundary ∂X of X is the space of all geodesic rays in X, where two rays are identified if they remain within bounded Hausdorff distance. We call Γ non elementary if no finite index subgroup has a global fixed point in X ∪ ∂X. The Poincaré series of Γ is

P (s) = ∑ γ∈Γ e^{−s d(x,γy)}.

This series converges (independently of x, y) if s > δ and diverges if s < δ with

δ = lim sup R→+∞ 1 R log Card(Γy ∩ B_X (x, R)).

We will always assume that δ is positive and finite. This is for example the case when Γ is non elementary and X also has curvature bounded from below by −a^2 in the Alexandrov’s sense. Note that if Γ = Γ_M with M as in the introduction and if M is compact, then δ is the volumic entropy h defined in the introduction.

Let a, b ∈ ∂X. Their Gromov product with respect to the base point x in X is defined by (a, b)_x = lim_{t→+∞} 1 2 (d(x, a(t)) + d(x, b(t)) − d(a(t), b(t))) independently of the geodesic rays a, b : [0, +∞[→ X representing a, b. The visual distance d_x on ∂X is then defined by d_x(a, b) = { 0 if a = b e^{−(a,b)x} otherwise.

We will denote by B(ξ, r) = B_x(ξ, r) the open ball of center ξ and radius r > 0 in ∂X endowed with the visual distance d_x. An isometry γ of X extends to an homeomorphism of ∂X which is an isometry between d_x and d_{γx}. If M is as in the introduction, and p is a point in M, then the unit tangent sphere T^1_{p̃} ~M at any lift p̃ of p in a universal cover ~M → M is homeomorphic to the sphere at infinity by the map which associates to a unit tangent vector v at p̃ the point at infinity of the unique geodesic c starting from p̃ with c^′(0) = v. By equivariance of the visual distances with respect to the isometries, the pull back of the visual distance d_{p̃} from ∂M to T^1_{p̃} ~M projects to the visual distance on T^1_p M used in the introduction for the statement of Theorem 1.2.

For s > 0, one defines the s-dimensional Hausdorff measures μ_s on ∂X associated to the visual metric d_x, as follows. For η > 0 and A a subset of ∂X, let μ_{s,η}(A) = inf ∑ i r^s_i , where the infimum is taken over all countable covers of A by balls of radius r_i ≤ η. Define

μ_s(A) = lim_{η→0} μ_{s,η}(A).

The limit exists, and there is a unique σ ∈ [0, +∞] such that μ_s(A) = +∞ if 0 ≤ s < σ and μ_s(A) = 0 if σ < s, which is called the Hausdorff dimension of A (see [Fal, Section 1.2].

If (E, d) is a metric space, and B is a ball of radius r > 0, for every λ > 0, we will denote by λB the ball of radius λr and same center.

The shadow OA = O_xA of a subset A of X seen from x is the set of points ξ in ∂X such that the (unique) geodesic ray from x to ξ has a non-empty intersection with A. The cone CA = C_xA based at x over a subset A of ∂X is the union of the images of the geodesic rays starting from x with endpoints in A. The shadow cone COA of a subset A of X seen from x is the cone based at x over the shadow seen from x of A.

If α > 0, one can take K = 1 in the definition of the α-Liouville geodesic rays. Any geodesic ray passing through q infinitely many times (a periodic one, for example) is α-Liouville, but there are at most countably many of them (since π_1M is countable).

Let π : X → X/Γ be the canonical projection. Given g : [0, +∞[ → ]0, +∞[ with g(t) converging to 0 as t goes to +∞, say that a geodesic ray φ starting from x is g-Liouville if there exists a sequence (t_n)_{n∈}N converging to +∞ such that, for every n in N, d_{X/Γ}(π(y), π ∘ φ(t_n)) ≤ g(t_n). Theorem 1.2 in the introduction follows from the following theorem, with p = π(x), q = π(y) and g(t) = e^{−αt}.

Theorem 2.1 Let X be a smooth complete simply connected Riemannian manifold of dimension n ≥ 2, with pinched negative curvature −∞ < −a^2 ≤ K ≤ −1, with a ≥ 1, and let Γ be a non elementary discrete group of isometries of X.

1. If α = lim inf_{t→∞}^{− log g(t)}_t , then the Hausdorff dimension of the set of g-Liouville geodesic rays is at most^δ_{1+} α_a .

2. If β = lim sup_{t→∞}^{− log g(t)}_t and if Γ is cocompact, then the Hausdorff dimension of the set of g-Liouville geodesic rays is at least^δ_{1+β} .

An analog of this statement in the constant curvature case was obtained in [Vel]. The above Theorem follows from Theorem 4.1 and Theorem 5.1 (below) by the following crucial lemma (where B denotes a closed ball):

Lemma 2.2 A geodesic ray φ starting from x is g-Liouville if its point at infinity φ(∞) belongs to infinitely many shadows OB(γy,^1_2 g(d(x, γy))), and only if φ(∞) belongs to infinitely many shadows OB(γy, 2g(d(x, γy))), where γ runs over Γ.

Proof. Assume first that φ(∞) belongs to infinitely many shadows OB(γy,^1_2 g(d(x, γy))). Then the geodesic ray φ meets the balls, centered at orbit points γ_ny and having radius r_n =^1_2 g(d(x, γ_ny)), such that t_n = d(x, γ_ny) → +∞. Let p_n be the orthogonal projection of γ_ny on the image of φ, so that in particular d(γ_ny, p_n) ≤^1_2 g(t_n). Then since g(t) → 0 as t → +∞, one has (for n big enough): d(π(y), π ∘ φ(t_n)) = d(γ_ny, φ(t_n)) ≤ d(γ_ny, p_n) + d(p_n, φ(t_n)) ≤ d(γ_ny, p_n) + (d(φ(t_n), x) − d(x, p_n)) = d(γ_ny, p_n) + (d(γ_ny, x) − d(x, p_n)) ≤ 2d(γ_ny, p_n) ≤ g(t_n). The other direction follows by a similar argument.

We now explain the analogy with classical results in metric diophantine approximation theory (see [Khi]). Recall that an irrational real number z satisfies a Liouville condition of order α ≥ 0 if there exists a constant K > 0 and infinitely many reduced rational numbers pn qn with |z −^{pn}_{qn} | ≤^K_{q2+αn} . In particular every irrational real number satisfies a Liouville condition of order 0. A real number z satisfies a diophantine condition of order α ≥ 0 if there exists a constant K > 0 such that for every reduced rational number^p_q , one has |z −^p_q | ≥^K_{q2+α} . A real number z is of Roth type if it satisfies a diophantine condition of order α for every α > 0. It is well known (see [Khi]) that almost every (in the sense of the Lebesgue measure) real number is of Roth type, and our Corollary 1.4 is analogous to this result. Similarly, the upperbound in Theorem 1.2 is related to Dodson’s result in [Dod]. But the connection with the classical metric diophantine theory can be made even sharper, as follows.

Let T^2 be the quotient of R^2 by its standard integer lattice Z^2, endowed with its flat

metric, and π : R^2 → T^2 be the standard projection. Let O denote the projection of the zero of R^2 in T^2. For every real number z, let γ_z be one of the two geodesic rays in

T^2 starting from O, which is the projection of the half line L_z of R^2 starting from zero

with slope z. The following fact explains the relationship between the definitions in the introduction and the classical notions of diophantine approximation theory.

Proposition 2.3 The real number z satisfies a Liouville condition of order α ≥ 0 if and only if there exist a constant K > 0 and a sequence (t_n)_{n∈}N converging to +∞ such that, for every n in N, dT2(O, γ_z(t_n)) ≤ Kt^{−(1+α)}_n . Proof. The point of coordinates (q, qz) on the half-line L_z is at distance |qz − p| < 1 from (one of) the closest integer(s) point (q, p), and at distance q √ 1 + z^2 from the origin.

Hence the distance from γ_z(q √ 1 + z^2) to O in T^2 is |qz − p|. This proves the only if part.

The converse direction is as easy.

The fact that exponentials are replaced by powers in this proposition is due to the fact that the torus T^2 is flat and not negatively curved.

3 A consequence of the exponential divergence of geodesics

In this section we prove a technical lemma which will be used later on. Let X be a smooth complete simply connected Riemannian manifold, with pinched negative curvature −∞ < −a^2 ≤ K ≤ −1, where a ≥ 1. Fix a point x ∈ X. For z ≠ x, let t → z_t be the (unit speed) geodesic ray starting from x and passing through z. Let z_∞ be its point at infinity.

For every ϵ > 0 and metric space Y with distance d, we denote by ϵY the set Y endowed with the metric d_ϵ = ϵd.

Let B ∈ X be a ball of a given radius. It is well known that (for all CAT(−1) spaces) the shadow of B is comparable to a visual ball of radius which equals the exponential of minus the distance between the base point and the center of the ball B. But we need more precise estimates for the case when the radius of the ball B converges to 0. For these estimates, we need the hypothesis of pinched curvature.

Lemma 3.1 There exist positive constants c_1, c_2, c_3 with c_1 universal and c_2, c_3 depending only on a, such that for all z in X with d(x, z) ≥ c_2, for all R > 0 with R ≤ c_3 and

R ≤ d(x, z) then B(z_∞, R e^{−d(x,z)}) ⊂ O_x(B(z, R)) ⊂ B(z_∞, c_1R^{1a} e^{−d(x,z)}). Proof. Let c_1 = e^8e and c_2 =^{log 2}_{2a} . Since sinh^′(0) = 1, there exists a universal constant c^′_3 > 0 such that sinh t < 2t if 0 ≤ t ≤ c^′_3. Let c_3 =^{c′3}_a .

Let us first prove the right inclusion. Let r : [0, +∞[→ X be a geodesic ray starting at x, such that the orthogonal projection p of z onto the image of r satisfies d(z, p) < R. Let θ be the angle at x between the tangent vectors of t → z_t and t → r(t). We have to prove that the point at infinity r(∞) of r is at visual distance less than c_1R^1a e^{−d(x,z)} from z_∞.

p r(1) z_∞ z_t

θ x p r(t) x r(t) z θ z z_t

Figure 1 : Comparing shadows and visual balls.

Let (x, z_t, r(t)) be a comparison triangle in^1_a H^2 (whose distance we denote by d 1_a ) of the geodesic triangle (x, z_t, r(t)), with θ its angle at x, z the point corresponding to z, p the orthogonal projection of z onto the opposite side [x, r(t)]. Since^1_a H^2 has constant curvature −a^2, the curvature of X is greater than or equal to the curvature of^1_a H^2 , hence d 1_a (z, p) ≤ d(z, p) and θ ≤ θ. By the hyperbolic sine rule in^1_a H^2 , sin θ 2 = sinh^a_2 d 1_a (z_t, r(t)) sinh a d 1_a (x, z_t) and sin θ = sinh a d 1_a (z, p) sinh a d 1_a (x, z) . Since d 1_a (x, z_t) = d(x, z_t) = t and d 1_a (z_t, r(t)) = d(z_t, r(t)), one has

lim t→+∞ e^{− 12 (2t−d(zt,r(t)))} = lim_{t→+∞} ( e^{a2 d 1}a^{(zt,r(t))} e^{a d 1}a^{(x,zt)} )^1_a = lim_{t→+∞} ( sin θ 2 )^1_a .

Since d(z, p) < R ≤ d(x, z), one has θ ≤^π_2 , hence θ ≤^π_2 , so sin^θ_2 ≤ sin θ, and

d_x(z_∞, r(∞)) ≤ ( sinh ad 1_a (z, p) sinh a d 1_a (x, z) ) 1_a . Since aR ≤ c^′_3, one has sinh a d 1_a (z, p) ≤ sinh a d(z, p) < sinh aR ≤ 2aR. Since a d(x, z) ≥ ac_2 =^{log 2}_2 , one has sinh a d(x, z) ≥^1_4 e^{a d(x,z)}. Hence d_x(z_∞, r(∞)) < (8a)^{1a} R^{1a} e^{−d(x,z)}. Therefore, the right inclusion in Lemma 3.1 holds since (8a)^1a ≤ c_1.

Remark 3.2 If one drops the assumption R ≤ c_3, one gets O_x(B(z, R)) ⊂ B(z_∞, (4 sinh(aR))^{1a} e^{−d(x,z)}). We now prove the left inclusion in Lemma 3.1. Let ξ be a point in B(z_∞, R e^{−d(x,z)}), let r : [0, +∞[→ X be the geodesic ray starting at x whose point at infinity is r(∞) = ξ. Let p be the orthogonal projection of z onto the image of r. We only have to prove that d(z, p) < R. Let (x, z_t, r(t)) be a comparison triangle in H^2 (whose distance we denote by d_1) of the geodesic triangle (x, z_t, r(t)), with θ its angle at x. Let z be the point corresponding to z, and p be the orthogonal projection of z onto the opposite side [x, r(t)]. Since the curvature of X is less than or equal to the curvature of H^2 , one has d(z, p) ≤ d_1(z, p). By the hyperbolic sine rule in H^2 , sin θ 2 = sinh^1_2 d_1(z_t, r(t)) sinh d_1(x, z_t) and sin θ = sinh d_1(z, p) sinh d_1(x, z) . Since θ ∈ [0, π], one has d(z, p) ≤ 1 2 e^{d(x,z)} sinh d(z, p) sinh d(x, z) ≤ 1 2 e^{d(x,z)} sin θ ≤ e^{d(x,z)} sin θ 2 . The right hand side converges, as t goes to +∞, to e^{d(x,z)}d_x(z_∞, r(∞)) < e^{d(x,z)}Re^{−d(x,z)} = R. Therefore, the left inclusion in Lemma 3.1 holds.

4 An upper bound for the Hausdorff dimension

Let X be a smooth complete simply connected Riemannian manifold of dimension n ≥ 2, with pinched negative curvature −∞ < −a^2 ≤ K ≤ −1, with a ≥ 1. Let x, y ∈ X and f : [0, +∞[→ R be any function with f(t) converging to +∞ as t goes to +∞. For z ≠ x, let t → z_t be the (unit speed) geodesic ray starting from x and passing through z, and let z_∞ be its point at infinity. Let Γ be a non elementary discrete group of isometries of X. For every z in X, define B_z to be the closed ball centered at z of radius r_z = e^{−f(d(x,z))} and O_z = OB_z the shadow of B_z seen from x. Let O_f be the set of points ξ in ∂X that belongs to infinitely many shadows O_{γy}, i.e. such that there exist infinitely many γ in Γ with ξ ∈ O_{γy}.

Theorem 4.1 If α = lim inf_{t→+∞}^{f(t)}_t , then dim_{Haus}(O_f ) ≤^δ_{1+} α_a .

Proof. First let us assume that α < +∞. It is sufficient to prove that for every s >^δ_{1+} α_a , the s-dimensional Hausdorff measure μ_s(O_f ) is finite. Fix such an s.

Since f(t) tends to +∞ as t goes to +∞, by Lemma 3.1 (which required d(x, z) > R), there exists a finite subset P of Γ such that for every γ in Γ − P , one has: O_{γy} ⊂ B ( (γy)_∞, c_1(r_{γy})^{1a} e^{−d(x,γy)} ) . Fix η > 0 such that μ_s(O_f ) ≤ μ_{s,η}(O_f ) + 1. Since f(t) is positive for t big enough, there exists a finite subset P^′ of Γ, containing P , such that c_1(r_{γy})^{1a} e^{−d(x,γy)} ≤ η for every γ in Γ − P^′. Let ϵ > 0 be such that ϵ < 1 +^α_a −^δ_s , which exists by our choice of s. Since α = lim inf_{t→+∞}^{f(t)}_t , there exists T > 0 such that if t ≥ T , then f(t) ≥ (α − ϵ)t. Let P^{′′} be a finite subset of Γ, containing P^′, such that d(x, γy) ≥ T for every γ in Γ − P^{′′}. Since (O_{γy})_{γ∈Γ−P} ′′ is a covering of O_f , one has μ_{s,η}(O_f ) ≤ ∑ γ∈Γ−P^{′′} c^s_1(r_{γy})^{sa} e^{−s d(x,γy)} ≤ c^s_1 ∑ γ∈Γ−P^{′′} e^{−s(1+ α−ϵa )d(x,γy)}.

Since s(1 +^{α−ϵ}_a ) > δ, this last series converges, and the result is proved.

If α = +∞, then we formally replace α in the proof above by any A > 0, and we get that dim_{Haus}(O_f ) ≤^δ_{1+ Aa} . Letting A tend to +∞, it follows that dim_{Haus}(O_f ) = 0, as wanted.

5 A lower bound for the Hausdorff dimension

We keep the same notation as in the previous section. We want to prove the following result.

Theorem 5.1 If Γ is cocompact and if β = lim sup_{t→+∞}^{f(t)}_t , then dim_{Haus}(O_f ) ≥^δ_{1+β} .

Fix ϵ > 0 with s = δ − 2ϵ > 0. There is nothing to prove if β = +∞, therefore we assume that β is finite (note that β ≥ 0 since f(t) is eventually positive).

Since there exists T ≥ 0 such that f(t) ≤ (β + 1)t for all t ≥ T , up to replacing f(t) by f(t) = sup_t′_{∈[T,t]} f(t^′) for t ≥ T , which satisfies O_f ⊂ O_f and lim sup_{t→+∞}^{f(t)}_t = β, we may assume that f is nondecreasing on [T, +∞[. Since the validity of the result is unchanged if we modify f on a compact subset of [0, +∞[, and since f(t) tends to +∞ as t goes to +∞, we may assume that f is nondecreasing on the whole [0, +∞[ and that f(t) is bigger than any constant (to be decided later) for all t in [0, +∞[, so in particular that f is positive.

Let T be a rooted tree, with T its set of vertices and x its root. For n ∈ N, we denote by T_n the set of vertices at distance n from the root. Define the parent of v ∈ T_{n+1} as the unique u in T_n which is joined by an edge to v. We call a child of u ∈ T_n to be any element of the subset T (u) of vertices in T_{n+1} joined by an edge to u.

For every u in X, define B_∗(u) = ∂X if u = x and if u ≠ x then let B_∗(u) = B(u_∞, e^{−[d(x,u)+f(d(x,u))]}). The following proposition is crucial. It implies the existence of a tree whose ends give rise to a large Cantor type subset of O_f .

Proposition 5.2 If Γ is cocompact, there exist a rooted tree T with root x and whose other vertices are in Γy, and a constant c > 0 such that

1. if v is a child of u, then B_∗(v) is contained in B_∗(u),

2. if v is a child of u, then f(d(x, u)) ≤ d(x, v) − d(x, u) ≤ f(d(x, u)) + c,

3. if v, w are children of u, then 2B_∗(v) and 2B_∗(w) are disjoint,

4. for every vertex u, we have ∑ v∈T (u) e −s d(x,v) ≥ e−s [d(x,u)+f(d(x,u))]. Proof. We first define the constant c, and we will then define T_n by induction on n.

Definition of the constant c. For k ∈ N, define A_k as A_k = {u ∈ X | k ≤ d(x, u) < k + 1}. By [Pau, page 234], there exist r_0 > 0, c_4 > 0 and two distinct points a_+, a_− in ∂X such that, with B_± = B(a_±, r_0),

• for every γ in Γ, one of γCB_+ or γCB_− is contained in the shadow cone of B(γy, c_4), • lim sup_{n→+∞} e^{−ns} Card{γ ∈ Γ | γy ∈ CB_± ∩ A_n} = +∞. Since Γ is cocompact, there exists a constant R > 0 such that every open ball of radius R contains a point of the orbit Γy. Define c_5 =^1_a log(4 sinh(a(R+c_4 +1))) which is strictly positive. Define c_6 = e^{s(R+2c4+c5+d(x,y))}.

By discreteness, there exists r_1 > 0 such that two balls of radius r_1 centered at two distinct points of the orbit Γx are disjoint. Up to increasing f on a compact subset of its domain of definition, we may assume that 2e^{−f(t)} ≤ r_1 for all t in [0, +∞[. By the pinched curvature hypothesis, there exists N ∈ N such that every ball of radius 2(1 + 2(2r_1 + c_4 + d(x, y))) contains at most N pairwise disjoint balls of radius r_1. Hence, for every n ∈ N, if V_{±,n} is a maximal (1+2(2r_1 +c_4 +d(x, y)))-separated subset of CB_±∩A_n, then Card CB_± ∩ A_n ≤ N Card V_{±,n}.

Let n_± be integers such that, with V_± = V_{±,n±} ,

(i) n_± ≥ sup{2R + 3c_4 + c_5 + d(x, y), f(0)},

(ii) e^{−s(n±+1)} Card{γ ∈ Γ | γy ∈ V_±} ≥ c_6.

Set c = R + 2c_4 + c_5 + sup{n_−, n_+} + 1 + d(x, y).

Construction for n = 1. Let T_0 = {x} and (for example) T_1 = Γy ∩ V_+. Let us check that the conditions (1)-(4) of the proposition are satisfied at step n = 1 (i.e. for u = x).

The assertion (1) is trivially true since B_∗(x) = ∂X. By the definition of c and the positivity of f, one has f(0) + c ≥ c ≥ n_+ + 1, and f(0) ≤ n_+ by (i) so that the assertion (2) holds. Since 2r_v ≤ r_1 for all v in X, and since V_{+,n+} is (1 + 2r_1)-separated, the shadow cones CO(2B_v) and CO(2B_w) (with their cone points removed) are disjoint for every distinct v, w in T_1. By Lemma 3.1, this implies that 2B_∗(v) and 2B_∗(w) are disjoint for every distinct v, w in T_1, so the assertion (3) holds. Since T (x) = T_1 and c_6 ≥ 1 ≥ e^{−s f(0)}, the assertion (4) is satisfied.

Assume that T_n is constructed with n ≥ 1, and let u be in T_n.

Construction of T (u). For every t ≥ sup{c_2, R + c_4 + 1}, by Remark 3.2, the shadow O(B(u_t, R + c_4 + 1)) is contained in the visual ball B(u_∞, (4 sinh a(R + c_4 + 1))^1a e^{−d(x,ut)}). We may assume that f(0) ≥ sup{c_2, R + c_4 + 1}, according to the discussion following the statement of Theorem 5.1. Hence the shadow of B(u_t, R + c_4 + 1) is contained in B_∗(u) if and only if, by definition of B_∗(u),

(4 sinh a(R + c_4 + 1))^{1a} e^{−d(x,ut)} ≤ e^{−[d(x,u)+f(d(x,u))]}

that is, if and only if t ≥ t_0 = d(x, u) + f(d(x, u)) + c_5.

Let γy be an orbit point contained in the ball B(u_{t0} , R). In particular, by the triangle inequality, |d(x, u) + f(d(x, u)) + c_5 − d(γy, x)| = |d(u_{t0} , x) − d(γy, x)| ≤ R. (∗) Let ℓ ∈ {+, −} be such that γV_ℓ is contained in the shadow cone of B(γy, c_4).

Define T (u) = Γy ∩ γV_ℓ, which is a finite subset of points of the orbit of y under Γ. Let us check the properties (1)–(4) of Proposition 5.2. Let v be in T (u). Verification of Property (2). Since T (u) is contained in the shadow cone of the ball B(γx, c_4), one has |d(v, x) − d(v, γy) − d(γy, x)| ≤ 2c_4. Since n_ℓ ≤ d(v, γx) ≤ n_ℓ + 1 and by the triangular inequality, one gets n_ℓ − d(x, y) ≤ d(v, γy) ≤ n_ℓ + 1 + d(x, y). Hence by the equation (∗), one has n_ℓ − R − 2c_4 − d(x, y) ≤ d(v, x) − d(u, x) − f(d(x, u)) − c_5 ≤ R + 2c_4 + n_ℓ + 1 + d(x, y). Therefore, by the definition of c and the assumption (i) on n_±, the assertion (2) of Proposition 5.2 holds. More precisely, 0 ≤ d(v, x) − d(u, x) − f(d(x, u)) ≤ c_ℓ = R + 2c_4 + c_5 + n_ℓ + 1 + d(x, y). Furthermore, by the positivity of f and again the assumption (i) on n_±, we have d(v, x) − d(u, x) ≥ c_7 = R + c_4 + c_5.

Verification of Property (4). By the definition of c_ℓ and c_6, we have e^{−s d(x,v)} ≥ e^{−s(d(x,u)+f(d(x,u))+cℓ)} = e^{−s [d(x,u)+f(d(x,u))]} e^{−s(nℓ+1)} c_6 . Hence by summing over the v’s in T (u), and by using (ii), we obtain ∑ v∈T (u) e^{−s d(x,v)} ≥ e^{−s [d(x,u)+f(d(x,u))]} .

Therefore, the assertion (4) is satisfied.

Verification of Property (3). Since 2B_∗(v) is contained in O(2B_v) by Lemma 3.1, and since 2r_v = 2e^{−f(d(x,v))} ≤ r_1, the assertion (3) is satisfied. Indeed, let v, w be children of u. If some geodesic ray α from x meets B(v, r_1) and B(w, r_1), then α is in COB(γy, c_4 + r_1) by convexity. Hence, with p_v, p_w the orthogonal projections of v, w on α, one has d(v, w) ≤ d(p_v, p_w) + 2r_1 = |d(p_w, x) − d(p_v, x)| + 2r_1

≤ |d(p_w, γy) − d(p_v, γy)| + 2(c_4 + r_1) + 2r_1 ≤ |d(p_w, γx) − d(p_v, γx)| + 2d(x, y) + 2(c_4 + 2r_1) ≤ 1 + 2(2r_1 + c_4 + d(x, y)) ,

which contradicts the fact that V_± is (1 + 2(2r_1 + c_4 + d(x, y)))-separated.

Verification of Property (1). Since T (u) is contained in the shadow cone of B(γy, c_4), there exists a point z in B(γy, c_4) on the geodesic segment between x and v. Note that d(x, z) ≤ d(x, u_{t0} ) + d(u_{t0} , γy) + d(γy, z) ≤ t_0 + R + c_4 = d(x, u) + f(d(x, u)) + c_5 + R + c_4. Since f is nondecreasing, and since d(v, x) − d(u, x) ≥ c_7, the ball B_∗(v) = B(v_∞, e^{−(d(x,v)+f(d(x,v)))}) is contained in the ball B(v_∞, e^{−(d(x,u)+f(d(x,u))+c7)}). By Lemma 3.1, the latter visual ball is contained in the shadow of B(z, r) with r = e^{−(d(x,u)+f(d(x,u))+c7)}e^{d(x,z)} ≤ e^{R+c4+c5−c7} which is 1 by the definition of c_7. Therefore B_∗(v) is contained in the shadow of B(z, 1), which is contained in the shadow of B(u_{t0} , R+c_4+1) since d(z, u_{t0} ) ≤ d(z, γy)+d(γy, u_{t0} ) ≤ c_4 + R. Since the shadow of B(u_{t0} , R + c_4 + 1) is contained in B_∗(u) by definition of t_0, this proves that B_∗(v) is contained in B_∗(u), therefore the assertion (1) holds.

Letting T_{n+1} = ⋃ u∈Tn T (u), the construction at the step n + 1 is completed. This ends

the proof of Proposition 5.2.

We identify the set ∂T of ends of the tree T constructed in the Proposition 5.2 with the set of sequences (u_n)_{n∈}N of vertices of T with u_{n+1} ∈ T (u_n) and u_0 = x.

Proposition 5.3 For every end (u_n)_{n∈}N of T , there exists ξ in ∂X such that the sequence of points u_n of X converges to ξ. The map ∂T → ∂X defined by (u_n)_{n∈}N → ξ is an homeomorphism onto its image K, which is a Cantor set contained in O_f .

Proof. Denote by E the closure of a subset E of ∂X. By the property (1) in Proposition 5.2, if (u_n)_{n∈}N is an end of T , then ( B_∗(u_n) ) n∈N is a decreasing sequence of compact subsets whose diameter for the visual distance tends to 0 (since f(0) > 0 and d(x, u_{n+1}) ≥ d(x, u_n) + f(0) by the property (2) in Proposition 5.2). Therefore its intersection contains one and only one point, which is the limit of the points u_n by definition of the topology on X ∪ ∂X. Note that by the properties (1) and (3) in Proposition 5.2, the visual balls 2B_∗(u), 2B_∗(u^′) are disjoint for u ≠ u^′ in T_n, by an easy induction on n. Define K_n as the (finite) union of the closures of the visual balls B_∗(u) for u in T_n. Hence (K_n)_{n∈}N is a decreasing sequence of compact subsets of ∂X. Its intersection K is a Cantor set which is the image of the map ∂T → ∂X defined in the statement of the proposition.

By the definition of O_f , the Cantor set K is contained in O_f .

Proposition 5.4 There exists a probability measure μ on the Cantor set K and a constant C > 0 such that μ(B(ξ, r) ∩ K) ≤ Cr^{s1+β+ϵ} for every ξ in K and r > 0.

Proof. Since K = ⋂ n∈N (∐ u∈Tn B∗(u)) ) , there exists a probability measure μ on K which is defined by μ(B_∗(x)) = 1 and if v is a child of u, then μ(B_∗(v)) = e^{−s [d(x,v)+f(d(x,v))]} ∑ w∈T (u) e −s d(x,w) μ(B∗(u)). By the property (4) in Proposition 5.2 and an easy induction argument, we have μ(B_∗(u)) ≤ e^{sf(0)}e^{−s [d(x,u)+f(d(x,u))]} (∗∗) for every vertex u of T .

For every ξ in K and r > 0, let (u_n)_{n∈}N be a ray in T with lim_{n→+∞} u_n = ξ. Since {2B_∗(u_n) | n ∈ N} is a neigbourhood basis of ξ, and ∂X has no isolated point, there exists a first n in N − {0} with B(ξ, r) not contained in 2B_∗(u_n). Let z be a point in B(ξ, r) − 2B_∗(u_n), therefore d_x(z, ξ) ≤ r and d_x(z, u_∞) ≥ 2e^{−[d(x,un)+f(d(x,un))]}. Since ξ belongs to B_∗(u_n), one has d_x(ξ, u_∞) ≤ e^{−[d(x,un)+f(d(x,un))]}. Therefore, by the triangular inequality, r ≥ d_x(z, ξ) ≥ d_x(z, u_∞) − d_x(u_∞, ξ) ≥ e^{−[d(x,un)+f(d(x,un))]}. Since lim sup_{t→+∞}^{f(t)}_t = β, there exists a constant A > 0 such that f(t) ≤ (β + ϵ)t + A for every t ∈ [0, +∞[. Therefore r ≥ e^{−A}e^{−(1+β+ϵ)d(x,un)}. (∗ ∗ ∗) By the minimality of n, the visual ball B(ξ, r) is contained in 2B_∗(u_{n−1}). Therefore B(ξ, r)∩K is contained in 2B_∗(u_{n−1})∩K = B_∗(u_{n−1})∩K, by the property (3) in Proposition 5.2. Therefore by Equation (∗∗), μ(B(ξ, r) ∩ K) ≤ μ(B_∗(u_{n−1}) ∩ K) ≤ e^{sf(0)}e^{−s(d(x,un−1)+f(d(x,un−1)))}. By the property (2) in Proposition 5.2, one has e^{−s d(x,un)} ≥ e^{−s(d(x,un−1)+f(d(x,un−1))+c)}, so that μ(B(ξ, r) ∩ K) ≤ e^{s(f(0)+c)} e^{−s d(x,un)}. By Equation (∗ ∗ ∗), one has μ(B(ξ, r) ∩ K) ≤ e^{s(f(0)+c)}(e^Ar)^{s1+β+ϵ} . This ends the proof of the proposition by taking C = e^{s(f(0)+c)}e^{sA1+β+ϵ} . Proof of Theorem 5.1. By the easy part of Frostman’s Lemma (see [Fro]), the Proposition 5.4 implies that the Hausdorff dimension of the Cantor set K (hence the one of O_f by Proposition 5.3) is at least^s_{1+β+ϵ} . Since s = δ − 2ϵ, the result follows by letting ϵ tend to 0.

References

[BD] V. Bernik, M. Dodson, Metric diophantine approximation on manifolds, Cambridge Univ.

Press (1999).

[BJ] C. Bishop, P. Jones, Hausdorff dimension and Kleinian groups, Acta Math. 179 (1997) 1-39.

[Bou] M. Bourdon, Structure conforme au bord et flot géodésique d’un CAT(-1) espace, L’Ens.

Math. 41 (1995) 63-102.

[Dod] M. Dodson, Hausdorff dimension, lower order and Khintchine’s theorem in metric Diophantine approximation, J. reine angew. Math. 432 (1992), 69-76.

[Fal] K.J. Falconer, The geometry of fractal sets, CTM 85, Cambridge Univ. Press, 1985.

[Fro] O. Frostman, Potentiel d’équilibre et capacité des ensembles avec quelques applications à la théorie des fonctions, Meddel. Lunds Univ. Math. Sem. 3 (1935) 1-118.

[GH] E. Ghys, P. de la Harpe, eds. Sur les groupes hyperboliques d’après Mikhael Gromov, Prog.

in Math. 83, Birkhäuser 1990.

[HP1] S. Hersonsky, F. Paulin, Diophantine approximation for negatively curved manifolds, I, preprint Univ. Orsay, Sept. 1999.

[HP2] S. Hersonsky, F. Paulin, Counting orbit points in covering of negatively curved manifolds and Hausdorff dimension of cusp excursions, preprint, 2001.

[HV1] R. Hill, S. Velani, The ergodic theory of shrinking targets, Inv. Math. 119 (1995) 175-198.

[HV2] R. Hill, S. Velani, The Jarník-Besicovitch theorem for geometrically finite kleinian groups, Proc. Lond. Math. Soc. 77 (1998) 524-550.

[Khi] A. Khinchin, Continued fractions, Univ. Chicago Press, 1964.

[KM] D. Kleinbock, G. Margulis, Flows on homogeneous spaces and Diophantine approximation on manifolds, Ann. Math. 148 (1998) 339–360.

[Pau] F. Paulin, On the critical exponent of discrete groups of hyperbolic isometries, Diff. Geom.

and its App. 7 (1997) 231-236.

[Vel] S. Velani, Geometrically finite groups, Khintchine-type theorems and Hausdorff dimension, Math. Proc. Camb. Phil. Soc. 120 (1996) 647–662.

Department of Mathematics Ben Gurion University BEER-SHEVA, Israel e-mail: saarh@math.bgu.ac.il

Laboratoire de Mathématiques UMR 8628 CNRS Equipe de Topologie et Dynamique Bât. 425, Université Paris-Sud 91405 ORSAY Cedex, FRANCE. e-mail: Frederic.Paulin@math.u-psud.fr

Present address:

Département de Mathématique et Applications UMR 8553 CNRS Ecole Normale Supérieure 45 rue d’Ulm, 75230 PARIS Cedex 05, FRANCE e-mail: Frederic.Paulin@ens.fr