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Abstract

We study Diophantine approximation in completions of functions fields over finite
fields, and in particular in fields of formal Laurent series over finite fields. We introduce
a Lagrange spectrum for the approximation by orbits of quadratic irrationals under
the modular group. We give nonarchimedean analogs of various well known results in
the real case: the closedness and boundedness of the Lagrange spectrum, the existence
of a Hall ray, as well as computations of various Hurwitz constants. We use geometric
methods of group actions on Bruhat-Tits trees. !

1 Introduction

Diophantine approximation in local fields of positive characteristic has been studied for
many years, both from the classical viewpoint (see the works of de Mathan, Lasjaunias,
Osgood, W. Schmidt, Thakur, Voloch for instance) and from the point of view of arith-
metic geometry (see the works of Mahler, Manin, and many others), as well from an ergodic
theory viewpoint (see for instance | ]). In this paper, we are interested in the approx-
imation by quadratic irrationals: we define and study the quadratic Lagrange spectra in
completions of function fields over finite fields with respect to the absolute values defined
by discrete valuations. In this introduction, we concentrate on the special case of the field
of rational fractions and its valuation at infinity. We refer to Section 3 for the definitions
and results in the general case, allowing congruence considerations.

Let [, be a finite field of order a positive power g of a positive prime. Let R = F,[Y],
K =T4(Y) and K= F,((Y™1)) be respectively the ring of polynomials in one variable ¥
over [Fy, the field of rational functions in ¥ over IF, and the field of formal Laurent series
in Y~ over Fy. Then K is a nonarchimedean local field, the completion of K with respect
to its place at infinity, that is, the absolute value ]g| = gdee P—dee@ for all P,Q € R—{0}.
Let

K® ={feK : [K(f): K]=2}

be the set of quadratic irrationals over K in K. Given fe K-K , it is well known
that f € K® if and only if the continued fraction expansion® of f is eventually periodic.
The projective action of I' = PGLy(R) on P1(K) = K U {oo} preserves K(?), keeping the
periodic part of the continued fraction expansions unchanged (up to cyclic permutation

'Keywords: quadratic irrational, continued fraction expansion, positive characteristic, formal Laurent
series, Lagrange spectrum, Hurwitz constant, Hall ray. =~ AMS codes: 11J06, 11J70, 11R11, 20E08,
20G25

2See Section 4 for a definition.
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and invertible elements). We refer for instance to [Las, , | for background on the
above notions.

Now let us fix & € K&, We denote by a® € K the Galois conjugate of o over K.
The complezity h(a) = Flaﬂ of a was introduced in [[1P] and developped in | , §17.2].
It plays the role of the (naive) height of a rational number in Diophantine approximation by
rationals, and is an appropriate complexity when studying the approximation by elements

in the orbit under the modular group of a given quadratic irrational.> We refer to the above

references for motivations and results, in particular to [, Thm. 1.6] for a Khintchine type
result and to | , §17.2] for an equidistribution result of the orbit of oz under PGLa(R).
Let

O, = PGL2(R) - {a, %}

be the union of the orbits of o and a” under the projective action of PGLy(R). Given
x € K — (K UG®,), we define the quadratic approximation constant of x by

o |z — B
calx) = lim inf _
(=) BeO, |B-B7|-0 [B — B

We define the quadratic Lagrange spectrum of « as
Sp(a) = {ca(z) : z€ K — (KUBO,)}.

Note that Sp(a) C ¢% U {0,4o00}. It follows from [H’, Thm. 1.6] that if m is a Haar

measure on the locally compact additive group of K , then for m-almost every x € K,
we have c,(x) = 0. Hence in particular, 0 € Sp(«) and the quadratic Lagrange spectrum
is therefore closed. In Section 3, we prove that it is bounded, and we can thus define the
(quadratic) Hurwitz constant of o as max Sp(a) € ¢”.

The following theorems, giving nonarchimedean analogs of the results of Lin, Bugeaud
and Pejkovic |Lin, , |, say that the quadratic Lagrange spectrum of « is a closed
bounded subset of ¢“U{0} which contains an initial interval, and computes various Hurwitz
constants.

Theorem 1.1. Let a be a quadratic irrational over K in K.
(1) (Upper bound) Its quadratic Hurwitz constant satisfies max Sp(a) < ¢~2.
(2) (Hall ray) There exists mq € N such that for all n € N with n > mq, we have

q " € Sp(a).

In Section 3, we even prove that Assertion (2) of this theorem is valid when K is
any function field over F,, K is the completion of K at any place of K, and R is the
corresponding affine function ring.

Theorem 1.2. The Hurwitz constant of any quadratic irrational over K in I?, whose
2

continued fraction expansion is eventually k-periodic with k < q — 1, is equal to g—=.

There are examples of quadratic irrationals for which the quadratic Lagrange spectrum
coincides with the maximal Hall ray. The following theorem gives a special case, see
Theorem 4.11 for a more general result.

3see | | for a comparison between the naive height of the algebraic number « and the above com-
plexity of « in the Archimedean case.
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Theorem 1.3. If

p=Y+——,

1
Y
+Y+--~

then Sp(¢) = {0} U{g™" 2 : n € N}.

In Proposition 4.12, we give a class of quadratic irrationals whose quadratic Lagrange
spectrum does not coincide with its maximal Hall ray, in other words, who have gaps in
their spectrum.

After the first version of this paper was posted on ArXiv, Yann Bugeaud | | has
given a completely different proof of the above results (except the generalisation to function
fields), and proved several new theorems giving a more precise description of these spectra.
In particular, he proved that all approximation constants for a given quadratic irrational
are attained on the other quadratic irrationals, that for every m > 2 there exists g € K )
such that max Sp(8) = ¢~™, and that for all £ € N, there exists § € K such that Sp(f)
contains exactly ¢ gaps.

In order to explain the origin of our results, recall that for x € R—Q, the approximation
constant of x by rational numbers is

c(x) = liminf ¢

9
D,qE€EL, g—+00

Q‘x_lj
q

and that the Lagrange spectrum is Spg = {c(z) : € R—Q}. Numerous properties of the
Lagrange spectrum are known, see for instance [C'I']. In particular, Spg is bounded and
closed, has maximum %, and contains a maximal interval [0, u] with 0 < p < % called

a Hall ray. Khinchin [Khi] proved that almost every real number is badly approximable
by rational numbers, so that the approximation constant vanishes almost surely. Many of
these results have been generalised to the Diophantine approximation of complex numbers,
Hamiltonian quaternions and for the Heisenberg group, see for example [Poi, , ,
, PaP2, PaP3].

Let ag be a fixed real quadratic irrational number over Q. For every such number «,
let a” be its Galois conjugate. Let &,, = PSLa(Z) - {ap, af} be its (countable, dense in R)
orbit for the action by homographies and anti-homographies of PSLy(Z) on R U {oc}. For
every ¢ € R — (QU &,,), the approzimation constant of = by elements of &,, was defined
in [PalP 4] by
[z —af

Capl(x) = lim inf 22—
aO( ) a€dy ¢ |la—a|=0 ’Ck — OCJ’ ’

the quadratic Lagrange spectrum (or approximation spectrum) of ag by

Sp(ao) = {Cao(7) + 2 € R = (QU &)} ,

and the Hurwitz constant of ag by sup Sp(ag). We proved that the quadratic Lagrange
spectrum of ¢ is bounded and closed, and that an analog of Khinchin’s theorem holds. We
generalised the definitions and the above results to the approximation of complex numbers
and elements of the Heisenberg group. In the latter cases, we also proved the existence of
a Hall ray in the spectrum.
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In the real case, the existence of a Hall ray in Sp(ag) is due to Lin [Lin]. Bugeaud
[ | proved that the Hurwitz constant of the Golden Ratio ¢ is equal to % —1, and his

conjecture that the Hurwitz constant of any real quadratic irrational is at most % —1 was

confirmed by Pejkovic [Pcj|. The Hurwitz constant is known explicitly in many 2-periodic
continued fraction expansion cases, see [P¢], ].

Acknowledgements: This work was supported by the French-Finnish CNRS grant PICS Ne 6950.
We thank a lot Yann Bugeaud for his comments on the first version of this paper, which allowed
us to remove the unnecessary assumption of odd characteristic, and gave a negative solution to a
conjecture we proposed on a general formula for the Hurwitz constants.

2 Background on function fields and Bruhat-Tits trees

In this section, we recall the basic notations and properties of function fields K over I,
and their valuations v, the associated Bruhat-Tits trees T, and modular groups I';, acting
on T,. We refer to [Gos, , Ser| for definitions, proofs and further information, see also
[ , Ch. 14 and 15].

Let F, be a finite field of order ¢ with ¢ a positive power of a positive prime.

2.1 Function fields

Let K be a function field over F, and let v : K* — Z be a (normalised discrete) valuation
of K. Let R, be the affine function ring associated with (K, v). Let |- |, be the absolute
value on K corresponding to v and let K, be the completion of K with respect to | - |,.
We again denote by v and | - |, the extensions of v and | - |, to K,. Let

Oy,={zx €K, : v(z) >0}
be the wvaluation ring of K,. Its unique maximal ideal is
m, ={z €K, : v(x)>0}.

We denote the cardinality of the residual field k, = €, /m, by ¢,, so that |f|, = qq,_v(f) for
all fe K.

Example 2.1. Let K = [F,(Y) be the field of rational functions in one variable Y with
coefficients in F,, let Fy[Y] be the ring of polynomials in one variable Y with coefficients
in Fy, and let vo : K* — Z be the valuation at infinity of K, defined on every P/Q € K
with P,Q € F,[Y] — {0} by

Vo (P/Q) = deg @ — deg P .

Then R, = F,[Y] and the absolute value | - |, on K associated with vs is the absolute
value defined in the introduction. The completion K, of K for |-, is the field F (Y 1))

of formal Laurent series in one variable Y ~! with coefficients in [y, denoted by K in the
introduction. The elements z in F,((Y 1)) are of the form

T = Z T; y !
€L
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where z; € F, for all ¢ € Z and x; = 0 for 7 small enough. The valuation at infinity of
F,((Y™1)) extending the valuation at infinity of F,(Y) is

Vo eF,((Y )", veolz)=sup{i €Z : Vj<i, x;=0}.

The valuation ring €, of vs is the ring Fy[[Y ~!]] of formal power series in one variable
Y ! with coefficients in F,. The residual field k, = O, _/m,_ of v is F,, which has
order ¢, = q.

We identify the projective line Py (K,) with Ky, U{oo} using the map Ky(z,y) — £, so
that

oo=[1:0].
The projective action of PGLg(K,) on P}(K,) is the action by homographies on K,U{cc},
. . b - _|a b -
given by (g,2) = g -z = % it g= L d] € PGLy(K,). As usual, we define g- oo = ¢

and g - (—4%) = oo,

2.2 Bruhat-Tits trees

An O,-lattice A in the K,-vector space K, X K, is a rank 2 free &),-submodule of K, x K,
generating K, x K, as a vector space. The Bruhat-Tits tree T, of (PGLq, K,,) is the graph
whose set of vertices VT, is the set of homothety classes (under (K,)*) [A] of &),-lattices
A in K, x K,,, and whose set of edges ET, is the set of pairs (x,2’) of vertices such that
there exist representatives A of x and A’ of 2’ for which A C A’ and A’/A is isomorphic
to 0,/m,. The graph T, is a regular tree of degree |P1(k,)| = ¢, + 1. The standard base
point *, of T, is the homothety class [0, x O,] of the O,-lattice O, x O, generated by the
canonical basis of K, x K,. The link

k(%) ={y € VT, : d(y,*,) =1}

of %, in T, identifies with the projective line P; (k).

The left linear action of GLo(K,) on K, x K, induces a faithful, vertex-transitive
left action of PGLg(K,) by automorphisms on T,. The stabiliser of *, in PGLy(K,)
is PGLy(0,), which acts projectively on lk(x,) = Pi(k,) by reduction modulo v, and
in particular PGLo(k,) acts simply transitively on triples of pairwise distinct points on
Ik(*,). We identify the boundary at infinity 0T, of T, with P;(K,) by the unique
homeomorphism from 05T, to P1(K,) such that the (continuous) extension to 9T, of
the isometric action of PGLy(K,) on T, corresponds to the projective action of PGLy(K)
on Py (K,).

Let 'y = PGL2(R,). The group T, is a lattice in the locally compact group PGLo(K),),
called the modular group at v of K. The quotient graph I'\T, is called the modular graph
of K, and the quotient graph of groups I'\T, is called the modular graph of groups at v
of K. We refer to [Ser| for background information on these objects, and for instance to
[Pau] for a geometric treatment when K = Fy(Y) and v = v.

Recall that the open horoballs centred at £ € 05T, are the subsets of the geometric
realisation |T,| of T, defined by

A (pe) ={y € To| = lim (= d(pe(t),y)) > 0}
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where pg¢ is a geodesic ray converging to . The boundary of J7 (pg) is the horosphere
0 (pe) = {y € [Tl + Jim_ (¢ = d(pe(t).v)) = 0}.

We refer to [I31] for background on these notions. The height in 5 (p¢) of a point & € |T,|
is lim¢—, 400 (t — d(pe(t), ). It is positive if and only if = belongs to . (p¢). We denote
by 4% the unique horoball centred at oo € 0T, whose associated horosphere passes
through *,.

Let T' be a finite index subgroup of I',. By for instance [Ser, |, there exists a I'-
equivariant family of pairwise disjoint open horoballs (ji@)gepl( i) in Ty, with J# centered
at { and the stabiliser I'¢c of £ in I' acting transitively on the boundary of J# for every
¢ € Pi(K) C 05Ty, so that the quotient by I' of

Er=T,- |J
£ePi(K)

is a finite connected graph, denoted by Er. The set of cusps I'\P1(K) is finite. For every
representative £ of a cusp in I'\P;(K), the injective image by the canonical projection
T, — I'\T, of any geodesic ray starting from a point on the boundary of % with point
at infinity ¢ is called a cuspidal ray. The quotient graph I'\T, is the union of the finite
subgraph Fr and the finite collection of cuspidal rays that are glued to Er at their origin.

Example 2.2. (See for instance [Bal].) Let K = Fy(Y) and v = vs. Then I', =
PGLy(F,[Y]) and the quotient graph of groups I', _\ T, is the following modular ray
r, T, r, Ty
e ¢ ¢ - - -
F6 Fo Fl r 2

where I'_; = PGLy(F,), I, = To NT'_; and, for every n € N,
a b
rn:{k JGPGmmHﬂ):%deF;bemDmmgbgn+%.

The canonical I', _-equivariant family (%) ¢eP, (k) of pairwise disjoint maximal open horo-
balls in T, , with 7% centered at £ for every £ € P1(K), consists of the connected com-
ponents of [Ty | — [y #y.. The graph Ep is reduced to the orbit of the base point ,_,
and Ep is reduced to one vertex, the origin of the modular ray (see the above picture). In
particular, the diameter of Er is zero.

All geodesic lines in T, pass through the I',_-orbit of x, . Indeed, no geodesic is
completely contained in a horoball and since UgelPl( k) 0 = Ty v, the only way a
geodesic line exits a horoball of the canonical family (7% )¢cp, (i) is through the orbit of
%, . The intersection of a geodesic line with the orbit I',__*,_ is hence finite if and only
if its endpoints are both in Py (K).

We end this section with the following lemma, which is an effective version of a special
case of [[1P] Prop. 2.6]. It controls the intersection length of a translation axis of an element
of a discrete group of automorphisms of a tree with its images under this group. We will
use it in Section 3 in order to prove Theorem 3.4.
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Recall that an automorphism v of a simplicial tree T with geometric realisation |T| is
lozodromic if it fixes no point of |T|, that its translation length ¢(v) = mingecytd(x,yT) is
then positive and that its translation aris Axy = {z € |T| : d(z,yx) = £(y)} is then a
geodesic line in |T|.

Lemma 2.3. Let I' be a discrete group of automorphisms of a locally finite tree T. Let
Yo € I' be a lozodromic element on T. Let kg = ]ﬁ)[1i][1xeAX70 |T'z| be the minimal order of the
stabiliser in I' of a vertex of Ax,, and let I'g be the stabiliser of Ax,, in I'. Then for every
v €I' =Ty, the length of the geodesic segment v Axy, N Ax,, is less than (ko +1)¢(yo) — 1.

Proof. Assume for a contradiction that the length L € N of vAx,, NAx,, is at least
(ko +1)¢(0) — 1. Denote by [z,y] the geodesic segment v Ax,, N Ax,,, such that yyz and
y are on same side of x on Ax,,. Let e = 1 if ¥Yoy 'z and y are on same side of  on
v Ax,,, and € = —1 otherwise.

Since 7o acts by a translation of length £(79) on Ax.,, there exists a point 2’ € [z, y]
at distance at most £(7p) — 1 from = such that [[/| = kg. Note that vy~ ! acts by a
translation of length ¢(vo) on v Ax,, and that the translation directions of 7o and vy v ~!
coincide on [z,y]. Hence for every k € {0,1,...,ko}, the point vy,* v~ 12’ belongs to [z, ]
by the assumption on L, and v kyy(fk v~ 'z’ = 2’. Since the stabiliser of 2’ has order less
than ko + 1, there are hence distinct k, k" € {0,1,...,ko} such that

—k _ K ek —
Yo vyt =g vt
that is, ’y[’f/_kv = fy’yg(klfk) -1 for all m, m' €

Z — {0}, this implies that  preserves Ax,,, a contradiction since y ¢ I'y. O

. Since Ax%n = Ax,, and VAx%m/ = AXWO’”’

3 Quadratic Diophantine approximation in completions of
function fields

Let K be a function field over Fy, let v be a (normalised discrete) valuation of K, let
R, be the affine function ring associated with v, and let I be a finite index subgroup of
I'y = PGL2(R,) (for instance a congruence subgroup).
We denote by
K® ={zekK, : [K(z): K]=2}

the set of quadratic irrationals in K, over K, and we fix o € qug). We denote by a? € Kl(,Q)
the Galois conjugate of a over K, and by

Our =1 {a,a”}

the union of the orbits of & and a” under the projective action of I', with ©, = ©,, r,. Note
that a” # «, since an irreducible quadratic polynomial over K which is inseparable does
not split over K, (see for instance | , Lem. 17.2]), and that there exists a loxodromic
element v, € T'y such that Ja, a”[ = Ax,, (see for instance | , Prop. 17.3|). For all

z € Kyand g € KgZ) with z # 3, let

c(z,B) = m €ql.

The following result gives a geometric interpretation to this quantity.
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Lemma 3.1. Let x € K, and B € Kq(,2) with x # 3, 5.

(1) If the geodesic lines |oo, x| and |3, B°[ in T, are disjoint or meet at only one vertex,
then, with n the distance between them,

o(x,B) =c(z, %) =qy 2 1.

(2) If the geodesic lines Joo,z[ and |3, 57[ in T, meet along a geodesic segment of length
n > 0, with the closest point to 8 on |oo,z| closer to x than the closest point to 57 on
|oo, [, then

oz, B) =q," <1=c(z, ).

In particular, min{c(z, 8), c(x,87)} < 1.

Proof. For all distinct y, z € K,, and for every horoball # in T, centered at oo, let

d%(ya Z) = tliglooe%d(ytvzt)—t ,

where t — 4, t — z; are the geodesic lines starting from oo, through 0. at time ¢t = 0,
ending at the points at infinity y, z respectively. By for instance | , Eq. (15.2)], we
have

ly— 2lo = dye (y,2)" .

Since the ratio % does not depend on the horoball 7 centered at oo, if S is small
enough, we hence have
r—pf _ o
o(w, B) = A2 Pl _ a1+ 18.87)
|/8 - ﬁ |v
The result follows. 0

For every z € K, — (K U©,, 1), we define the approzimation constant of x by the
(extended) I'-orbit of « as

c xr) = lim inf c(z,pB) .
a,F() BEO,, T, |B—B7v—0 (z,5)

When z is itself a quadratic irrational, the following result gives a geometric computation
of the approximation constant c, r(z).

Remark 3.2. For all o, 8 € K1(,2) such that 5 ¢ ©,, 1, we have

cp.r(@) = car(B) = g @A)

where n(a, ) = max,er length (]oﬂ, alN~y 157, B[) if some image of |37, 8] by an element
of I meets Ja?, af, and n(«, 8) = — minyer d(]a",a[,7 ]ﬁ",ﬁ[) otherwise.
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Proof. Note that since the elements of I' preserve the lengths of segments, and by a
change of variable v — =1, we have n(3,a) = n(a, B), so that the first equality follows
from the second one.

By a proof similar to the one of Proposition 2.3, for all a, 5 € K1()2) such that 5 ¢ O, T,
there exists a constant ¢, g (depending only on the translation lengths of primitive elements
in " preserving the geodesic lines Ja?, o and |57, B[, as well as on the cardinalities of the
stabilisers in I" of the vertices of these geodesic lines) such that for every v € T', the length
of the intersection Ja”,a[ N~ |7, B is at most £, g.

First assume that some image of |37, §[ by an element of I meets Ja?, a[. Using Lemma
3.1 for the second equality, the fact that Joo, 5[ and |37, 8] share a subray with endpoint
B for the third equality, and Lemma 3.1 (2) for the fourth one, we have

c = lim inf c(B,a) = lim inf c(B, o
01,1—‘(6) a’€Oq, T, &' —a'|y—0 (ﬁ ) o’'€Oq, 1, |7 —a!|y—0, [o/7, o/ [ N ]oo, B[#D (B )
= lim inf c(B,a)
QIEGQ,IV |alg_a/|v_>0’ }alga al[ n ]607 6[5£@
— lim inf g length(o’”, o'[N]F7,B]) — o—n(Be)
a'e@a,m |a/afa/|11‘>07 }a/o" O/[ n }607 6[#®
Otherwise, the result follows by using Lemma 3.1 (1). O

We define the quadratic Lagrange spectrum of « relative to I' as
Sp(o, T') = {ca,r(z) : € Ky — (KUB4 1)},

and Sp(a) = Sp(a, T',). Note that Sp(a, I') is contained in ¢Z U {0,400} and that for
every 3 € O, the functions co r and cgr on K, — (K U©O4r) = K, — (K U©Og )
coincide, so that Sp(a, I') = Sp(8, I).

Proposition 3.3. The quadratic Lagrange spectrum Sp(a, I') is closed and bounded in R.

The above result allows us to define the Hurwitz constant of « relative to I' as
max Sp(a, I') € q% ,

and the Hurwitz constant of o as max Sp(I'y, a). The proof of Proposition 3.3 actually
gives an upper bound on Sp(«, I') which does not depend on the quadratic irrational a,
see Equation (1) below. In the special case when (K,v,I') = (Fy(Y), voo, '), we will

prove more precisely in Section 4 that max max Sp(a) = q%.

ex?
Proof. It follows from [[1I>, Thm. 1.6]* that if my, is a Haar measure on the locally
compact additive group of K, then ¢, r(z) = 0 for mg, -almost every x € K,. Therefore

0 € Sp(a, '), and the quadratic Lagrange spectrum of « relative to I' is closed.

Let us fix z € K, — K and let us prove that ¢, r(z) < qgiam Er where FEr is as defined
in Section 2. This proves Proposition 3.3 with a uniform bound on the Hurwitz constants

Vae K?, maxSp(a, I') < gliombr (1)
4 Actually, Thm. 1.6 of [[TP] is stated only for K = Fy(Y), v = v and T' = T',,, but it has an analogous
version for general (K,v,I") by using [HP, Prop. 1.5].
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Since x is irrational and since any geodesic ray entering into a horoball and not con-
verging towards its point at infinity has to exit the horoball, the geodesic line |oo, [ from
o0 to x cannot stay after a given time in a given horoball of the family (J)¢cp, (k) defined

in Section 2. Hence there exists a sequence (p,)nen of points of Ep converging to x along
the geodesic line Joo, z[. Since Ep = F\E[‘ is finite and since no geodesic line is contained
in a horoball, there exists a sequence (v, )nen in I' such that d(py,7), Ja, a?[) < diam Ep
for all n € N.

By Lemma 3.1, there exists 8, € {y,a,7,0°} C O, 1 such that c(x,8,) < 1 if
18, B2 = 4. Ja,a®[ meets Joo, x| in at least an edge, and c(x, 3,) < ¢l @™ Er other-
wise. Hence

it (o) < 0l
Let 74 € I'y be a loxodromic element such that o, «”[ = Ax,, . Since I" has finite index in
T'y, up to replacing =, by a positive power, we may assume that -, belongs to I'. Since the
length of the intersection of two distinct translates of Ax,, by elements of I' is uniformly
bounded by Lemma 2.3, we have lim,, 1o |Bn — 82|, = 0. Hence by the definition of the
approximation constants, we have as wanted ¢, () < q,f}iam Er, O

The following result, which implies Theorem 1.1 (2) in the introduction, says that the
nonarchimedean quadratic Lagrange spectra contain Hall rays. Note that its proof gives
an explicit upper bound on the constant whose existence is claimed.

Theorem 3.4. There exists mq € N such that for all m € N with m > m,, we have
q,™ € Sp(a, I).

Proof. Let
ko = min T |
z€]a®,a[NVT,
be the minimal order of the stabiliser in I' of a vertex of the geodesic line %, a. Let v, € T
be a loxodromic element (with minimal translation length) such that Ax,, = ]a?, o[ and
let kKo = (ko + 1)0(7a) — 2. By Lemma 2.3, for all 8,5" € O, 1, if 3’ ¢ {5, 57}, then the
intersection |37, B[N ]B'7, B'] is a (possibly empty) segment of length at most . Take

Mo = 2Kkq + 1.

Let us fix m € N with m > m,, and let us prove that g, belongs to Sp(«, I'), which
gives Theorem 3.4. For this, let us construct £ € K, — (K U©, r) and a sequence (8y)neN
in ©, r such that

1B — B2]y — 0 as n — +oo,

the length of the intersection |37, B, N Joo, &[ is exactly m,

the closest point to 5, on |oo, ] is closer to £ than the closest point to 37 on Joo, £[,
for every f € O, 1, either |57, 8] and Joo, £ are disjoint or their nonempty intersec-
tion has length at most m.

By Lemma 3.1, this proves that

caJ(€)==ﬂeemg?ﬁggﬂvﬁo¢i576)==gggg£tié,ﬁn)==qv :

so that g, ™ does belong to Sp(a, I').
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Since the image of |a?, af in I'\T, is compact, and since I' - co is a cusp, there exists
Bo € O, r such that if z( is the closest point to co on |3], Bo[, then the open geodesic ray
|zo, 0o[ does not meet any |57, B[ for 5 € O4, 1. Let yo be the vertex on [zg, B[ at distance
exactly m from xg, and let ep be an edge with origin yo and not contained in |8, 5ol.

Assume first (see the above picture on the left) that there exists no § € ©4, r such
that eg is contained in |37, B]. Since I is a lattice, the set ©4, r, which contains the orbit
I' - a, is dense in 05 T,. Hence there exists 81 € O, such that if ; is the closest point
to yo on |B{, 1], then the open segment |yo, 1] contains eg in its closure and meets no
187, 8] for p € Oq, 1. Let y; be the vertex on the geodesic ray [z1, 5] at distance equal
to m from z1, and let e; be an edge with origin y; and not contained in |5{, S1[. Note
that d(yo,y1) > d(x1,y1) = m > mqg > Ko + 1. By Lemma 2.3, for every 8 € O, the
length of the (possibly empty) intersection [y1,00[ N ]B7, ([ is at most m (exactly m if
B € {Bo, 5, B1, 57} and at most K, otherwise).

Assume now (see the above picture on the right) that there exists 51 € O, r such
that e is contained in |G{, 51]. Up to exchanging £ and (f, we may assume that eq is
contained in [yo, B1].

Let 1 € VT, be such that [yo, o0 N [0, 5[ = [yo0,x1]. Note that by Lemma 2.3, we
have d(x1,y0) < ko and 1 € [yo, zo[ since d(zg,yo) = m > my > Kq. Let y1 be the point
at distance equal to m — d(x1, o) from yo on [yo, S1]. Note that d(yo,y1) > ko + 1 since
m > mq = 2K+ 1, and in particular by Lemma 2.3, there is no 8 € 0, r such that |57, ]
contains both e; and yy. By Lemma 2.3, for every 8 € ©,, 1, the length of [y;,00[N]57, 5]
is at most m (exactly m if 8 € {Bo, 87, 61, 87 } and at most 2k, otherwise).

By iterating this construction, we obtain sequences (8 )nen i On, 1, (Tn)neN, (Yn)neN

in VT, and (ep)nen in ET, such that, for all n € N,

® UYn S [yn+17 OO[ and d(ym?/n—i-l) 2 Ko + ]-7

o for every 8 € O, 1, the length of [y,,o00[ N ]|B7, 8] is at most m, and the length of
[Yn, 00 N ]BT, Bnl = [yn, Tn] is exactly m,

® Yp € [xmﬁn[,

e e, exits |57, Bn] at y, and is contained in [y, Ynt1],

e 2,11 and y, belong to [x,,yn+1], and either y, belongs to [x,,x,+1] in which case
|Yn, Tpt1[ meets no |57, B for B € Oq, 1, or Yy, belongs to [Tp41, Ynt1[.

By the first point, the sequence (y,)nen converges to & € 0Ty, such that yo,y1,yo2,. ..

are in this order on the geodesic line oo, £[ oriented from oo to £. The point at infinity £

belongs neither to K (since y,, belongs to |57, 5, [ and the geodesic lines |37, 5[ for € O4
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do not enter a small enough horoball centered at any point of K) nor to ©,, r (otherwise
Joo, £[N]€7, £[ would be infinitely long, contradicting the second point for n large enough).

The length of Joo, &[N ]87, By, which is equal to [yn,x,] since e, exits |87, Bn| at yn,
is exactly m, and in particular is bounded in n. Since (yp)nen converges to the point at
infinity £, we have |3, — 87|, — 0 as n — +o0o0. By construction, there is no f € O, 1
such that the length of Joo, &[N ]B7, O] is larger than m.

Therefore £ satisfies the properties required at the beginning of the proof, and Theorem
3.4 follows. O

In the next section, we will give several computations, using the continued fraction
expansions, in the special case when K = Fy(Y), v = vo is the valuation at infinity, and
I' =T, is the full Nagao lattice PGLy(F,[Y]).

4 Computations of approximation constants, Hurwitz con-
stants and quadratic Lagrange spectra for fields of formal
Laurent series

In this section, we use the notation Fy, R = F,[Y], K =TF,(Y), K= F (Y1), | -] given
in the introduction. Let

O={feK:|f|<1} =T, Y]

be the ring of formal power series in one variable Y~ over F,. Its unique maximal ideal is
m =Y ~10. We denote by T the Bruhat-Tits tree of (PGLa, I?), with standard base point
x = [0 x 0], and I = PGLa(R), see Section 2.

Any element f € K may be uniquely written as a sum f = [f] 4 {f} of its integral part
[f] € R and its fractional part {f} € m. The Artin map ¥ : m — {0} — m is defined by
f— {%} Any f € K — K has a unique continued fraction expansion

1

f: [a07a17a/27a'37"'} :a0+
ay +
az +

1

as+ -

with agp = ao(f) = [f] € R, and a, = a,(f) = [m] € R a nonconstant polynomial
for n > 1. The polynomials a,(f) are called the coefficients of the continued fraction
expansion of f. For every n € N, the rational element

L 1
— = lap,a1,0a2,...,0nq,an] = ap +
Qn

ay +
az +

..+
1
ap—1+ —

n
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is the n-th convergent of f. We refer to [Las, , | for details and further information
on continued fraction expansions of formal Laurent series and their geometric interpretation
in terms of the Bruhat-Tits tree T.

For every f € K — K, let

M(f) =limsup degap >1,

k——+o0
My (f) = limsup (degay, + degap1) > 2,
k—+o00
m(f) =liminf degay >1.
k—4-o00

As recalled in the introduction, an irrational element a € K- K is quadratic over
K if and only if its continued fraction expansion is eventually periodic: For every p €
N large enough, the sequence of coefficients (apip(a))ren is periodic with period m €
N — {0} and, as usual, we then write the continued fraction expansion of a as a =

[ag, a1,az,...,ap—1,Gp, Gpi1,-- -, 0prm—1 . We then have
M(a) = max dega a) and m(a)= min dega Q) .
(a) = max  degap(a) (a) = _min_ degapi(a)
Let us recall from |[Pau, §6.3, Rem. 2| the penetration properties of the geodesic lines of

T inside the canonical equivariant family of pairwise disjoint open horoballs whose closures
cover T, see the picture below. For every f € K — K, the geodesic line Joo, f| (oriented
from oo to f) starts in Hy(f) = % by an initial negative subray; after /4, it successively
passes through an infinite sequence of open horoballs in the family () ¢ePl(K), denoted
by (Hn(f))nen—{oy and for every n € N, we have H,,11(f) = H#p, /q,, where P, /Q, is the
n-th convergent of f. For every n € N, the maximum height of a point of Joo, f[ inside
Hy1(f) is equal to degan+1, or, equivalently, the intersection of H,y1(f) with ]Joo, f[ is
an open segment of length 2deg a,+1.

We will need the following lemmas, which also follow from the geometric interpretation
of the continued fraction expansion given in [Pau], in order to estimate the quadratic
approximation constants of elements f € K — K.

Lemma 4.1. Let f,f' € K — K with ao(f) = ao(f’). If the geodesic lines oo, f| and
Joo, f'[ coincide inside the horoball 7, sy, then the polynomial ay(f) — a1(f’) is constant.
U
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Lemma 4.2. Let f € K — K and a € K® with purely periodic continued fraction ex-
pansion. If there exist p,qg € N and m € N such that ap41(f) = agri(a),...,aprm(f) =
aq+m (), then there exists v € I' such that the geodesic lines Joo, f| and v]a“, af coincide
at least in Hypp1(f)U--- U Hppm(f), so that their intersection has length at least

22 degapi(f) . O
=1

The proof of Proposition 3.3, and in particular Equation (1) since diam Er = 0 for the
Nagao lattice I' as seen in Example 2.2, shows that the quadratic Lagrange spectrum with
respect to the valuation at infinity of any quadratic irrational is contained in {0} U {¢™" :
n € N}. The following result, which implies Theorem 1.1 (1) in the introduction, improves
the upper bound of the spectrum. In Corollary 4.7 and Proposition 4.8, we will show that
this upper bound is realised for certain quadratic irrationals.

Proposition 4.3. For every quadratic irrational o, the spectrum Sp(«) is contained in
{0yu{¢g ™2 : neN}

Proof. Up to replacing o by an element of ©,, we may assume that « € mand o € I?—ﬁ,
so that the base point % belongs to the geodesic line Jo, a].

Let f € K- (K U©,). Since f is irrational, no positive subray of the geodesic line
|oo, f] (oriented from oo to f) is contained in a single horoball of the canonical family
() ¢ept (k). Hence there exists a sequence (Tn, = Yn*)nen, With 7, € T, of vertices in the
I-orbit of the base point *, converging to f on the geodesic line oo, f[. As * belongs to
o, @%[, we thus have that oo, f| and |y, - «, ¥, - a7 meet at least at the vertex -, *.

The stabiliser PGLa(IF,) of * in I" acts transitively on the set of pairs of distinct elements
of the link of *. Thus, up to multiplying -, on the right by an element of PGLy(F,), the
geodesic line |oo, f] meets |y, - a, 7, - @[ in a segment of length at least 2 for all n € N.
Thus, by Lemma 3.1 (2), we have

min{c(z, ¥ - @), ¢(z, 7 - %)} < ¢ 7.

Since |y, - @ — vy, - 7] tends to 0 by Lemma 2.3, we have

= liminf <q?.
calf) = pliminf,  e(@.8) <q

Hence the result follows. O

We are now going to give a series of computations of quadratic approximation constants.
We start by two preliminary results.

Lemma 4.4. Let o € K@ and let f € K — (KU®,).

(1) If m(f) > M(a), then co(f) > g~ 2.

(2) If M(f) < m(a), then ca(f) = g M2).

Proof. (1) By the penetration properties of geodesic lines in the horoballs of the canonical
family (7%)¢epr (i), for every B € ©4, the maximum height the geodesic line |37, 3] enters

in one of these horoballs is M («). Similarly, the minimum height the geodesic line Joo, f]
enters one of these horoballs except finitely many of them is m(f), which is strictly bigger
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than M («). Hence for all 5 € O, the geodesic lines oo, f[ and |37, B[ can meet at most
in two consecutive horoballs H,(f) for n € N large enough, and their intersection has
length at most Ma(a) (and even at most M(a) < My(«) if |37, B] meets at most one of
the horoballs H,(f) for n € N large enough), see the picture below.

By Lemma 3.1, we have ¢(f, 8) > g M2(2) for all B € O, which proves the result.

The proof of Assertion (2) is similar. O

Lemma 4.5. For allo€ K® and f € K — (KUB,) such that m(f) > M («), there exists
a sequence (Bp)nen in O such that c(f, Bn) = ¢~ M2(*) and |B, — | — 0 as n — +oo0.

Proof. Replacing o by an element in its I'-orbit if necessary, we can assume that the
continued fraction expansion of « is periodic, that & € m and o € K — €, and that

Ms(a) = degai(a) + degaz(a). The unipotent upper triangular subgroup { ((1) f)

T € R} of I' fixes 0o € 0T, and acts transitively on the subset R of J,T. Since the

horoballs in the canonical family (J)¢cp1 (i) whose closure meets the closure of J#,, are
(besides 7%, itself) the ones centred at an element of R, the group I' acts transitively on the
ordered pairs of horoballs in this family whose closures meet at one point. In particular,
for all n € N large enough, there exists v, € I' sending Hi(«) to H,(f) and Ha(«) to

Hn+1(f)'

Tn L
I e T -~
?ﬂ:‘ -9 - T :
o : : . @egw ie/g&Q(a)
Vi e Ha(f) ok, e

For all x € T and v € Aut(T), and for every horoball 5# in T, the height of vz with
respect to 777 is equal to the height of  with respect to J#. Hence for n large enough,
since m(f) > M(«), the geodesic lines Joo, f[ and vy, |a%, a] = |y - a7, v, - o[ intersect
along a segment of length equal to degaj(a) + degag(a) = Ma(«). Let By, = v - o, we
then have c(f, 8,) = ¢ ™2(®) by Lemma 3.1. The fact that |8, — 87| — 0 as n — 400
follows from Lemma 2.3. 0
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Corollary 4.6. Let « € K®. If f € K — (K U®,) satisfies m(f) > M(«a), then
cal(f) = M) € Sp(a).

Proof. This follows immediately from Lemmas 4.4 (1) and 4.5, by the definition of the

quadratic approximation constants. ]

Corollary 4.7. Let « € K@ . Then
(1) maxSp(a) > g~ Va0,
(2) If M(a) =1 or m(a) > 2, then max Sp(a) = max pep, [x], deg P=1 Ca([ P ]) = g2

Proof. (1) This follows from Corollary 4.6 since for instance

f=laps1(a) + YM@+L g, (a) + Y M(@)+1]

satisfies the assumption of Corollary 4.6 if p € N is such that My(a) = degay(a) +
deg api1(a).

(2) If M(a) =1, then M(cr) = 2 and this follows from Proposition 4.3 and Corollary
4.6. If m(a) > 2, with f = [Y], we have M(f) = 1 < m(a) and Ma(f) = 2, thus
ca(f) > ¢ 2 by Lemma 4.4 (2), and the result follows from Proposition 4.3. O

The above corollary shows that the maximum Hurwitz constant is attained for many
quadratic irrationals «. In fact, the same holds for all quadratic irrationals with small
enough period length.

Proposition 4.8. If « is a quadratic irrational over K in K whose period of its contin-
ued fraction expansion contains at most q — 2 coefficients of degree 1, then max Sp(«) =

MaxpefF,[X], deg P=1 cal[P])=q2.

The first equality is a (strengthened) nonarchimedean version of the 2-periodic case
of Bugeaud’s conjecture solved by Lin [Lin, Rem. 1.3]. In particular, if o € K® js
eventually k-periodic with k& < ¢ — 1 (as for instance with k& = 2 since ¢ > 3), then
max Sp(a) = maxpep,[X], deg P=1 ca([P]) = ¢ 2. Indeed, either all coefficients of the
period of a have degrees 1, in which case M(a) = 1 and Corollary 4.7 (2) applies, or «
satisfies the assumption of Proposition 4.8. This proves Theorem 1.2 in the introduction.

Proof. Since Card(F, — {0}) = ¢ — 1 and by the assumption, there exists a polynomial
P € R of degree 1 such that for every degree 1 coefficient a;(«) of the period of «a, the
polynomial P—a;(«) is nonconstant. Let f = [ P]. For all 8 € ©, and n € N large enough,
we claim that |87, 8] agrees with |oo, f[ on a segment with length at most 1 inside any
horoball H,,(f) for n € N. By an argument as in the proof of Proposition 4.3, this implies
that co(f) = ¢~2. This in turn implies that max Sp(a) > ¢~2, and the result follows since
g2 is an upper bound on max Sp(a) (see Proposition 4.3).

Assume for a contradiction that the geodesic segment |57, 5[ agrees with Joo, f[ on a
segment of length at least 2 inside H,(f). Since degay(f) = deg P = 1, this implies
that |87, 8] and Joo, f] actually coincide inside of H,(f). Assume that the orientations
of the geodesic lines |37, 5[ and ]oo, f| respectively from 7 to 8 and from oo to f agree.
By Lemma 4.1, this implies that if a;(/3) is the coefficient in the period of S such that
H,(f) = H;(B), then the polynomial P—a;(3) is constant. This implies that dega;(8) =1
and this contradicts the definition of P, since a and /3 have the same period (up to a cyclic
permutation). O
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If the period of a quadratic irrational « is longer than g — 1, then its Hurwitz constant
max Sp(«) may be arbitrarily small, as the following result shows.

Proposition 4.9. For all m,k € N — {0,1}, let us denote by {by,...,bn} the set’ of the
finite sequences of length m of polynomials of degree at least 1 and at most k, and let

Emi= U T [0y o) |-
ceSN

For every o € &y, 1, we have max Sp(a) < ¢~ min(2m, k+2)
Proof. Let us fix a € &, and f € K — (K U®,), and let us prove that co(f) <
g in@m, k+2) which gives the result.

Assume first that there exists a subsequence of coefficients (a;, (f))nen of f such that
iop > 1 and dega;, (f) > k for all n € N. Let z,, be the point of 9H;, (f) at which the
geodesic line ]oo, f[ exits the horoball H;, (f). Since any polynomial P € R of degree k
occurs as a coefficient of « (in its periodic part), there exists a horoball .77, in the canonical
family (7#%)¢ep (k) which intersects the geodesic Ja“, af in a segment of length exactly 2k.
Let y be the point of 0.7, at which the geodesic |a?, o[ exits the horoball .7.

oo \ xt/ Fooam T e e
Hi (f) S

’y .
'Yn'ﬁg " "

!
rS’

By the transitivity of the action of I' on the pairs (J#,z) where % belongs to the
canonical family (J#)¢cp1 (k) and z belongs to 0.7, there exists y,, € I which sends (74, y)
to (H;, (f),xyn). Let eq, ea be the consecutive edges along Joo, f[ such that the origin of e;
is x,,. Note that the endpoint of es (which is at distance 2 from ;) might belong to the
orbit I'x of the base point of T or not. Since any pair (P, P') with P,P' € R, degP = k
and deg P' € {1,2} occurs as a pair of consecutive coefficients in the continued fraction
expansion of «, there exists 3, € O, such that the geodesic line |37, 8, contains v, ‘e
and 7, les, and coincides with |a”, af inside 4. Hence ~,, |89, B coincides with ]Joo, f]
on ey, ez as well as on a segment of length exactly k inside H;, (f) (since dega;, (f) > k).
Thus

min{c(f, v - B7), c(fm - Ba)} < g~ *F?)

by Lemma 3.1. Since |y, - Bn — Y - 85| — 0 as n — +oo by Lemma 2.3, we have
ca(f) < q_(k+2)'

Otherwise, there exists ig € N such that dega;(f) < k for all i > ig. For every n € N,
consider the string of m consecutive horoballs Hi,1nm (f), - -, Hig4(nt1)m—1(f) crossed by
the geodesic line Joo, f[. The quadratic irrational o has been constructed in such a way
that there exists a string of consecutive coefficients in the period of o that agrees with those

Swith an arbitrary ordering and N = (¢*T! — ¢)™
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—2m

of f inside the above horoballs. Using Lemma 4.2, this gives the estimate co(f) < ¢
Together with the previous estimate, this completes the proof. O

Example 4.10. If a belongs to the set &, . constructed in Proposition 4.9 with &k = m = 2,
then
max Sp(a) = maxcy([P]) =  limsup co([P])=¢ .
PcR PcR, deg P—400
Indeed, Proposition 4.9 gives maxSp(a) < ¢~*. For any P € R with degP > 3 and
f =[P], we have co(f) = ¢~* by Corollary 4.6. The result follows.

Let B
p=1[Y].
As a special case of Corollary 4.7, we get maxSp(¢) = ¢~2. The following result gives

in particular a complete description of the quadratic Lagrange spectrum of ¢, proving
Theorem 1.3 in the introduction.

Theorem 4.11. For every P € R with deg P =1, we have
Sp([P]) = {0} U{q~ @™ :n e N} .

Proof. Let a = [P]. For every m € N, let f,, = [0,Y2 P,P,...,P] and f/, =
[0,Y2,P,P,...,P,P+ 1], which are elements of K(?) — @, with period lengths of the
periodic part of their continued fraction equal to m + 1 and m + 2 respectively. Let us
prove that co(fm) = ¢ 2™ 2 and co(f},) = ¢~ 2™ 3, which implies that ¢~"~2 belongs to
Sp(«) for all n € N. This gives the result by Proposition 4.3.

We know that c,(fy) = ¢~2 by Corollary 4.6. Assume that m > 1. Note that
for every n € N, the maximum height of the geodesic line ]oo, fy,[ inside the horoball
Hyy(ma1)4i+1(fm) is equal to 2 if i = 0,m + 1 and to 1 if 1 <4 < m. Since the geodesic
lines |f7, fm[ and Ja“, o both contain points in I'x, some image of |a?, [ by an element
of I meets | £%, fm[. Hence by Remark 3.2, we have co(fp) = ¢~ "m®) where

n(frm, ) = rgglgclength (]f;’l,fm[ﬁ’y ]a",a[) )

By Lemma 4.2, for every n € N, there exists 3, € O, such that the geodesic line |87, B[
coincides with the geodesic line |oo, fp,,[ inside the horoballs Hn(m+1)+i+1( fm) for 1 <i <
m. Therefore n(f,,,a) > 2m. For every such 3,, the height of the geodesic line |87, B,[
inside Hy,(m41)4i41(fm) for i = 0,m + 1 is at most 1. Hence for n large enough, the
geodesic lines Joo, fiu[ and |37, Bu[ coincide at most in one edge inside Hy,(y1)+i+1(fm)
for i = 0,m+ 1. Thus n(fm,,a) < 2m+ 2. Since the stabiliser in I" of both * and the edge
e of Ik(x) pointing towards oo acts transitively on the edges of lk(x) different from e, it
is possible to adjust 3, so that oo, f,[ and |57, B,[ do coincide in exactly an edge inside
Hpy(mi1)4i4+1(fm) for both i = 0,m + 1. Thus n(fm,a) = 2m + 2, as wanted.

Similarly, for every n € N, consider the elements 3], € O, such that the geodesic line
18,7, B[ coincides with the geodesic line Joo, f;, [ inside the horoballs H,(,42)4i41(f,) for
1 < ¢ < m. Using the fact that the upper unipotent action of F,[X] is simply transitive on
the edges going out of the horoball 4, and that two polynomials have the same action on
07 if and only if they differ by a constant, it is possible to adjust 3/, so that for n large
enough Joo, f;,[ and | 3,7, f;,[ do coincide in exactly one edge inside H,,(;,19)+1(f;,) and two
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edges inside Hi,(;m42)+m+1(fr), but do not coincide in an edge inside Hy,(m42)4m+2(fi)-
Thus n(f],, ) = 2m + 3, as wanted. O

The next result shows that there are examples of quadratic Lagrange spectra which
contain a gap, that is, are not always of the form {0} U {q_” :n € Nyn > N} for some
N eN

Proposition 4.12. Let k € N — {0,1}, let {b1,...,bn'} be the set of the polynomials of
degree at least k and at most 2k, and let F) = erfN/ L[ byays--->bory |- For every

o € Fy, the number ¢~ ¢! does not belong to Sp(a).

Proof. Let f € K — (K U®,). Let us prove that c,(f) # ¢~ 2**1, which gives the result.
There are three cases to consider.

Assume first that there exists ig € N such that dega;(f) < k for all i > ip. By Lemma
4.4 (2), we have co(f) > ¢~ M) > ¢=2(k=1) — =2k+2 and in particular cq(f) # ¢ 2K+

Assume then that there exists a subsequence of coefficients a;, (f) for n € N such
that i9 > 1 and k& < dega;, (f) < 2k. Then a;, (f) € {b1,...,bn'}, and again there
exists an element 3;, € O, for which the intersection |3{ , B, [N ]oo, f[ has length at least
2dega;, (f) > 2k. Hence co(f) < ¢~2*, and in particular c,(f) # ¢~ 21

If neither of the previous two cases occurs, we have deg a;(f) > 2k for ¢ large enough.
By Lemma 4.5, we have c(f) < ¢~*, and in particular c,(f) # ¢~ 2F*1. O

Corollary 4.13. Let « be as in Proposition 4.12. Then Sp(«) contains a gap.

Proof. By Corollary 4.7, we have maxSp(a) = ¢ 2, and Sp(«) contains ¢~ for all n
large enough by Theorem 3.4. Thus, the spectrum has a gap that contains ¢~2**1 by
Proposition 4.12. Il
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