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Abstract
We give an asymptotic formula as t Ñ `8 for the number of common perpendic-

ulars of length at most t between two divergent geodesics or a divergent geodesic and
a compact locally convex subset in negatively curved locally symmetric spaces with
exponentially mixing geodesic flow, presenting a surprising non-purely exponential
growth. We apply this result to count ambiguous geodesics in the modular orbifold
recovering results of Sarnak, and to confirm and extend a conjecture of Motohashi on
the binary additive divisor problem in imaginary quadratic number fields. 1

1 Introduction

Let M be a noncompact finite volume complete connected negatively curved locally sym-
metric good orbifold.

A locally geodesic line ℓ : R Ñ M that is a proper mapping is
a divergent geodesic in M . The distribution of divergent geodesics
has been very actively studied in recent years. We refer for in-
stance to [DaS1, PPaS] for equidistribution results of divergent
orbits, in the space of lattices of R2 for the first one, in finite vol-
ume complete connected negatively curved good Riemannian orb-
ifolds for the second one. See for instance [ShZ, DaS2, SoT, DaPS]
for higher rank results.

With H2
R the upper halfspace model of the real hyperbolic

plane, the picture on the left shows some divergent geodesics in
the modular orbifold PSL2pZqzH2

R (lifted to the usual fundamen-
tal domain of PSL2pZq with its boundary identifications). See
Section 4 for explanations.

Let D´ and D` be two properly immersed closed locally convex subsets of M . For
instance, D´ and D` can be the images of two divergent geodesics in M . A common
perpendicular2 from D´ to D` is a locally geodesic path in M starting perpendicularly
from D´ and arriving perpendicularly to D`. In this paper, we prove an effective asymp-
totic counting result on the set of the common perpendiculars between the images of two
divergent geodesics in M .

1Keywords: Common perpendiculars, divergent geodesics, negative curvature, symmetric spaces,
counting, ambiguous classes, number of divisors, binary additive divisor problem, imaginary quadratic
field. AMS codes: 53C22, 11N37, 37D40, 53C35, 32M15, 11N45, 11R04, 57K32.

2See [PP5, §2.3] for definitions when the boundary of D´ or D` is not smooth.
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For instance, the image ℓ in the modular orbifold PSL2pZqzH2
R

of the imaginary axis in H2
R is a divergent geodesic in PSL2pZqzH2

R.
The picture on the left shows several common perpendiculars
(lifted to the usual fundamental domain of PSL2pZq with its
boundary identifications) between ℓ and itself (with an extra sym-
metry, see Remark 13 for explanations).

For all s ą 0, we denote by ND´, D`psq the cardinality of the set
of common perpendiculars from D´ to D` with length at most
s, considered with multiplicities (see Equations (7) and (8) for
precisions). The counting function ND´, D` has been studied for
particular triples pM,D´, D`q at least since the 1940’s for exam-
ple in [Del, Hub, Her, Mar, EsMc, KO, OS1] and [Kim]. See [PP4]
for a more detailed review. As we shall explain in Section 4, the
general purely exponential asymptotic behaviour of ND´, D`psq as
s Ñ `8 proven in [PP5, Thm. 1] does not apply when D´ or D`

is a divergent geodesic. In this paper, we prove that when D´ or
D` is a divergent geodesic, the number of common perpendiculars
actually no longer has a purely exponential growth in terms of an
upper bound on their lengths.

Theorem 1. Let M be a noncompact finite volume complete con-
nected real hyperbolic good orbifold of dimension n ě 2. Let D´

and D` be the images of two divergent geodesics in M . Then there
exists a constant CD´, D` ą 0 such that as s Ñ `8, we have

ND´,D`psq “
CD´, D`

VolpMq
s2 epn´1q s ` Ops epn´1qsq .

The constant CD´, D` is made explicit in Theorem 6. See
Theorem 5 for a version of this theorem when D´ is instead as-
sumed for instance to be compact, already providing a non-purely
exponential growth. The size of the error term in Theorem 1 is
optimal, as explained below. See Theorem 9 and its following
comment for the version of Theorems 5 and 6 valid for the other
locally symmetric spaces. In Sections 3 and 5, we give fine results
on the lengths of common perpendiculars that are ending high in
Margulis neighborhoods of the cusps of M . These results will be
crucial for the proofs of our geometric main results, Theorems 5, 6
and 9, that are given in Sections 4 and 5, and that introduce a new
counting disintegration process, that will explain the non-purely
exponential behavior.

Earlier geometric counting results with growth that is not
purely exponential in negatively curved spaces include the case
of closed geodesics with an upper bound on their length starting
with Bowen and Margulis, see for instance [PPo, EsMi] and [PPS,
Coro. 9.15], as well as the results of [Vid] and [PTV] when the
manifold M has infinite Bowen-Margulis measure or the covering
group is of convergence type. See also [Sar].
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As a first arithmetic application of our geometric counting results, we recover in Section
6 counting results of Sarnak [Sar] on ambiguous and reciprocal ambiguous conjugacy classes
of primitive hyperbolic elements in PSL2pZq, related to the ambiguous integral binary
quadratic forms of Gauss.

In the very special case when M “ PSL2pZqzH2
R is the modular orbifold, we prove

in Section 7 that Theorem 1 follows from the asymptotics on the binary additive divisor
problem (see for instance [Ing, Est, HeB, Mot1]). These arithmetic results produce an
error term of the form b1 se

s ` Opesq with b1 ‰ 0, confirming that the general error term
obtained in Theorem 1 is of the correct order.

Let K be an imaginary quadratic number field, with discriminant DK , ring of integers
OK and Dedekind zeta function ζK . We denote by dK : OK∖t0u Ñ N the (naive) number
of divisors function of OK , with dKpxq “ Cardtd P OK∖t0u : d | xu for every x P OK∖t0u.
In Section 8, we use Theorem 6 to prove the following new arithmetic application.

Theorem 2. As X Ñ `8, we have

ÿ

xPOK∖t0,´1u : |x|2ďX

dKpxqdKpx ` 1q “
8π3

|DK |3{2 ζKp2q
XplnXq2 ` OpX lnXq .

In Remark 20 (2), we show that this result confirms a particular case of a conjecture
of Motohashi [Mot2, p. 277] when K “ Qpiq, and gives a generalization to any imaginary
quadratic number field. It might be possible to improve our error term given by Theorem 2
using arithmetic methods. See also [SaV] that solves the special case K “ Qpiq of Theorem
2 with a less explicit constant.

The proof of Theorem 2 given in Section 8 uses arithmetic hyperbolic 3-manifolds. Let
H3

R be the upper halfspace model of the 3-dimension real hyperbolic space, let M be the
Bianchi orbifold PSL2pOKqzH3

R, and let ℓ be the image in M of the vertical axis of H3
R. Then

ℓ is a divergent geodesic, and the key idea is to link (this is not immediate) the counting of
the binary additive divisor problem with the counting of common perpendiculars between
ℓ and itsef. Then we apply the asymptotic of Theorem 1.

We will apply Theorems 5 and 9 (1) in [PP8] to count pairs of Farey neighbours in the
rational numbers, in quadratic imaginary number fields and in the Heisenberg group.

Acknowledgements: This research was supported by the French-Finnish CNRS IEA PaCap.

2 Geometric and measure-theoretic background

Let ĂM be a negatively curved Riemannian symmetric space with dimension at least 2
and sectional curvature normalized to have maximum ´1. Then ĂM is isometric to the
hyperbolic space Hn

K with dimension n over K “ R,C,H,O (with n “ 2 in this last
case), with the above normalization of its Riemannian metric. Let Γ be a discrete group
of isometries of ĂM , and let M “ ΓzĂM be the quotient (complete, connected) locally
symmetric good orbifold. We assume throughout this paper that M is noncompact and
has finite volume. We refer for instance to [BPP, §2.1] for background on CATp´1q spaces.

Let B8
ĂM be the boundary at infinity of ĂM , let T 1

ĂM be the unit tangent bundle of
ĂM , and let T 1M be the unit tangent bundle of M , which identifies as an orbifold with
ΓzT 1

ĂM . We denote the footpoint maps by rp‚ : T 1
ĂM Ñ ĂM and p‚ : T 1M Ñ M , so
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that the following diagram, whose vertical maps are the canonical projections modulo Γ,
is commutative

T 1
ĂM

rp‚
ÝÑ ĂM

rp Ó Ó p

T 1M
p‚

ÝÑ M .

(1)

Let δ be the critical exponent of Γ, which equals the topological entropy of the geodesic
flow on T 1M , see for instance [PPS, Theo. 6.1]. By for instance [Cor, Theo. 4.4 (i)], if
ĂM “ Hn

K is the hyperbolic n-space over K “ R,C,H,O (with n “ 2 in this last case), then

δ “ pdimRKqpn ` 1q ´ 2 (2)

Let H be a (closed) horoball in ĂM , and let ξ be its point at infinity. For every x P BH ,
let t ÞÑ xt be the geodesic line in ĂM starting from the point at infinity ξ such that x0 “ x,
and let x`8 P B8

ĂM∖tξu be its terminal point at infinity. As defined for instance in [HP1,
Appendix] on B8

ĂM∖tξu and using the homeomorphism x ÞÑ x`8 from BH to B8
ĂM∖tξu,

the Hamenstädt distance dH on BH is defined by

@ x, y P BH , dH px, yq “ lim
tÑ`8

e
1
2
dpxt,ytq´t . (3)

As introduced in [HP2, §2.1], the cuspidal distance d1
H on BH is defined, for all x, y P BH

by setting d1
H px, yq to be the greatest lower bound of all r ą 0 such that the horosphere

centered at y`8, at signed distance ´ lnp2 rq from BH along the geodesic line t ÞÑ yt,
meets the geodesic line t ÞÑ xt. When ĂM “ Hn

R, we have d1
H “ dH by loc. cit.. The

cuspidal distance is indeed a distance by loc. cit. since ĂM is a symmetric space, and it is
equivalent to the Hamenstädt distance by [HP2, Rem. 2.6].

For every isometry γ of ĂM , for all x, y P BH , we have dγH pγx, γyq “ dH px, yq and
similarly d1

γH pγx, γyq “ d1
H px, yq.

Lemma 3. For all x, y P BH , if D is the image of the map t ÞÑ yt, then dH px, yq ď edpx,Dq.

p

D

xt

ytq y

x

ξ

BHBH 1

Proof. Let ξ be the point at infinity of H . Let q be the closest point to x on D and let H 1

be the horoball centered at ξ with q P BH 1. Let p be the intersection point with the image
of the geodesic line t ÞÑ xt of the horosphere BH 1. Recall that two horospheres centered at
the same point at infinity are equidistant. Since the points p and q are the closest points
on BH 1 to x and y respectively, we have dpy, qq “ dpx, pq ď dpx, qq “ dpx,Dq. By the
triangle inequality, for every t ě 0, we have

dpxt, ytq ď dpxt, xq ` dpx, qq ` dpq, yq ` dpy, ytq ď 2 dpx,Dq ` 2 t .
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The result then follows by the definition (3) of the Hamenstädt distance. l

We denote by }m} the total mass of any finite measure m. Since ĂM is a negatively
curved symmetric space and M has finite volume, there exists up to a positive scalar a
unique (measurable) family pµxq

xPĂM
of Patterson-Sullivan measures on B8

ĂM for Γ, with
full support, which is actually equivariant under the group of all isometries of ĂM (see for
instance [BPP, §4, §7] for definitions). When ĂM “ Hn

R, we normalize these measures so
that }µx} “ VolpSn´1q for every x P ĂM . When ĂM “ Hn

C (respectively ĂM “ Hn
H), we

normalize these measures as in [PP6, §4] just before Lemma 12 (respectively as in [PP7,
§7] just before Lemma 7¨2). The details of these normalizations are not needed: We will
directly use the computations of the above references that use them.

We denote by mBM the Bowen-Margulis measure of M associated with this choice of
Patterson-Sullivan measures. Under our assumption on M , it is finite nonzero and mixing,
and it coincides, up to a positive scalar, with the Liouville measure on T 1M as well as,
when normalized to be a probability measure, with the measure of maximal entropy for
the geodesic flow on T 1M (see for instance [PPS, §6, §7]). Note that by the work of Li-Pan
[LP] when ĂM “ Hn

R and by the Margulis arithmeticity result with the works of Kleinbock-
Margulis and Clozel when ĂM “ Hn

H,Hn
O (see for instance [BPP, page 182], the only case

when the geodesic flow of M is not yet known to be exponentially mixing is when ĂM “ Hn
C.

By definition, a properly immersed closed locally convex subset D of M is the image by
the orbifold covering map ĂM Ñ M of a proper nonempty closed convex subset rD, thereafter
called a lift of D in ĂM , with stabilizer Γ

rD
in Γ such that the family pγ rDqγPΓ{Γ

ĂD
of subsets

of ĂM is locally finite. We denote by mpDq the order of the pointwise stabiliser of rD. We
denote by B1

`D and B1
´D the outer and inner unit normal bundles of BD respectively. See

[PP3], generalising [OS1, OS2], for definitions, in particular when BD is not smooth, or
[BPP, §2.4].

Let us now recall (see [PP3, Eq. (11)]) the formula for the outer/inner skinning measures
σ˘
D of D associated with the above choice of Patterson-Sullivan measures pµxq

xPĂM
. Let p

rD

be the closest point projection from pĂM Y B8
ĂMq∖B8

rD to rD. Let rσ˘
rD

be the measure on

T 1
ĂM (with support contained in B1

˘
rD) defined as follows: For every unit normal vector

w P B1
˘
rD, with w˘ the point at ˘8 of the geodesic line it defines, we have

drσ˘
rD

pwq “ dµp
ĂD

pw˘qpw˘q . (4)

Then σ˘
D is the measure induced by rσ˘

D on T 1M , with support contained in B1
˘D, by

the locally finite Γ-invariant measure
ř

γPΓ{Γ
ĂD
γ˚rσ

˘
rD

on T 1
ĂM , using the orbifold covering

rp : T 1
ĂM Ñ T 1M “ ΓzT 1

ĂM , see for instance [PPS, §2.6].

For every horoball H in ĂM , let rσ´
H be the inner skinning measure of H (associated

with the above choice of Patterson-Sullivan measures). Since ĂM is a negatively curved
symmetric space, the group of isometries of ĂM acts transitively on the set of horoballs of
ĂM . Furthermore, the group of isometries of ĂM preserving H acts transitively on BH and
leaves rσ´

H invariant since M has finite volume. Let Bd1
H

px, rq be the ball of radius r ą 0

and center x P BH for the cuspidal distance d1
H on BH . Let us define

Ξ
ĂM

“ rσ´
H

`

rp ´1
‚ pBd1

H
px, 1qq

˘

, (5)
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which depends neither on the horoball H in ĂM nor on the point x P BH . A computation
of this constant will be given in Equation (14) and in Lemma 10.

3 A lemma in real hyperbolic geometry

Let
Hn

R “
`

tpx, yq P Rn´1 ˆ R : y ą 0u, ds2Hn
R

“
1

y2
pdx2 ` dy2q

˘

be the upper halfspace model of the real hyperbolic space of dimension n (with constant
sectional curvature ´1). Recall that B8Hn

R “ pRn´1 ˆ t0uq Y t8u, that

H8 “ tpx, yq P Hn
R : y ě 1u (6)

is a horoball in Hn
R centered at 8, and that the geodesic line in Hn

R from px, 0q P B8Hn
R

to 8, through the horosphere BH8 “ tpx, yq P Hn
R : y “ 1u at time t “ 0, is the map

t ÞÑ px, etq. Furthermore, the map x ÞÑ px, 1q, from Rn´1 endowed with the standard
Euclidean distance to BH8 endowed with the Hamenstädt distance dH8

, is an isometry.

Lemma 4. Let H be a horoball in Hn
R and let rℓ be a geodesic line in Hn

R that enters H

perpendicularly at rℓp0q P BH .
(i) Let rℓ1 be a geodesic line in Hn

R that exits H perpendicularly at rℓ1p0q P BH . For every
t ě 0, we have

dprℓ1ptq, rℓ q “ t ` ln dH prℓ1p0q, rℓp0qq ` ln 2 ` O
`

dH prℓ1p0q, rℓp0qq´2e´2t
˘

.

(ii) Let D be a closed convex subset of Hn
R disjoint from H and let x0 P BH be the closest

point to D in H . If dH px0, rℓp0qq ě 1, then

dpD, rℓ q “ dpD,H q ` ln dH px0, rℓp0qq ` ln 2 ` O
`

dH px0, rℓp0qq´2e´2 dpD,H q
˘

.

Furthermore, if dH px0, rℓp0qq ě 2, then the closest point to D on rℓ belongs to H .

rℓ

α

a

α
u

rℓ1

rℓp0q rℓ1p0q

rℓ1ptq

e´t

rℓ

a

rℓp0q x0

α1

xHu1

px
rℓ

x
rℓ e´t D1

BH
BH

Proof. (i) Since two geodesic lines meeting perpendicularly a horosphere have one common
point at infinity, the geodesic lines rℓ and rℓ1 are coplanar. By symmetry, we may assume
that n “ 2, that H “ H8 and that there exists a ą 0 such that for every t P R, we have
rℓptq “ p0, etq and rℓ1ptq “ pa, e´tq. Note that then a “ dH prℓp0q, rℓ1p0qq. Recall that in a
right-angled hyperbolic triangle with one vertex at infinity, with finite opposite side length
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u and acute angle α, the angle of parallelism formula gives coshu “ 1
sinα .3 Hence (see the

above picture on the left), we have as wanted

dprℓ1ptq, rℓ q “ arcosh

?
a2 ` e´2t

e´t
“ lnp

a

a2e2t ` 1 ` a etq

“ lnpa etp1 `
a

1 ` a´2e´2t qq “ t ` ln a ` ln 2 ` Opa´2e´2tq .

(ii) Let x
rℓ

P D and px
rℓ

be the endpoints of the common perpendicular between D and rℓ,
and let xH P D be the closest point in D to H . Let rℓ1 be the geodesic line through xH

exiting H at time 0 perpendicularly at x0. Let t “ dpD,H q and a “ dH px0, rℓp0qq. Since

dpx
rℓ
, rℓ q “ dpD, rℓ q ď dpxH , rℓ q “ t ` ln a ` ln 2 ` Opa´2e´2tq

by Assertion (i) applied with the above rℓ1, we only prove a similar lower bound on dpx
rℓ
, rℓq.

The union of the geodesic lines perpendicular to rℓ1 at xH is a (totally geodesic) hyper-
surface S that separates D and H (and is a supporting hyperplane of D). Replacing x

rℓ

by the intersection point of the geodesic segment rpx
rℓ
, x

rℓ
s with S does not increase dpx

rℓ
, rℓq.

Let D1 be the geodesic line in S through xH and x
rℓ
. Up to rotating D1 around rℓ1 until

it lies in the copy of the hyperbolic plane containing rℓ and rℓ1, which does not increase
dpx

rℓ
, rℓ q, we may assume that rℓ, rℓ1 and D1 are coplanar. We may assume that n “ 2,

H “ H8, rℓptq “ p0, etq, rℓ1ptq “ p0, e´tq as in Assertion (i), so that D1 is the geodesic line
with points at infinity pa ´ e´t, 0q and pa ` e´t, 0q. Since by assumption a ě 1 ą e´t, the
point x

rℓ
is the vertex at its right angle of the right-angled Euclidean triangle with other

vertices p0, 0q and pa, 0q. When furthermore a ě 2, then a ´ e´t ě 1, hence px
rℓ
belongs to

H8. The Euclidean length of the side between x
rℓ
and pa, 0q is equal to e´t, since D is the

open Euclidean halfcircle centered at pa, 0q with Euclidean radius e´t. Again applying the
angle of parallelism formula (see the above picture on the right), we have as wanted

dpx
rℓ
, rℓ q “ arcosh

` a

e´t

˘

“ lnpa et `
a

a2e2t ´ 1q

“ lnpa etp1 `
a

1 ´ a´2e´2t qq “ t ` ln a ` ln 2 ` Opa´2e´2tq . l

4 Common perpendiculars of divergent geodesics

Before giving precisely the counting function whose asymptotic we will study in this paper,
let us recall the structural properties of the noncompact finite volume complete connected
negatively curved good orbifold M “ ΓzĂM . Let ParΓ be the subset of B8

ĂM consisting of
the fixed points of the parabolic elements of Γ. The set of cusp of M is the finite set ΓzParΓ
of Γ-orbits of parabolic fixed points of Γ, whose elements are denoted by e1, . . . , em.

Let pHξqξPParΓ be a Γ-equivariant family of (closed) horoballs with pairwise disjoint
interiors, with Hξ centered at ξ for every ξ in ParΓ, which is precisely invariant: If the

intersection γ
˝

Hξ X
˝

Hξ1 is nonempty, then γξ “ ξ1. For every i P J1,mK, the closure

Vei of Γz
`
Ť

ξPei

˝

Hξ

˘

is called the Margulis neighbourhood of the cusp ei. The closure of
M∖

Ť

1ďiďm Vei “ Γz
`

ĂM∖
Ť

ξPParΓ
Hξ

˘

is a compact subset of M “ ΓzĂM .

3See for instance [Bea1, Thm. 7.9.1 (ii)].
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We understand the locally geodesic lines ℓ in M in the orbifold sense. They are possibly
not injective maps from R to M with multiplicities. Since the fixed point set of an isometry
of ĂM is totally geodesic, the orbifold stabilizer of a positive length subsegment of ℓ is equal
to the orbifold stabilizer of the whole ℓ. Specific examples when ℓ is not injective are the
following ones.

We say that a locally geodesic line ℓ in M (or its image) is weakly reciprocal if it has a
lift rℓ : R Ñ ĂM such that an element of Γ interchanges the two endpoints at infinity of the
geodesic line rℓ. Let ιrecpℓpRqq “ 1 if ℓ is weakly reciprocal, and ιrecpℓpRqq “ 2 otherwise.
We say that ℓ (or its image) is reciprocal if there is such an element of order 2. Note that
when ĂM “ H2

R and Γ “ PSL2pZq, a locally geodesic line in M “ ΓzĂM is weakly reciprocal
if and only it is reciprocal if and only it it passes through Γ ¨ i. See [Sar] and [ErPP] for
counting and equidistribution results of reciprocal closed geodesics in negatively curved
spaces, and Remark 13 for an example.

Recall that a locally geodesic line ℓ : R Ñ M that is a proper mapping is a divergent
geodesic in M . By the above description of M , a locally geodesic line ℓ : R Ñ M is a
divergent geodesic in M if and only if there are times t´, t` P R with t´ ď t` at which ℓ
meets at a right angle the boundary of two Margulis neighbourhoods V´ and V` of cusps
of M , that we refer to as the initial and terminal Margulis neighbourhoods of ℓ. They are
possibly equal, as when M has only one cusp or when ℓ is weakly reciprocal. The images
of the subrays ℓ|s´8, t´s and ℓ|rt`,`8r of ℓ are contained in V´ and V`. The image Dℓ of ℓ
is a properly immersed closed locally convex subset in M , and we have B1

`Dℓ “ B1
´Dℓ and

ι˚σ
´
Dℓ

“ σ`
Dℓ

, where ι : v ÞÑ ´v is the time reversal map of T 1M .

Examples: Since the set of parabolic fixed points of PSL2pZq is Q Y t8u, the divergent
geodesics in the modular orbifold PSL2pZqzH2

R are the images of the vertical geodesic lines
starting from 8 and ending at a rational point p

q with p, q coprime. The first picture in
the introduction gives all the divergent geodesics ending at a rational point with positive
denominators at most 6. Here are three further pictures, with divergent geodesics defined
by the rational numbers 3{8, 31{80 and 3{10 from the left to the right. The last one, passing
through i, is reciprocal. Following the path of each geodesic in the quotient orbifold requires
to use the boundary identifications z ÞÑ z`1 and z ÞÑ ´1

z of the usual fundamental domain
tz P C : ´1

2 ď Re z ď 1
2 , |z| ě 1u of PSL2pZq.

Let D´ and D` be two properly immersed closed locally convex subsets of M , with lifts
rD´ and rD`. For all γ, γ1 in Γ, the convex sets γ rD´ and γ1

rD` have a common perpendicular
(as defined in the introduction) if and only if their closures γ rD´ and γ1

rD` in ĂM Y B8
ĂM

8



do not intersect. This common perpendicular α
γ rD´, γ1

rD` starts from γ rD´ at time t “ 0

with unit tangent vector 9α
γ rD´, γ1

rD`p0q and ends in γ1
rD` at time t “ dpγ rD´, γ1

rD`q with
unit tangent vector 9α

γ rD´, γ1
rD`pdpγ rD´, γ1

rD`qq . Its multiplicity4 is

m
γ rD´,γ1

rD` “
1

CardpγΓ
rD´γ´1 X γ1Γ

rD`γ1´1q
, (7)

which equals 1 when Γ acts freely on T 1
ĂM (for instance when Γ is torsion-free). Note that

for every γ2 P Γ, we have

γ2α
γ rD´, γ1

rD` “ α
γ2γ rD´, γ2γ1

rD` and m
γ2γ rD´,γ2γ1

rD` “ m
γ rD´,γ1

rD` .

Recall that rp : T 1
ĂM Ñ T 1M “ ΓzT 1

ĂM is the canonical projection. Let Ω´ and
Ω` be measurable subsets of B1

`D
´ and B1

´D
`, and let rΩ´ “ B1

`
rD´ X rp´1pΩ´q and

rΩ` “ B1
´
rD` X rp´1pΩ`q be the subsets of all elements of B1

`
rD´ and B1

´
rD` mapping to Ω´

and Ω` by rp. Note that rΩ´ and rΩ` are invariant under Γ
rD´ and Γ

rD` respectively. The
counting function NΩ´,Ω` is defined5 by

NΩ´,Ω` : t ÞÑ
ÿ

ΓpγΓ
ĂD´ , γ1Γ

ĂD` qPΓzppΓ{Γ
ĂD´ qˆpΓ{Γ

ĂD` qq

γ rD´ X γ1
rD` “H, dpγ rD´,γ1

rD`qďt

9α
γĂD´, γ1

ĂD` p0q P γrΩ´, 9α
γĂD´, γ1

ĂD` pdpγ rD´,γ1
rD`qq P γ1

rΩ`

m
γ rD´,γ1

rD` . (8)

where Γ acts diagonally on Γ{Γ
rD´ ˆ Γ{Γ

rD` . In order to simplify the notation, let
ND´, D` “ NB1

`D´, B1
´D` , NΩ´, D` “ NΩ´,B1

´D` and ND´,Ω` “ NB1
`D´,Ω` .

As mentionned in the introduction, the general purely exponential asymptotic theorem
on the counting function ND´, D`psq as s Ñ `8 proven in [PP5, Thm. 1], which requires
the finiteness of the skinning measures of D´ and D`, does not apply when D´ or D` is
the image of a divergent geodesic. Indeed, if ℓ is a divergent geodesic, then the skinning
measure of its image has infinite total mass. Theorems 5 and 6 below show that, when D´

or D` is a divergent geodesic, the growth of the counting function ND´, D` is no longer
purely exponential.

Theorem 5. Let M be a noncompact finite volume complete connected real hyperbolic good
orbifold. Let D` and D´ be nonempty properly immersed closed locally convex subsets of
M . Assume that D´ has nonzero finite (outer) skinning measure and that D` is the image
of a divergent geodesic in M . Then as s Ñ `8, we have

ND´,D`psq “
Γpn2 q ιrecpD

`q }σ`

D´}

2n
?
π Γpn`1

2 qmpD`q VolM
sepn´1q s ` Opepn´1qsq .

Proof. This proof gives more detail than might seem necessary, and uses as much as
possible the general notation of the beginning of Sections 2 and 4, in order to serve proving
Theorem 6 (also when M is real hyperbolic) and Theorem 9 (when ĂM ‰ Hn

R). We believe
that this process will be easier for the reader.

4See [PP5, §3.3] and [BPP, §12.1] for precisions.
5See [PP5, page 86] for precisions.
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Let ℓ be a divergent geodesic in M whose image is D`. Let V´ and V` be the initial
and terminal Margulis neighbourhoods of ℓ. Let t´ be the first exit time of ℓ from V´ and
let t` be the last entry time of ℓ into V`. Let rℓ be a lift of ℓ in ĂM , and let rD` be the
image of rℓ. For simplicity, let m` “ mpD`q and ι`

rec “ ιrecpD
`q. Let

Ω´ “
␣

v P B1
´D

` : p‚pvq P ℓp s´8, t´r q
(

,

Ω0 “
␣

v P B1
´D

` : p‚pvq P ℓprt´, t`sq
(

and

Ω` “
␣

v P B1
´D

` : p‚pvq P ℓp st`,`8r q
(

.

We denote by H “ H
rℓp`8q

the horoball of the equivariant family pHξqξPParΓ with point

at infinity rℓp`8q, that is a lift of V`. Let rD´ be a lift of D´.

Case 1. Let us first assume that ℓ is not weakly reciprocal. Let us prove that the subsets
Ω´ and Ω` are disjoint. Assume for a contradiction that there exists an element γ of
Γ mapping an element in B1

´
rD` with footpoint in rℓp s´8, t´r q to another element with

footpoint in rℓp st`,`8r q. Then γ would map a point rℓps´q with s´ P s´8, t´r to a point
rℓps`q with s` P st`,`8r . Since the equivariant family pHξqξPParΓ is precisely invariant,
the element γ would also map rℓp´8q to rℓp`8q. Therefore the restriction of γ to rD`

would be the central symmetry with respect to the unique fixed point of γ on rD`, thereby
exchanging its two points at infinity. Thus ℓ would be weakly reciprocal, a contradiction.

In particular, since B1
´D

` “ Ω´ Y Ω0 Y Ω`, for every s ě 0, we have

ND´,Ω´
psq ` ND´,Ω`

psq ď ND´,D`psq ď ND´,Ω´
psq ` ND´,Ω0

psq ` ND´,Ω`
psq . (9)

We shall prove that as s Ñ `8, we have

ND´,Ω`
psq “

}σ`

D´} Ξ
ĂM

2δ m` }mBM}
s eδ s ` Opeδ sq . (10)

By the independence property on the horoball in the definition of Ξ
ĂM

in Equation (5), the
same proof replacing the horoball H “ H

rℓp`8q
by the horoball H

rℓp´8q
(that is a lift of

V´) gives that as s Ñ `8, we will have

ND´,Ω´
psq “

}σ`

D´} Ξ
ĂM

2δ m` }mBM}
s eδ s ` Opeδ sq . (11)

Let D0 “ ℓprt´, t`sq, which is a compact nonempty properly immersed locally convex
subset of M , hence has a nonzero finite inner skinning measure. By [PP5, Theo. 1], as
s Ñ `8, we therefore have

ND´,Ω0
psq ď ND´,D0

psq “ Opeδ sq . (12)

Thus by Equations (9), (10), (11) and (12), and since ι`
rec “ 2 when ℓ is not weakly

reciprocal, as s Ñ `8, we will have

ND´,D`psq “
ι`
rec }σ`

D´} Ξ
ĂM

2δ m` }mBM}
s eδ s ` Opeδ sq . (13)

By [PP5, Prop. 20 (2)], since M is real hyperbolic in the assumptions of Theorem
5, since the Patterson-Sullivan measures have been normalized in Section 2 to have total
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mass VolpSn´1q, the metric measured space pBH , dH , prp‚q˚rσ
´
H q is isomorphic to Rn´1

endowed with its usual Euclidean distance and with 2n´1 times its Lebesgue measure.
Furthermore, the Hamenstädt distance dH is equal to the cuspidal distance d1

H since M
is real hyperbolic. Hence by the definition of Ξ

ĂM
in Equation (5), we have

Ξ
ĂM

“ 2n´1 VolpBn´1q “
2n´1 π

n´1
2

Γpn`1
2 q

. (14)

By [PP5, Prop. 20 (1)], we have

}mBM} “ 2n´1 VolpSn´1q VolpMq “ 2n´1 2π
n
2

Γpn2 q
VolpMq . (15)

We also have δ “ n ´ 1. Hence Theorem 5 will follow from Equation (13), once we have
proven Equation (10). Up to changing the parametrisation of the geodesic line rℓ by a
translation, we may assume that t` “ 0 to simplify the notation. We now start the work
on the sum defining ND´,Ω`

psq given by Equation (8) in order to prove Equation (10).

Step 1. The first step is to simplify the set of indices in this sum.
The map from ΓzppΓ{Γ

rD´q ˆ pΓ{Γ
rD`qq to Γ

rD´zΓ{Γ
rD` defined by

ΓpγΓ
rD´ , γ

1Γ
rD`q ÞÑ Γ

rD´γ
´1γ1Γ

rD`

is a bijection, whose inverse is rγs “ Γ
rD´γΓ

rD` ÞÑ Γpγ´1Γ
rD´ ,Γ

rD`q, by an immediate
checking. In order to simplify the notation, let

z
γ rD´, rD` “ α

γ rD´, rD`pdpγ rD´, rD`qq .

Since rD` is not weakly reciprocal, we have B1
´
rD` X rp´1pΩ`q “ rp ´1

‚ prℓp s0,`8r qq. Thus
by Equation (8) and by a change of variable γ ÞÑ γ´1, for every s ě 0, we have

ND´,Ω`
psq “

ÿ

rγsPΓ
ĂD´ zΓ{Γ

ĂD` : 0ădpγ´1
rD´, rD`qďs

9α
γ´1

ĂD´, ĂD` pdpγ´1
rD´, rD`qq P rp ´1

‚ prℓp s0,`8r qq

m
γ´1

rD´, rD`

“
ÿ

rγsPΓ
ĂD` zΓ{Γ

ĂD´ : 0ădpγ rD´, rD`qďs, z
γĂD´, ĂD` P rℓp s0,`8r q

m
γ rD´, rD` . (16)

Step 2. The second step in the proof of Equation (10) is to prove that the contribution
to the above sum defining N

rD´,Ω`
psq of the indices with multiplicities different from 1 is

negligible.
By Equation (2), the critical exponent of a positive codimension totally geodesic sub-

space of ĂM is at most δ ´ 1. Note that the stabilizer Γ
rD` of rD` in Γ is finite since rℓp`8q

is a parabolic fixed point of Γ, hence no loxodromic element in Γ preserves rD`. The fixed
point set of a nontrivial isometry with finite order of ĂM is a totally geodesic subspace with
positive codimension. Hence as rγs ranges over Γ

rD`zΓ{Γ
rD´ with dpγ rD´, rD`q ą 0, the

common perpendiculars between γ rD´ and rD` with multiplicity m
γ rD´, rD` ‰ 1 are con-

tained in finitely many positive codimension totally geodesic subspaces of ĂM . By Equation
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(7), the multiplicities m
γ rD´, rD` are at most 1. Hence as s Ñ `8, by the same proof as

the one that follows, we have
ÿ

rγsPΓ
ĂD` zΓ{Γ

ĂD´ : 0ădpγ rD´, rD`qďs, m
γĂD´,ĂD` ‰1

m
γ rD´, rD`

ď Cardtrγs P Γ
rD`zΓ{Γ

rD´ : 0 ă dpγ rD´, rD`q ď s, m
γ rD´, rD` ‰ 1u

“ Ops epδ´1qsq “ Opeδ sq . (17)

Hence by Equation (16), we have

ND´,Ω`
psq “ Card

␣

γ P Γ
rD`zΓ{Γ

rD´ :
0 ă dpγ rD´, rD`q ď s

z
γ rD´, rD` P rℓp s0,`8r q

(

` Opeδ sq . (18)

The map from pΓH zΓ{Γ
rD´q ˆ ΓH to Γ

rD`zΓ{Γ
rD´ defined by prγs, βq ÞÑ Γ

rD`βγΓ
rD´ is

onto, and will be used in Step 6, Equation (24), in order to disintegrate the counting in
Equation (18) above a counting in ΓH zΓ{Γ

rD´ , the point being that the images of H and
rD´ in M both have finite skinning measures. But this requires some preliminary work.

Step 3. The third step in the proof of Equation (10) is to define two exceptional finite
subsets F in ΓH zΓ{Γ

rD´ and F 1 in ΓH whose contribution to the counting that will occur
in Step 6, Equation (24), will be proven to be negligible in Step 5.

The quotient space ΓH zBH is compact, since the point at infinity of the horoball H
is the parabolic fixed point rℓp`8q of Γ. Since the family pγ1

rD´qγ1PΓ{Γ
ĂD´

is locally finite,
the subset F of elements rγs P ΓH zΓ{Γ

rD´ such that the closed convex subsets H and
γ rD´ are not disjoint is finite. For every rγs P ΓH zΓ{Γ

rD´∖F , we denote by pγ P BH and
p1
γ P Bpγ rD´q the two endpoints of the common perpendicular between H and γ rD´ (see

the picture below).
Again since ΓH zBH is compact, there exists a constant c1 ą 0 (for instance the radius

of a closed ball in pBH , d1
H q with center rℓp0q which maps onto ΓH zBH ) such that we

may fix from now on a representative γ of every rγs P ΓH zΓ{Γ
rD´ ∖F (by multiplying it

on the left by an element of ΓH ) so that d1
H ppγ , rℓp0qq ď c1.

As M is assumed to be real hyperbolic in Theorem 5, we define K “ R and cK “ 2.
Since the isometric action of ΓH on pBH , d1

H q is discrete, there exists a finite subset F 1

of ΓH such that for every β P ΓH ∖F 1, we have d1
H prℓp0q, βrℓp0qq ě cK ` c1. By the triangle

inequality, for all rγs P ΓH zΓ{Γ
rD´∖F and β P ΓH ∖F 1, we thus have

d1
H prℓp0q, βpγq ě d1

H prℓp0q, βrℓp0qq ´ d1
H pβrℓp0q, βpγq ě pcK ` c1q ´ c1 “ cK . (19)

Therefore since M is real hyperbolic, by the second claim of Lemma 4 (ii) applied with
D “ βγ rD´ and x0 “ βpγ , the point z

βγ rD´, rD` belongs to the positive subray rℓp s0,`8r q.
The picture below represents in red the common perpendicular between βγ rD´ and rD`

in the generic situation when rγs R F and β R F 1.

12



rℓp0q

rℓ
βp1

γ

βpγ

βγ rD´

γ rD´

p1
γ

pγ

z
βγ rD´, rD`

BH

Step 4. In this rather independent fourth step in the proof of Equation (10), we study
the orbital growth of the parabolic subgroup ΓH .

For all rγs P ΓH zΓ{Γ
rD´∖F and t ě 0, let

Φrγsptq “ Cardtβ P ΓH : d1
H prℓp0q, βpγq ď tu .

The group of isometries of ĂM preserving H acts transitively on BH and preserves the
measure prp‚q˚rσ

´
H “ prp‚q˚rσ

`
H on BH (see [PP5, Prop. 20 (3)], [PP6, Lem. 12 (iv)], [PP7,

Lem. 7¨2] for details). Furthermore, using the definition of Ξ
ĂM

in Equation (5), it satisfies
the following homogeneity property: for every x P BH and r ą 0, we have

prp‚q˚rσ
´
H pBd1

H
px, rqq “ Ξ

ĂM
rδ .

Recall that ΓH is a uniform lattice in the isometry group of pBH , d1
H q. By the standard

Gauss counting argument (covering the ball with center rℓp0q and radius r by translates
by elements of ΓH of a given compact fundamental domain with measure zero boundary
and measure }σ´

V`
} for the measure prp‚q˚rσ

´
V`

, with a Op¨q which is uniform in rγs since pγ
varies in a compact subset of BH , we have

Φrγsptq “
Ξ

ĂM

}σ´
V`

}
tδ ` Optδ´1q . (20)

Step 5. In this fifth step in the proof of Equation (10), we prove that the contribution to
the counting that will occur in Step 6, Equation (24), of the two exceptional finite subsets
F in ΓH zΓ{Γ

rD´ and F 1 in ΓH defined in Step 3 is negligible.

rℓp0q

rℓ

pγ βpγ

γ rD´ βγ rD´

BH

Let c2 “ maxrγsPF dpγ rD´, BH q. For every rγs P F , let pγ P BH be such that
dpγ rD´, BH q “ dpγ rD´, pγq (see the above picture when γ rD´ meets BH , though γ rD´

could be contained in the interior of H ). By the triangle inequality and since closest point
projections do not increase the distances, by Lemma 3, and since the Hamenstädt distance
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and the cuspidal distance are equivalent, there exists a constant c3 ą 0 (with actually
c3 “ 1 when M is real hyperbolic) such that for every β P ΓH , we have

edpβγ rD´, rD`q ě edpβpγ , rD`q´2 c2 ě e´2 c2 dH pβpγ , rℓp0qq ě
1

c3
e´2 c2 d1

H pβpγ , rℓp0qq .

Thus by Step 4, which also works when rγs P F with the above pγ , we have the following
negligible estimate for F :

Card
!

prγs, βq P F ˆ ΓH :
0 ă dpβγ rD´, rD`q ď s

z
βγ rD´, rD` P rℓp s0,`8r q

)

ď pCard F q max
rγsPF

Card
␣

β P ΓH : d1
H pβpγ , rℓp0qq ď c3 e

s`2 c2
(

“ pCard F q max
rγsPF

Φrγspc3 e
s`2 c2q “ Opeδsq . (21)

Let us prove an analogous estimate for F 1. Let prγs, βq P pΓH zΓ{Γ
rD´ ∖F q ˆ F 1

be such that the closest point z
βγ rD´, rD` on rD` to βγ rD´ belongs to rℓp s0,`8r q. Since

rγs R F , the closed convex subsets γ rD´ and H , hence βγ rD´ and H , are disjoint. By
the intermediate value theorem, the common perpendicular between βγ rD´ and rD` meets
BH (see the picture before Step 4). Hence we have

dpγ rD´,H q “ dpβγ rD´,H q ď dpβγ rD´, rD`q .

Since the Riemannian orbifold M is locally symmetric with finite volume, the group Γ
contains finitely many conjugacy classes of finite subgroups. Hence there exists a constant
c4 ą 0 such that for every rγs P ΓH zΓ{Γ

rD´∖F , we have m
γ rD´,H ě c4.

Since both D´ and V` have finite skinning measures, by [PP5, Theo. 1], we have
ND´, V`

psq “ Opeδsq. Thus

Card
!

prγs, βq P pΓH zΓ{Γ
rD´∖F q ˆ F 1 :

0 ă dpβγ rD´, rD`q ď s

z
βγ rD´, rD` P rℓp s0,`8r q

)

ď pCard F 1q Cardtrγs P ΓH zΓ{Γ
rD´ : 0 ă dpγ rD´,H q ď su

ď
Card F 1

c4
ND´, V`

psq “ Opeδsq . (22)

Step 6. The sixth step in the proof of Equation (10) is to disintegrate the counting
defining N

rD´,Ω`
psq in Equation (18) along the orbits of the parabolic subgroup ΓH of Γ

fixing rℓp`8q.
Let Γ1

rD`
“ Γ

rD` XΓH . Since ℓ is not weakly reciprocal in Case 1, we have Γ1
rD`

“ Γ
rD` ,

and in particular Equation (18) can be rewritten

ND´,Ω`
psq “ Card

!

γ P Γ1
rD`

zΓ{Γ
rD´ :

0 ă dpγ rD´, rD`q ď s

z
γ rD´, rD` P rℓp s0,`8r q

)

` Opeδ sq . (23)

But what follows will also be useful for Case 2, hence the generality. Since the point at
infinity rℓp`8q is a parabolic fixed point of Γ, the group Γ1

rD`
is the pointwise stabilizer of

rD`, hence has order m` “ mpD`q.
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We use the representatives of double classes in ΓH zΓ{Γ
rD´ defined in Step 3, though

any choice would work as well in this Step 6. The map from Γ1
rD`

zΓ{Γ
rD´ to ΓH zΓ{Γ

rD´

given by Γ1
rD`

γ1Γ
rD´ ÞÑ ΓH γ1Γ

rD´ is well defined since Γ1
rD`

is contained in ΓH . Its fiber
over the element rγs P ΓH zΓ{Γ

rD´ is the subset tΓ1
rD`

βγΓ
rD´ : β P ΓH u of Γ1

rD`
zΓ{Γ

rD´ .
Let us fix rγs P ΓH zΓ{Γ

rD´ ∖F , so that H and γ rD´ have a common perpendicular.
Given two distinct elements Γ1

rD`
β,Γ1

rD`
β1 in Γ1

rD`
zΓH , we have Γ1

rD`
βγΓ

rD´ “ Γ1
rD`

β1γΓ
rD´

if and only if there exists α P Γ
rD´ such that β1γαγ´1β´1 P Γ1

rD`
, hence if and only if

γΓ
rD´γ

´1 X pβ1q´1Γ1
rD`

β is nonempty. Since the classes Γ1
rD`

β and Γ1
rD`

β1 are distinct,
this implies that Γ

γ rD´ X ΓH ‰ tidu. Since rγs R F , the multiplicity m
γ rD´,H defined in

Equation (7) of the common perpendicular between γ rD´ and H is different from 1. By
Equation (17) applied with pH , rD´q instead of p rD`, rD´q, outside a number of elements
rγs P ΓH zΓ{Γ

rD´∖F that is a Opeδsq, the map Γ1
rD`

β ÞÑ Γ1
rD`

βγΓ
rD´ is injective. Note that

the canonical map ΓH Ñ Γ1
rD`

zΓH is m`-to-1.
By Equation (21) that controls the contribution of the double classes rγs P ΓH zΓ{Γ

rD´

that are in F , and since the two conditions below on prγs, βq are invariant under multiplying
β on the left by any element of Γ1

rD`
, Equation (23) hence becomes

ND´,Ω`
psq “

1

m`
Card

!

prγs, βq P pΓH zΓ{Γ
rD´q ˆ ΓH :

0 ă dpβγ rD´, rD`q ď s

z
βγ rD´, rD` P rℓp s0,`8r q

)

` Opeδ sq . (24)

Step 7. In this final step in the proof of Equation (10), we compute the contribution to the
counting in Equation (24) of the elements in the main domain pΓH zΓ{Γ

rD´∖F qˆpΓH∖F 1q,
and we conclude the proof of Equation (10). Most of the technical work is devoted to getting
an error term.

For every s ą 1, let

Σs “ Card
!

prγs, βq P pΓH zΓ{Γ
rD´∖F q ˆ pΓH ∖F 1q :

s ´ 1 ă dpβγ rD´, rD`q ď s

z
βγ rD´, rD` P rℓp s0,`8r q

)

.

The second assumption above is superfluous, since by the definition of the set F 1 in Step
3, we have z

βγ rD´, rD` P rℓp s0,`8r q whenever β P ΓH ∖F 1 and rγs P ΓH zΓ{Γ
rD´∖F .

Let η P s0, 1r (that will tend to 0 at the end of the proof). Recall that dpγ rD´,H q ą 0
as rγs P ΓH zΓ{Γ

rD´ ∖F . By summing over thin slices with width η of the first factor
elements, we have

Σs “

`8
ÿ

k“1

ÿ

rγsPΓH zΓ{Γ
ĂD´∖F

pk´1qηădpγ rD´,H qďkη

ÿ

βPΓH∖F 1

s´1ădpβγ rD´, rD`qďs

1 . (25)

Let k P N∖t0u and prγs, βq P pΓH zΓ{Γ
rD´∖F q ˆ pΓH ∖F 1q be such that

pk ´ 1qη ă dpγ rD´,H q ď kη and s ´ 1 ă dpβγ rD´, rD`q ď s . (26)

Since M is real hyperbolic (so that dH “ d1
H ), by the first claim of Lemma 4 (ii)

applied with D “ βγ rD´ and x0 “ βpγ , whose assumptions are satisfied by Equation (19),
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and since H is invariant under β´1 P ΓH , we have

dpβγ rD´, rD`q “ dpγ rD´,H q ` lnp2 d1
H pβpγ , rℓp0qqq

` O
`

d1
H pβpγ , rℓp0qq´2 e´2 dpγ rD´,H q

˘

. (27)

In particular, up to increasing the finite set F 1, we may assume that d1
H pβpγ , rℓp0qqq is large

enough so that dpγ rD´,H q ď dpβγ rD´, rℓq. Let N “ t sη u, so that we have Nη ď s ă pN`1qη
and in the summation (25), we may restrict k to vary between 1 and N `1 for a majoration
and between 1 and N for a minoration.

Since d1
H prℓp0q, βpγq ě cK by Equation (19), and since e´2 dpγ rD´,H q ď 1, Equations

(27) and (26) give

d1
H pβpγ , rℓp0qq “

1

2
edpβγ rD´, rD`q´dpγ rD´,H q`Op1q “ es´kη`Op1q .

Thus d1
H pβpγ , rℓp0qq´2 e´2 dpγ rD´,H q “ Ope´2 s`2kηqOpe´2kηq “ Ope´2 sq. Bootstrapping

this in Equation (27), and by Equation (26), we have

1

2
es´1´kη`Ope´2 sq ď d1

H pβpγ , rℓp0qq ď
1

2
es´pk´1qη`Ope´2 sq . (28)

Conversely (this will be used only at the end of Step 7), if we had

1

2
es´1´pk´1qη`Ope´2 sq ď d1

H pβpγ , rℓp0qq ď
1

2
es´kη`Ope´2 sq , (29)

for an appropriate function Op¨q that is independent of η, while still having the inequalities
pk ´ 1qη ă dpγ rD´,H q ď kη, then by Equation (27), we would have the inequalities
s ´ 1 ă dpβγ rD´, rD`q ď s. Note that the right and left hand sides of Equations (28) and
(29) differ by a multiplicative factor eOpηq “ 1 ` Opηq as η tends to 0.

It follows from Equation (28), by Step 4 and Equation (20), that we have (with a
function Op¨q that is independent of η and rγs)

Cardtβ P ΓH ∖F 1 : s ´ 1 ă dpβγ rD´, rD`q ď su

ď Φrγs

`1

2
es´pk´1qη`Ope´2 sq

˘

´ Φrγs

`1

2
es´1´kη`Ope´2 sq

˘

“
Ξ

ĂM

2δ }σ´
V`

}
eδs´δkη

`

eδη`Ope´sq ´ e´δ`Ope´sq
˘

` Opeps´kηqpδ´1qq . (30)

Let C1 “
Ξ

ĂM

2δ }σ´
V`

}
peδη`Ope´sq ´ e´δ`Ope´sqq and let f : r0,`8r Ñ R be an appropriate

function such that
f : t ÞÑ C1 e

δs´δtη ` Opeps´tηqpδ´1qq .

Its derivative can be chosen to be f 1 : t ÞÑ ´δ η C1 e
δs´δtη ` Opη eps´tηqpδ´1qq. Since

s “ Nη ` Opηq, we have fpN ` 1q “ Op1q. For every k P N, let

ak “ Cardtrγs P ΓH zΓ{Γ
rD´∖F : pk ´ 1qη ă dpγ rD´,H q ď kηu .

Note that a0 “ 0 by the definition of F . By [PP5, Theo. 15 (2)], which can be applied
since its assumption on the exponential decay of correlations is satisfied by [LP] since M
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is real hyperbolic with finite volume, and by a further regularisation process in order to
remove the smoothness assumption on BD´, there exists κ2 ą 0 and a function Op¨q that
is independent of η such that for every t ě 0, we have

t
ÿ

k“0

ak “
}σ`

D´} }σ´
V`

}

δ }mBM}
eδtη ` Opepδ´κ2qtηq . (31)

Let C2 “
}σ`

D´ } }σ´
V`

}

δ }mBM}
. By Equations (25) and (30), for an appropriate function f , by

Abel’s summation formula, by Equation (31) and again since Nη “ s ` Opηq, we have

Σs ď

N`1
ÿ

k“0

ak fpkq “
`

N`1
ÿ

k“0

ak
˘

fpN ` 1q ´

ż N`1

0
p

t
ÿ

k“0

ak
˘

f 1ptq dt

“ Opeδ sq `

ż N`1

0

`

C2 e
δtη ` Opepδ´κ2qtηq

˘`

δ η C1 e
δs´δtη ` Opη eps´tηqpδ´1qq

˘

dt

“ Opeδ sq ` δ C2C1 pN ` 1q η eδs

` O
`

eδ s
ż N`1

0
η e´κ2tη dt

˘

` O
`

espδ´1q

ż N`1

0
η etη dt

˘

“ δ C2C1 ps ` Opηqq eδs ` Opeδ sq .

Replacing C1 and C2 by their values, and letting η tend to 0, we hence have

Σs ď
}σ`

D´} Ξ
ĂM

2δ }mBM}
s eδ sp1 ´ e´δq ` Opeδ sq .

The same lower bound is obtained similarly, replacing Equation (28) by Equation (29).
By a summation, we have

Card
!

prγs, βq P pΓH zΓ{Γ
rD´∖F q ˆ pΓH ∖F 1q :

0 ă dpβγ rD´, rD`q ď s

z
βγ rD´, rD` P rℓp s0,`8r q

)

“
}σ`

D´} Ξ
ĂM

2δ }mBM}
s eδ s ` Opeδsq . (32)

By separating the counting domain pΓH zΓ{Γ
rD´q ˆ ΓH as the disjoint union of F ˆ ΓH ,

of pΓH zΓ{Γ
rD´∖F q ˆF 1 and of pΓH zΓ{Γ

rD´∖F q ˆ pΓH ∖F 1q, Equation (10) finally follows
from Equations (24), (21), (22) and (32).

Case 2. Let us now assume that ℓ is weakly reciprocal. We then have Ω´ “ Ω`. Hence
ND´,Ω´

ptq “ ND´,Ω`
ptq and

ND´,Ω`
ptq ď ND´,D`ptq ď ND´,Ω`

ptq ` ND´,Ω0
ptq (33)

for every t ě 0. Let us prove that Equation (10) is still satisfied. Since ι`
rec “ 1 when ℓ is

weakly reciprocal, this will prove as in Case 1, replacing the call to Equation (9) by a call
to Equation (33), that Equation (13) is still satisfied. Then by the same computations as
in Case 1, Theorem 5 when ℓ is weakly reciprocal will follow.
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Since ℓ is weakly reciprocal, there exists an element ι
rD` P Γ such that we have

ι
rD`

rℓp s0,`8r q “ rℓp s´8, t´r q. By the definition of Ω`, by the commutativity of the
diagram (1) and since the family pHξqξPParΓ is precisely invariant, we have

B1
´
rD` X rp´1pΩ`q “ B1

´
rD` X rp´1

`

p‚
´1pp ˝ rℓp s0,`8r qq

˘

“ B1
´
rD` X Γ rp ´1

‚ prℓp s0,`8r qq

“ B1
´
rD` X

`

rp ´1
‚ prℓp s0,`8r qq Y ι

rD`rp
´1

‚ prℓp s0,`8r qq
˘

“ B1
´
rD` X rp ´1

‚ prℓp s´8, t´r Y s0,`8r qq .

Hence, as in Step 1, we now have

ND´,Ω`
psq “

ÿ

rγsPΓ
ĂD` zΓ{Γ

ĂD´ : 0ădpγ rD´, rD`qďs, z
γĂD´, ĂD` P rℓp s´8,t´r Y s0,`8r q

m
γ rD´, rD` . (34)

Since ℓ is weakly reciprocal, the intersection Γ1
rD`

“ Γ
rD` X ΓH now has index 2 in

Γ
rD` . Given a double class rγs P Γ

rD`zΓ{Γ
rD´ such that 0 ă dpγ rD´, rD`q ď s, its

preimage by the canonical projection Γ1
rD`

zΓ{Γ
rD´ Ñ Γ

rD`zΓ{Γ
rD´ consists in the set

tΓ1
rD`

γΓ
rD´ ,Γ

1
rD`

ι
rD`γΓ

rD´ u. We have Γ1
rD`

γΓ
rD´ “ Γ1

rD`
ι
rD`γΓ

rD´ if and only if there exists
α P Γ

rD´ such that ι
rD`γαγ

´1 P Γ1
rD`

, hence if and only if Γ
γ rD´ X ι´1

rD`
Γ1

rD`
is nonempty.

Since ι´1
rD`

Γ1
rD`

is not the trivial class in Γ
rD`{Γ1

rD`
, this implies that m

γ rD´, rD` is different
from 1. Hence by Equation (17), the canonical map Γ1

rD`
zΓ{Γ

rD´ Ñ Γ
rD`zΓ{Γ

rD´ is 2-to-1
outside a number Opeδsq of elements, and exactly one Γ1

rD`
γΓ

rD´ of the two preimages

satisfies that z
γ rD´, rD` belongs to rℓp s0,`8r q. Thus, as in Steps 1 and 2, we have

ND´,Ω`
psq “ Card

!

γ P Γ1
rD`

zΓ{Γ
rD´ :

0 ă dpγ rD´, rD`q ď s

z
γ rD´, rD` P rℓp s0,`8r q

)

` Opeδ sq , (35)

that is, Equation (23) is still valid. As in Step 6, we therefore have

ND´,Ω`
psq “

1

m`
Card

!

prγs, βq P pΓH zΓ{Γ
rD´q ˆ ΓH :

0 ă dpβγ rD´, rD`q ď s

z
βγ rD´, rD` P rℓp s0,`8r q

)

` Opeδ sq , (36)

that is, Equation (24) is still valid. The remainder of the proof of Equation (10), that is,
its Step 7, now proceeds exactly as in Case 1. l

Theorem 6. Let M be a noncompact finite volume complete connected real hyperbolic good
orbifold of dimension n. Let D` and D´ be the images of two divergent geodesics in M .
Then, as s Ñ `8, we have

ND´,D`psq “
pn ´ 1q π

n
2

´1 Γpn2 q ιrecpD
´q ιrecpD

`q

2n`1 Γpn`1
2 q2 mpD´q mpD`q VolM

s2 epn´1q s ` O
`

s epn´1q s
˘

.

Proof. The strategy is similar to the one we used in the proof of Theorem 5, except that
we will now disintegrate the study of ND´,D` over the study of the number NV˘,D` of
common perpendiculars starting from a Margulis neighbourhood V˘ of an end of D´ and
arriving at D`, and replace the call to [PP5] in Equations (12), (22) and (31) by a call to
Theorem 5 that we just proved.
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The notation is now the following one (and differs from the one at the beginning of the
proof of Theorem 5). Let ℓ be a divergent geodesic in M whose image is D´. Let V´ and
V` be the initial and terminal Margulis neighbourhoods of ℓ. Let t´ be the first exit time
of ℓ from V´ and let t` be the last entry time of ℓ into V`. We may assume that t` “ 0.
Let rℓ be a lift of ℓ in ĂM , and let rD´ be the image of rℓ. For simplicity, let m˘ “ mpD˘q

and ι˘
rec “ ιrecpD

˘q. Let

Ω´ “
␣

v P B1
`D

´ : p‚pvq P ℓp s´8, t´r q
(

,

Ω0 “
␣

v P B1
`D

´ : p‚pvq P ℓprt´, 0sq
(

and

Ω` “
␣

v P B1
`D

´ : p‚pvq P ℓp s0,`8r q
(

.

We denote by H “ H
rℓp`8q

the horoball of the family pHξqξPParΓ with point at infinity
rℓp`8q, that is a lift of V`. Let rD` be a geodesic line in ĂM whose image in M is D`.

Case 1. Let us first assume that ℓ is not weakly reciprocal. As for Equation (9), the
subsets Ω´ and Ω` are disjoint and for every s ě 0, we have

NΩ´,D`psq ` NΩ`,D`psq ď ND´,D`psq ď NΩ´,D`psq ` NΩ0,D`psq ` NΩ`,D`psq . (37)

We shall prove that as s Ñ `8, we have

NΩ`,D`psq “
δ ι`

rec ΞĂM
2

22δ`1 m´ m` }mBM}
s2 eδ s ` Ops eδ sq . (38)

By the same argument as in the proof of Equation (11), we will also have

NΩ´,D`psq “
δ ι`

rec ΞĂM
2

22δ`1 m´ m` }mBM}
s2 eδ s ` Ops eδ sq . (39)

Let D0 “ ℓprt´, t`sq, which is a compact nonempty properly immersed locally convex
subset of M , hence has a nonzero finite outer skinning measure. By Theorem 5, as s Ñ `8,
we therefore have

NΩ0,D`psq ď ND0,D`psq “ Ops eδ sq . (40)

Thus by Equations (37), (38), (39) and (40), since ι´
rec “ 2 as ℓ is not weakly reciprocal,

as s Ñ `8, we will have

ND´,D`psq “
δ ι´

rec ι
`
rec ΞĂM

2

22δ`1 m´ m` }mBM}
s2 eδ s ` Ops eδ sq . (41)

As M is finite volume real hyperbolic, we have δ “ n ´ 1, and Theorem 6 will follow
from Equation (41) using Equations (14) and (15), once we have proven Equation (38).

The remainder of the proof is devoted to proving Equation (38). For every element
γ P Γ such that dp rD´, γ rD`q ą 0, we now denote by z

rD´,γ rD` P rD` the origin of the
common perpendicular from rD´ to γ rD`. As in Steps 1 and 2 in the proof of Theorem 5,
since Ops2epδ´1qsq “ Opeδ sq, for every s ě 0, we have

NΩ`,D`psq “
ÿ

rγsPΓ
ĂD´ zΓ{Γ

ĂD` : 0ădp rD´,γ rD`qďs , z
ĂD´,γĂD` P rℓp s0,`8r q

m
rD´,γ rD`

“ Card

"

γ P Γ
rD´zΓ{Γ

rD` :
0 ă dp rD´, γ rD`q ď s

z
rD´, γ rD` P rℓp s0,`8r q

*

` Opeδ sq . (42)
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As in the first part of Step 3 in the proof of Theorem 5, we now define

F “ trγs P ΓH zΓ{Γ
rD` : H X γ rD` ‰ Hu

and for every rγs P ΓH zΓ{Γ
rD`∖F , we now denote by pγ P BH and p1

γ P Bpγ rD`q the two
endpoints of the common perpendicular between H and γ rD`.

rℓp0q

rℓ
βp1

γ

βpγ

p1
γ

pγ

βγ rD`

γ rD`

z
rD´, βγ rD`

BH

As in the second part of Step 3 in the proof of Theorem 5 (recalling that cK “ 2 in the real
hyperbolic case), there exists c5 ą 0 and a choice of representatives γ in rγs P ΓH zΓ{Γ

rD`

such that d1
H ppγ , rℓp0qq ď c5. We now define

F 1 “
␣

β P ΓH : d1
H prℓp0q, β rℓp0qq ă cK ` c5

(

.

Since M is real hyperbolic and by the second claim of Lemma 4 (ii) applied with D “ βγ rD`

and x0 “ βpγ , if rγs P ΓH zΓ{Γ
rD`∖F and β P ΓH ∖F 1, then z

rD´, βγ rD` P rℓp s0,`8r q (see
the above picture). For all rγs P ΓH zΓ{Γ

rD`∖F and t ě 0, let us now define

Φrγsptq “ Cardtβ P ΓH : d1
H prℓp0q, βpγq ď tu .

As in Step 4 in the proof of Theorem 5, we have

Φrγsptq “
Ξ

ĂM

}σ`
V`

}
tδ ` Optδ´1q . (43)

As in the first part of Step 5 in the proof of Theorem 5, we have

Card

"

prγs, βq P F ˆ ΓH :
0 ă dp rD´, βγ rD`q ď s

z
rD´, βγ rD` P rℓp s0,`8r q

*

“ Opeδsq . (44)

Since V` has finite outer skinning measure and since D` is a divergent geodesic, by The-
orem 5, we have

NV`,D`psq “ Opseδ sq . (45)

Hence as in the second part of Step 5 in the proof of Theorem 5, we have

Card

"

prγs, βq P pΓH zΓ{Γ
rD`∖F q ˆ F 1 :

0 ă dp rD´, βγ rD`q ď s

z
rD´, βγ rD` P rℓp s0,`8r q

*

“ Ops eδsq . (46)

As in Step 6 in the proof of Theorem 5, since ℓ is not weakly reciprocal, the stabilizer Γ
rD´

of rD´ coincides with its pointwise stabilizer Γ1
rD´

“ Γ
rD´ XΓH , hence has order m´ and is
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contained in ΓH . As for Equation (24), disintegrating the counting function of Equation
(42) by the canonical map Γ1

rD´
zΓ{Γ

rD` Ñ ΓH zΓ{Γ
rD` , Equation (42) gives

NΩ`,D`psq “
1

m´
Card

"

prγs, βq P pΓH zΓ{Γ
rD`q ˆ ΓH :

0 ă dp rD´, βγ rD`q ď s

z
rD´, βγ rD` P rℓp s0,`8r q

*

` Opeδ sq . (47)

As in the beginning of Step 7 in the proof of Theorem 5, with s P s1,`8r large enough,
η P s0, 1r small enough and N “ t sη u, if

Σs “ Card

"

prγs, βq P pΓH zΓ{Γ
rD`∖F q ˆ pΓH ∖F 1q :

s ´ 1 ă dp rD´, βγ rD`q ď s

z
rD´, βγ rD` P rℓp s0,`8r q

*

,

then

Σs “

N`1
ÿ

k“1

ÿ

rγsPΓH zΓ{Γ
ĂD`∖F

pk´1qηădpγ rD`,H qďkη

ÿ

βPΓH∖F 1

s´1ădp rD´, βγ rD`qďs

1 . (48)

Let k P J1, N ` 1K and prγs, βq P pΓH zΓ{Γ
rD`∖F q ˆ pΓH ∖F 1q be such that

pk ´ 1qη ă dpγ rD`,H q ď kη and s ´ 1 ă dp rD´, βγ rD`q ď s .

Then since M is real hyperbolic, by the first claim of Lemma 4 (ii) applied with D “ βγ rD`

and x0 “ βpγ , we have

dp rD´, βγ rD`q “ dpγ rD`,H q ` lnp2 d1
H pβpγ , rℓp0qqq

` O
`

d1
H pβpγ , rℓp0qq´2 e´2 dpγ rD`,H q

˘

. (49)

As in the middle part of Step 7 in the proof of Theorem 5, up to increasing F 1, we have

1

2
es´1´kη`Ope´2 sq ď d1

H pβpγ , rℓp0qq ď
1

2
es´pk´1qη`Ope´2 sq . (50)

By Equations (50) and (43), with functions Op¨q independent of η and rγs, we have

Cardtβ P ΓH ∖F 1 : s ´ 1 ă dp rD´, βγ rD`q ď su

ď
Ξ

ĂM

2δ}σ`
V`

}
eδ s´δkη

`

eδη`Ope´sq ´ e´δ`Ope´sq
˘

` Opeps´kηqpδ´1qq . (51)

Since M is real hyperbolic and since V` has finite outer skinning measure, let us apply
Theorem 5 with D´ “ V`, and more precisely Equation (13) with the help of Step 2 in
the proof of Theorem 5 in order to deal with the multiplicities m

γV`,γ1
rD` not equal to 1.

Then, with a function Op¨q that is independent of η, if we now define, for every k P N,

ak “ Card
␣

rγs P ΓH zΓ{Γ
rD`∖F : pk ´ 1qη ă dpγ rD`,H q ď kη

(

,

then for every t ě 0, we have

t
ÿ

k“0

ak “
ι`
rec }σ`

V`
} Ξ

ĂM

2δ m` }mBM}
t η eδtη ` O

`

eδtη
˘

. (52)
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Let us now define

C1 “
Ξ

ĂM

2δ }σ`
V`

}
peδη`Ope´sq ´ e´δ`Ope´sqq , C2 “

ι`
rec }σ`

V`
}Ξ

ĂM

2δ m` }mBM}
,

and a function f : t ÞÑ C1 e
δs´δtη ` Opeps´tηqpδ´1qq with an appropriately chosen Op¨q. As

in the middle part of Step 7 in the proof of Theorem 5, by Equations (48) and (51), by
Abel’s summation formula, since fpN ` 1q “ Op1q and by Equation (52), using again that
Nη “ s ` Opηq and since

şpN`1qη
0 u eu du “ Ops esq, we have

Σs ď

N`1
ÿ

k“0

ak fpkq “
`

N`1
ÿ

k“0

ak
˘

fpN ` 1q ´

ż N`1

0
p

t
ÿ

k“0

ak
˘

f 1ptq dt

“ Ops eδ sq `

ż N`1

0

`

C2 t η e
δtη ` Opeδtηq

˘`

δ η C1 e
δs´δtη ` Opη eps´tηqpδ´1qq

˘

dt

“ Ops eδ sq ` δ C2C1
pN ` 1q2

2
η2 eδs ` O

`

pN ` 1q η eδ s
˘

` O
`

espδ´1q

ż N`1

0
η t etη η dt

˘

` O
`

espδ´1q

ż N`1

0
etη η dt

˘

“
δ C2C1

2
ps ` Opηqq2 eδs ` Ops eδ sq .

Replacing C1 and C2 by their values, and letting η tend to 0, we hence have

Σs ď
δ ι`

rec ΞĂM
2

22δ`1 m` }mBM}
s2 eδ sp1 ´ e´δq ` Ops eδ sq .

The same lower bound is obtained as at the end of Step 7 in the proof of Theorem 5,
and by a summation, we have

Card
!

prγs, βq P pΓH zΓ{Γ
rD`∖F q ˆ pΓH ∖F 1q :

0 ă dp rD´, βγ rD`q ď s

z
rD´, βγ rD` P rℓp s0,`8r q

)

.

“
δ ι`

rec ΞĂM
2

22δ`1 m` }mBM}
s2 eδ s ` O

`

s eδ s
˘

. (53)

By separating the counting domain pΓH zΓ{Γ
rD`q ˆ ΓH as the disjoint union of F ˆ ΓH ,

of pΓH zΓ{Γ
rD`∖F q ˆF 1 and of pΓH zΓ{Γ

rD`∖F q ˆ pΓH ∖F 1q, Equation (38) finally follows
from Equations (47), (44), (46) and (53).

Case 2. Let us now assume that ℓ is weakly reciprocal. As in Case 2 of Theorem 5, we
then have Ω´ “ Ω` and

NΩ`,D`ptq ď ND´,D`ptq ď NΩ`,D`ptq ` NΩ0,D`ptq (54)

for every t ě 0. Let us prove that Equation (38) is still satisfied. Since ι´
rec “ 1 as ℓ is

weakly reciprocal, this will prove that Equation (41) is still satisfied, hence Theorem 6
when ℓ is weakly reciprocal will follow.
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As in Case 2 of Theorem 5, with Γ1
rD´

“ Γ
rD´ X ΓH , which has index 2 in Γ

rD´ and
order m´, as s Ñ `8, we have

NΩ`, D`psq “
ÿ

rγsPΓ
ĂD´ zΓ{Γ

ĂD` : 0ădp rD´,γ rD`qďs, z
ĂD´, γĂD` P rℓp s´8,t´r Y s0,`8r q

m
rD´,γ rD`

“ Card
!

γ P Γ1
rD´

zΓ{Γ
rD` :

0 ă dp rD´, γ rD`q ď s

z
rD´, γ rD` P rℓp s0,`8r q

)

` Opeδ sq

“
1

m´
Card

!

prγs, βq P pΓH zΓ{Γ
rD`q ˆ ΓH :

0 ă dp rD´, βγ rD`q ď s

z
rD´, βγ rD` P rℓp s0,`8r q

)

` Opeδ sq , (55)

that is, Equation (47) is still valid. The remainder of the proof of Equation (38) now
proceeds exactly as in Case 1. l

5 Common perpendiculars of divergent geodesics in non-real
hyperbolic geometry

In this section, we prove Theorem 9, which is a complex and quaternionic hyperbolic
version of Theorems 5 and 6. This result will be applied in [PP8] to study the distribution
of Heisenberg Farey neighbours.

In what follows, we denote by K either the field of complex numbers C endowed with the
conjugation x “ x0 ` ix1 ÞÑ x “ x0 ´ ix1 or the skew field of Hamiltonian numbers H (with
standard basis 1, i, j, k over R) endowed with the conjugation x “ x0`x1i`x2j`x3k ÞÑ x “

x0´x1i´x2j´x3k. We refer to [Vig] for background on H. We denote by Re : x ÞÑ 1
2px`xq

and Im : x ÞÑ 1
2px ´ xq the real and imaginary part maps of K,6 so that ImC “ iR and

ImH “ Ri ` Rj ` Rk are the imaginary subspaces of C and H respectively. We endow K
and ImK with the Euclidean scalar product that makes their canonical basis orthonormal
and with its associated Lebesgue measure. Let n P N∖t0, 1u. We endow Kn´1 with the
product Euclidean scalar product and product Lebesgue measure.

For all w,w1 in the right vector space Kn´1 over K, we denote by w ¨ w1 “
řn´1

i“1 wiw
1
i

their standard Hermitian product, and we define |w| “
?
w ¨ w. Recall that the Siegel

domain model of the hyperbolic n-space Hn
K over K is the open subset

␣

pw0, wq P K ˆ Kn´1 : 2 Rew0 ´ |w|2 ą 0
(

,

endowed with the Riemannian metric

ds2Hn
K

“
1

p2 Rew0 ´ |w|2q2

`

| dw0 ´ dw ¨ w |2 ` p2 Rew0 ´ |w|2q |dw|2
˘

. (56)

The metric is normalized so that its sectional curvatures are in r´4,´1s, instead of in
r´1,´1

4 s as in [Gol] when K “ C. The boundary at infinity of Hn
K is

B8Hn
K “

␣

pw0, wq P K ˆ Kn´1 : 2 Rew0 ´ |w|2 “ 0
(

Y t8u .

As in [PP6, §3] when K “ C and [PP7, §6] when K “ H, the horospherical coordinates
pζ, u, tq P Kn´1 ˆ ImK ˆ r0,`8r of a point pw0, wq P Hn

K Y pB8Hn
K∖t8uq are

pζ, u, tq “ pw, w0 ´ w0, 2 Rew0 ´ |w|2q hence pw0, wq “

´

|ζ|2 ` t ` u

2
, ζ
¯

. (57)

6Note the nonstandard definition of Im when K “ C.
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In horospherical coordinates, the subset

H8 “
␣

pζ, u, tq P Hn
K : t ě 1

(

,

is a horoball in Hn
K centred at 8 P B8Hn

K. The geodesic line in Hn
K from 8 to the point at

infinity pζ, u, 0q P B8Hn
K∖t8u, through BH8 at time s “ 0, is the map s ÞÑ pζ, u, e´2sq.

The following lemma is a convenient replacement in hyperbolic geometry over K of the
classical angle of parallelism formula in real hyperbolic geometry. See also [Gol, §3.2.4] for
a different presentation. The proof follows ideas from [PP6, Lemma 10] when K “ C and
[PP7, Lemma 6¨2] when K “ H. See also [Par, Prop. 7.1] for an expression of the distance
from a point to a geodesic line in the projective model of Hn

C.

Lemma 7. The orthogonal projection map from Hn
K to the geodesic line s0,8r in Hn

K with
points at infinity p0, 0q and 8 is, in horospherical coordinates, the map

pζ, u, tq ÞÑ p0, 0, | |ζ|2 ` t ` u |q .

The distance from pζ, u, tq P Hn
K to s0,8r is 1

2 arcosh
`

|ζ|2`| |ζ|2`t`u |

t

˘

.

Proof. Let Bn be the open unit sphere in the standard right Hermitian space Kn over K.
The Cayley transform Φ : Bn Ñ Hn

K, defined by

Φ : pz1, . . . , znq ÞÑ

´1 ´ zn
2

, z1, z2, . . . , zn´1

¯

p1 ` znq´1 ,

is easily seen to be a smooth bijection, with inverse

pw0, wq ÞÑ p2w, 1 ´ 2w0qp1 ` 2w0q´1 . (58)

The ball model of the hyperbolic n-space over K is the open subset Bn endowed with the
pull-back of the Riemannian metric (56) by Φ.

Let ρ ą 0. In this ball model, the metric sphere Sp0, ρq of radius ρ centered at the
origin 0 coincides with the Euclidean sphere of radius tanh ρ centered at 0 by [Gol, page
78, see also §3.3.4] when K “ C, taking into account the different normalization of the
curvatures.

The isometry Φ maps 0 P Bn to p0, 0, 1q P Hn
K in the horospherical coordinates. By

Equation (58), for all z1 P Kn´1 and zn P K, writing pw0, wq the point Φpz1, znq and
denoting by pζ, u, tq its horospherical coordinates, we have |z1|2 ` |zn|2 “ tanh2 ρ if and
only if

| 2w |2 ` | 1 ´ 2w0 |2 “ | 1 ` 2w0 |2 tanh2 ρ

that is, using Equation (57) and an easy computation, if and only if

| 1 ` |ζ|2 ` t ` u |2 ´ 4t cosh2 ρ “ 0 . (59)

The Riemannian metric of Hn
K given by Equation (56) becomes in the horospherical

coordinates
ds2Hn

K
“

1

4 t2
`

dt2 ` | du ´ 2 Im dζ ¨ ζ |2 ` 4 t | dζ |2
˘

. (60)

Hence for all λ ą 0 and pζ 1, u1q P Kn´1 ˆ ImK, the Heisenberg dilation

hλ : pζ, u, tq ÞÑ pλζ, λ2u, λ2tq ,
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whose inverse is hλ´1 , and the Heisenberg translation

τpζ1,u1q : pζ, u, tq ÞÑ pζ 1 ` ζ, u1 ` u ` 2 Im ζ 1 ¨ ζ, tq ,

whose inverse is τp´ζ1,´u1q, are isometries of Hn
K fixing 8.

Using the horospherical coordinates, let us fix pζ0, u0, t0q P Hn
K, and let us compute its

orthogonal projection on the geodesic line s0,8r. Let us consider λ “
?
t0, ζ 1 “

ζ0?
t0

and
u1 “ u0

t0
. The isometry hλ ˝ τpζ1,u1q maps p0, 0, 1q to pζ0, u0, t0q, hence maps the sphere of

radius ρ centered at p0, 0, 1q to the sphere of radius ρ centered at pζ0, u0, t0q in Hn
K. For

every pζ, u, tq P Hn
K, using Equation (59) (multiplied by t20) for the last equivalence, we

have

pζ, u, tq P Sppζ0, u0, t0q, ρq

ô τ´1
pζ1,u1q

˝ h´1
λ pζ, u, tq P Spp0, 0, 1q, ρq

ô
`

´ ζ 1 ` λ´1ζ,´u1 ` λ´2u ` 2 Imp ´ζ 1 q ¨ pλ´1ζq, λ´2t
˘

P Spp0, 0, 1q, ρq

ô
ˇ

ˇ t0 ` |ζ ´ ζ0|2 ` t ` pu ´ u0 ´ 2 Im ζ0 ¨ ζq
ˇ

ˇ

2
“ 4t0t cosh

2 ρ . (61)

The closest point to pζ0, u0, t0q on s0,8r is attained when the parameter ρ gives a
double point of intersection p0, 0, tq between this sphere and s0,8r . Taking ζ “ 0 and
u “ 0 in Equation (61) gives the following quadratic equation in t

t2 ` 2tp|ζ0|2 ` t0 ´ 2t0 cosh
2 ρq ` | |ζ0|2 ` t0 ` u0 |2 “ 0 .

It has a double solution if and only if its reduced discriminant

p|ζ0|2 ` t0 ´ 2t0 cosh
2 ρq2 ´ | |ζ0|2 ` t0 ` u0 |2

is equal to zero, that is, if and only if

|ζ0|2 ` t0 ´ 2t0 cosh
2 ρ “ ´| |ζ0|2 ` t0 ` u0 | . (62)

The double solution of the above quadratic equation is then t “ | |ζ0|2 ` t0 ` u0 |. This
proves the first claim of Lemma 7. The second claim follows from Equation (62) by using
the fact that 2 cosh2 ρ “ coshp2ρq ` 1. l

Let us now make explicit the Hamenstädt distance and cuspidal distance on horospheres
in Hn

K. The Heisenberg group Heisn,K is the real Lie group Kn´1 ˆ ImK with law

pζ 1, u1qpζ, uq “ pζ 1 ` ζ, u1 ` u ` 2 Im ζ 1 ¨ ζq .

As defined for instance in [Gol, page 160] when K “ C, the Cygan distance dCyg on Heisn,K
is the unique left-invariant distance on Heisn,K such that

dCyg

`

pζ, uq, p0, 0q
˘

“
a

| |ζ|2 ` u | “
4
a

|ζ|4 ` |u|2 . (63)

As introduced in [PP1, page 372] when K “ C, the modified Cygan distance d1
Cyg on Heisn,K

is the unique left-invariant distance on Heisn,K such that

d1
Cyg

`

pζ, uq, p0, 0q
˘

“
a

|ζ|2 ` | |ζ|2 ` u | “

b

|ζ|2 `
a

|ζ|4 ` |u|2 . (64)
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It is easy to check that dCyg ď d1
Cyg ď

?
2 dCyg. As in [HP3, page 216] and [PP1, page

370] both when K “ C, for every t1 ą 0, using Equation (57) for the second equality, let

Ht1 “ tpw0, wq P Hn
K : 2Rew0 ´ |w|2 ě t1u “ tpζ, u, tq P Hn

K : t ě t1u , (65)

which is a horoball in Hn
K centered at 8, so that H1 “ H8. The Heisenberg group

Heisn,K acts, by the map pζ 1, u1q ÞÑ τpζ1,u1q|Ht1
, simply transitively on the horosphere Ht1

for every t1 ą 0, as well as on B8Hn
K∖t8u. Let us prove the claim that for all t2 ě t1 and

pζ, uq, pζ 1, u1q P Kn´1 ˆ ImK, we have

dHt1 ppζ, u, t1q, pζ 1, u1, t1qq “

c

t2

t1
dHt2 ppζ, u, t2q, pζ 1, u1, t2qq . (66)

Proof. Since t2 ě t1, the horoball Ht2 is contained in Ht1 . By an immediate computation
using the geodesic line s ÞÑ p0, 0, e2sq, we have dpBHt2 , BHt1q “ 1

2 ln
t2

t1 . By the definition
of the Hamenstädt distance in Equation (3), we have as wanted

dHt1 ppζ, u, t1q, pζ 1, u1, t1qq “ edpBHt2 ,BHt1 q dHt2 ppζ, u, t2q, pζ 1, u1, t2qq . l

By Equation (66) applied with t1 “ 1 and t2 “ 2 and by [HP3, Prop. 3.12] (which uses
the horosphere BH2 instead of the horosphere BH1 “ BH8) when K “ C, and by a similar
computation when K “ H, we have

dH8
ppζ, u, 1q, pζ 1, u1, 1qq “

?
2 dH2ppζ, u, 2q, pζ 1, u1, 2qq “ dCygppζ, uq, pζ 1, u1qq . (67)

By [PP1, Prop. 6.2] applied with s0 “ 1 (so that the horoball H1 of loc. cit. is equal to
our horoball H8) when K “ C, and by a similar computation when K “ H, we have

d1
H8

ppζ, u, 1q, pζ 1, u1, 1qq “
1

?
2
d1
Cygppζ, uq, pζ 1, u1qq . (68)

Lemma 8. Let H be a horoball in Hn
K and let rℓ be a geodesic line in Hn

K that enters H

perpendicularly at rℓp0q P BH .
(i) Let rℓ1 be a geodesic line in Hn

K that exits H perpendicularly at rℓ1p0q P BH such that
dH prℓ1p0q, rℓp0qq ě 1. For every s ě 0, we have

dprℓ1psq, rℓ q “ s ` ln d1
H prℓ1p0q, rℓp0qq ` ln 2 ` O

`

d1
H prℓ1p0q, rℓp0qq´2e´2s

˘

.

(ii) Let D be a closed convex subset of Hn
K disjoint from H and let x0 P BH be the closest

point to D in H . There exists a constant cK ě 1 such that if dH px0, rℓp0qq ě cK, then

dpD, rℓ q “ dpD,H q ` ln d1
H px0, rℓp0qq ` ln 2 ` O

`

d1
H px0, rℓp0qq´2e´2 dpD,H q

˘

,

and furthermore, the closest point to D on the image of rℓ belongs to H .

Proof. We use the horospherical coordinates of Hn
K. The isometry group of Hn

K acts
transitively on the set of horoballs of Hn

K and the stabilizer of each horoball acts transitively
on its boundary horosphere. Hence we may assume that H “ H8 and that rℓp0q “ p0, 0, 1q.
Therefore the geodesic line rℓ is the map s ÞÑ p0, 0, e2sq and its image is s0,8r with the
notation of Lemma 7.
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(i) Let us define pζ, uq P Kn´1 ˆ ImK such that the geodesic line rℓ1 is the map given
by s ÞÑ pζ, u, e´2sq. Using Equations (63) and (67), let

D “ | |ζ|2 ` u | “ dCygppζ, uq, p0, 0qq2 “ dH prℓ1p0q, rℓp0qq2 .

Using Equations (64) and 68, let

D1 “ |ζ|2 ` | |ζ|2 ` u | “ d1
Cygppζ, uq, p0, 0qq2 “ 2 d1

H prℓ1p0q, rℓp0qq2 . (69)

Since |ζ|2 ď
a

|ζ|4 ` |u|2 “ D and since D ě 1 by the assumption of Assertion (i), we have

| |ζ|2 ` e´2s ` u | “
a

|ζ|4 ` 2e´2s|ζ|2 ` e´4s ` |u|2

“
a

|ζ|4 ` |u|2

d

1 `
2e´2s|ζ|2

|ζ|4 ` |u|2
`

e´4s

|ζ|4 ` |u|2

“ D
a

1 ` Ope´2sD´1q “ Dp1 ` Ope´2sD´1qq .

Since D ď |ζ|2 ` D “ D1 ď 2D, we hence have

x “
|ζ|2 ` | |ζ|2 ` e´2s ` u |

e´2s
“ e2sD1 |ζ|2 ` D ` DOpe´2sD´1q

D1

“ e2sD1
`

1 ` Ope´2sD1´1
q
˘

.

Recall that as x P r1,`8r tends to `8, we have

arcoshx “ lnpx `
a

x2 ´ 1 q “ lnp2xq ` O
` 1

x2
˘

.

By the last claim of Lemma 7, we therefore have

dprℓ1psq, rℓ q “
1

2
arcosh

´

|ζ|2 ` | |ζ|2 ` e´2s ` u |

e´2s

¯

“ s `
1

2
logp2D1q ` Ope´2sD1´1

q .

Assertion (i) then follows from Equation (69).

(ii) As in the proof of Lemma 4 (ii), let x
rℓ

P D be the closest point in D to rℓ, and
let xH P D be the closest point in D to H . Let rℓ1 be the geodesic line exiting H
perpendicularly at x0 at time 0. Let s “ dpD,H q, so that x0 “ rℓ1p0q and xH “ rℓ1psq,
and let D2 “ d1

H px0, rℓp0qq. Finally, let px
rℓ

(respectively pxH ) be the closest point to D

(respectively to xH ) on the image of rℓ. We have the upper bound

dpx
rℓ
, rℓ q “ dpD, rℓ q ď dpxH , rℓ q “ s ` lnD2 ` ln 2 ` OpD2´2

e´2sq

by Assertion (i) In order to obtain the similar lower bound on dpx
rℓ
, rℓ q, as in the proof

of Lemma 4 (ii) (except that the union of the geodesic lines perpendicular to rℓ1 at xH is
no longer totally geodesic), we may replace D by a geodesic line D1 through x

rℓ
and xH

perpendicular to rℓ1 at xH . See the picture below.

rℓ1

x0 “ rℓ1p0q

pxH

xH “ rℓ1psq

rℓp0q

rℓ
D1

s

px
rℓ

x
rℓ

BH
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By Assertion (i), we have dpxH , rℓ q “ s ` lnD2 ` ln 2 ` Ope´2ps`lnD2qq. Since the
closest point projection to a convex subset does not increase the distances, we have the
inequality dppx

rℓ
, pxH q ď dpx

rℓ
, xH q. By the triangle inequality, we have

dpxH , pxH q ´ dppx
rℓ
, pxH q ´ dpx

rℓ
, xH q ď dpD, rℓq “ dpx

rℓ
, px

rℓ
q ď dpxH , pxH q .

To obtain Assertion (ii), we thus only have to prove that dpx
rℓ
, xH q “ Ope´2 dpxH , rℓ qq. In

Hn
R, this is the new input of Lemma 4 (ii) with respect to Lemma 4 (i). In Hn

K, the result
follows by comparison using the ideal quadrangle with vertices 8, px

rℓ
, x

rℓ
and xH with

right angles at px
rℓ
and xH , and angle at least π

2 at x
rℓ
. l

We now prove analogs of Theorems 5 and 6 in the complex or quaternionic hyperbolic
case. In order to simplify the notation, we define dK “ dimRK for K “ C and K “ H.

Theorem 9. Let M be a noncompact finite volume complete connected complex or quater-
nionic hyperbolic good orbifold, with dimension n ě 2 over K “ C or K “ H, with expo-
nentially mixing geodesic flow if K “ C.
(1) Let D´ be a nonempty properly immersed closed locally convex subset of M with nonzero
finite outer skinning measure and let D` be the image of a divergent geodesic in M . As
s Ñ `8, we have

ND´,D`psq “

ś

dK
2
i“1p

ndK
2 ´ iq ιrecpD

`q }σ`

D´}

4dK´1
?
π Γp

dK´1
2 qmpD`qVolpMq

s epdKpn`1q´2q s ` OpepdKpn`1q´2qsq .

(2) Let D` and D´ be the images of two divergent geodesics in M . As s Ñ `8, we have

ND´,D`psq “
pdKpn ` 1q ´ 2q π

ndK
2

´1 ś

dK
2
i“1p

ndK
2 ´ iq ιrecpD

´q ιrecpD
`q

2dKpn`3q´4 Γp
dK´1

2 q2 p
dKpn´1q

2 ´ 1q! mpD´q mpD`qVolM
s2 epdKpn`1q´2q s

` O
`

s epdKpn`1q´2qs
˘

.

We believe that a similar statement is valid also for the octonionic hyperbolic plane
case, but we leave the proof to the readers.

Proof. This proof follows closely the proofs of Theorem 5 for Assertion (1) and of Theorem
6 for Assertion (2), that were written for this purpose. We only indicate the changes, that
are the ones involving specifically the fact that M was assumed to be real hyperbolic, and
no longer is. We start with a lemma, that will replace Equation (14).

Lemma 10. We have Ξ
ĂM

“ 2 π
n dK´1

2

Γp
dK´1

2
q p

dKpn´1q

2
´1q!

.

Proof. Since the definition (5) of Ξ
ĂM

is independent of the choices of a horoball H and of
a point x P BH , we may assume that H “ H8 and that x “ p0, 0, 1q in the horospherical
coordinates of Hn

K. By [PP6, Lemma 12 (iv)] when K “ C and by [PP7, Lemma 7¨2 (iv)]
when K “ H, the measure prp‚q˚ rσ

´
H8

is 2dK´1 times the Riemannian measure volBH8
of

the induced Riemannian metric on BH8. Since H8 “ H1 with the notation of Equation
(65), by [PP6, Equation (15)] when K “ C and by [PP7, Equation (7¨11)] when K “ H,
we have

d volBH8
pζ, u, 1q “

1

2dK´1
dζ du .
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By Equations (68) and (64), we have

Bd1
H8

pp0, 0, 1q, 1q “ tpζ, u, 1q P BH8 : d1
Cygppζ, uq, p0, 0qq ď

?
2u

“ tpζ, u, 1q P BH8 : |ζ|2 `
a

|ζ|4 ` |u|2 ď 2u .

Hence by the definition (5) of Ξ
ĂM

and by using the formulas du “ ρ dρ d volSdK´2 and
dζ “ ρ dρ d volSdKpn´1q´1 of the Lebesgue measures in polar coordinates of the Euclidean
spaces ImK and then Kn`1, we have

Ξ
ĂM

“ prp‚q˚ rσ
´
H8

`

Bd1
H8

pp0, 0, 1q, 1qq
˘

“

ż

pζ,u,1qPBd1
H8

pp0,0,1q,1q

dζ du

“

ż

|ζ|ď1

´

ż

|u|ď2
?

1´|ζ|2
du

¯

dζ “ VolpSdK´2q

ż

|ζ|ď1
2p1 ´ |ζ|2q dζ

“
1

2
VolpSdK´2q VolpSdKpn´1q´1q .

Lemma 10 follows as VolpSm´1q “ 2 π
m
2

Γpm
2

q
and Γpm1q “ pm1 ´ 1q! for all m,m1 P N∖t0u. l

By [PP6, Lemma 12 (iii)] when K “ C and by [PP7, Lemma 7¨2 (iii)] when K “ H, we
now have

}mBM} “
1

2dKpn´1q
VolpSndK´1q VolpMq “

π
n dK
2

2dKpn´1q´1p
ndK
2 ´ 1q!

VolpMq . (70)

In order to prove Assertion (1) of Theorem 9, we use the same notation as in the
beginning of the proof of Theorem 5. The discussion on whether ℓ is weakly reciprocal
or not is the same one as in the proof of Theorem 5. If Equation (10) is still valid, then
Equation (13) is also still valid, by the same proof. Assertion (1) of Theorem 9 follows
from Equation (13) by using Lemma 10 instead of Equation (14), by using Equation (70)
instead of Equation (15), and by using Equation (2) instead of δ “ n ´ 1.

The proof of Equation (10) when ĂM “ Hn
K follows the same seven steps as in the real

hyperbolic case, except that
‚ in Steps 3 and 7, the use of Lemma 4 (ii) with the constant cR “ 2 is replaced by the
use of Lemma 8 (ii) with the constant cK, and
‚ the use of [LP] in Step 7 is replaced by the exponentially mixing assumption of Theorem
9 when K “ C and by the exponentially mixing consequence of the arithmeticity property
of M recalled in Section 2 when K “ H.

In order to prove Assertion (2) of Theorem 9, we use the same notation as in the
beginning of the proof of Theorem 6. The discussion on whether ℓ is weakly reciprocal
or not is the same one as in the proof of Theorem 6. If Equation (38) is still valid, then
Equation (41) is also still valid, by the same proof. Assertion (2) of Theorem 9 follows
from Equation (41) by using Lemma 10 instead of Equation (14), by using Equation (70)
instead of Equation (15), and by using Equation (2) instead of δ “ n ´ 1.

The proof of Equation (41) when ĂM “ Hn
K is similar to its proof when ĂM “ Hn

R,
replacing the call to Theorem 5 in the proofs of Equations (40), (45) and (52) by a call to
Equation (13) that we just proved during the proof of Assertion (1) of Theorem 9. l
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6 Ambiguous geodesics

In this section, we first show that the ambiguous conjugacy classes of hyperbolic elements
of the modular group PSL2pZq discussed in [Sar] correspond to common perpendiculars
of divergent geodesics in the modular orbifold PSL2pZqzH2

R. We then use Theorem 5 and
Theorem 6 to recover, by hyperbolic geometry methods, asymptotic counting results of
special conjugacy classes in PSL2pZq, due to Sarnak [Sar] by arithmetic methods. We start
by recalling standard facts on the modular orbifold, and on the images of the imaginary
axis by the modular group.

As in Section 3, let H2
R Ă C be the upper halfplane model of the real hyperbolic plane,

so that B8H2
R “ P1pRq “ RY t8u. Given ξ ‰ η in B8H2

R, we denote by sξ, ηr the geodesic
line in H2

R with points at infinity ξ and η. We denote by
“

a b
c d

‰

the image in PGL2pCq of
`

a b
c d

˘

P GL2pCq. The group PSL2pRq acts isometrically and faithfully by homographies
on H2

R, by the map pγ, zq ÞÑ γ ¨ z “ az`b
cz`d for z P H2

R and γ “
“

a b
c d

‰

P PSL2pRq. Let
ΓZ “ PSL2pZq be the modular group, which is a nonuniform arithmetic lattice in PSL2pRq

with set of parabolic fixed points ParΓZ “ ΓZ ¨ 8 “ Q Y t8u. Let MZ “ ΓZzH2
R be the

modular orbifold, which is a noncompact complete connected real hyperbolic good orbifold
of volume π

3 with only one cusp.
Let rℓ : t ÞÑ i et be the geodesic line in H2

R through i P H2
R at time t “ 0, with endpoints

at infinity 0 and 8, and let r∆ “ rℓpRq “ iR X H2
R “ s0,8r be its image. Then ℓ “ ΓZ rℓ is

a divergent geodesic in MZ, converging at ˘8 to the only cusp ΓZ ¨ 8 of MZ. Note that
ℓ is reciprocal since r∆ is preserved by the involution ι “

“

0 ´1
1 0

‰

P ΓZ with fixed point set
tiu in H2

R. The stabilizer in ΓZ of r∆ is Γ
r∆

“ tid, ιu.

Similarly, let rℓ1 : t ÞÑ 2
1´2ie´t , which is the geodesic line in H2

R image of rℓ by
”

1 0
1{2 1

ı

,

with endpoints at infinity 0 and 2, and let r∆1 “ rℓ1pRq “ s0, 2r be its image. Then ℓ1 “ ΓZ rℓ1
is a also a divergent geodesic in MZ, which is also reciprocal since 1 ` i P pΓZ ¨ iq X r∆1.
The stabilizer in ΓZ of r∆1 is Γ

r∆1
“

␣

id,
“

´1 2
´1 1

‰(

. But r∆1 is not the image of r∆ by any
element of ΓZ.

Let ∆ “ ℓpRq be the image of ℓ and ∆1 “ ℓ1pRq the one of ℓ1. Let rD´, rD` P tr∆, r∆1u

and D´, D` their images in MZ. The action of ΓZ on T 1H2
R is free, hence the multiplicities

of the common perpendiculars from D´ to D` (defined in Equation (7)) are all equal to
1. Thus Equation (8) gives that

ND´,D`ptq “ Cardtrγs P Γ
rD´zΓZ{Γ

rD` : 0 ă dp rD´, γ rD`q ď tu

is the number of images under ΓZ of rD` that are at positive distance at most t from
rD´, modulo the left action of Γ

rD´ . Let H2
R

˘
“ tz P H2

R : ˘Repzq ą 0u. Noting that
ιH2

R
˘

“ H2
R

¯, we see that N∆,∆ptq equals the number of images under ΓZ of r∆ that are
contained in H2

R
` and at a positive distance at most t from the imaginary axis.

Lemma 11. Let γ “
“

a b
c d

‰

P ΓZ.

(1) The geodesic lines r∆ and γ r∆ have a common point at infinity if and only if a b c d “ 0.
They have a common perpendicular if and only if a b c d ‰ 0.
(2) The geodesic line γ r∆ is contained in the right halfplane H2

R
` and has no common point

at infinity with r∆ if and only if γΓ
r∆

has a representative
`

a b
c d

˘

P SL2pZq with a, b, c, d ą 0.
This representative is then unique.
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Proof. (1) Note that γ ¨8 “ a
c and γ ¨0 “ b

d . The intersection B8pγ r∆ qXB8
r∆ is nonempty

if and only if γ ¨ 8 “ 8 or γ ¨ 0 “ 0 or γ ¨ 0 “ 8 or γ ¨ 8 “ 0, that is, if and only if c “ 0
or b “ 0 or d “ 0 or a “ 0 respectively, which proves the first part of Assertion (1).

The geodesic lines r∆ and γ r∆ have a common perpendicular if and only if they do not
have a common point at infinity and do not have a common point inside H2

R. Let Γ8 be
the stabilizer in ΓZ of the horoball H8 defined in Equation (6) for n “ 2. It is well known
that the ΓZ-equivariant family pγH8qγPΓZ{Γ8

is precisely invariant. The only horoballs in
this family containing i are H8 and ιH8, and r∆ is contained in H8 Y ιH8. Hence for
every γ P ΓZ, the geodesic lines r∆ and γ r∆ meet if and only if γ P Γ

r∆
“ tid, ιu, in which

case r∆ and γ r∆ have a common point at infinity.
Thus r∆ and γ r∆ have a common perpendicular if and only if the points γ ¨ 8 “ a

c

and γ ¨ 0 “ b
d are in the same connected component of R∖t0u. This yields the inequality

a
c
b
d ą 0, which proves the second part of Assertion (1) by multiplying by pcdq2 ą 0.

(2) The above computations show that γ r∆ is contained in the right halfplane H2
R

` and
has no common point at infinity with r∆ if and only if ac ą 0 and bd ą 0. Since a ‰ 0, the
element γ has a unique representative in SL2pZq such that a ą 0, and then c ą 0. Assume
from now on that a ą 0. Note that

`

a b
c d

˘`

0 1
´1 0

˘

“
`

´b a
´d c

˘

. Hence if b ą 0, then d ą 0

and
`

a b
c d

˘

is the unique representative in SL2pZq with positive coefficients of an element
of γΓ

r∆
. And if conversely b ă 0, then d ă 0 and

`

´b a
´d c

˘

is the unique representative in
SL2pZq with positive coefficients of an element of γΓ

r∆
. l

Now, let us define the special conjugacy classes in ΓZ that we will study. Let

w “

„

1 0
0 ´1

ȷ

and w1 “

„

1 0
1 ´1

ȷ

,

which are involutions (elements of order 2) in PGL2pZq. Recall that PGL2pZq acts by
conjugation on its normal subgroup ΓZ “ PSL2pZq. An element γ P ΓZ is ambiguous of
the first kind, respectively ambiguous of the second kind, if

wγw “ γ´1 , respectively w1γw1 “ γ´1 , (71)

and ambiguous if it is conjugated in ΓZ to an element in ΓZ which is ambiguous of the first
kind or ambiguous of the second kind. Such elements, when hyperbolic, are automorphs
of Gauss’ ambiguous integral binary quadratic forms, see [Sar] and [Cas, Sect. 14.4] for
details and background. Recall that an hyperbolic element γ P ΓZ has a unique root, i.e. an
element γ0 P ΓZ such that there exists n P N∖t0u with γ “ γn0 , and that γ is primitive if
γ “ γ0. For a hyperbolic element of ΓZ, being ambiguous, ambiguous of the first kind or
ambiguous of the second kind is invariant by taking nonzero powers and roots.

The normalizer of ΓZ in the full isometry group of H2
R contains the reflexion

W : z ÞÑ ´ z

in the geodesic line r∆. The extended modular group Γ`
Z is the group generated by ΓZ and

W . It contains ΓZ as a normal subgroup of index 2. The two extensions PGL2pZq and Γ`
Z

of ΓZ are actually isomorphic, see [Bea2] for a detailed discussion. Let ¨ : z ÞÑ z be the
complex conjugation. The map Φ : PGL2pZq Ñ Γ`

Z , which is the identity on ΓZ and maps
η P PGL2pZq∖ΓZ to the anti-homography η ˝ ¨ : H2

R Ñ H2
R, is a group isomorphism, that
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is compatible with the actions on ΓZ by conjugation of the two groups: For all γ P ΓZ and
η P PGL2pZq, we have

Φpηq γ Φpηq´1 “ η γ η´1 .

If η P PGL2pZq∖ΓZ is an involution, then Φpηq is a reflexion in the geodesic line whose
endpoints are the two fixed points of η in P1pRq. In particular, we have Φpwq “ W , and
W1 “ Φpw1q is the reflexion in the geodesic line r∆1 “ s0, 2r. The group Γ`

Z has exactly
three conjugacy classes of involutions, which are the conjugacy classes of W , of W1 and
of the orientation-preserving involution ι. Given an involution τ P Γ`

Z , as in [ErPP], we
say that an element γ P Γ`

Z is τ -reciprocal in Γ`
Z if τγτ “ γ´1. We denote by Axγ the

translation axis of every hyperbolic element γ P ΓZ.

Lemma 12. Let γ “
“

a b
c d

‰

P ΓZ.
(i) The element γ is ambiguous if and only if there exists an involution τ P Γ`

Z ∖ΓZ such
that γ is τ -reciprocal in Γ`

Z .
(ii) The element γ P ΓZ is ambiguous of the first kind (respectively ambiguous of the
second kind) if and only if a “ d (respectively a` b “ d). If γ P ΓZ is hyperbolic, then γ is
ambiguous of the first kind (respectively ambiguous of the second kind) if and only if Axγ
meets perpendicularly r∆ “ FixpW q (respectively r∆1 “ FixpW1q), and γ is ι-reciprocal if
and only if Axγ contains tiu “ Fixpιq.
(iii) The only elements of ΓZ that are both ambiguous of the first kind and ambiguous of
the second kind are r 1 0

c 1 s for c P Z, which are not hyperbolic. There are hyperbolic elements
that are both conjugated to an element ambiguous of the first kind and conjugated to an
element ambiguous of the second kind.7

(iv) A primitive hyperbolic element of ΓZ that is conjugated to an element ambiguous of
a given kind and not conjugated to an element ambiguous of the other kind has exactly 4
conjugates that are ambiguous of the given kind. A primitive hyperbolic element of ΓZ that
is conjugated both to an element ambiguous of the first kind and to an element ambiguous
of the second kind has exactly 2 conjugates that are ambiguous of the first kind and 2
conjugates that are ambiguous of the second kind.

Proof. (i) Let γ P ΓZ be ambiguous. Then there exist ν P ΓZ and w1 P tw,w1u such that
w1pνγν´1qw1 “ pνγν´1q´1. Thus, we have

γ´1 “ pν´1w1νq´1γpν´1w1νq “ Φpν´1w1νq´1γ Φpν´1w1νq ,

and γ is τ -reciprocal, with τ “ Φpν´1w1νq P Γ`
Z ∖ΓZ. The converse is proven similarly.

(ii) The first claim follows by an easy computation. An involution τ P Γ`
Z preserves a

geodesic line L in H2
R if and only if either τ P ΓZ and L contains the singleton Fixpτq, or

τ P Γ`
Z∖ΓZ and either L intersects the geodesic line Fixpτq perpendicularly or L “ Fixpτq.

The second claim follows since for all β, γ P Γ`
Z with γ hyperbolic, we have Axβγβ´1 “

βAxγ , and γ and γ´1 translate in opposite directions on Axγ´1 “ Axγ .

7The existence of such elements is not immediate from the arithmetic definitions. We will compute
the asymptotic growth of the number of the conjugacy classes of these elements with translation length
at most s Ñ `8 during the proof of Theorem 14, see Lemma 16 (i) and Equation (72): It is equal
to 3

8π2 s2 e
s
2 ` O

`

s e
s
2
˘

, hence it is not negligible with respect to the number of those containing only
ambiguous elements of a given kind.
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(iii) The first claim follows easily from the first claim of Assertion (ii). We prove the
second claim by giving an explicit example. Let p “ r 2 1

3 2 s P ΓZ. Then p is hyperbolic, and
ambiguous of the first kind by the first claim of Assertion (ii). The element ν “

“

0 1
´1 3

‰

P ΓZ

maps the geodesic line r∆1 “ s0, 2r to s13 , 1r. The reflexion in the geodesic line s13 , 1r is hence
νW1ν

´1 P Γ`
Z∖ΓZ. We have pνW1ν

´1q p pνW1ν
´1q “ p´1 by an easy computation, so that

ν´1p ν is ambiguous of the second kind.

´2 ´1
2 0 1

2 2

r∆

r∆1

The above picture on the left shows in blue the image in MΓ of the translation axis of p,
lifted to the standard fundamental domain of ΓZ with its usual boundary identifications,
that is orthogonal in MΓ both to ∆1 (at the cone point of angle 2π

3 of the orbifold MΓ) and
to ∆. The above picture on the right shows similarly the image in MΓ of the translation axis
of p1 “ r 3 8

1 3 s, which is the union of two common perpendiculars between r∆ and s´1,`1r.
Noting that s´1,`1r is the image of r∆1 by the element z ÞÑ z ´ 1 of ΓZ, the element p1 is
hence also both (conjugated to) an ambiguous element of the first kind and conjugated to
an ambiguous element of the second kind.

(iv) Let γ P ΓZ be primitive hyperbolic, ambiguous of the first kind and not conjugated
in ΓZ to an element ambiguous of the second kind. By Lemma 12 (ii), let x be the
perpendicular intersection point of r∆ with Axγ . The element γW P Γ`

Z∖ΓZ is the reflexion
in the mediatrix ĂM of the segment rx, γ ¨ xs. Let m be the midpoint of rx, γ ¨ xs. Since
the involutions of Γ`

Z∖ΓZ are conjugated by elements of ΓZ to either W or W1, let β P ΓZ

be such that ĂM “ β ¨ r∆ or ĂM “ β ¨ r∆1. The second possibility does not occur, otherwise
β´1Axγ would meet perpendicularly r∆1, and β´1γβ would be ambiguous of the second
kind. Note that β is unique up to right multiplication by ι since Γ

r∆
“ tid, ιu.

x γx

W βWβ´1 γWγ´1

r∆ ĂM “ β ¨ r∆ γ ¨ r∆

m Axγ

Let α P ΓZ be such that αγα´1 is ambiguous of the first kind. Up to replacing α by a
right multiple by a power of γ, which does not change αγα´1, we may assume that α´1 ¨ r∆
meets perpendicularly Axγ in z P rx, γ ¨xr . We claim that α´1 ¨ r∆ “ r∆ or α´1 ¨ r∆ “ β ¨ r∆.
Otherwise, if z P sx,mr , then pα´1WαqW would be an hyperbolic element with same

33



translation axis as γ, but with translation length 2 dpx, zq ă dpx, γ ¨ xq, contradicting
the fact that γ is primitive. And similarly if z P sm, γ ¨ xr , then pα´1WαqpβWβ´1q

would be an hyperbolic element with same translation axis as γ and translation length
2 dpm, zq ă dpx, γ ¨ xq. Therefore α´1 P tid, ι, β, βιu, which proves the first claim, upon
checking that γ, ιγι, β´1γβ and ιβ´1γβι are pairwise distinct, since the centralizer of γ
in ΓZ is γZ.

The second claim is proven similarly, except that now ĂM “ β ¨ r∆1, and the conjugates
of γ that are ambiguous of the first kind are γ and ιγι, and the conjugates of γ that are
ambiguous of the second kind are β´1γβ and ιβ´1γβι. l

Remark 13. Let γ “
“

a b
c d

‰

P ΓZ with a, b, c, d ą 0. The composition

rγ,W s “ pγWγ´1qW “

„

ad ` bc 2ab
2cd ad ` bc

ȷ

P ΓZ

of the reflexions W in r∆ and γWγ´1 in γ r∆ is ambiguous of the first kind by Lemma
12 (ii) or since W rγ,W sW “ rW,γs “ rγ,W s´1. By Lemma 11, the geodesic lines r∆
and γ r∆ are disjoint, hence rγ,W s is hyperbolic. Its translation axis is the geodesic line

that contains the common perpendicular from r∆ to γ r∆ “ s bd ,
a
c r, which is

ı

´

b

ab
cd ,

b

ab
cd

”

by an easy computation (see the picture in the proof of Lemma 18 with x “ b
d and

y “ a
c ). Geometrically, this implies that any common perpendicular from ∆ to itself in

MZ can be extended to a closed geodesic in MZ, of length twice the length of the common
perpendicular.

The figure on the left (respectively right) shows the common perpendicular from ∆ to
itself in MZ, lifted to the standard fundamental domain of ΓZ with its usual boundary
identifications, constructed as above with γ “ r 3 1

2 1 s (respectively γ “ r 31 23
35 26 s ), and its

reflexion along ∆, doubling it to a closed geodesic of MZ.
The figure on page 2 shows the common perpendiculars from ∆ to itself constructed

as above by elements γ with bc ď 300 and 2.05 ď

b

ab
cd ď 2.1. The initial tangent
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vectors of these common perpendiculars have their footpoints in the standard fundamental
domain contained in the interval r2.05 i, 2.1 is in the positive imaginary axis. The mustard
yellow geodesic defined as above by γ “ r 25 23

12 11 s meets s´1
2 ,8r “ ιr∆1 perpendicularly at

its highest point, indicating that the element rγ,W s is also conjugate to an ambiguous
element of the second kind by Lemma 12 (ii).

The following theorem is the main result of this section. A closed geodesic (oriented
but not pointed, understood in the orbifold sense in particular concerning its length) in
MZ is ambiguous if it meets perpendicularly ∆ or ∆1, and reciprocal if it contains ΓZi.
Geometrically, such a closed geodesic then “reflects” in ∆, ∆1, or ΓZi when mapped to
Γ`
Z zH2

R.

Theorem 14. The number NApsq of ambiguous primitive closed geodesics of length at
most s satisfies, as s Ñ `8, that

NApsq “
3

4π2
s2 e

s
2 ` Ops e

s
2 q .

The number NARpsq of primitive closed geodesics of length at most s that are both ambigu-
ous and reciprocal satisfies, as s Ñ `8, that

NARpsq “
3

8π
s e

s
4 ` Ope

s
4 q .

The map from the set of conjugacy classes of primitive hyperbolic elements of ΓZ to
the set of primitive (oriented but not pointed) closed geodesic of the modular orbifold
MZ, which maps such a conjugacy class JγK to the image in MZ of the oriented geodesic
segment ra, γas for any a P Axγ , is well-known to be a bijection. By Lemma 12 (ii), it sends
ambiguous/reciprocal conjugacy classes to ambiguous/reciprocal closed geodesics. Recall
that the absolute value x of the trace of any representative in SL2pZq of any element of
the class JγK and the length s of the associated closed geodesic satisfy, when large, that
x “ 2 cosh s

2 „ e
s
2 . We hence recover, in the two claims of Theorem 14, respectively

Equation (12) and Equation (15) of [Sar], up to a multiplicative constant, possibly coming
from the fact that the equality in Equation (61) in [Sar] seems incorrect by Lemma 12 (iii).

Proof. For every s ą 0, let us denote by ACpsq the set of ambiguous conjugacy classes
of primitive hyperbolic elements of ΓZ, by AC1∖2psq the ones containing an ambiguous
element of the first kind, but no ambiguous element of the second kind, AC2∖1psq the
ones containing an ambiguous element of the second kind, but no ambiguous element of
the first kind, and AC1&2psq the ones containing both an ambiguous element of the first
kind and an ambiguous element of the second kind. Let ARCpsq, ARC1∖2psq, ARC2∖1psq,
ARC1&2psq be the intersection of these sets with the set of conjugacy classes of reciprocal
primitive hyperbolic elements of ΓZ.

Lemma 15. The set ARC1&2psq is empty.

βιβ´1

α ¨ r∆1

αW1α
´1 γWγ´1

γ ¨ r∆

γ ¨ xx

W

r∆

Wβιβ´1W

z “ β ¨ i y Axγ
Wβ ¨ i

35



Proof. Assume for a contradiction that there exists a primitive hyperbolic element γ P ΓZ
which is ambiguous of the first kind, conjugated to an element ambiguous of the second
kind and reciprocal. By Lemma 12 (ii), there exists α, β P ΓZ such that Axγ meets
perpendicularly r∆ at a point x, meets perpendicularly α ¨ r∆1 at a point y and contains
the point z “ β ¨ i. Up to multiplying α and β on the left by powers of γ, we may assume
that y, z P rx, γ ¨ xr . Note that x ‰ y since r∆ and r∆1 are not in the same ΓZ orbit, that
x ‰ z since pΓZ ¨ iq X r∆ “ tiu and the orthogonal geodesic line s´1, 1r to r∆ at i, whose
endpoints are rational, cannot be a translation axis of an element of ΓZ, and similarly that
y ‰ z. Let ℓpγq be the translation length of γ, which is the minimal translation length of an
hyperbolic element of ΓZ whose translation axis is Axγ since γ is primitive. We claim that
dpx, yq ě

ℓpγq

2 . Otherwise, the element pαW1α
´1qW , composition of the reflexions W in r∆

and αW1α
´1 in αr∆1, would belong to ΓZ, and be hyperbolic with translation axis Axγ and

translation distance 2 dpx, yq ă ℓpγq, a contradiction. Similarly, we have dpγ ¨ x, yq ě
ℓpγq

2
and hence y is the midpoint of the segment rx, γ ¨ xs.

As W fixes i P r∆ and W1 fixes 1` i P r∆1, and since W and W1 normalize ΓZ, we have
WΓZ ¨ i “ ΓZ ¨ i and W1ΓZ ¨ i “ W1ΓZ ¨ p1 ` iq “ ΓZ ¨ p1 ` iq “ ΓZ ¨ i. Since αW1α

´1 is the
reflexion along α ¨∆1, both segments sx, yr and sy, γ ¨xr contain a point of ΓZ ¨ i. Hence we
may assume that z “ β ¨i P sx, yr, so that dpx, zq ă dpx, yq. Consider pβιβ´1qpWβιβ´1W q,
the composition of the angle π hyperbolic rotations Wβιβ´1W around W ¨ z “ Wβ ¨ i and
βιβ´1 around z “ β ¨ i. It belongs to ΓZ, and is hyperbolic with translation axis Axγ and
translation distance 2 dpx, zq ă 2 dpx, yq “ ℓpγq, a contradiction. l

Let rD´, rD` P tr∆, r∆1, tiuu and let D´, D` be their images in MZ. For every s ą 0,
we denote by Perp1pD´, D`, sq the set of common perpendiculars in MZ between D´ and
D` that are primitive, i.e. that do not meet perpendicularly in their interior ∆,∆1, tΓZ ¨ iu
(with the convention that an open geodesic segment meets perpendicularly a point if and
only if it contains it).

Lemma 16. (i) The map Ψ1&2 from AC1&2psq to Perp1p∆,∆1,
s
2q which maps the con-

jugacy class of an ambiguous primitive hyperbolic element of the first kind γ P ΓZ to the
image in MZ of the oriented geodesic segment rx,ms where x is the perpendicular intersec-
tion point of Axγ with r∆, and where m is the midpoint of rx, γ ¨ xs, is a bijection.
(ii) The map Φ1∖2 from Perp1p∆,∆, s2q to AC1∖2psq∖ARC1∖2psq which maps the image in
MZ of the common perpendicular between r∆ and a disjoint image β ¨ r∆ with β P ΓZ to the
conjugacy class of βWβ´1W is a 2-to-1 map.

Similarly, AC2∖1psq∖ARC2∖1psq has half the cardinality of Perp1p∆1,∆1,
s
2q.

Proof. (i) If γ P ΓZ is primitive hyperbolic, ambiguous of the first kind, with conjugacy
class in AC1&2psq, let x (which exists by Lemma 12 (ii)) and m be as in the statement. As
seen in the proof of the second claim of Lemma 12 (iv), note that m is the perpendicular
intersection point of Axγ with β ¨ r∆1 for some β P ΓZ. Hence cγ “ ΓZ ¨ rx,ms is indeed a
common perpendicular between ∆ and ∆1. By Lemma 15, the interior of rx,ms contains
no point of the orbit ΓZ ¨ i. If the interior of rx,ms was meeting perpendicularly the image
of ∆ or of ∆1 by some β1 P ΓZ, then the element β1W pβ1q´1W or β1W1pβ1q´1W , which
belongs to ΓZ and is hyperbolic, would have the same translation axis as γ, and a strictly
shorter translation length, contradicting the fact that γ is primitive. Hence cγ is primitive.
Since dpx,mq “ 1

2dpx, γ ¨ xq ď s
2 , we have cγ P Perp1p∆,∆1,

s
2q.
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If γ1 P ΓZ is primitive hyperbolic, ambiguous of the first kind, conjugated to γ and
different from γ, then by the second claim of Lemma 12 (iv), we have γ1 “ ιγι. Hence
the perpendicular intersection point of Axγ1 with r∆ is x1 “ ι ¨ x, and the midpoint of
rx1, γ1 ¨ x1s “ ι ¨ rx, γ ¨ xs is ι ¨ m. Therefore cγ1 “ ΓZ ¨ rx1,m1s “ ΓZ ι ¨ rx,ms “ cγ , and the
map Ψ1&2 is well defined. The map Φ1&2 from Perp1p∆,∆1,

s
2q to AC1∖2psq which maps

the image in MZ of the common perpendicular between r∆ and a disjoint image β ¨ r∆1 for
some β P ΓZ to the conjugacy class of pβW1β

´1qW is easily seen to be an inverse of Ψ1&2.
(ii) Let β P ΓZ be such that the intersection r∆ X β ¨ r∆ is empty. Let rc “ rx, ys be

the common perpendicular between r∆ and β ¨ r∆ with x P r∆, and assume that its interior
does not meet perpendicularly an image of r∆, r∆1 or tiu by an element of ΓZ. Then the
composition γ

rc “ pβWβ´1qW of the reflexion W in r∆ and the reflexion βWβ´1 in β ¨ r∆
is a hyperbolic element of ΓZ, with translation axis containing rc, and y is the midpoint of
x and γ

rc ¨ x. Hence dpx, γ
rc ¨ xq “ 2 dpx, yq ď 2 s

2 “ s. If γ
rc is not primitive, let γ0 and

k ě 2 be such that γ
rc “ γk0 . Then γ0 ¨x P rx, ys, and γ0W would be a reflexion in Γ`

Z fixing
the mediatrix of rx, γ0 ¨ xs. Therefore the interior of rx, ys would meet perpendicularly an
image of r∆ or r∆1 by an element of ΓZ, a contradiction. Furthermore, γ

rc is ambiguous of
the first kind and not reciprocal nor conjugated to an element ambiguous of the second
kind, by Lemma 12 (ii), since Axγ

rc
meets perpendicularly r∆ at x, and does not meet

perpendicularly an image of tiu or r∆1. If α P ΓZ∖tidu is such that α ¨ rc “ rx1, y1s is a
common perpendicular between r∆ and β1 ¨ r∆ for some β1 P ΓZ, then α preserves r∆, hence
α “ ι, hence x1 “ ι ¨ x, y1 “ ι ¨ y, and γα rc “ ι γ

rc ι is conjugated to γ
rc. Hence the map Φ1∖2

is well defined.
Let us prove that the map Φ1∖2 is onto. Let γ P ΓZ be primitive hyperbolic, ambiguous

of the first kind and not reciprocal nor conjugated to an element ambiguous of the second
kind. Let x be the perpendicular intersection point of r∆ and Axγ , and m the midpoint
of rx, γ ¨ xs. Then rc “ rx,ms is a common perpendicular between r∆ and β ¨ r∆ for some
β P ΓZ, that does not meet perpendicularly in its interior an image of r∆ or r∆1 or tiu by
an element of ΓZ, since γ is primitive. By construction, we have γ “ γ

rc. By the proof of
the first claim of Lemma 12 (iv), the preimages by Φ1∖2 of the conjugacy class of γ are the
images of rx,ms and rm, γ ¨xs in MZ. Note that the two segments rx,ms and rm, γ ¨xs are
not in the same orbit under ΓZ, since γ is primitive. This proves that Φ1∖2 is 2-to-1. l

Lemma 17. The map Φ1R from Perp1p∆, tΓZ ¨ iu, s4q to ARC1∖2psq which maps the image
in MZ of the common perpendicular between r∆ and α¨tiu, for some α P ΓZ, to the conjugacy
class of pαια´1W q2 is a 2-to-1 map.

Similarly, the set ARC2∖1psq has half the cardinality of Perp1p∆1, tΓZ ¨ iu, s4q.

x

W βWβ´1 γWγ´1

r∆

αια´1
α1ια1´1

γ ¨ x

β ¨ r∆ γ ¨ r∆

Axγ
mz “ α ¨ i z1 “ α1 ¨ i

Proof. Every element ΓZ ¨ c in Perp1p∆, tΓZ ¨ iu, s4q is the image in MZ of the common
perpendicular rx, zs between r∆ and α ¨ tiu, for some α P ΓZ with z “ α ¨ i. Since z R r∆, the
element γ “ pαια´1W q2, which belongs to ΓZ, is a hyperbolic element with translation
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axis containing rx, zs and translation length 4 dpx, zq ď 4 s
4 “ s. Since Axγ meets perpen-

dicularly r∆ and contains α ¨ i, the element γ is reciprocal and ambiguous of the first kind
by Lemma 12 (ii). As in the previous proof, γ is primitive and the conjugacy class of γ in
ΓZ does not depend on the above choice of a representative rx, zs of ΓZ ¨ c.

Let us prove that Φ1R is onto. Let γ P ΓZ be primitive hyperbolic, reciprocal and
ambiguous of the first kind (hence not conjugated to an element ambiguous of the second
kind by Lemma 15). As in the proof of the second claim of Lemma 16, let x be the
perpendicular intersection point of r∆ and Axγ , let m be the midpoint of rx, γ ¨ xs and
let β P ΓZ be such that β ¨ r∆ is the mediatrix of rx, γ ¨ xs. By Lemma 12 (ii), since γ is
reciprocal, the translation axis Axγ meets the orbit ΓZ ¨ i. By translating by powers of γ,
there is an orbit point z “ α ¨i in rx, γ ¨xr . Since Γ`

Z preserves ΓZ ¨i, up to replacing z by its
image by the reflexion βWβ´1, we may assume that z P rx,ms. Since Axγ has irrational
endpoints, we have z ‰ x,m. If z is not the midpoint of rx,ms, say dpx, zq ă 1

2dpx,mq, then
pαια´1W q2 would be an hyperbolic element in ΓZ with translation axis Axγ and translation
length 4 dpx, zq ă 2 dpx,mq “ dpx, γ ¨ xq, contradicting the fact that γ is primitive. Hence
dpx, zq “ 1

4 dpx, γ ¨ xq ď s
4 . Since γ is primitive, the interior of rx, zs, which is a common

perpendicular between r∆ and α ¨ tiu, does not meet perpendicularly an image of r∆, r∆1 or
tiu. Hence Φ1R is onto. Furthermore, using the reflexion βWβ´1, there also exists α1 P ΓZ
such that the midpoint z1 of rm, γ ¨ xs is z1 “ α1 ¨ i. By the proof of the first claim of
Lemma 12 (iv), the preimages by Φ1R of the conjugacy class of γ are the images of rx, zs

and rm, z1s in MZ. Note that these two segments are not in the same orbit under ΓZ, since
γ is primitive. This proves that Φ1R is 2-to-1. l

As ∆ and ∆1 are reciprocal, we have ιrecp∆q “ ιrecp∆1q “ 1. Note that the order of
the pointwise stabilizer in ΓZ of r∆ and r∆1 is mp∆q “ mp∆1q “ 1, and the one of tiu is
mptΓZ ¨ iuq “ 2. Furthermore, by the normalisation of the Patterson-Sullivan measures in
Section 2, we have }σ`

tΓZ¨iu} “ 1
mptΓZ¨iuq

}µi} “ 1
2 VolpS

1q “ π. Recall that VolpMZq “ π
3 .

By the standard argument comparing the growth of primitive closed geodesics and the
nonprimitive ones, see for instance Step 2 of the proof of [PPS, Theorem 9.11], as s Ñ `8,
if D´, D` P t∆,∆1u, by Theorem 6 applied with n “ 2 and M “ MZ, we have then

CardPerp1pD´, D`, sq “
3

2π2
s2 es ` O

`

s es
˘

. (72)

Similarly, by Theorem 5, if D` P t∆,∆1u, then

CardPerp1ptΓZ ¨ iu, D`, sq “
3

2π
s es ` Opesq , (73)

Now, by Lemmas 15 and 17, and Equation (73), we have

CardARCpsq “ CardARC1∖2psq ` CardARC2∖1psq

“
1

2
CardPerp1p∆, tΓZ ¨ iu,

s

4
q `

1

2
CardPerp1p∆1, tΓZ ¨ iu,

s

4
q “

3

8π
s e

s
4 ` Ope

s
4 q .

Similarly, using Lemmas 15 and 16, the previous computation that implies that we have
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CardARCpsq “ Ops e
s
4 q, and Equation (72), we have

CardACpsq “ Card
`

AC1∖2psq∖ARC1∖2psq
˘

` Card
`

AC2∖1psq∖ARC2∖1psq
˘

` CardAC1&2psq ` CardARCpsq

“
1

2
CardPerp1p∆,∆,

s

2
q `

1

2
CardPerp1p∆1,∆1,

s

2
q

` CardPerp1p∆,∆1,
s

2
q ` Ops e

s
4 q

“ 2
´ 3

2π2

`s

2

˘2
e

s
2 ` O

`s

2
e

s
2

˘

¯

“
3

4π2
s2 e

s
2 ` Ops e

s
2 q .

This concludes the proof of Theorem 14. l

0 1
3

1
2 1 23

2

i

The above figure shows images in the right halfplane H2
R

` by elements of ΓZ of the
positive imaginary axis r∆ in continuous black, and images of r∆1 in continuous green
(except the geodesic line s13 , 1r “ ν r∆1 used in the proof of Lemma 12 (iii) which is drawn
in purple). Images by elements of ΓZ of the horosphere BH8 are drawn in brown. Images
by elements of ΓZ of i are drawn as red points. The common perpendiculars starting from
r∆ and ending at images of r∆, r∆1 or tiu by elements of ΓZ are drawn with dashed lines in
black, green and red correspondingly to the color of their arrival point, that are marked by
black, green and red dots respectively (except the purple one on s13 , 1r). Note that there
are (nonprimitive) common perpendiculars passing through black and green points (again
giving examples for Lemma 12 (iii)), or through black and red points (corresponding to
elements of ARC1∖2psq for some large enough s, with the notation of the proof of Theorem
14), but none through black and green and red dots (accordingly to Lemma 15).

7 On the binary additive divisor problem for integers

In this section, we discuss the connection of Theorem 6 with the binary additive divisor
problem in Z and use this connection to show that the error term obtained in Theorem 6
is optimal.
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Let d : N∖t0u Ñ N∖t0u be the number of divisors function of the natural numbers,
defined by n ÞÑ Cardtd P N∖t0u : d | nu “ 1

2 Cardtd P Z∖t0u : d | nu. The binary
additive divisor problem8 in Z studies the asymptotic properties as n Ñ `8 of the sums
řn

k“1 dpkqdpk ` fq for any positive integer f . The link between our counting problem
of common perpendiculars between divergent geodesics and the binary additive divisor
problem in Z will be given by Proposition 19 below.

We keep the notation ΓZ, MZ, rℓ, r∆, ℓ, ∆ and H2
R

˘ of Section 6. We start by proving
a quantitative complement to Lemma 11.

Lemma 18. Let γ “
“

a b
c d

‰

P ΓZ with a, b, c, d ą 0. Then the length of the common
perpendicular between r∆ and γ r∆ is λ “ arcoshp1 ` 2bcq.

The following figure shows in black some of the ΓZ-translates of r∆ in the right halfplane
H2

R
`, and the six closest points to the vertical geodesic r∆ on the ΓZ-translates at distance

arcoshp9q, corresponding to bc “ 4 with the above notation, and in green the corresponding
common perpendiculars.

0 1 2 3 4 5

1
2

1

Proof. Let x “ b
d and y “ a

c , which are the two endpoints at infinity of γ ¨ r∆. Since
a, b, c, d ą 0 and ad´bc “ 1, we have ad ą bc, hence 0 ă x ă y. The common perpendicular
between r∆ and γ ¨ r∆ is a segment of the Euclidean halfcircle centered at 0 that intersects
γ ¨ r∆ at a right angle, see the figure below.

x yx`y
2

Lx,y

rℓ

λ

0

y´x
2

γ ¨ rℓ

ϕ

ϕ

π
2 ´ϕ

π
2 ´ϕ

?
xy

The intersection point is the unique point on γ ¨ r∆ where a Euclidean line Lx,y through
the origin is tangent to γ ¨ r∆. If ϕ P s0, πr is the angle that Lx,y makes with the positive real

line at the origin, then sinϕ “
y´x
2

y`x
2

“
y´x
y`x . By the angle of parallelism formula9 already

8See for instance [Ing, Est, HeB, Mot1].
9See Equation (78) in Section 8 for a different computation using complex length.
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used in Section 3 and since ad ´ bc “ 1, the length λ of the common perpendicular from
r∆ to γ ¨ r∆ is

λ “ arcosh
` 1

sinϕ

˘

“ arcosh
`y ` x

y ´ x

˘

“ arcosh
´ a

c ` b
d

a
c ´ b

d

¯

“ arcoshp1 ` 2bcq . l

Proposition 19. For every s ą 0, we have N∆,∆psq “

t 1
2

pcosh s´1qu
ÿ

k“1

dpkqdpk ` 1q.

Proof. By the comment just before Lemma 11, since the set of ΓZ-translates of r∆ is
in bijection with the set of right cosets ΓZ{Γ

r∆
, it follows from Lemmas 11 and 18 that

N∆,∆psq is the number of quadruples pa, b, c, dq of positive integers such that ad ´ bc “ 1
and arcoshp1 ` 2bcq ď s, or equivalently bc ď n “

X

1
2pcosh s ´ 1q

\

since bc is a positive
integer. This number is

řn
k“1 dpkqdpk ` 1q. l

Let us now relate Theorem 6 (in the special case n “ 2 and ΓZ “ PSL2pZq) with the
known asymptotic result on the binary additive divisor problem in Z. After the work of
Ingham [Ing, p. 205], a major input by Estermann [Est], and various improvements on the
error term by for instance [HeB, Thm. 2] and [Mot1, Coro. 1], we now know that there
exist a1, a2 P R such that (with a simplified version of the best known error term)

n
ÿ

k“1

dpkqdpk ` 1q “
6

π2
nplnnq2 ` a1 n lnn ` a2 n ` Opn

5
6 q . (74)

Using [Est, Eq. (36)], we can compute the estimate a1 » 1.574 ą 0. By Proposition 19
and since t12pcosh s ´ 1qu “ 1

4e
s ` Op1q, we thus have

N∆,∆psq “

t 1
2

pcosh s´1qu
ÿ

k“1

dpkqdpk ` 1q “
3

2π2
s2es ` b1 s e

s ` b2 e
s ` Ope

5
6
sq , (75)

where b1 “ a1
4 ´ 6 ln 2

π2 » ´0, 028 ‰ 0. Equation (75) agrees with the asymptotic

N∆,∆psq “
3

2π2
s2es ` Ops esq

given by Theorem 6, as seen for Equation (72). Furthermore, Equation (75) gives an
explicit nonzero term of the order s es and an error term of strictly smaller order. This
shows that the size of the error term in Theorem 6 is optimal.

8 The binary additive divisor problem for imaginary quadratic
integers

In this section, we use our asymptotic counting of common perpendiculars between diver-
gent geodesics proven in Theorem 6 in order to study the asymptotic binary additive divisor
problem for imaginary quadratic integers, confirming a particular case of a conjecture of
Motohashi [Mot2, p. 277].
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Let K,DK ,OK , ζK and dK be as in the introduction. Recall that the order |Oˆ
K | of

the group of units Oˆ
K of OK is equal to 4 when DK “ ´4, to 6 when DK “ ´3, and to 2

otherwise.

Proof of Theorem 2. We start the proof by describing the relevant geometric frame-
work. As in Section 3 with n “ 3, let H3

R Ă C ˆ R be the upper halfspace model of the
real hyperbolic 3-space H3

R. Its boundary at infinity is B8H3
R “ pC ˆ t0uq Y t8u, that

we identify with P1pCq “ C Y t8u. The group PSL2pCq acts isometrically and faithfully
on H3

R, by the Poincaré extensions of the (complex) homographies. The Bianchi group
ΓOK

“ PSL2pOKq is a nonuniform arithmetic lattice in PSL2pCq, with set of parabolic
fixed points ParΓOK

“ P1pKq “ K Y t8u. The Bianchi orbifold MOK
“ ΓOK

zH3
R is a

noncompact finite volume complete connected real hyperbolic good orbifold. Its number
of cusps is equal to the class number of K, see for instance [EGM, §7.2].

Let rℓ : t ÞÑ p0, etq be the geodesic line in H3
R through p0, 1q P H3

R at time t “ 0, with
endpoints at infinity 0 and 8. Then ℓ “ ΓOK

rℓ is a divergent geodesic in MOK
, converging

at ˘8 to the cusp ΓOK
¨ 8 of MOK

. Note that ℓ is reciprocal since the image r∆ “ rℓpRq

of rℓ is preserved by the involution ι “
“

0 ´1
1 0

‰

P ΓOK
, whose fixed point set is the geodesic

line with points at infinity ´i and i, that meets r∆ perpendicularly at p0, 1q. The pointwise
stabilizer of r∆ in ΓOK

is the group consisting of the diagonal elements r u 0
0 u s for u P Oˆ

K ,
and the (global) stabilizer Γ

r∆
of r∆ in ΓOK

is the binary dihedral group generated by ι and
the pointwise stabilizer. Hence, with ∆ “ ℓpRq “ ΓOK

r∆ the image of ℓ, we have

mp∆q “
|Oˆ

K |

2
and |Γ

r∆
| “ |Oˆ

K | . (76)

In particular, mp∆q “ 1 unless DK “ ´3 or DK “ ´4.
For every k P OK∖t0, 1u, the product dKpkqdKpk´1q is the number of representations

of 1 as the difference ad ´ bc for a quadruple pa, b, c, dq of elements of OK∖t0u such that
ad “ k and bc “ k ´ 1. Hence

dKpkqdKpk ´ 1q “ Card
␣

γ “
`

a b
c d

˘

P SL2pOKq : a b c d ‰ 0, ad “ k
(

. (77)

Let γ “
“

a b
c d

‰

P ΓOK
. The geodesic lines r∆ and γ r∆ have no common endpoint at infinity

if and only if a b c d ‰ 0, by the same argument as the one at the beginning of the proof
of Lemma 11. As in that proof, considering now the horoball H8 “ tpz, vq P H3

R : v ě 1u

and replacing i P H2
R by p0, 1q P H3

R, we see that if a b c d ‰ 0, then the geodesic lines
r∆ and γ r∆ have empty intersection, since the Γ-equivariant family pγH8qγPΓ{Γ8

is again
precisely invariant, the only horoballs in this family containing p0, 1q are H8 and ιH8

and r∆ is contained in H8 Y ιH8. In particular, r∆ and γ r∆ have a common perpendicular
if a b c d ‰ 0.

Let λγ “ dpr∆, γ r∆q “ dpp, qq ą 0 be the length of the common perpendicular rp, qs

between r∆ and γ r∆, with p P r∆. Let θγ be the angle at p between the parallel transport
of the oriented geodesic line γ r∆ along rp, qs and the oriented geodesic line r∆. By [PP2,
Lemma 2.2] and since ad ´ bc “ 1, we have

coshλγ ` cos θγ “ 2
|γ ¨ 8|

|γ ¨ 8 ´ γ ¨ 0|
“ 2 |ad| . (78)
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For all λ ě 0 and θ P R, we have | e
´λ

2 ` cos θ| ď 2, so that as λ Ñ `8, a first order
approximation gives

lnpcoshλ ` cos θq “ ln
´eλ

2
`

e´λ

2
` cos θ

¯

“ λ ´ ln 2 ` Ope´λq . (79)

The only unit normal vectors to r∆ that have a nontrivial stabilizer in ΓOK
are the finitely

many tangent vectors vu at p0, 1q of the oriented geodesic lines with points at infinity u and
´u for u P Oˆ

K , stabilized by the element
“

0 u
´u 0

‰

. The number of common perpendiculars
between r∆ and its images by the elements of ΓOK

, whose initial tangent vectors are fixed
to be vu, grows at most linearly in their length. In particular, all multiplicities m

r∆,γ r∆
of

these common perpendiculars are equal to 1, except for a number of them that is linear in
their length. A formula due to Humbert for the volume of MOK

“ ΓOK
zH3

R gives

VolpMOK
q “

1

4π2
|DK |3{2 ζKp2q ,

see for instance Sections 8.8, 9.6 of [EGM]. With n “ 3, let us define

cK “
pn ´ 1q π

n
2

´1 Γpn2 q ιrecp∆q2

2n`1 Γpn`1
2 q2 mp∆q2 VolMOK

“
π3

|Oˆ
K |2 |DK |

3
2 ζKp2q

. (80)

By Theorem 6 applied with n “ 3, M “ MOK
and D´ “ D` “ ∆, we have

N∆,∆psq “ Card
␣

rγs P Γ
r∆

zΓOK
{Γ

r∆
: 0 ă dpr∆, γ r∆q ď s

(

` Opsq

“ cK s2e2s ` Ops e2sq . (81)

Using, in the following computations, respectively
‚ Equations (77) and (78) for the first equality,
‚ the facts that the kernel of the isometric action of SL2pOKq on H3

R is the subgroup
t˘ idu with order 2, that ΓOK

“ SL2pOKq{t˘ idu, that the assumptions on γ in the second
line depend only on its double class rγs in Γ

r∆
zΓOK

{Γ
r∆

and that |Γ
r∆

| “ |Oˆ
K | by Equation

(76) for the second equality,
‚ Equation (79) for the third equality,
‚ a partition of the set of rγs P Γ

r∆
zΓOK

{Γ
r∆

with λγ ` Ope´λγ q ď lnp4Nq into on the one
hand the ones with lnp4

?
N q ă λγ ` Ope´λγ q ď lnp4Nq, so that λγ ě lnp4

?
N q ` Op1q

hence e´λγ “ OpN´ 1
2 q thus by bootstrap λγ ď lnp4Nq `OpN´ 1

2 q “ lnp4N `Op
?
Nqq, and

on the other hand the ones with λγ `Ope´λγ q ď lnp4
?
N q so that λγ ď lnp4

?
N q `Op1q,

for the fourth equality,
‚ Equation (81) for the fifth equality and Equation (80) for the last one,
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we have

1

|Oˆ
K |2

ÿ

kPOK∖t0,1u

|k|ďN

dKpkqdKpk ´ 1q

“
1

|Oˆ
K |2

Card
!

γ P SL2pOKq :
B8pγ r∆q X B8

r∆ “ H

coshλγ ` cos θγ ď 2N

)

“ 2Card
!

rγs P Γ
r∆

zΓOK
{Γ

r∆
:

B8pγ r∆q X B8
r∆ “ H

coshλγ ` cos θγ ď 2N

)

“ 2Card
!

rγs P Γ
r∆

zΓOK
{Γ

r∆
:

B8pγ r∆q X B8
r∆ “ H

λγ ` Ope´λγ q ď lnp4Nq

)

“ 2N∆,∆

`

lnp4N ` Op
?
N qq

˘

` O
`

N∆,∆plnp4
?
N q ` Op1qq

˘

“ 2 cK ln2p4N ` Op
?
N qqp4N ` Op

?
N qq2 ` O

`

lnp4N ` Op
?
N qqp4N ` Op

?
N qq2

˘

` O
`

plnp4
?
N q ` Op1qq2p4

?
N q2

˘

“
32π3

|Oˆ
K |2 |DK |

3
2 ζKp2q

plnNq2N2 ` OpplnNqN2q . (82)

As the sums
ř

kPOK∖t0,´1u

|k|ďN

dKpkqdKpk`1q and
ř

kPOK∖t0,1u

|k|ďN

dKpkqdKpk´1q have the same

asymptotic behaviour, Theorem 2 in the introduction follows by taking N “ t
?
Xu and

canceling the first and last factors 1
|Oˆ

K |2
from Equation (82). l

Remark 20. We take K “ Qpiq in these remarks. In this case, DK “ ´4 and |Oˆ
K | “ 4,

and Equation (82) becomes

ÿ

kPOK∖t0,1u

|k|ďN

dKpkqdKpk ´ 1q “
4π3

ζKp2q
plnNq2N2 ` OpplnNqN2q .

0
1
3

1
2

2
3 1
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(1) The above figure shows ΓOK
-translates of r∆ with points at infinity in the sector of C

defined by the inequalities Re z ě 0 and Im z ě 0, that are at distance at most arcoshp9q

from r∆. These translates correspond to |ad| ď 5 in the notation of the above proof of
Theorem 2. The surface in the figure is a truncated sector of the boundary of the arcoshp9q-
neighbourhood of r∆. Four of the six PSL2pZq-translates in H2

R at distance arcoshp9q from
r∆ shown in the figure after Lemma 18 are now visible as the red arcs in the foreground of
the present figure with the points of intersection with the surface marked with red points.

(2) Let us relate Theorem 2 with Motohashi’s conjecture stated in the third centered
formula page 277 of [Mot2], starting by recalling the relevant definitions.10 Let I `

K be
the set of nonzero (integral) ideals of OK , and N : I `

K Ñ N∖t0u the ideal norm, defined
for every a P I `

K by Npaq “ rOK : as. Let dK : I `
K Ñ N be the number of divisors

function of nonzero ideals of OK , defined by dKpaq “ Cardtb P I `
K : b | au, so that

ζKpsq2 “
ř

aPI `
K

dKpaq

Npaqs
for Re s ą 1. For every x P OK∖t0u, let Npxq “ NpxOKq “ |x|2

be the algebraic norm and dKpxq “ dKpxOKq. Note that when OK is principal, and in
particular when K “ Qpiq, we have dKpxq “

dKpxq

|Oˆ
K |

. Theorem 2 when K “ Qpiq becomes

ÿ

xPOK∖t0,´1u : NpxqďX

dKpxq dKpx ` 1q “
1

16

π3

ζKp2q
XplnXq2 ` OpX lnXq . (83)

This confirms Motohashi’s conjecture up to the usual multiplicative factor 1
16 “ 1

|Oˆ
K |2

in the particular case when f “ 1 in his notation. See also [SaV] for a similar result on
ÿ

kPOK∖t0,´fu , NpkqďX

dKpkq dKpk ` fq

for all f , where the constant term in front of XplnXq2 in Equation (83) appears in a
more complicated form than above. See for instance [GN] for related counting problems of
integral points on homogeneous affine algebraic varieties, as the one in M2pRq defined by
the equation detY “ f in the variable Y P M2pRq for a fixed f P Z.
(3) Numerical computations of the ratio

RpNq “
4 ζKp2q

π3 N2plnNq2

ÿ

kPOK∖t0,´1u, |k|ďN

dKpkq dKpk ` 1q ,

for K “ Qpiq show that

RpNq » 1.213, 1.195, 1.18 and 1.167 when N “ 2000, 4000, 8000 and 16000

respectively. This slow convergence of NpRq to 1 as N Ñ `8 is similar to the case of
integers: In Equation (74), the ratio

řn
k“1 dpkqdpk ` 1q

6
π2 nplnnq2

10See the line after Equation (9.7) in loc. cit., that says that Motohashi’s division function d is exactly
our dQpiq that we define above.
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is approximately 1.18 when n “ 106, and the ratio decreases closer to 1 very slowly, since
the second term order in the development differs from the main term order only by a
logarithmic term. On the other hand, the ratio

řn
k“1 dpkqdpk ` 1q

6
π2 nplnnq2 ` a1 n lnn

(84)

is approximately 0.997 when n “ 106, giving already a much better approximation.
The values of the ratio

ř

kPOK∖t0,´1u, |k|ďN dKpkq dKpk ` 1q

π3

4 ζKp2q
N2plnNq2 ` 8.37N2 lnN

analogous to the one in Equation (84) at N “ 2000, 4000, 8000, 16000 are 1.00016, 1.0001,
1.00001 and 0.99938. This leads one to speculate a development similar to Equation (74)

ÿ

kPOK∖t0,´1u, |k|ďN

dKpkq dKpk ` 1q “
π3

4 ζKp2q
N2plnNq2 ` A1N

2 lnN ` opN2 lnNq ,

with A1 « 8.4.
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