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Abstract

We study the pair correlations of the logarithms of the integral values of quadratic
norm forms at various scalings, proving the existence of pair correlation measures. We
describe a surprising set of asymptotic behaviours when the scaling increases, passing
from a punctual measure to a Poissonian behaviour through an exotic behaviour at
the transition phase. !

1 Introduction

In this paper, we study the asymptotic distribution of the (generalized) pair correlations of
the logarithms of the values on integer points of integral quadratic norm forms, including

the special case of sums of two squares. See for instance [Hoo, , | and their
references for various distributional aspects of sums of two squares.

A framework for this study, that includes the one in [NP, |, is the following one,
see also | , , , |. Let .# = (Fn,wn)nen be a nondecreasing sequence

of finite subsets Fy of R, endowed with a weight function wy : Fy — ]0,+00][. Let
¢ : N — ]0,+0][ be a scaling function converging to +o0. Let ¢ : N — ]0,+00[ be a
renormalizing function, that will be naturally chosen depending on ¢. We denote by A,
the unit Dirac measure at any point z of any measurable space. We define the empirical
pair correlation measure of & at time N with scaling ¢(IN) as the measure on R with finite
support .
B30 = o Z wN(T) WN (Y) Ag(n)(y—z) -
T, YyeF N  x#y

When the sequence of measures (%ﬁqﬁ) NeN weak-star converges to a measure mg 4 on

R, we call mz 4 the asymptotic pair correlation measure of F for the scaling ¢. When
mz ¢ = p7, Lebr is absolutely continuous with respect to the Lebesgue measure Lebg of
R, the Radon-Nikodym derivative pz 4 is called the asymptotic pair correlation density of
F for the scaling . When p .z 4 is constant, ones says that the pair correlations exhibit a
Poissonian asymptotic behaviour.

Let K be a quadratic imaginary number field, with discriminant Dy, ring of integers
Ok and (relative) norm n : z — 2 Z. For every a € N, let rx(a) = Card{z € Ok : n(z) = a}

'Keywords: pair correlations, sums of two squares, quadratic norm forms, convergence of measures.
AMS codes: 11D57, 11E25, 11N37, 11R33, 28A33, 11K38.



be the number of representations of a by the norms of elements of 0. We fix a € |0, %[
throughout this paper. For all nonzero a,b, N € N, let

rKala,b,N) = Card{(w, z) € Ok :n(w) = a, n(z) =b, n(z —w) < N?oy (1)

which if N is large enough is equal to the product rx(a) rx (b) of the numbers of represen-
tations by the norm form n of a and of b. In this paper, we study the asymptotic behaviour
of the following empirical distribution of pair correlations

1
EN = Z TK@(a? b, N) A¢(N)(lna*1nb) ’ (2)

,¢( ) a,beN : a#b, 0<a,b< N2

In particular, when K = Q(i), D = —4, the behaviour of the measures Zn as N — 4+
gives the multiplicative pair correlation asymptotics of the sums of two squares, more
precisely, the asymptotic of the values (%)‘WV ) of the ratios 7 of the sums of two squares a
and b raised to the power ¢(INV), weighted by the number of their representations in sectors.

In addition to the purely arithmetic interest, a geometric motivation in order to study
these representations is that the logarithms of the norms of 0k, when K has class number
one, form the ortholength spectrum of geodesic segments from a neighbourhood of the
(unique) cusp to itself in the 3-dimensional real hyperbolic Bianchi orbifold of K, see
[PP3, Sect. 7| for details.

In order to simplify the statements in this introduction, we only consider the power
scalings ¢ : N — NP for 8 €]0,1 + S, where this upper bound on 3 corresponds to the
restriction in Equation (1) on the pairs of representations. Such a power scaling is a usual
choice, see for instance [NP, |. We denote by %]O\‘;ﬁ the empirical distribution given
by Equation (2) for this power scaling. We define a continuous, positive, piecewise real
analytic, even function p1_, : R — [0, +-00[ by

8 : _
3|T7;(| lft—()
x . 2 2 .
£ wfw(amsm(g)—gu—%) 1—%) it0< |t <2 (3)
2 .
|D‘;77‘T|t‘3 if |¢t] > 2.

Theorem 1.1 Assume that we have D = 0 mod 4. Let o € 10, %[ and B € 10,1 + §[.

As N — +w0, the empirical pair correlation measures %ﬁ‘/ﬁ converge, for the weak-star
convergence of measures on R, to the asymptotic pair correlation measure mq g given by

B Ao if B=10,1—af and $(N) = N>+,
Map =13 pla Lebg  if B=1—a and (N) = N?+2@ = N3+a=F

% Lebg if el —a,1+ %[, a <} and (N) = N¥+e—F,

In particular, the asymptotic behaviour of the empirical pair correlation measures %’R‘,”B
is Poissonian when 3 € |1 —a, 1+ §[. It has a phase transition with an exotic asymptotic
pair correlation density pj_, with respect to the Lebesgue measure when g = 1 — «,
see Figure 1 below for an example. Below this threshold, the empirical pair correlation

measures concentrate on a punctual measure. Such phase transition phenomenona as the
scaling increases appear frequently, see for instance | , , , ].
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We refer to Theorem 4.1 for a more complete version of Theorem 1.1, without the
restriction on the discriminant Dy, with more general scaling functions, as well as for
error terms. These error terms constitute the main technical parts of this paper. It
is an interesting feature that even in the Poissonian asymptotic behaviour case (when
Bel]l —a,1+ F[), the validity of the error terms depend on whether g € ]1 —a,1 — 5],
B el =5, 1[ or B € [1,1 + §[, while the constant value of the asymptotic pair
correlation density does not change.
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Figure 1 : For a = 0.15, 8 = 0.85, graph of p;_, (in blue) with the density of %’%’B (in red) on
[—10,10] for N = 2000, and on the shorter interval [—2,2] for N = 3000.

The study of pair correlations in a noncompact setting has a rich history, including the
seminal paper | | on the zeros of the Riemann zeta function. The lengths of the closed
geodesics in negative curvature have a Poissonian pair correlation asymptotics or their
empirical distribution converges to an exponential probability measure, depending on the
scaling factor, see [5, |. For real numbers o/, 3’ satisfying some Diophantine condition,
the image of Z? by the quadratic form (z,y) — (r—a’)?+(y—B")? also exhibits a Poissonian
pair correlation asymptotic behaviour, by [Mar]. Similar problems often arise in quantum
chaos, including energy level spacings or clusterings, and in statistical physics, including
molecular repulsion or interstitial distribution, and in various number-theoretical contexts.
See for instance [Ber, RS, , , , , , , , , , |.

In Section 5, we discuss the results of experiments that indicate a change from the
Poissonian asymptotic behaviour of the pair correlations when § is beyond the range of
Theorem 1.1, with strong level repulsion phenomena, and finally a total loss of mass for
8 > 2. It would also be interesting to study the weighted family

Ik = (Fy={lnn : 0 <n <N, rg(n) # 0}, wn = 7K 0exp ) vy

with weights given by rx (removing the zero weights). For instance, when Dy = —4, the
function rx is the number of representations of integers as sums of two squares. In | ,
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Coro. 2.5], we proved that the asymptotic pair correlation density of .Zx with constant
scaling function ¢ = 1, i. e. the distribution function of F, is t — eI, See also [’12]
for a general result when ¢ is constant.

Acknowledgements: This research was supported by the French-Finnish CNRS IEA PaCap.

2 Parametrizing the pair correlation data

Let us fix N € N\{0}. In this section, we give a parametrisation of the set of representations
q € Ok by the norm form n of the positive integers a at most N, under the additional
constraints for them to be part of the pair correlation data appearing in the empirical
distribution Zx given by Equation (2).

We consider the (relative) trace and norm maps from C to R defined by tr: z +— 2+ %
and n : z — zZ respectively. Let (1,wk) be the usual Z-basis of O, with

WPkl i D=0 mod 4

w = .
K 1+ir/|Dx|
2

otherwise.
We have

Pl if Dre =0 mod 4

0 f Dk =0 mod 4
and n(wg) = { 1f|DK‘
4

1 otherwise, otherwise.

tr(wg) = {
The norm of any nonzero element of Ok is a positive integer. In particular, the area
covolg, of the fundamental parallelogram [0, 1] + wgk[0,1] of the Z-lattice Ok in C, its
diameter diamg, and the shortest length Sys,,  of a nonzero element of Ok satisfy

\|D
covolg, = |2 K|, 1 < diamg, = O(y/|Dk|) and Sys,, =1. 4)

In this section, we fix p € O~ {0} and we write
P =Tp+wK Yp
with z,,y, € Z. We define
xp, = 22y + yp tr(wi) and Yy = zp tr(wr) + 2 n(wr) Yp ,

which are easily seen to be elements of Z that are not simultaneously zero. We also denote
by ¢, = (3,,4,) € Nx{0} the (positive) greatest common divisor of x;, and y;, and we
define

1
vp = C—/(y; —wi T,) € Og~{0}.
P
Note that when Dig = 0 mod 4, then tr(wx) = 0 and Wxg = —wg, hence xl’n = 2z,
yj’o = 2 n(wk) yp and
¢vp =2 (W) Yp — 2Tpwi = —2wi (Tp + Wk Yp) = —i+/|Dk|p. (5)



Note that there exists a constant cx > 0 depending only on K such that
/ 1 /
1< Inax{cp, lup|} < ek |p] and o Ip| < cp lvp| < ek |p|. (6)

We denote by H;r the open halfplane containing 0 whose boundary is the mediatrix
—E& +ipR of the segment [0, —p], by B(—p, N) the closed ball of center —p and radius N,
and we define

Jpn = (Ox 0 Hf n B(—p,N))~{0}.

We also define
Ay, ={tr(pq) : qe Ok} Z,

which is a Z-lattice of R by the linearity (over R) of the trace. For every t € R, let
Lyt ={2€C:tr(pz) =tc,},

which is an affine (real) line of C, again by the linearity of the trace. The set of blue dots
below represents J,, y with Ok = Z[i], p = 2 + 34, ¢, = 2, v, = 3 — 2i, and the red lines
are L, with k =0 and k£ = 19.

Figure 2 : A description of the finite set J,, n.

Recall that we have
(z=z+iy,2 =2 +iy)—tr(z2) =2(x2 +yy) =2(2,7"), (7)

where (, ) is the usual scalar product of the Euclidean real plane C. The following result
summarizes the geometric properties of the above objects.

Lemma 2.1 Let N € N\{0} and p € O ~{0}.
(1) The nonzero vectors v, and p are perpendicular in C : we have tr(pv,) = 0 and
Up € Lp70.



(2) We have H ={z€C : n(z) <n(p+ 2)}, hence
Jon ={qe Ok : 0<n(q) <n(p+q) < N?}.

Furthermore, J, n is empty if |p| = 2N.

(3) We have Ay = ¢, Z.

(4) For every t € R, the affine (real) line Ly, is perpendicular to the (real) line Rp
(hence is parallel to the boundary 6H1;r of H];") and meets Rp exactly at the point
Zpt = ;TC(”p)p (see Figure 2).

(5) For everyt e R, the intersection Ly ;N Ok is nonempty if and only ift € Z. For every
k€ Z, if wyy is one of the at most two points of Ly, N Ok the closest to zp, (see
Figure 2), we have Ly, 0 Ok = wy i, + Zv,. Furthermore, there exists ty, € [—%, %]
such that wy — zp k. = tpk Vp-

(6) Let kp=|— %{’)J + 1. For every k € Z, the affine line Ly, is contained in the open
halfspace Hl‘f if and only if we have k = kK.

(7) The set Jy, n is the set of elements ;Tc(;)p + (tpr + L)vp such that k,L e Z, k > K,

kc 2
and (3 2 T 1)7Ip? + (tp + 0)*|vp|* < N2

Proof. For every z = x + wxy € C with x,y € R, by the definition of }, and y;,, we have
tr(pz) = 2(zpx + n(wk) Ypy) + (Xpy + yp ) trwi = x;,a: + y;y.

This proves Assertion (1) by the definition of v, and by Equation (7). This also proves
Assertion (3) since then Ay = 23, Z + y, Z = ¢, Z by the definition of c},.

The set {z € C : (p,z + &) > 0} is the halfplane in C containing 0 with boundary
the affine line —& + pT, hence is equal to H; . The first claim of Assertion (2) is then
immediate using Equation (7) since for every z € C, we have n(z) < n(p + 2) if and only
if tr(p(z + §)) > 0. The second claim follows since B(—p,N) = {z € C : [z 4+ p| < N}
and the norm n is the square of the absolute value. The intersection H; N B(—p,N) is
empty if [p| = 2N, as the inequalities n(z) < n(p + z) < N? imply that |z|] < N and that
|z| = |p| — N by the inverse triangle inequality. The last claim of Assertion (2) follows.

For all A\t € R, we have Ap € L, if and only if tr(pAp) = t ¢, that is, if and only if

A= 216(%3). Assertion (4) then follows, since L,y = {z € C: tr(pz} = 0} is the vector line
orthogonal to Rp and Ly; = 2zp; + Ly o.

Let us prove Assertion (5). By the definitions of A, and L, , the intersection L, N Ok
is nonempty if and only if tcj, € A, hence the first claim follows from Assertion (3).
Let k € Z. Since the point w,; belongs by construction to the affine line Ly, 5, which is
perpendicular to R p by Assertion (4), and since the vector v, is nonzero and perpendicular
to p by Assertion (1), we have Ly, = wp 1 + Rv,. Since wy € Ok, we have Ly, n O =
{wp.r+svp: sv, € Ok}. The second claim of Assertion (5) then follows from the fact that
the vector v, € Ok ~ {0} is primitive (it has relatively prime integral coordinates in the
Z-basis (1,wg) of Ok). This proves that two consecutive points of Ok on the affine line
L, are at distance exactly |vp|. Hence we have |wy; — 2px| < & |vp| for every k € Z, and
the last claim of Assertion (5) follows.

Let us now prove Assertion (6). The affine line dH,", which contains —% and is per-

p?
pendicular to R p, is equal to
{zeC:tr(ﬁz) =tr (ﬁ(—%)) = —n(p)} =L, a0 -
ke
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n(p)
c; ’

Therefore for every k € Z, the affine line Ly, ;. is contained in H; if and only if £ > —

that is, if and only if k > k), = [ — %I:)J + 1. Note that x, is nonpositive.

Finally, let us prove Assertion (7). Note that C is foliated by the affine lines L, ; for
t € R. For every t € R, since J, y is contained in Ok, the intersection L,; N J, N is
empty if t ¢ Z by Assertion (5). Hence Jp, v = ez Lpk N Jp,n. By Assertion (6) and
the definition of J,, v, we hence have J, v = U,@Hp Lyi N Og n B(—p,N). By Assertion
(5), any element z € L, N Ok can be uniquely written as z = wy j, + £ v, for some ¢ € Z.
Hence by Assertions (4) and (5), we have

kc
2= Zpk +Wpk — 2pk + LUy = ﬁ(;p—i-tpykvp + L.
This proves the result, since p and v, are orthogonal, hence the inequality |z + p| < N is
equivalent to the last inequality of Assertion (7). O

Let us consider the map jj, v : R? — C defined by

. p Up
Jp,N : (8,1 »—»N(s—+t—>, 8
S TR a

which is a homothety of Euclidean vector spaces (and in particular a homeomorphism).
By Lemma 2.1 (7), we have

/
1 Cp tok |vpl |yl
JpN) = {( — k, t= A2 7z> :
]p,N( va) S 2 ‘p’ N N + N

p| Ip|\2 2
— + =) +t°<1¢.
k.lelZ, s> SN (s N) t 1} (9)

Recall that o € ]0, 5[ has been fixed in the introduction. The finite subset jp*]lv(Jp’N) of
R? is contained in B (—lf\'%', 1) and converges as N tends to +oo for the Hausdorff distance
on the set of closed subsets of the metric space R? to the closed halfdisc

BY(0,1) = {(s,t) eR?*: 5> 0, s> +t><1}, (10)

uniformly in p € Ok with 0 < |p| < N® since @ < 1. Furthermore, since the horizontal

coordinate s in Equation (9) varies by constant steps 2;}% as k varies in Z and, when

. . . . v . .
s is fixed, the vertical coordinate t varies by constant steps % as { varies in Z, a two-
dimensional Riemann sum argument proves that the measure

/

% vl
N N 2 Aeo

(s,)€, 5 (Tp,N)

weak-star converges as N — +o0 (uniformly in p € Ok with 0 < |[p| < N®) to the
restriction Lebp+ (g 1) to B*(0,1) of the Lebesgue measure of R2. In particular, since the
area of B¥(0,1) is § and by the right-hand part of Equation (6) for the last equality, as
N — 400 and uniformly in p € Ok with 0 < |p| < N%, we have
. 7 |p| N?
Card Jy,y = Card j, y(Jp.v) ~ A O(N?). (11)
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3 Uniformisation of the empirical distribution

Let us fix again N € Nx {0}, that we will assume to tend to +oo after Equation (15). In
this technical section, we represent the empirical pair correlation distribution %y defined
in Equation (2) on [0, +o0[ as a distribution with an explicit density with respect to the
Lebesgue measure, up to a controlled error term, see Equation (33). We fix in this section

ae]O,%[, 76]0,1_22a[ and 6=6N=%e]0,1[, (12)

so that v exists and € — 0 as N — +00. We assume in this section that

lim O(N)

N, N2saay =0 (13)

When ¢ : N — N# is a power scaling as in the introduction with 3 € ]0,2 —2a[, the above
assumption (13) is equivalent to the fact that v € ]0, W[

Let log : C* — C/(2miZ) be the biholomorphic (complex) logarithm map. Note that
the trace map tr, being constant modulo 27iZ, induces a map (called by the same name)
tr: C/(2miZ) — R.

With the notation of Equation (1), note that for all elements a,b € N that are nonzero,
we have 7k (a,b, N) = rg(a) rg(b) if N is large enough and 7k o(a,b, N) = ri o (b, a, N).

Let %’X, be the restriction to [0, +00[ of the empirical measure Zy defined in Equation
(2). Using Equation (1) and writing a = n(g) and b = n(p + ¢) in the indices of the first
sum below for p and ¢ varying in Ok, since tr olog = Inon and by the multiplicativity of
the norm for the second equality below, and by Lemma 2.1 (2) for the third one, we have

1
Ry = ——— > 7K,a(@: 0, N) Ay(N)(nb-1na)
1/J(N) a,beN : 0<a<b<N?
1
= W Z A¢(N) trlog%

p,q€0 : 0<n(q)<n(p+q)<N2, |p|<N«

- ( ) Z 2 A¢(N)trlog(1+§).

peECK : 0<|p|<N™ q€Jp N

"

<
2

Let us fix for now p € Ok with 0 < |p| < N®. Let us consider the measure with finite
support

Vp N = Z A¢(N)trlog(1+§),

qEJpﬂN
so that we have

N 1
R = o) > Up.N - (14)

pECK: 0<|p|<N™
By Equation (8) and since j, v is a bijection, we have

Up,N = Z A(;S(N) trlog (1+ﬁ) ' )

(s,)€d, N (Jp,N)

Let f € CL([0,+[) be a Cl-smooth function on [0, +oo[ with compact support. As
N — +oo, for every (s,t) € R? with s? 4 t? > €2 (where € is given by Equation (12)),
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e Dby the expansion of log(1 + z) near z = 0 since |s 2 EREArs || V52 + 12 > ¢, so that

p el 1
using Equation (12) we have NG B+ ) < ¢ S yi=a=y, which tends to 0 as N — +o0,

and by the linearity of the trace, for the first equality,

e since p and v, are orthogonal, for the third equality,
( )Ip\ < o)
X N22

—2a—2y

e by the assumption of Equation (13) so that ¢ tends to 0 as
N — 400, and by the mean value inequality, for the fourth equality,

we have

(oo (142
2
(2 ) o (S
2
-H(xevm® (Nﬁ2+tm0)+0(§39))
2
- 1N o ("ax))
= (2200 ) o (AR ). (16)
As in Section 2, let us denote by B(z,r) the closed ball of center z and radius r in C.
The function
Fm o sy 1 (2285 2

is well defined and C'-smooth on B(0,2)\B(0,5). An easy computation gives that the
supremum norm | df oo of its differential on B(0,2)\B(0, §) satisfies

4 .o = 0 (22, ) a7)

As N — 4o and uniformly in pe Ok with 0 < |p| < N, using

e the fact that Card{j v(Jpn) N B(0,€)} = O(N?€?) as N — +o0, by the same proof
as for Equation (11), for the first equality,

e Equations (15) and (16), as well as Equation (11) for dealing with the error term of
Equation (16), for the second equality,

we have
_ # 2 2
wa(f)= Y (o) ertos (14 1 o |))) +O (N fl0)
(s.)€d; & (Tp,n)~B(0,) \ v
= > Fz) +0BN) e |f ) + O (N*e [ fle).  (18)
zejp_y}v(prN)\B(O,e)
Let A = 7+ |v” | Z1i, which is a Z-lattice in the Euclidean space R? = C, with

2\ |N

fundamental parallelogram [O, QIICDW] X [O, %] Its diameter diam and area covoly satisfy



respectively by the left part and the right part of Equation (6) that

2
G [op|*\ 12 p|
dim = (i + 3e) =0(y) b
iamy TplZ N2 + e N (19)
and s
c, v 1 CK
Iy = 2P [ ] 20
COVON = SN2 € [2cx N2 2 N2 (20)
If N is large enough and uniformly in p € Ok with 0 < |[p| < N?, for all integers k lel,
since the real number t,  given by Lemma 2.1 (5) satisfies the inequality |t, x| < 5, every

point z = (2|;“7Nk

pk‘vp‘

+ Mg) in JpN(JP N)NB(0,€) is at distance at most |—A’;| from

the point 2/ = ( 5 |p‘ ~ ks lvel E) of A. By the left part of Equation (6) and since v < 1 — a,
for every N large enough we have

M<CK’19‘< CK 1 €

N SN SNie“anT 2

Recalling that we have jp_]l\,(Jva) < B(- |p‘ ,1), we hence have z,2’ € B(0,2)\B(0, §)
for every N large enough. Again by the mean value theorem and by Equation (17), we
therefore have

~ ~ ~ 2
P - Fen =0 (B yari) o (4800 py,).
Thus by Equations (18) and (11), we have
vp.(f) = > )
z€j, N (Jp,n)NB(0,€)
+ O (¢(N) [pI* €2 [ f']loo) + O (N? €[ flleo) -

The symmetric difference between the set A n (BT (0,1)\B(0,¢€)) and the set of elements

z' such that z € j;]l\[(Jp,N) \B(0,¢€) is, by the triangle inequality, contained in the inter-

section of A with the 2'%—neighbourhood A1 (0B7(0,1)) of the boundary of B¥(0,1).
N

By the Gauss counting argument and by Equation (20), this intersection has cardinality

@) (covolA Lebe (JV I (0B*(0,1)))) = O(N |p|). Hence
vpN (f) = > (&)
2’e An(B*(0,1)\B(0,¢))
+ O (o(N) [pl €2 [ f']loo) + O (N |p| + N*€) | o) - (21)

By the usual approximation of two-dimensional integrals by Riemann sums, we have

f dLebg — covoly Z F() =0 (diamp || df lo) - (22)

z'eAn(B+(0,1)\B(0,¢))

‘ JB+ (0,1)~B(0,¢)

By Equations (19), (20) and (17), we have

diamp

| df oo = O(S(N)[pI>e 2 [ £']lo0) -
10

covoly



Therefore Equation (21) becomes, using Equations (20) and (22) for the first equality
below, and the fact that the area of B(0,€) is O(¢?) and Equation (6) for the second one,

() =22 7 dLebe
Cp |vp| B+(0,1)~B(0,¢)
+ O ((N) [p* €2 f'|loo) + O ((IpI N + N?€*) [ f][o0)
_2[p| N FdLebe
C} |vp] B+(0,1)
+ O (¢(N) [p* €2 'lloo) + O ((Ip| N + N?€) [ f]o) - (23)

Let us define f = fp’N e C.([0, +0o0[) by fiue— f(Q% lp| u), so that we have
f(s,t) = ]‘N'(ﬁ) for all (s,t) € BT(0,1)~{0}. Let us now compute the pushforward
measure of Lebp+ (g 1) by the map from R? to R defined by (s,t) — o2 Neglecting sets
of measure 0 and using

e Equation (10) and the symmetry ¢ — —t, for the first equation,

e the change of variable (with s fixed) u = 33 > 0 so that t = /3 —s* and

u®/= /1-us
e the fact that u € [s,1/s] if and only if s € [0, min{u, 2}] and Fubini’s theorem, for

the third equation,

du, for the second equation,

we have
f ds dt =2 J f dtds
JB+(0 1) < = t2 >
1 1/5 +00 mln{u,%}
= J f Vs duds = f(u)f °  dsdu. (24)
s=0 u3/2 V1—us uo u3? Jo_g 1—us

Using successively the changes of variable (with u fixed) o = us and 6 = arcsin /o, and
setting m, = min{1,u?}, an easy computation gives

min{u,%} My arcsin(/may )
;/Zf : i 4/ da—— 2sin20 df
u s=0 —us —
=3 (arcsm(w w) = VmuV1—my ). (25)

Note that y/m, = min{l,u}. Consider the function g :]0, +oo[ — R defined by

%(arcsin(u) —uvl—wu?) fu<l

otherwise.

g:u+—>{ (26)

u

[\
w

Figure 3 : The graph of the function g.




Let us recall the asymptotic expansions near v = 0 of arcsinu = u + %Q) + O(u®) and

Vi—u?2=1- “72 + O(u"). Hence the function g extends continuously at 0 by g(0) = 2.
It is continuous on [0, +oo[, positive, with upper bound |g|« = g(1) = 5. It is integrable,
and C'-smooth on [0, +oo[ except at u = 1, where g is not differentiable on the left. More
precisely, since the derivatives of both u — —u+/1 —u? and u +— arcsinu are Landau-

equivalent to \/11_7 as u tends to 1 from below, we have

g (u) =0 <\/11—7u ) as u—1". (27)

By Equation (24) (which remains valid) applied with f the characteristic function Tio,1]

of[O,l],wehaveSogs dS:SO Toq11(s) g ()dSZQSS OS” s 5 dtds =5 — % =T,
hence - . .
T m T
J g(s) dSZJ g(s) derf g(s) ds=1+1=§. (28)
0 0 1

Furthermore, we have g(u) = 2 + O(u?) as u tends to 0. Hence by Equations (24) and
(25), and by the definition of fN’, we have

+00

Lﬁ(oyl) fdtebe = LW) Haye) dsdr=] _ Jgwdu
= j“’o f<2 ¢(NN) Ip| u) g(u) du.

u=0

Equation (23) hence becomes, using the change of variable ¢ = 2 ¢ |p| u for the second
equality,

2| N? [+ 1 6(N)

Czlo |vp| o f(2 T |p| U) g(u) du
£ 0 (6N o2 2| /|0 + ON [p] 1 f]0) + O(NZ € | f-0)
oo N3 tN

= o "o 2 T 9 zommy)

L0 (B(N) [pP e [ ) + O (N6l If]0) + ON2 2 [ ) . (29)

In order to prove the main result of Section 3, which is Equation (33) below, we will
use the following classical Gauss counting result. For every 8’ € [—1, +o0[ , by for instance

Vp,N(f) =

the proof of | , Lem. 2.10] for the first equality and by Equation (4) for the second one,
as z = 1 tends to +00, we have
Z \p|’3/ o B2 + 0, <1 +d1am/;K B )
/
pelx O lpl<e covolg, B +2 covolg,
47 .%"B +2 ’ ’
+0p/(/|Dr| 2 1) = Ogr p, (27 72) . 30
\/|T /3/ +2 5 ‘ B ,DK( ) ( )
Similarly, we have the following analogous result for the case 5’ = —2 that we will only
use in Section 4: As x > 1 tends to +00, we have
1 4
Y 5= lnz+Op,(1). (31)

2 /
pelk: 0<|p|<z |p| ’DK|
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For every N € N\ {0}, recalling the definition of the function g in Equation (26), let us
define a function Oy : [0, +00[ — [0, +oo[ by

N3 1 tN
Oy :t—> ————— . 32
S rss B S T 95 ) (52

By the assumption v < lfTa in Equation (12), we have 1+ 3a < 2+ 2a— 2. By Equations
(14) and (29), by using Equation (30) with 8/ = 2,1,0 and x = N® in order to control
the three error terms in Equation (29), since € = N~ and since 1 + 3a < 2 + 2a — 27, we
hence have
1 +00
AN =gy u wal)=]  f@en()d
pelK: 0<|p|<N« t=0
do+2
o (AN
¥(N)

i) +o (A

sy Wlke)- (33)

4 The main result and its proof

Before stating our main result Theorem 4.1, let us give the mild restrictions on the scaling
function ¢ that we will use. We keep the notation « € ]0, %[ of the introduction. We
assume in this section that the limits

o OWN) o oN) e O(Y) w_ o )
)\¢ B Nl—lg-loo W’ )\¢ B N1—1>I—ri-loo Nl_%’ ¢ N1—1>I—ri-loo T and ¢ Nl—lfﬁoo Nl"‘%
exist in [0, +o0], and that there exists v > 0 such that Equations (12) and (13) still hold.
When ¢ is a power scaling N — N# as in the introduction and if 3 € ]0,2 — 2a[, these
assumptions are satisfied if and only if v € ]0, min{3=2%,1 — a — g}[

For all ke N and N € N\ {0}, let us define

o 1Dkl G+ ) "
Nk = 1
s

(34)

; .
pelK: 0<|p|<N« p |Up|

By the right part of Equation (6) and by Equation (30) with 8/ = k —1 and x = N%, we
have

¢k |Di|(k+1) Z

Sy <
k= 41

p|F!

pECK: 0<|p|<N«
— i \/|Dg| N#*D 4 Oy (cx | Dc|2 NF9).

With the similarly obtained lower bound, there hence exists a constant ¢}, > 0 such that
for every N € N\ {0}, we have

1
N(kJrl)a < SN,k < C/Kk N(k+1)a' (35)

Kk ’
Note that when Dx = 0 mod 4, we have more precisely by Equations (5) and (30) with
B =k —1and x = N* that
VIDkl|(k+1
S | K| ( ) Z |p|k71 _ N(kJrl)a + Ok(|DK|Nka) ) (36)

Nk
47
pECK: 0<|p|<N«

13



We now define the measures my that will appear as asymptotic pair correlation mea-
sures in Theorem 4.1. If Ay € ]0,400[, we define an even function p;_o : R — [0, +0[
by

81 : _
31Dx] ift=0
87r)\ 2 2\ 1 .
poa(®) = { o (aresin () — o (1 £) (1 £)F) 0 <v <2y (30)
47r2)\3 .

It is easy to see that p;_, is bounded, continuous, positive and piecewise real analytic.
See Equation (3) and the graph of pi_, when Ay = 1 in Figure 1 of the Introduction
(corresponding to the power scaling ¢ : N — N1=9). Let

7r2 :
|4DK| AO if )\¢ = 0,
Mg = 3 Pl—ca Lebr if )\¢ € ]O, —l—OO[,

Lebr if >\¢ = +00.

8w
3Dkl

Theorem 4.1 For every A > 1 and for every f € CHR) with support contained in
[—A, A], as N — +00, we have

- f £() dmy(t)+

O ((£%) Hf’H ) if Ap = 0
+O(maX{N1 @ N%}Hf“oo) and p(N) = N? Sy 1,
O (N~ f]lo )+O(max{ L, x HIfles) i A €10, 400, Dic =0 mod 4,
+0 (4] 455 - & |2 \ln’%—g\lllflloo) and (N > S
O (N | f']o) if Mg = +00, X, < +00,0 < 2
+0 (max {43(35) T, N7} 1flo) and y(N) = Voo
O (L8E £ oo + N1 lo) N, =+, M =0, a <
and (N) = "G5
O (2 (1o + A% f]0)) N >0, X =0, a< Z,
and (N = N¢(SN)°.

Note that we have XY < Af < Aj < Ay for the extended order on [0, +00]. Hence
if )\Z) = 400, then \j = )\¢ = +oo and 1f Ay < +00, then X = /\” = )\’” = 0. Hence,
for instance when « < 1 , the list of cases in the above T heorem 4. 1 is Complete except
that the case \g € ]0, +oo[, Dy # 0 mod 4 and the case )\;’5’ > 0 are missing. The first
one should be handled similarly, though the computational complexity seems to be much
higher. For the second one, we refer to Section 5

Proof. The pushforward of a measure p by a mapping h is denoted by h.u. We denote
by sg : R — R the change of sign map t — —t. By the change of variables (a,b) — (b, a)
in the summation of Equation (2), we have sg, Zn = Zn for every N € N\ {0}. Since

14



the above measures mg are invariant under sg, we hence only have to prove Theorem 4.1
where the empirical measure Zy is replaced by its restriction %;(, to [0, 400 .

We fix throughout this proof A > 1 and f € C}([0,+o[) a C'-smooth function on
[0, +oo[ with compact support contained in [0, A]. We consider N € N\ {0} large enough.

We now separate the proof of Theorem 4.1 into the five cases appearing in its statement,
corresponding to an increasing scaling. For reasons that will become clear, we will prove
Case 4 after Case 5.

Case 1. Let us assume that Ay = lim % =0.
N—+00

Let us take 1 to be the function N +— NQSNJ, with Sy, defined in Equation (34) for

k = 1. Let v be any element of |0, 2=22[. The assumptions (12) and (13) are satisfied

#(N)
NI-«a

since 7 < 1_TO‘ and lim
N—+0

We are going to prove that in Case 1, as N — 400, the measure Oy Lebpg ;o[ on

= (0. Hence we may apply the results of Section 3.

[0, +00[, with © defined in Equation (32), weak-star converges to the Dirac mass ‘QD—T:' Ay

at 0 with weight %. Below are the graphs of Oy for various N, for the power scaling

#(N) = NP in the Gaussian case K = Q[i], with a = 0.15 and = 0.8 < 1 — a.

B >
RS
[
|
|
|
|

0 i 2 3 4 5
Figure 4 : Graph of O for N = 10™ with m € {7,8,9,10, 11,12, 13, 14}.

Recall that by Equation (28), the positive function ¢ is integrable over [0, +oo[ with
aroo g(s) ds = 5. For every N € N\ {0}, by Equation (32) for the first equality, by the

change of variable s = WN)M for the second equality, since by Equation (34) for k = 1
we have
3 lpl _ 47 Sna
cplopl  2|Dk|

pel: 0<|p|<N« P
and by the definition of ¥(NN) for the last equality, we have

+0o0 N3 1 +00 tN
On(t) dt = ——— f g(————) at
' EISE élpw ATl KA Crrear)
2 N2 |p| +00 272
= —— g(s) ds = —. (38)
o, quw & [l Jo Dx]

15



Let us now prove that the function ©py converges uniformly on compact subsets of
10,400 to 0 as N — +oo. With the above centered equation, this will prove that the
measure O Lebg 4, weak-star converges to the Dirac mass % Ag as N — 4.

For every N € N\ {0}, let us define

S(N) \z
= (S)"
noting that under the assumption of Case 1, we have ny — 0 as N — +c0.

Let t € [nn,+o0[. For every p € Ok such that 0 < |[p| < N, we have in particular
WN)'M > UTN% = ﬁ, which tends to +00 as N — 400. In particular, if N is large
enough, we have u = WN)'M > 1. Thus if N is large enough, respectively

e by Equation (32) and Equation (26) when u > 1,

e since (N) = N2Sy 1 and by the definition of Sy 3 in Equation (34) for k = 3,

e by Equation (35) with k =1 and k = 3,
we have

N3 Z ™ 8¢(N)3 |p|3
3 3
SN, B 2] BN

B N3rx 4w Sns 8¢(N)?* 47 ¢(N)? Sy s
- N2Sy1¢(N) [Dkl4 2t3N3 — |Dg[t3N? Sy,
L (@(NPN'Y 1 (N2
:?30( N? N2 ):ﬁo<(N1—a) ) (39)
Hence under the assumption of Case 1, the function © converges uniformly on compact
subsets of 0,4+ to 0 as N — +00. But we will need more information on the error
terms.

As N — +o0, respectively by the additivity of the integral, by the mean value theorem,
2
by Equation (38) (that gives SJOO On(t) dt = 27), by Equation (39), and by the value

On(t) =

. ~ Dkl
nN = <]¢\S,(IJY()X>§, we have
;OO On(t) f(t) dt OHN on(t) (B di+ | On(t) F(t) di
nN
- [ on) (701 + Olun 11 i + o) £(1) di
nN
7T2 +00
= 2T F0)+ O If o) + | On(t) (£(8) — £(0)) dt
|DK| nN
7T2 +00
- e T+ 00 1) + [ 0 () 171)
72 .
= o F0+ 0 ((F0)171) + 0 Gk 171 (10)

As N — +oo, since ¢(N) = N2 Sy 1, by Equation (35) with k = 1, and since we have
2-2a0—-2yv=21—-aasy< 1_70‘ by Equation (12), we have

PN AN o (AN —o () <o (4.

16



Similarly, we have

N2+2a—2’y N2+2a—2’y N2+20¢—2’y 1 "
o~ sy O G ) =0 (5m)- ()

Therefore, using in Equation (33) the three Equations (40), (41) and (42), we have

250 = 10+ 0 (502) 1) + 0 (max {200, LV ista) . (49)

By symmetry, the restriction of #Zy to | — 0,0] also contributes %AO to the limit
measure, with an error term as in Equation (43) for every f € C.(R). This proves the first
case of Theorem 4.1.

When ¢ : N — NP is a power function, the assumption of Case 1 on ¢ are satisfied
if and only if 8 € ]0,1 — «f. If furthermore Dg = 0 mod 4, then by Equation (36) with
k=1, as N — +o0, we have ¥(N) = N?2Sy1 ~ N?T2% This proves the first case of
Theorem 1.1.

Case 2. Let us assume that Ay = Nlim oN) ¢ 10, +oo[ and that D = 0 mod 4.

Nl-«a
—+00
Let us take 7 to be the function N — % Let v be any element of |0, 1_220‘[. The
assumptions (12) and (13) are satisfied since v < 5% and lim ](3(1@1 < +00. Hence we

N—+o0
may apply the results of Section 3.

Below are the graphs of ©y for various N, for the power scaling ¢ : N — N in the
Gaussian case K = Q[i], with = 0.15 and f =1 — a = 0.85.

25

P - E B B B |,

10 > -
00 02 04 0.6 08

0.5

Yoo e e

Figure 5 : Graph of Oy for N = 10™ where m is 7 (red), 8 (blue), 9 (green), 10 (orange).

Let t € [0, A] and N € N\ {0}. Since Dx = 0 mod 4 under the assumptions of Case 2,
since for every p € O~ {0} we then have c, |vp| = \/|Dk]| |p| by Equation (5), and since

Y(N) = gi;;ﬂ Equation (32) becomes

N3 1 tN
o) = S T oy o) 2 W<W)

pECK: O<|p|<N«

1 N¢ Nl-a ¢ yo
v R T (44)
pelK: 0<|p|<N™
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Let us define a decomposition of the summation in Equation (44) corresponding to the
subdivision [0, +0o[ = [0,1] U [l,+o[ where the function g given by Equation (26) has
two different expressions, plus some safety zone around 1. Let us define

Ni—e 1 1
- 8 | =] <=}>0. 15
en = max {8) N n W (45)
Note that under the assumptions of Case 2, we have Nlim ey = 0. With the usual
— 00
convention on empty sums, let
1 1 tN
ON(t) = —— > —g<7) ;o (40)
|[Drc| N peO: 0<[p|<N<, |p|<5 f¢ Ne [Pl "1 2(N) pl
1 1 tN
O (t) = ——— a5 ) (47)
DAINT ey 2wz
2)\ |p‘<t+€N N
1 1 /N7 ¢Ne
e pap—_— Lo )y
ERE N LT

pEOK: t;T;j Neg|p|<Ne
So that by Equation (44) we have
On(t) = Oy (t) + OX () + OX (1) (49)

Step 1 of Case 2. Let us first estimate O (t) as N — 400 uniformly in ¢ € [0, 400 .

Since

Qt/\];] Tp\ > 1 (and in particular ¢ > 0) whenever the index p € Ok occurs in the
summation defining ©(t), for N large enough, under the assumptions of Case 2, we also

l—a [ . .
have 2¢>€1]\>7) o= N(N) t2]|\;‘ > 1. By the value g(u) = 575 on u € [1, +oo[ given by Equation

(26), and by Equation (30) applied with 8/ = 2 and x = min {Na, v NO‘} Equation (46)
gives, as N — +00,

B 47 p(N)? ?
O (1) = D |
3 N3+«
VIDi| t# N3+ PEOK: O<[p| <N, [pl< 53— N®
4w §(N 4 N A
A e ) o (e )
Dkl B N3+ \4\/[D A e

2 :
= g (vme) min i g} 0 (e (R650) )

Since the function ¢ — min {t%, ﬁ} is bounded on 0, +oo[, since o(N)
¢

Nl-«a

(hence is bounded, uniformly in ¢) under the assumptions of Case 2, and since we have

L 11— O(|z — y|) when z,y remain in a compact subset of ]0, +0[, we have

Ty
o5t b {0 k) 0 (4 )

)\3 -«
:yéi‘mm{t;),@ho(]\gﬂoﬁz(m—ip\). (50)
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Note that we have t3 < 16/\ if and only if £ > 2\,.

Step 2 of Case 2. Let us now estimate ©% () as N — +o0 uniformly in ¢ € [ey, +00].

Let ¢ € [en, +oo[ and N € Nx\{0}. Note that if ¢ > 2\4, then ©%(t) = 0 (see Equation
(48)). Hence we assume that ¢ € [y, 2\ ] from now on in Step 2. Let us define two subsets
in C by

szftz{ze(c |z|<1} and M,Nz{zeC:t+€N<|z|<1}. (51)

2Ny 27

The subset % (which is an annulus if ¢ < 2\4 and an circle otherwise) contains % n
(which is an annulus if t < 2\y — ep, a circle if t = 2\y — e, and is empty otherwise).

Note that the map s — is increasing on [0, +oo[. Hence since Nlim eny =0, for
—+00
N large enough, for every element p € Ok occurring in the summation defining @X,(t) in

Equation (48), we have
(03
tN t 2Ms < EN

< < <l-—<1.
2Xop| tHen  2Xp +en 4Ny

_Ss
St+eN

Hence for such elements N and p, by the definition of e in Equation (45), we have

Nl-a ¢ No VVIQ 1 tNa+_tN“ - Nl—a 1 N tN©
o) 20l S " 3 12l T2l SIemn) T A 1 T Tl
EN EN EN
<2 41— =12 <.
8As 4Ny 8o

Since ¢'(u) = O (\/11— ) for w € [0,1[ by Equation (27), by the mean value theorem,

and since ey > 8)\¢, ‘ Nl - i ‘ by Equation (45), for every t € [en,2)g] and for every

element p € Ok occurrlng in the summation defining @E(t), as N — +o0o, we therefore

have
(5o 55) o) -0 (i

Nl— 1 ‘ 1 )

o(N) 2|p| 2 ¢ Ip Pl To(N) Ao | \En

N Nl—a 1 %
=0(— - — . 52
(ot o %) 2

Let us define
~ 1 1 tN®

G- Y (). (53)

v |Dk| N PO ton) Ip| (2 g |p\>

Since t = e in this Step 2 and ey = 8)\¢ ’

1 1 1 IVL*“ 1 -1
< < 5 —-47‘
t+en 2en 16)\¢ Cb(N) )\¢

Hence by the definition of <% y in Equation (51) and by Equation (31) applied twice with
x = N® and with x = t;fif N% as N — 400, we have

(67

l1—a
> pr=Oo(ngreymel) row=o(n|Zmr -5 |1):

peOK N(N*o N) i
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By Equations (48), (53) and (52), for every t € [en,2)4], as N — +00, we hence have

N 1 L N NTTe 1)
Ot — 0Lt =0 (== Il 1ol | (N) ~ Xy
&8 (1) — % (1) (NapeﬁKm(ZNa%N) pl Pl T o(N) Ay )
lea 1 3 lea 1
=05 G -5 1) >

Let us consider the function Gy : @ — [0, +0[ defined by

Grizm |z1|g<2)\:5|z]>'

By the change of variables z = N™%p in Equation (53), we have

~ 1
ON(t) = ——=—— > Gi(2). (55)
/ 2

|DK’ N=e ZE(N_aﬁK)ﬂJZVt,N
Let us estimate the upper bound [dG; |4 \ [0 on the operator norm of the (linear)
differential d.G; of G at every point z € o ny. Writing the elements of the annulus %
in polar coordinates z = pe’e the map G does not depend on the argument . Since the
function p — (1 — 5 v p) 3 s nonincreasing and since ey < t in this Step 2, for every

pe [t+sN

1], we have

Lt o t "3 _ (tten\z _ (23
(o) < Urams) =057 <)
¢P ¢ 2, EN EN

o
w

Note that the map s — ﬁ is nonincreasing on [ex, +o0[ , hence is bounded by %sN 2,
Hence, since the function ¢ is bounded and by Equation (27), as N — 4o, for every
z = pe'? in the smaller subset 7 N so that p > HEN , we have

0
aGpt(Z): ,0129(2;¢p) QAZp /(2At¢,p>
t

1
:O( (t +en)? ) O((t—ktEN) (1— A«bp);)
3
:O(E )+ (H;g.gzvg):()(;v?)'
Therefore we have e .
4Gl =] 55, 10 (52)- (56)

By Equation (4), the Z-lattice N~*0 of C has covolume

v/ |Dk| (57)

—2a
covoly-ap, = N™*%covoly, =
K K 2 N2a ’
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and its diameter satisfies diampy-ay, = O(N™®). By the well-known approximation of
integrals by averages of sums over lattices points, we have

J G dLebc = covoly—ag, Z Gi(z) + O (diamN*aﬁKHth M,NHOO) :
o N 26(N=Og )Ny N

Hence by Equations (57) and (56), and since ey > NL% by Equation (45), we have
2N2a N
Z Gi(2) = —F—— Gt dLebc + O (—2)
2e(N=*Og )Ny N \/m N EN
2N2a N
= " |  GidLebc+O(NT). (58)

V |DK| Iy N

By the definition of the function g in Equation (26) and by an elementary computation,
a primitive of the map s — %ij) on ]0,1] is the map A : ]0,1] — R defined by

1
Vuel0,1], h(u)= Tl (u(l — 2u®)\/1 — u2 — arcsin(u)) . (59)
u
Furthermore, we have
M1 = - and  A(u) = —— + O(u) 0
=3 an u) =3~ u) as u :

Since d Lebc(z) = p dpdf and by the change of variable s = th’ we have

1 t t
thLeb@=27rJ 7g<ﬁ>pdp:;; 9(«29) ds
Ay g <p<LP ¢ P ¢ Jpp<est 8
Tt t
= — 1) — )
5, () = 1(55)) (60)

Since the function s — sg(s) is increasing on [0, 1], the function G on % is uniformly

bounded by 2%‘"g(l) = %. Hence, by Equation (51) and since ¢ > ey in this Step 2,

when N — 400, we have

2 2
| Giarene =0 areatatnany) - 0 (S - 5)
éZ{t\MJ\/ t

t\aN2 AN
2
=O(6N+TN)=O(€N). (61)
Therefore by Equations (58), (60) and (61), we have
2N2a
> Gi(z) = D Gy(z) — ——— G dLebge
26(N=0k) N, N 2e(N=20r) Ny N V |DK| Gy N
92 N2« 9 N2«

Gy dLebc — G dLebc

_1_7 J—
VIDk| Ja VIDk| St~ n

—O(NF) + Ww(hu) - h(i)) L O(N ey

VIDk| Ag 204
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Thus by Equations (54) and (55), by the definition of ey in Equation (45), as N — 40,
for every t € [en,2Ay], we have

-5 -4 541
_er<Na;KMNGt<z>+o( ;V(IN)_; n‘g(lNa 1)
:%(wn h(2§¢>)+o<aN)+0(N2)+o< Z(;j‘;% Nl o H)
:pi;i(ﬁ(h ‘h<2§¢>)+O(N )+o(%_;; gr(la )\(bH) .

Step 3 of Case 2. Let us finally estimate ©%;(t) as N — +o0 uniformly in ¢ € [0, +o0] .

Let N € N\ {0}. Note that if ¢ > 2),, then ©%(t) = 0 (see Equation (47)). Hence
we assume from now on in Step 3 that ¢ € [0,2),]. Using the notation of Equation (51),
Equation (47) may be written

1 1 tN
- % Ly Ny
VIDKIN® v N ) Ip| “\2¢(N) |p|
Since the nonnegative function g is uniformly bounded from above (by %), using twice
Equation (30) with 8/ = —1 and = = %NQ, x = ﬁN“, as N — +0o0, we have
1 1
h-0(5z X )
peO N(N* A ~No N) b
1 (t + e’fN) t
=0 (5 (N - SN = .
0 (Na ( 2 2), O (en) (63)

Conclusion of Case 2. To conclude, we gather the estimates of Steps 1, 2 and 3.

Let us first compute On(t) for t € [en, +o0[. We separate the computation into the
case t > 2\, and the case ey <1t < 2.

If t > 2\, then ©%(t) = O3 (t) = 0 as seen in Steps 2 and 3. By Equations (49) and
(50), and by the value of pi_q(t) when ¢t > 2\, given in Equation (37), we hence have

472 \3 1-a
On(t) = Ox(t) = |DK‘;§) +o(%) +0( ;V(N) —;J)
leoz 1 % Nl «
:m*“(HO(N%)J’O( (N) Ml I A(ﬁH) (64)

If ey <t <2y, by plugging in Equation (49) the three Equations (50), (63) and (62),
by the definition of £y in Equation (45), by the value of the function h given in Equation
(59) (with h(1) = —%) and by the value of p1_4(t) when ¢t < 2); given in Equation (37),
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as N — 400, we have

On(t) = Ox(t) + O%(t) + OL(t)
7.[.2 j e
= (i + 0 o) v (I3~ 3,1)) 06
T 11—«
*(6;&¢@“)M@A>)+O(N4)+O<g@m;;

3
_ 87N (arcsin (L) ~ L(l ~ tZ) (1- t2>%>
D[ 3 22,/ 2Xg 202 N2

2

1 l—a
| Sy 5, 1)

1 Ni= 13 N1 o
+0(—=)+0O ( -~ |In ‘ ‘ D
)+ O U~ I o
N7 13 N1 @1
= pralt) +0 (=) + O -=1|) (65)
0+ (I3~ =[5 - %
By Equation (44), since the function g is bounded on [0, +0o[ and by Equation (30) with
f'=—1and x = N* as N — 400, uniformly in ¢t € [0, +00[, we have

On(t) = O (% > )=o)

pelK: 0<|p|<N« ‘p|

We have already seen after Equation (37) that the function p;_, is bounded on [0, 40|,
hence o™ p1—a(t) f(t) dt = O(en | f]w). Therefore, since the support of f is contained in
[0, A], by Equation (65), and by the definition of ey in Equation (45), we have

+00 A
On(t) dt—f On(t dt-l—f @N(t)f(t) dt
0 EN
A
= Oen | fllo) + f pralt) £(0) dt
eN
1 N1 “ 193 N1 o
+O(< ey T 1’ H)f (0] dt)
+00
[ peat sy at
Nl « 1 % Nl «
+0 ([ + 5 H)Allfl\oo>- (66)
As N — +o0, since ¥(N) = %, since we have ﬁ(ﬁl = O(1) under the assumptions
of Case 2, and since v
¢(N) N4a+2'y B ¢(N)2 B 1 B i
Y(N) - N3-3a-2y O <N1—o¢—27> =0 (Noz) : (67)
Similarly, we have
N2+20-2y B »(N) _ (L) (68)
w(N) TONl-a+2y N2v
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Therefore, using in Equation (33) the three Equations (66), (67) and (68), we have

w0 = [ st s a +0 (51512
l1—a 1 l1—a
#0 (max {5 A5 - ol S~ 5 1) o)

By symmetry, for every f € C.(R), this proves the second case of Theorem 4.1.

When ¢ : N — NP is a power function, the assumptions of Case 2 on ¢ are satisfied if
and only if # =1— a and Dg = 0 mod 4, and we have Ay = 1, so that the value of p1_q
given by Equation (37) becomes the one given in Equation (3) of the Introduction. This
proves the second case of Theorem 1.1.

N1-

Case 3. Let us assume that lim <—— =0, that limsup E ) < +o0 and that a < =
N—>+o0 ¢( ) N—4w 2

Let us take v to be the function N %, with Sy defined in Equation (34)

for k = 0. Let v = 27830‘. The assumption (12) is then satisfied since a < % Since
( )
N'T

= O(1) under the assumptions of Case 3, and since o < %, we have

¢(N)  _ 1 B 1
N2-2a-2y © (Nl—%a—27> =0 (N243°‘> ’
which tends to 0 as N — +00. Hence the assumption (13) is satisfied and we may apply
the results of Section 3.

We are going to prove that in Case 3, as N — 400, the function ©y defined in Equation
(32) converges uniformly on compact subsets of [0, +oo[ to the constant function 3|%”K|.
Below are the graphs of Oy for various N, for the power scaling ¢(N) = N”, in the
Gaussian case K = Q[i], with a = 0 15 and 8 =0.9¢€ |1 —a,1 — 5], and in dashed black

the horizontal line with height 3 | | ~ 2.094.

25;
2.0%’ _——

1.5}

1.0}

0.5}

7 8 9

HE B N
0'00 2 4 6 8 10

Figure 6 : Graph of Ox for N = 10™ where m is 7 (red), 8 (blue) up to 14 (dark green).

For every N € N\ {0}, let us define

Nl—a %
My = Na( ) 70
5@ i
. Nl—% 2 20 . Nl—% . L.
Since My = ( 3N )3N 3 and since BN 8 bounded from below by a positive constant
under the assumptions of Case 3, we have Nlim Mpy = +00. Let
—+00
|Dk| 1
D Y

s C, |U
pEﬁKIO<|p‘<MN p| p|
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As in order to obtain Equation (35) with & = 0, we have

S(My) = O(My).

Let t € [0, A]. Since ¥(N) = %, since the function ¢ is bounded, by Equation (35)
with k = 0, and by the definition of My in Equation (70), we hence have

N3 1 tN S(My) M
SN O] oZ<|p|<MN & [vy] 9(2 S(N) |p|) =0 ( SNg ) =0 (JTZD
l-a 2
:O(CZ(N)) ) (71)

Note that if p € Ok satisfies [p|
3

N¢(fvj\)f’0, since we have g(u) = 2 + O(u?) for u € [0, +

Equation (70) and since A > 1, we hence have

> My, then we have 2¢€]J\y) oS 2¢(‘?VJ)VMN. Since Y(N) =

o[, by the definition of My in

NS

T, D T g(wfva) )

5 sy 0 (G )

~ 51D +O(%a>+O(A2(N1 QNQ)Q)
=3|8D7;|+0(A2(%)3). (72)

By decomposing the index set of the sum defining the function Oy as

{pe ﬁK O<|p’ Na}—{pEﬁK 0<’p‘ MN}I_I{pEﬁK MN<’p‘ Na}

it follows from Equations (32), (71) and (72) that as N — +oo, for every t € [0, A]
have

s l=ary 2
o= a0 ()

Therefore, since the support of f is contained in [0, A], we have

Tovt i o waro(#(55) k). @

¢(N)
As N — +oo, since ¥(N) = qu(S]\)'o by Equation (35) with k
o(N) _
N'-%

O(1) under the assumptions of Case 3, and since v = 2_830‘, we have

= 0, since we have

¢(N) N4a+2’y ¢(N)2 N4a+2'y

2
W(N) T N3Sno :O(]\%)
:O(M_;M):O(N%w)' (74)
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Similarly, we have

N2t20-2y  N2H20-27 g ) :O( d(N) >:O< 1 ):O( 1 )

Y(N) — N3Sng N1-a+2y N2 % N

(75)

Therefore, using in Equation (33) the three Equations (73), (74) and (75), we have

+00 87

Fh(f) = fo b

+0 (< 171) + 0 (max { (5-2)' Lo fisla). o)

By symmetry, for every f € C.(R), this proves the third case of Theorem 4.1.

When ¢ : N — NP is a power function, the assumptions of Case 3 on ¢ are satisfied if
and only if § € |1 —a,1 — §]. If furthermore Dx = 0 mod 4, then by Equation (36) with
k =0, as N —» +oo, we have )(N) = N;(“?V]\;’O ~ N3+e=B_ This proves the third case of
Theorem 1.1 when € |1 —a,1— 5]

f(t) dt

Case 5. Let us assume that limsup——~ ¢>(N) < +0o0, that \; = Nlim % = 0 and that
N—+w —+0o0

2

11

Let us take ¢ : N — (}qv) and v = 15!, The assumptions (12) and (13) are satisfied

(since Nﬁ(gjz)_% = ;;Eiv,)l N~

hence we may apply the results of Section 3. For every N € Nx\ {0}, let

a <

% tends to 0 as N — +o0 under the assumptions of Case 5),

N
P(N)’
and note that ny remains bounded as N — +00 under the assumptions of Case 5.

We are going to prove that in this case, the function ©py defined in Equation (32)
converges uniformly on compact subsets of [0, +o0[ to the constant function Below

NN =

3\D I
are the graphs of O for various N, for the power scaling ¢(N) = N?, in the Gaussian
case K = Q[i], with @ = 0.15 and 3 = 1.05€ [1,1 + §[.

3.0
2.5
SN — e -
6 7 8 9 10 11
| | [ | [ | |
12 2 4 6 3 10

Figure 7 : Graph of ©y for N = 10™ where m is 6 (red), 7 (blue) up to 11 (brown).
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Recall that the function g defined in Equation (26) satisfies g(u) = 2 + O(u?) near
u = 0. Hence for all ¢ € [0, A] and p € Ok {0}, we have

tN 2 A%n2
astg) =20 (8.
2¢(N)[pl/ 3 |
By the right part of Equation (6) and by the fact that the series 3} 5 . (o) o converges
we have . )
2 ammeOl X gp)=om.

pedi: 0<[p|<Ne PP p PO 0<|p|<N* P
Hence with Sy ¢ the sum defined in Equation (34) for k = 0, for every ¢ € [0, A], Equation
(32) gives

2 N3 1 A?n2 N3 1
On(t)= - /e .
O = g5me® 2 i O Gmem 2 awie)
0<|p|<N® 0<|p|<N®
87 N3 Sy A?n3 N2
_ ’ 0 .
st O (o)
Since the support of f is contained in [0, A], it follows from Equation (33) that
N3 SNO +00 87 AS n 3 N2
%—&- = ’ d O N o0
YO = s Jy O3 0 Sy V1)
(b(N) N4o¢+2'y , N2+2a727
O ("= W) + O (i I1) (77)

Since we have ¢(N) = N;(}QVN)’O in this Case
Equation (35) with k = 0, we have

5, since Ny = % remains bounded, and by

vV N° ¢(N) N? N?  ¢(N) ¢(N)
N _ _ _
Y(N)  H(N)3N3Sno <¢(N)2 Na) =0 <¢(N)3 N1+a> =0 <N1+%>' (78)
Similarly, since v = % Nl_l)rﬁoo ]iﬁff% =0 and o < ﬁ in this Case 5, we have
PN NI GNEN  p(N)P N)
Y(N)  N3Sno 0 (N2+a ) =0 <N1+ ) %) (79)
N2+2a—2’y qb(N) N1+6a B gf)(N) B ¢(N)
and SN T NSy, (Na=sa) = © (NHa) (80)
Therefore, putting together Equations (77) to (80), we have
o e ¢(N) ! 3
w5 = | fﬁng“ﬁ+O< = (171 + A% o) ) (s1)

By symmetry, for every f € C.(R), this proves the last case of Theorem 4.1
When ¢ : N — N# is a power function, the assumptions of Case
if and only if 8 € [1,1+ &

5 on ¢ are satisfied
S[. If furthermore Dy = 0 mod 4, then by Equation (36) with
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N3Sno

k=0, as N — 400, we have ¢(N) = ~ N3+te=8_ This proves the last case of

»(N)
Theorem 1.1 when e [1,1+ §[.
Case 4. Let us assume that we have th ﬁ = 0, that \}, = th % = 0 and
— 400 — 400
that o < 5.
Note that the second assumption implies that A%, = Nlim % = 0. As in Case 5,
B

3
we take 1) : N — N¢£VN)’O and v = 5. The assumptions (12) and (13) are satisfied (since

NQ?(QJZ)_QW = ¢(]<]V) N—2% tends to 0 as N — +0o0 under the assumptions of Case 4), hence
we may apply the results of Section 3. We are going to prove that also in this case, the
function Oy defined in Equation (32) converges uniformly on compact subsets of [0, +00[

to the constant function 3] D - Below are the graphs of ©y for various N, in the Gaussian
case K = Q[i], with @ = 0.15and 3 =0.95€ |1 — §,1[.

3.0

2.5

20—

1.5}

6 7 8 9

HE B N u

1% 2 4 6 8 10
Figure 8 : Graph of ©x for N = 10™ where m is 6 (red), 7 (blue) up to 11 (brown).

The proof of Case 4 is almost the same one as the one of Case 5. Note that the quantity

NN = %N) is now no longer bounded. Equation (78) needs to be replaced by
3 N2 5 2 1 1-5

- ol o i) -0 ()
$(N)  ¢(N)*N? Sy ¢(N)? N« ¢(N) ¢(N)

This is possible by the first assumption of Case 4 requiring that lim N2 _ (. Under
N—+00 o(N)

the second assumption of Case 4, we have

1-2 1-2
f,(ff% B Z(N) <¢(zf/\7))2 =0 (Z;[(N))

Hence Equation (79) (which is still valid) gives

H(N) N4a+2v _ (N1_3> (83)

$(N) P(N)

The limit distribution is still Poissonian with the same constant asymptotic pair correlation
density given by %. Ounly the error term that involves the norm |f|4 is weakened,

corresponding to the new Equations (82) and (83), so that Equation (81) becomes

+00 1-g
BN = [ 105 0 (ST o+ Sy A1)

By symmetry, for every f € C.(R), this proves the penultimate case of Theorem 4.1.
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When ¢ : N — NP is a power function, the assumptions of Case 4 on ¢ are satisfied
if and only if § € |1 — §,1[. If furthermore Dg = 0 mod 4, then by Equation (36) with
k =0, as N — +oo, we have Y(N) = N;(fv]\;’o ~ N3*e=8_ This proves the last case of
Theorem 1.1 when S e |1 —§,1[.

This concludes the proof of Theorem 4.1, and along the way, we proved Theorem 1.1
in the Introduction. ]

5 Experiments for bigger scalings

The method used in order to prove the Poissonian asymptotic behaviour of the pair cor-
relations in Theorem 4.1 does not work when A7 > 0 (with the notation of the beginning
of Section 4). Recall that this means that § > 1 + § for power scalings ¢ : N — N8,
We only proved in Theorem 1.1 that we have a Poissonian asymptotic behaviour when
Bel]l —a, 14 5.

Figure 9 below shows the empirical pair correlation measures ;%’gdgo (defined just before
Theorem 1.1 in the Introduction) in the Gaussian case K = Q(¢) with a = 0.15 for values
B8 e {1.3,1.5,1.7,1.9,2} outside the range of Theorem 1.1. Again the distributions are
renormalized by 9(N) = N3+*#_ These graphs indicate that, for some parameters in
the range from 1 + § to 2, possibly including the interval [1.7,2], the asymptotic pair
correlation densities should exist and should exhibit a strong level repulsion, that is, they
should vanish on an open interval around 0.

2.5
2.0
T3[

1o B=13
05

-10 -5 5 10
2.5

2.0

B=15

A 17
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1.0
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-10 -5 5 10
Figure 9 : The empirical pair correlation distributions Zg,5” with 8 € {1.3,1.5,1.7,1.9,2}.

Note that the minimal difference of two sums of squares a < b < N? is 1, hence we

have .

Thus, if a nonzero asymptotic pair correlation density exists for the quadratic scaling (and
we conjecture that it does), it will exhibit a strong level repulsion, since it will vanish on
]—1,1[. An analogous computation indicates that there should be a total loss of mass for

larger power scalings ¢ : N — NP with 8 > 2.

—a

N2(Inb—1Ina) = N2In (1 L0
a
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