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Abstract. Let C be a locally convex closed subset of a negatively curved Riemannian
manifold M. We define the skinning measure o¢ on the outer unit normal bundle to C in
M by pulling back the Patterson—Sullivan measures at infinity, and give a finiteness result
for oc, generalizing the work of Oh and Shah, with different methods. We prove that the
skinning measures, when finite, of the equidistant hypersurfaces to C equidistribute to the
Bowen-Margulis measure mpy on 7' M, assuming only that mpy is finite and mixing for
the geodesic flow. Under additional assumptions on the rate of mixing, we give a control
on the rate of equidistribution.

1. Introduction

Let M be a complete connected Riemannian manifold with sectional curvature at most
—1. For any proper non-empty properly immersed locally convex closed subset C of M
and ¢ > 0, let &, be the (Lipschitz) submanifold of 7'M that consists of images by the
geodesic flow at time ¢ of the outward-pointing unit normal vectors to the boundary of C
(see §2 for precise definitions).

If M has constant curvature and finite volume and if C is an immersed totally geodesic
submanifold of finite volume, we showed in [PP1, Theorem 2.2] that the Riemannian
measure of ¥, equidistributes to the Liouville measure of 7'M (which is the Riemannian
measure of the Sasaki metric of 7' M). This result also follows from the equidistribution
result of Eskin and McMullen [EM, Theorem 1.2] in affine symmetric spaces;
see [PP2, §4] for details.

In this paper, we generalize the above result when C is no longer required to be totally
geodesic and when M has variable curvature. Though the methods of locally homogeneous
spaces as in [EM] are then completely inapplicable, the strategy of [PP1] remains helpful.
Both the measures on 7! M and on X, need to be adapted to variable curvature.
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The measure on 7' M we will consider (when M is non-elementary and its fundamental
group has finite critical exponent) is the well-known Bowen—Margulis measure mpm
(see [Rob2] for a nice presentation). It coincides with the Liouville measure (up to
a multiplicative constant) when M is locally symmetric with finite volume (see, for
instance, [PP2, §7] when M is real hyperbolic). It is, when finite and normalized,
the unique probability measure of maximal entropy for the geodesic flow on T'M
(see [Mar2, Bowe] when M is compact, and [OP] under the sole assumption that mpy
is finite). The Bowen—Margulis measure is finite, for instance, when M is compact, or
when M is geometrically finite and the critical exponent of its fundamental group is strictly
bigger than the critical exponents of its parabolic subgroups (as it is the case when M is
locally symmetric), by [DOP]. By [Bab, Theorem 1], the Bowen—Margulis measure, when
finite, is mixing if the length spectrum of M is not contained in a discrete subgroup of R.
By [Dall, Dal2], this condition holds, for instance, when M is compact or two-dimensional
or locally symmetric, or if its fundamental group contains a parabolic element.

The measure on X; we will consider is the skinning measure that we introduce in
this generality in this paper (see §3), as an appropriate pushforward to X; of the natural
measures at infinity of the universal cover of M. It scales by e, where § is the
critical exponent of M, under the geodesic flow map from X; to ¥;4;. When C is
an immersed horoball, X, is a leaf of the strong unstable foliation of the geodesic flow
on T'M, and the skinning measure on ¥, is simply the conditional measure of the
Bowen—Margulis measure on this leaf (see, for instance, [Mar3, Rob2]). When M is
geometrically finite with constant curvature, and when C is an immersed ball, horoball
or totally geodesic submanifold, the skinning measure on X, has been introduced by Oh
and Shah [OS1, OS2], who coined the term, with beautiful applications to circle packings,
and coincides with the Riemannian measure up to a multiplicative constant (see [PP2, §7]
for a computation of the constant) when, furthermore, M has finite volume. When the
intersection of ¥, with the non-wandering set of the geodesic flow of 7! M is compact, the
skinning measure is finite.

When M is geometrically finite, generalizing (and giving an alternative proof of)
Theorem 6.4 in [OS2] which assumes the curvature to be constant, we give in Theorem
10 a sharp criterion for the finiteness of the skinning measure, by studying its decay in
the cusps of M. This decay is analogous to the decay of the Bowen—Margulis measure in
the cusps, which was first studied by Sullivan [Sul], who called it the fluctuating density
property (see also [SV] and [HP2, Theorem 4.1]). The criterion, as in the case of the
Bowen—Margulis measure in [DOP], is a separation property of the critical exponents.

The following theorem is a simplified version of the main result of this paper. In the
more general result, Theorem 19 in §5, we replace ¥; by g2, where € is an open set of
outward-pointing unit normal vectors to dC with finite non-zero skinning measure.

THEOREM 1. Let M be a non-elementary complete Riemannian manifold with pinched
negative sectional curvature. Assume that the Bowen—Margulis measure on T' M is finite
and mixing for the geodesic flow. Let C be a proper non-empty properly immersed locally
convex closed subset of M with finite non-zero skinning measure. Then as t tends to +00,
the skinning measure on ; equidistributes to the Bowen—Margulis measure on T'M.



1312 J. Parkkonen and F. Paulin

When C is an immersed ball or horoball, this result is due to Margulis when M has finite
volume (see, for example, [Mar3]), and to Babillot [Bab, Theorem 3] and Roblin [Rob2]
under the weak assumptions of Theorem 1. Many ideas of our proof go back to [Marl].
See also [Sch, Mark, KO, Kim] for other results on the equidistribution of horospheres
and applications.

For instance, it follows from Theorem 1 that when M is a compact Riemannian manifold
with negative sectional curvature, when C is the image in M of the convex hull of the limit
set of an infinite index convex-cocompact subgroup of the covering group of a universal
cover of M, the skinning measure on ¥; equidistributes to the Bowen—Margulis measure
on T M. But we make no compactness assumption on C in our theorem, only requiring the
finiteness of the measures under consideration. The main tool is a general disintegration
result of the Bowen—Margulis measure over any skinning measure (see Proposition 8).

We also give (see §6) estimates on the rate of equidistribution in the previous result,
under assumptions on the rate of mixing of the geodesic flow. When M is locally
symmetric and arithmetic, the rate of mixing of the geodesic flow for sufficiently smooth
functions is exponential, by the work of Kleinbock and Margulis [KM1, Theorem 2.4.3]
and Clozel [Clo, Theorem 3.1]. When the curvature is variable, the appropriate regularity
is the Holder one. The rate of mixing of the geodesic flow for Holder-continuous functions
is exponential if M is compact and has dimension two by the work of Dolgopyat [Dol]
or if M is compact and locally symmetric (without the arithmetic assumption) by [Sto,
Corollary 1.5] (see also [Liv] when M is compact; the result stated there for the Liouville
measure should extend to the Bowen—Margulis measure, as has been done in [GLP,
Corollary 2.7] when the sectional curvature of M is %-pinched).

THEOREM 2. Under the hypotheses of Theorem 1, in any of the above cases when the
geodesic flow of T'M is mixing with exponential speed, the skinning measure o; of ;
equidistributes to the Bowen—Margulis measure with exponential speed.

More precisely, in the Holder case (see §6 for precise definitions), if M is compact and
if the geodesic flow on 7'M is mixing with exponential speed for the Holder regularity,
then there exist « € ]0, 1[ and t > 0 such that for every «-Holder-continuous function
v T!'M — R with ¢-Hélder norm [ ||l as t tends to +o0,

1
Y doy =
lo:l Jx, lmemll Jrim

¥ dmpm + O™ ¥ lla)-

In [PP3], we will use the tools introduced in this paper to study counting results of
common perpendicular arcs between locally convex subsets in variable negative curvature.

2.  Geometry, dynamics and convexity in negative curvature

In this section we briefly review the required background on negatively curved Riemannian
manifolds, seen as locally CAT(—«) spaces, using, for instance, [BH] as a general
reference, and their unit tangent bundles and geodesic flows. We introduce the geometric
fibred neighbourhoods of the outer unit normal bundle of the boundary of a convex subset
which will be used in what follows.
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2.1. Geometry and dynamics. Let M be a complete simply connected Riemannian
manifold with sectional curvature bounded above by —1, and let xp € M. LetT be a
dlscrete non-elementary group of isometries of M, and let us denote the quotlent space of
M under T by M = F\M We denote by SOOM the boundary at infinity of M (with the
Holder structure defined by the visual distance recalled below), by AT the limit set of "
and by ¥’ AT the convex hull in M of AT. For every € > 0, we denote by .4¢ A the closed
e-neighbourhood of a subset A of M, and by conventlon NMA = A.

For any point £ € BOOM let pg : [0, +oo[ — M be the geodesic ray with orlgln xo and
point at infinity £&. The Busemann cocycle of M is the map B : M x M x 3s0M — R
defined by

&, . 8) > Be(x, y) = lim d(p (1), x) —d(pe(0), ).

The above limit exists and is independent of xq. If y is a point in the (image of the) geodesic
ray from x to &, then B¢ (x, y) =d(x, y). The Busemann cocycle satisfies

Bye(yx, yy) =Pe(x, y) and  Bg(x, y) + B: (v, 2) = Bs (x, 2), ey

for all & € 8OOM, all x,y,z€ M and every isometry y of M. The visual distance dyx,
(based at xp) on dso M 1is the distance defined by

dyy(§, 1) = e—%(ﬁs (x0,Y)+By (x0,¥)) @

for any y in the geodesic line between & and n if &£ # n, and dy,(§, n) =0if § = 1.

The unit tangent bundle 7' N of a complete Riemannian manifold N can be identified
with the set of locally geodesic lines £: R — N in N, endowed with the compact-open
topology. More precisely, we identify a locally geodesic line ¢ and its (unit) tangent vector
£(0) at time ¢ = 0 and, conversely, any v € T' N is the tangent vector at time 7 =0 of a
unique locally geodesic line. We will use this identification without mention in this paper.
We denote by 7 : T'N — N the base point projection, which is given by 7 (£) = £(0).

The geodeszc flow on T'N is the dynamical system (g")rer, where g€ (s) = £(s + 1),
forall £ € T'N and s, t € R. The isometry group of M acts on the space of geodesic lines
in M by postcomposition, (y, £) — y o £, and this action commutes with the geodesic
flow.

When I acts on M without fixed point, we have an identification T\T'M = T'M.
Even in the general case with torsion, we denote by 7'M the quotient space I'\T'! M. We
use the notation (g");cg also for the geodesic flow on T'M (induced by the geodesic flow
onT'M by passing to the quotlent)

We denote by ¢ : T'! M — T'M the antipodal (flip) map v — —v, and we again denote
by ¢: T'M — T'M its quotient map. We have 1o g’ = g~" o forallt € R.

For every unit tangent vector v € T11\7I, let v— = v(—o00) and v4+ = v(+00) be the two
endpoints in the sphere at infinity of the geodesic line defined by v. Let agoM be the
subset of 8001\7[ X BOO]VI which consists of pairs of distinct points at infinity. The Hopf
parametrization of T'M is the identification of v € T'M with the triple (v—, v4, 1) €
8§OM x R, where ¢ is the signed (algebraic) distance of 7 (v) from the closest point py y,
to xo on the (oriented) geodesic line defined by v. This map is a homeomorphism, the
geodesic flow acts by g*(v_, vy, t) = (v—, vy, t + s) and, for every isometry y of M,
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the image of yv is (yv—, yvy, t +1, v v, ), Where £, ,_,, is the signed distance from
¥ Pu,xo tO Pyv, x,- Furthermore, in these coordinates, the antipodal map ¢ is (v—, vy, 1) =
(v4+, v—, —1).

The strong stable manifold of v € T Mis

WS@)={v' e T'M : d(v(t), V' (1)) — O as t — +oo},
and its strong unstable manifold is
W) ={v e T'M :d(v(t), v'()) — O as t — —oo}.

The union for 7 € R of the images under g’ of the strong stable manifold of v € T'M is the
stable manifold W*(v) = |J,cg &' W**(v) of v, which consists of the elements v’ € T'M
with v/, = v,. Similarly, the union of the images under the geodesic flow at all times of
the strong unstable manifold of v is the unstable manifold W*"(v) of v, which consists of
the elements v’ € T1M with v = v_.

The strong stable manifolds, stable manifolds, strong unstable manifolds and unstable
manifolds are the (smooth) leaves of (continuous) foliations, which are invariant under
the geodesic flow and the isometry group of M; they are denoted by #%5, #'S, #s" and
W', respectively. These foliations are Holder-continuous when M has pinched negative
sectional curvature with bounded derivatives (see, for instance, [Bri], [PPS, §7.1]). The
maps from R x W*(v) to W5(v) defined by (s, v') > g*v" and from R x W(v) to
W' (v) defined by (s, v') > g*v’ are smooth diffeomorphisms.

The images of the strong unstable and strong stable manifolds of v e T'M under
the base point projection, denoted by H_(v) = m(W"(v)) and Hy(v) = 7 (W (v)), are
respectively called the unstable and stable horospheres of v, and are said to be centred at
v_ and vy, respectively. The unstable horosphere of v coincides with the zero set of the
map x — f_(x) = By_(x, m(v)), and, similarly, the stable horosphere of v coincides with
the zero set of x — f1(x) = By, (x, m(v)). The corresponding sublevel sets HB_(v) =
="' (1—00, 0) and HB4 (v) = f'(1—00, 0]) are called the horoballs bounded by H_(v)
and Hy (v). Horoballs are (strictly) convex subsets of M.

For every w € T'M , let dyss(y) be the Hamenstdidt distance on the strong stable leaf
of w, defined as follows (see [Ham], [HP1, Appendix], as well as [HP3, §2.2] for a
generalization when the horosphere H. (w) is replaced by the boundary of any non-empty
closed convex subset): for all v, v/ € W (w),

deS(w)(U, U/) = lim €%d(v(7l)’v/(7t))7t.
t——+00
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This limit exists, and the Hamenstiddt distance is a distance inducing the original
topology on W*(w). For all v, v’ € W*(w) and for every isometry y of M, we have
dwss (yw)(Yv, Yv') = dwssw) (v, v'). By the triangle inequality, for all v, v" € W*(w),

sy (v, V') < 347070, 3)
Forallwe T'M,s cRand v, v € WsS(w),

dwss(gw) (8°v, &°V") = e dwsswy (v, V). 4)
The usual distance d on T M is defined, for all v, v’ € T'M , by
d(v,v) = Lf d(w(t), v'(t)e ™" dt.
NE
This distance is invariant under the~group of isometries of M and the antipodal map. Also
note that, foralls e Rand v e T' M,
d(g’v,v) =s|. )
LEMMA 3. There exists ¢ > 0 such that, for all w € T'M and v, v € WS(w),
d(v, V') < cdwss) (v, V).

Proof. We may assume that v # v’. By the convexity properties of the distance in M,
the map from R to R defined by ¢ — d(v(¢), v'(z)) is decreasing, with image 10, +oo[.
Let S €R be such that d(v(S), v'(S))=1. For every t <S, let p and p’ be the
closest point projections of v(S) and v'(S) on the geodesic segment [v(¢), v'(r)]. We
have d(p, v(S)), d(p’, v'(5)) <1 by comparison. Hence, by convexity and the triangle
inequality,

d(®), V') = dw®), p) +d(p', v'®)
> d((1), v($)) — 1 +d V' (1), V() —1=2(S —1 — 1).

Thus, by the definition of the Hamenstidt distance dyss(y),
dwssuy (v, V) > €571 (6)
By the triangle inequality, if # < S, then
d(v(t), v'(1) <d(v(t), v(S)) +d(S), V'($)) +d@'(S), V') =2(S —1) + 1.
Since M is CAT(—1), if t > S, we have by comparison
d(®), V1) <5 'd((S), v'($) =5

Therefore, by the definition of the distance d on T'M s

S 400
/ —12 S—t —12 s
d(v,v)g/ 2 —1)+ e dt+/ e’ e dt =0(e”).
—00 S
The result thus follows from equation (6). O

2.2. Convexity. Let C be a non-empty closed convex subset of M. We denote by 0C
the boundary of C in M and by 9, C its set of points at infinity (the set of endpoints of
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geodesic rays contained in C). Let Pc : MU (8001\71 — 000 C) — C be the (continuous)
closest point map: if £ € 8001\71 — 00 C, then Pc (&) is defined to be the unique point in C
that minimizes the map x — B¢ (x, xo) from C to R. For every isometry y of M, we have
P,coy=yoPc.

Let 8 C be the subset of T' M consisting of the geodesic lines v : R — M with v(0) €
aC, vy g;é 000C and Pc(v4) = v(O) Note that 7[(8 C) = 9C and that for every isometry
Y. of M, we have 9! L(yO) =y 3 C. In particular, 8 C is invariant under the isometries of
M that preserve C. When C = HB (v) is the unstable horoball of v € T'! M then 8 Cis
the strong unstable manifold W“‘(v) of v, and similarly, W (v) =1 9l L HB (v).

The restriction of Pc to doo M — 0oC (Which is not necessarily injective) has a natural
lift to a homeomorphism

vPc: E)oo]\Nl — 000C — 81 C

such that w o vPc = Pc. The inverse of v Pc is the endpoint map v = vy from 8 Cto
0o M — 950C. In particular, 3 Cisa topologlcal submanifold of T'M. For every s > 0,
the geodesw flow induces a homeomorphlsm g’ 8 C— 8 A5C. For every isometry y
of M, we have VP,c oy =y ovPc. We refer for instance to [Wal] for the notion of ch!
and Lipschitz manifolds. When C has non-empty interior and C!:! boundary, then 8 Cis
the Lipschitz submanifold of T'! M consisting of the outward- pomtmg unit normal vectors
to dC, and the map Pc itself is a homeomorphism (between 8OOM — 000 C and 0C). This
holds, for instance, by [Wal], when C is the closed n-neighbourhood of any non-empty
convex subset of M with n > 0.

We now define a canonical fundamental system of neighbourhoods, of dynamical origin,
of these outer unit normal bundles of boundaries of convex sets. Let

Uc={veT" ' M: vy ¢ d5C). (7)

Note that Uc is an open subset of T' M, invariant under the geodesic flow, which is empty
if and only if C = M, and is dense in T' M if the interior of 90oC in deoM is empty. We
have U, ¢ = y Uc for every isometry y of M and, in particular, Uc is invariant under the
isometries of M preserving C.

Define a map fc: Uc — 8 C, as the composition of the map from U¢ onto BOOM —
000 C sending v to v, and the homeomorph1sm v Pc from 0o M — 35C to 8 C. The map
fc is a fibration as the composition of such a map with the homeomorphism vPc. The
fibre of w € 8_LC is precisely its stable leaf W*(w) = {v € T'M : v4+ = w4 }. In particular,
Uc is the disjoint union of the leaves W*(w) for w € S_LC.
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For every isometry y of 1VI, we have f,c oy =y o fc. We have f 4c=g' o fc for
all > 0, and fc o g' = fc for all r € R. In particular, the fibration f¢ is invariant under
the geodesic flow.

Letn, R > 0. Forall w € T'M, let

Vg ={v' € W¥(w) : dwss @) (v, w) < R} )

be the open ball of radius R centred at w for the Hamenstédt distance in the strong stable
leaf of w, and

Vnr = f{veWi(w): I € Vy g, 3s € 1-n, nl, gV = v}

= U 8 Vw R = U gSw,e SR~

=l —n,nl

The latter equality follows from the fact that, by equation (4), g°Viy g = Vs o—sg for

every s € R. For every isometry y ofM wehave y Vy g = Vyy rand y Vy y R = Vyw p, R

The map from |-, n[ xVy, g to Vy, , g defined by (s, V') > g%v’ is a homeomorphism.
For every subset €2 of 8_LC , let

V9.2 = Van.r.

we
which is an open neighbourhood of € in T'! Mif Qis open in SJFC . For every isometry y

of M and every t > 0, we have y %, r(R2) = ¥ r(y2) and

8 R(Q) =7, ~1r(8'Q).

Vi,
e

These thickenings #; r(S2) are non-decreasing in 7 and in R and their intersection as
n, R range in ]0, 4+oo[ is 2. Furthermore,

U 7.0} 0) =Uc.
n>0
R>0

The restriction of fc to #; r(£2) is a fibration over €2, with fibre of w € €2 the open subset
Vw,n,r of the stable leaf of w.

3. Patterson, Bowen—Margulis and skinning measures
Let M, T", xog, M and T'M be as at the beginning of §2. In this section, we first review
some background material on the measures associated with negatively curved manifolds
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(for which we refer to [Rob2]). We then define the skinning measure associated to any non-
empty closed convex subset, generalizing the construction of [0OS1, OS2], and we prove
some basic properties of these measures, as well as a crucial disintegration result. Given
a topological space X, we denote by %, (X) the space of real-valued continuous functions
on X with compact support.

Let r > 0. A family (ux) .z of non-zero finite measures on 900 M whose support is
the limit set AT is a Patterson density of dimension r for the group I if it is I"-equivariant,
that is, if it satisfies

Vellx = Myx 9
forally eT"and x € M, and if the pairwise Radon—Nikodym derivatives of the measures
uy forx e M exist and satisfy

dﬁ

y &) — ¢ P (x.y) (10)
MKy

forall x, y € M and § € 800117.

The critical exponent of T is

or = lim l log Card{y € I" : d(xp, yx0) < n}.
n—+oo n

The above limit exists and is positive (see [Rob1]), and the critical exponent is independent
of the base point xo used in its definition. We assume that 1 is finite, which is the
case, in particular, if M has a finite lower bound on its sectional curvatures (see, for
instance, [Bowd]). We say that the group I' is of divergence type if its Poincaré series
Pr(s) = Zyer e~$4(x0.%0) diverges at s = r.

Let (ux),cj; be a Patterson density of dimension r for I'. The Bowen—-Margulis
measure gy for I' on T'M is defined, using the Hopf parametrization, by
dipyy(v-)d iy, (v4) dt

dyy (v, v4)Pr

— ¢ 0r(Bo_ (W), x0)+Buy (n(v)’x‘)))dﬂxo(v—)dﬂxo (vy) dt.

The Bowen—Margulis measure is independent of the base point xg, and its support is (in
the Hopf parametrization) (AT" x AT — A) x R, where A is the diagonal in AT x AT. It
is invariant under the geodesic flow and the action of I", and thus it defines a measure mpm
on T'M, invariant under the quotient geodesic flow. When the Bowen—Margulis measure
mpMm is finite, there exists a unique (up to a multiplicative constant) Patterson density of
dimension 8, and the set of points in T'M fixed by a non-trivial element of I" has measure
0 for mpw; see, for instance, [Rob2, p. 19]. Denoting the total mass of a measure m by
|lm||, the probability measure mpy/||mpm|| is then uniquely defined. We will often make
the assumption that mpy is finite; see the introduction for examples.

Let C be a non-empty proper closed convex subset of M. We define the skinning
measure 6¢ of ' on BiC, using the homeomorphism w — w from 9 Jer to 8001\7 — 000C,
by

dmgm(v)

dGc(w) = e TPueo T d(y Po), (g |y ji— g0 c) (W)
= 0 Bu, (Pc(wy),x0) gy (wy) . (11)

We will also consider o¢ as a measure on T'M with support contained in 9 i_C .
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The skinning measure was first defined by Oh and Shah [0S2, §1.4] for the outer unit
normal bundles of spheres, horospheres and totally geodesic subspaces in real hyperbolic
spaces; see also [HP3, Lemma 4.3] for a closely related measure. The terminology
comes from McMullen’s proof of the contraction of the skinning map (capturing boundary
information for surface subgroups of 3-manifold groups) introduced by Thurston to prove
his hyperbolization theorem.

When C is a singleton {x}, we immediately have

dFe(w) = djiy (wy).

Letw € T'M. When C = HB_ (w) is the unstable horoball of w, the measure
Wy = OHB_ (w)

is the well-known conditional measure of the Bowen—Margulis measure on the strong
unstable leaf W (w) of w (see, for instance, [Mar3, Rob2]). Similarly, we denote by

Wy = L (CHB, (w)) = tx ()

the conditional measure of the Bowen—Margulis measure on the strong stable leaf W5 (w)
of w. These two measures are independent of the element w of a given strong unstable
leaf and given strong stable leaf, respectively. For future use, using the homeomorphism

~

v > v_ from W (w) to 3o M — {w}, we have
dpy(v) = e P P 030 gy (v, (12)

We also define the conditional measure of the Bowen—Margulis measure on the stable leaf
W3 (w) of w, using the homeomorphism (v', 1) = v = g'v’ from W*(w) x R to W5 (w),
by

dus,(v) = e T duSS(v') dt. (13)

See, for instance, assertion (iii) of the next proposition for an explanation of the
factor e~%r’. In this paper, we will not need the similarly defined measure du;, (v) =
e’ dpst(v') dt on the unstable leaf W"(w) of w.

The following propositions collect some basic properties of the skinning measures.

PROPOSITION 4. Let C be a non-empty proper closed convex subset of M, and let 3¢ be

the skinning measure of I" on 0 _LC .

(1)  The skinning measure o¢ is independent of the base point x.

(i) Forally €T, we have y.6¢c =Gy c. In particular, the measure G is invariant under
the stabilizer of C in T.

(iii) Foralls > 0and w € 8_}_C,

Srs ~
r O’(/Kc.

(g')x0c=e"
(iv) The support of ¢ is
{wedlC:wy e AT} =vPc(AT — AT N 3x50).

In particular, ¢ is the zero measure if and only if AT is contained in 95, C.
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It follows from (ii) that, forall y € T,

Vel = Wyws Vel = Kpus Vel = Ky (14)
It follows from (iii) and from the equality t o g’ = g~ o ¢ that, for all r € R,
@y = e, (@D = e (@D, =Ty, (19)

Proof. Assertion (i) follows from equation (10) with » =§r and the second part of
equation (1). Assertion (ii) follows from equation (9), the first part of equation (1), and
assertion (1).
To prove assertion (iii), we note that, since (g°w); = w4 and by the cocycle
property (1),
ds yc(gfw) = e~ 0T Bu, (T (g"w),x0) Aty (wy) = e~ Buy (T (g'w), 7 (w)) dsc(w)

= d5 e (w).

Assertion (iv) follows from the fact that the support of any Patterson measure is the limit
setof I'. a

Given two non-empty closed convex subsets C and C’ of M , let Qc o= 8001\7 -
(000C U 350C") and let

he,cr :vPc(Rc,c’) = vPc (Qc,c)

be the restriction of v Pcr o v P "o vPc(Qc,cr). It is a homeomorphism between open
subsets of BJFC and B}rC’ , associating to the element w in the domain the unique element
w’ in the range with w/, = w.

PROPOSITION 5. Let C and C' be non-empty proper closed convex subsets of M and let
h=hc,c. The measures hoGc and G¢r on vPc/ (e, ¢r) are absolutely continuous with
respect to one another, with
dh*ac
doc
Jorallw e vPc(Qc.¢r) and w' = h(w).

(w') = e—Srﬁer(n(w),n(w/))’

Proof. Since w’, = w and by the cocycle property (1), we have

*5F/3w;_(Pc’(w£¢_),x0)

d?fc/(w,) —e dﬂxo(w;) — e—arﬂw+(Pc/(w’+),Pc(w+)) dsc(w).

Since w = vP¢(w4) and 7 o vP¢c = Pc, and similarly for w’, the result follows from the
anti-symmetry of the Busemann cocycle. a

We endow the set Convex(M ) of non-empty closed proper convex subsets of M with the
(metrizable, locally compact) topology of the Hausdorff convergence on compact s subsets:
a sequence (C;);en of closed subsets of M converges to a closed subset C of M if and
only if, for every compact subset K in M , the Hausdorff distance between (C; N K) U ‘K
and (C N K)U “K tends to 0. Note that being convex is indeed a closed condition. We
endow the set Measure(TIM ) of non-negative regular Borel measures on T'M with the
(metrizable, locally compact) topology of the weak-star convergence: a sequence (Mi)ieN
of such measures on M converges to such a measure p on M if and only if, for every
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compactly supported continuous function f on M , the sequence (u;(f))ieN converges

to u(f).

PROPOSITION 6. The map from Convex(M) to Measure(T ! M) which associates to C its
skinning measure G¢ is continuous.

In particular, as the horoballs HB4 (w) and HB_(w) depend continuously on w € T'M,
the measures u, i and p, depend continuously on w.

Proof. Let (C;);eN be a sequence in Convex([\z ) which converges to C € Convex(]VI ) for

the Hausdorff convergence on compact subsets of M, and let us prove that o¢, A oc.

The sequence (8 Ci)ien of closed subsets of T'M converges to 8 C for the Hausdorff
convergence on compact subsets of T'M. The sequence (dooM — 00Ci)ieN Of open
subsets of 9o M converges to dooM — 350 C for the Carathéodory convergence (that is, for
the Hausdorff convergence of their complements). Hence, the sequences of maps (Pc;)ieN
and (v Pc;);eN converge to Pc and v Pc respectively for the uniform convergence of maps
on compact subsets dooM — 35oC. Given two compact metric spaces X and Y and a finite
Borel measure ¢ on X, the pushforward map f +— f,u from the space of continuous maps
from X to Y with the uniform topology to the space of finite Borel measures on Y with
the weak-star topology is continuous. The claim follows from these observations, since
the skinning measure on C is a multiple by a map depending continuously on C of the
pushforward by a map depending continuously on C of the fixed measure fiy,. O

The following result will be useful in §5. Recall (see equation (8)) that Vw R 1s the
open ball of radius R and centre w in the strong stable leaf W (w) of w € T'M for the
Hamenstédt distance.

LEMMA 7. For every non-empty proper closed convex subset C in M, there exists Ry >0
such that, for every R > Ry and every w € 8 C, we have |3 (Vy r) > 0. If 90C N
AT # 0, we may take Rg = 2.

Proof. For all w e 8 C and x e C u 00cC, by a standard comparison and convexity
argument in the CAT( 1)-space M applied to the geodesic triangle with vertices
m(w), wy, x, the point 7w (w) is at distance at most 2 log((1 + «/_)/2) from the intersection
between the stable horosphere H, (w) and the geodesic ray or line between x and w.
Hence, by equation (3), for every &’ € 95,C,

1+4/5
s

dwss )y (W, L Pyssu (§)) <
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Thus, if 9,0,CNATL #@, then we may take Ry=2> (1+ x/g)/Z, since by
Proposition 4(iv), the support of u3) is ¢ v Py, () (A — AT N {wt)).

Consider now the case 9,0C N A" =@. For a contradiction, assume that, for all
n € N, there exists w, € B_IFC such that ;Lfvsn(an,,,) = 0. Assume first that (w,),eN has a
convergent subsequence with limit w € 9 _LC . Since the measure p;° depends continuously
on v, for every compact subset K of W*(w), we have u5s(K) = 0. By Proposition 4(iv)
and by equation (12), the support of the Patterson measure jiy,, which is the limit set of I,
is contained in {w4 }. This is impossible, since I" is non-elementary.

In the remaining case, the points 77 (w,) in C converge, up to extracting a subsequence,
to a point £ in 9o C. By definition gf the map v P¢ and of 0 _LC , the points at infinity (wy)+
converge to £. For every n in doo M different from &, the geodesic lines from 1 to (w,)+
converge to the geodesic line from 7 to &.

By convexity, if n is big enough, the geodesic line ], (w,)+[ meets .4#]C, and hence
passes at distance at most 2 from 7 (w,,). This implies (using equation (3) as above) that if
n is big enough, then there exists v € Vy,, , such that n =v_.

(wn)+

Since we assumed that ,ufjn (Vw,.n) =0 for all n € N, Proposition 4(iv) implies that we
have n ¢ AT'. Hence AT is contained in {£}, a contradiction since I" is non-elementary. O

Let C be a non-empty closed convex subset of M, and let Uc be the open subset of
T'M defined in equation (7). Note that Uc has full Bowen—Margulis measure in 7'! M if
the Patterson measure i (dooC) of 05C is equal to O (this being independent of x € M ),
by the quasi-product structure of rigp.

The following disintegration result of the Bowen—Margulis measure over the skinning
measure of C is the crucial tool for the equidistribution result in §5. When M has constant
curvature and I is torsion-free and for special C, this result is implicit in [OS2].

PROPOSITION 8. Let C be a non-empty proper closed convex subset of M. The restriction
to Uc of the Bowen—Margulis measure mpy disintegrates by the fibration fc : Uc — ai C,
over the skinning measure 3¢ of C, with conditional measure ¢°™Pv+ T @).7 @) dus,(v) on
the fibre fgl (w) =WS(w) of w € BJFC:

diima() = [ OO 4y ) e (w).

wedl C

Proof. For every ¢ € 6.(Uc), let I, = fveUc @ (v) dmppm(v). By the definition of U¢ and
of the Bowen—Margulis measure in the Hopf parametrization, we have

I dt dpyy(v-) d iy, (v4)
0= - ~ ¢(v) 2 .
U4 € doo M—800C Jv_€ dsoM—{v4) J1eR dyy(V—, V)T
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For every v € U¢, let w = fc(v) =vPc(vy) and let s € R be such that v/ =g~ 5v
belongs to the strong stable leaf W*(w) of w. Note that, with ¢ the time parameter of
v in the Hopf parametrization, the number # — s depends only on v and v— = v’ .

Since the map from B}rC to 8001\71 — 00oC defined by w — w4 and the map from
WSS (w) to dooM — {w} defined by v’ — v’_ are homeomorphisms, we have

o o dsdpg (W) dpyg (wy)
Ip= P& v) — — 7 T
we E)Jer v'e Wss(w) JseR X0 (v_, wy)

For every w € a 41_C and v' € W (w), we claim (explanations follow) that

srB, ",
ditey W) dpty(wy) &P B (e

dy, (U, wp)@r oo By (0T +Buy (x0. 7)) du

w () doc(w)

— OBy (T(w). (V) d/'hsus(v/) dsc(w)
= du;, (") doc(w).

The first equality holds by the definition of the measures 5 (see equation (12)) and o¢
(see equation (11)), by the definition of the visual distance dy, (see equation (2)), and since
7 (v') belongs to the geodesic line between v’ and w1 = v/,. The second equality follows
from the cocycle property (1). The third one holds since 7 (w) and 7 (v') both belong to
the stable horosphere of w.

Hence, since By, (7(w), 7 (v)) =s if v=g*v" and v' € W*(w), and by the definition
of the measure w1, (see equation (13)), we have

I, = / / / @(g*v) ds duly (V') doc(w)
we dl € Jve Ws(w) JseR
= / / p()e’ P T 4y, (v) dGe (w), (16)
we B}rC ve WS(w)

which proves the result. d

We conclude this section by defining the skinning measures of equivariant families of
convex subsets.

Let I be an index set endowed with a left action (y, i)+ yi of ' A family
9 = (Dy)ies of subsets of M or T'M indexed by I is I'-equivariant if y D; = D,,; for
all yeT and all i € I. We equip the index set / with the I'-equivariant equivalence
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relation ~ (or ~g when we want to stress the dependence on 2), defined by setting i ~ j
if and only if there exists y € Stabr D; such that j = yi (or equivalently if D; = D; and
j =yiforsome y €I'). Note that I" acts on the left on the set of equ1valence classes I /~.

An example of such a family is given by fixing a subset C of Mor T'M, by setting
I =T with the left action by translations on the left (y, i) — yi, and by setting D; =iC
for every i € I'. In this case, we have i ~ j if and only if i ! j belongs to the stabilizer I'c
of CinT,and I/~=T / Ic. More general examples include I"-orbits of (usually finite)
collections of subsets of M or T'M with (usually finite) multlphcmes

A T'-equivariant family (D;);c; of closed subsets of M or T'M is said to be locally
finite if for every compact subset K in M or T'M, the quotientset{i € [ : D; N K # @}/~
is finite. In particular, the union of the images of the sets D; by the map M — M or
T'M — T'M is closed. When T\ is finite, (D;);c; is locally finite if and only if, for all
i € I, the canonical map from I'p,\D; to M or T' M is proper, where I p; 1s the stabilizer
of D;inT.

Let 2 = (D;)ie1 be a locally finite I'-equivariant family of non-empty proper closed
convex subsets of M. Then

g = Z op;

iel/~
is a locally finite positive Borel measure on 7' M (1ndependent on the choice of
representatives in //~), called the skinning measure of 2 on T M. 1t is I-invariant
by Proposition 4(ii), and its support is contained in |, ; /~ 3! +Di. Hence G4 induces a
locally finite Borel positive measure o on T'M = I‘\Tllq , called the skinning measure
of ZonT'M.

For every t € [0, +o00[, let &; = (A{D;);cs, which is also a I"-equivariant locally finite
family of non-empty proper closed convex subsets of M. Note that by Proposition 4(iii),

(809 =€ oy,
and, in particular,
log, Il = e log.
Note that the measure o, is finite if and only if the measure o is finite.

If the image in M of the support of o is compact, then o is finite. In particular, if
I is geometrically finite, the skinning measure of a Margulis neighbourhood of a cusp in
F\]l? is finite, since for any parabolic fixed point p of I', the quotient of A" — {p} by the
stabilizer of p in I" is compact.

Oh and Shah [OS2, Theorem 1.5] proved, in particular, that ||og| is finite if T'\7 is
finite, I is torsion-free, M is geometrically finite with constant curvature —1, é consists of
codimension-one totally geodesic submanifolds, and 6r > 1. See [0S2, Theorem 6.4] for a
statement without the codimension-one assumption, which we generalize in the following
section.

The next result relates the finiteness of the skinning measure of Z to that of a nested
family &'.

Remark 9. Let 9 = (D;);c; and 9’ = (D; )ies be locally finite I'-equivariant families of
non-empty proper closed convex subsets of M, with D; C D; for every i € I. Assume
that:
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° PD§ (&) is the closest point in le to Pp,; (&), forevery & € A" — 050 D;;

° there exists ¢ > 0 such that d(Pp, (§), le) <c,foreveryi € I and & € A" — 95, Dj;
° for every i € I, we have pty, (900 Di — 300 D}) = 0.

Then o4 is finite if and only if o¢- is finite.

It follows from this remark that for every € > 0, if 2" = (A, D;);<s, then o is finite
if and only if o9 is finite.

The first assumption is also satisfied if M has constant curvature —1 and D; is totally
geodesic for all i € I, since by homogeneity, for every & in M and x #yin M such that
Ly (&, y) =m/2, the value B¢ (y, x) is a strictly increasing function of only d(x, y).

Proof. By the first assumption, the map 6 : vPp, (A" — 0o D;) = vPp (AT — 8OOD;)
defined by w > w’, where w’, = w, and 7 (w’) is the closest point on D] to 7 (w), is
a homeomorphism onto its image such that

UPD1{|AF7800D,~ =0oVvPp, |AT =00 D; -

By the definition of the skinning measures, using this homeomorphism 6, we have, for all
w' e Q(VPD,' (AT — 050 Dy)),

—Brﬁwgr (PD[{ (wh), Pp, (wly))

dEDl{(w’) =e do.op, (w').

The result then follows by the second and third assumptions. a

4. Finiteness and fluctuation of the skinning measure
We will say that a discrete group I'’ of isometries of M has regular growth if there exists
¢ > 0 such that, for every N € N,

1
_e(SI‘/N
C

< Card{y €I : d(xp, yx0) < N} < ce’'V.

This does not depend on xg, and the upper bound holds for all non-elementary groups I'’
(see, for instance, [Rob2, p. 11]). If the Bowen—Margulis measure mpp on T!M is finite,
then I' has regular growth (in fact, Card{y € I" : d(x¢, yx0) < N} ~ ce®™V for an explicit
¢ > 0; see, for instance, [Rob2]). If Misa symmetric space, then any discrete parabolic
group of isometries of M has regular growth. In particular, if M is the real hyperbolic
space H,, then by a theorem of Bieberbach, any discrete parabolic group I'’ contains a
finite index subgroup isomorphic to Z* for some k € {0, ..., n — 1} called the rank of the
fixed point of I'’, and an easy and well-known computation in hyperbolic geometry proves
that the critical exponent of ' is

b = (17)

>
and that T has regular growth. Note that there exist complete simply connected
Riemannian manifolds with pinched negative curvature having discrete parabolic groups
of isometries which do not have regular growth; see, for instance, [DOP].

We will say that a convex subset C of M is almost cone-like in cusps for a discrete
group I'’ of isometries of M if for any parabolic point p’ of ' belonging to d,cC and
any horoball 77" centred at p’, there exist r >0 and x € 8.7 such that C N7 N
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JVZIOg(l V3 (€AT) is contained in the orbit of 47 ([x), p'[) under the stabilizer in

I of p and C. Tt follows from the arguments of [OS2, §4] that if M has constant
sectional curvature —1, if C is a totally geodesic submanifold and if I/ is torsion-free
and geometrically finite, then C is almost cone-like in cusps for I'.

THEOREM 10. Let M be a complete simply connected Riemannian manifold with sectional
curvature bounded above by —1. Let I' be a geometrically finite discrete group of
isometries of M, of divergence type, with finite critical exponent. Let 9 = (D;)ic1 be a
locally finite T'-equivariant family of non-empty proper convex subsets of M which are
almost cone-like in cusps for T', with T'\1 finite. Assume that for every parabolic point p
of ' and every i € I such that p € 0o D;, if I, and I p, are the stabilizers in T of p and
D;, respectively, then I, and I'p; N I", have regular growth and satisfy

8r >2@r, — érp,nr,)- (18)
Then the skinning measure oo of 9 on T'M is finite.
We make some comments on this statement before giving its proof.

Remarks. (1) When Misa symmetric space (in particular, when M has constant sectional
curvature —1), every geometrically finite group of isometries of M is of divergence type.
This is not true in general, but holds true if ép > dr, for every parabolic point p of T';
see [DOP]. As already said, dr is finite, for instance, if M has a finite lower bound on its
sectional curvatures.

(2) Assume in this remark that the index of I'p, N I"p, in I}, is finite for every parabolic
point p of I" and every i € I such that p € 95, D;. Then SFP =4r ,NTp> and this equality
implies that condition (18) is satisfied. When M has constant sectional curvature —1, the
subsets D; are totally geodesic submanifolds, and I' is torsion-free, the finiteness of o¢
follows from [OS2, Theorem 6.3].

(3) Assume in this remark that M has constant sectional curvature —1 and that the
subsets D; are totally geodesic submanifolds. Let us prove that for every parabolic
point p of I belonging to d, D;, we have Srp — 3Fuiﬂl“p < % codim(D;) (see also [0S2,
Lemma 6.2] when I' is torsion-free). This will imply that condition (18) is satisfied if
dr > 1 and if the elements of & have codimension one.

Let k be the rank of I',. In particular, ér, = k/2 by equation (17). Up to taking
a finite index subgroup, and choosing appropriate coordinates, we may assume that p
is the point at infinity in the upper halfspace model of M =H", that T p is the lattice
7ZF of RF acting by translations on the first factor (and trivially on the second one) on
RF x R k=1 = R"=1 = 5 HA — {p}, and that E = docD; — {p} is a linear subspace of
R*~!. Let F = E N R, which is a linear subspace of R¥. Since the family 2 is locally
finite, the image of F in the torus R¥ /Zk is closed, hence it is a subtorus. Since 0 € F, the
subgroup Z¥ N F is thus a lattice in F. Therefore, by equation (17),

2(dr, — 6FDiﬂFp) = codimp« (F') < codimpn-1(E) = codim(D;).

(4) Theorem 10 is optimal, since when M has constant sectional curvature -1,
the subsets D; are totally geodesic submanifolds and I' is torsion-free, it is proved
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in [OS2, Theorem 6.4] that the validity of equation (18) (translated using equation (17)),
for all i, p as in the statement, is a necessary and sufficient condition for the skinning
measure og to be finite.

(5) The ideas of the proof of Theorem 10 are a blend of those of the finiteness of the
Bowen—Margulis measure under a separation condition on the critical exponents in [DOP]
(see also [PPS] for the case of Gibbs measures), and those of a generalization to variable
curvature of Sullivan’s fluctuating density property in [HP2, §4].

Proof. We may assume that I'\/ is a singleton. Let us fix i € /. We may assume that
dsoD; N AT is non-empty. Otherwise, indeed, since v Pc; is a homeomorphism and AT is
closed, the support of 8'Dl., which is the set of elements v € 8}L D; such that vy € AT (see
Proposition 4(iv)), is compact. Hence the support of o is compact, therefore o is finite.
Let: T'M — M and again 77 : T'M — M be the base point projections. Note that the
skinning measure o is finite if and only if its pushforward measure .0 is finite.

In what follows, let & = In(1 4 +/2): note that for any geodesic triangle in H%R with two
ideal vertices and a right angle at the vertex x € HZ, the distance from x to its opposite
side is exactly €.

LEMMA 11. The support of the measure 7,0 p,;, which is {Pp,(§) : & € AT — 350 D;}, is
contained in the closed e-neighbourhood of the convex hull € AT .

Proof. Let £ € AT — 0o D;, let &' € 950D; N AT, and let x be the closest point to & on
D;. Then the geodesic ray from x to &', which is contained in D; by convexity, makes an
angle at least 77 /2 at x with the geodesic ray from x to £. By a standard comparison result
and the definition of &, the point x is hence at distance at most ¢ from the geodesic line
between & and &', which is contained in € AT . ]

Let Parr be the set of parabolic fixed points of I". Since I" is geometrically finite (see,
for instance, [Bowd]):
° every p € Parr is bounded, that is, its stabilizer I';, in I" acts properly with compact
quotient on AT" — {p};
° the action of I" on Parr has only finitely many orbits;
° there exists a ['-invariant family (J7}) peparr Of pairwise disjoint closed horoballs,
with JZ,, centred at p, such that the quotient

M0=F\<%Ar— U jf;,)

peParr

is compact. The inclusion 7}, C M induces an injection I o\ — I'\M and we
will identify I",\ ¢, with its image in F\IVI . In particular, J7), is precisely invariant
under I', that is, forall y e I' — ', we have y 9, N 77, = 0.

By Lemma 11 (and since the e-neighbourhood of M is also compact), we thus only
have to prove the finiteness of w05 (I",\77,) for all p € Parr. By the local finiteness of
2 and the fact that parabolic fixed points are bounded, for all p € Parr, if the orbit I'p
does not meet doc D;, then n*og(f‘p\%@) is finite.
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We assume, therefore, that there exist p € Parr N d D;, and we want to prove the
finiteness of n*og(FP\%ﬂp). To simplify the notation, let I'y, ; =I'p, N[y, 8§, = Brm’
8p =19r, and § =dr. Let xo be a point in D; N 9.7, (which exists up to shrinking 7},).
Since p is the endpoint of a geodesic ray contained in D; and of a geodesic ray contained
in € AT, and since geodesic rays with the same point at infinity become arbitrarily close,
up to shrinking .7},, we may assume that xg € A (€ AT).

Choose a set of representatives I',\I' of the right cosets in I',\I" such that, for all
y €\,

d(xp, ¥'x0) = min d(xg, ay’xp).
aell),

Choose a set of representatives I', ;\\I",, of the right cosets in I"j, ;\T";, such that, for all
ael, i \Ip,
d(xg, @xg) = min d(xg, Baxp).

p.i
Note that any y € I' may be uniquely written y = oy’ with pe ') ;, @ € '), ;\I', and
!/
y ep\I.

LEMMA 12. There exists ¢c1 > 0 such that the following assertions hold.
(i) Forally' e T',\T\, the closest point on ¢, to y'x is at distance at most c| from xo.
Furthermore, for all y' € T ,\I" and a € T, for every y in the geodesic ray [xo, pl,

d(y, ay) +d(y, xo) + d(xo, y'x0) — c1 < d(y, ay’xo)
<d(y, ay) +d(y, x0) + d(xo, y'x0).

(i) Forallw e, ;\I'), the closest point on D; to axg is at distance at most c| from
p, p
the geodesic ray [xg, p[. Furthermore, foralla € T, ;\I'p and B €T}, ;,

max{d (xo, @xg), d(xo, Bxo)} — c1 < d(xo, Baxg)
< max{d(xo, axo), d(xo, Bxo)} + c1.

Proof. (i) For all y €T, let p, be the closest point to yxo on JZ,, which lies on the
geodesic ray [yxo, p[. Hence, by our choice of xo and by convexity, p, is at bounded
distance from € AT". Since J7, is precisely invariant and x € 0.9Z,, the point p, belongs
to 07¢,. Forall y eI’ and o € I'p, if p, # o~ 'xg, yxo, then the angle at Dy between
[Py, o~ 'xg] and [py. vxol is at least /2 by the convexity of Z,. Hence, by a standard
comparison argument and the definition of ¢, the distance between p,, and e~ xq, yxol is
at most €. By the triangle inequality,

d(a " x0, py) +d(py,, yxo) — 2e < d(xo, ayxo) <d(a 'xo, py) +d(py, yx0).

These inequalities are also true if p, is equal to o~ lxg or to yxg. Since Py is at bounded
distance from € AT N 3%, and since the action of ', on €Al" N 3.7, is cocompact,
there exists ), € I', such that d(p,,, o}, x0) is bounded, say by c/l. Lety’ € I',\\I'". Assume
for a contradiction that d (xo, p,’) > 2¢ + ¢|. Then, using the above centred equation with
a=1landy =7y,

d(“;rl)//xo, x0) = d(y'x0, @,x0) <d(y'x0, pyr) +d(pyr, @, x0)
< d(y'xo, x0) — d(x0, py) + 2¢ + ¢} < d(¥'xo, x0),
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which contradicts the minimality property of d(y'xg, xo). This proves the first claim of
assertion (i) if ¢ > 2¢ + ¢|.

The first claim and the convexity of the horoball of centre p whose boundary contains y
(which implies that if y # xo, &~ 'y, then the angle at y between [y, xo] and [y, @~ !y]is at
least 77/2) imply that the length of the piecewise geodesic [y'xo, xo] U [xo, y1U [y, @~ ly]
is almost additive, yielding the left-hand side of the second claim of assertion (i). Its right-
hand side follows by the triangle inequality.

(ii) For all « € T, let g, be the closest point to axg on D;. By the convexity of Z, and
since axg € 9.5, we have q, € 7. By the convexity of D; and as in (i), the point g, lies
at distance at most ¢ of the geodesic ray [axg, p[. Since xg € A7 (€ AT"), the point g is
at distance at most 2¢ from a point in ¥ AT'. Hence, g, € D; N9, N A2, (€ AT"). Since
D; is almost cone-like in cusps for I', there exists B, € I', ; such that the distance between
BuGe = qp,o and [xg, p[ is less than a constant.

Let g,, be the closest point to g, on [xg, p[. By quasi-geodesic arguments, there exists
a constant ¢ > 0 such that

|d(x0, Baotxo) — 2d(x0, Buqa)| < c,
|d (xo, axo) — 2d(x0, Buga) — 2d(qas q,)| < c.

Using a similar argument to that used in the proof of assertion (i), this proves that gz is at
distance less than a constant from [xo, p[ forevery @ € ') ;\I'p,.

Foralla e ' ;\I' and B € T}, ;, since B~ 'x0 € D; and gg is the closest point to @xg
on D;, we have

d(B™"x0, qz) + d(qa, @xo) — 2& < d(B~"x0, @x0) < d(B™" x0, q7) + d(qz, Tx0).

For every o’ € T'),, let o be the closest point to «’xo on [xg, p[. Hence, by the above
argument, there exists ¢’ > 0 such that

|d (xo, Baxo) — d(B™ " x0, rg) — d(rg, @xp)| < c'.
For all y € [xo, pl,

d('xg, re) +d(ry, ¥) — 26 <d(a'xg, y) <d(a'xg, ro) +d(ry, y).
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axg

p

Let H' be the horoball centred at p whose boundary contains r, and let s be the
intersection point of [a'xg, p[ with d H'. Then

d(a'xo, rer) = d(a'x0, s) = d(ry, X0),

since x¢ and o’ x¢ are on the same horosphere centred at p.

By an easy comparison argument in the geodesic triangle with vertices r,/, @’xg and p,
we have d (s, ro/) < 1. Hence

d(a'xg, ryr) <d(a'xq, 8) +d(s, ry) <d(xg, ry) + 1.
Applying this for o’ = 87!, @ and y = rg, rg-1, X, we have
|d (xo, Baxo) — d(B~ " xo, x0)| < ¢’ +2+2¢
if rg belongs to [xg, rg-i ], and otherwise
|d (xo, BeExo) — d(xo, axp)| < ¢ +2 + 2e.
This proves the result. O

The next lemma, which uses the regular growth property of I'j, and I, ;, implies, in
particular, that the ‘relative’ critical exponent of I', modulo I',; is §, — 68, ; (see, for
instance, [Pau] for background on relative Poincaré series).

LEMMA 13. There exists ca > 0 such that, for every t € [0, +00],

1 _ .
— @0 < Card{@ € T ;\[' : d(x0, @xp) < 1} < cpe®r ™00,
&)

Proof. For all ¢t € [0, +o0[, define
f@)=Card{a €T, : d(x0, axp) <t} and g(t)=Card{B el ;:d(xo, Bxo) <1}
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Since I', and ', ; have regular growth, there exists a constant ¢ > 0 such that, for all
t € [0, +ool,

8

| :
%t < f(r) <ce®' and =Sl < g(r) < ce®ril.
c

Also define E =T ; x (I'p,;\\I'p) and h(¢z) = Card{a € ', ; \I'), : d(x0, &'x0) < t}.
For all t > c1, using Lemma 12(ii) to get the inequality, we have
f@t —c1) = Card{(B, @) € E : d(x0, foxg) <t —c1}
= Card{(B, @) € E : d(xo, Baxg) <t — c1, d(xg, Bxo) < d(xp, axp)}
+ Card{(8, @) € E : d(xo, Baxg) <t — c1, d(x9, Bxo) > d(x0, ¥x0)}
< Card{(B, @) € E : d(xo, axo) <1, d(xo, Bxo) <1}
+ Card{(B, @) € E : d(xo, Bxo) <t,t > d(xp, ¥xg)}
=2g()h(t).

This gives the lower bound in Lemma 13.
Similarly, for all f > ¢y,

ft+c+1)>Card{(B, @) € E:t —c) <d(xo, faxp) <t +ci + 1,
d(xo, Bxo) < d(xo, axp)}
> Card{(B, @) € E :t <d(xp, axp) <t +1,d(xp, Bxo) <t + 1}
=g+ D@ +1) —h@)).

A geometric series summation argument gives the upper bound in Lemma 13. O

Now let # ; ; be the set of accumulation points in BOOM of the orbit points @y’xg, where
ael,;\I'pand y’ e C,\\T'.

+
LEMMA 14. We have AT = {p} U Uﬁel“p.i ﬁﬁp’i.
Note that in general this union is not a disjoint union.

Proof. Every element & in AT is the limit of a sequence (B;«; yi/ X0)ieN Where (B;)ieN,
(@i)ieN, (Vi/)ieN are sequences in respectively I'p, ;, I, ;\\I' and I" , \I". Up to extraction,
if &€ # p, ~since the limit set of I, is reduced to {p}, we may assume that lim; _, ; o ¥/x0 =
&’ € d0oM — {p}. Since any compact neighbourhood of £’ not containing p is mapped into
any given neighbourhood of p by all except finitely many elements of I",, if the sequence
(Bi@;)ien in I', takes infinitely many values, then § = p. Hence, up to extraction, if § # p,
the sequence (B;;);eN is constant, and so is (B;);en: therefore, & € ,809’;[. This proves
the result. a

Let #,; = vPp, (5“;1. — 000Di) N n_l(%ﬁ,). The images of .%, ; under the elements
of Iy ; cover a1 (4€,) N Supp op,. It follows from Lemma 12 (ii) that there exists c3 > 0
such that Pp, (# ; ; — 000 Di) NI, =7 (Fp,;) is contained in the c3-neighbourhood of
the geodesic ray [xg, pl[-.

In order to prove the finiteness of w05 (I",\J%,), we thus only have to prove the
finiteness of op, (F ;).
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The next lemma, which uses the assumption that I" is of divergence type, gives a control
on the Patterson measure ji, of % ; ; as y converges radially to p.

LEMMA 15. There exists c4 > 0 such that, for every y on the geodesic ray [xg, pl,

iy (F) < caePOr=0p)=0)d0x0.y),
p’l -

Proof. Foralls >0and y € M, for every subgroup I'' of T, let

Pry(s)= ) e 070 g0, +oo],
yel”

and let &y be the unit Dirac mass at the point y. Since I is of divergence type, the Patterson
measure /iy is the weak-star limit as s — 8 of the measures

1

_ —sd(y.yx0)
= Prog(s) & ° Zrso
F,X() ]/EF

Hy,s

(see, for instance, [Rob2]). By discreteness and Lemma 14, there exists a finite subset
F of Ty ; such that g p ﬂﬂ;i — {p} is a neighbourhood of 9;,- —{p}in AT — {p}.
Since I' is of divergence type, the measure (., has no atom at p (see, for instance, [Rob2,
Corollary 1.8]). Hence there exists ¢ > 0 such that, for every y € [xo, pl,

. 1 g =
My(ﬁ}_:i) <c 111?+ P—(s) Z 540 ay'xo)
= L.x0') ger, \Tp.y/ el \I

Let

Oy(s) = Z e 340 @) and R(s) = Z efsd(xo,y’xo).

el \T, y'elp\I
By the lower bound in Lemma 12(i),

e—sd(yﬂy’xo) < escle—sd(y,xo) Qy (s)R(s).
@el,;\[},y el \T

Similarly, by the upper bound in Lemma 12(i), we have Pr ,,(s) > Pr »xo (SR (s). We will
prove below that the series Q(8) converges. Thus, even if Pr, x,(8) = 400,

8¢y

1y (F), e 9 (8). (19)

P —
= Pr, o)

By the convexity of the horoball of centre p whose boundary contains y and by
standard quasi-geodesic arguments, there exist two constants ¢/, ¢’ > 0 such that, for every
ael,;\I'p, ifd(y, @y) > ¢/, then

d(y, @y) +2d(y, xo) — ¢" < d(xo, @x0) < d(y, @y) + 2d(y, xo).
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If d(y, @y) < ¢’ then d(xg, axg) < 2d(y, xo) + ¢/, by the triangle inequality. We thus
have, using the notation ¢ + h(¢) introduced in the proof of Lemma 13,

0,(8) = Z e 0d0ay) Z e—dd(y.ay)

aelp i \I'p ael, i \I'p
d(y,ay)=c d(y,ay)>c
< 1+ e—Sd(xo,Exo)-i-ZSd(y,xo)
ael“p,,-\\l"p aEl—‘p,i\\l—‘p
d(xq,ax0)<2d(y,xo)+c’ d(xq,0x0)>2d (y,x0)+c’—c”
< h(2d(y, x0) + ¢) + €700 > h(n + e

n>2d(y,xg)+c’ —c"—1

Since A(t) < c2e®»~%r.)" by Lemma 13, and by a geometric series summation argument
since § — &, + J,; > 0 by assumption (18), we therefore have

Qy((g) < C28(5p—5p.i)L‘/e2(5p—5p,i)d(y,xo)
+ Czeap_‘s]).i+28d()'ﬁ)‘0) Z e(ap_ap,i_a)n
n>2d(y,xo)+c' —c"—1

< C///e2(6p—8],’,-)d(y,x0)’
for some ¢’ > 0. Using equation (19), this proves Lemma 15. m

Let p: [0, +o00[ — M be the geodesic ray with origin x¢ and point at infinity p. For
every n € N, let A, be the set of points & € doo M — {p} such that the closest point to £ on
the geodesic ray p belongs to p([n, n + 1]). Note that (. An = 0o M — {p}.

LEMMA 16. There exists cs > 0 such that, for everyn € N,
Mxo(y;i N An) < CSez(ap—tsp,;—S)n‘

Proof. For every & € A,, since the angle at p(n) between [p(n), xo] and [p(n), [ is
at least 7/2 if n #0, we have B¢ (xo, p(n)) = d(xo, p(n)) — 26 =n — 2¢. Hence, by
equation (10) and Lemma 15,

Hvxo(y;ri NAp) = /
’ Seﬁ;iﬂAn

282 ,2(8p =8 i =8I O

TN d ) (§) < €Ty (F )

< cqe

After this series of lemmas, let us prove the finiteness of op, (%, p.i)» which concludes
the proof of Theorem 10.

With a, =6p,(F,,i NvPp,(An)), we only have to prove that the series ), .y @n
converges. For every & € (ﬁ;i — 0ooDi) N A, N PIS,-I (J%,), by the definition of c3, the
point Pp, (£§) lies at distance less than a constant from p([n, n + 1]). Hence there exists
a constant ¢ > 0 such that B¢ (Pp, (&), xo) > —n — c¢. By the definition of the skinning
measures in equation (11) and by Lemma 16, therefore,

G0, (Zpi NVPp,(An) = / RN
FE(F, =00 DONANNPL ()
= €8n+acﬂx0(§;i N Ap)

< 565 e@Bp=8p) =
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By the assumption 6 > 2(8, —§,;) in equation (18), a geometric series summation
argument proves that ) a, converges. This completes the proof of Theorem 10. O

5. Eqmdlstrlbutlon of equldlstant submanifolds

Let M I', xo, M and T'M be as in §2. Assume that the critical exponent ér of I'
is finite. Let (uy),.j; be a Patterson den51ty of dimension ér, with Bowen—Margulis
measures migm and mpy on T'1 M and T! M, respectively. Let % = (C;)ic; be a I'-
equivariant family of proper non-empty closed convex subsets of M. Let € = (JV C; ,),e I
(1n particular, €9 = %), and let 6, and o, be the skinning measures of %; on T'M and
T! M respectively. Let Q = (€2;);cs be a locally finite I"-equivariant family of subsets of
T! M where €; is a measurable subset of 9! L Ci with 6¢; (9€2;) =0 for every i € . Let
~ = ~q be the equivalence relation on / deﬁned at the end of §3. As we have already
defined when Q = €, let

Go= Y &cla

iel/~
which is a I'-invariant locally finite positive Borel measure on T'M (independent of the

choice of representatives in I/ ~). Hence, o induces a locally finite positive Borel
measure o on 71 M. Note that g'Q; C BJH/%Ci and, as in the end of §3, for every ¢t > 0,

logall =€ floall. (20)

The aim of this section is to prove, under some finiteness assumptions, that the measures
Og1q ON T'M equidistribute to the Bowen—Margulis measure on 7'M as t — +o0o0. We
start by introducing the test functions approximating the support of the measures o,rq.

Assume that the number of orbits of I' on the set of elements i € I, such that the
intersection d.,C; N AT is empty, is finite (this condition is stronger than the requirement
on % to be locally finite). Under this assumption, by Lemma 7, there exists R > 0 such
that for every i € I, for every w € 1 1 Ci, we have Wis(Viy,r) > 0, where V,, g is the open
ball of radius R and centre w for the Hamenstadt distance in the strong stable leaf W (w).
We fix such an R.

For every n > 0, let h; g : T'M — [0, 4-00] be the measurable map defined by

1
20w (Va,R)

Note that i, g is I'-invariant by eguation (14)andthath, go g~" = et hy e~ g for every
t € R: indeed, for every w € T M, by equation (15),

hy.r(w) =

1 1 e ort
1y Vet R) 20 1S (8 Vet &) 201835 (Vi e-1R)

For every i € I, let ¥} r,i = 73, r(R2;) be the dynamical thickening of €2; defined at the
end of §2. Note that y ¥}, g.; = ¥, r,yi forevery y e I" and every i € I.

We denote by x4 the characteristic function of a subset A. We will use the test function
5,, = &TU,R‘Q STUM = [0, +o0[ defined by (using the convention co x 0 = 0)

Gp)= D hyro fc, V) X7, 5, V).

iel/~

hn,R(g_tw)
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where fc, : Uc, — 3_1‘_C,- is the fibration defined in §2.2. Note that ¥} g ; is contained in
Uc;, and we define h; g o fc; (v) XYy k. (w)=0ifv ¢ ¥ r.

LEMMA 17. The function 5,7 is well defined, measurable and T -invariant. Furthermore,

for every t € [0, 400,

t

~ B s
$nrRQOg  =e Fd’me*’R,g’Q

Proof. The function (E,] is well defined, since Q; = Q; and ¥} r,; = ¥y g, if i ~ j, since
hy.r o fc;(v) is finite if v e ¥} g; (by the definition of R), and since the sum defining
5,7 (v) has only finitely many non-zero terms, by the local finiteness of the family 2
(given v, the summation over I/~ may be replaced by a summation over the finite set
{iel:veril/~).

'~

The function ¢, is I"-invariant since

X’Vn_R,i oy = Xyil%;,R,i = Xﬂ,/n,R,y—'

and
hy.ro fc;oy =hyroy o fy-ic,=hyro fc,
and by a change of index in the above sum.
Let ¢ > 0. The last claim follows by noting that

K@) © 8 = Xgt ¥y wi@) = X, g5 20)

and

/’ln,R o fC,' o g_t Zhn,R o fC; = hn,R o g_t o gt o fC,- = e_arthn,e—’R o f:/%C,” d

Hence the test function ¢~>,, defines, by passing to the quotient, a measurable function
O =PpRQ: T'M — [0, +o0[, such that, for every t € [0, +oo[,

¢n,R,Q og_t :e_artd)n,e*’R,g’Q’ (21)

PROPOSITION 18. Assume that the Bowen—Margulis measure of T' M is finite. For every
n >0, we have f ¢y dmpm = lloqll. In particular, the function ¢y is integrable for the
Bowen—Margulis measure if and only if the measure og is finite.

Proof. Leti € I and let K; be a measurable subset of 2;. By the disintegration result of
Proposition 8 (more precisely by equation (16)), and by the definitions of the function h;, g
and of the set 7 r,i = Uyeq, Use |-y & Vi, ks We have

J

1

n
o sedim= [ ) [ [ dsdu) v
RiNfe, (Ki) wekK; veVyr J—n
ZEC,'(Ki)-

Let Ar be a fundamental domain for the action of I" on T'M , that is, Ar is the closure
of its interior, its boundary has measure zero for the Bowen—Margulis measure, the images
of Ar by the elements of I' have pairwise disjoint interiors and cover T'M, and any
compact subset of T'M meets only finitely many images of Ar by elements of I'. Such a
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fundamental domain exists since the Bowen—Margulis measure of T'M is finite (see, for
instance, [Rob2, p. 13]). By the definition of the test function ¢,

¢y dmpy = [ by difipm = Z / hy.r o fc; dmpm.

T'M iel/~ anmAF
By the definition of the measure oq,

logll =Ga(Ar) = Y &c,(Ar N Q).
iel/~

By an easy multiplicity argument, the result follows. o

We can now state and prove the main result of this paper.

THEOREM 19. Let M bea complete simply connected Riemannian manifold with sectional
curvature bounded above by —1. Let T" be a discrete, non-elementary group of isometries
of M, with finite critical exponent. Assume that the Bowen—Margulis measure mgy of
I on T'M is finite and mixing for the geodesic flow. Let € = (Ci)ie1 be a T-equivariant
family of non-empty proper closed convex subsets of M. LetQ = (R)ier be alocally finite
I-equivariant family of measurable subsets 2; C Bj_C i with 6¢; (02;) = 0. Assume that
oq is finite and non-zero. Then, as t — +00,

1 s 1
OgIQ —

llograll lmemll

In particular, if € = (C;);¢; is a locally finite I'-equivariant family of non-empty proper
closed convex subsets of M with finite non-zero skinning measure, then the skinning
measure o, on T'M of €, = (N C)ics equidistributes to the Bowen—Margulis measure

ast — 4o0.

Proof. Given three numbers a, b, ¢ (depending on some parameters), we write a =b + ¢
ifla—b| <c.

We may assume that I'\/ is finite. Indeed, if J is a big enough finite subset of '\, if
J is the preimage of J by the canonical map I — I'\/, since the measure og is finite, the
contribution of the family (g'€2;);c;—y is negligible compared to that of (g'€2;);c, (they
grow at equal rate as ¢ tends to +o00, by equation (20)).

Hence we may consider R > 0 as was fixed in the beginning of §5 and, for every n > 0,
the test function ¢, = ¢, g o as defined above.

Fix ¢ € €.(T'M). Let us prove that

dogig = Y dmpwm.

lim v

t=+00 |lograll Jrim lmemll Jrim
Given a fundamental domain Ar for the action of I" on T'! M as above, by a standard
argument of finite partition of unity, we may assume that there exists a map I/f T! M — R
whose support is contained in Ar such that 1// = o p, where p: T'! M — INVA M is the
canonical projection (which is 1-Lipschitz). Fix € > 0. Since 1; is uniformly continuous,
for every n > 0 small enough, and for every ¢ > 0 big enough, for every w € T'M and
v € Vy pe-1r> WE have

T =Fw) = g (22)
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We have, using respectively:

. equation (21) and the definition of J for the first and second equality;

) the definition of the test function 5,] for the third equality;

) equation (22) and the fact that the support of J is contained in Ar for the fourth
equality;

. the invariance of the Bowen—Margulis measure under the geodesic flow, and
equation (16) as in the proof of Proposition 18 for the fifth equality;

° the definition of %, ,—+ g and Proposition 18 for the sixth equality:

/ ¢y 0 g "V dmpm
T'M

—8rt —8rt Y T~
=e T / bp.e—1R g QY dmpm =e " / ~ ¢n,e*fR,g'QdeBM
T'M T'M

_5 ~ o~
= Or! / hn‘e—’R o fJ%C,-W dmpm
iclj~ Y7 e—1r(8" )

J— T i~ 6 b m
—e ort § f (hn,e*’Rw) o fJ%Ci dl’)’lBM + — ¢77 ] g’deM
. V(g 2 Ja

iel/~ e tR(g i) r

_ ~ ~ €
=e Y / et ROV W) Vi e 1) A5 g, + 5 / |y dmpy
iel/~ Y WeL' T'M

- ~ - €
— ort Z / V(W) do e, £ 5 lloall
iel/~ JWeL' R

€
=0t / Y dogig + 3 loall.

Hence, using equation (20) for the first equality, the previous computation for the second
equality, the invariance of the Bowen—Margulis measure under the geodesic flow for the
third equality, and Proposition 18 for the last one, we have, for n > 0 small enough and
t > 0 big enough,

[Vdogq  [Vdoga  [riy éyo8 'Y dmem L€

logall — eriloall lloall 2
_ leM ¢nwogt dmpm S
lloall 2
_Jny dubostdmim € (23)
leM ¢y dmpm 2

By the mixing property of the geodesic flow on T M, for ¢ > 0 big enough (while 7 is
fixed),
Jriyg On¥ 08 dmem [11y, ¥ dmpm L€
S0y &y dmBm lmemll 2

This proves the result. O

We conclude this section by proving Theorem 1 in the introduction. The definition of a
properly immersed locally convex subset is recalled at the beginning of the proof.
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Proof of Theorem 1. Let M, C be as in the statement of Theorem 1, that is, they satisfy the
following property. Let M — M be a universal covering of M, with covering group I'. Let
C — Chbea covering map which is a universal covering over each component of C. The
immersion from C to M lifts to an immersion f : C—>M , which is, on each connected
component of C,an embedding whose image is a closed convex subset of M.

Let I =T x 7105 with the action of I defined by y - (o, ¢) = (ya, ¢) forall y, « € '
and every component ¢ of C. Consider the family € = (C;)jecs, where C; = a f(c) if
i = (a, ¢). Then ¥ is a I'-equivariant family of non-empty closed convex subsets of M,
which is locally finite since C is properly immersed in M. The result then follows from
Theorem 19. a

6. Exponential rate of equidistribution

Let ]l71, T, M, T'M, mgm, €, € and o, be as at the beginning of §5. When the Bowen—
Margulis measure mpy is finite, we denote by mpy its normalization to a probability
measure.

In this section we show, under the finiteness assumptions of Theorem 19, that in
the known cases when the geodesic flow is exponentially mixing, the skinning measure
equidistributes to the Bowen—Margulis measure with exponential speed. To begin with,
we recall the two types of exponential mixing results that are available. In order to prove
our estimates for the rate of equidistribution using these results, we will smoothen (in
accordance with the two regularities) our test function ¢, defined in the previous section.

Firstly, when M is locally symmetric with finite volume, then the boundary at infinity of
M, the strong unstable, unstable, stable, and strong stable foliations of 7! M are smooth.
Hence, for all £ € N, talking about ¢ -smooth leafwise defined functions on 7! M makes
sense. We will denote by ‘gf(TlM ) the vector space of €*-smooth functions on 7'M
with compact support and by ||| the Sobolev W&2-norm of any ¥ € ‘KCZ(TIM ). Note
that now the Bowen—Margulis measure mpy; of 7! M is the unique (up to a multiplicative
constant) locally homogeneous smooth measure on 7'M (hence it coincides, up to a
multiplicative constant, with the Liouville measure).

Given £ € N, we will say that the geodesic flow on T'' M is exponentially mixing for the
Sobolev regularity £ (or that it has exponential decay of £-Sobolev correlations) if there
exist ¢, k > 0 such that, for all ¢, ¢ € ‘KCZ(TIM) andallr € R,

¢ og " Ydmpm — ¢ drmipm ydmpm| < ce ™yl

T'M T'M T'M

When T is an arithmetic lattice in the isometry group of M, this property, for some £ € N,
follows from [KM1, Theorem 2.4.5], with the help of [Clo, Theorem 3.1] to check its
spectral gap property, and of [KM2, Lemma 3.1] to deal with finite cover problems.
Secondly, when M has pinched negative sectional curvature with bounded derivatives,
then the boundary at infinity of M , the strong unstable, unstable, stable, and strong stable
foliations of 7! M are only Holder-smooth (see, for instance, [Bri] when M has a compact
quotient, and [PPS, Theorem 7.3]). Hence the appropriate regularity on functions on
T'M is the Holder one. For every a € 10, 1[, we denote by CZ (X) the space of a-Holder
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continuous real-valued functions with compact support on a metric space (X, d), endowed
with the Holder norm

1l =1Flo+  sup LEZION
X, yEX,x#Y d(x, y)

Assuming the Bowen—Margulis measure mpy on T'M to be finite, given o € 10, 1[, we
will say that the geodesic flow on T'' M is exponentially mixing for the Holder regularity
(or that it has exponential decay of a-Holder correlations) if there exist «, ¢ > 0 such that,
for all ¢, € C*(T'M) and all 1 € R,

<ce ™ MNPl ¥l

¢ o g~y dmpm —/ ¢deM/ Y dimpm
TiM TiM

T'M

This holds if M is compact and has dimension two by the work of Dolgopyat [Dol] or if
M is compact and locally symmetric by [Sto, Corollary 1.5] (see also [Liv] when M is
compact; the result stated there for the Liouville measure should extend to the Bowen—
Margulis measure).

The following result gives exponentially small error terms in the equidistribution of
the skinning measures to the Bowen—Margulis measure, in the known situations when the
geodesic flow is exponentially mixing. Here we state the result for skinning measures but,
clearly, it remains valid if o, is replaced by o, as in Theorem 19.

THEOREM 20. Let M be a complete simply connected Riemannian manifold with negative

sectional curvature. Let T be a discrete, non-elementary group of isometries of M. Let

€ = (Ci)ier be a locally finite T -equivariant family of proper non-empty closed convex

subsets ofﬁ, with finite non-zero skinning measure oy. Let M = F\M

() If M is compact and if the geodesic flow on T'M is mixing with exponential speed
for the Hélder regularity, then there exist a € 10, 1[ and k" > 0 such that, for all
v e Cg‘(TlM), ast — 400,

1
M/Wd%ﬂ, BM” /wdeM+0<e—“||wn )-

aG) If Misa symmetric space, if M has finite volume and if the geodesic flow on T'M is
mixing with exponential speed for the Sobolev regularity, then there exists £ € N and
k" > 0 such that, for all € ‘Kf(TlM), ast — +oo,

1
—/dfd%; /wdeMJrO(e iy o).
llow, I BMII

Proof. Up to rescaling, we may assume that the sectional curvature is bounded from above
by —1. The critical exponent and the Bowen—Margulis measure are finite in all cases
considered.

Let us consider claim (i). Under these assumptions, there is some « € ]0, 1[ such that
the geodesic flow on T'M is exponentially mixing for the Holder regularity o and such
that the strong stable foliation of T'M is a-Holder (see, for instance, [PPS, §7.1]).
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Fix R > 0 and, for every n > 0, let us consider the test function ¢, = ¢, g % as in §5.
Up to replacing C; by .#1C;, we may assume that the boundary of C; is C!:!-smooth, for
every i € I (see §2.2).

Fix ¢ € Cg‘(TlM). We may assume as above that there exists a lift @ :T'M — Rof v
whose support is contained in a given fundamental domain Ar for the action of I on 7'! M.
First assume that I"\/ is finite. There exist ng > 0 and 79 > 0 such that, for all n € ]0, no],
1 € [to, +ool,w e T'M and v € V,, , iR,

¥ () =P W) + O+ e ) ¥la), (24)

since d (v, w) = O(n + e~") by equation (5) and Lemma 3.
As in the proof of Theorem 19 using equation (24) instead of equation (22) (see
equation (23)), we have

f lﬁ do%} _ leM ¢771/f ° gt dmpm
llo, S On diipm

+O0((n +e DY lla)-

As M is compact, the Patterson densities and the Bowen—Margulis measure are doubling
measures and, using discrete convolution approximation (see, for instance, [Sem, pp.
290-292] or [KKST]), there exist ¥’ > 0 and, for every n > 0, a non-negative function
®, € C¥(T'M) such that:

* Jriy @y dmeym = [11), ¢y dmpwm;

o 11y 1Py — &yl diigm = O [71,, ¢y dmpm);

o 1®Pylla =00 [r1y by dimpm).

Hence, applying the exponential mixing of the geodesic flow, with « > 0 as in its definition,
since fT 1)y $y dmpmM, which is equal to [|og || by Proposition 13, is independent of n, we
have, for n € 10, no] and ¢ € [y, +00,

J¥dog _ [riy Po¥ o8’ dimpm
low I Jria ¢ sy
_ leM P, dmpm
 Jriy ndimem Jrim
+ O™ Py llall¥lle + nll¥lloo + 1+ e HNYlla)

= |, ¥ i O™ ™+t 0+ DIV o)

+O0IYlloc + (1 + €)Y lla)

Y dmpm

Taking n = e~"* for A small enough (for instance, A = k/(2«’)), the result follows (for

instance, with k” = min{x/2, «/(2«’), & min{1, «/(2«’)}}), when T'\[ is finite. As the
implied constants do not depend on the family &, the result holds in general.

The proof of claim (ii) is similar. In this case, the strong stable foliation is smooth
and the Bowen—Margulis measure coincides, up to a scalar multiple, with the Liouville
measure. Thus, we can use the usual convolution approximation (see, for instance,
[Zie, §1.6]) to approximate the test function by smooth functions.
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