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Abstract

Given a negatively curved geodesic metric space M, we study the asymptotic pene-
tration behaviour of geodesic lines of M in small neighbourhoods of closed geodesics
and of other compact convex subsets of M. We define a spiraling spectrum which
gives precise information on the asymptotic spiraling lengths of geodesic lines around
these objects. We prove analogs of the theorems of Dirichlet, Hall and Cusick in this
context. As a consequence, we obtain Diophantine approximation results of elements
of R, C or the Heisenberg group by quadratic irrational ones. !

1 Introduction

Let M be a finite volume connected complete Riemannian manifold with dimension n at
least 2 and sectional curvature at most —1. Let e be an end of M, and let C be a closed
geodesic in M. One of the aims of this paper is to study the asymptotic spiraling behaviour
of the (locally) geodesic lines in M starting from e around the closed geodesic C'.

Just for the sake of normalization, fix a Margulis neighbourhood N of the cusp e in
M (see for instance [BK]). Let Lky (M) be the set of geodesic lines starting from e that
first meet ON at time 0, and do not converge to a cusp of M. Let dy be the Hamenstadt
distance on Lky (M) (see [HP2]), which is a natural distance inducing the compact-open
topology on Lky (M), and which coincides with the induced Riemannian distance on the
first intersection points with N if N has constant curvature.

Let Lky (M) be the (countable, dense) set of elements p in Lky (M) that spiral
indefinitely around C, that is such that lim; .~ d(p(t),C) = 0. For every r in Lky (M),
let D(r) be the shortest length of a path between N and C which is homotopic (while its
endpoints stay in ON and C respectively), for any ¢ big enough, to the path obtained by
following r from r(0) to r(¢), and then a shortest geodesic between r(t) and its closest point
on C. This number D(r) naturally measures the wandering of r in M before r seriously
starts to spiral indefinitely around C'. See the end of Section 3 for explicit computations
when M is locally symmetric.

We define the spiraling constant around C' of £ € Lky (M) by

= lim inf P dn(&,7) |
)= iy oimind e € N(ET)

which measures how well £ is approximated by geodesic lines spiraling indefinitely around
C, and, when small, says that, asymptotically, £ has long periods of time during which it
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spirals around C. We define the spiraling spectrum around C' in M by
Spn,c(M) = {c(€) : €€ Lky(M) —Lknc(M)} .
Here is a sample of our results.

Theorem 1.1 (Dirichlet-type theorem) The spiraling spectrum Spy (M) is a boun-
ded subset of [0, +o0l.

Theorem 1.2 (Cusick-type and Hall-type theorem) If M has constant curvature,
then the spiraling spectrum Spy (M) is closed. If, in addition, the dimension of M is at
least 3, then the spectrum contains an interval [0, c| for some ¢ > 0.

When C' is replaced by a cusp (and spiraling a long time around C'is replaced by having
a long excursion in a fixed cusp neighbourhood), the analogous results are motivated by
Diophantine approximation results: see for instance [For, Coh, Pat, Sul, Ser, Haa, CF,
Vul, Dal|, as well as below in this introduction, and Remark 3.3. In that context, the
boundedness of the spectrum was proved in [HP2, Theorem 1.1], the closedness of the
spectrum was shown in [Mau|, and the existence of a Hall ray was proved in [PP3, Theorem
1.6].

Although our arithmetic applications are going to be in the setting defined at the
beginning of this introduction, our results are true in much more general situations (see
the beginning of Section 3). In particular, M does not need to have a cusp (and for instance
could be compact): we may replace e by a point xg in M, and then consider the geodesic
rays starting from xg. Or M could be allowed to have a compact totally geodesic boundary,
and we may replace e by a connected component dyM of OM , considering the geodesic rays
starting from a point of dyM perpendicularly to dgM. Furthermore, C' can be replaced
by a connected embedded totally geodesic submanifold of positive nonmaximal dimension,
or by the convex core of a precisely invariant quasifuchsian subgroup (see for instance
[MT] for definitions). The theorems 1.1 and 1.2 remain valid under certain more general
hypotheses on M (see the theorems 4.4, 4.8 and Corollary 5.5 for statements). Section 5,
where we prove the existence of Hall rays in spiraling spectra, relies on [PP3]. In Section
4.4, we also give upper bounds on the spiraling spectra in several classical examples.

To conclude this introduction, we give Diophantine approximation results which fol-
low from the above theorems in Riemannian geometry. Recall that for x € R — Q, the
approximation constant of x by rational numbers is

clx) = lim inf
( ) P,qE€EL, g—+00 7

and that the Lagrange spectrum is Spg = {c(§) : £ € R — Q}. Numerous properties of
the Lagrange spectrum are known (see for instance [CF|). In particular, Spg is bounded

(Dirichlet 1842), has maximum % (Korkine-Zolotareff 1873, Hurwitz 1891), is closed (Cu-

sick 1975), contains a Hall ray, that is a maximal non trivial interval [0, ] (Hall 1947),
with 4 = 491993569 /(2221564096 +283748+/468) (Freiman 1975). Also, recall Khintchine’s
result [Khi] saying that almost every real number is badly approximable by rational num-
bers. The following result, which is a quite particular case of the results of Section 6, gives



analogous Diophantine approximation results of real numbers by (families of) quadratic
irrational elements.

For every real quadratic irrational number a over Q, let a” be its Galois conjugate.
Let ag be a fixed real quadratic irrational number over Q. Let &,, = PSLa(Z) - {ap, af }
be its (countable, dense in R) orbit for the action by homographies and anti-homographies

of PSLy(Z) on RU {oo}. For instance, if ¢ is the Golden Ratio 1+2\/57 then & is the set of

real numbers whose continued fraction expansion ends with an infinite string of 1’s.
For every z € R— (QU&,, ), define the approzimation constant of x by elements of &,,,

as | |
e
Cao(T) = liminf 2 —
a0 (%) A€y : la—a®|—0  |a—al|’

and the corresponding approzimation spectrum, by
SPay = {cap(®) : x€e R=(QUE,)} -

Theorem 1.3 Let ag be a real quadratic irrational number over Q. Then Sp,,, is a closed
bounded subset of [0, +o0] .

Furthermore, let 1 : 0, +oc[ — ]0, +00| be a map such that t — log(y(e™")) is Lipschitz.
If fol W(t)/t? dt diverges (resp. converges), then for Lebesgue almost all x € R,

L |z — o
lim inf ——— =0 (resp. = +00) .
a€bag : la—a’|—0 (o —a)) (resp )

In this particular case, the last statement can be derived from [BV] or [DMPV]. Except
for the following result, we do not know the exact value of the maximum K, of Sp,, (an
analog of Hurwitz’s constant). We prove an upper bound K,, < (1 + V2)V/3 ~ 4.19 for
any «q, see Section 4.4.

Proposition 1.4 For the Golden Ratio ¢ = 1+2\/57 we have Ky = 1 — 1/\/5 ~ 0.55, and
K 1s not isolated in Sp.

There are many papers on the Diophantine approximation of real numbers by algebraic
numbers. After pioneering work by Mahler, Koksma, Roth and Wirsing, the following
Dirichlet type theorem has been proved by Davenport and Schmidt. Let Qguaq be the
set of real quadratic irrational numbers over Q, and denote by H(«) the naive height
of an algebraic number « (the maximal absolute value of the coefficients of its minimal
polynomial over Z). For every nonquadratic irrational real number x, Davenport and
Schmidt [DS| proved that

lim inf H)? |z —a| < +o0o.
a€QUQquag : H(a)—+o0

Sprindzuk [Spr| proved that this result is generically optimal: For every e > 0, for Lebesgue
almost every x in R,

lim inf H(a)** |z —a] =+oc.
Ole(@u(@quad : H(Ol)*FFOO

We refer to [Bug| and its impressive bibliography for further references. But note that none
of the works that we know of is approximating by elements in the orbit under integral
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homographies of a given algebraic number; almost all of them are approximating using
(a simple function of) the naive height as a complexity, but none using our complexity
h(a) = 2/]ac — a?|. This complexity (see [PP4, Lem. 5.2] for an algebraic interpretation)
behaves very differently from the naive height H(«), even in such an orbit, see Section 6.1.

In Section 6, expanding Theorem 1.3, we will give arithmetic applications analogous
to the results of Dirichlet, Cusick, and Khintchine for the Diophantine approximation of
points of R (resp. C, the Heisenberg group Heisy,—1(R)) by classes of quadratic irrational
elements over Q (resp. quadratic irrational elements over imaginary quadratic extensions
of Q, elements whose coefficients are rational or quadratic over an imaginary quadratic
extension of ), and to Hall’s result in C and Heisg,_1(R).
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Supérieure and Yrjo, Vilho ja Kalle Viisédlan sdétio, and the second author that of the University
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the second author in [HP5]. We thank Y. Bugeaud and K. Belabas for very helpful comments
concerning the arithmetic applications, and Y. Benoist.

2 Preliminaries

Throughout the paper, (X, d) will be a proper CAT(—1) geodesic metric space, and 0o X
its boundary at infinity. We use |[BH]| as a general reference for this section. Unless
otherwise stated, balls and horoballs are closed. If € > 0 and A is a subset of X, we denote
by A¢A the (closed) e-neighbourhood of A in X.

Let I" be a discrete group of isometries of X. The limit set of I" is denoted by AI'. The
conical limit set of I' is denoted by A.I'. When AL contains at least two points, the convex
hull of AT is denoted by €T'. The group I' is convex-cocompact if A" contains at least two
points, and if the action of I' on 4T has compact quotient.

We will say that a subgroup H of a group G is almost malnormal if, for every ¢ in
G — H, the subgroup gHg~' N H is finite. We refer for instance to [HP5, Prop. 2.6] for a
proof of the following well known result.

Proposition 2.1 Let I’y be a convex-cocompact subgroup of I'. The following assertions
are equivalent.

(1) Ty is almost malnormal in T';

(2) the limit set of Ty is precisely invariant under Ty, that is for every v € I' — Ty, the
set AT'g NyATg is empty;

(3) €ToN~ET is compact for every v € T' — Ty,

(4) for every € > 0, there exists k = k(e) > 0 such that diam(AETo Ny A ETg) < K
for every v € I' = Ty. O
R

For every £ in 0,X, the Busemann function at £ is the map f¢ from X x X to
defined by

Pe(w,y) = lim d(w,&) —d(y, &) ,
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for any geodesic ray t — & ending at &.

Let C' be a nonempty closed convex subset of X. We denote by d,,C its set of points
at infinity, and by 0C its boundary in X. The closest point map of C' is the map m¢ :
(X U0xX) — (C'U0xC) which associates to a point 2 € X its closest point in C' in the
usual sense, which fixes all points of 0,,C', and which associates to a point £ € 9 X — 0oC'
the point of C' which minimizes the map = +— [(¢(x,z¢) for any zo in X. This map is
continuous.

As in [HP5], we define the distance-like map de : (00X —8000)2 — [0, +o0[ associated
to C as follows: For £,£ € 050X — 0xC, let x = w1 (§), 2" = mc (') be their closest points
in C. Let &,& : [0,4+00] — X be the geodesic rays starting at x, 2’ and converging to &, &’
as t — oo. Let

do(€,€) = lim e2 s, (-1-)
t—-+oo

The distance-like map is invariant under the diagonal action of the isometries of X pre-
serving C, and generalizes the visual and Hamenstiddt distances: If C' consists of a single
point z, then d¢ is the visual distance on 0, X based at x (see for instance [Bou|), and
we denote it by d,. If C is a ball, then the distance-like map d¢ is a positive constant
multiple of the visual distance based at the center of C'. If C' is a horoball with point at
infinity &, then d¢ is the Hamenstddt distance on 0, X — {&p}, and we also denote it by
d¢,.0c to put the emphasis on .

Although d¢ is not always an actual distance on 0, X — 05C, it follows from [HP5|
that for every e > 0, there exists 7 > 0 such that for every &, &,&" in 00X — 0,C, if
do(€,¢") < nand de(€,€") < m, then do(§,8") < e. Indeed, if do(&,¢') and de (€', €7)
are small, then by [HP5, Lemma 2.3 (4)], the geodesic lines |¢,&'[ and |¢’,&"[ are far from
C'. By hyberbolicity of X, the geodesic line |¢,£"[ is also far from C. Hence m¢(§) and
o (€”) are close. Therefore, by [HP5, Lemma 2.3 (3)], the value of d¢(&,&”) is small. In
particular, the family of subsets

{Wn = {(fafl) € (aooX - 8000)2 Hde(€.€) < n+ 1}}nEN

is a countable separating system of entourages of a metrisable uniform structure on 0o X —
O0soC' (see [Bou, TG II.1]), whose induced topology is the usual one, by [HP5, Lemma 2.3
(1)], and which is invariant by the diagonal action of the isometries of X preserving C.

The crossratio of four pairwise distinct points a, b, ¢,d € 0xo X is
1
[a, b, C, d] = 5 ; hgloo d((lt, Ct) — d(Ct, bt) + d(bt, dt) — d(dt, (It), (— 2—)

where ay, by, ¢¢,d; are any geodesic rays converging to a, b, ¢, d, respectively. For the exis-
tence of the limit and the properties of the crossratios, see |[Ota| where the order convention
is different, and [Bou| whose crossratio is the exponential of ours; we will be using the same
expression as in [HP1, PP3|. If 2y € X, then

dg,(c,a) dyg,(d,b)

dyo(c,b) dgo(d,a)

If H is a horosphere with center ¢ € 05X, then for a,b,c,d € 00X — {£},
dH (Cv a) dH(dv b)

dH(C, b) dH (dv a) ‘
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If £ and a coincide, the above expression simplifies as follows, see [PP3, Section 3.1]:

i€,b, ¢, d] = log % . (3-)

Let £ € X U0 X. We say that a geodesic line p : | — 0o, +00[ — X (resp. geodesic ray
p: [to, +oo] — X) starts from ¢ if € = p(—o0) (resp. & = p(io)). We denote by TgX the
space of geodesic rays or lines starting from £, endowed with the compact-open topology.

In [PP3|, the penetration of geodesic rays and lines in neighbourhoods of convex sub-
sets of X was studied by means of penetration maps. We now recall the definitions of
three classes of such maps /¢, ctpy, ftp; : T, gX — [0, +00], where C is the (closed) e-
neighbourhood of a closed convex subset in X for some € > 0, and L is a geodesic line in
X, with endpoints L1, Lo.

(1) The penetration length map {c associates to every p in TSIX the length of the in-
tersection of C' and of the image of p. (This intersection is connected by convexity;
there was the assumption in [PP3] that £ ¢ C'U 0,,C, which is not necessary here.)

(2) The fellow-traveller penetration map ftp;, is defined by

ftpr = p = d(7L(€), mr(p(+00)))

with the convention that this distance is +o00 if 71, (§) or 7z (p(400)) isin 0o X (there
was the assumption in [PP3| that £ ¢ A.L U Jx L where € > 0 was arbitrary but
fixed, which is not necessary here).

(3) When £ € 05X, the crossratio penetration map crp;, is defined by

CtpL D P max {07 [67 L17p(+00), L2]7 [67 L27P(+Oo)a Ll]} y

if &, p(+00) ¢ {L1, Lo}, and ctpy(p) = 400 otherwise (there was the assumption in
[PP3| that £ ¢ Joo L, which is not necessary here).

It is shown in Section 3.1 of [PP3] (and it is easy to see that the result is still true if £
belongs respectively to C' U 05,C, AL U dx L, Ox L) that the above maps are continuous
and that, for every € > 0, we have, with the convention that x —y = 0 if z = y = +00, the
following inequalities

Ifth, — Crirlloe = sup [ftpr(p) — Lacn(p)| < 26i(e€) + 2¢, (-4-)
pGTgX

where ¢} (€) = 2argsinh(coth¢), and when & € 0,0 X,

llevpy, = ftpplloo = sup |eep(p) —ftpp(p)] < 4log(1+V2). (-5-)

1
,0€Tg X

In constant curvature, the crossratio penetration map has the following geometric inter-
pretation (see for instance |Bea, §7.23-7.24|, and [Fen, §V.3|, for related formulas). Recall
that the complex distance £ +1i6 between two oriented geodesic lines v and L (in this order)
in Hp is defined as follows. It is 0 + 40 if they are simultaneously asymptotic at +oco or at
—00, and 0 + ém if the terminal point at infinity of one is the original point at infinity of
the other. Otherwise, if [p,q| is the common perpendicular arc (with p = ¢ the common
intersection point of v and L if they intersect), where p € L, then ¢ = d(p, q) and 0 is the
angle at p between the parallel transport of - along [p, ¢] and L.
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Lemma 2.2 Let v and L be oriented geodesic lines in Hyg with pairwise distinct endpoints
Y—,Y+ and L_, L, respectively, and with complex distance ¢ + 0. Then

h! 0
[v—s L—, 74, L4] = —log w

In particular,
h ¢+ cos6
ctpy(y) = max {O, —log w} .

Proof. Using isometries, we may assume that v and L are both contained in the upper
halfspace model of ]H[%, that the common perpendicular segment [p,q] is on the vertical
axis, with p at Euclidean height one and ¢ above p, and that v, is a positive real number.
By an easy computation, we then have

v+ — -] |L+ — L_| 4et cosh { + cos 0

=log ———— = —1
T A e

The result follows. O
Note that in ]H[]i, we have ¢ > 0 if and only if § =0 or 6§ = 7.

[7—7 L—v’)/-l-v L+] = 1Og

3 The approximation and spiraling spectra

In this section, we set up the general framework for our approximation results. We begin
by the definition of the quadruples of data that we study.

The definition of 7. Let I' be a discrete group of isometries of a proper CAT(—1)
geodesic metric space X. Let I'g be an almost malnormal convex-cocompact subgroup of
infinite index in I' and let Cy = €Ty be the convex hull of I'y. Let Cs be a nonempty
closed convex subset of X, with stabilizer ' in I'. Assume that Cs, does not contain €T,
that T'oo\0Cs is compact, and that the intersection of C, and vCy is nonempty for only
finitely many classes [y] in Too\I'/Tg. We will denote the quadruple of data (X,T',Ty,Coo)
by 2.

Since AI'g has at least two points and since I'g has infinite index in I', note that I" is
nonelementary. By Proposition 2.1 (3) and since Cj is noncompact, the subgroup Ty is
the stabilizer of Cy in I'. By the discreteness of I' and the cocompactness of I'g on Cp, a
compact subset of X intersects only finitely many vCy for v € I'/Ty.

Recall that the distance between two subsets A, B of X is d(A, B) = inf,capep d(a,b).
For every r = [y] in ['oo\I' /Ty, define

D(r) = d(Cso,7C0) ,
7



which does not depend on the choice of the representative v of r. By the cocompactness
of the action of I'y, on 0C and the fact that only finitely many translates of C{ meet
a given compact subset, the intersection Coo N yCy is empty if and only if D(r) > 0. By
convexity, this condition implies that 0Coo NY0sCy is also empty. For the same reasons,
the following result holds, see [HP5, Lemma 4.1] for a proof in the case Co, = Cj.

Lemma 3.1 For every T' > 0, there are only finitely many elements r in Do \I' /T such
that D(r) <T. O

Lemma 3.2 The set of double cosets T's,\I' /T is infinite.

Proof. We first claim that there exists a hyperbolic element v in I' whose attractive fixed
point 4+ does not belong to 0 Co. The limit set AL is the closure of the set of attractive
fixed points of elements of I', since I' is nonelementary. Thus, if no such ~y, exists, A" is
contained in 0,,Cs, which contradicts the hypotheses on & by the convexity of C.

By Lemma 2.1 (2), and since I' # Ty, we have [, cp ~'ATy = 0, hence there exists
~" € T such that the repulsive fixed point y_ of v does not belong to v'AT'g. Hence the
sequence of closed subsets (7" Cp)nen of the compact space X U 05X converges to the
singleton {74} as n goes to +oo. This implies that D([y"Y']) = d(Coo, ™y Cp) converges
to 400 as n goes to +00. In particular, the set {D(r) : r € I'so\I'/T'p} is infinite, and the
result follows. U

The link of 2 (which depends only on X,T" and C) is
Lkoo = Moo\ (Al — 050C0).

The quotient space I'no\ (AI' — 05Cx), which contains Lk, is compact, since the closest
point map from O X — 05Cs to dC is continuous and I'y-equivariant. Furthermore,
Lk is dense in I'oo\ (A’ = 05cC). For every r = [y] in I'so\I'/T'g such that D(r) > 0, let

Ar = Too ('Yaoo CO)

be the image by the canonical projection 7o : Al — 05oCoo — LKoo of 705Co = vALy.
Note that 70, Cy is indeed contained in A.I" since I'y is convex-cocompact, and that 0, C
is disjoint from 70,,Cy if D(r) > 0, as seen before. Furthermore, the sets A, are compact
subsets of Lk, that are pairwise disjoint by Lemma 2.1 (2), and the union

Lkooo = | | A, (-6-)

relo\I'/To, D(r)>0

is dense in Lks,. In this paper, we study how dense Lk o is in Lk.

Let do : (OsoX — 056Cn0)? — [0, +00][ be the distance-like map associated to C, and
let ds be its quotient map on LK., which defines, as in Section 2, a metrisable uniform
structure on I'oo\(0so X — 000Coso), inducing the quotient topology. We endow the double
coset space ['oo\I'/Ty with the Fréchet filter of the complements of the finite subsets,
and denote by limTinf f(r) the lower limit of a real valued map f along this filter. The

approzimation constant of { € Lko, — Lko o is

¢(€) = lim inf P (€, A,) (-7-)
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and the subset of [0, +00| defined by
Sp(7) = {c(¢) + § € Lk — Lkooof

is called the approzimation spectrum of points of Lk, by points of Lk o. We define the
Hurwitz constant of & as
Kg =sup Sp(Z) € [0,+0] .

Remark 3.3 Let us give some background and motivations for the terminology introduced
in this paper: In the definition of the quadruple of data 2, let us specialise to the situation
when X is a Riemannian manifold with pinched negative curvature and I' is geometrically
finite. If we change the assumptions on I'g and ' such that I'g = ' is the stabilizer of a
parabolic fixed point £, of I' and C', is the maximal precisely invariant horoball centered
at £, then we recover the framework of Diophantine approximation in negatively curved
manifolds that was developped in [HP2, HP3, HP4, PP3, PP1|. In this situation, Ty is
not convex-cocompact and Cy = Cy,, and the new quadruple does not have the properties
we require of the quadruples of data in this paper. However, if we take Lk = I'oo\ AL,
Apy) = Tooy(4+00), Lkoo g = Moo (I - 00), all the constructions in Section 3 are still valid.

In particular, let X be the upper halfplane model of the real hyperbolic plane H?&, let
I' = PSLy(Z), let C, be the horoball in X of points having Euclidean height at least 1, let
I’y = ', be the cyclic group generated by z +— z + 1, and let 2 = (X,I',T'y,T's,). Then
(see [HP2, section 2.3|, [PP1]) Lke = (R — Q)/Z; for every r = [y] € T'oo\(I' = T'so) /T,
we have D(r) = 2log q if yoo = p/q with p € Z and g € N — {0} relatively prime; for every
¢ € R—Q, the approximation constant ¢(§ mod Z) is the classical approximation constant
of the irrational number £ by rational numbers; the approximation spectrum Sp(Z2) is
the classical Lagrange spectrum, and the Hurwitz constant K4 is the classical Hurwitz

constant % (see the introduction for the definition of these objects).

The end of this section is devoted to the study of geometric examples.

Let M be a nonelementary complete connected Riemannian manifold with sectional
curvature at most —1, and dimension at least 2. Let Ay be a closed geodesic in M, not
necessarily simple (for more general Agy’s, as for instance in the introduction, we refer to
the general setup). Let A, be a closed codimension 0 submanifold of M with smooth
connected compact locally convex boundary, disjoint from Ay.

Recall that a locally geodesic ray p in M is recurrent if, as a map from [0, +oo[ to M,
it is not proper, that is if there exist a compact subset K of M and a sequence (t,)pen in
[0, +00[ converging to +oo such that p(t,) € K for every n. We say that a locally geodesic
ray p in M spirals around Ag if d(p(t), Ag) converges to 0 as t goes to +00.

Let Lka_ (M) be the set of recurrent locally geodesic rays starting perpendicularly
from 0A. and exiting A, and let Lka__ 4,(M) be the subset of elements of Lk (M)
that spiral around Ap. Recall that a geodesic line in a complete simply connected manifold
that crosses a horosphere perpendicularly starts from (up to time reversal) the point at
infinity of this horosphere. Hence when A, is a small Margulis neighbourhood N, of
a cusp e, with compact boundary, it is equivalent to require that a geodesic ray exits
perpendicularly from A., or that the negative subray of the geodesic line containing it is
a minimizing geodesic ray starting from the boundary of N, and converging to eqo.

For every p,p’ in Lks_ (M), and every ¢ € [0 + oo[, let ¢; be the shortest length of a
path homotopic (relative to the endpoints) to the path obtained by following (the inverse
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of) p from p(t) to p(0), then following a shortest path contained in A, between p(0) and
£'(0), then following p’ from p(0) to p'(t); define

da.(p,p) = lim ezt (-8-)
t——+o00
(We will show below that the limit does exist). For every 7 in Lka_ a,(M), let D(7) be the
shortest length of a geodesic segment [a,b] with a in 0A, b in Ay such that there exists
a (locally) geodesic ray p starting from b, contained in Ag, such that the path obtained by
following [a,b] from a to b and then p is properly homotopic to 7 while its origin remains
in 0Ao. The spiraling constant around Ag of an element & of Lky__ (M) is

= lim inf DMg, (E,7),
c(§) FeLkAOQ,AOn(%r{ oo © A (§57)

and the subset of [0, +00| defined by

SPa 4y (M) = {c(§) : &€ Lka (M) —Lka, a,(M)}

is called the spiraling spectrum of geodesic rays in Lk (M) around Ay. These notions
coincide with the similarly named ones in the introduction if M has finite volume and A,
is the chosen Margulis neighbourhood of the cusp e.

To see the connection with the framework outlined at the beginning of this section, we
may define a quadruple of data

DM, A, A = (X, T,T0,Cx)

as follows. If M — M is a universal Riemannian covering of M with covering group I,
let X = €T be the convex hull of T, let 'y be the stabilizer in T' of a fixed lift Cy of Ag
to M, and let C'x, be the intersection with X of a fixed connected component 121;0 of the
preimage of Ay, in M. s

Note that the image in M of a geodesic ray p in M is recurrent if and only if the endpoint
at infinity of p is a conical limit point of I'. Consider the map ® from A — 05Coo to
Lka_ (M), which associates to an element £ of A.I'— 0o Coo the image in M of the geodesic
ray in X starting from the closest point on /Too to & and converging to £. By taking the
quotient by I'w, this map induces a homeomorphism @ : Lk,, — Lka__ (M), which maps
Lkoo o to Lka_ 4,(M). By construction, the map ® preserves the maps do, and d4_ (which
proves along the way that the limit in (- 8-) exists).

For every 7 in Lka_ a,(M), by definition of Lke o (see Equation (-6-)), there exists a
unique r in I'\I'/T'g such that ®~1(7) belongs to A,. The map 7+ r from Lka_ 4,(M)
to I'oo\I' /Ty satisfies D(r) = D(7) if D(r) > 0; the complementary subset in I'so\I'/T'y of
its image is finite, since there are only finitely many r € I'so\I'/T'g such that D(r) < 0;
every point in its image has at most two preimages, since A, has at most two points.

Hence, for every ¢ in Lk, we have by construction ¢(§) = ¢(®(£)). Therefore, as @ is
surjective,

SP(ZM,A0,400) =SP4, (M) (-9-)

and we conclude that to obtain results on the spiraling spectrum, it is sufficient to prove
results on the approximation spectrum.

Example 1: Spiraling around a closed geodesic in a real hyperbolic manifold
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We will use the upper halfspace model of the real hyperbolic n-space H, with constant
sectional curvature —1, so that 9, HZ = R"™1 U {oo}. Let I' be a nonelementary discrete
subgroup of isometries of Hy. Assume that oo is a parabolic fixed point of I, with stabilizer
', and that the interior of the horoball J# of points of Euclidean height at least one is
precisely invariant under I's (that is for all v € I' — ', the horoballs 7 and ~.7 have
disjoint interior). When T" is torsion-free and has finite covolume, J# covers a Margulis
neighbourhood of a cusp of I'\Hg. Define Cs = 74 N €T, and assume that I'n,\OCx is
compact (for instance if ' is geometrically finite, and in particular if I" has finite covolume).
Let 79 be a hyperbolic element of I'; with translation axis Cy. Let I'g be the stabilizer of
Cy in I'; which contains the cyclic group generated by 7g as a subgroup of finite index. The
quadruple 2 = (¢T,T', Ty, Cw ) satisfies the hypotheses of the beginning of the section.

For every v in I', let v+ be the fixed points of the

A Co hyperbolic element yyoy~!. If r is the double coset of
v in ['so\I'/Ty, and if D(r) = d(Cx,vCo) > 0, then
1 D(r){ by an easy computation in hyperbolic geometry
7Co 1
i Dir)=~log gy — 7, (-10-)
0 v- T+
where || - || is the standard Euclidean norm on R"~!.

Let Zr, be the set of fixed points of the conjugates of g, endowed with its Fréchet filter.
For every o € Zr,, let a* be the other endpoint of the translation axis of a conjugate of g
containing « at infinity. The distance-like map d¢ coincides with the Hamenstédt distance
doo.0.2; on the limit set AT. In R"! = 9 HE — {oo}, the Hamenstidt distance dy g4
coincides with the Euclidean metric (see for instance [HP2|). For every ¢ in A.I' — %r,
and o € %r,, define ¢, + i, to be the complex distance between the oriented geodesic
lines from oo to £ and from o* to «. Note that ¢+ = ¢, and 0, = 0, + 7. Then, we have
by Equation (-10-), by Equation (-3-) and by Lemma 2.2, respectively,

¢(T'so€) = liminf 2 I€=all _ i ing 2e-10060%] Z Jipnin (coshfy—cosfy) . (-11-)

aE%FO HOZ — o || OLE%[‘O 016@1*0
Furthermore, by definition, Sp(Z) = { ¢(¢) : & € To\(AL — Zr,) }-

Example 2: Spiraling around a closed geodesic in a complex hyperbolic mani-
fold

Let n > 2. The elements of C*~! are identified with their coordinate column vectors
and for every w,w’ in C"~!, we denote by w*w’ their standard Hermitian product, where
w* is the conjugate transpose of w, and |w|? = w*w.

Let HE be the Siegel domain model of the complex hyperbolic n-space. Its underlying
manifold is

HE = {(wo,w) € Cx C"! : 2Re wy — |w|*> > 0} .
The complex hyperbolic distance dpy is defined by the Riemannian metric

4

ds® =
* T 2Re wo—|w|2)2(

(dwy — dw* w)(dwy — w* dw) + (2Re wy — |w|?) dw* dw)

(see for instance [Gol, Sect. 4.1]). The complex hyperbolic space has constant holomorphic
sectional curvature —1, hence its real sectional curvatures are bounded between —1 and —i.

11



When we want to consider Hf as a CAT(—1) space, we will use the distance dj n = %dH(’é'
The boundary at infinity of Hf is

aong = {(wo,w) e Cx Cn_l : 2Rewg — |fu)|2 = 0} U {OO} .
The horoballs centered at oo in H are the subspaces
H, = {(wg,w) € Cx C" ! : 2Rewy — |w|* > s},

for s > 0. The submanifold {(wo,w) € H¢ : w = 0}, with the induced Riemannian metric,
is the right halfplane model of the real hyperbolic plane with constant curvature —1, and
it is totally geodesic in H. Hence the map ¢ : R — Hf defined by ¢ : ¢ — (e7%,0) is a
unit speed geodesic line for dyp, starting from oo, ending at (0,0) € JcHE and meeting
the horosphere 0.74 at time ¢ = 0. In particular, the distance between two horospheres
centered at oo is

digz (0.6, 0.) = | og(s' /). (- 12-)

Let Gy be the group of isometries of Hf, preserving (globally) s%. The Cygan distance
dcyg (see for instance [Gol, page 160]) is the unique distance on O HE — {oo} invariant
under G such that

dCyg((wovw)v (070)) =V 2‘w0"

Similarly, we introduced in [PP3, Lem. 6.1] the modified Cygan distance dg,,, as the unique
distance on O, H{ — {oo} invariant under Gy such that

doyg (w0, w), (0,0)) = v/2fwo| + |w]?.

Let I" be a discrete subgroup of isometries of H with finite covolume. Assume that oo
is a parabolic fixed point, whose stabilizer in I we denote by I'y,, such that the horoball
6 is precisely invariant under I'o.. Let g be a hyperbolic element of I', with translation
axis Cy. Let I'g be the stabilizer of Cy in I'. The quadruple 2 = (H¢,I', Ty, 7#43) satisfies
the hypotheses of the beginning of the section.

In the following result, we compute the associated map D : I';o\I'/Ty — R where

D)) = digy (#3,1C).

Lemma 3.4 If [7] € I'co\I'/Tg and D([y]) > 0 then, with v+ the fized points of the
hyperbolic element yyoy~!, we have

1 deoyg(v—,7+)?

D) = ~log 3 322 =0

Proof. Identify Hf U 0,HE with its image in the projective space P, (C) by (wo,w) —
[wo : w: 1] and oo +— [1 : 0 : 0]. Note that vCj is the geodesic line between v_ and ..

By invariance under G, we may assume that y_ = (0,0) and 74 = (wp,w) € O HE
1 0 O
such that wy # 0. The projective action of g = [ 7= Id 0 ] is an isometry of (the
1 w*
= 1

wo  Wo

image of) the Siegel domain, fixing the point (0,0) of 05 Hg, and mapping oo to (wg,w),

12



hence sending the geodesic line between (0,0) and oo to the one between (0,0) and (wg, w).
Therefore the map Vi, : R — Hg defined by

Yunalt) = (50— T )

1 4+ wepet " 1 + wpet

is a geodesic line with endpoints (wg,w) and (0,0) in OcH. The point 7y, (t) belongs
to the horosphere 0.7, where

wo w |2 _ 2Re(wo(1 +Woe")) — w2 |wyl?

t) = 2R — = .
s(t) e(1+woet) |1+woet 1+ etwg|? 1+ etwgl?

If wy = 7€ (in polar coordinates) and if T' = ef, then

B 21r?
C T2r2 4 2Trcosp+1°

s(t)

The map t — s(t) reaches its maximum at 7" = 1/r, that is at ¢ = —log |wp|, and its
maximum value is

g = ‘w()‘ — |,w0|2 — ldcyg((07o)7 (w07w))4 .
T+ Bemn ™ ugl + [0 /2 2dgy, ((0,0), (wy, w))?

The result then follows from Equation (- 12-), since % and vCy are disjoint if and only if
5 < 2. O

In H with its CAT(—1) distance d],HIg’ the distance-like map d_, coincides (as seen in
Section 2) with the Hamenstadt distance d, g.2. Recall (see [HP3, Prop. 3.12|) that

1
doo,a_%’é — ﬁ dCyg . (- 13-)

Let Zr, be the set of fixed points of the conjugates of vy, endowed with its Fréchet filter.
For every a € %r,, let a* be the other endpoint of the translation axis of a conjugate of
~o containing « at infinity. We therefore have

(av a*) dCyg(£7 Oé)
2

Sp(2) = {¢(Teé) = liminf V2 doyg

el —Z . -14-
aEXr dcyg(a, Oé*) 6 FO} ( )

4 The basic properties of the approximation spectra

Let 2 = (X,I',T,Cs) be a quadruple of data as defined in Section 3. In this section, we
study the upper bound of the approximation spectrum Sp(Z) C R of Z, and we give a
closedness result for Sp(2).

4.1 The nontriviality of the approximation spectra

A map f : [0,400[ — ]0,400[ is called slowly varying if it is measurable and if there
exist constants B > 0 and A > 1 such that for every z,y in Ry, if |z — y| < B, then
fly) < Af(x). Recall that this implies that f is locally bounded, hence it is locally
integrable; also, if log f is Lipschitz, then f is slowly varying.

13



Let € be a positive real number, and let f, g : [0, +oo[— |0, +00[. A geodesic ray or line
p in X will be called (e, g)-Liouville (with respect to 2) if there exist a sequence (t,)nen
of positive times converging to +oo and a sequence (y,)nen oOf elements of I' such that
p(t) belongs to A (7,Co) for every ¢ in [t,, t, + g(tn)]. A geodesic ray or line p in X such
that p(+00) ¢ 05Coo Will be called f-well approzimated (with respect to 2) if there exist
infinitely many v in I'/T'y such that

doo (p(+00), ¥AT) < f(D([3])) e 2OD |

The following result is proved in [HP5, Lemma 5.2] (when C, = Cp, but the proof is
the same).

Lemma 4.1 Let f : [0,+o00[ — ]0,1] be slowly varying, and let g : t — —log f(t). Let
€ > 0. There exists ¢ = c(e, f) > 0 such that for every geodesic ray or line p in X such that

p(+00) ¢ 950Co0 Ul er ¥ 00Co, if p is (€, g)-Liouville, then p is (cf)-well approzimated,
1

and conversely, if p is (5 f)-well approzimated, then p is (e, g)-Liouwville. O

Our first result says in particular that {0} ¢ Sp(Z). We refer to Section 5 for much
stronger results for particular cases of Z.

Proposition 4.2 The approximation spectrum of & contains 0 as a nonisolated point, and
hence the Hurwitz constant of 9 is positive.

The following consequence, amongst other similar ones, follows from Equation (-9-).

Corollary 4.3 Let M be a nonelementary complete connected Riemannian manifold with
sectional curvature at most —1 and dimension at least 2. Let Agy be a closed geodesic in M,
and let Aso be a closed codimension O submanifold of M with smooth connected compact
locally convex boundary, disjoint from Ag. Then the spiraling spectrum Spy__ 4, (M) around
Ay contains 0 as a nonisolated point. ]

Proof of Proposition 4.2. Let us first prove that there exists an element v in I' — Iy
such that d(Cy,vCp) and d(Cs,vCp) are both as big as we need.

By the lemmae 3.1 and 3.2, there exists a nontrivial double class [yg] € I'ao\I'/T'g such
that d(Cso,70Co) is big. Since 'y contains a hyperbolic element, there exists a hyperbolic
element 1 in I whose attractive fixed point (71)+ belongs to 790xCp, and in particular is
not in dsCoo. As vy ¢ I'o and I'g is almost malnormal, we have (71)4+ ¢ 0-Coy by Lemma
2.1 (2). Since (71)+ & 050Co U 0cCoo, if m is big enough, then v = ~f" is an element in
I' — Iy such that d(Cp,vCp) and d(Cw,vCp) are both big enough.

Now, let v be as above. Let [p, | be the shortest segment between Cy and vCy, with
p € Cy. Let a be a hyperbolic element in Ty with big translation length, and 8 = yay~!.
Let (k,)nen be a sequence of positive integers. In particular, L = d(p,q), L, = d(p, a*p)
and L = d(q, f*"q) are big (independently of (ky)nen).

For every n in N, define ,, = g¥1a*18F2ak2 . gFnakn | so that 49 = id and 71 = gFak.
Consider the piecewise geodesic ray which is geodesic between the consecutive points

2,4, B4, B0, p, - YD s VB G v B D, Y, -

Then if A =min{L, L], L! : n € N} is big enough, as the comparison angles at the above
points between the incoming and outgoing segments are at least w/2 by convexity, this
piecewise geodesic ray is quasi-geodesic.
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Hence, it stays at bounded distance (depending only on A) from a geodesic ray p* start-
ing from p. Note that, by convexity, the segments [v,q, v,3%*1q] and [y, 3+ p, v, 1p]
(which are long if the L, L! are big) are contained in images under I" of Cj. The point at
infinity £ of p* is in particular a conical limit point (since I'g is convex-cocompact, there
are points in one orbit under I' that accumulate to £ while staying at bounded distance
from p*). Up to taking the translation length of «, and hence A, big enough, the point
¢ belongs neither to 0sCoo, nor to any 7' 0,Cy for v/ € T' (otherwise, two copies of Cy
would be close for a too long time, contradicting Lemma 2.1 (4)). Hence the approximation
constant ¢(I'o&) is well defined.

In order to apply Lemma 4.1, we fix € > 0. If the sequence (k;,)nen tends to +oo, then
the geodesic ray p* spends longer and longer time in the images by I' of the e-neighbourhood
of Cy. Thus, ¢(I'x€) is equal to 0, by Lemma 4.1.

To prove that 0 is not isolated, take the sequence (kj)nen to be constant, with k;
big compared with x(e) (which has been defined in Lemma 2.1 (4)), L and the bounded
distance between p* and the above quasi-geodesic. In particular, p* is (e, g)-Liouville for g
a constant map, having a big value if k; is big. By Lemma 2.1 (4), since p* spends intervals
of time of only bounded length outside ' .4.Cj, the geodesic ray p* is not (e, ¢')-Liouville
for ¢ > g a big enough constant map.

By Lemma 4.1, this implies that the approximation constant of (the image modulo I's
of) ¢ is positive, and small if &y is big. O

Remark. Let us notice here that the approximation constants are generically equal to 0,
hence that the nonvanishing of an approximation constant is a quite rare behaviour. We
will make this explicit only in a particular case.

Assume that X is a Riemannian manifold and Cj a geodesic line. For every v €
D\T!X, let &, € T'so\0X be the (orbit under I's, of the) endpoint of a geodesic line in
X whose tangent vector at the origin maps to v by the quotient by I'. (Several choices
are possible, but they will give the same approximation constant.) Let p be a (finite,
positive, Borel) measure on I'\T"' X invariant and ergodic under the quotient geodesic flow
(¢t)ter. Assume that the support of p contains the orbit under T' of the lift of Cy to
T'X by its unit tangent vector, and that the (measurable) subset of unit vectors v such
that &, € Foo\((&)oX — AU 800000) has measure 0. For instance, this is true if I" has
finite covolume, p is the Liouville measure and Cy, is a precisely invariant horoball, or if
I" is cocompact and p is the maximal entropy measure, and C is the translation axis of
a hyperbolic element. The ergodicity assumption implies that {¢;v};cp+ is dense in the
support of p for almost every v. Recall that if two unit tangent vectors are very close,
then the geodesic lines they define are close for a long time. Hence for p-almost every v,
we have &, € T'o\ (Al — 050Cx) and ¢(§,) = 0 by Lemma 4.1.
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4.2 The boundedness of the approximation spectra

If T is geometrically finite (see for instance [Bow]), then there exists a I'-equivariant family
€ of horoballs centered at the parabolic fixed points of I', with pairwise disjoint interiors.
There are many possible choices for such an . (though only one maximal one if I has
only one orbit of parabolic fixed points). In the computations of Section 4.4, we will choose
natural ones. We call Xy = €T — |J 7 the thick part of €T. Clearly, Xj is I-invariant,
and I" acts isometrically on it. We call I'\ X the thick convex core of I'\ X.

The next result gives a sufficient condition for the Hurwitz constant of & to be finite.
In particular, this condition is satisfied when X is a Riemannian manifold and I" has finite
covolume. Recall that the Hurwitz constant of Z is

Kg =sup Sp(2) € [0,+0] .
Theorem 4.4 IfT' is geometrically finite, then Sp(2) is bounded, hence 0 < K¢ < 00.
The following consequence, amongst other similar ones, follows from Equation (-9-).

Corollary 4.5 Let M be a geometrically finite complete connected Riemannian manifold
with sectional curvature at most —1 and dimension at least 2. Let Ag be a closed geodesic in
M, and let Ax be a closed codimension O submanifold of M with smooth connected compact
locally convex boundary, disjoint from Ag. Then the spiraling spectrum Spa_ _a,(M) around
Ag 1s bounded. O]

Proof of Theorem 4.4. Let .57 be as above. Since AI'g contains at least two points,
() is not contained in any element of .77, hence Cj intersects X. Since I' is geometrically
finite, the diameter A of the quotient metric space I'\ Xy is finite. For every £ € A.I' —
(0soCoo U UﬂfEF 705Ch), let pe be a geodesic ray starting from the closest point to & on
Co and converging to €. As £ is a conical limit point, there exists a sequence of positive
times (t,)nen converging to +oo such that pe(t,) € Xo for every n. Hence, there exists a
sequence of elements (7, )nen such that for every n in N,

d(pé(tn)a'ynCO) < A

For n big enough, the distance between the convex subsets Co, and 7, Cy is big. Indeed,
if d(Cso,vn,, Co) is bounded for some subsequence (ny)ren tending to +oo, then by Lemma
3.1 and up to extracting a subsequence, the double cosets [y, ] € T'so\I'/T'g are constant.
Since 7y, Cp contains a point whose closest point on Cy is at bounded distance (at most
A) from the point pg(0), up to extracting a subsequence and up to multiplying v,, on the
right by an element of I'y, we may assume that (v, )xen is constant. Since pe converges
to &, the construction of (7vy)nen implies that £ belongs to the closed subset 7;,,00,Co, a
contradiction.
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If pe does not meet 7,,C, we denote by [pp, ¢,| the
shortest segment between p¢ and ~y,Cy, with p,, in p¢
(which exists since £ & (J,,cy 70Co). Otherwise,
define p, = ¢, to be the first intersection point of
pe with 7, Co. In particular, d(pp,qn) < A. Let hy,
be the point of ~,,Cy the closest to Cs, and h!, its
closest point on C,. Since I'g is convex-cocompact,
there exists a constant ¢; > 0 (depending only on
I'y) such that the distance between ¢,, and a geodesic
ray starting from h,, and staying inside v,Cy is at
most ¢y, for every n in N. Denote by &, the point at
infinity of this geodesic ray, which does not belong
10 0soCxo- Let py, be the geodesic ray starting from
the closest point to &, in Cy and converging to &,.

mCo

By the distance formulae of the hyperbolic comparison quadrilateral with vertices cor-
responding to &, pn(0), Al and h,, with one comparison angle 0 and the three others at
least 7/2 (see |Bea, 7.17]), if n (and hence d(hy,,Cx)) is big enough, then the distance
between py,(0) and A}, is at most 1. Therefore h,, is at distance at most a universal constant
co from p,,. Since d(qy, [hn,&n]) < c1, the point ¢, is hence by convexity at distance at
most ¢; + co from a point z,, of p,, so that

d(pmpn) < d(pnaxn) < d(men) + d(Qnaxn) <A+c+er.

In particular, d(p,(0),z,) tends to +o00 as n — +oo. By the distance formulae of the
hyperbolic comparison quadrilateral with vertices corresponding to pg(0), pn(0), Zp, Py (see
[Bea, 7.17]), with two comparison angles at least 7/2 and the length of the opposite
segment, that is d(py,,x,), bounded by a constant, if n is big enough, then p¢(0) is at
distance at most 1 from p, (0).

Let 7, be the class of 7, in I'no\I'/T'g, so that D(r,) = d(hy,Cx). Using the triangle
inequality, we have

d(pnypﬁ(o)) > d(Qna Coo) - d(Qnapn) > d('YnCOy Coo) - d(Qnapn) > D(Tn) —-A.

Since d(pg(0), pn(0)) < 1, there exists a universal constant ¢3 > 0 such that some point on
the geodesic line between § and &, is at distance at most c3 from both a point pj, of pg
and a point ¢, of p,. In particular, d(p),,q),) < 2cs. Since pj, is at bounded distance from
pn, there exists (by a geometric argument of geodesic triangles) a constant ¢4 > 0 (which
depends only on A) such that

d(pr; pe(0)) = d(pn, pe(0)) — 1 -
By the definition of the distance-like map dc_ and by the triangle inequality, we have

do (€, 6,) < e (AP0, ) e (pn 0), g3)~c5)

By the triangle inequality, d(p,,(0), ¢5,) = d(p¢(0),pr,) — d(pe(0), pr(0)) — d(py, ¢). By the
previous inequalities, we hence have

d(pe(0), pr (0
(pe( )2/3 (0)) - 6A+253+c4+% efD(Tn) ]

/ !
do (&,&n) < e—d(pe(0), pr,)+es+ itan
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The approximation constant ¢(§) of &, for every £ in I'eo\(Acl' — (000 Coo U U, e 7AL0)),

is hence at most eA+203+C4+%, which proves the result. O
Remark. Note that this upper bound depends only on (X,I', C), but not on C.

In special cases, the proof of Theorem 4.4 may be improved to give a simple explicit
constant.

Proposition 4.6 If I is geometrically finite, if A is the diameter of the thick convex core
of T\, if C is a point in X or a horoball in X, and if Cy is a geodesic line, then

Ko < (1+v2)e?
The following consequence follows from Equation (-9-).

Corollary 4.7 Let M be a geometrically finite complete connected Riemannian manifold
with sectional curvature at most —1 and dimension at least 2, and let A be the diameter of
the thick convex core of M. Let Ag be a closed geodesic in M, and let Ay, be either a ball
or a Margulis neighbourhood of a cusp of M. Then the spiraling spectrum SPAOO,AO(M)

around Ag is contained in [0, (1 + v/2)e?]. O

Proof of Proposition 4.6. Assume first that Co = {7} With 2o € X. For every ¢
belonging to A" — (0sCoo U UﬂfEF 7 05Co), we define pge, vn, Pns @n, b as in the beginning
of the proof of Theorem 4.4, so that p¢(0) = 2. Let &, be an endpoint of the geodesic
line Cy such that g, € [hy,&n]. Let p, be the geodesic ray from zo to &,. Let r, =
[Yn] € Too\I'/T0, so that d(xec, qn) > D(ry). Let 2, be the closest point on p,, to gy, which
satisfies

d(Zn, Qn) <9,

with & = log(1 + v/2), by looking at the comparison triangle of the geodesic triangle with
vertices oo, &n, Ay (see the picture below).

By the triangle inequality, for all ¢ big enough,

d(pn(t), xoo)'+'d(05( ): Too) — d(pn(t), pe(t))

> ( )s Zn) + d(zmwoo)) + (d(pg(t),pn) + d(pmxoo))_
M@A)a0+ﬂ%mw+d@m%@»

d(Zoo, Pn) + d(Too, 2n) — d(Pns 21n)

d(Toos n) — d(qn, Pn) + A(Too, qn) — d(qn, 2n) — (d(pm qn) + d(gn, Zn))

2D(ryp) —2A — 20 .

(A\VARAVS
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Hence,

o (6,60) = lim o7 (don (8), o0 (e (1), 2o0)=(on (1), p¢(1))) < o= Dlr)+A+5.

which proves that ¢(T'so¢) < e2T9.

If Cy is a horoball with point at infinity ., the proof is similar, by replacing the
geodesic rays starting from z,, by geodesic lines starting from £, and meeting 9C,, at
time 0, and using the fact that d(p¢(0), pn(0)) tends to 0 as n — +o0. O

Theorem 1.1 in the introduction follows from Corollary 4.7.

4.3 On the closedness of the approximation spectra

In this subsection, we prove that in the constant curvature manifold case, the spiraling
spectrum around a closed geodesic is closed.

Theorem 4.8 Let 2 = (X,I',T0,Cx) be a quadruple of data such that X is the real
hyperbolic n-space, I' is geometrically finite, Co = €Ty is a geodesic line, and Cy is a
horoball. Then Sp(2) is equal to the closure in R of the set of the approximation constants
of the (orbits under 'y of the) fized points of the hyperbolic elements of I' (that are not
conjugated to elements of T ).

In particular, the approximation spectrum Sp(2) is closed, the Hurwitz constant of &
is the maximum of Sp(Z), and the approximation constants of the (orbits under I', of
the) hyperbolic fixed points of I are dense in Sp(2).

Remark. The result is still true if Cy is any totally geodesic subspace of dimension at
least 1 and at most n — 1; the adaptation of the proof below is left to the reader.

The following consequence follows from Equation (-9-), and proves the first claim in
Theorem 1.2 in the Introduction.

Corollary 4.9 Let M be a geometrically finite complete connected Riemannian manifold
with constant sectional curvature —1 and dimension at least 2. Let Ag be a closed geodesic
in M, and let Ay be a Margulis neighbourhood of a cusp of M. Then the spiraling spectrum
Spa.. 4,(M) around Ag is closed, and is equal to the closure of the set of spiraling constants
of the geodesic lines spiraling around closed geodesics distinct from Ayg. O

Proof of Theorem 4.8. Let % be the set of images under I' of the two oriented
geodesics defined by Cj. Let © be an element of 7' X, and & be its base point. For every
C in %, define po to be the point of C' the closest to &, which depends continuously on
0; define O¢ to be the angle at pc between the parallel transport along [z, pc] of © and C,
which depends continuously on v. Let

0) = inf hd(z,C) — cosfc .
f(v) Aot coshd(z,C) — cos ¢

Since % is locally finite and is preserved by I', the lower bound defining f is locally a
minimum over a finite set. Thus, the map f : T'X — R is continuous and invariant under
I', and it defines a continuous map f : T\T'X — R. As the image of Cp in I'\ X is compact
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and I"\ X is a proper metric space, the distance to this image is a proper map on I'\ X.
Hence f, which is at least cosh(0) — 1 = 0, is proper. Let (¢! : T'X — T!'X);cr be the
geodesic flow of X, and denote again by (¢!);cr its quotient flow under T.

We will use the following result of F. Maucourant [Mau, Theo. 2 (2)], whose main tool
is Anosov’s closing lemma (and which builds on a partial result of [HP2]). The result
extends to our orbifold case.

Theorem 4.10 Let V be a complete Riemannian manifold with sectional curvature at
most —1, let (¢')ier be its geodesic flow, and let Jy be the subset of T*V which consists of
periodic unit tangent vectors. If f : T'V — R is a proper continuous map, then

Rﬁ{ltigj&ff(qbtv) : veT1V}:{1tréi]§f(¢tu) cve o). O

Assume that X is the upper halfspace model of H%, and that C'y, is centered at co. By
the assumptions on the data &, we are in the situation of Example 1 of Section 3. In the
following, we use the notation of that example. Let £ be the endpoint of the geodesic line
defined by 0, and note that this geodesic line is asymptotic to the geodesic line from oo to
&. There are three cases to consider:

(1) If & € Al — Zr,, then it follows from the definition of f and from Equation (-11-)
that liminf; . o f(¢'0) = c(Txf).

(2) If € € Zr,, then liminf, | f(¢'0) = 0, and we have already seen (in Proposition
4.2) that 0 belongs to Sp(2).

(3) If £ € 00X — AT, then since I' is geometrically finite, either £ does not belong to
the limit set, or { is a parabolic fixed point. In both cases, since f is proper, we have
liminf; 4o f(¢'0) = +o00, which is not in R.

These observations imply that R N { iminf; o f(é¢'v) : v € T\T'X} is contained in
Sp(2) = {c(T'xf) : £ € AT —Zr,}.

By considering a vertical unit tangent vector v ending at a given £ € Al — Zr,,
the opposite inclusion also holds. If J) is the subset of vectors in Jy that are not the
image in I'\T'X of unit tangent vectors to Cp, then the set A of the approximation
constants of the (orbits under I', of the) points of 0, X fixed by hyperbolic elements not
conjugated to elements of Ty, is equal to { infier f(¢'v) : v € J}}. Furthermore, the
approximation constant of (the orbit under I's, of) a point of J, X fixed by a hyperbolic
element conjugated to an element of 'y, is equal to 0. Hence, by Theorem 4.10, we have
Sp(2) = AU {0}. Since 0 is not isolated in Sp(Z) (see Theorem 4.2), this implies that
Sp(2) = A. This proves Theorem 4.8. O

4.4 Some upper bounds on the approximation spectra

We give estimates of the Hurwitz constants of data 2 = (X,I",T,Cx) in a number of
arithmetically defined cases. The estimates are not likely to be very sharp, except for
Proposition 4.11. In the following five examples, X is H?&, H?&, HI??&, H?R or ]H[(QC respectively.
These dimensions are chosen with number theoretical applications in mind, see Section 6.
In the first four examples, the convex set Cw, is the horoball centered at infinity consisting
of the points with Euclidean height at least 1 in the upper half space model of Hy. The
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group I' is specified in each example, and the subgroup I'g is the stabilizer in I' of any
geodesic in X whose quotient in I'\ X is compact.

The following classical fact is used repeatedly in the examples: For every oo < /2, the
distance ¢ in H%{ between the points of angle « and of angle /2 with respect to the real
line OxHZ — {00} on any Euclidean circle centered at a point in 9oH% — {oo} is

V1+tanZa +1

tan «

¢ = log cot % = log (-15-)
This equation is used to compute distances between points in isometrically embedded
copies of HIQR in Hy and ]H[(QC.

(1) Let T' = PSLo(Z). It is well known that the hyperbolic triangle F in HZ with
vertices at 0o, €'3 and €23 is a fundamental polygon for I' = PSLy(Z). The horoball Cx
covers the maximal Margulis neighbourhood U of the (only) cusp of M = I'\HZ. The
compact set K = I' — Cy, covers the complement of U in M. The symmetries imply that
the diameter A of M — U equals the distance between the cone points of M with angles 7

and 27 /3. By Equation (-15-),
Y 1
A =d(i,e's) = ilogS ~ 0.55 .

By Proposition 4.6, we thus have Sp(2) C [0, (1++/2)v/3] C [0,4.19]. Note that this upper
bound is uniform amongst the subgroups I'.

Let us give an exact computation of the Hurwitz constant in a particular case. Notice
that the second assertion of the result below shows a different behaviour than the classical
Lagrange spectrum.

Proposition 4.11 Let Iy be the cyclic subgroup of I' = PSLa(Z) generated by v; =
+ (i i), and let 9 = (H]%{,F,I’O,Coo). Then Kg =1— 1/\/5, and Kq is not isolated in
the approximation spectrum Sp(2).

Proof. The element v, is hyperbolic, and its translation axis L is the geodesic line in
H2 with endpoints at (1 £ /5)/2 (see the picture below). The translation length ¢ of v
satisfies 2 cosh(¢1/2) = 3 (see |Bea, page 173|), and the translates of L; intersect in pairs
at the orbit of 4, and form a net (covering H3 — I'C) of equilateral triangles (the images
under I' of the triangle with vertices 7,7 + 1, %) as in the figure below. The edges of the
triangles have length, by Equation (-15-), equal to d(i,7 + 1) = argcosh(3/2) = ¢1/2, and
the (interior) angles 6 € [0, 5] of the triangles satisfy cos# = 3/5. These facts are easily
seen by considering the 6-fold cover of M by the modular torus M’ which is the quotient
of HZ by the commutator subgroup of I' = PSLy(Z) (see (2) below). Notice that v; and
its translates by z — z 4 1 are lifts of the three shortest periodic geodesics of M’ which

intersect at the three Weierstrass points of M’ (see for instance [Sch, Theo. 2]).
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;7_1 1-v6 _1 0 1 1 1+_2\/5 ] I

Any geodesic line that connects oo with £ € R — Q intersects infinitely many triangles.
Let T" be one of the triangles, and let v be a geodesic line that intersects the interior of 7.
The points of intersection of v with 7" and one of the vertices of T" determine a triangle with
angles 0, ¢1, 3. The supremum of min{cos ¢1,cos ¢2} over all nondegenerate hyperbolic
triangles with angles 6, ¢1, ¢o is obtained, by symmetry, when ¢, = ¢2 and when the
triangles become small, that is when they converge, after renormalization, to the Euclidean

triangle with angles 6, ¢1 = ¢. Hence the above supremum is cos(*5%) = sin g = %, and

2
it is not attained, by the Gauss-Bonnet formula. Thus, the geodesic line from oo to £ cuts a
sequence of pairwise distinct ['-translates of Cy, the cosine of the angle at each intersection

point being at least % By Equation (-11-), this implies that for any £ € R — Q, we have
e(€) <1-1/VB.

241
For any nonzero integer n, consider the hyperbolic element v, = =+ (n : Tf) €

I'. The fixed points of 7, are § £ /(%)% 4+ 1. Thus, the axis of v, is the intersection
with the upper half plane of the Euclidean circle of center n/2 and radius /(%)% + 1,
which passes through the points ¢ and n + i. The translation distance of ~,, which is
2 argcosh(n?/2+1) by [Bea, page 173], is twice the distance between the points i and n+1,
by Equation (-15-). Thus, the translation axis of ~,, intersects, at each T'-image of i on it,
exactly two ['-translates of the axis of 1, and always at the same angle in absolute value,
with alternating signs. As n — oo, the smallest of the two positive angles approaches
(while strictly increasing) the angle ' between the (oriented) axis of y; and the (upward
oriented) imaginary axis at 4, which satisfies cos @’ = 1/y/5 . Thus, by Equation (- 11-), the
approximation constants of the lines from oo to the fixed points of +,, converge to 1 —1/v/5
(while being different). The result follows. O

(2) Let T be the commutator subgroup of PSLo(Z). It is well known (see for instance
[Sch]) that T is a torsion-free subgroup of index 6 in PSLy(Z), and that the quotient I'\HZ
is a punctured torus, called the modular torus.

For every k € N, let Hy, be the horoball centered at k with Euclidean height one. It is
well known (see for instance [Coh, Sch|) that the modular torus is isometric to the quotient
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of the ideal hyperbolic square P with vertices oo, —1,0, 1 by the gluing of the opposite faces
of P, such that the horoball C'\c maps by the two gluings to the horoballs H_; and H;. In
particular, C', covers the maximal Margulis neighbourhood U of the cusp of M = F\H%g.

Let T’ be the closure of the relatively compact component of H%g — (Coo UH_1 U Hp).
Then the closure of M — U is the union of the triangles with horocyclic sides 77 and 7" + 1,
glued along their vertices. The diameter of 7" for the induced distance of HZ is, by a
convexity argument, equal to d(i,i+ 1) = argcosh(3/2). Any point of 77 + 1 is at distance
at most d(i,e'3) = l°§3 (by Equation (-15-)) from one vertex of 77 + 1. Therefore

1
A< %3 + argcosh(3/2) .

By Proposition 4.6, we thus have Sp(2) C [0, (1 + v/2)e?] C [0,10.95].

(3) Let m be a positive squarefree integer, and let I' be the Bianchi group PSLa(0_,,),
where &_,, is the ring of integers of Q(iy/m). All Bianchi groups contain the transformation
z +— z + 1, and thus, the interior of the horoball Cy, is precisely invariant, by Shimizu’s
Lemma. Since ¢ : z — —% also belongs to I' and since the horoballs C, and (Cy, are
tangent, the horoball Cy, covers the maximal Margulis neighbourhood of the cusp of M =
I'\HZ. Fundamental domains for the Bianchi groups have been determined in [Bia, Swa,
EGM] and we will use the tables of [Hat, page 346].

° ° (im—ﬂ, 14m—m?
(m D (w1
-9 (1+i\/7r_‘_ 3—m)
2 ’ 2
[ J [ ]
0,1) | (1,1)
m=1,2

m=3,7,11

In the above picture, wy, is equal to iy/m if m = 1,2 mod 4 and is equal to %
if m = 3 mod 4. The shaded area represents the vertical projection to C of the Ford
fundamental domain at infinity F,,. The couples are the coordinates in ]H[% C C xR of
the finite vertices of the polyhedron [}, projecting to these points, and of the center of the
(unique) compact codimension 1 face of F),.

Cases m = 1,2 : A Ford fundamental domain of I' = PSLy(0_,,) = PSLy(Z[iy/m]) is
given by the polyhedron F,, with five vertices, one at oo and four finite ones at (:I:% +
@i, ¢;3;—m) The diameter A,, of the image of K, = I}, — C in F\]H[% satisfies, by the
symmetries and Equation (- 15-),

vm. V/3—m
TZ,T),(OJ)) = log

23

24++vV14+m

3—m

A <[+
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which is log(1 + v/2) if m = 1 and log(2 + v/3) if m = 2. Now, as in (1) above, Sp(2)
is contained in [0, (1 4+ /2)?] C [0,5.83] if m = 1 and [0, (1 + v/2)(2 + V/3)] C [0,9.01] if
m = 2.

Cases m = 3,7,11 : A Ford fundamental domain of I' = PSLy(0_,,) = PSLs (Z[Hg\/ﬁ])

is given by the polyhedron F), with seven vertices at oo, (j: zz}l, V14 T \/ﬂ”” ) as well
as (:l: + ZT\Fl’ v 14T¢ﬂ12 ) The diameter A,, of the image of K, = F,, — C in F\H%
satisfies, by the symmetries and Equation (- 15-),

m+1 V1dm—m? — 4ym+m+1

A <d((i b, 1) = log

4y/m’ 4y/m Vidm —m2 -1
Now, as in (1) above, Sp(2) is contained in [0, (1 + ﬂ)%] which is for instance
contained in [0,4.664] if m = 3.

(4) By the classification of the hyperbolic Coxeter simplices (see for instance [VS, page
207]), there exists one, called F' thereafter, whose Coxeter diagram is

4
o O.

Up to isometry of H3 = R*x |0, +00[, we may assume that its ideal vertex is at infinity,
and that the opposite face lies on the Euclidean unit sphere centered at 0.

Let I' = I's be the group of isometries of ]H[]% generated by the reflexions on the
codimension-one faces of F'. The one-cusped orbifold I' 5\H% is the minimal volume cusped
hyperbolic orbifold of dimension 5, see [Hil].

The horoball Cy is the maximal precisely invariant horoball centered at oo, see [Hil,
Prop. 5]. It is easy to see (see for instance [Hil, page 216|) that the vertical pI"OJGCthIl of F

1n R* (which is a Euclidean Coxeter simplex with Coxeter diagram o—o—o—o—o of type
) has diameter 1/v/2. Thus the diameter of F' — C is at most Qde( f +1 \[)

21og(1 ++/2), and Sp(2) is contained in [0, (1 + v/2)?] C [0, 14.08].

Let H be the skew field of Hamilton’s quaternions. The Hurwitz ring &’ consists
of all quaternions in H of the form 3(ag + a1i + asj + ask) such that the coefficients
ap, a1, as,as € Z have equal parity. The Hurwitz modular group T' = PSLy(&") (defined
using the Dieudonné determinant) is, up to conjugation, the derived subgroup of I's, which
has index 4 in I's, see [JW, page 186]. Since a fundamental domain for I" can be built as
the connected union of four copies of the fundamental domain F' of I's, the approximation
spectrum Sp(2) is contained in [0, (1 + +/2)%] C [0, 2787], a very rough estimate.

(5) Before giving the fifth and last example, notice that the model of HZ used therein
will differ from the one used in Example 2 of Section 3 to facilitate references to [FP]
on which the example is based: We will use the Siegel domain of the complex hyperbolic
plane, whose underlying space is, as a subset of the complex projective plane P?(C) with
nonhomogeneous coordinates,

HZ = {[Wy: W:1] € PX(C) : 2Re Wy + |[W|* <0} .

Consider the Hermitian form q = ZyZy + ZoZy + Z1Z; on C3, whose signature is (1,2).
The Fisenstein-Picard modular group I' = PU,(0_3) is the projective unitary group of the
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form ¢ with coefficients in & _3, acting projectively on H%. Let
Coo = {[Wo: W : 1] € P2(C) : 2Re Wy + |[W|* < 2},

which is a horoball centered at oo =[—1:0:0]. Let w = _1%“/5 and

1 1 w 1 1 w 0O 0 1
P=10 v —~w], Q=0 -1 1|, R=10 -1 0],
0 0 1 0 0 1 1 0 O

which define elements of I A fundamental domain D for I' is constructed in [FP,
Theo. 4.15], as a simplex with one infinite vertex at oo, which is the geodesic cone with
cone point 0o over a tetrahedron Ty with four finite vertices

2p=[w:0:1], zr=[-1:—w:1], zo=[-1:1:1], zz3=[w:0:1].

The images of the interior of D by P,Q, R are disjoint from D since D is a fundamental
domain for I". By [FP, Prop. 4.6], the element R maps T to itself, and the geodesic cones
with vertex oo over the four faces of T} are paired, by PQ~! and P.

The horoball Cy,, which is invariant by P, (), and which meets its image by R only in
ug = [—1:0:1] € Tp, is hence the maximal precisely invariant horoball centered at co. As
D is a cone with vertex oo and Ty intersects C,, at ug, the diameter of the complement of
the horoball C in D is attained by two points of Tj. Note that (see [FP], Definition 4.5
and the claim before Proposition 4.6 therein) the faces of Ty are foliated by geodesic arcs
between points of the edges, and that the edges are geodesic arcs. Hence, by convexity of
the distance map, the maximal distance between two points of Tj is attained by a pair of
vertices, that is by the maximal length of an edge of the tetrahedron Tj.

The intersection of H% with the complex lines of equations W = 0 and Wy = —1 are
totally geodesic, and are respectively a copy of the constant curvature —1 real hyperbolic
left halfplane and disc of radius v/2 and center 0 in C (and ug corresponds to the point
(—1,0) in this left halfplane and to the center of this disc). Hence, for ¢ = 0 and i = 3,
we have dH%(zi,uo) = log(2 + v/3) by Equation (-15-). For i = 1 and i = 2, we have
dH%(zi, ug) = log(3 + 2v/2). Thus for 0 < i,j < 3, by the triangle inequality, we have

dyzz (24, 2j) < da (2, u0) + dyzz (75, uo) < 21og(3 + 2v2) = 4log(1 + V2) .

Therefore, in the metric of ]H[(QC with sectional curvature between —4 and —1, we have
the estimate

< / C o) —
A< Ogg};gdH%(zl,z]) 2log(1 +v2) ,

and a corresponding estimate on the approximation spectrum by Proposition 4.6

Sp(2) C [0,(1+v2)%] € [0,14.08] .

5 Hall rays in approximation spectra

In this section, for some quadruples of data = (X,I',I'y,Cw ), we will prove that the
approximation spectrum Sp(Z) contains a segment [0, ¢| for some ¢ > 0.
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We start by recalling the following result from [PP3|. It says that given a family of
almost disjoint neighbourhoods of geodesic lines, there exists a geodesic ray or line, with
starting point (at infinity in the case of a line) any given point outside these neighbour-
hoods, that has a prescribed penetration in one given neighbourhood, and does not pene-
trate too much in the neighbourhoods thereafter. We refer to Section 2 for the definitions
of the various penetration maps.

Theorem 5.1 [PP3, Theorem 5.9] For every e >0 and § > 0, there exists a positive con-
stant by such that the following holds. Let X be a complete simply connected Riemannian
manifold with sectional curvature at most —1 and dimension at least 3. Let (Ly)nen be a
family of geodesic lines in X, such that diam(.A¢ L, N ALy,) < 9§ for all n # m in N. For
every £ € (X U 0xX) — (ANeLo U OsoLg), let fo : TgX — [0, 4-00[ be either fo = ftpr,, or
Jo = La.1y if X has constant curvature, or fo = cepp, (in which case & € 0o X — OxoLo)
if the metric spheres for the Hamenstdadt distances (on 0 X —{&'} for any £ € 0,cX ) are
topological spheres. Let h > h.

Then there exists a geodesic ray or line p starting from & and entering A:Lg at time 0
with fo(p) = h, such that £y 1., (p) < h} for every n # 0 such that p(]0, +o0]) meets NeLy,.
O

Note that the condition on the metric spheres of the Hamenstédt distance being topo-
logical spheres is satisfied by all negatively curved symmetric spaces.

The following result is an analog of Theorem 5.13 of [PP3], where we considered cusp
excursions. It has as hypothesis the conclusion of the previous theorem. It says that if
a given family of almost disjoint neighbourhoods of geodesic lines is rich enough, then
we can find a geodesic line which has a prescribed upper asymptotic penetration in these
neighbourhoods.

We first define what we mean precisely by this. Let X be a proper CAT(—1) space
and let £ € X U0 X. Let € > 0, ,k > 0. Let (Cy)acr be a family of convex subsets
of X such that diam(.A4:Cy, N ACpg) < 6 for all & # § in &/. For each a € &/ such that
€ ¢ CqU0xCh, let fo: TSIX — [0, +00] be a map such that ||fo, — £ s.c,|lcc < k. These
assumptions guarantee that for every p € T, gX , the set &), of times ¢ > 0 such that p enters
in some C, at time ¢ with f,(p) > J + & is discrete in [0, +00[, and that such an « is then
unique, denoted by oy. Hence &), = (t;);c 4 for some initial segment 4" in N, with ¢; < ;11
for i,i+1in A" With a;(p) = fa,, (p), the (finite or infinite) sequence (ai(p))ie/y will be
called the penetration sequence of p with respect to (A:Cq, fa)ace (and d, k). We will be
interested in the possible values of limsup; ., ., ai(p), when .4 = N.

Theorem 5.2 Let € > 0 and 6,v,v" > 0. Let X be a proper CAT(—1) space, with OsoX
infinite, and let £ € X U 0xX. Let (Ly)aco be a family of geodesic lines in X, such that
diam(AcLaNAcLg) < 6 for alla # B in o/ . For every o € & such that § ¢ N¢LqUOsLa,
let fo be either £y 1, or ftpy —or cepy , and in this last case, assume that § € 00X . Let
k be the upper bound of the ||fo — a1, ||co for all o in o such that & ¢ N;Ly U Qo Lg,.
Assume that | ¢y OsoLa is dense in 0o X . Assume that for every h > v and o € o/ such
that & ¢ N¢Lo U Oxo Ly, there exists a geodesic ray or line p starting from & and entering
NeLq at time t = 0 with fo(p) = h, and with fz(p) <V’ for every B in o —{a} such that
p(]6, +o0|) meets AcLg. Let (ai(p/))neﬂ be the penetration sequence of a geodesic Tay or
line p" with respect to (N¢Lq, fa)acy (and 0,k).
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Then, there exists h, = hy(€,0, k,v,V') > 0 such that for every h > hy, there exists a
geodesic ray or line p starting from & such that

limsup a;(p) =h .

1——+00

Proof. We start by recalling two lemmas from [PP3], which explain the relative penetra-
tion behaviour of a pair of geodesic lines in the e-neighbourhoods of geodesic lines.

Lemma 5.3 [PP3, Lemma 2.3] Let C be a convex subset in X, let € > 0 and let & €
(XU X) — (AHCUOC). If two geodesic rays or lines p, p' which start from &y intersect
NeC, then the first intersection points x,x’ of p, p' respectively with N:C are at a distance
at most ¢ (e) = 2argsinh(cothe). O

Lemma 5.4 [PP3, Lemmas 2.5 and 2.6] For everye,n > 0, there exist (explicit) constants
ch(€), s (€) >0 and c(e,n) > 0 such that the following holds. Let X be a CAT(—1) space, C
a convex subset in X, £ € X U0xX, and p, p’ two geodesic rays or lines starting from &g.
If p enters A:C at a point v € X and exits N.C at a pointy € X such that d(x,y) > c(e,n)
and d(y, p') < n, then p' enters N:C at a point ' € X such that d(z,2") < cy(e)d(x,p')
and exits N.C at a point y' € X U 05X such that

d(y,y') < cs(e)d(y,p) or d(z',y) > d(z,y) . O

Let X, (Lo, fa)acw &, ¢, ¢,k be as in the statement of Theorem 5.2. Note that by the
equations (-4-) and (-5-), we have

K <26 (€) 4 2¢ + 4log(1 +V2) .

In particular, s is finite. We start the proof of this theorem by defining the constants that
will be used therein. Let

¢ = Kk +max {2(c](€) + ), c(e,d + | (€)), ci(e)cy(e) + cy(e)(ci(e) + ) + v + K},

where the positive constants ¢}(-) for ¢ = 1,2,3 and ¢(-,-) are defined in the lemmas 5.3

and 5.4. Note that ¢, > max{x + 24,v'}, since ¢|(e) > 1 for all € > 0. Let

hye = ha(e, 6, kv, V') = max{c,, v} . (-16-)

Let h > h,, and let ag € o7 be such that & ¢ A{ Ly, U La,. The existence of such an
index follows from the assumptions: Indeed, as 0, X is (Hausdorff and) infinite, and by
the density of | ¢ Osc La, the set o7 is infinite; note that doo Lo N0so Lg is empty if o # 3,
otherwise, as geodesic rays converging to the same point at infinity become exponentially
close, we would have diam(A4;L, N AcLg) = +00; hence £ belongs to at most one dxLq
if £ € 00X if £ € X, then & belongs to at most finitely many ¢ L, for a € o7, as X is
proper and diam(A¢Lqy N AcLg) < 6 if o # .

As h > h, > v, there exists, by the assumptions of Theorem 5.2, a geodesic ray or line
po starting from &, entering A¢L,, at time ¢ = 0, such that f,,(po) = h, and fo(po) < v/
for every av # g such that pg(]0, +00[) meets A L,.
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If a geodesic ray or line p starting from & meets A¢L,, such that § ¢ A¢Ly U Os Lq, let
t- (p) and t}(p) be the entrance and exit times.

We construct, by induction, sequences (px)ren of geodesic rays or lines starting from
€, (ag)ren of elements of o7, and (t)ren—{o} of elements in [0, +oco[ converging to +oc,
such that for every k € N,

(1) pi enters the interior of A¢L,, at time 0, with d(px(0), pr—1(0)) < 2% if k> 1,
(2) pk enters '/1/€Lak7 5 ¢ </1/6Lak U aOOLO(k and fak (pk) = h?

(3) if 0 < j < k—1, then p(]0, +o0]) enters the interior of 4L, before entering A¢ Ly,
with t5 (k) <t =tL, (o) <1, (pr):

(4) if k> 1, then for every a such that pg(]0, +oo[) meets AL, we have

o |falpr) = falpr—1)| < 3¢ if t5 (pr) < tk,
o falpr) < ciif a# ap and ¢ <t; (pr) < t,, (px) +9,
o falpr) <V if to(pr) > tg, (px) + .

Let us first prove that the existence of such sequences implies Theorem 5.2. By the
assertion (1), the sequence (py(0)) pen Stays at bounded distance from pg(0), by a geometric
series argument. Hence as X is proper, up to extracting a subsequence, the sequence
(pr)ken converges to a geodesic ray or line po starting from &, entering in 4L, at time
t = 0, by the continuity of the entering point in the interior of the e-neighbourhood of a
convex subset of X (see for instance [PP3, Lemma 3.1]). Let us prove that

limsup a;(poc) = h .

1——+00

The lower bound limsup;_,, o, @i(psc) > h is immediate by a semicontinuity argument.
Indeed, for every k > i in N, we have by the assertions (2), (3) and (4),

[\3|H

k—
|fozi(pk) - h| = |fozi(pk fozZ pz Z |fozz p]+1 faz p] Z% <

Hence by the continuity of f,, (see Section 2), we have the inequality fq,(poc) > h — 21,
whose right side converges to h as ¢ tends to 400, which proves the lower bound, by the
definition of k and of the penetration sequence, as h > hy, > ¢, > § + K.

To prove the upper bound limsup; ., ai(psc) < h, assume by contradiction that
there exists 7 > 0 such that for every A > 0, there exists @ = a(\) € & such that ps
enters A; Lo with fo(poo) > h+mn and t;, (poo) > A+ 2] (€), where ¢ (€) has been defined
in Lemma 5.3. Take }
and a = a(Ao).

By continuity of fo, if k is big enough, we have fo(pr) > h+ Z > hs. In particular,
a # oy, by the assertion (2). Since

1
Ao = max{tH_l : 5 >

N3

hi > ¢ > k> |falor) — Cara (Pr)|

28



the geodesic pi, meets .A¢L,. The entry time of py in A¢ L, is positive, as d(pg(0), psc(0)) <
) (€) and the entrance points of py and p in A¢L, are at distance at most ¢ (e), both
by Lemma 5.3, and as the entrance time of ps in AL, is bigger than 2¢)(e). Hence,
since v/ < ¢, < hy by the definitions of ¢, and of h,, we have t_ (px) < ti, otherwise, by
the assertion (4), fo(pr) < max{c,,v'} = cx < hy, a contradiction. Let i« < k — 1 be the
minimum element of N such that for j =4,...,k — 1, the geodesic pj;1 meets A7L, at a
positive time with ¢ (pj4+1) < tj41. By the triangle inequality, we have

[t2 (pi1) = t5 (o) | < d(piva (t3(pi+1)): Poo(t5 (o)) + d(pin1(0), pos(0)) < 2¢(e)
by applying twice Lemma 5.3. Hence, by the definition of ¢ and of «,
tis1 > to (piv1) > o (poo) — 2¢1(€) > Ao+ 2¢](e) — 2¢1(€) = Ao

By the definition of Ao, we hence have % < 4. By the definition of i and by the assertion
(4), we have

n 1
o) = fulpi) + Y (falo) ~falpp) Zh+ 3 =3 5
]Z J=1
n 1
>h+5—=>h>h,,
= +2 5 >

and in particular by the same argument as for pi above, p; enters A¢L, at a positive time
and t; (p;) < t;. This contradicts the minimality of . This completes the proof of Theorem
5.2, assuming the existence of the sequences with the properties (1)—(4).

2= ot (1)
2 =p ( o ()

Let us now construct the sequences (pg)ren, (ax)ren and (tx)ren—qoy- We already have
defined pg and «p, and they satisfy the properties (1)—(4). Let k£ > 1, and assume that
Pk—1, a1, as well as ¢ if £ > 2, have been constructed.

For every small y > 0 and big A > 0 (to be precised later on), consider the set & = &
of couples (a, p) where o € &7 and p is a geodesic ray or line, starting from &, entering
N¢La, at time ¢ = 0, which is p-close to pr_1 on [0t (pr_1) + A], and which enters

7K1

NeLo with to(p) >t (pr—1) + %. This set & is not empty, as J,c 0o Lo is dense

in 05X, and as the assumption that diam(.4¢Ls N AcLg) < 6 for all o # ( in &7 implies
that a compact subset of X meets only finitely many A4;L, for o € &/ (we may even find
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such a couple (a, p) with p(4+00) € 0so Ly, which implies that a subray of p is contained
in ACLy). Let (o, p*) be an element of & with ¢ (p*) minimal, which exists since the
family (A¢Lq)acer is locally finite and by a continuity argument (when &7 is given the
discrete topology, the subset 6" is closed). Note that § ¢ A¢Lq, U OcoLa,,, as ty, (p*) > 0.

By the last hypothesis of Theorem 5.2, let p, be a geodesic ray or line starting from &
with fo, (px) = h and fa(pr) < v/ for every a € & such that pi(]t; (pr) + 6, 4+00[) enters
H,. In particular, this proves the assertion (2) at rank k, since

h=he = ce > 62 |fa, (k) = CriLa, (PR)] - (-17-)

Let z = pi(ty, (pr)) and 2" = p*(t;, (p*)) be the entering points of pp and p* in ALy,
By Lemma 5.3, we have d(z, z") < ¢|(€). Hence, by hyperbolicity and as (ag, p*) is in &”,
if A is big enough, then py is (2)-close to pr_y between & and p_1(tf  (pr—1) +1). In
particular, if 4 is small enough, and using properties (1) and (3) at rank k — 1, we have
the following properties.

e The geodesic ray or line pj enters the interior of .4¢L,,, at a time that we may

assume to be 0, with d(px(0), pr—1(0)) < 2% (this proves the assertion (1) at rank k).

e For 0 < j < k — 1, the geodesic ray or line py_1 meets the interior of ALy, at
a time strictly between 0 and ¢}, (pr—1), by the inductive assertions (3) if k # 1
and j <k—2,0r (1)if k=1or (2)if j =k —1 (by Equation (-17-) where k has
been replaced by k — 1). Hence the geodesic ray py also meets the interior of A¢ L,
at a time strictly between 0 and t;rkil(pk,l). This allows, in particular, to define

ty =t&, . (pr), and proves the assertion (3) at rank k.

e For every a such that pg(]0, +o0[) meets A¢L, and ¢, (px) < tx, we may assume, by

the continuity of f,, up to taking p small enough, that !fa(pk.) — fa(pk_1)| < 2%

Hence (using also the construction of py), to prove the assertion (4) at rank k, we consider
a € o —{ay} such that py meets AL, with ¢, <t (or) < t,, (pr)+6, and we prove that
fa(pk) < c.

Assume by absurd that f,(pr) > c.. In particular, ¢ 4.1, (pr) > ¢« —k > 0 (by the
definition of ¢, ), so that py enters A:L,. Let x = pg(t; (pr)) be the entering point of py
in A4.L,. Note that

ge/VeLak(pk?) Zfak(pk)—ﬂzh—ﬁzh*—ﬁZc*—ﬁ,
by the definition of h.. If ¢, (px) > t,, (pk), then, since t; (px) < t,, (pr) + 0 and

min{ s, 1o (Pk); €t Ly (PR)} 2 € — K > 20

by the definition of c,, this would imply that the intersection A4¢Ly N ALy, has diameter
bigger than d, which contradicts a # a;. Hence t;(pr) < t,, (px) (which implies that
z € [£,2]) and we have t}(pr) < t,, (px) + 9, again since diam(A¢Lq N AiLq,) < 0 and
a # ay. In particular, y = pg(t5 (px)) is a point in X.

We want to apply Lemma 5.4 with n = 6 + ¢} (€), p = px, p' = p*, C = Lo and § = &.
We first check the hypotheses of this lemma.
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We do have that p; enters A.L, at x and exits it at y, and

d(x,y) Zfa(pk)_'%>c*_ﬁzc(6>77) > ('18')

by the definition of c,. As

d(pr(ty, (k) +0),0") <8 +d(pr(ty, (pr), p*) <0 +d(z,2") <7,

and by convexity, we have d(y, p*) <.
Hence we may indeed apply Lemma 5.4, and the geodesic p* enters .4, L, at a point 2’
such that
d(w,a') < dh€) d(w,p*) < chle) d(z, p) < chle) i (e) (-19-)
where the middle inequality holds by convexity, and the last one since d(z, z’) < ¢/ (e).

Furthermore, the geodesic p* exits AL, at a point ¥’ (possibly at infinity) and, by the
alternative at the end of Lemma 5.4 and the equations (-18-) and (-19-),

d(z',y) > d(z,y) > co —k >V + 1
or

d(z',y') > d(x,y) — d(z,2") — d(y,y') > d(x,y) — d(x,2") — c5(e) d(y, p*)
> (cx — k) = &3(e) &y (€) = cz(e)n > v + &,

by the definition of ¢,. In both cases, d(2/,y') > v/ + k.

Let us prove that
toy, (P7) > 1o (P7) - (-20-)

Otherwise, the point 2z’ belongs to [¢,2]. Hence, with z”, 2" the closest points to z’, 2’
respectively on pg, we have 2’ € [£,2”]. Note that z” € [, y] since d(z,2") < d(z,2’) <
ci(€) and d(z,y) > ¢ — k > ¢ (€) by Equation (-18-) and the definition of ¢,.

Respectively by Equation (-18-), by the triangle inequality, since 2" € [£,2"] and
2" € [€,y], since t,, (pr) < t5, (px) + 0, since closest point maps do not increase distances,
and by Lemma 5.3,

e — K <d(z,y) <d(z,2") +d(@",y) < d(z,2") +d(z",y) < d(z,2") +d(z",2) + 6
<d(xz,x')+d(z,z)+5 <2 (e) + 7,

which contradicts the definition of c¢.

Now, recall the constants g > 0 and A > 0 introduced in the definition of p*. It follows
from Equation (-20-), and from the minimality assumption in the definition of oy, that
we have

. A
ta(p*) <td  (pr—1) + 3

Assume that p is small enough and that A is big enough. Since d(2/,y') > v/ + k, and as
p* is p-close to pr_1 on [0,tf  (pr—1)+ A], this implies that pj_; enters .4¢L, at a point
2% close to 2/, and exits at a point 3* (possibly at infinity) such that d(z*,y*) > v/ + k.
Hence

falpr—1) = d(a*,yf) =k >0/
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This implies that ¢, (px—1) < t,,_,(pk—1)+0, otherwise we have in particular that o # a1

and by the assertion (4) at rank k — 1 if £ > 2 or by the construction of py if k = 1, we
would have f,(px_1) < /. Hence

tae  (oe1) = to (pr—1) > 8, (pr1) —to, (pr—1) =0 =Ly, (pr-1) =0
> fap_(pp—1) —K—0=h—0—K>h,—0—K>c,—0—K.

That is, pr—1 enters in AL, well before exiting .#¢ L, _,, the amount of time being at least
the constant ¢, — & — k (which is positive by the definition of ¢,). But since the entering
points in A¢L,, as well as the exiting points out of .A4¢L,, ,, of the geodesic rays or lines
pr—1, p* and py are very close, this contradicts the fact that ¢t (pr) >t = t;rk,l(Pk)-

This proves the result. O

Corollary 5.5 Let X be a complete simply connected Riemannian manifold with sectional
curvature at most —1 and dimension at least 3, such that the metric spheres for the Hamen-
stadt distances (on 0 X — {&'} for any & € 0X) are topological spheres. Let T' be a
discrete group of isometries of X with finite covolume, and let vy be a hyperbolic element
of I'. Let £y € 05X be a parabolic fized point, and Hy be a horosphere centered at &. For
every & € 050X which is not a fixed point of a conjugate of vy or a parabolic fized point,
define
deo, o (V4 7-)
where the lower limit is taken over the conjugates v of o or its inverse, with fixed points
Y=Y+ and dgy my (v, v7—) tending to 0.

Then the subset of R consisting of the ¢'(£) for & € 05X which is neither a fized point
of a conjugate of vp nor a parabolic fized point, contains a segment [0, c] for some ¢ > 0.

d (&) = liminf

Proof. We will apply Theorem 5.2 with (Lg)acer the family of translation axes of the
conjugates of the element -y (where each line appears exactly once), with £ = & and
with f, = ctp; for every a in &7, Let k = 2¢{ () + 2¢ + 4log(1 + v/2), which satisfies
| fa = N.L.|loo < K by Section 2.

For some positive € and §, this family satisfies the assumption that diam(ﬂéLa N
Ji/eL@) < ¢ for all @ # (3 in o/. Otherwise, there would exist a sequence (7, )nen in I' =T,
where ['g is the stabilizer in I' of the translation axis Ly of 7, such that diam(Jl/eLo N
7n</V€L0) converges to +o00. Up to multiplying =, on the right and on the left by a power
of g or its inverse, the element 7, moves a point of Ly less than a constant. Hence ~,
stays in a compact subset of the isometry group of X. By discreteness, up to extracting a
subsequence, 7, does not depend on n. But then Ly and ~; Ly are two distinct translation
axes that meet at least in one point at infinity, which contradicts the discreteness of I'.

As T" has finite covolume, the set of fixed points of the conjugates of ~g is dense in
Oso X, hence | ¢ s Ooo L is dense in 0o X. The last hypothesis of Theorem 5.2 holds true
by Theorem 5.1, with v = b} and v/ = b} + k (by definition of k). By Theorem 5.2, there
exists h, > 0 such that for every h > h,, there exists a geodesic line p starting from &g
such that limsup; ., ., a;(p) = h where a;(p) is the penetration sequence of p with respect
to (f/VeLaa fa)ae;?{ (and 57 H)'

For every i in N, let o; € ./ be the unique element such that a;(p) = ctpy_ (p). For
every o € &/ such that p meets 4L, at a time big enough with ctp, (p) > O,Z let Lo+
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be the two endpoints of L, such that, by the definition of the crossratio penetration map
and by Equation (-3-),

dEO,Ho (LaHm La,*)
€o,Ho (p(400), La,—)

cepr (p) = [€o, La,—, p(+00), L 1] = log y

Only finitely many L,’s meet a given compact subset of X. Thus, for every subsequence

(ir)ken such that the sequence (cvpy_ (p)) ey 18 bounded, since the entrance time of p in
*k

</V€Laik tends to +oo, the distance ng,HO(LaWJr, Laik,,) tends to 0 as k — +o00. Also note
that, by definition of the penetration sequence, if o € 7 does not belong to {a; : i € N},
then either p does not meet 4L, at a positive time, or ctp;_(p) < 0 + Kk < hy < h, see
Equation (- 16-).

Finally, if (yx)ren is a sequence of conjugates of g or its inverse with fixed points

ey, o (P(+00) 7k, )
dfo,HO (’Yk,f 7’Yk:,+)

Vie,—» Vie,+ and with de, p, (76—, 7k +) tending to 0, such that the sequence
is bounded from above, then -, _ tends to p(+00). Hence, if

hm lnf dEO,HO (p(+oo)7 ’Yk,—)

<eh
k—too  dgy Ho(Vh,—s Vh,+)

i

then for every € € ]0, h, — J — k[, for k big enough, there exists a € &/ such that L, is the
translation axis of vy, and ctpy (p) > h —€ > hy — € > 6 + k so that p meets A L,, at a
positive time. In particular « belongs to {a; : i € N}. Therefore, we have

fdso,Ho(p(JrOO)’%) _h

limin =
deq, o (V45 7-)

9

where the lower limit is taken as in the statement of the corollary. This proves the result,
Wlth Cc = e_h*(e,é,ﬁ:,h’l,h’l_’_n)- |:|

Specializing the above Corollary 5.5 to the particular cases of the real or complex hyper-
bolic space (see the examples at the end of Section 3), we have the following applications.

Corollary 5.6 Let n > 3, let I' be a discrete group of isometries of X = Hp with finite
covolume, and let Iy be the stabilizer in I' of the translation axis of a hyperbolic element

of I'. Let Cx be a precisely invariant horoball centered at a parabolic fized point of ', and
2 = (X,I',T9,Cx). Then Sp(2) contains a segment [0, c] for some ¢ > 0. O

By the last equality in the proof of Corollary 5.5 (and since the constant h} appearing in
Theorem 5.1 is explicited in [PP3]), if one wants in particular situations to be able to give
an explicit (lower bound on the) constant ¢ appearing in Corollary 5.6 (which is the same
as in Corollary 5.5), one only needs to find explicit €, § such that diam(ﬂéLa N </V€L/g) <9
for all @ # 3 in o/. We give such a computation in the following remark.

Remark 5.7 In the real hyperbolic upper halfplane HZ, consider the geodesic line L with

endpoints 1+2\/5 and 1*2\/5. Let (Ly)acer be the family of the images of L by PSLy(Z),

acting by homographies on H%, modulo the (global) stabilizer of L. Let ¢ = 1055 and

§ = 2log(2 +/5). Then diam(JVeLa N </V€Lg) < foralla # (G in o .
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Proof. Call Weierstrass points the points of HZ in the image of i by PSLy(Z). Note
that, by an easy computation, the e-neighbourhood of L is the tubular neighbourhood of
L of biggest radius such that the Weierstrass points in its interior lie on L. As seen by
considering the fundamental domain for the integer horizontal translations in H2, between
the geodesic lines with endpoints 0,00 and 1, co respectively, if two images of L by elements
of PSLy(Z) are disjoint, then the interiors of their e-neighbourhoods do not meet. If two
images of L by elements of PSLy(Z) are distinct but meet, to prove that the diameter of
the intersection of their e-neighbourhoods is at most J, we may assume that these images
are L and the image L’ of L by the translation by —1.

Recall that the boundary of the e-neighbourhood of the geodesic line carried by the
Euclidean circle of center z € R and Euclidean radius r is the union of two arcs of circles
between x + r and x — r that are invariant by reflection in the vertical line through z.
Since the upper arc of circle 9, AL of ML’ is tangent to the vertical line through the
Weierstrass point i+ 1, its Euclidean center is the point —1 +1i, and its radius is 3. Let L”
be the geodesic line with endpoints —1, 1, which is a bisectrix of L and L’. Let u and v/
be the intersection points of L” with 0_.4¢L and 0_.4.L’ respectively. By considering the
Euclidean quadrangle with vertices at u, i — %, —%, 0, we easily compute that the Euclidean

height of u is % Using Formula (- 15-), we hence have d(i,u) = log(2++/5). The distance

between i and the intersection point of 9, AL’ and 9, .A#.L is log(1 4+ /2) < log(2 + V/5).
Hence by convexity and symmetry arguments, the intersection A.L' N AL is contained
in the hyperbolic ball of center i and radius log(2 + v/5). Therefore, the diameter of this
intersection is d(u,u') = 2log(2 + v/5). The result follows. O

The following result is a consequence of Corollary 5.6 and Equation (-9-), and proves
the second claim of Theorem 1.2 in the Introduction.

Corollary 5.8 Let M be a geometrically finite complete connected Riemannian manifold
of constant sectional curvature —1 and of dimension at least 3. Let Ag be a closed geodesic
m M, and let Ao be a Margulis neighbourhood of a cusp of M. Then the spiraling spectrum
Spa., 4,(M) around Ag contains a segment [0,c| for some c > 0. O
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Using Equation (- 13-), we obtain the following result in the complex hyperbolic case.

Corollary 5.9 Let n > 2, let I' be a discrete group of isometries of the Siegel domain
model of Hf. with finite covolume, and let o be a hyperbolic element of I'. Assume that the
point oo is a parabolic fived point of I'. For every & € OxHE which is neither a fized point
of a conjugate of o nor a parabolic fixed point, define

dCyg (57 Y- )

d(€) = liminf ;
©) doyg (V45 7-)

where the lower limit is taken over the conjugates v of o or its inverse, with fixed points
Y=Y+ and dcyg(v4,7-) tending to 0.

Then the subset of R consisting of the ¢ (§) for & € OxxHE which is neither a fized point
of a congugate of o nor a parabolic fixed point, contains a segment [0,c| for some ¢ > 0.

O

6 Applications to Diophantine approximation

In this section, we apply the results of Sections 4 and 5 to study the Diophantine approx-
imation by quadratic irrational elements in R, C and the Heisenberg group.

In order to obtain the Khinchin-type results in Subsection 6.1 and in Subsection 6.2, we
will apply the following result, which follows as a slight extension of a particular case from
[HP5, Theorem 4.6]. We refer for instance to [HP5] for the general definitions of the critical
exponent § = dr € [0, +o0] and of the Patterson-Sullivan measure p¢_ f. associated to a
horosphere H,, with point at infinity £, for a nonelementary discrete group of isometries
I" of a complete simply connected Riemannian manifold X with sectional curvature at most
—1. In this paper, we will only be interested in the particular cases explained after the
statement.

Theorem 6.1 [HP5] Let X be a complete simply connected Riemannian manifold with
sectional curvature at most —1 and dimension at least 2; let I' be a discrete group of
isometries of X with finite covolume and critical exponent §; let o be a hyperbolic element
of I and Zr, be the set of points in O X fized by some conjugate of v in I'; let oo be a
parabolic fized point of ' and Heoo be a horosphere centered at £~ ; and let f : [0, 400 —
10, 4+00[ be a slowly varying map (as defined in Section 4.1).

If f1+o° f()? dt converges (resp. diverges), then g, .. -almost no (resp. every) point
of Dso X — {€s0} belongs to infinitely many balls of center r and radius f(D(r))e=P") for
the Hamenstddt distance d¢_ p.., where r ranges over Zr,. O

In our applications in Section 6.1 (resp. 6.2), X is the upper halfspace model of Hy
(resp. the Siegel domain model of H as in Example 1 of Section 3) and H is the horo-
sphere, centered at £, = 0o, of the points at Euclidean height 1 (resp. Hoo = {(wp,w) €
HZ : 2Rewp — |w|? = 2}). In this situation, since I' has finite covolume,

e the critical exponent is 6 =n — 1 (resp. 6 = 2n, see for instance [CI, § 6]),

e the Hamenstadt distance d¢_ .. on 0, X — {00} is the Euclidean distance, see [HP2,
§ 2.1| (resp. a multiple of the Cygan distance, see [HP3, § 3.11]), and
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e the measure pie g, on O X — {oo} is the Hausdorff measure of de¢_ g, which is
the Lebesgue measure (resp. is in the same measure class as the Hausdorff measure
of the Cygan distance, see [CI]).

6.1 Approximation in R and C by quadratic irrational elements

Let K be either the field Q or an imaginary quadratic extension of Q, and correspondingly,
let K be either R or C. Let Ok be the ring of integers of K. Denote by Kqaq the set
of quadratic irrational elements in K over K. For every o € Kquad, let a7 be its Galois
conjugate over K.

The group PGLy(K) acts on PY(K) = K U {oo} by homographies, and its sub-
group PGLy(Ok) preserves K and Kguaq. Note that, for every o € Kguag and every
v € PGLy(Ok), we have (y-a)? =7 - (a”).

Let us fix a finite index subgroup I' of PSLy(0k). An orbit of I' in Kqyaq will be called
a congruence class in Kgu,q under I'. We are interested in Section 6.1 in the approximation
of elements of K by elements in the union of a fixed congruence class and of its Galois
conjugate.

For every a € Kquad, let

Sar =T -{o,a},

endowed with its Fréchet filter, and let
2

T Ja—ad]”

h(@)

Clearly, h(a) belongs to ]0, +oo[ (as o # a?), and h(a”) = h(a). We will see in the proof
of Theorem 6.4 that points r € &, 1 exit every finite subset of &, r if and only if h(r) tends
to +o0. Define the quadratic Lagrange spectrum relative to («,T') by

Spar = { car(€) = lirenginf hr)|E—r| : €€ K —(KUéur)} .
rCoa,r

The following result is very classical, its proof (given for the sake of completeness) was
indicated to us by Y. Benoist.

Lemma 6.2 Let a € K. Then o is quadratic irrational over K if and only if there exists
a hyperbolic element ~y in PSLo(Ok) having « as a fixed point, the other one then being

aO’

Proof. Let § = dimg K. If v = (Z b) is a hyperbolic element in SLo(Ok), then its

d

two fixed points (in OOOH?RH — K U {oo}) are distinct solutions of the quadratic equation
ar + b = z(cx + d) with coefficients in Ok, and in particular they are quadratic irrational
and Galois conjugated by o.

Conversely, let a € Kqyad. We refer for instance to [Bor| for general information on
linear algebraic groups. Let

T(K)={yeSLy(K) : v-a=a, v-a° =a’}.

Since a and o are two distinct points in the boundary of H?RH, the subgroup T(l? ) is
the set of K-points of an algebraic torus 7" in SLs. This torus 7' is defined by a set
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of polynomial equations with coefficients in K («), this set being invariant by the Galois
group of K(«) over K. Hence T is defined over K. Notice that T' does not split over
K, as the eigenvectors of an element of 7" in the affine plane are («,1) and (a“,1), that
are not multiples of an element with coordinates in K. Hence, by Borel-Harish-Chandra’s
theorem (see for instance [BHC, Theo. 12.3]), the subgroup T(€%) is a lattice in T(K),
and in particular is not trivial. That is, there exists an element in SLo(Ok ) having a (and
a”) as fixed point. The result follows. O

Remark 1. Let K = Q and I' = PSLy(Z). Note that the Golden Ratio ¢ = 1+\/5
is in the same congruence class under I' as its Galois conjugate 1= ‘/_ = —1/¢, hence
&y = I'- ¢. On the other hand, # and %ﬁ are Galois conjugate, but are not in the
same congruence class under I', and this second example is more typical. Many papers
have given necessary and sufficient condition for when a quadratic irrational element is in

the same orbit under I' as its Galois conjugate, see for instance [Sar, Lon, PR, Bur| and
also [PP4, Prop. 5.3]|.

Remark 2. Let K = Q. Let us give another expression of the approximation constants
Car ().
For every = € P1(R), let I',, be the stabilizer of  in I'. For every a € Qquad, endow the
infinite set I'/I", with its Fréchet filter. Denote by N(a) = aa’ the norm of an element
a(v) b(v))
c(v) dv))

Proposition 6.3 Let o € Qquaa and let I' be a finite index subgroup of PSLa(Z). For
every x € R — (QU &, r), we have

a € Qquad. For every element v in I', let v = + <

cor(e)=h(a) lminf =~ IN(ae(y) +d)| |z —v-a7|.

For instance, &1 is the set of real numbers whose continued fraction expansion is
eventually constant equal to 1, and Spy p is equal to

ap+b
cp+d

2
{ lim inf ‘dQ—l-dc—cQ‘ ‘1‘—
\/5 a,b,c,d€Z, ad—bc=1, d?+dc—c2—+oo

~(QU&D} -
Proof. An easy computation shows that |y-a—~v-a| = |a—a’|/N(c(y)a+d(7)), hence
h(y - @) = N(c(y)a +d(v)) h(e) -

The map (I'/T'y) x {1,0} — &, defined by (v, €) — va is a bijection if & and a” are not
in the same congruence class, and is a 2-to-1 map otherwise. The result follows. ]

Remark 3. Assume again that K = Q. The quantity h(«a) behaves in a very different
way from the naive height H(«) of v (defined in the introduction). Clearly, h(a+n) = h(«)
for every n in N, but H(aw +n) — oo as n — oo. Hence there exists a sequence (a;)ien in

Qquaa such that the ratio H(( )) tends to 0 when ¢ — +o0o. But this ratio cannot tend to
+00, as for every a € Qquad, we have

)
@ =
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Indeed, let aX? + bX + ¢ be a minimal polynomial of o over Z, so that the naive height of
a is H(«) = max{|al, |b], |c|}. Then

B 2 B 2|a| " N
M) = o =ty VR —dac = 2l =2 ()

There are many possibilities for the relative behaviour of h(a) and H(«). In particular,
there exist sequences (;)ien in Qquaa and constants ¢, ¢, ¢” > 0 such that h(a;) is equiv-
alent as ¢ tends to 400 either to ¢ H(ai)fé (take ¢ = 1 and o; = /p; for p; the i-th prime
number), or to ¢ H(ai)% (take ¢ =1 and a; = 1/,/p; for p; the i-th prime number) or to
" H(a;) (take ¢’ = 2/4/5 and a; = 311255\2./25 for every i € N). This difference is good to
bear in mind when comparing our results with for example the results of [DS, Spr, Bug|
cited in the Introduction. We refer to [PP4, Lem. 5.2| for a treatment of the algebraic
number theory aspects of h(«).

T\heorem 6.4 Let K = Q or K = Q(iy/m) where/\m s a squarefree positive integer, let
K =R or K = C respectively, and let 6 = dimg K. Let I" be a finite index subgroup of
PSLy(Ok).

(1) For every ag € Kquad, the quadratic Lagrange spectrum SPay.r 18 closed, and equal
to the closure of the set of the approzimation constants cqyr(x) for x a quadratic
irrational over K, not in &y, 1.

(2) There exists C > 0 such that for every og € Kquad,

max Spao,p <(C.

(3) If K = C, then for every ag € Kquaa, there exists ¢ > 0 such that Sp,, p contains
0, c].

(4) Let ag € Kquaa and ¢ : ]0,+00[ — ]0,+00[ be a map such that t — (e is slowly
varying. If the integral f;roo @(t)°/t dt diverges (resp. converges), then for Lebesgue
almost every x € K,

h(r)

liminf —~ |z —r| =0 (resp. = +00) .
rééag.r p(h(r))

Proof. Consider the data 2 = (X,I',Ty,Cy), where X is the upper halfspace model
of ]H[?RH, I' is as in the statement, I'y is the stabilizer in I" of the translation axis of a
hyperbolic element of I" one of whose fixed points is «g, and C, is the set of points in X
with Euclidean height at least 1. Note that I'y is nontrivial: By Lemma 6.2, the point «y
is a fixed point of a hyperbolic element of PSLy (O ), hence of a hyperbolic element of T,
since I is a finite index subgroup of PSLy(Ok).

The data Z satisfies the general assumptions of Example 1 of Section 3: Since z — z+1
belongs to PSLy (0 ), the point oo is fixed by a parabolic element of PSLa(O ), hence of
I'; moreover, C is precisely invariant under the stabilizer of co in PSLy (O ), hence in T,
by Shimizu’s lemma; furthermore, the quotient of X by PSLy (0K ), hence by T', has finite
volume.
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Using the notations of Example 1 of Section 3, we easily check that %r, = &, 1.
Furthermore, let r € &,, r and let 7, € I' be an element such that v,7¢7, ! fixes r. Recall
that the other fixed point of a hyperbolic element fixing r is the Galois conjugate of r over
K, by Lemma 6.2. Hence, by Equation (-10-), we have

D([,]) = log h(r) . (-21-)

Therefore, by Lemma 3.1, points r € &, exit every finite subset of &, r if and only if
h(r) tends to +00. The set of parabolic fixed points of T' is equal to the set of parabolic
fixed point of PSLa(0k), as I' has finite index, hence it is equal to K U {oo}. Therefore

K — (K Ué&yr) = AT — %r, .
For every ¢ in this set, we have

c(T'é) = hmlnf h(r)| — 7|
(pao T
by the first equality in Equation (-11-). Hence, the quadratic Lagrange spectrum SPag.T
coincides with the approximation spectrum Sp(Z).

We can now conclude that the assertions (1), (2) and (3) follow, respectively, from
Theorem 4.8, Proposition 4.6, and Corollary 5.6. In particular, in (2) we get an upper
bound on Sp,,  which depends only on I', and not on the (congruence class under I') of
Q.

To prove the assertion (4), define f : ¢t — (e!), which is slowly varying by the as-
Sumptions of ( ) By an easy change of variable, the integral [| 0 £(t)? dt diverges if and
only if f / t dt dlverges Hence by Theorem 6.1, by the comments following it, and
by Equatlon -21-), if f t)2/t dt diverges, then for almost every (for the Lebesgue
measure) pomt zin K,

h
lim inf (r)
r€éag,r p(h(1))
Replacing ¢ by %@ and letting k € N go to 400, this proves the divergence part of the
assertion (4) in Theorem 6.4. The convergence part follows similarly. O

Remark. Replacing in the above proof, as in [PP3, PP1, PP2], X by H3, & by 4 and
I’ by the image in the isometry group of X of a finite index subgroup of SLy(&”) where
0" =701 +i+j+k)/2+Zi+7Zj+ Zk is the Hurwitz order in the usual Hamilton quater-
nion algebra A over Q (using Dieudonné’s determinant), we could get similar Diophantine
approximation results of points in A(R) by points in quadratic extensions of A(Q).

e —r| <1

To prove Theorem 1.3 of the Introduction, apply Theorem 6.4 with K = Q (so that
J = 1) r = PSLQ( ), and @ : t — t)p(2/t), and notice that log(p(e!)) is Lipschitz, and
that f (t)/tdt converges if and only if fo (t)/t? dt converges.

6.2 Approximation in the Heisenberg group

Let m be a squarefree positive integer, let K be the number field Q(iy/m), let O be its
ring of integers, and let Kg,aq be the set of elements of C which are quadratic irrational
over K.
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Let n > 2, and let (w', w) — w'-@w = Y7~ ' w/w; be the usual Hermitian scalar product
on C"!. Consider the real Lie group

Heisg,,1(R) = {(wo,w) € C x C" ! : 2Rewy — w - w = 0}

whose law is
(w()vw) ’ (wé,w') = (’U)() + ’U)6 +uw' - w,w —I—’U),) :

Endow it with the Cygan distance (see for instance [Gol|), which is the unique left-invariant

distance such that
dcyg ((wo, w), (0,0)) = /2|wo,

as well as with the Cygan measure (which is the Hausdorff measure of the Cygan distance).
The Lie group Heisg,—1(RR) is isomorphic to the standard (2n — 1)-dimensional Heisenberg

1 = =z
group, that is for n = 2 to the Lie group { 01 y C XY,z € ]R}.
0 0 1

We are interested in the Diophantine approximation of the points of Heiss,_1(R) by
elements all of whose coordinates are rational or quadratic over K, that is by elements of
Heisop—1(R) N (K U Kquaa)” (or nice subsets of it).

Let us identify Heiss, 1(R) with its image in the projective space P, (C) of C"*! by
the map (wg,w) — [wp : w : 1]. Let ¢ be the Hermitian form of signature (1,n) on C™*!
with coordinates (2o, z, z,, ), defined by

q= —202p — Zn?20 +2-%.

The induced action on P, (C) of the special unitary group SU, of ¢ preserves (the im-
age in P, (C) of) Heisg,—1(R) U {oo}. Let SU,(OK) be the arithmetic subgroup of SU,
which consists of matrices with coefficients in 0. Note that the action of SU,(Ok) on
Heiso,—1(R) U {oo} preserves both the set

Heisg,—1(Q) U {oo} = (Heisan—1(R) N K™) U {oo}

and the set (Heisg,—1(R) N K (a)™) U{oo} for every a € Kquad-
Let

= L(m A vm) |

which is an element of Kaq, since it is a root of the quadratic polynomial X 24iv/mX+1
whose coefficients are in K, and it does not belong to K. (We could have taken many
other examples, but «q is one of the simplest ones.) The Galois conjugate of o over K is

of = (—m 1 ym).
Let I' be a finite index subgroup of SUy(0k), and let &,  =T"-{(a,0), (af,0)}. For
every r € go/zo,l“’ let 77 be the componentwise Galois conjugate of r, and let

1
dCyg (7“, TU) ‘

Endow &7, o. With its Fréchet filter. We will see in the proof below that points r € & !
tend to mﬁmty in &, p if and only if /(1) tends to +o0.

B (r) =

40



In order to understand the Diophantine approximation of elements £ of Heisy,—1(R)
by elements in the subset &, 1 of the set Heis,—1(R) N /K (ag)", we introduce the approz-
tmation constant of £, defined by

(&) = liminf h'(r)deyg(E,7) |

!
rEéaQO’F

and the quadratic Heisenberg-Lagrange spectrum with respect to (ag, )
Spl, 1 = {c'(g) : £ € Heisgn_1(R) — (Heisp, 1(Q) U @@(;O,F)} .

Theorem 6.5 If I is a finite index subgroup of SUy(Ok ), then
(1) the Heisenberg-Lagrange spectrum Sp/ao’p 1s bounded;
(2) there exists ¢ > 0 such that Spy,, r contains an interval [0, c[ ;

(3) let ¢ : ]0,+00[ — ]0,+0cc[ be a map such that t — p(e') is slowly varying, if the
integral f;roo ©*(t)/t dt diverges (resp. converges), then for Cygan almost every

x € HeiSQn_l(R),

lim inf _lr) dcyg(x,7) = 0 (resp. = +00)

redl o o(h(r)) Y& ’ ‘

Proof. Let X be the Siegel domain model of the complex hyperbolic n-space Hf, as in
Example 2 of Section 3, identified, as well as its boundary at infinity, with its image in
P,.(C) by (wp,w) + [wy : w : 1]. The group I' C SL,,+1(C) acts (with finite kernel) on
X C P,(C) as a discrete group of isometries of X with finite covolume, by the restriction
of the projective action. Note that oo (corresponding to [1 : 0 : 0]) is a parabolic fixed
point of SU,(Ok ), hence of I'. Let

m+1 0 —iym
Yo = 0 I 0
Wm0 1

It is easy to check that g is a hyperbolic element of SU, (0 ) whose fixed points in 0 X
are exactly (ap,0) and (af,0). Since I' has finite index in SU4(Ok ), there exists k € N—{0}
such that 70]" € I'. Let I'g be the stabilizer in I' of the translation axis of ~q.

The horoball J7, . is precisely invariant under the stabilizer of oo in SUy(0 ), hence
under I', in T', by the Kamiya-Parker inequality, see for instance [PP3, Lemma 6.4]. Thus,
the data 2 = (X,I',To, 7, ;) satisfy the conditions of Example 2 of Section 3. Using
the notation of this example, ‘%O,F is the set #r, of fixed points of the conjugates of 'y(])“
in I". The set of parabolic fixed points of I' is equal to the set of parabolic fixed points of
SU, (0K ), which is exactly Heisg,—1(Q)U {00} (see for instance [PP3, Sect. 6.3, Exam. 2|).
In particular,

Al — Zr, = Heisg_1(R) — (Heisz,—1(Q) U &L 1) -

wo. o let vp € T' be such that r is fixed by %'yé“%?l. Note that if
r = :(a§,0) for some € € {1,0}, then the other fixed point of 5y, ! is 7-((a§)?,0),
which is equal to r? since SU, acts projectively on Heisg,—1(R) U {oo}. Since the Cygan
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distance and the modified Cygan distance are equivalent (see [PP3, Sect. 6.1]), there exists
a constant ¢; > 0 such that for every r in go/zo,l“’ with D([y,]) computed in Lemma 3.4, we
have

| D))~ log K'(r) | < ¢4 - (-22-)

Hence, it follows from Lemma 3.1 that points 7 € &, 1 tend to infinity in & 1 if and only
if A'(r) tends to +oo.

Again, since the Cygan distance and the modified Cygan distance are equivalent, there
exists a constant ca > 0 such that for every & € A.I' — %r,, we have

d d/ r, r?) d ,T
lim inf deyg(8,7) < ¢ liminf V2 Cye (1 77) Cng(f )
reéﬁo,r dCyg (7”7 ?”U) rEAT, dCyg(T, TO’)

The assertion (1) of Theorem 6.5 then follows from Equation (- 14-) and from Proposition
4.6, and the assertion (2) follows from Corollary 5.9.

To prove the assertion (3) of Theorem 6.5, consider the map f : ¢t — ¢(e'), which is
slowly varying. In particular, by Equation (-22-), there exists a constant ¢z > 0 such that
for every r € &, 1, we have

i gO(h/(?”)) < f(-D(['YT])) efD(['yT]) < 3 @(h,(r))

cs  h(r) K (r)
Hence the assertion (3) of Theorem 6.5 follows from Theorem 6.1, as in the proof of the
assertion (4) in Theorem 6.4. O
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