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Abstract

We consider the equivalent problems of estimating the residual variance, the proportion of
explained variance n and the signal strength in a high-dimensional linear regression model with
Gaussian random design. Our aim is to understand the impact of not knowing the sparsity of
the regression coefficient and not knowing the distribution of the design on minimax estimation
rates of n. Depending on the sparsity k of the regression coefficient, optimal estimators of 7
either rely on estimating the regression coefficient or are based on U-type statistics. In the
important situation where k£ is unknown, we build an adaptive procedure whose convergence
rate simultaneously achieves the minimax risk over all £ up to a logarithmic loss which we
prove to be non avoidable. Finally, the knowledge of the design distribution is shown to play a
critical role. When the distribution of the design is unknown, consistent estimation of explained
variance is indeed possible in much narrower regimes than for known design distribution.

1 Introduction

1.1 Motivations

In this paper, we investigate the estimation of the proportion of explained variation in high-
dimensional linear models with random design, that is the ratio of the variance of the signal to
the total amount of variance of the observation. Although this question is of great importance in
many applications where the aim is to quantify to what extent covariates explain the variation of
the response variable, our analysis is mainly motivated by problems of heritability estimation. In
such studies, the response variable is a phenotype measured on n individuals and the predictors are
genetic markers on each of these individuals. Then, heritability corresponds to the proportion of
phenotypic variance which can be explained by genetic factors. Usually, the number of predictors
p greatly exceeds the number n of individuals. When the phenotype under investigation can be
explained by a small number of genetic factors, the corresponding regression coefficient vector is
sparse, and methods exploiting sparsity are of utmost interest. It appeared recently in biological
studies that, for some complex human traits, there was a huge gap (which has been called the “dark
matter” of the genome) between the genetic variance explained by populations studies and the one
obtained by genome wide associations studies (GWAS), see [30], [34] or [21]. To explain this gap, it
has been hypothesized that some traits might be “highly polygenic”, meaning that genetic factors
explaining the phenotype could be so numerous that the corresponding regression coefficient vector
may not be considered as sparse. This may be the case for instance when psychiatric disorders are
associated to neuroanatomical changes as in [2] or [33], see also [36]. As a consequence, sparsity-
based methods would be questionable in this situation. When the researcher faces the data, she
does not know in general the proportion of relevant predictors, that is the level of sparsity of the
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parameter. In this work, our first aim is to understand the impact of the ignorance of the sparsity
level on heritability estimation. Another important feature of the model when estimating propor-
tion of explained variation is the covariance matrix of the predictors. There is a long standing gap
between estimation procedures that assume the knowledge of this covariance (e.g. [8, 25]) (which
mathematically is the same as assuming that the covariance is the identity matrix) and practical
situations where it is generally unknown. Our second aim is to evaluate the impact of the ignorance
of the covariance matrix on heritability estimation.

To be more specific, consider the random design high-dimensional linear model

yi:Xiﬁ*—l-Ei, 1=1,....,n (1)
X1
where y;,¢;, € R, i =1,...,n, f* € RP, and X = : € R™*P, We assume that the noise
Xn
e = (e1,...,6,)T and the rows x;, i = 1,...,n, of X are independent random variables. We
also assume that the ¢;, i = 1,...,n, are independent and identically distributed (i.i.d.) with

distribution N'(0,0?), and that the rows x;, i = 1,...,n, of X are also i.i.d. with distribution
N(0,X). Throughout the paper, the covariance matrix X is assumed to be invertible and the noise
level o is unknown (the case of known noise level is evoked in the discussion section). Our general
objective is the optimal estimation of the signal-to-noise ratio
E [IxT 3*||2 21/2 *1(2
o BUXIAI] _ 11212573 7 @)

o2 o2

or equivalently the proportion of explained variation
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where the vector 8* is unknown and possibly sparse. In the sequel, 5* is said to be k-sparse, when
at most k coordinates of 8* are non-zero.

Note that estimating n amounts to deciphering the signal strength from the noise level in
Var (y1) = 02+||32"/28*||2. Since ||Y||3/ Var (1) follows a x?2 distribution with n degrees of freedom,
it follows that ||Y||3/n = Var (y1) [1 + Op(n~'/?)] and it is therefore almost equivalent (up to a
parametric loss) to estimate the proportion of explained variation 7, the quadratic function 8*7 3 3*
or the noise level o2. For the sake of presentation, we mostly express our results in terms of the
estimation of 7, but they can be easily extended to the signal strength or to the noise estimation
problems.

1.2 Main results

There are two main lines of research for estimating o or 7 in a high-dimensional setting. Under
the assumption that g* is k-sparse with some small k, it has been established that S* can be
estimated at a fast rate (roughly klogp/n) using for instance Lasso-type procedures, so that using
an adequate plug-in method one could hope to estimate n well. Note that in this paper the rate
is understood as that of the quadratic risk. Following this general approach, some authors have
obtained (klog(p)/n)2-consistent [35] and 1/n-consistent [5, 20] estimators of ¢ in some specific
regimes. When * is dense (that is when many coordinates of 5* are nonzero), such approaches



fail. In this regime, a U-type estimator [17] has been proved to achieve consistency at the rate
p/n?. However, its optimality has never been assessed.

Our first main contribution is the proof that the adaptation to unknown sparsity is indeed
possible when X is known, but at the price of a log(p) loss factor in the convergence rate when g*
is dense. The idea is the following. Let 7”(X7!) be a U-type estimator which is p/n?-consistent,
the true parameter 3* being sparse or not. We shall denote it the dense estimator. Let also 7°F
be a (klog(p)/n)?-consistent estimator when B* is k-sparse for some small k. Then, if the real 3*
is sparse, both estimators should be fairly accurate and should give similar answers, and if the real
(* is dense, or not sparse enough, then 7°F will be quite wrong and will give an answer slightly
different from the dense estimator. Therefore, the idea is to choose the sparse estimator 7°% when
both estimators are close enough, so that the quick convergence rate is obtained when the unknown
sparsity k is small, and to choose the dense estimator when both estimators are not close, in which
case the slower rate is attained which is appropriate in the dense regime. Such a procedure should
adapt well to unknown sparsity. Now, to be able to give a precise definition of the estimator,
that is to set what “close enough” quantitatively means, one needs a precise understanding of the
behavior of the dense and of the sparse estimators. Thus as a first and preliminary step, we obtain
a deviation inequality for the dense estimator, see Theorem 2.1. We also establish the minimax
estimation risk of 7 as a function of (k, n, p) when the parameter 5* is k-sparse (see Table 1 below)
and when ¥ is known, thereby assessing that Dicker’s procedure [17] is optimal in the dense regime
(k > /p) and an estimator based on the square-root Lasso [35] is near optimal in the sparse regime
(k < /p). Again for known X, we finally construct a data-driven combination of 77(X~') (the
dense estimator) and 7°% (the sparse estimator) following the idea explained before. We prove that
such a procedure is indeed adaptive to unknown sparsity, see Theorem 3.2, and that it achieves the
minimax adaptive rate with a log(p) loss factor compared to the non adaptive minimax rate. This
logarithmic term is proved to be unavoidable, see Proposition 3.1.

Our second main contribution is an analysis of the proportion of explained variance estimation
problem under unknown X. The construction of dense estimators such as 7”(27!) requires the
knowledge of the covariance matrix 3. But in many practical situations, the covariance structure
of the covariates is unknown. For unknown 3, there are basically two main situations:

e Under sufficiently strong structural assumptions on X so that X! can be estimated at the
rate p/n? in operator norm, a simple plug-in method allows to build a minimax and an
adaptive minimax procedure with the same rates as when X is known, see Corollary 4.4.

e Our main result is that, for a general covariance matrix 3, it is basically impossible to build a
consistent estimator of 7 when k is much larger than n; see Theorem 4.5 and its comments for
a precise statement. This is in sharp contrast with the situation where X is known, for which
the problem of estimating 7 can be handled in regimes where 5* is impossible to estimate
(e.g. k =p and p = n'** with x € (0,1) as depicted in Table 1). For unknown and arbitrary
3., the range of (k,n,p) for which n can be consistently estimated seems to be roughly the
same as for estimating 5*, suggesting that signal estimation (5*) is nearly as difficult as signal
strength estimation (8*7 X 3*). This impossibility result unveils that, in the high-dimensional
dense case, the knowledge of the covariance matrix is fundamental and one cannot extend
known procedures such as [17, 18] or 72(X71) to this unknown variance setting.



Table 1: Optimal estimation risk E[(7—n)?] when B* is k-sparse and X is known. Here, a € (0,1/2)
is any arbitrarily small constant and it is assumed below that n < p < n?. The results remain valid

2 2 2 2
for p > n? if we replace the quantities %gz(m and % by %%(p) A1l and % A 1, respectively.

| SPARSITY REGIMES || MINIMAX RISK | NEAR-OPTIMAL PROCEDURE \
k< lo\g/(ﬁp) 1 SQUARE-ROOT LASSO ESTIMATOR 7°F (12)
10\g/g?) <k <pt/te % SQUARE-ROOT LASSO ESTIMATOR 7°L (12)
k> .\/p 5 DENSE ESTIMATOR 77 (X71) (8) (see also [17])

1.3 Related work

The literature on minimax estimation of quadratic functionals initiated in [19] is rather exten-
sive (see e.g. [12, 29]). In the Gaussian sequence model, that is n = p and X =1, Collier et al [14]
have derived the minimax estimation rate of the functional ||3*||3 for k-sparse vector 3* when the
noise level ¢ is known. However, we are not aware of any minimax result in the high-dimensional
linear model even under known noise level.

Another problem related to the estimation of the quadratic functional 8*7X5* is signal de-
tection, which aims at testing the null hypothesis Ho:“5* = 07 versus Hj x[r]: “|=V28413 >
r and |8*|o < k7 (where |5*|op denotes the number of non null coordinates of £*). The minimax
separation distance is then the smallest r such that a test of Hy vs Hj, is able to achieve small
type I and type II error probabilities. This minimax separation distance is somewhat analogous
to a local minimax estimation risk of |£/23%(|2 around £* = 0. In the Gaussian sequence model,
minimax separation distances haven been studied in [4, 23]. These results have been extended to
the high-dimensional linear model under both known [3, 24] and unknown [24, 41] noise level. Our
first minimax lower bound (Proposition 2.4) is largely inspired from these earlier contributions, but
the minimax lower bounds for adaptation problems require more elaborate arguments. In particu-
lar, the proof of Theorem 4.5 is largely based on new ideas.

Recent works have been devoted to the adaptive estimation of sparse parameters 5* in (1) under
unknown variance. As a byproduct, one can then obtain estimators of the variance [5, 35]. See
also [20] for more direct approaches to variance estimation. In Section 2, we rely on the square-root
Lasso estimator to construct the estimator 7°% which turns out to be minimax in the sparse regime.

In the dense regime, we already mentioned the contribution of Dicker [17] that proposes method
of moments and maximum likelihood based procedures to estimate 1 when 3 is known. It is shown
that the square risk of these estimators goes to 0 at rate p/n2. When p/n converges to a finite non-
negative constant, these estimators are asymptotically normally distributed. Dicker also considers
the case of unknown ¥ when X is highly structured (allowing ¥ to be estimable in operator norm
at the parametric rate n=!). Janson et al. [25] introduce the procedure EigenPrism for computing
confidence intervals of n and study its asymptotic behavior when 3 is known and p/n converges to
a constant ¢ € (0,00). Under similar assumptions, Dicker et al. [18] have considered a maximum
likelihood based estimator. Bonnet et al. [8] consider a mixed effect model, which is equivalent
to assuming that the parameter 5* follows a prior distribution. In the asymptotic regime where
p/n — ¢, they also propose a n~l-rate consistent estimator of 1. To summarize, none of the
aforementioned contributions has studied minimax convergence rates, the problem of adaptation



to sparsity or the estimation problem for unknown 3 (to the exception of [17]).

Finally, there has been a recent interest in the adaptive estimation of other functionals in the
linear model (1), such as the coordinates 3 of f* or the sum of coordinates ) ;' , 5F [10, 26,
27, 39, 42]. However, both the statistical methods and the regimes are qualitatively different for
these functionals. After our work was made publicly available, Guo et al. [22] have introduced
a procedure based on square-root Lasso to estimate the functional ||3*||3 which, for & = 1, is
equivalent to estimating 8*7 3. When the parameter 8* is k-sparse with k < /P and for X =1,
the convergence rate of their estimator corresponds to the one of our sparse estimator ﬁS L, However,
Guo et al. did not study denser settings. Also, for general X, it is not clear whether optimal rates
are the same for estimating [|3*[|3 and *TX3* in the dense case (k> ,/p).

1.4 Notations and Organization

The set of integers {1,...,p} is denoted [p]. For any subset J of [p], X is the n x |J| corresponding
submatrix of X. Given a symmetric matrix A, Apax(A) and Apin(A) respectively stand for the
largest and the smallest eigenvalue of A, |A| denotes the determinant of A. For a vector u, ||ull,
denotes its [, norm and |u|y stands for its lp norm (ie its number of non-zero components). For
any matrix A, ||A||, denotes the I, norm of the vectorized version of A, that is (3" |A;;|?)'/?. The
Frobenius norm is also denoted ||A||r. Finally, the Iy operator norm of a matrix A writes ||A||op. In
what follows, C', C’,...denote universal constants whose value may vary from line to line whereas
C1,Cy and C3 denote numerical constants that will be used in several places of our work.

In Section 2, we introduce the two main procedures and characterize the minimax estimation
risk of n when both the covariance matrix 3 and the sparsity are known. Section 3 is devoted to
the problem of adaptation to the unknown sparsity, whereas the case of unknown covariance X is
studied in Section 4. Extensions to fixed design regression and other related problems are discussed
in Section 5. All the proofs are postponed to the end of the paper.

2 Minimax rates for known sparsity

In this section, we consider two estimators. In the spirit of [17], the first estimator 7P (X7!) is
designed for the dense regime (|3*|o > p'/?) and it is proved to be consistent with rate p/n?
irrespectively of the parameter sparsity. When A* is in fact highly sparse, the estimator 7%
based on the square-root Lasso better exploits the structure of 8* and achieves the estimation rate
(MV +n~!. It turns out that these two procedures (almost) achieve the minimax estimation

n
rate when it is known whether 8* is sparse or not.

2.1 Dense regime

In this subsection, we introduce an estimator of 1 which will turn out to be mostly interesting for
dense parameters §*. Its definition is close to that in [17]. We provide a detailed analysis of this
estimator, and our concentration inequality in Theorem 2.1 below will turn out to be useful both
for the adaptation problem and for the case of unknown 3.

Since Var (y;) is easily estimated by ||Y'||3/n, the main challenge is to estimate || 3'/23*||2. Thus,
the question is how to separate in Y the randomness coming from Xg* from that coming from the
€’s,1=1,...,n. The idea is to use the fact that the noise € is isotropic whereas, conditionally on
X, X3* is not isotropic. Respectively denote (A;,u;), ¢ = 1,...,n the eigenvalues and eigenvectors



of (XXT)/p. We will prove, that in a high-dimensional setting where p > n, X3* is slightly more
aligned with left eigenvectors of X associated to large eigenvalues than with those associated to
small eigenvalues. This subtle phenomenon suggests that the distribution of the random variable
T

n n
T := % Z()" —N(YTy)?, where ) := Z Ai/n
i=1 i=1
(almost) does not depend on the noise level o and, at the same time, captures some functional of
the signal #*. This functional turns out to be #*7'323*. One can rewrite the random variable as a
quadratic form of Y
YT (XXT — tr(XXT)IL,/n) Y
n? '
Tn?
[Y13(n+1)’
concentrates exponentially fast around B*73?8*/ Var (y;). Note that, due to the fact that X is
squared in the numerator, V does not concentrate around n (except in case X =I,,). However, an
appropriate modification explained below will allow to use the following theorem to estimate n for
known general 3.

T —

(4)

Working with a normalized estimator V= we state in the following theorem that v

Theorem 2.1. Assume that p > n.
There exist numerical constants C1 and Co such that for all t < n1/3,

R B*TEQ,B* T)t L
P’V—7<C Xllop—| >1-C . 5
|: Val" (y1> —_ 1|| H P n —_ 26 ( )
There exists a numerical constant C' such that
. /B*T226* ) 5 P
E(V - ——— < C|IZ|z = . 6
[( Var (y1) ) << HOpn2 (6)

Remark 2.1. The proof relies on recent exponential concentration inequalities for Gaussian
chaos [1] and a new concentration inequality of the spectrum of XX* /n around tr(X)/n (Lemma
A.2). The concentration inequality (5) will be the key tool in the construction of adaptive estimators
in the next section.

Remark 2.2. When ¥ = I, the above theorem enforces that V estimates the proportion of

explained variation 1 at the rate p/n?, uniformly over all 3* and ¢ > 0. Note that V is only
consistent in the regime where n? is large compared to p.

For arbitrary ¥ (with bounded eigenvalues), the above theorem only implies that Vis of the same
order as n, that is, there exists positive constant ¢ and C' such that cApin (2) < ‘7/77 < Chpax(X).
Nevertheless, when the covariance ¥ is known, it is possible to get a consistent estimator of 7.
Replace the design matrix X in the linear regression model by X := X=Y2 in such a way that
its rows x; follow i.i.d. standard normal distributions and

Y = X228 ¢ (7)

Then, we define the estimator ” as V where X is replaced by 5(, so that n? is a quadratic form
of Y with a matrix involving the precision matrix, that is the inverse covariance matrix 37!, Let
us denote Q := X!, and define

YT (XQXT — tr(XQXT)L, /n) Y

T = DIV )

6



(we could replace tr(XQXT) by p in the above definition without changing the rate in the corollary
below). We straightforwardly derive from Theorem 2.1 that 777 () estimates 7 at the rate p/n?.

Corollary 2.2. Assume that p > n. There exists a numerical constant C' such that the estimator
P (Q) satisfies

E|@P@) -n)°| 0L . (9)

Remark 2.3. It turns out that 7”(Q) is consistent for p small compared to n? even though
consistent estimation of §* is impossible in this regime. Although developed independently, the
estimator 7 (2) shares some similarities with the method of moment based estimator of Dicker [17],
which also achieves the p/n? convergence rate.

Remark 2.4. In the low-dimensional case p < n, one may easily adapt the proof of Theorem 2.1
to get that E[(7”(Q) — n)?] < C/n for some constant C > 0.

2.2 Sparse regime: square-root Lasso estimator

When 8* is highly sparse, the signal to noise ratio estimator is based on a Lasso-type estimator of
B* proposed in [6, 35]. As customary for Lasso-type methods, we shall work with a standardized
version W of the matrix X, whose columns W,; satisfy |[W,j|l2 = 1. Since the noise-level o is
unknown, we cannot readily use the classical Lasso estimator whose optimal value of the tuning
parameter depends on o. Instead, we rely on the square-root Lasso [6] defined by

~ A ~ ~
Bsr = arﬁgefégn VIV = W33+ 7%|!5H1 » (Bsw)j = (Bsp)i/ Iz - (10)

In the sequel, the tuning parameter \g is set to Ag := 134/log(p) (there is nothing specific with
this particular choice). In the proof, we will also use an equivalent definition of the square-root
estimator introduced in [35]

no’ Y — W32
no' Y — W3

. TP | ol (11)

(Bsr,0s1) = argmin [
BERP, o/>0

(To prove the equivalence between the two definitions, minimize (11) with respect to o’). Notice
that ogr, = ||Y — WgsLll2/v/n = ||Y — XBsi|l2/v/n. Then, we define the estimator

SSL._q nog, LY = XBsLll3

n = (12)
Y13 Y13

The following proposition is a consequence of Theorem 2 in [35].

Proposition 2.3. There exist two numerical constants C and C' such that the following holds.
Assume that B* is k-sparse, that p > n and

)\max (2)

klog(p)m <Cn. (13)

Then the square-root Lasso based estimator 7°% satisfies

B (% o) <01+ Hg 0 ) (1

min




Remark 2.5. Condition (13) is unavoidable, as the minimax risk of proportion of explained vari-
ation estimation is bounded away from zero when klog(p) is large compared to n (see Proposition
2.4 later). To ease the presentation, we have expressed Condition (13) in terms of largest and small-
est eigenvalues of 3. One could also replace these quantities by local ones such as compatibility
constants (see the proof for more details).

2.3 Minimax lower bound

We shall prove in the sequel that a combination of the estimators 7 (£2) and 7°* essentially achieves
the minimax estimation risk. In the following minimax lower bound we assume that the covariance
Y is the identity matrix I,,.

Define By[k] the collection of k-sparse vectors of size p. Given any estimator 7, define the
maximal risk R(7, k) over k-sparse parameters by

R(ﬁa k) = sup Eﬂ,o' [{ﬁ - 77(57 U)}Q] ’ (15)
BEBy k], >0

where Eg,[.] is the expectation with respect to (Y, X) where Y = XS + ¢, with € ~ N (0,0%1,)
and the covariance matrix of the rows of X is I,. Then, the minimax risk is denoted R*(k) :=
inf; R(7, k), where the infimum is taken over all estimators 7) measurable with respect to (Y, X).
Notice that the minimax risk is therefore a function of (k, n,p). For ease of notations, we use R*(k)
and not R*(k,n,p) since we are interested in the adaptivity to unknown k.

Proposition 2.4 (Minimax lower bound). There exists a numerical constant C > 0 such that for

any 1 < k <p,
2
k |
R*(k;)20<{[nlog<l+]f2\/ 152)] /\1}+n> . (16)

The proof of this proposition follows the lines developed to derive minimax lower bounds for
the signal detection problem (see e.g. Theorem 4.3 in [41]). Nevertheless, as this proposition is a
first step towards more complex settings, we provide a self-contained proof in Section 7.1.

In (16), we recognize three regimes:

e If k > p'/2, the minimax rate is larger than (p/n?) A 1. This optimal risk is achieved by the
dense estimator 7”(£2) up to a constant number.

o If k < p'/277 for some arbitrary small 4 > 0, the minimax rate is of order

L (B

n

More precisely for k < [\/n/log(p)], it is of order n~1, whereas for larger k it is of order
(klog(p)/n)? A 1. This bound is achieved by the square-root Lasso estimator 7°%, which does
not require the knowledge of 3 and k.

e For k close to p'/? (e.g. k = (p/log(p))'/?), the minimax lower bound (16) and the upper
bound (14) only match up to some log(p) factors. Such a logarithmic mismatch has also been
obtained in the related work [4] on minimax detection rates for testing the null hypothesis
B* = 0 when the design matrix is fixed and orthonormal, that is p = n and X = I,. In
this orthonormal setting, Collier et al. [14] have very recently closed this gap. Transposed



in our setting, their results would suggest that the optimal risk is of order (klog(p/k?)/n)?,
suggesting that Proposition 2.4 is sharp. In the specific case where ¥ = I,,, it seems pos-
sible to extend the estimator of ||3*||3 introduced by [14] to our setting by considering the
pairwise correlations YTW.j for j = 1,...,p. Such estimator would then presumably be
(klog(p/k?)/n)? consistent. As this approach does not seem to extend easily to arbitrary 3,
we did not go further in this direction.

Remark 2.6. In the definition (15) of R[7, k] and in the definition of the minimax risk R*[k], we
restricted ourselves to the case where the covariance matrix ¥ of the covariates is the identity. For
known but general 32, we do not have a matching lower bound. Nevertheless, one deduces from the
above results that, when either £ < p and (13) is satisfied or when k > /p and X is invertible, the
optimal risk is (up to numerical constants) not larger than than R*[k].

3 Adaptation to unknown sparsity

In practice, the number |3*|p of non-zero components of 8* is unknown. In this section, our purpose
is to build an estimator 7 that adapts to the unknown sparsity |5*|p. Although the computation of
the estimators 7 () and 7°" does not require the knowledge of |3*|g, the choice of one estimator
over the other depends on this quantity. Observe that, when p > n?, the dense estimator 7" (£2) is
not consistent. Therefore, only the estimator 7°% is useful and 7°” alone is minimax adaptive to
the sparsity k (up to a possible log factor when k is of the order of pt/ 2). This is why we focus on
the regime where p is large compared to n and where plogp < n?.

It turns out that no estimator 7 can simultaneously achieve the minimax risk R*(k) over all
k=1,...,p, and that there is an unavoidable loss for adaptation. This may be seen in the following
proposition.

Proposition 3.1. Assume that plogp < n?, and that for some a €]0,1/2[, p*~%(logp)? > 16n.
Then for any estimator 7, for all k such that /plogp < k < p, one has

R(3.1) | R.k) _ o
1 /p plogp = 45°
n\ n n?

Recall that R*(1) is of order 1/n and R*(k) is of order p/n?. Proposition 3.1 implies that any
estimator 7 whose maximal risk over Bg[k] is smaller than plog(p)/n? exhibits a huge maximal
risk over Bg[l]. As a consequence, any estimator admitting a reasonable risk bound over Bgl[1]
should have a maximal risk at least of order plog(p)/n? for all k € [\/plog(p), p]. Next, we define
an estimator ** simultaneously achieving the risk R*(k) for k small compared to \/p and achieving
the risk R*(k)logp in the dense regime where k > v/plog p.

Define the numerical constant ¢y as two times the constant C; arising in the deviation bound
(5) of Theorem 2.1. We build an adaptive estimator by combining the estimator 7°% and 77 as

follows R R R

—a [ ptt i (@) = | < coy/plog(p)/n 17

T =9 =D (17)
nr ()  else

where, for technical reasons, we consider 7% (£2) := min(1, max(0,7”(€2))) a truncated version of
7P (£2) which lies in [0, 1].

The rationale behind 7* is the following. Suppose that B* is k-sparse, with k < VD, in
which case, 77°L achieves the optimal rate. With large probability, |7X(£2) — 5| is smaller than

coy/plog(p)/(2n) (this is true for arbitrary 8*) and |7°" — n| is smaller than (1/y/n + klog(p)/n)



which is smaller than co+/plog(p)/(2n). Hence, 2 equals 7°” with large probability. Now assume
that k£ > /p, in which case the optimal rate is of order p/ n? and is achieved by 72 (€2). Observe

that 7 = 7R () except if 7°F is at distance less than coy/plog(p)/n from 7X(£2). Consequently,
|74 —n| < co\/plog(p)/n+|7% () —n|. Formalizing the above argument, we arrive at the following.

Theorem 3.2. There exists a numerical constant C such that the following holds. Assume that
p > n. For any integer k € [p|, any k-sparse vector * and any o > 0, the estimator 04 satisfies

B[ -0 <© [i s <k g’ img)>> . <p12g2<p>>]

min

For all k > /plog(p), the risk R(74, k) is of order plog(p)/n? whereas R(74, 1) is of order 1/n.
In view of 3.1, it is therefore impossible to improve the rates R(74, k) for k > /plog(p) without
drastically deteriorating R(ﬁA, 1). As a consequence of Propositions 2.4, 3.1 and Theorem 3.2, and,
in the asymptotic regime where plogp < n? and p'~® is large compared to n for some positive a,
74 achieves the optimal adaptive risk for all k € {1,...,p"/2>=7}U{(plog(p))'/2,...,p} where v > 0
is arbitrary small. For k close to /p, there is still a logarithmic gap between the upper and lower
bounds as in the non-adaptive section.

Remark 3.1. Theorem 2.1 is the basic stone for the construction of 72 by the use of the deviation
inequality. The constant ¢y may be quite large, as the constant C; in the deviation inequality,
making the estimator difficult to use in practice if n and p are not large enough. Theorem 3.2
however allows to understand how adaptation to sparsity is possible.

Remark 3.2. In the low-dimensional case p < n, the estimator ” achieves the parametric rate
E[(7P(R) — 1)?] < C/n regardless of the sparsity of the parameter 3*. Thus, ” alone is adaptive
to the unknown sparsity.

4 Minimax estimation when Y. is unknown

In this section, we investigate the case where the covariance matrix 3 is unknown. As the com-
putation of the sparse estimator 757, does not require the knowledge of X, the optimal estimation
rate is unchanged when |3*|o is much smaller than ,/p. In what follows we therefore focus on the

regime where [3*|o > /.

4.1 Positive results under restrictions on X

Here, we prove that a simple plug-in method allows to achieve the minimax rate as long as one
can estimate the inverse covariance matrix € sufficiently well. Without loss of generality, we may
assume that we have at our disposal an independent copy of X, denoted X(2) (if it is not the case,
simply divide the data set into two subsamples of the same size).

Given an estimator © of € := X! based on the matrix X the proportion of explained
variation 7 is estimated as in Section 2.1, using (8), except that the true inverse covariance matrix
is replaced by its estimator:

Vel (XQXT — tr(XOXTI,, /n) Y
(n+ DY

7P (Q) == (18)

Notice that Dicker [17] has already proposed a similar procedure and has derived asymptotic
rates similar to the ones we may deduce from Proposition 4.1. However, deviation inequalities (and
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not only asymptotic rates) are required to construct an estimator that is adaptive to the unknown
sparsity.

Proposition 4.1. Assume that p > n. For any non-singular estimator Q based on the sample

X (),

DS S pt S -
P |[7(6) ~ 1| 2 ColZlpl Bl 2F" + 2~ X <2t (19

for all t < n'/3. Here, C1 and Cs are the numerical constants that appear in Theorem 2.1.

Thus, if one is able to estimate € at the rate p/n?, then 7" (ﬁ) achieves the same estimation
rate as if 3 was known. To illustrate this qualitative situation, we describe an example of a class
U of precision matrices and an estimator €2 satisfying this property.

For any square matrix A, define its matrix [; operator norm by [|A 151 = maxi<j<p > 1<;<, [Aij-
Given any M > 0 and M; > 0, consider the following collection U of sparse inverse covariance ma-
trices

(20)

ﬁ S Amin(ﬂ) é )\max(ﬂ) é M17 ||QH1H1 S M,
U:=UM,M)=3Q: Q>0: ' P :
maxi<j<p > i1 1, ;40 <

__p
nlog(p)
Cai et al [11] introduced the CLIME estimator to estimate sparse precision matrices. Let A\, > 0

and p > 0 be two tuning parameters, whose value will be fixed in Lemma 4.2 below. Denote

a2
2( ) = X@TX () /pn the empirical covariance matrix based on the observations X (2.

Let ﬁl be the solution of the following optimization problem
min [, subject to [|[SVQ — L ls < A, Q€ RPXP . (21)

Then, the CLIME estimator Q¢ is obtained by symmetrizing Q;: for all 1,7, we take (QCL)M =
(1) if |(21)ij] < [(Q1);4] and (Qcr)i; = (1), in the opposite case. We may now apply
Theorem 1.a in [11] to our setting with n = 1/5A1/y/Mj, K = e!/? and 7 = 1. This way we obtain
the following.

Lemma 4.2. There exists a numerical constant Cs > 0 such that the following holds. Fix A\, =
2125 vV M1](3 + €3(5 Vv /M1)?>M+/log(p)/n. Assume that log(p) < n/8 and that Q belongs to U.
Then, the CLIME estimator satisfies

P p
12202 = Qllop < OgMQM%% : (22)

with probability larger than 1 —4/p.
Let us modify the estimator of 7 so that it effectively lies in [0, 1]. Let ﬁ?(ﬁ) := min(1, max(0, 72 (Q))).

Corollary 4.3. Assume that p > n and that € belongs to the collection U defined above. Then,
there exists a universal constant C' > 0 such that the following holds. For any 8* and o > 0,

E [{ﬁ%(ﬁ@) - n}? < [CM‘*M?%} Al
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We shall now define an adaptive estimator ﬁé ; in the same spirit as 74 in the previous subsec-
tion. Define ¢o(M, M1) by
co(M, My) := 4Cy M} + 2C3M? M3,

Here, C; is the numerical constant that appears in Theorem 2.1 and C3 the numerical constant
that appears in Lemma 4.2. Define the estimator as:

st it iR Q) = 7] < co(M, My)y/plog(p) /n 2
Ncr = N (23)
nr(Qer)  else .

We then obtain that ﬁéL is asymptotically minimax adaptive to € (if it is known that @ € U)
and to sparsity, in the same regimes as those in which 7# is asymptotically minimax adaptive to
sparsity.

Corollary 4.4. Assume that € belongs to the collection U defined above. Then, there exists a
constant C(M, M) > 0 only depending on M and M; such that the following holds. For any
integer k € [p], any k-sparse vector B* and any o > 0,

. [(ﬁéL_n)Q] < CL M) [iﬁ <k2l<;g22(p)> N (plog(p))] _ (24)

n2

Remark 4.1. When Q belongs to U, the estimator 7% (ﬁc 1) achieves a similar risk bound to that
of HR(€). Also, ﬁéL performs as well as estimator 7* which requires the knowledge of Q. As a
consequence, there does not seem to be a price to pay for the adaptation to €2 under the restriction
Qel.

Remark 4.2. If the quantity /p/(nlog(p)) in the sparsity condition maxi<j<p > o, 1o, 40 <

p/(nlog(p)) in the definition (20) of U is replaced by some s > +/p/(nlog(p)), the CLIME-
based estimator 75X (Q¢y) will only be consistent at the rate slog(p)/n which is slower than the

desired p/n?. This is not completely unexpected as we prove in the next subsection that a reliable
estimation of 17 becomes almost impossible when the collection of precision matrices is too large.

4.2 Impossibility results

We now turn to the general problem where 3 is only assumed to have bounded eigenvalues. As
explained in the beginning of Section 3, the estimator 7°, which does not require the knowledge
of 3, is minimax adaptive to Bo[k] when p > n?. Hence, we focus in the remainder of this section
on the regime n < p < n2.

In this subsection and the corresponding proofs, we denote Pg, 5 the distribution of (Y, X), in
order to emphasize the dependency of the data distributions with respect to the covariance matrix
of X. For any M > 1, let us introduce Z[M] the set of positive symmetric matrices of size p whose
eigenvalues lie in the compact [1/M, M]. The purpose of these bounded eigenvalues in (1/M, M)
is to prove that the difficulty in the estimation problem does not simply arise because of poorly
invertible covariance matrices.

Denote R [p, M] the minimax estimation risk of the proportion of explained variation n when
the covariance matrix is unknown

R'[p,M]:=inf  sup sup Egox: | (17— 17(6,0))2} , (25)
N BeBo[p], o>0 TEZ[M]

12



where the infimum is taken over all estimator 7 measurable with respect to (Y, X).

When the covariance matrix 3 is known, the minimax rate has been shown to be of order at
most p/n? and therefore goes to 0 as soon as p is small compared to n?. The following proposition
shows that, for unknown 3, there is no consistent estimators of  when p is large compared to n.

Theorem 4.5. Consider an asymptotic setting where both n and p go to infinity. Then, there
exists a positive function C : (0,00) X (1,00) — (0,1) such that the following holds. If for some

¢ >0,
nlts

— 0, 26
) (26)
then, for any M > 1, the minimaz risk R [p, M] is bounded away from zero, that is himn,pﬁ* [p, M| >
C(s,M).

Remark 4.3. Theorem 4.5 tells us that it is impossible to consistently estimate the proportion of
explained variation in a high-dimensional setting where p is much larger than n. This lower bound
straightforwardly extends to R [k, M] when k is much larger than n in the sense n!'*/k — 0 for
some ¢ > 0.

Let us get a glimpse of the proof by trying to build an estimator of n(8* ¢) in the high-
dimensional regime p > n. As €2 is unknown and cannot be consistently estimated in this regime,
a natural candidate would be to consider 7”(I,) = V as defined below (4). By Theorem 2.1, one

has /8*T22B* \/’
D . VP
L) = oy 0P

Although the signal strength 8*733* cannot be consistently estimated for unknown X (Theorem
4.5), it is interesting to note that some regularized version of the signal strength *TX23* is
estimable at the rate p/n? (this phenomenon was already observed in [17]).

Going one step further, one can consistently estimate 5*7 X36* for p < n®/? by considering a
quadratic form of Y as in T (4) but with higher-order polynomials of X. For p of order n'*< for
some small ¢ > 0, it will be possible to consistently estimate all a4 := BTEIp* for g = 2,3,...,7(5)
where 7() is a positive integer only depending on .

Then, one may wonder whether it is possible to reconstruct a; = S*7E5* from (aq), q¢ =
2,...,r(s). Observe that a4 is the ¢g-th moment of a positive discrete measure p supported by
the spectrum of 3 and whose corresponding weights are the square norms of the projections of
B* on the eigenvectors of 3. As a consequence, estimating 8*733* from (ag), ¢ = 2,...,7(s) is
a partial moment problem where one aims at recovering the first moment of the measure u given
its higher order moments up to r(s). Following these informal arguments, we build, in the proof
of Theorem 4.5, two discrete measures p; and pz supported on (1/M, M) whose ¢-th moments
coincide for ¢ = 2,...,7(s) and whose first moments are far from each other. Define By (resp. B2)
the collection of parameter (8*,3) whose corresponding measure is p1 (resp. p2). Then, we show
that no test can consistently distinguish the hypothesis Hy : (8*,X) € By from H; : (5%, %) € Bs.
As the signal strengths $*7'33* of parameters in B; are far from those in By, this implies that
consistent estimation is impossible in this setting.

3/2

Remark 4.4. Let us summarize our findings on the minimax estimation risk when X is unknown
and n < p < n?:

e if k is small compared to ,/p, the minimax risk is of order [klog(p)/n A 1]*> + n~! and is
achieved by the square-root Lasso estimator 7°F.

13



e if k is large compared to n (in the sense n'*</k — 0 for some ¢ > 0), then consistent
estimation is impossible.

e if k lies between \/p and n/log(p), the square-root Lasso estimator 7°L is consistent at the
rate (klog(p)/n)%. We conjecture that this rate is optimal.

e if k lies between n/log(p) and n, we are not aware of any consistent estimator n and we
conjecture that consistent estimation is impossible.

5 Discussion and extensions

We focused in this work on the estimation risk of n in high-dimensional linear models under two
major assumptions: the design is random (with possibly unknown covariance matrix) and the level
of noise ¢ is unknown. We first discuss how the difficulty of the problem is modified when the
two assumptions are not satisfied: when the design is not random, then consistent estimation of n
is impossible in the dense regime, and when the level of noise is known, then the estimation of n
becomes much easier in the dense regime. Finally, we mention the problem of constructing optimal
confidence intervals.

5.1 Fixed design

If the regression design X is considered as fixed, then the counterpart of the proportion of explained
variation would be
. Xﬁ* 2 n
7][6 ,O',X] .= H - 2”2/ 5 -
IXB*[)z/n+ 0o

In this new setting, the square-root Lasso estimator still estimates n[3*, o, X] at the rate n=! +
(klog(p)/n)? up to multiplicative constants only depending on the sparse eigenvalues and compat-
ibility constants of X. In contrast, the construction of V relies on the fact that X is random and
is independent of the isotropic noise e. When X is considered as fixed, V does not consistently
estimate n[3*, o, X] for p small compared to n?. As a simple example, take o = 1 and define 3* by
BT = /\;1/2 fori =1,...,n where (v;); denote the right eigenvectors of X and ()\}/Q)i its singular
values. Then, the random variables T and V (defined in Section 2.1) are concentrated around 0,
whereas n[5*, o, X] equals 1/2.

More generally, the next proposition states that it is impossible to consistently estimate n[5*, o, X]
in a high-dimensional setting p > n + 1. The randomness of X therefore plays a fundamental role
in the problem.

Proposition 5.1. Assume that p > n and consider any fixed design X such that Rank(X) =

n. Given 5% and o, denote Pg. , and Eg. , the probability and expectation with respect to the
distribution Y = X3* + € with ¢ ~ N'(0,0°1,,). Then, the minimaz estimation risk satisfies

(27)

e

lIlf sup Eﬁ*,a[(ﬁ - 77[5*7 g, X]>2] Z
n B*eERP,0>0

where the infimum is taken over all estimator n measurable with respect to'Y .
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5.2 Knowledge of the noise level

Throughout this manuscript, we assumed that the noise level o was unknown. As explained in
the introduction, the situation is qualitatively different when o is known. Let us briefly sketch the

optimal convergence rates in this setting, still restricting ourselves to p > n. For any k=1,...,p
define the maximal risk of an estimator 7 and the minimax risk as
R(,k,0) == sup Eg, [{n—n(B.0)}*] ,  R(k,0):=infR(7,k 0) ,
BEBy k] n

It follows from the minimax lower bounds for signal detection [3, 24], that for some C' > 0 (lower
bounds in [3, 24] are asymptotic but it is not difficult to adapt the arguments to obtain non-
asymptotic bounds to the price of worse multiplicative constants),

k P 2
R* > —log(1+ = - 2
(k,o) >C (n og( k2)) A — (28)

which is of order [klog(p)/n]?> A n~! except in the regime where n is of order p and where k is
of order p/2 in which case the logarithmic factors do not match. As for the upper bounds, since
IY13/[0? + B*T2p*] follows a x? distribution with n degrees of freedom, the estimator 77 :=
1- ”T;/L”% admits a quadratic risk (up to constants) smaller than 1/n. This implies that the proportion
of explained variation 1 can be efficiently estimated for arbitrarily large p. For small k, one can

use the Gauss-Lasso estimator based on L. Let J be the set of integers j such that BSL # 0 and

define: ,
Y3/
o2 + [[TL;Y[|3/n

where IT; = Xj(Xng)_ng is the orthogonal projector of R™ onto the space spanned by the
columns of X ;. The Gauss-Lasso estimator was introduced to get an estimator of heritability in
the sparse situation in a first version of this work [40]. Following the proof of Theorem 2.3 in [40]
we may obtain that, under Assumption (13) and when |5*|o = k,

k2 log?(p) A2, (2)

n? A2 (%)’

min

E[([%7 —n)’] < C'

In conclusion, the rate [klog(p)/n]> An~! is (up to a possible logarithmic multiplicative term)
optimal. These results contrast with the case of unknown o in two ways: (i) The optimal rate
is order-wise faster when o is known especially when k is small (n=! versus (klog(p)/n)?) and
when k,p are larger (p/n? versus n=1). (ii) Since 7”7 and 7% do not use the knowledge of X,
adaptation to unknown covariance of the covariates is possible.

5.3 Minimax confidence intervals

In practice, one may not only be interested in the estimation of n(8* o), but also on building
confidence intervals [25]. In the proof of Theorem 2.1 and in Proposition 2.3, we obtain exponential
concentration inequalities of 7 (€2) and 7°L around 8*. This allows to get, for any o > 0 and any
k=1,...,p, confidence intervals

o1l = [P@) =0
CIO‘?:% — [UASLiC/(a)(nllﬂ n /ﬁlos(p) i‘\r}ax((i)))] ’

15



where C(a) and C’(a) are universal constants only depending on . When p > n, CIZ is honest
over R? in the sense that
inf Pg,[neCI)]>1—a.
BeBolpl, o0 U al =
For p > n and if Assumption (13) is satisfied, then the confidence interval CI5% is honest over
By [k] in the sense that

inf Py, [neCl®t]>1-a.
BEBolK], o0 ©° € Clag] 21 -a

In high-dimensional linear regressions, there have been recent advances towards the construction
of optimal confidence regions both for the unknown vector 5* [31] or low-dimensional functional
of the parameters such as components 5; [10, 26, 39, 42] or >, 3 [10]. Building on this line of
work, it seems at hand to prove the minimax optimality of CIE and Clgﬁ, proving the existence
of such honest confidence intervals. Of course, as already noticed when constructing our adaptive
estimator, the choice of the constants C(«) and C’(«) are probably far to be optimal in applications.

A further step would be to study the problem of the construction (if possible) of adaptive

confidence intervals. We leave those important questions for future research.

6 Proof of the upper bounds

6.1 Proof of Theorem 2.1
6.1.1 Some preliminary notation and deviation bounds

Consider the spectral decomposition ¥ = OI'O” where T' is a diagonal matrix and O is an or-
thogonal matrix. Define the matrix Z = XOI' /2 whose entries are independent standard normal

variables. We denote
T 1/2 OTﬁ*

In the following, we need to control the eigenvalues of XX Define A := XX” — tr[X]I,, and
note that

p
A=7TZ" — tr(D)I, = Y Ty; (Ze;Z5; - 1) ,
j=1

where Z,; stands for the j-th column of Z, so that A is a weighted sum of centered Wishart
matrices with parameters (1,7). Extending the deviation inequalities of Davidson and Szarek [16]
for Wishart matrices to weighted sums of Wishart matrices, we obtain the following, which is proved
in Appendix B.

Lemma 6.1. For any t > 0,
P [I1Allop < 2V (D)2 (Vi + 10+ VL) +8|Zop [0+ 100+ 20]] = 1-2¢7 . (30)
As a consequence, for all n > 20, we get that
P Aoy < 2508 lop(yip + )] = 1 —2¢7". (31)

To control ||A||op, we could have applied non-commutative Bernstein inequalities (Theorem
6.1.1 in [37]). However, this approach would have produced additional logarithmic terms.
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6.1.2 Analysis of T’

We decompose T into four terms, whose deviations will be controlled independently.

T = T,+T+ T+ Ty

BIXT (XXT — tr(2)I,) XB*
To = —

YT [{tr(2) — tr(XXT)/n}L,] Y
T, = 5

n

TA TAXp
T. = 6267 Td::2#.

n n

Control of T,. The main term in the above decomposition is T,. Since its control is quite
technical, we only state a deviation bound for the time being. Subsections 6.1.4 and 6.1.5 below
are devoted to the proof of this lemma.

Lemma 6.2. For all t < n'/3, we have

n

_ . " pt _
P [m— L+n YSE 2 > O3 ||%\2||op\q <2t (32)

Control of Ty, T, and Ty. Since tr(XX”)I,,/n is a Gaussian quadratic form, we have by Lemma
A.1 that

t
P||tr(®) - tr(XXT)/n} > 81X |opt/ ];] <2t Vt < np, (33)

where we used that ||X||r < /p||Z||op. Also, | Y]|3/ Var (y1) follows a x? distribution with n degrees
of freedom, which implies P[||Y||2 > Var (y1) (n + 4v/nt)] < et for all t < n. We conclude that for
all t < n,
VPt _

P [\Tb| 2 40 Var (y1) [1Bllop 575 | < 3e L. (34)
The term T, is a Gaussian chaos of order 4. We could apply the general deviation bounds from [1],
but it is easier to work here conditionally to X. Conditionally to X, T, is a quadratic form with
respect to €. By Lemma A.1,

?|T,
P [n ‘20| > |tr(A)] + 8HAHop\/ﬁ] <27, Vt<n,
o
where we used ||A|r < /n||Allop. Gathering this bound with the deviation inequality (33) for
tr(A), the deviation inequality (31) for ||A||op, and using the fact that p > n, we conclude that, if
n > 20, for all t < n,
Vvt

P [|TC| > 20802”2||0pn3/2] <6e ", (35)

Conditionally to X, n?Ty/(20) follows a centered normal distribution with variance ||AX3*(|3 <
| A3, [1X5*(13. Hence,

n?|Ty| . .,
Pl = > [AllopXB"[2v2t| <2¢7,  vt>0.
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Then, ||Al|,p is controlled by (31) and || X8*(|3/||Z'/28*||3 follows a x?(n) distribution so that it
can be controlled using Lemma A.1. If n > 20, for all ¢ < n, we arrive at

\/pt
P [Td > 125a||21/25*||21\z||0pp} < 5et. (36)
n
Gathering all the deviation inequalities (32-36), we obtain that for some constants C,C’ > 0, if
n > 20,
\/pt
P “T —BTS28" (1401 ) > (' Var (y) quo,,p] < (et (37)
n

for all t < n'/3.

6.1.3 Analysis of v

Since ||Y||3/ Var (y1) follows a x? distribution with n degrees of freedom, we obtain by Lemma A.1
that P [myng/n — Var (y1)] > 4 Var (y1) \/t/n} < 2¢~" for all t < n, so that using (37) and the

fact that p > n, we conclude that, for all ¢ < n'/3, with probability larger than 1 — (2+C")et, for
some constant C' > 0,

)

’ R 5*T22,8*
Var (y)
and the first part of Theorem 2.1 is proved.

vt
< CHEHOPT

ﬁ*T E2B*
Var(y;) -

Ul <C HZHoinpr, where C' is the same constant as in the above bound. The probability of A

is larger than 1 — C’ e"* for some C’ > 0. Then, the square risk decomposes as

Let us now turn to the second moment of U := 17 — Define A the event such that

E[U?] < E[].AUQ]—FQE[lAc(m)Z}+2E[1Ac(‘7)2}
< ClISIRy25 + 2B(A) B3, + 2 [B(A9)]/? [E{(WHW |

where we have integrated the above deviation inequality in the last line. It remains to control the
fourth moment of V. We have

YT (XXT — tr(XXT)IL,/n) Y _ 1Al N tr(2) — tr(XXT) /n|
n|| Y3 -oon n '

V<
Gathering the deviation inequalities (30) and (33), we derive that for some constants C' and C”, for

any t > 0,
~ - i -
P [V > C|IZ]lop <\/§+ ‘/f +t>} <C'et.

Integrating this deviation inequality, we obtain that [IE{XA/4}]1/ 2 is upper bounded by a constant

times [|3(|2,p/n. In conclusion, for some numerical constant numbers C' and ’,
IB*TEZB*
Var (y;)

~ 2 nl/3
(|7 220 < cpmiz, 2 [1+ e | < cmig 2
and the second part of Theorem 2.1 is proved.
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6.1.4 Deviation inequalities for Gaussian chaos

We shall use deviation inequalities for (non necessarily homogeneous) Gaussian chaos. Let us recall
a recent result from Adamczak and Wolff [1]. In order to state this result, we need to introduce
some new notations.

Let d and ¢ denote positive integers. Consider a d-indexed matrix B = (b;, ; d)gl,...,idzl' For
i=(i1,...,iq) € [¢]* and I C [d] we write i; = (i)res. Let P; be the set of partitions of [d] into
non empty disjoint subsets. Given a partition J = {Ji, ..., Ji}, define the norm
k l
l
IBlg =sup§ > bi][al): laVlr <1, 1<i<ky (38)
ic[g]¢ I=1

where z() is a |Jj|-indexed matrix and ||z()|  is its Frobenius norm.

Note that taking union of subsets in the partition increases the norm: given J = {Ji,..., Ji}, the
partition J' = {{J1 U Ja}, J3, ..., Ji } satisfies |B||7 < ||B||7/. Indeed, the |J1| + |J2|-dimensional
matrix () @ 2(?) in the definition (38) of ||B||s satisfies ||z @ 2?)||p < 1.

Proposition 6.3 (Theorem 2 in [1]). Let f : R? — R be a polynomial of q variables of total
degree smaller or equal to D. For any integer d > 1, let T'%f denote the d-th derivative of f. Let

Z = (Zy,...,Z,) denote a q-dimensional standard Gaussian vector. Then, for any t > 0,
2
Pf(Z)—E(f(Z))] > <2 in_mi ct w7 (39)
R el It AN TTEY A

where C is a numerical constant.

6.1.5 Proof of Lemma 6.2
Define the variable

Ve T rpr[igrgty sz
=S T (ZrZ") ~ tr(D)L, | Zp .

where we recall that p is introduced in (29). First, we compute the expectation of V:
E[V] = (n* +n)p"Tp = | Z6%|3/|I="*5"]5 - (40)

V is a polynom f(Z) of degree 4 of the ¢ = np independent standard Gaussian variables Z =
(Z; j)1<i<n1<j<p so that we can apply Proposition 6.3. Since V is the sum of an homogeneous
polynom of degree 4 and an homogeneous polynom of degree 2, we only have to consider the
derivatives of order 2 and of order 4 in (39), all the other terms (of order 1 and 3) being null. Write
V as

n P
V=2 > ZiuZjy(ZimZjm — 0i;)pepLomm . (41)
ij=1k,lm=1

where §; ; = 1 is the indicator function of 7 = j. We may express V' using the four-indexed matrix
B:

B (1 k1), sk2), (3 k3), (Gaka) = Pl PhaOji 205, 5a Okea ks Thioky
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as follows:

n

p
V=12):= Z Z B (j1 k1), (Go,k2), (s k) Giaka) Ljn b (Zjsks Zijsks = 0ja.js) Lijakes
J1,e-da=1k1,... .ka=1

so that the expectation E[T'* f(Z)] of the fourth derivative of f(Z) is obtained by a symmetrization
of B. More precisely, for any index (i1, ...,44) in ([n] x [p)*, BT f(Z))i1iisis = D0 Bi ) iow
where the sum runs over all permutations of {1,...,4}. Using the triangular inequality, we shall
obtain a bound on || E[T**f(Z)]||7 from a bound on ||B||7. Thus it suffices to bound |B||% for all
partitions J. We start with J = {1,2,3,4}.

IBIf1 25,4y = IBIE < n?[lpllstr(T?) = ntr(3?)

Let us now consider any partition J = {Ji, Ja} of size 2. Without loss of generality, there exists
t € {1,2,3} such that ¢t € J; and t + 1 € Jy. Since each entry of B contains a Dirac dj, j,,, or
Oky ks 1, there is a n or p factor less in ||BJ|% in comparison to HB||%1’273’4}7 and we get HBH?,lJ2 <
nA2,. (Z)(p VvV n). Let us illustrate this with J; = {1}, Jo = {2,3,4}. By symmetry, ||B] s is
achieved for arglk): = p;n~ /2, and by Cauchy-Schwarz inequality, we obtain IB|% = ntr(X?).

If now the partition J = {Ji, ..., J,} has cardinality larger than 2, it was observed in the previous

subsection that [|B|%, < |]B|]?,1’US>2JS. We have thus proved that, for all ¢ > 0,

t w7 ot 2 M o
min (| —————— >(C——— .
s (rerram) 2o k:/zy\374<m%mx<2><pvn>> )

Let us now turn to the second derivative of f(Z). Denote B’ = E[I'2f(Z)]. Coming back to the
definition (41) of V', observe that B?j1,k1),(j2,k2) is zero when (j; # j2) because any term involving
j1 and jo in V contains exactly two terms with index j; and two terms with index js. Now, if
j1 = j2, the entries of B’ are bounded in absolute values by

|B/(j,k1)7(j,k2)| < COnlpky [1pka | (T ey + Thigks) + Thgey -

As a consequence,

HB/H%IQ} HB/H% S Cn Z n2’p’i1‘p‘ig>‘§1ax(z) + nzrzﬂﬂ
k1,k2 k1

< [P (B) 4 ntr(22)]

since |[p||2 = 1 and Zri,k = tr(X?). For J = {{1},{2}}, |B'||s is the spectral norm of B’ when

considered as 2-dimensional np x np matrix. Since B’ can be seen as a block diagonal matrix, we

obtain

HB,H{I},{Q} < Cndmax(X) .

We arrive at

2

) t #T t2 t
Jeb, <HE[1“2J”(Z)]HJ> () 4 rtr(59) " (D) )

max

Proposition 6.3 together with (40), (42), and (43) allows us to conclude.
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6.2 Proof of Proposition 2.3

This proposition is a consequence of the analysis of the square-root Lasso in [35]. We start with
the decomposition

ALy, = 52 n__ 1 oer — llell3/n | |el3/n — o (44)
©ENIYIB Var () Var (y1) Var (1)
By definition of the Lasso estimator, we have ng%; = ||V — W s Ll2 < |IY|3. As a consequence,

the first term in the above equation is smaller in absolute value than |1 —||Y||3/(n Var (y1))|. Since
|Y||3/ Var (y1) and ||€||3/o? each follow a x? distribution with n degrees of freedom, we have

2 ell2/n — o2 ot
EH%*\Q] -2 andE[(%)Q} = n<v2w <2

where we used Var (1) = [|ZY26*||3 + ¢2. Let A be an event of large probability to be defined
below. Since |7°F — n.| < 1, we deduce from (44) that

~ 2
12 3E[(33, — llel3/n)*14]

E||7% — n.|?| < P(A°) + = 45
7% = n.P] < BA) + =+ o) , (45)

so that we only have to focus on P(A°) and the difference 5%, — ||¢|3/n. We need a few more
notations. In the sequel, J, denotes the support of 8*, that is the set of indices ¢ such that 3 # 0.
For T C [p] and £ > 0, the compatibility constant x[¢, T; W] is defined by

71" Wl

|ur|l1

W6 T W] = min {

}, where C(&§,T) = {u: |lure[l1 <¢&[lur(1} -

The compatibility constant, which quantifies how the design acts on the cone C(&,T'), arises in state
of the art results for the Lasso estimator [7, 28, 38]. We now define A as the event on which the
following conditions are satisfied:

HWTEHOO < 204/log(p) , (46)
§n02§\|eﬂg < gna2, (47)
K5, T W > 167 (2) /() (48)

The first lemma provides a deterministic prediction error for the square-root estimator. It is a
simplified version of Theorem 2 in [35] (the notation and normalizations are slightly different).

Lemma 6.4 ([35]). On the event A, the design W and the noise € are such that

Aollell2
12)318*[01 < nk?[5, J; W d |[WTe||lo < 49
0l8%lolog(p) < nk”[5,J; W] and  [W7elloo < NG (49)
and the square root Lasso estimator satisfies
VAL [ell2 2 1B
max |1 — ;1= — ]§3/\—§12. 50
e " Vaws) = P, aw =Y (50)
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Proof. First, the second part of (49) is enforced by Conditions (46) and (47) together with the
definition of Ag. The first part in (49) is a consequence of (48) and hypothesis (13). Then, we
apply Theorem 2 of [35] to the estimator ggr. Notice that the choice of \g and (49) in the above
lemma differs by a factor \/n from Theorem 2 in [35] because the design is normalized differently.
Using the notation of [35], we fix £ = 2 so that Condition (49) implies that 72 < 1/4 (we fix v = 1/2
in [35, Eq.(16)]). Then, the condition on z* in [35, Th.2] is a consequence of the second part of
(49). The result follows. O

It follows from (50) that, under A,

- 2 HE I3~ 2
(@5 — llell3/n)™ < 972 (asr — llell2/v/n)
ool 18
- n2 7”L2/€4[5 Jy; W]
B RIE ) (D)
B n2 mln(E)
where we used the conditions (47) and (48) in the last line. In view of (45), Proposition 2.3 follows

finally from the following lemma.

Lemma 6.5. Under Assumption (13), we have for some positive constants C, C', and C” that

7

PLAY < Clpe ") 4 p7 < &

Proof of Lemma 6.5. We control the probability of each event defined by (46), (47), and (48).
Conditionally to W, |[W7¢| /o is distributed as a supremum of p independent standard Gaussian
variables. Applying an union bound over all variables (W7¢);, we derive that

P[[WT e < o/Alog(p)| > 1-p"

Turning to (47), we see that ||e||3/0? follows a x? distribution with n degrees of freedom. By
Lemma A.1, we obtain

8 6
P [91’502 < |lel? < TLO’2:| >1—2e "

ot

for some positive constant C' > 0.

Finally, we need to control the compatibility constant s [5, J; W] . As the compatibility constant
is larger than restricted eigenvalues, we can readily apply the results of [32]. In particular, their
Corollary 1 entails that, with probability larger than 1 — ¢; exp[—can] for some ¢; > 0 and ¢ > 0,

K15, o X/ (VAm(E)] > 1/8

as long as |J,|log(p) < csn. The latter condition is satisfied by hypothesis (13). Coming back to
the definition of W and of the compatibility constant, we have

VA (%)

1/2
K[, T W 2 R[5, i X (Vi (B)] 2 2

Since, for all 4, 3;; is larger than Apin (), we can apply Lemma A.1 to get
P | min [ Xeil|3 > nAmin(2)/2]| > 1 — pe~ " (51)
i=1,...,p

for some positive constant C' > 0. Finally, Assumption (13) enforces that log(p) is small compared
to n so that pe~C™ is smaller than C’/n for some positive constant C". O
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6.3 Proof of Theorem 3.2

Notice first that we always have ‘ﬁTD(Q) - 17‘ < ‘ﬁD(Q) - 17‘ and |ﬁ§)(ﬂ) — n‘ <1.
We first consider the case where (8*, ) is arbitrary. The difference 7 — 7 decomposes as
ﬁA -n= (7/7\SL - ﬁjg(ﬂ)) 1ﬁA:ﬁSL + (ﬁjg(ﬂ) - 77) .

The difference 7% — 7 is controlled thanks to Corollary 2.2, whereas the difference 7°F — 72 () is
small when 74 = 7% by definition of 7.

B[ =n)°] < 2B [@2(@) -n)°| +2E 75— #R()" 155t |
< QE[(ﬁD(Q)—n)Z}HE[(ﬁL ﬁD(n))%ﬁA:ﬁu}
< oL agte)

where we used the definition of the event {# = 7°7} in the last line. Thus, considering that the
risk of the estimator is bounded by 1, it is possible to choose the numerical constant C' such that
Theorem 3.2 holds true if 8* is k-sparse with &k such that (13) does not hold.

Assume now that 5* is k-sparse with k such that (13) holds. We start from the decomposition
N 2 2 N
E {(UA _ 77) :| = {({TSL _ 77) ]_ﬁA:ﬁSL} +E [(771[“)(9) — 77) 1AA_;‘7‘D(Q)1| .

In this sparse setting, the risk of 7°F is minimax optimal but the risk of 72 (£2) is possibly quite
large. We have to work around the event 4 = 72 (€2). This event can only be achieved if either we

have |ﬁT( )—n| > cor/plog(p)/(2n) or if we have simultaneously [7°F —7| > co+/plog(p)/(2n) and
|72 () — n| < coy/plog(p)/(2n). Under this last possibily, observe that |7X () —n| < [7°F — 1|
Thus we obtain

E [(ﬁA _ 77)2} < E [(ﬁSL — 77) ]_AA_’\SL] +E {( (€2) — 77)2 | Q) —n|>co+/plog(p)/( 2”)}

~D 2
(77T (2) — 77) SL—n|>cox/plog(p /(2n) InD(Q n|<cox/plog(p)/(2n)}
< 21@[77“ )]+]P>[y — | > cor/plog(p /Qn] .

The risk E[(7°F — 7))2] is bounded thanks to Proposition 2.3 whereas by Theorem 2.1

[| —n| > cov/plog(p)/( Qn} < Cq/p.

Together with the fact that p > n, we have proved that when * is k-sparse with k such that (13)
holds,

E{(ﬁA_n)z} <0 [Tlﬁ k212g2( )i‘\%ax((;))] '

min

Theorem 3.2 follows.
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6.4 Analysis of the plug-in method

Proof of Proposition 4.1. We first note that the estimator 7 (ﬁ) is built using the following linear
regression model

Y = [Xﬁm] [ﬁ’mﬁ*} te

It then follows from Theorem 2.1 in Section 2.1 that 772 (€2) is an estimator of Hﬁl/QZﬂ* 13/ Var (y1).
More precisely, we have

~1/2
Doy I2TE63 o1 VPt -
P Dn—”72> zoﬂg—(x<2>< t
(@)~ R | > Gl 82 Y X | < Cae
for all t < n'/3. Decomposing the difference 77 (ﬁ) — 7 into
ol/2 * 2 oL/2 *12
~D G Dy 1T E6; [ 2673
Q)—n=n"(Q) — + -n,
) =0 =) = s Var )"
we only have to consider the second term
”Q 25 ”% B ‘ _ ‘B T21/2(21/2921/2 o Ip)zl/Qﬂ
Var (y1) Var (y1)
< B2QEY? 1,0
< (1% lopll€2 = 2]lop
where we used in the second line that *723*/ Var (y;) < 1. O

Proof of Corollary 4.53. Define the event B such that inequality (22) is true. Assume first that

cem2n2Y? < (o)t (52)

n
where C' is the numerical constant in (22).
DA 2 DA 2 DA 2
E {77T (Q0r) - ﬁ} = E {UT (Qcr) - 77} 1| +E {77T (Qcr) - 77} 15
. 2
< E [{ﬁT(QCL) - ?7} 15] +P[B],

where we used that ?]:,Q(QCL) belongs to [0,1]. By Lemma 4.2, P[B¢] < 4/p. Under event B,
Amin(Qcr) > Amin(2) — Qe — Qlop > (2M7) ! and Q¢ is therefore non-singular. Plugging (22)

in Proposition 4.1 and integrating the deviation bound with respect to ¢t > 0, we get that for some
numerical constant C,

D& 2 p
E [{n?(ﬂcm *n} ] < CM4MFE :

If now, (52) is not satisfied, we just use that since the thresholded estimator is 7% (ﬁCL) belongs

to [0, 1], the risk is always smaller than 1, which is smaller than C'M QMfg .
O]
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Proof of Corollary 4.4. In order to show (24), we follow the same steps as for proving Proposition
3.2, the only difference being that we need to prove that }P’Hﬁr}_ﬁ(ﬁcm —n| > co(M, My)y/plogp/(2n)]
is smaller than C/p for some C' > 0. As above, we consider two cases whether (52) is satisfied or
not. If Condition (52) is satisfied, we use Proposition 4.1 with ¢t = log(p) and the event B to prove

that
I /1 Cy+4
AR@) | 2 2002 VP g P | g

If Condition (52) is not satisfied, we again use that

GR(Q) -y <1< 2CM2M3\f

O
7 Proofs of the minimax lower bounds
7.1 Proof of Proposition 2.4
7.1.1 Proof of the parametric rate R*(k) > R*(1) > Cn~!
First, we prove that n cannot be estimated faster than the parametric rate n=!. Fix ¢ = 1,

87 = (1,0,...,0)7 and 5 = (1+n~2,0,...,0)". Then n = (3}, ) = 1/2 and 1 = (35, 0) >
1/2 4+ n~1/2/4. Denoting K(Pgs 5 Pgs o) the Kullback-Leibler divergence between Pg: , and Pg; -,

we have )
X8 — 065 1
K(Pg; 0iPg;.0) = E [” Vi 5 Z)HQ] =5
Using Pinsker’s inequality, we provide a lower bound of R*(1) in terms of K(Pg; »;Ps;s ) and
(n1 — n2)? as follows:
R*(1) > i%fEﬁ;, (7 —m) \/EﬁQ, (7 —n2)?]
2 —m)" . ~ ~
> R (5> (ot /2] By 1< O+ m)/2)
4 7
> oM ep A+ Py o (A° here A i bl
> 5 inf Ppr o (A) + Pgs o (A°) , where A is any measurable event
(n2 —m)*
> = (1= 1P 0 —Pg; o lrv]
2
> (7728?71) [1 — 271/2K1/2(}P’5T,U; IP@;”} , by Pinsker’s inequality
o (e—m)* 1
- 16 ~162n 7

which concludes the proof.

7.1.2 Proof of R*(k) > C { Etog (1+ 4 v ,;%)r A 1}

In this proof, we follow the standard strategy of reducing the heritability estimation problem to a
detection problem, thereby taking advantage on available bounds of [41]. We could simply derive
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Proposition 2.4 from Theorem 4.3 in [41], but we prefer to detail the arguments as a first step
towards the minimax lower bounds for adaptation problems.

Denote Py the distribution of (Y,X) when * = 0 and ¢ = 1. Let p > 0 be a positive quantity
that will be fixed later. Also, denote B the collection of all Vectors 8 € RP with exactly k& non-zero
components that are either equal to [(1+ ) 77 O a3, ) 7 Defining 02 = (14 p?)7L, we
obtain, for all 8 € B, n(8,0,) = p?/(1+ p*). Following the beaten path of Le Cam’s approach, we
consider y the uniform measure on B and denote P, the mixture probability measure

P, = [ oo, n(ad) (53)

The minimax risk R*(k) is obviously lower bounded as follows:

<77 1pp>]}

R*(k) > i%f {Eo 7]\ VsesEpq,

= e | (1) |
> st P e ] e e st )

Defining the test statistic 7' := {7 > p?/[2(1 + p?)]}, one recognizes in the bound above the sum
of type I and type II errors of a test of Py versus P,. Taking, the infimum over all tests 7', that is
all measurable function of (Y, X) to {0, 1}, we arrive at

* 1Y . -~ ~
p4 ~ ~
> —————inf |1—|Py(T'=0)—-P,(T =
> gyt [ 1B =0) — Pu(T = 0)
4
p P,
> ———|1—-FEy|L,—1 here L, = ——
> p74 [1 —( 2(P,,P ))1/2] (by Cauchy-Schwarz inequality)  (54)

where x%(P,,Py) = Eo[(L, — 1)?] stands for the x? distance between probability distributions.
As a consequence, we only need to bound the x? distance between P, and Py. Fortunately, this
distance has been controlled in [41] (take v = 1, Var (y) = 1 in [41, p.741, line 14] and note that

BX2 = 02/ (1+ p2)).
Lemma 7.1 ([41]). We have

(P, Py) < exp [k log (1 + zk; <cosh (”’]:2) - 1))] - % : (55)

Let us fix p? in such a way that

2

= log [1 + 2 log(5/4) + \/(1 + 72 log(5/4))? — ] . (56)
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Using the classical equality cosh(log(1l + = + Va2 + 2x)) = 1+« for > 0, we arrive at
Y3(P. Po) < exp ki log(1 + log(5/4)/k)] — 1/2 < 3/4,

which, together with (54), implies
P4 1/2
R (k) > ———=—=(1—-(3/4 .
(F) 2 gt (- (/4

Since log(1 + ux) > ulog(1 + x) for any u € (0,1) and x > 0, we derive from (56) that

2> 1o 5 ﬁ1o 1+£v ra :
pr=208{1 ) | 2 V)|

But ) )
P >P a1,

1+p2 7~ 2
which concludes the proof.
7.2 Proof of Proposition 3.1
Define the quantity p > 0 by

av/plogp
p2 = 4n N (57)

We consider u, P, E,; as introduced in the proof of Proposition 2.4.
Let 77 be any given estimator. Define

n n2 p? 2
R:=n,/—Eo[n? E,|(n- .
n\ﬁ 0[n]+p10gp “[(n 1+02>

Then,
R(n,1) | R, k)
1 /e plogp

Now define the event A(%) := {7 > p?/[2(1 + p?)]}. Then, one has

n = n N ,04 a® p R
”¢fWﬁZ”JHwAWMH¢WZ4VZMMMAM'

2

Similarly, B, (7] — p*/(1+ p%))? = Pu(A“@))p* /AL + p*)? = G2 Z5EP,(A°(7)) so that

n2

a? p
R> Eir}\f {IP’O [A] \/;logp—l-P“ [AC]} ,

were the infimum is taken over all measurable events A. Restricting the events A to have small
probability, we arrive at

[\

R>% 11 inf P, [AT} | 58
[/\A, A< (g " ]} %)

27

ok



so that it suffices to obtain a uniform lower bound for P, [A°] over events A of small Pg-probability.

Pu(A%) = 1-Fo(A) = [Pu(A) — Fo(A)]

P
> 1-Bo(A) ~ B (L~ D1a)|  whereLL, = oo
0
> 1-Py(A) — (Po A (P, PO))1/2 . (by Cauchy-Schwarz inequality) (59)

Define x = gl log(p). Since v/plogp < k, and since log(1 + ux) > ulog(1l + x) for any u € (0,1)
and = > 0, we have

2

%Slog[l—l—x\/\/ﬂ §log[1+x+\/m] .

Together with Lemma 7.1 and the classical identity coshllog(1 + u + v2u + u?)] = 1 + u for all
u > 0, we arrive at

k2 1
Vv/Plogp V/plogp P \/plogp \/ p'=¢logp

Coming back to the lower bound (59), we conclude that, for any event A4 satisfying Po(A) <

vn/(\/plogp), we have
n 1 w1 \?
P (A)>1— J0— ()
W49 2 \/;logp < plalogp>

Plugging this result in (58) and using the fact that p!=¢(log p)? > 16n leads to the desired result.

7.3 Proof of Theorem 4.5
7.3.1 General arguments

Fix M > 1 and suppose that Condition (26) is satisfied for some ¢ > 0. Define r to be the smallest
integer such that ¢ > 1/(2r) so that we can assume henceforth that n'*1/(2") /p — 0.

In this proof, we follow the same general approach as in the other minimax lower bounds, that
is we define two mixture distributions Py and Py

Py := / Pg 00,5 Ho(dB,dE) , Py := / Ppor n(dB, dX) ,

in such a way that Py and P are almost indistinguishable and at the same time the function n(53, o)
takes different values for parameters in the support of the prior distribution g and parameters in
the support of the prior distribution ;. The main difference with previous proofs lies in the fact
that po and py are now prior probabilities on both the regression coefficient § and the covariance
matrix 3.

Let ap = (@ip), 70 = (Vip), ¢ = 1,...7 and a1 = (a1), 1 = (Vi1), ¢ = 0,...7 be positive
parameters whose exact values will be fixed later. We emphasize that the values of these parameters

will only depend on r and not on n and p. Given a positive integer ¢ and a = (aq, ..., aq) whose
coordinates oy are positive, define the probability distribution 7, on vectors of R?*? whose density
is proportional to (]I, + >°7 ammﬂ)_”/ze_ Yl plzill3/2 for 2, € RP,1=1,...,q.

28



The distribution pg is defined as follows. Let (v;0), ¢ = 1,...,7 be independently sampled
according to the distribution m,,. Then, conditionally to (v1,,...,vr0), S and X are fixed to the
following values

T T
B=Y qviovio; BN =L+ > aioviov) (61)
i=1 i=1
Similarly, under p1,
T T
B=> 7iivi1; S =1,4 > aigviv] (62)
i=0 i=0
where the vectors (v;1), i = 0,...,r are independently sampled according to the distribution 7, .

Finally, the noise variances are fixed to the following values.
og=1, oi=1-((r,M), (63)

where ((r, M) > 0 is introduced in Lemma 7.2.

To prove that Py and P; are almost indistinguishable we will consider separately the marginal
distribution of X and the conditional distribution of Y given X. We will see that the centered
Gaussian distribution of X under both Py and P; are indistinguishable from the standard normal
distribution when n = o(p), see Lemma 7.4 below.

Let us now choose the parameters «; ; and o; ; in such a way that the conditional distribution
of Y given X under Py is indistinguishable from that under P; when n!'*/(7) = o(p). We first
consider a truncated moment problem.

Lemma 7.2. There exist two discrete positive measures pg = Y i_4 §i,00r, 0 ON p1 = Yoo §i10r; 4
supported on (0,1) such that

1. The atoms 7;j for j =0,1 lie in [(5+ M)/(6M),1).

2. The total mass of py equals 1, whereas the total mass of p1 is 1+ ((r, M), where {(r, M) >0
is introduced in the proof.

3. Forallg=1,...,2r — 1, the qg-th moment of pg and p1 coincide

ol [(+3M)/(4M)
/azqdpo = /qupl = zldx :=my .
M =1 J(340)/(am)

For j = 0,1, we set the values v; ; := [52-,]-/7',-73']1/2 and oy ; = Tl-_jl —1.

Let us give a hint why such a choice leads to what we need. As a consequence of our parameter
choices, the following identities are satisfied

T 72 r /72
3,0 2 i,1 9

7 - : =2 64

Zl+0‘i0+00 Zl+ai1+al (64)
i=1 ’ i=0 J

T 2 r 9
77;,0 . Pyi,l - _

Zm - Zm_mq—b Vg=2,...,2r (65)

=1 ’ 1=0 )

Had the random vectors (v;;) introduced in p; formed an orthonormal family, then we would

2
have had 7298 = > (HZW for any positive integer q. We shall prove later that, under the

distribution pj;, the vectors v; ; have a norm close to one and are almost orthogonal with large
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probability. Hence, identities (65) imply that the moments 87393 concentrate around the same
value under pg and w1, this for all ¢ = 2,...,2r. This will lead to the fact that the conditional
distribution of Y given X under Py is indistinguishable from that under Py when n'+1/(7) = o(p)
as proved in Lemma 7.5 below. In the same way, (64) will imply that f733 + 032- concentrate
around 2 under p; for j = 0,1 so that n will concentrate around different values under Py and P,
since 02 # o?. This is stated in Lemma 7.3 below.

Let us now define the quantities

2 2

o o
no=1— - vgoo 2:1/2’ mi=1-— - 711 2:1/2+g(r,M)/2. (66)
Zi:l 1+2¢i,0 + 05 ZZ =0 1+zx 1 o1

The next lemma states that, for j = 0,1, (5, 0) is close to n; under p;.

Lemma 7.3. There exists three positive constants Cy(r, M), Co(r, M) and Cs(r) such that the
following holds for p > nCy(r, M). First, one has

n \n(ﬂ,a)—njl202(7“,M)(p_1/4+(%)1/2) < e Gsp (67)

for j =0,1. Also, the spectrum of 3 is bounded away from zero with large probability, that is for
J=0,1,
1 Pamin(2) < 1/M] < e G002 (68)

By definition of ug and 1, the largest eigenvalue of X is always equal to one. By Lemma 7.3,
with po and p probability going to one, the spectrum of X lies in [1/M, M].

Let us now bound the minimax risk E*[ , M]. Contrary to the prior distributions chosen in
the proof of Proposition 3.1, the proportion of explained variation 7(3, o) is not constant either on
Lo or on 1, so that we cannot directly relate the minimax estimation rate to the total variation
distance as done before. Nevertheless, these proportions of explained variation concentrate around
no and 71 so that it will be possible to work around this difficulty. This slight refinement of Le
Cam’s method has already been applied for other functional estimation problems (see e.g. [13]).
Also to circumvent the issue that some eigenvalues of 3 are smaller than 1/M with positive (but
very small) probability, we consider a thresholded version of the risk Ej [] := Eq [.1 Aunin (5)> -1
and Ej [.] := Eo [ 1), (z)>m-1]-

Without loss of generality, we may assume that all the estimators 1 below only take values in

[0,1].
Elp.M] > intE; (- n(5.0))| \/ B [ - n(5.0))’]
111on {{77 n(8,0) } E, [{ - n(B } - \/ 1 [Amin(2) < Mfl]

v

0
> mff \/ Ei [{77 i} } \ Ei [{77 B,0) m}z} —V i [Pnin(B) < M7

1=1,2 1=1,2 1=0,1

where we used (z — y)? > (z — 2)?/2 — (y — 2)%. From (67) and the fact that 1(8,0) belongs to
[0, 1], we derive that for some positive constant C'(r, M),

V Eil{n(8,0) —n:}?] < C(r, M)(p~"/ 4+ n/p) .

i=1,2

30



when p is large enough. Besides, the probabilities z4;[Amin(2) < M 1] are smaller than e~ Ca(rp!/?

by (68). Then, we control the maximum V/,_; o E;[{(7 — n;}?] using the total variation distance
between Py and P as we did in the proof of Proposition 2.4. More precisely,

R'[p, M+ C(r, M)[p~ 2 + (n/p)] > (771_8770)1an( > mim) \/P (7 < mim)

(771_770) . c
2 g mfPo(A) + Pi (A9

2
> WGy Ry
so that we only have to focus on ||P; — Po|lry. Let us decompose the total variation distance
between Py and P in a way enabling to consider separately the marginal distribution of X and the
conditional distributions of Y given X. Since the total variation distance is, up to a multiplicative
constant, the [; distance between the density functions, we obtain

2Py - Pollry = / Foly,%) — f1(y, %)|dydx

_ / Folylx) fo(x) — Fu(yl) o (o0)dydx

< / £1 (1) [ fo(x) — 1(x)|dydx + / fol@) | folylx) — f1(ylx)|dydsx
< / Fo(x) — f1()|dx + / fo@)|folylx) — i (y])|dydx
< 2PE ~PXllrv + 283 [IPY* Py X ] | (69)

where, for i = 0,1, PX (resp. f;) denotes the marginal probability distribution (resp. density) of X

under P;, Pflx (resp. fi(-|x)) is the conditional distribution (resp. density) of Y given X and E¥
stands for the expectation with respect to PX The main difficulty in the proof lies in controlling

these two total deviation distances | PF — PX||ry and EX[HPY‘X YlXHTV]

The marginal distribution of X under Py and P is that of a n sample of p-dimensional normal
distribution whose precision matrix is a rank r perturbation of the identity matrix and whose r
principal directions are sampled nearly uniformly. In a high-dimensional setting, such perturbations
are indistinguishable from the standard normal distribution as shown in the next lemma.

Lemma 7.4. There exist two positive constants C(r, M) and C'(r, M) only depending on r and M
such that the following holds. If p > C(r, M)n, then

n
IPX — PX|7y < C'(r M)[p .

The intricate construction of py and 1 (and especially the choices of the parameters «; ; and
7i,j) has been made to force the conditional Pg'x and Pi/‘x to be close to each other. Informally,
the fact that the quantities 37 3943 almost coincide under pg and pq, this for all g = 2,. .., 2r, will

YIX Y\X

translate into the total distance ||Py |lrv as illustrated by the next lemma.

Lemma 7.5. There exist two positive constants C(r, M) and C'(r, M) only depending on r and M
such that the following holds. If p > C(r, M)n, then

1+1/¢2r)\ "
p
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Under assumption (26), the distance |P; — Pg||7y goes to 0, and the minimax risk R [p, M] is
therefore bounded away from zero:

N2
B p, 1] > > o2 )

7.3.2 Proof of the truncated moment problem (Lemma 7.2)

Denote umin = (3 + M)/(4M) and umax := (1 + 3M)/(4M). Define p the uniform probability
measure over the interval [umin, umax]. First, we want to construct py an r-atomic measure whose
support is in [Umin, Umax] and whose moments up to order 2r — 1 coincide with those of p. This
truncated moment problem has received a lot of attention in the literature. For instance, Theorem
4.1 (equivalence between (i) and (ii)) in [15] ensures the existence of py. Define the Hankel matrix
A of order » — 1 and the matrix B by

Ajji=miyj,  Biji=mij, VO<i,j<r-—1,

where m, is ¢-th moment of the uniform distribution on [tmin, Umax]. The same Theorem 4.1
in [15] then ensures that the symmetric Hankel matrix A is positive semidefinite, A > 0, and
UmaxA = B = upinA where B = upin A implies that B — uyin A is positive semidefinite. Since
the representation of the truncated moment problem (my,...,mo,—1) is not unique (p and po
are admissible) Theorem 3.8 in [15] ensures that A is non-singular. Hence, up to modifying the

constants u! . = (44 M)/(5M) and ul,, := (1+4M)/(5M) , we can obtain strict inequalities in
the bounds
A0, UninA = B = up o A (70)

where A > 0 means that A is positive definite.
Define Umin := (5+M)/(6M) € (1/M,ul ;). Given € > 0, define the modified matrices A® and
B¢ by

—1i+7 else 1,) min °

mo if i=5=0 i
A§j = { it J ) B, =mi; — ety
’ Mitj—1 — €U

min
Since the set of positive matrices is open, there exists some ((r, M) > 0 such that the Hankel matrix
ASM) g positive and ul, ASTM) = BCM) g/ AC(WM) - Ag a consequence of Theorem 4.1
in [15], there exists an r-atomic measure p{¢(»M)) with support in [u/ . v/ . ] whose g-th moment
is mg — ((r,M)ul. forg=1,...,2r — 1 and mg for ¢ = 0.

Finally, the measure py := ((r, M)dq,,, + plM) satisfies all the desired moment conditions,
that is [ dpy =mo + ((r, M) and [ z%dp; =mg for g=1,...,2r — 1.

min’ “max

7.3.3 Additional lemma

Lemma 7.6. There exists three positive constants Cy(r,M), Cs(r, M) and Cs(r) such that the
following holds. Assuming that p > nCy(r, M), we have, for both j =0 and j =1,

n\1/2 _ _ 1/2
i, [max e} = 11 2 G, 2) (5" 4 /1] < e Culrw™™ (71)
Proof. We only prove the lemma for j = 0, since for j = 1 the proof is similar. To ease the notation,
we simply write v and « for (v;0); and (o 0); and p for po. Recall that the density of v = (vy,...,v,)

is proportional to e P2 Iloill3/ 2L, + >0, auvol |="/2. Denote w the uniform probability measure on
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the p-dimensional sphere. Let us first change the coordinate system. The density g of t = (||v;]|3)
and w = (v;/||vi]|2) satisfies g(t,w) = ¢(t,w)[[ ¢(z,w’) [] dzidw(dw!)] 1, where

o(t,w) = (Hiti_l)e*%ZLl(ti*l*log(ti))\Il, + Zaitiwiwgﬂr"ﬂ :

]

In order to control the density g, we first provide a lower bound on the normalizing constant.
Fort € (1—(rp)~Y/2,1)", L, + 3, cityww? | < [T+, aitiwsw! |5, < (14 [alleor)”. By definition
of a, one has ||al|oc < M. As a consequence,

/d’(ﬂ?,w/)ﬂida:idw(wg) > [/O(Tp)

> (Tp)*r/Qe*TZM(l + ]\47’)*"’"/2 .

—1/2 1 ,%(7u710g(1*u))

du

14+ M —nr/2
T % (1+Mr)

Since the determinant |I,+ ), aitiwiwiT | is always larger than one, we obtain for some constant
C(r) depending only on r and some universal constant C'

g(t, w) < (rp)r/267r2/4<1 + Mr)nr/2(1—[iti—1)ef% S (ti—1-log(ts))
< C(r)p"(1+ Mr)"? exp [— CPZ {(ti — 1)®Ly,c1/2,3/2) + Li<ij2 + 751@-23/2”-
(72)

If ||t — 1]|oc belongs to ((5¢; log(1+ Mr))Y/2 4 p=1/41/2), then for some constant C’(r) depending
only on r

g(t,w) < C'(r)pr/2 eXp(—C’pl/Q) )

If ||t — 1]joo > 1/2, then g(t,w) < C'(r)p"/? exp(—C"p||t — 1||s) for some universal constant C” as
long as p/n is large in front of a function of » and M. Integrating these bounds with respect to w
and t, we conclude that for some constant Cs(r, M) depending only on r and M and some universal
constant C”

n _ r _ a1/
”[m?X\HUz‘H% -1 = C5(V”,M)(;)l/2+p 1/4] < C'(r)p2e P

—Cs(r)

which is smaller than e P"% for some constant Cs(r) when p is large compared to r.

7.3.4 Control of |P¥ — P¥||ry (Proof of Lemma 7.4)

Define the probability distribution ?X, such that, under ﬁx, the entries of X follow independent
standard normal distributions. By the triangular inequality, we have

=X =X
IPE = PYllrv < [P™ = Plrv + [P = PYlrv | (73)
We will prove that ||?X — Py is small, the distance ||?X — P¥X|7v being handled similarly. In

order to simplify the notation in the remainder of this proof, we drop the subscript 0 in the vector
ag and vg. Let w denote the Haar measure on dimension p orthogonal matrices. We work out the
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marginal density fo(X) as follows

foX) = / (2m)" PRI, + ) " agvie] ‘n/2exp[—tr(XXT)/Z—Za¢||XUiH%/2}7ra(dv)

i=1 i=1

= / ho(v, X)me(dv)
R+

where  ho(v, X) i= }I +Zazvz }n/Q —tr(XXT)/Q/ -2 oczHXOmH%/Qw(dO),
1=1

since the values of ‘I + > aquv] | and D77 |Jvg]|? are rotation invariant.

For fixed v = (vy,...,v,), ho(v, X) stands for the density of X when the corresponding precision
matrix of the rows of X is a rank r perturbation of the identity matrix whose directions are
sampled uniformly on the unit sphere. We shall prove below that it is impossible to distinguish

this distribution from P (i.e. no perturbation) when p is large compared to n. Denote f(X) the

density of X under P*. In the following equations, ||fo(X) — f(X)|l1 denotes the I; distance (in
R™*P) between the densities. Using Fubini’s Theorem, we obtain

2PX P v = [fo(X) — F(X)|u
< / 1ho(X, 0) — F(X)[17a(dv) (74)

so that we will bound the [y distance ||ho(X,v) — f(X)|}1 for all v = (v1,...,v,). Denote L,(X)
the likelihood ratio ho(v, X)/f(X)

Ih(X,0) = F(X)|h = B [|L,(X)—1]]
< VBN LX) - 17 = VEN 20 - 1, (75)

so that we have to compute the second moment of the likelihood L,(X). As the proof of the
following lemma is a bit tedious, it is postponed to the end of the subsection.

Lemma 7.7. There exist three positive constants C7(r, M), Cs(r, M), Cy(r, M), only depending
on r and M such that the following holds. Assuming p > nCr(r, M), we have

EX [L%(X)] <14 Cs(r, M)% + 4r exp(—Cy(r, M)p) ,

simultaneously for all v = (v1,...,v,) satisfying max; ||vi|l2 < 2.

This lemma, together with (75), gives us a uniform bound of ||h(X,v) — f(X)|l1 over all v
satisfying the above condition

|h(X,v) — F(X)|I? < Cs(r, M)p + 4rexp(—Cy(r, M)p) < Cro(r, M)%

Denote V the collection of v = (v1,...,v,) satisfying max; ||v;||2 < 2. Coming back to the decom-
position (74), we conclude that

=X
IPF ~P7 v < /IIth (X) 170 (dv) + / 1A(X, ) = f(X)[17a(dv)

Clr ), [+ o i il > 2] < €0, [
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when p is large compared to n using Lemma 7.6. Handling analogously the difference ||P{(—ﬁx lrv,
we conclude that

=X n
PX =Py < ), 2 (76)
Proof of Lemma 7.7. Relying on Fubini’s identity and the fact that X follows a normal distribution,
we have
,
EN[2(X)] = B+ > aw] [ / ¢ St ol X0 B +IXO 31/, 40 (dO')
i=1
_ /2
L+, awl|? "
_ / . [T + iy cvvivy | | w(dO)w(dO)
LT + 227 @i(0v) (0v;) T + @i (0'v;) (0'v;) ||
r 2 n/2
_ / : L, + 27221 avvl | : w(dO)
LT, + 327 cwwiv] + ai(Ow;) (Owi) ||
Diagonalizing the matrix I, + > ;_; aiviviT , we find &1,...,a, > 0 and an orthonormal fam-
ily wi,...,w, such that YI_, auvl = Y1 qww!. Note that [|@llec < |lorflee Doiey Juill3 <
2r||alloo < 2rM. We arrive at the following representation
- /2
— L+ 3", aquuw?!|? "
EX [L%(X)} :/ . ‘ Ii Z;_l j L ‘ 5 w(dO) . (77)
Ly + D i diwiw; +0‘i(0wz’)(owi)T‘ |

We see that B~ [L2(X)] expresses as the n/2-moment of a ratio of determinants. In order to ease
the notation, we extend the vector & in a 2r-dimensional vector by concatenating it with itself.
Define the 2r x 2r diagonal matrix D by D;; = a; for 1 <+¢ < 2r. Extend the orthonormal family
(wi,...,w,)into (wy,...,ws,) by a Gram-Schmidt orthonormalization of (w1, ..., w,, Owy,..., Ow,).
Since the determinant of I, + Y1, dw;w! + 31, &;(Ow;)(Ow;)T is only determined by its re-
striction on the basis (w1, ...,ws,), we introduce the matrix A of this linear application into the
space spanned by (wq,...,ws,). We arrive at

n/2
EX [12(X)] = / (W) w(dO) . (78)

In order to prove that this quantity is close to one, we shall show that the matrix A is close (in
entry-wise supremum norm) to Iy, + D. The difference matrix V := A — I, — D writes as

,
Vi =Y &(Owi, w)(Ow;, wm) = &lim Lisr
i=1
Given i = 1,...,r, define the space S; = Vect{wy,...,w,, Owi,...,Ow;_1}. By definition of wy,
observe that (w;, ;) =0 for all i < l. As a consequence, for any [ < m,

T

T
Vil < @l(Ows, w)| <) ail[Ts, 0wz

i=m =1
where Ilg denote the orthogonal projection onto the vector space S. The diagonal terms of V
satisfy

T
Vgl < il [TLs, Owslf3 -
=1
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Fori=1,...,r, denote W; = ||IIs,Ow;||2. Define the matrix Vy := (I, + D)~ /?V (I, + D)~1/2,
As a consequence of the previous inequalities, we obtain

[tr(V2)| < 2r2||d||00m?XWi2 Vel = 7j@f]oc max Wi .

Assume that 27[|Va|lo < 1/2 so that ||[Val|op < 1/2. Also denote A\;(V3) the ordered eigenvalues
of V2.

2r
LY
1 _ = 1 I, + V5|l = log(1 + X;(V
Og[|12T+D| og [Tz + V2] .E_ og(1+\i(Va))

Y

i=1
tr(Va) — Z M (V) (since log(1 + x) > x — 2? for z € [-1/2,1/2] )
> —6r4(a]2 v 1) max W2

Define the event A := {472||&|| s max; W; < 1}, so that, under A, we have 2r||Va||s < 1/2. Under
A, we bound log[|A|] as above, whereas, under A°, we simply use that |A| > 1. We also write E*
for the expectation with respect to the Haar measure w.

X [2200] < B [exp (nrt(Jali v 1) max 97 | + o4, + DI
< E¥ [exp (W(pm?xwf)ﬂ + wlAexp (nC'(r, M)) , (79)

where C(r, M) and C'(r, M) only depend on r and M. We used in the last line that ||&||e < 2rM.
In order to work out this quantity, we need to control the deviations of pmax; Wf. Re-

call that (wi,...,w,) form an orthonormal family. Hence, conditionally to (Owy,..., Ow;_1),
Ow; follows a uniform distribution on the unit sphere intersected with the orthogonal space of
Vect(Owy, ..., Ow;_1). As a consequence, W7 follows the same distribution as >.\_, Z2/|Z||3

where Z = (Z1,..., Zp—it1) ~ N(0,I,_;1+1) (since the Gaussian distribution is isotropic). Noting
that VVZ-2 is always smaller than one 1, we consider for any = € (0, p)

b 22:1 le

w[pW? >z +2r] = P[”ZHQ' 2x+2r] <P[|Z|5<p/2] +P
2

o8

ij(ZE—l)z ]

=1

2
x €T
S e—Cp+e—§A@ S 26—0(7")$

i

where we used Lemma A.1 and r < p/8 in the last line. Taking an union bound and integrating
this deviation bound, we derive that
M
B e ("M ) )| <14 0002
p v p

where we used that p is large compared to n. We also derive from the above deviation inequality
that w[A°] < 4re=C(»MP_ Together with (79), this concludes the proof. O

7.3.5 Control of Eg([HPé/lX — Pf'XHTV] (Proof of Lemma 7.5)

Let us first characterize the conditional distributions Pg'x and Pf'x.
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Lemma 7.8 (Distribution of Y conditionally to X under Py and Py). Define the matrices

By = Z’yio(plp + a; o XTX)™1 B, = Z’yzl(p:[p +a; XTX)7L . (80)
i=1 =0
and for 5 =0,1,
1
—X(B; ' + XTX/O'JZ)IXT] (81)
j

Under Pq (resp. P1), Y follows, conditionally to X, a centered normal distribution with precision
matriz Ty (resp. T'1).

The precision matrices I'g and I'; are both diagonalizable in the same basis that diagonalizes
XXT. Denoting )i, i = 1,...,n, the ordered eigenvalues of XX /p, we define

2 Vi o
hj()\i): oF +Zm ,7=0,1 (82)
l . T

the corresponding eigenvalues of I'g and I'y.

Suppose that \; lies in (1/2,3/2) (this occurs with high probability). Since, by (64), 0']2- <1
and o5 + > lzlojl = 2, we have

1/4 < hj(n) < 4 (83)
Let us give the Taylor’s expansion of 1/h;();) with respect to (A; — 1):
m—1

+o00
%J 1 71] L
— ) )\_1 m . ) . 84
hj( U +Zl+aljj+mZ:1( ¢ ) Z 1+al m+1 ( )

By the definition (63) of 0’ and the property (64), the constant term 0’ + Zl e

consider any m € {1,. 2r —1}. The rational function 2™~!/(1 + :c)m+1 decomposes as a linear
combination of C As a consequence , the term or order (A\; — 1)™ in (84) is a

- equals 2. Now

l+lm)2 oo (1+z1)m+1'
linear combination of the moments m, (defined in (65)) for ¢ = 1,...,m — 1. Thus, the choice
of the parameters v, ; and oy ; makes all the terms of the development of 1/hg()\;) and 1/hq(\;)
coincide up to order 2r — 1.

1 _ 1
hi(Ai)  ho(N)

- ‘Z)\—l

m=2r

1 1
Z 7[ ,0 % - 7[ 1 ;nl ‘
l 1 + o 0 m+1 (1 + al,l)erl

00 ’ylo ’Yll
)\i _1 I L
> | ™ [EZ: (1+ ayp)? +§i: (1+ou1)?

m=2r

< AN =1 my = Cn)|A -1

IN

where we used in the last line that |\; — 1| < 1/2 and where m; is defined in Lemma 7.2. Suppose
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that all the eigenvalues A; lie in (1/2,3/2) so that E 1; belongs to (1/16,16) by (83).

2Py P2, < KPY®PY¥]  (by Pinsker’s inequality)
1) {hl(m])
— 1-1o
Z( o) B ()

) 1 1 \?
C;hl(/\l ( ho(Ai) hl(Ai))

< C'(M)Y (N = DY < C'(M)n||XXT /p —Lll3,
=1

IN

since, for some fixed C' > 0, * — 1 — log(z) < C(x — 1)? for x € (1/16,16). The total variation
distance is always smaller than one, so that

YX YX — YX
EY |[|Pg Xlrv| < PFIXXT/p— Lilloy > 1/2] +2 1/2E3<[ K[Py ™ PY ™1 xxr 1,212

< PYIXXT/p — Lullop > 1/2] + C(M)n!?E [|IXXT/p — L 5]

Conditionally to v = (v1, ..., v,), X follows a Gaussian distribution with inverse covariance X! (v) =
L+>_; aiovivl with ;o > 0. As a consequence, | X(v)||op = 1 (since p > r) and tr(2(v)) belongs
to [p — r,p]. Then, we may apply the deviation inequality for Wishart matrices with non-identity
covariances (Lemma 6.1) to X and reintegrate with respect to v.

P [IXXT ~ tr(S()Tallop < 2v/p (Vi +10+ V2E) +3[n+100+20]| > 1 =27, (85)

for any t > 0. Since n < p, this simplifies in

T n t t
P [HXXT/p—InHop < +C{\f+ \/>+ H >1-2t.
p p p D

Integrating this deviation bound, we obtain E¥ [|[ XX /p — L[] < C(r)(n/p)" where the con-
stant C'(r) only depends on the integer r. Also, from (85), we derive that the probability that
XX /p —Tp|lop > 1/2 is smaller than 2¢=C"? for some C’ > 0. We have proved that

1+1/¢2r) \ "
EX [IP5 ™ — Py X|lry | < 2797+ C(r, M) (”p) ,

where the constant C(r, M) only depends on > 0 and M > 1.

Proof of Lemma 7.8. We only prove the result for P, the result for Py being handled similarly.
Since P is a mixture distribution, we introduce fi(Y,X,vp,...,v,) the total density of (Y, X,v)
where v = (vo, ..., vp).

f1(Y, X, v) xx exp

Y — X >0 'y~71v'H2 tr(XXT) U " p
- e *Z | Xwgf5 — Z§Hv¢||3

202 2
1 i=0 i=0

Denote z = Y _;_,7:,10;. 1f the density of v is proportional to [[; exp [— >°r_ %241 Xw;[|3 — D07 02 HvZH ]
then z follows a centered normal distribution with covariance matrix By = >__, 73 1 (P40 1 XTX) 71
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As a consequence, integrating fi(Y, X, v) with respect to v leads to the marginal density

BOX) o [ ke 1Y Ao TB 20O 2,

—ﬁyT (In—#X(Bfl—i-XTX/Jf)*lXT)Y

X e

6—tr(XXT)/2[|B1’|B;1 n XUTQX”—l/?
1

Hence, conditionally to X, Y follows a centered normal distribution with precision matrix I';.
O

7.3.6 Proof of Lemma 7.3

We prove the result for g, the proof for pu; being handled similarly. In order to ease the notation
we respectively write a;, v, v; and o for a0, vi0, vio and og. From (64) and the definition (66),
we have the following decomposition

S
=1 14qy4

= 5
2 r

Tlo

Define so = > i_; 7?/(1+ ;) (note that sg = 1) so that 79 = so/(0? + s¢). Since o2 is fixed to 1, it
suffices to prove that 37 X/ is concentrated around sg to obtain a concentration bound for n(3, o)
around 7.

We use a similar approach to that of the proof of Lemma 7.7. Conditionally to (v1,...,v,),
S =1,+ Y aiviv!. Define w; := v;/||vi||2 the standardized version of v; and ¢; := ||v;[|3. Also
define the Gram-Schmidt orthonormalization basis (v, ..., 1) obtained from (wq,...,w,). Define
the r x r matrix ¥ which represents the restriction of ¥ in the orthonormal basis (vq,..., ;).
Similarly, define the r-dimensional vector 3 so that s = BTEB . Define the diagonal matrix ¥ by
3, =1/(1+aqt;) foralll =1,...,r. and the vector Bby B, =~ forl=1,...,r. Then, BT3¢
decomposes as

BT8p—s50 = (B'ZB-s0)+B [E-Z|B+(1r|[S{BF"-BB"}])
= () + (II)+ (IIT) . (86)

We shall prove that each of these three terms is small in absolute value. Recall that the «; and ~;
are positive constants only depending on r and M.

O = | X2~ 25| <ol maxl - 1
prt 1+ait; 14041~ o i
ID] < 1BIBIZ = Zllop < IVIEIZ = Zllop
~ ~ o~ 77T ~ ~ p— ~ p— ~ —
(1D < |ZlplBBT =B B e < IIZ1rIBl2+ 181218 = Bll2 < C(r, M)|I3 - B2 ,

where we used in the last line that the eigenvalues of 3 are all smaller than one. Coming back to
(86), we have proved that

1675 — sol < C(r, M) |max[ti = 1|+ |5 = Slop + 15 = Bl - (87)
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Let us bound | X — iHop and ||3 — B||2 in terms of ¢ and w. By definition of the basis (v1, ..., 1),

,
~_1 —_1
Z -3 il = ‘Zaiti(wi,wﬂwi,l/m) —atili=m
< rllaflcof[t]loo max H;gxl(wi,l/ﬁl
< C M)t max W (58)
i=1,...,r
where Wi = |[Uvect(uw,,....w;—1,wii1,..w0)Will2 and ILg the orthogonal projection onto the space S.

Here we used that for all 7,1, [(w;, ;)| <1 and that 1 — (wy, 1/1)2 =i [{wi, v) 2.

~ 1 — ~—1 -1
Assuming that 2r||2 - X 1Hoo <1, we have [  —-3X ||op < 1/2, so that also ||El/2( -

pE ) 1/2H0p < 1/2 since all the eigenvalues of ¥ are smaller than one. Then
S = 1/2 1/2 = 1\=1/2\—1 =1/2
£ -y = [EV[@+SE -sHE) T LT,
1/2 -1 S-lyal/2y-1
< H( -X )2 ) _ITHO[)
1/2 = 1/2
g H/( —z>/uop
= 1/2 —1\=1/2
- EET - ThE,
~1
< 2”2 -3 ||0P
< 28 -5 Y, (89)

where we used that all the eigenvalues of ¥ are smaller than one. Turning to the difference 5 - B,
we have, forany I =1,...,r,

(B =B =D vilwi, ) — | < rlvlleo max Wy < C(r, M) max Wi .
i=1

Thus, we obtain ||3 — Bll2 < C(r) max; W;. Together with (87), this gives us
1818 — so| < C(r, M) [max |t; — 1] + HtHoom'aXWi} , (90)
(2 (2

as soon as ||t||eo max; W; < 1/2r?||a|so. The deviations of max; |t; — 1| are given by Lemma 7.6
so that it only remains to control the deviations of W;. Let A be any event on w = (wy,...,w,).
From (72), we derive that

po(A) = / 1ag(t, w)ILdtdw(w;) < C'(r)p™?(1 + Mr)"/? / 1AIT;dew(w;)

As a consequence, the probability uo(A) is always smaller than C’(r)p"/2(1 + Mr)™/? than the
probability of A, when wy, ..., w, are independently and uniformly distributed on the unit sphere.
When wi,...,w, are independently and uniformly distributed on the unit sphere, W2 follows
the same distribution as 37~ Z2/||Z||3 where Z = (Z1,...,Z,) ~ N(0,1,) (since the Gaussian
distribution is isotropic). Arguing as in the proof of Lemma 7.7, we derive that, for any = € (0, p),

pzvjfl Z2 r—1 T
wpWg>z+2r] = P W >x+2r| <P|IZI3<p/2| +P|> (27 -1) > 2]
=1

2
X X
S e—p/lG _|_e—§/\@ S 26—C(T)LL‘

)
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where we used Lemma A.1 in the last line. Taking an union bound, we derive that
140 [p max W} >z + 24 < C'(r)ptt2(1 4 Mr)/2e=Ce
(2

Thus,

1/2
b

o el 95 2 571 < el > 20+ )42+ D20 (91)

since p is large compared to r. Together with (90) and Lemma 7.6, this gives us

1/2

o [WTEﬁ — 50| > C(r, M)(p~/* + (%)1/2) < e C'p

for p large enough compared to n and r. This last deviation inequality easily transfers to that of

Mo- _
Let us now turn to the spectrum of ¥. By definition of 3,

~ _ ~ 5+ M
)\min(z) = )\min(z) > )\min(z) - ||ZJ - E”op > 6 M

— 11X = Zlop

so that, by (88) and (89), Amin(X) > 77 as soon as 2r2M |[t]o max;—1,..,» Wi < 21 and the end
of the lemma follows easily from (91) and Lemma 7.6.

7.4 Proof of Proposition 5.1

As in the previous minimax lower bounds, we use Le Cam’s approach and build two mixture
measures. Denote [Py the distribution of Y when 8* = 0 and o = 1. Under [Py, Y follows a standard
normal distribution and 1[0, 1, X] = 0. Given u a continuous prior measure on R, we take

P, - /B Py u(dB)

Note that p-almost surely, n[3,0,X] = 1. Recall that )\3/2, i =1,...,n denote the singular values

of X and v;, i = 1,...,n its right eigenvectors. Let us choose p such that, under pu, (BTvi))\;/z
follow independent standard normal distributions. Obviously, under P, Y also follows a standard

normal distribution, that is Eu =P,.

Consider any estimator 7). Then,

Beg;{gzo@ﬂ*,g[(ﬁ— 060 XD > Eo, [\ VacarEs [(7 - 1]
> By [7°] /B, [(1-1)’]
> B [7%] VB [72 1] (since Py = P,,)
> L (B [+ Bo [(7- 7]
> S+E[i’ ~Eofi]  (by Cauchy-Schwarz inequality)
> 1/4.
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A Auxiliary lemmas

Lemma A.1 (x? distributions [29]). Let Z stands for a standard Gaussian vector of size k and let
A be a symmetric matriz of size k. For any t > 0,

P [ZTAZ > tr(A) + 2| Al pVE + 2\|AHopt] <el.
When A is the identity matriz, the above bound simplifies as
P [XQ(k) > k+2\/ﬁ+2t] <et,
where x%(k) stand for a x?-distributed random variable with k degrees of freedom. We also have
P [XQ(k) <k- 2\@} <et,

for any t > 0.

Laurent and Massart [29] have only stated a specific version of Lemma A.1 for positive matrices
A, but their argument straightforwardly extend to general symmetric matrices A.

Lemma A.2 (Wishart distributions [16]). Let Z be a nx d matriz whose entries follow independent
standard normal distributions. For any positive number x,

P [Amax (27Z) > n (1 +/d/n+ 21‘/11)2] < exp(—x)
P [ [272) <0 (1= VaTn - VET)'| < exp(z)

B Proof of Lemma 6.1

Recall that XX7 is a weighted sum of Wishart matrices with parameters (1,n)
P
T T T
XX" = ZIZ" =) "T; (Ze;Z1))
j=1
Define the matrix U by

U :=r'/2z7 (92)

The singular values of U are the same as those of X”. Denote s1(U) > so(U) > ... > 5,(U) the
ordered singular values of U. From the previous remark, the following decomposition holds

Amax(A) = s3(U) —tr(X)  and  Apin(A) = s2(U) — tr(2) .

Hence, it will suffice to derive deviation inequalities for both s1(U) and s,(U) to get the result
(30).

Denote SP~! the p dimensional unit sphere. Since s1(U) = sup,egp-1 ||Uz|]2 and s,(U) =

inf,csp—1 ||Uz||2, both s1(U) and s, (U) are Lipschitz (with respect to the Frobenius norm) functions
with constant 1 of the entries of U. As a consequence, s1(U) and s, (U) are Lipschitz functions with
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1

Lipschitz constant maxi(I‘i1 {2) = HZ||0]{,2 of the entries of Z. Applying the Gaussian isoperimetric

inequality [9], it follows that
P [51(U) 2 Els1 (U)] + |IZII2V2l] < exp[— (93)

P [50(U) < E[s,(0)] - [IZI142V2] < expl-1] .

O —

In order to control E [s1(U)] and E[s,(U)], we apply Gordon-Slepian’s lemma following the
approach of Davidson and Szarek [16, Appendix IIc]. First, recall Gordon’s extension of Slepian
lemma.

Lemma B.1 (Gordon-Slepian lemma). Let (X;)ier and (Yi)ier be two finite families of jointly
Gaussian mean zero random variables such that Var (X; — X{) < Var (Y3 —=Y/) for all t,t' € T.
Then Elmaxier X¢] < Elmaxier Yi]. Similarly, if T = UsesTs and

Var (X; — X{) < Var (Y, = Y/) ift €Ty, t' € Ty with s # s (94)
Var (X; — X[) > Var (Y; = Y/) if t,t' € T for some s (95)

one has Elmaxses minger, X < Elmaxses minger, Y7
Define the Gaussian process I, ) indexed by (u,v) € SP=1 x Sn
Py = (u, Uv) = tr(Z(@?u0"))
For any (u,v) and (v/,v"), this process satisfies
Var (P = Prwn) = IT20) 0 — (V20T

= T2 (u =) + o T o — |13

T2 (w = )13 + 12 opllv — '3

IN

Let Z; and Z5 be two independent standard Gaussian vectors of respective size p and n. For any
u € RP and any v € R™, define

Q(u,v) = (1-\1/2u)TZ1 + HEHE;I/JQ'UTZQ
Hence,
Var (Q(u,v) - Q(u’,v’)) = HI‘I/Q(U - UI)H% + HE”OPHU - U/H% .

We are therefore in position to apply Slepian’s lemma to the processes P, , and @, (although the
set SP~1 x S"~! is not finite, the result is still true). Observe that max (y y)esp—1 xsn-1 Pup = 51(U).
It follows that

1/2 1/2
E[s(U)] < E (u,v)egz}aﬁSle(u,u)} =E |[T"2Z1ls] + | ZIE (1 Zell2]
< V@) + 232V, (96)

by Cauchy-Schwarz inequality.

For any v € §"71, define T, := {(u,v), u € SP~'}. Hypothesis (94) is still satisfied for P,
and Qy,p)- For (u,v) and (v',v) € Ty,

Var (P, (Z) = P (2)) = (T (u — )3 = Var (Q(u.u)(Z) — Quur.)(2)))
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and Hypothesis (95) is also satisfied. Applying Gordon-Slepian lemma, we obtain
—E = E in P,
[5n.(U)] Do, min (u,v)]

< E | max min Q
lveSn—1ueTy, (u0)

< E[IZI21 2]z ~ 1122, (97)

By Cauchy-Schwarz inequality E [||Za||2] < /7. It remains to lower bound E[|T'/2Z;|3]. Denote
V = |TY2Z|]y. By the Gaussian isoperimetric inequality P {V > E[V] + HEH%}\/% < et for
any t > 0. Squaring the above inequality, it follows that for any ¢ > 0,

2
V2_E?[V] ] . HEHOPt
P > ¢ Sexp[ pee M

Integrating this bound with respect to ¢ > 0, we obtain

E 21 ]E2 00 7HEHOPt2 [e%¢) E2 E 2
u S/ e AE’[V] dt+/ eldt < T E*[V] +1< mE[V?] 11
2[|%[op 0 0 2[|%[op 2[|%|op

by Cauchy-Schwarz inequality, which implies

E[V] > \/(E[m— 87ruzuopuz[v2]—4uz||op)+
> VEW |1 /S - 1l
> VEVZ] —/87]|Sllop — 412 l|op/ VEVZ]

where we used /1 —x > 1—x for all z € (0, 1) in the second line. Since E[V?] = tr(X), we conclude

that

2o
E[V] > Vtr(Z) — || X[|12x! /2812 %m > \/tr(Z) — |2 A (V8r +4) .

N Vir(2)

Gathering this bound together with (93), (96), and (97), we obtain
P[s1(0) 2 vir(S) + S Va+ |ZI42V2E] < e
P [50(0) < Vir(D) - B 42Va - ISI210 + v20)| < e

Recalling that s3(U) = Amax (XXT) and 52 (U) = Apin(XXT) concludes the proof.
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