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Abstract

In this paper, we consider the log-likelihood ratio test (LRT) for testing the number of
components in a mixture of populations in a parametric family. We provide the asymptotic
distribution of the LRT statistic under the null hypothesis as well as under contiguous
alternatives when the parameter set is bounded. Moreover, for the simple contamination
model we prove that, under general assumptions, the asymptotic power under contiguous
hypotheses may be arbitrarily close to the asymptotic level when the set of parameters is
large enough. In the particular problem of normal distributions, we prove that, when the
unknown mean is not a priori bounded, the asymptotic power under contiguous hypotheses
is equal to the asymptotic level.
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power, contiguity.
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1 Introduction

Mixtures of populations is a modelling tool widely used in applications and the literature
on the subject is vast. For finite mixtures, the first task is the choice of the number of
components in the mixture. Some estimation or testing procedures have been proposed
for this purpose, see for instance the books of Titterington et al. (1985), Lindsay (1995)
and McLachlan and Peel (2000) or the papers of James et al. (2001), Gassiat (2002) and
references therein. Asymptotic optimality of the likelihood ratio test (LRT) in several
parametric contexts is well known. Using the LRT for testing the number of components
in a mixture appears quite natural. In one way, simulation studies show that the LRT
performs well in various situations (see Goffinet et al., 1992). In another way, the asymptotic
distribution and power of the test have to be evaluated to compare with other known tests.

In this paper, we focus on the asymptotic properties of the LRT for testing that i.i.d.
observations X7, ..., X, come from a mixture of py populations in a parametric set of den-
sities F (null hypothesis Hp) against a mixture of p populations (alternative Hy), where the
integers pg and p satisfy pg < p.

In Section 2 we apply results of Gassiat (2002) to obtain the asymptotic distribution of
the LRT statistic for testing (Hy) against (H;) under the null hypothesis as well as under
contiguous alternatives. Indeed, Gassiat (2002) gives a quite weak assumption under which
the derivation of the asymptotic distribution of the LRT statistic is made in the general sit-
uation when one has to test a small model in a larger one, under the null hypothesis as well
as under contiguous hypotheses. This applies to the number of components in a mixture
of populations in a parametric set with eventually an unknown nuisance parameter. For



instance, we apply the method to multidimensional Gaussian distributions with unknown
common variance. By this way, we recover known results for mixtures of one or two pop-
ulations but under weaker assumptions, or known results concerning particular parametric
families such as Gaussian or Binomial distributions; see Ghosh and Sen (1985), Dacunha-
Castelle and Gassiat (1997, 1999), Garel (2001), Lemdani and Pons (1997, 1999), Chen and
Chen (2001), Mosler and Seidel (2001) Chernoff and Lander (1995). We also obtain more
general results than previous ones:

e They apply to general sets of parametric families with unknown nuisance parameter.
e Asymptotic distribution under contiguous alternatives is considered.

However, except for smoothness assumptions, the main point is that these asymptotic re-
sults require that the parameter set is bounded.

In Sections 3 and 4 we study what happens when the set of parameters becomes larger
and larger. For simplicity we restrict our attention to the simplest model: the contamina-
tion model for family of distributions indexed by a single real parameter. Indeed, roughly
speaking, the LRT statistic converges in distribution to half the square of the supremum of
some Gaussian process indexed by a compact set of scores. But when this set of scores is
enlarged, the covariance of the Gaussian process is close to 0 for sufficiently distant scores,
so that the supremum of the Gaussian process may become arbitrarily large. Thus one also
knows that for unbounded sets of parameters, the LRT statistic tends to infinity in prob-
ability, as Hartigan first noted for normal mixtures (see Hartigan, 1985). Here, we prove
that under some extreme circumstances the LRT can have less power than moment tests or
goodness-of-fit tests. At the end of the introduction we draw carefully practical conclusions
from this result.

More precisely, let T be [-T,T] and F = {f; , t € T} be a parametric set of probability
densities on R with respect to the Lebesgue measure. Using i.i.d. observations X;,..., X,,
we consider the testing problem for the density g of the observations.

(Ho) : “g = fo” against (Hi):“g=(1-mfo+nf;, 0<m<1L,teT. (1)

We prove that:

e For general parametric sets F, T = [-T,T] and T large enough, under contiguous
alternatives, the LRT for (1) has asymptotic power close to the asymptotic level,
under some smoothness assumptions, see Theorem 7.

A set of assumptions is given for which Theorem 7 applies in the case of translation
mixtures, that is when f;(-) = fo(- — t), see Corollary 1. This is done in Section 3.

e When f; is the standard Gaussian with mean ¢ we get the normal mixture problem.
When the set of means is not a priori bounded, that is T = R, Liu and Shao (2004)
obtained the asymptotic distribution of the LRT under the null hypothesis by using
the strong approximation proved in Bickel and Chernoff (1993). We prove in Theorem
8 of Section 4 that the asymptotic power under contiguous alternatives is equal to the
asymptotic level.

The way to obtain these results is to gather together: expansion of the LRT obtained in
Gassiat (2002) to identify contiguity and apply Le Cam’s third Lemma (see van der Vaart,
1998), behaviour of the supremum of a Gaussian process on an interval with bounds tending
to infinity as obtained in Azais and Mercadier (2004), and the normal comparison inequality
as refined in Li and Shao (2002). Proof of most results of Sections 3 and 4 are detailed in
Section 5.

Independently of our work, for the Gaussian model with unbounded means, Hall and
Stewart (2004) obtained the speed of separation of alternatives that ensures asymptotic
power to be bigger than asymptotic level. Their result indicates that it should be v/logologn/\/n
contrary to the classical parametric situation, where 1/4/n is the speed of separation.



Practical application

Such tests that have power less or equal to level are sometimes called “worthless” (see for
example van der Vaart, 1998) but this word would be dangerous because practical interpre-
tation of our result must take into account the following points:

e It is well known that for mixtures of population in general the convergence to the
asymptotic distribution is very slow. For example for a very simple test, as the skew-
ness test, Boistard (2003) showed that n = 103 observations are needed to meet the
asymptotic distribution.

e For maximum likelihood estimates (MLE) and tests, the problem of the speed of
convergence to the asymptotic distribution is very difficult to address since in practice
MLE are computed through iterative algorithms and are only approximative. The
most famous one is the EM algorithm and its variants. All these algorithms depend
on tuning constants, in particular concerning the stopping rule. It is shown for example
in table 6.3 of McLachlan and Peel (2000) (based on results by Seidel et al., 2000) that
the distribution of the LRT depends heavily on these tuning constants. Simulation
results by Liu and Shao (2004) suggest that their asymptotic distribution is not met
for n = 5.10% observations.

e Nowadays some results and softwares are available to compute the distribution of the
maximum of Gaussian processes. See for example Garel (2001), Delmas (2003) and
Mercadier (2004). In particular these results show that, as soon as the means are
contained in some “not huge” set, the asymptotic power under contiguous alternatives
of the LRT is generally better than that of moment tests or of goodness-of-fit tests.
Nevertheless, the LRT is not uniformly most powerful.

Our result that shows that the LRT is asymptotically less powerful than moment tests
is valid in practice only for very large data sets. For all the reasons above it will be very
difficult to say precisely when. Simulations have proved that in practice LRT based on
Monte-Carlo calculation of threshold or bootstrapping behave well (see Goffinet et al., 1992)
for unbounded parameter.

Our opinion is that the main consequence of our result for large or unbounded parameter
sets is that the study of the LRT for mixtures in the compact case seems to be the more
relevant case.

2 Asymptotic distribution of the LRT for the number
of populations in a mixture under null and contiguous
hypotheses.

A general theorem in Gassiat (2002) allows to find the asymptotic distribution of the LRT
for testing a particular model in a larger one, under the null hypothesis as well as under
contiguous alternatives. Roughly speaking, the asymptotic distribution is some function of
the supremum of the isonormal process on a set of score functions. The theorem holds under
a simple assumption on the bracket entropy of an enlarged set. In many applications, those
sets are parameterized by a finite dimensional parameter. In such cases,

e Lipschitz properties allow to compute easily bracket entropies, as in van der Vaart
(1998, p. 271). We give some examples in the text.

e The covariance structure of the isonormal process may be computed in an explicit way
and identified with the covariance function of a Gaussian field with real parameters.

We shall describe in this section how it applies to mixture models. We first recall the
general result of Gassiat (2002) and its application to a very simple contamination mixture
model: one has to test between a particular known population with some density fo(-) and a
mixture of this known one and another with density fi(-), t a multidimensional parameter.
Then we detail the case of two populations with eventually unknown nuisance parameter. A
typical example will be that of translation mixtures with eventually unknown scale param-
eter. We end the section by giving general considerations on how to deal with parametric



mixture models, allowing an unknown nuisance parameter and setting a general result in
such situations.

Assume one would like to use the LRT for testing (Hp) : “g € My” against (Hy) : “g €
M”, where g is the generic density of i.i.d. observations Xi,..., X, Mg C M are sets of
densities with respect to some measure v on R* (or more generally on some Polish space).
Let £,,(g) = Y. log g(X;) be the log-likelihood, and

An = sup gn(g) — Ssup gn(g)
geM g€EMo

be the LRT statistic. Let also go be a density in My that will denote the true (unknown)
density of the observations. In the first considered examples, and without loss of generality,
we will assume that gy coincides with fy.

Throughout the paper we use || - ||2 to denote the norm in L?(gg - v).

When studying £,(g9) — ¢,(g0), functions g;go appear naturally. Define the set S as the

0
subset of the unit sphere in L?(go - ) of such functions when normalized:

S{%/nggﬂz,gewr\{go}}, @)

go

and § its subset when g € Mj:

S0 = { L2 T= 0y g€\ o) ®)
90 90

A bracket [L, U] of length € is the set of functions b such that L < b < U, where L and U are

functions in L?(go - ) such that ||U — L||z < e. Define Hyj »(8, €) the entropy with bracketing

of 8§ with respect to the norm || - ||2, as the logarithm of the number of brackets of length e

needed to cover 8. To apply the theorem in Gassiat (2002), the only needed assumption is:

/01 \/ Hpp2(8, €)de < +o0. (4)

This assumption implies in particular that 8 is Donsker and that its closure is compact. As
said before, when M is parameterized, § is also parameterized and smoothness properties will
allow to verify (4). But in general the parameterization will not be continuous throughout
8. The delicate point may be that one has to find all possible limit points, in L?(go - v), of

sequences 4240 /|| 22240 ||5 when || 22292 || tends to 0. The set D (resp. Do) of limit points of

sequences #2290 /|| #2292 ||, where || 22292 |5 tends to 0, gn € M\ {go} (vesp. gn € Mo\ {go})
will be parameterized in such a way that Lipschitz properties can be used on subsets.

Let us for example see how it applies to the simple contamination mixture model (1). In
this case,

Mo={fo}, M={gar=Q—-m)fo+7ft, 0<7n <1, te[-T,T]}

for a given positive real number T'. Since My is a singleton, we do not need to define §y and
Dy. One has 2=t=9 — pli—fo o4 that
9o fo
fi—fo

o 12

If || ft;of“ ll2 = 0, which occurs if and only if ¢ = 0, then under smoothness assumptions

||g7"nvtn

o —% |5 tends to 0 if and only if 7, or ¢, tends to 0. Then d;, has two possible limit
points (depending on the sign of ¢,,), and

’

_fa o
D={dy, te[-T,0)U (0,T],do- = —L> dopr = —L

[ 1221

fo fo



Here derivatives are taken with respect to parameter t. Again under smoothness assump-
tions, it will be possible to prove, considering {d;,t € [-T,0),do-} and {ds,t € (0,T], do+}
that the number of brackets of length € needed to cover § is of order at most O(1/¢), so
that Assumption (4) holds. (A complete proof is given below for contamination models with
multidimensional parameterization).

In general when Mg contains more than one density, Dy C D, and if the parameterization
is smooth enough, it will be possible to define a set U in R¥ x R*1 and a set Uy in R such
that

D= {du,u S U} and Dy = {d(v,O)av S Uo}

Define the covariance function r(-,-) on U x U by

r(up,up) = /duldmgodlf-

Then, under (4), applying Theorem 3.1 in Gassiat (2002),

2 2
1 « 1 —
2\, =sup | max<{ — du(X;),0 — su max{ — d X,;),0 + op, (1),
o (o) oo Sy semmi ) ey

so that 2 \,, converges in distribution to

sup (max {Z(u),0})* — sup (max{Z(v,0),0})> (5)
uel veUp

where Z(-) is the Gaussian process on U with covariance r(-, -) and Py is the joint distribution
of the observations X7, ..., X,, under the null hypothesis. In the particular case when My
is reduced to a single element, a direct application of Corollary 3.1 of Gassiat (2002) gives
that 2 A, converges in distribution to

sup (max {Z(u),0})%. (6)
uel

It will be seen in the examples below that (-, ) is in general not continuous everywhere
on the closure of U x U. Z(-) is not a continuous Gaussian field, though the isonormal
process on D is continuous, so that the suprema involved in (5) are a.s. finite. In general,
r(-,-) is continuous almost everywhere. In the simple contamination mixture model (1), for

non null s and ¢,
ft,;fo fsf—fo
AT "
[ PRV

r is continuous for non zero s and ¢t and admits the following limits

r(07,07) =r(0",07) =1,7(07,07) = —1.

It is also proved in Gassiat (2002) that if the densities g, in M \ My are such that
Gt [|| 292 || converges to some dy, with N 240 |5 tending to a positive constant c,
then the distributions (go - v)®™ and (g, - v)®™ are mutually contiguous, and 2 \,, converges

in distribution under this contiguous alternative to

lsltelg (max {Z(u) + ¢ r(u,ugp), 0})2 - 5&;}) (max{Z(v,0) +c-r((v,0),uo), 0})2 . (8)

In general (5) and (8) reduce to the square of only one supremum, due to the particular
structure of the Gaussian process.
We will see, in the subsequent subsections, examples such as: translation mixtures, expo-
nential families, in particular Bernoulli or Gaussian mixtures.



2.1 Contamination mixture.

We consider here the contamination mixture model where parameter t may be multidimen-
sional: t € T, T being a compact subset of R¥ such that 0 belongs to the interior of T. Let
| - || and (,-) denote the Euclidean norm and scalar product in R*. Again,

Mo ={fo}, M={grt =0 —7)fo+7fe, 0<7 <1, teT},

ft f()
8 = {dt W t S T} .
We shall use the following Assumptions (CM), insuring smoothness and some non degener-

acy:

(CM)

ft = fo v ae. if and only if t = 0.
e t — fi is twice continuously differentiable v a.e. at any t € T.
In > 0,Yr € RF, vt € T such that [[t] <5, Y1, 75 =0 v ae. if and only if 7 = 0.

e There exists a positive real  and a function B € L?(fo - v) that upper bounds all
following functions:
110
i3 f ¢ Lk, teT,
fo' fo
1| &*f
— Jhj=1,... 0k, t €T, [[t]| <n.
& o | el < n

Notice that in this assumption the real number 7 is fixed. We shall prove that the condition
(4) holds true for § by splitting it into two sets

S1={di, t €T, |t]| > n} and 83 = {ds, t € T, ||t|| < n}.

Since |[(gzt — fo)/foll2 = 7||(f¢ — fo)/foll2 tends to 0 as soon as 7 or t tends to 0, it is

easy to see that a limit point exists only if either t converges to a limit different of 0 or ﬁ

converges to some 7. One obtains easily

fo—fo , fo—f 5 of 5 of
@{dt tfo 2 tfo °|2,teT}U{ = Z - 0/”_21 °||2, |T||1}-

Set hy = ft;—ofo Then, for i = 1,...,k, if (CM) holds,

ady _ 7/ in (ht)fo he
ot [lhell2 Thellz ) \Tll2 el

This proves that, there exists a constant C such that, for all t and s such that ||t|| > n and
sl > n, |de —ds] < C - B- ||t —s||, so that the number of brackets of length ¢ needed to
cover 8; is of order at most O(1/€*) and that Condition (4) holds true for the set 8.

Now, for any 7 € T such that ||7]| = 1, one has letting t = A7, A € R|

E(d,\ ):Zf 17186];t _/ Zf 17186];t ( hy )fo u
ox T [| At |2 (|t |2 (|t |2 [[ell2”

But using Taylor expansions, there exists A, A* and \ in [0, A] , such that

k k k
Ohs. 8h0 A2 2hyer
ht:AZ”atAi =A 2Z”atat
=1 =1 j=1

1=




k k k
Ohy aho
Zﬂa_tii A Z "Jat at

=1 1=

All this leads to

8 Ht Ht ht ht
— (dAT) = - — [/ < > fgdy] C—_—
O [PE-OS 12 7%l \lhell2 17el2

Bt

with i i .
1 Ohy 1 0%hs 1 0% hx~
Ho= 53 m o0 = he= Y gy o oS TN
FTXE T e > g, ot, 2 > T ot0t,

7,j=1 ©,J]=

But using (CM), this implies that for some constant C, VA € (0, 1),

(d,\T)

@] <c-B

oA

lim 3 (d,\T) = 8ET

6h0 6h0

°h k k 2°h k
1 Zi,jzl TiTigtot, 1 Die1 Tigr i j=1TiTi g, ot > i1 Ti'ote
I H deVa
2

- k D) k k k
2 H Zz 1Ti 6t0||2 QHZZ 1 Ti ato H Zz 1Ti 6t0||2 HZZ 1 Ti atoHQ

so that A — dy, is continuously differentiable on [0,7]. Using the fact that

|d)\7' - d)\"r’|

IN

’d)\r _ET’ + ‘a‘r _a‘r’ + ‘dk"r’ _E‘r’
C-B- (A X)+ [T —

A

and that, using (CM), there exists a positive constant C' such that

i >C,
nf 1||ZT at o

we obtain that for some constant C*, and any 7,7’ such that ||7]| = 1,||7'|| = 1,

d, - .

B-|r—7|.

It is straightforward to see that the number of brackets of length € needed to cover Ss is of
order at most O(1/¢*). Thus Assumptions (CM) imply Condition (4).

Define now for all non null s and t in T,

r(s,t) = /dsdthdV7 (9)

and let Z(-) be the Gaussian field on T\ {0} with covariance r. Notice that, on each direction
7 such that ||t|] — 0 with t/||t|| — 7, one may extend r(-,-) by continuity, setting

7(r,t) =7(t,7) = /CL—dtfodV ;T 7)) = /CL—CL—/fodV. (10)

Let 7w, and t,, be sequences such that

o lim, o0 /Nl (ft,, — fo)/foll2 = ¢ for some positive ¢,

e either t, tends to some ty # 0 and \/nm, tends to some positive constant, or t,, tends
to 0, and t,,/||t,|| converges to some limit 7.

Then:



Theorem 1 Assume (CM). Then (fo-v)®™ and [((1 — 7n) fo + T ft,) - V]®" are mutually
contiguous, 2\, converges under (fo - v)®™ in distribution to

sup (max{ Z(t),0))" = (sup Z(0)) "

and under [((1 — 7p) fo + mn fe, ) - V]|2" to

sup (max{ Z(t) + u(t).0))” = (sup(Z(0) + ()

teT teT

w(t) =c-r(t,tg) if tn, — to #0, and u(t) =c-7(t,7) if |tn]| — 0 and t,/|t.]] — 7. (11)

Remark: Set m = 0 under (fo-v)®™ and m = p under [((1 —7,) fo+mnft, ) v]®". Letting
t go to 0 radially in two opposite directions and using covariance properties in the neigh-
bourhood of 0 we see that almost surely sup;cp(Z(t) + m(t)) > 0 what justifies equalities
in preceding theorem.

Let us give applications of this theorem to particular models:

2.1.1 Translation mixtures

We consider the translation mixture model, where v is the Lebesgue measure and

fe() = fo(- = t).

Then, it is easy to see that Theorem 1 applies as soon as the following Assumptions (CTM)
hold:

(CTM)
e fo is positive on R¥,
e = — fo(x) is twice continuously differentiable v a.e.
e There exists a function B € L2(fo - v) that upper bounds all following functions:

fo(l‘—t) 1 afo _
fo@) o) ’azz- (@=t)

i=1,...,k teT,

1 | &fo
—t ab7':17...,k7t€T7 t S .
o(z) ‘aziazj (z=8)),3] It <
Indeed, since %%(x) = —%ZL?(,T —t), if 7 is such that Zle Ti%% =0 v ae. forall |t] <,

then Zf 1T gfo = 0 v a.e., so that fo(z + A1) = fo(x) for all A € R, which is impossible
unless 7 = 0.

Here are some examples of situations in which these assumptions are met : fo being
the inverse of a polynomial with degree at least 2, among which the Cauchy density, the

Gaussian densities and the normalization of ch(z)~!

The covariance function 7 is given for non null s and t by

/f"x_sfox_t>dy(x)_1

\//fox_s (m)—l\//mfii(;)wdu(m)—l

r(s,t) =

)



and if the dimension k¥ = 1, one may define r(07,07) = —1, and for non null ¢

/ fo fofC—t) du(z)
=

r(07,t) = —7(07,1)
— t
\/ / fo(w d(z) — 1
where the derivation is with respect to x.

3

2.1.2 Gaussian mixtures

Without loss of generality we may assume that fo is standard normal. Let K be a bound
for ||t]|, t € T. Then the following bounds show that the function B exists for any n

fo(w — t)

fo(2) = exp ((z,t) — [[t]|*/2) < exp (K|z]),
1 afo — s — 1 fo(l'ft) " ox .
o) | o (zt)}| i tz|7f0(x) < (|lz] + K) exp (K||z]),

1 anO s — il — _fo(il'ft) " QQX - ; )
() axiaxj(“t) = |2; — ti||z; t]|7f0(x) < (|2 + K)? exp (K ||z]|), i+ j,
1 02 fo 12 fo(z —t) . 2 o N
Jo(@) | 9a @t)\l(xz W U S U (ll + B)%exp (Kjal)).

So (CTM) holds, and Theorem 1 applies, as soon as f is some Gaussian density on R¥ and
T is compact. The covariance of the process Z is:

exp({t,s)) — 1

1 IR L) -

2.1.3 Binomial mixtures

Here v is the measure with density ﬁ with respect to the counting measure on the set
{0,1,...,k}. We consider the binomial family Bi(k,0) with density 6*(1 — )= ; z =
0,1,....,k. Let 0y € (0,1) and f; be the density of Bi(k,0y +t). The most relevant case for
genetic applications is the case 6y = 1/2, see Problem 1 in Chernoff and Lander (1995). We
have

folz) = (t4600)*(1 —t — oo)kff,
6ft xz k —
@) = (t+90 1—t— )ft()

2
r  k-xz B x n k—z fi(a).
t+60, 1—t—6y (t+60)2  (1—t—0)2|""
It is clear that f;(x) and %(z) are uniformly upper bounded and that B;té‘ (z) is upper
bounded for ¢ small enough, proving Assumptions (CM). Direct calculations lead to

P,
Bz ()=

Jt—Jo t R
P @) = (4 ) = ) - L
I CY)
r(s,t) = I'(s,8)/I'(t,1)
with
k
Do) = - [(1+ 5007(1 = T50) = 1[0+ o)1 = 1) — 165 (1= )~



which is equivalent to the result of Chernoff and Lander (1995).

2.1.4 Mixtures in exponential families

This case generalizes the preceding. Let fi be a regular exponential family with exhaustive
statistic T(x) = (T1(z), ..., Tk(x)):

k
Je(x) = fo(x) exp (Z tiTi(x) — ¢(t)> ;

and assume T is a compact subset in the interior of the definition set of the exponential
family. Then t — f; is infinitely differentiable on T. Let F(x) = supgcr exp (Zle tiTi(x)),
Assumption (CEM) will be:

(CEM)

e There exists B in L?(fo - v) that upper bounds all following functions: F, |T;|F,
VT F, i j=1,... k.

One can see easily that (CEM) implies (CM), so that Theorem 1 applies to exponential
families as soon as (CEM) holds. Direct calculations again lead to

k
B Jo) = exp (- tite) — ol0) — 1.

_ exp (6(5 + 1) — d(s) — B(t)) — 1 |
VoD (6(29) — 20(s)) — 1y Jexp (6(28) — 20(t)) — 1

2.2 Two populations against a single one

We consider here the case where one wants to test a single population in the family of
densities f¢,t € T, T compact subset of R* against a mixture of two such populations. That
is:

Mo ={fs, t €T},

and
M=A{grtito =1 —7)fe, +7fe,, 0<7 <1, 1 €T, tp €T}

We suppose moreover that 0 is an interior point of T and that fg is the unknown distribution
of the observations (with no loss of generality). We shall use Assumptions (TP), insuring
smoothness and some non degeneracy:

(TP)

(1 —=m)fe, + 7fe, = fo v a.e. if and only if (7 =0 and t; =0) or (7 =1 and t; = 0)
or (tl =0 and t2 = 0),

e t — fi is three times continuously differentiable v a.e. at any t € T,

oV €RF, Wt €T, Vs € T,Vp >0, p(fs — fo) + Yiy 72 = 0 v ae. if and only if
ps=0and 7 =0,

and 3n > 0, such that V7 € R¥, vt € T with ||t <7 Zﬁjzl TiTj;’Tg;j =0vae. if
and only if 7 =0,

e there exists a function B € L?(fo - v) that upper bounds all following functions:

fo 1 |0fe] 1] 0% | . .

fo 1 € =1,k teT

fo, fO atl ,fO atlat] y 0] ) s vy S )

1| 8 .

| it =1k ve e <
L)

10



Then § C D, 8¢9 C Dy, and D can be parameterized as follows:

10
D—{ ft f0+21 1 7;fo 6{?
- t,a, 7 — E) )
” ft fO =+ E :z 1 Zflo 6{? ||2

Do = {do,om ||T|| = 1}-

teT\{OLTeRk,aZO,a+||T|=1}a

Let 7(-,-) be as in Section 2.1:

0= [ () () o

with hy = (ft — fo)/fo, and Z(-) the associated Gaussian field.
Let W be the k-dimensional centered Gaussian variable with variance ¥ with entries :

1 9fo ngﬁ
R fo Ot; o Ot; Lo
Ew/<||“’f°| ) <| £, )f"d”’ BTt

fo Ot; fo Btj

and for any t, let C(t) be the k-dimensional vector of covariances of Z(t) and W:

1 9fo i
C(t)i:/ Jo 0t ( ¢ >f0d1/,z‘1,...,k.
| £ 2oy ) \ [l

fo Ot;

Then D can be reparametrized as follows
D ={dgar; t€T\{0}, 7 €R" a >0, &>+ 7757+ 2a7"C(t) = 1}.

Using the same tricks as for proving Theorem 1, 2 \,, converges under (fo - v)®" in distri-
bution to

2

2
sup (@Z®)+(r,W)) | — ( sup (1, W>) . (12)
a>0,teT,7cR¥ TTEr=1
a?+ 718 +2atTC(t) =1
Remark that: )
< sup (7, W>) =wTs=lw, (13)
TTYr=1
and that the supremum is attained for 7 colinear to ¥ ~'W. Then consider the matrix:
. T
5 1 C(t)
C(t) by
with inverse T
Sy—1 a U
=0 %]
where M = M(t) = (S—CE)CH)T) ™", u = u(t) = —M®)C(t), a = at) = 1 +

C(t)T M (t)C(t). Now consider the maximization problem in a and 7:

( sup (aZ(t) + (7, W))) ) (14)

a>0,a24+7TE74+2a7TC(t)=1

If the maximum is attained for a > 0 , then by (13) its value is
T
Z(t) (i)—l Z(t)
W w ’

11



which is equal to

This is the case when the first coordinate of
“n Z(t)
1
o (4)

is non-negative that is aZ(t) + (u, W) > 0. In the other case (¢ = 0) the maximum is
WTS='W by (13). Finally we have proved that the supremum in (14) is equal to

{max{Z(t) - 1+CCSX)TAJ4\4(2%@)’O}} (1+ CO)TME)CE) + WIS W, (15)

This implies that the limit of 2 \,, under (fo - ¥)®" is equal in distribution to

C(t)T M)W 2
(s (70~ 5 Egriren ) ) 0 COT @),

Indeed one may see, letting t go to 0 radially in two opposite directions, that the supremum

of the Gaussian process involved in formula (15) is non negative. Let now m,, t" and t%

1=mn) fen +mn fep — 1—mn) fen +mn fen — .
be sequences such that aor )ftlfow e f0/||( - )ftlfow fug —fo ||l2 tends to some dy, a0, i

. . 1—70,) for +7om fon —
D, with hm"—’-l-oo \/EH( ™ )ftlfoﬂ' ft2 fo
the same tricks again:

|l2 = ¢ for some positive constant ¢. Then, using

Theorem 2 Assume (TP). Then (fo-v)®" and [((1 — ) fer + Tn fen) - V]®" are mutually
contiguous, 2 A, converges under (fo - v)®" in distribution to

cEO™MEW Y r
(zor (200 - oo ) (@ MOO0),

and under [((1 — ) fer + mp fez) - V)€™ to

Ct)TM(t)(W + ¢S + capC
1+ CO)TM(t)C(t)

{sup (aZ(t) + ager(t, to) + cC(t) o —
teT

where if to = 0 then ag = 0.

Notice that, when to = 0, do.ag.7o = 00,7, and (do 0.7, dt,a,7,, ) = cC(t)T 79 + cX70. This is
why one has to take ag = 0 when ty = 0 in the last formula of Theorem 2.

2.2.1 Examples.

Results of Section 2.2 apply to the same previous examples.

e Translation mixtures, under (CTM) with moreover © — fo(z) is three times con-
tinuously differentiable v a.e., and the function B € L?(fo - v) is also an upper bound
for

1 & fo
fo(z) | 0z;0x;0x

(zit) 7i7jal:15'-'7ka t€T7 Ht” <.

e Gaussian mixtures, in this case W is a standard normal vector and for all t € T

Clt) = s

e Bernoulli mixtures,

e Mixtures in exponential families, under (CEM) with moreover: the function
B € L*(fo - v) is also an upper bound for |T;T;Ti|F, i,j,l = 1,...,k. In this

12
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case, W is the Gaussian vector with covariance ¥ the correlation matrix of the vec-
tor (T1(X),...,Tk(X)), when X has density fo. Recall that the variance matrix of
the vector (T1(X),...,Tk(X)) when X has density fo is the matrix D?¢ of second
derivatives of the function ¢ at point 0, and the vector C(t) is given by

o (1)~ 52(0)

= \/exp(q/)(Qt) —20(t)) — 1\/(D2¢(0))i,i, i=1,..., k.

2.3 Contamination with unknown nuisance parameter

We consider here the contamination mixture model with some unknown parameter, which is
the same for all populations. A typical example may be that of mixtures of Gaussian distri-
butions with the same unknown variance, or translation mixtures with the same unknown
scale parameter. We shall assume that the nuisance parameter is identifiable, so that its
maximum likelihood estimator is consistent. This will allow to reduce the possible nuisance
parameters in the definition of the set 8 to be in a neighbourhood of the true unknown one
(recall that 8 is only a theoretical tool to verify that some theorem apply, and compute the
set of normalized scores, so that this does not restrict the model M, for which the nuisance
parameter is not restricted to be in a neighbourhood of the true one).

Let F = {ft,a,t € T, € A} be a set of densities with respect to some dominating measure
v, where T is a compact subset of R¥ and A is a compact subset of R”. We consider here
the case where

MO = {fo,aa a € A}v

and
M=Agrta=1=7)foa+7fta, 0<7<1, teT, acA}.

The unknown true distribution of the observations will be fg ,. We suppose that (0, ap)
is an interior point of T x A. We shall use Assumptions (CMN), insuring smoothness and
some non degeneracy:

(CMN)

(1 =m)fo,0 +Tft,a = fo,a0 V a.€. if and only if & = ap and [r =0 or t = 0],

(t,a) — fi.q is twice continuously differentiable v a.e. at any (t,a) € T x A,
e 1 >0, such that ¥§ € R", ¥t € T, Va € A with ||a — ao| <, Vp > 0:

p(fe.a0 — fo,00) + 2?21 8 652’; =0 v a.e. if and only if pt =0 and § = 0,
and V7 € RF, [[t]| <7, [la —aol <m: 5, 7 a{;;j“ s 652;“ =0 v a.e. if and
onlyifr=0and §=0.

e There exists a function B € L?(fg o, - ¥) that upper bounds all following functions:

ftoz 1 afta 1 afta .
o Li=1,...k —— =, i=1,...,h,(t,a) € TXA, |a—ag|| <n,
fO,ao fO,ao ati f07a0 8041- ( ) H OH n
1 02 1 52
Jt,a =1,k ﬂ,izl,nwk,j:l,...,h,
fO,ao atiatj f07a0 8ti8aj
1 anta
— 2 G i=1,...,h, (t,0) e Tx A, ||a—aol <n, |t] <n.
fo.ap | D0, J (t, @) [ ol <m, (It <n

Then, since the maximum likelihood estimator of parameter « is consistent, one only needs
to verify Assumption (4) for

_ (1 - 7T)fO,oa + ﬂ_ft,a - fO,ao (1 - W)fﬂ,a + ﬂ_ft,a - fO,ao
8 = /Il
fo,ao fo,ao

where we restrict our definition to 7, t and a such that (1 —7) fo o + 7 fe,o differs from fo o, -
One has also

fOoz*ang anffOch
S, = 5 > > > ,
o= oot fontom,

[|2, OSWSL‘GET,QEA,|a—a0|§n},

ogwgl,aeA,laaolén}-

13



Define, for (t,p,8,7) € T x Ry x R? x R¥,

8focn | o~ o
Htpzi‘r*p(ftao ano +Z§ fO +Z fO )

and
Hy,p,5,7/f0,00

| Ht.p.5.7/ fo.aoll2

dt,p,&,‘r =
The sets D and Dy can be parameterized as follows:
D= {dgpsrt €T, p>0,6 €R", 7 €RF p>+ ||6]]> + ||7]> =1},

Do = {do,0,6,0.0 € R", ||6]| =1}.

Note that due to the existence of the nuisance parameter which is fixed to g, now D does
not contain 8.

It will be possible to obtain the asymptotic distributions in the same way as in Section

2.2. Let again
hs ht
T(S,t):/( )( )fOoc
[hsll2 ) \ [[7e]]2 ’

with he = (fe.ao — f0,00)/f0,a0, and Z(+) the associated Gaussian field.
Note that this process is the same as the one of Section 2.1 if we set fo = fo,a,. Let also

W, ¥ and C(t) be the same as in Section 2.1 replacing 6{0 by afo 9Jo.aq

Let V be the h-dimensional centered Gaussian variable with variance I':

1 9fo,aq 1 9fo,aq
Jo, o fo, 0 .
Fi,j :/ (;aoafof):() Olaoafoozo fO,ocodl/v ,] = 17"'7h’a
[EESICEN ) I

and for any t, let G(t) be the h-dimensional vector of covariances of Z(t) and V:

1 9fo.aq

fo,aq Oai hy )
G(t)z‘:/ - < >f07ad1/,zl,...,h.
|7 2o, | \lhellz /75

fo,aq

Let also S be the convariance matrix of W and V', with entries:

1 9fo,a0 1 9fo0,a0
S fo,aq Oy fo,ag Ot - .
Si; 7/ = Do i afo%HQ foaodv, 1=1,...,h, j=1,... k.

fo,ay Ocu ||2 fo,aq

Define the matrices U(t) and N(t) by
_(cw
v = Gy )

N(t) = << ; SFT > - U(t)U(t)T)l.

(1 ) fi om+7rnfn an —fo,a (1_7'rn)f ,Oén,""ﬂ'nf nwan_f o

t 0, i aot 0 0/” 0 fo,aot 0,00 H2

(1=7n) fo,an +7n ftpn ,an —f0,aq
fo,aq H2

positive constant ¢. Then, using the same tricks as for proving Theorem 2 :

Let 7, t,, and a,, be sequences such tha

tends to some d, py,60,7, i D, with lim, \/ﬁ|| = ¢ for some

Theorem 3 Assume (CMN). Then (fo.a - V)%™ and [((1 —70) fo.an, + Tnft, .0, ) - V]2" are

14



mutually contiguous, 2 A, converges under (fo - v)®™ in distribution to

s (200 - (VVV))T(HU@)TN@)U@))

ceT 1+ U®)TNGU(b)
()T () v

and under [((1 — ) fo,a, + Tnftn,an) - V]Z" to

[sup <Z(t) + cpor(t,to) + cC(t) 10 + G ()T 5p —

teT 1+ U®)TN()U(t)

1+ U(t)TN(t)U(t))+( V + D3y + cpoGto) s T

— (V + cI'ég + CpOG(tO))TF_l(V + cI'ég + CpOG(tO)),

where pg = 0 when tg = 0.

2.3.1 Translation mixtures with unknown scale parameter

Here h = 1, v is the Lebesgue measure and

fra() = afor(al- —t)),

with A = [a, 4] for some a > 0. Then, it is easy to see that Theorem 3 applies as soon as
the following Assumptions (CTMN) hold:

(CTMN)
e fo1 is positive on R¥,
e = — fo,1(z) is twice continuously differentiable v a.e.,

e There exists a function B € L?(fg 1 - v) that upper bounds all following functions:

foa(z —t) 1 ‘ 9fo, .
, , 14 |x; “(x—t)|,i=1,...,k, t €T,
fo,1(x) foa(x) ( [il) o0x; ( )
1 0? fo
1 il : —t),5,7=1,...,k, t €T, |[t]| <.
i [ el S =) g ET, It <7

These assumptions are met when fg ; is the inverse of a polynomial with degree at least 2,
among which the Cauchy density, or the Gaussian densities and the normalization of ch(z) ~*.

2.3.2 Gaussian mixtures with unknown variance

Here h = k(k 4+ 1)/2 since « is the unknown variance. It is easy to see that Assumptions
(CTMN) hold, and Theorem 3 applies, as soon as the fi are the Gaussian distributions
N(t,a) on R* T is compact, A is a compact subset of symmetric matrices that are positive
definite.

2.4 General mixtures with unknown nuisance parameter

Let F = {ft,a,t € T, € A} be a set of densities with respect to some dominating measure
v, where T is a compact subset of R* and A is a compact subset of R*. The parameter
t will characterize the population in the mixture, the parameter o will be the same for
all populations. As a simple example one may think to Gaussian distributions (eventually
multidimensional) with t the mean vector and « the variance matrix. One may define a
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mixture with p populations as

P
o T = Y Tifti o (16)

i=1
Here m = (m1,...,mp) is a vector of non negative real numbers that sum to one, T =

(t1,...,t?) € T? and o € A. One would like to use the LRT for testing (Hp) : “g is a
mixture of pg populations” against (Hy) : “g is a mixture of p populations”, where g is the
density of i.i.d. observations X1, ..., X,, and pg < p. This is the case when

Ppo
MO = {gpoﬂro,To,a; o € [07 1]1)05 TO S ’H‘PU, a € Aa Zﬂ-i = 1) 1= 17"'7p0}a

i=1

P
M= {gp,ﬂya, TE0,1, TET, ach, > m=1,i= 1,...,p}.
i=1
To understand what happens and how to do computations, the main point is to understand
how two mixtures with eventually different number of populations may become close.

The main weak identifiability Assumption (WID) will be that ¢y T,a = g 1/, if and
only if « =’ and }°F | mi6y = > L | w8y where 6, is the Dirac measure at z.

Then, if the parameterization (t,a) — f¢ o is smooth enough, two mixtures become close
if their parameter o becomes close, and their mixing measure becomes close in the weak
topology.

Let now go = gpo, 0, To,a0 D€ & particular mixture in Mg which has exactly py populations
and not fewer, that will denote the true unknown density of the observations. We denote by
t%! the elements of Ty. Since parameter « is identifiable, its maximum likelihood estimator
is consistent under weak smoothness assumptions, so that to define the sets 8§ and 8¢ by (2)
and (3), one may restrict o by ||a — || < n for some small 7. Then, as seen in the previous
subsections, the main point is to find D and Dy, so as to be able to:

e understand how parameterization and smoothness may be used to compute the order
of the bracketing entropy,

e define the Gaussian process that is used in the limiting distribution.

For these points, smoothness assumptions and bounding with a square integrable function
have to be used together with some non degeneracy of functions that come in the norm
appearing in denominator, when this one goes to zero. In fact, if it may be degenerate, it
means that one has to go further in the order of the Taylor development until non degeneracy.
This, of course, depends on particular examples.

A rather general situation is the following. Let ¢ = p — pg. Denote by Dy ft o the k-
dimensional vector of derivatives of f; o with respect to t, Dg ft o the h-dimensional vector
of derivatives of f;, with respect to a, Dif; o the k x k-dimensional matrix of second
derivatives of fy o with respect to t. Introduce Assumptions (GM):

(GM)

o (t,a) — fi o is three times continuously differentiable v a.e. at any (t,a) € T X A,

e I > 0 such that, for all o’ € R, t* ¢ R*, 7' € R¥, 6" e R", m; € R, i =1, ..,po, for
all p1,...,pq > 0 such that [|a’ —aoll < n, [t =t <n, 32, pi + 3,75 = 0 then :
> i Pifeiaq + P Ti fti0 a0 + €i1(5zaDafti’“,ai> + fiﬂTzathEi,ao) =0vae.
if and only if
23:1 Piftiae T Zfil i ft0.i 0y = 0, o' =0,...,6P°°=0and 7' =0,...,7P° =0,

e For any subset J of at most inf{pg, ¢} points in T such that for each one there is one
of the t%%s at distance at most 7, for any (77),c; of vectors of R¥, for any &1,..., o7
in R":

P i‘, Do feoiai)+ e (1) D fiao(m7) = 0vace. ifand only if §' = 0,..., 6% =
Oand 77 =0, j € J;
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e There exists a function B € L?(gp - v) that upper bounds all following functions:

o 1 |0ftal . 1 |0ft,al .
ft;v_ialzla"'a y Lﬂ':la"'vha(taa)GTXAv HO‘*OZOHSU
go  go| Ot go | Oay
L% fea k, (t,0) € T x A, | | <
— | = 1 = « a—
9% atlat] 5 by ) s vy ) 5 ofl =M
1 ]0%fia 1] 0%fta
119 i=1,...k j=1,....,h, — Js. cij=1,...h,
go atiaaj go Gaiaaj
1| Pfia 1| ?fia
N T L B U0 S pH i LM P U ) SR TS
go 8ti8tj8tl go atiat]‘aal

(t,) €T x A, ||a—ag|| <n, ||t —t'|| < n for some i.

Set A = ((6H)7T,...,(67)T), with 6; € R"; © = ((+1H)T,..., (v7)T), with , € R%; T =
(... t) €TL E= (p1y...,pg) ERG I = (71,...,7p,) € [0,1]70,

q Po Po Po
HT,E,H,A,@ = Z pifti,ag + Z 7Tif':(’vi,ozg + Z<517 Daftovi,ao> + Z<T17 thtovi,ao>7

=1 =1 =1 =1
and
drenae— Hrzn,a,0/90
T [ Hrgn,a.e/9oll2
Define now:

K={(T,E,IL,A,0): p1,....p0>0; > pi+ Y m=0;
617 4+ 02 P ™ 3+ Do =15 Herznae) # 0}

Then:
D= {dT,E,H,A,@v (T; Ea H7 A7 @) € 9{} )

and
Do ={do,0,0,0,0}-

It will be possible to obtain the asymptotic distributions in the same way as in Section 2.2
under Assumptions (WID) and (GM). Define the Gaussian field Z(T, E,II, A, ©) on X with

covariance
T ((T7 E, H, A, @), (T/, EI, HI, AI, @/)) = /dT,E,H,A,@ dT’,E’,H’,A’,(—)’ godl/.

Notice that, as in previous sections, X is not closed, and r(-,-) is not continuous on some
limiting points, but may be extended in some sense, as has been done for instance in Section
2.1.

Let also pn, 7y, T, be such that y/n||#2emeuca— |, tends to some positive constant

¢, with fenrn.Tn.on—90 /|| Ipn.mn.Tn.on 90 ||, tending to d in the closure of D.
’ go go

Theorem 4 If (WID) and (GM) hold, then (go-v)®™ and (gp, x, Tp,an V)™ are mutually
contiguous, 2 A, converges under (go - v)®" in distribution to

2 2
< sup Z(T,E,H,A,@)) < sup Z(0,0,0,A,@)) ,

(T,E,I1,A,0)eX (0,0,0,A,0)exX
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and under (gp,, x., T v)®" to

n,%n

2
sup Z(T, 2,11, A, 0) —|—c/dT,5,n7A,@dgodV
(T,5,II,A,0)eX

2
_ < sup 2(0,0,0,A,0) —|—c/d070707A,@dgod1/> . (17
(0,0,0,A,0)€K

It is possible to reduce the formula of the asymptotic distributions in Theorem 4 into only
one supremum, using linear algebra computations as in previous sections. We shall not give
the result for all situations since it involves too long and complicated formula. However, in
case ¢ = 1, the result takes a simpler form that we will give below. For this one needs to
define notations. When ¢ = 1, Z is reduced to p and T reduces to t so that elements of D
may be written as di m.a,e with

Po Po Po
Ht,H,A,(—) = Zﬂi(ft,ao - ftovi,ozo) + Z@*z’ Da tovi,ozo> + Z<T17 ththi,a0>'
=1 =1

i=1

where > m; > 0.
Let W be the po(h + d)-dimensional centered Gaussian random variable with variance ¥

such that for all A and O,
T
o) =( g )=1mrae
© ) go o

Let Z(t) be the (pg)-dimensional centered Gaussian field with covariance the pg X pg matrix
['(-,-) such that for all t1, to,

fe,o0 = £0. o ft,00 =20, ag
— 9o go
F(tlat2)z’,j - / Jt,a0=Fe0,i o ft,00 =20, oy godv,
="z ) \ =212

and let
I =T(t) =T(t,t).

Define C' = C(t) the po(h + d) x pp matrix such that for all (t,II, A, ©),

ft aqg ft() i ,aQ

T
A Ho0,a,0
< @ > Zﬂ-z ft ap ft()zao || ’ gO >2,
go

and let A= A(t), U =U(t), M = M(t) be matrices such that

M = (z-crtc?)” (18)
U = —-Mcr (19)
A rt+r-tctmer-t. (20)

Let 1 denote the pp-dimensional vector with all coordinates equal to 1. Then:

Theorem 5 Assume (WID) and (GM), and p = po+ 1. Then 2 \,, converges under (go
v)®" in distribution to

v ., 117
SL:p (AZ + UTW) (A - ml(Az+UTW)T1<O) (AZ + UTW)

The distribution under contiguous alternatives is rather difficult to express in its full gener-
ality so it is omitted for simplicity. The proof of Theorem 5 is given in Section 5.
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In the case of Gaussian mixtures with unknown variance, the assumption “ Y2 (6%, Dq fro.i o)+

> ies (M) DE fiao(m?) = 0 v ace. if and only if §' = 0,...,6" = 0 and 77 = 0, j € J”
does not hold. Indeed, second derivatives with respect to t are proportional with derivatives
with respect to a. In this case, it is necessary to go further in the Taylor development:
when taking third derivative with respect to t, the condition of non degeneracy holds. Also,
all derivatives till fourth order may be uniformly upper bounded with some function B as
needed. Since the limiting points of process Z need not to be known at boundary values of
X to define the asymptotic distribution of A, the following result holds:

Theorem 6 The asymptotic distributions under the null hypothesis and under contiguous
hypotheses given in Theorem 4 and Theorem 5 hold for Gaussian mixtures with the same
unknown variance matric.

3 The LRT for contamination mixtures when the set of
parameters is large.

As already said in the introduction, the asymptotic distribution of the LRT for compact T
and A can be used in practice for large data sets. The LRT happens in this case to be more
powerful than moment tests as shown in Delmas (2003). Nevertheless it suffers from two
drawbacks:

e the distribution is not free from the location of the null hypothesis inside T,

e for testing one population against two (or pg against p) the LRT with bounded pa-
rameter is not invariant by translation or change of scale.

Several solutions to the first point exist. Threshold calculation can be conducted under
the “worst” form of the null hypothesis (see Delmas, 2003) or one can use a “Plug-in”, that
is an estimate of fy. It remains that results would be nicer if one would be able to get rid of
the compactness assumption. This section and the next one answer by the negative, showing
that in the simplest case: contamination for translation mixtures on R, the LRT is theoreti-
cally less powerful than moment tests under contiguous alternatives. As already said in the
introduction, the convergence to this result is very slow, so it is not so relevant in practice.
It mainly shows that it is difficult to construct an unbounded asymptotic theory of the LRT.

We consider in this section the contamination mixture model (1) with T = [-T,T] for
a given positive real number 7" and v the Lebesgue measure. We use notations and results
of Section 2.1. Let m, and t,, be sequences such that:

o limy,— o0 /1 ||(ft, — f0)/ foll2 = ¢ for some positive c,

e either ¢, tends to some tg # 0 and /nm, tends to some positive constant, or t,, tends
to 0, and ¢, /||t,| converges to some limit 7.

®n ®n
Let Py, ¢, = (gwn,tn . 1/) and Py = ( fo- V) . To evaluate the asymptotic power and

the asymptotic level for large values of T', one has to investigate the behaviour of suprema
of the Gaussian processes Z(t) and Z(t) + m(t) as defined in Theorem 1. Z is the centered
Gaussian process defined in Section 2.1 with covariance given by (9). For simplicity we
consider this process as defined on the whole real line R. We will use assumptions under
which the supremum of Z(-) over [—T,T] tends to infinity as T" tends to infinity, and is
achieved for some ¢ tending to infinity. So the study of this supremum on [0, 7] for large T
can be replaced by the study of the supremum on [1,T]. The discontinuity of the covariance
function r at 0 will have for us no consequence on the extreme behaviour of the process Z.
We shall use Azais and Mercadier (2004) to derive the asymptotic distribution of suprema
of Gaussian processes. Hence let M (a,b) = sup;c(,)(Z(t) +m(t)). Since the asymptotic
distribution of 2 A,,, under the null hypothesis or under contiguous alternatives, in Theorem
1 can be written as M (—T,T)? (taking m(t) = 0 under the null hypothesis and m(t) = u(t)
as defined by (11) under contiguous alternatives), we want to characterize asymptotic be-
haviours of M(—=T,T) as T — +o00. We thus introduce further notations and assumptions.

19



Write r;; (s, t) instead of aw a]t r(s,t) and define R(t \/7“11 s,8)ds.

Let a; = \/2logoR(t), by = ay log(%) and by = a; — loi(:r).
Let V = {V(t) = Z(R7'(t)) + m(R™'(t)),t € R} be the “unit-speed” transformation
of Z +m in the sense that the variance of V' (¢) equals 1 for all ¢ in R. We denote by r"’

covariance function.

We shall use the following Assumptions (G) on 7 and pu:

(G)
(G1) VteR, ri(t,t)>0 and tliin R(t) = 400,
(G2) r(s,t)log |R(s) — R(t)] — 0 as |R(s) — R(t)| — +oo,
(G3) Ve>0 sup [r(s,t)] <1,
|R(s)—R(t)| >
(G4) * r is four times continuously differentiable,

* 5 — r11(s, s) three times continuously differentiable,
* Vv > 0,ry; and 3, are bounded on {(s,t) € R?,|s| >~ and [t| > 7},

We have:

Theorem 7 Assume (CM) and (G). Then, as T tends to infinity, ap(M(=T,T) — Z;T)
tends in distribution to the Gumbel distribution when m(t) =0 as well as when m(t) = u(t).
In other words, if cr o is the threshold of the test defined by

lim Py (A, > cra) =@,

n—-+4oo

then for any contiguous alternative, the limiting power of the LRT equals its level:

lim lim Pr ¢ (A >cra) =a.
T — 400 n—+00

Theorem 7 is proved in Section 5.

The theorem says that for 7' large enough, asymptotically, the LRT cannot distinguish
the null hypothesis from any contiguous alternatives.

We shall consider the translation mixture model defined in Section 2.1.1. Let fy be a

density on R satisfying Assumptions (H) where we denote by féi) the derivative of fy of
order 1.

(H)
(H1) Yz € R, fo(z) >0, fo four times continuously differentiable,

andVi=1,....4, 3JK;>0,VzcR, \fo (2)] < K,

Vo € R, limy oo 2850 = fof(w(:r)t) _,

Jo(x) fo(t)
dM >0, Vax,t € R, }(H“t) <M,

3F € L*(\) @ supyysq loglt|y/ fo(z +1t) < F(x)
lim;—, 1 o0 log(t) v/ fo(t) =0

Our result is now:

$

lim; . _

— e~ o~ —
T T
a AN W
Szl

Corollary 1 Assume (H). Then Theorem 7 applies to the translation mizture model.

Proof of Corollary 1 is given in Section 5.

Remarks:
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o Assumptions (H1) to (H5) are essentially conditions on the tail of fo. (H4) and (H5)
are very weak and hold for all usual distributions. But (H1) to (H3) though rather
weak, are more restrictive. They hold for example if fo(t) = O(t~%) for o > 0 as
t — 400 and fo(t) = O(t™P) for 3 > 0 as t — —oo. For instance, they hold for f,
being the inverse of a polynomial and in particular for the Cauchy density.

e The proof relies on the verification of assumptions of Theorem 7. In particular, asymp-
totic behaviours of the covariance r and its derivatives have to be checked. Assump-
tions (H) only express sufficient conditions under which the asymptotic analysis is
done with some generality. However, though (H2) does not hold for the Gaussian
density, we also verified that Theorem 7 holds for other densities such as the Gaussian
and the normalization of ch(z)~! in spite of different justifications.

LRT has to be compared with other testing procedures such as sample mean or Kolmogorov-
Smirnov testing procedures.

- Denote by p; = [ 2 fo(x)dv(x). Without loss of generality one can assume that 11 = 0.
If po < 400 applying Le Cam’s third Lemma, that is Theorem 6.6 of van der Vaart
(1998).

v/n X, converges in distribution, as n tends to infinity, to the Gaussian N (0, u2)
under Py and to the Gaussian N (v, uz) under P, where v = C/H%HQ ift, — 0

Jro—f :
and = cto/|| === |2 if t, — to # 0.
Consequently the asymptotic power is greater than the level.

- Remark that, when no condition of moment is available, other tests can be also pro-
posed. Define F,, the random distribution function and Fy the distribution function
associated to fo. Let I denote the identity function on [0, 1] and let U be a Brownian
bridge on [0,1]. Let || - || denotes the supremum norm. The natural normalization of
F,, leads to the definition of the Kolmogorov-Smirnov statistic K,, and the Cramér-von
Mises statistic W2:

+oo
Ky, = v/ [Fr — Fol|oo and wi:/ n [Fo(z) — Fo(2)]? dFp(x).
Set on [0, 1]
Fy (E7YNz) —t,) —
A(r) =7 lim b (Fy (? )2,

where t,, is the translation parameter of the alternative. Hence A depends on the
asymptotic behaviour of ¢,,.

* K, converges in distribution, as n tends to infinity, to ||U||s under Py and ||U +
Alloc under Py 4, .

* W2 converges in distribution, as n tends to infinity, to fol U?dI under Py and
Ji (U + A)?dI under Py, 4, .

See Shorack and Wellner (1986) for a version of theses convergences. Simulations show that
in both cases, the distribution under P, ;. is stochastically greater than that under Py.
Consequently the asymptotic power is greater than the level.

4 Asymptotic distribution of the LRT for Gaussian con-
tamination mixtures with unbounded mean under con-
tiguous alternatives.

Consider T = R (no prior upper bound) and the testing problem (1) with

) = e (5.
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Set
go=1Jfoand gy =1 —m)fo+nfi, 0<m<1,teT.

Let m, and t,, be sequences such that lim,_, 1 o \/nmpt, =7 € R and lim,,— o t, = to € R.
Note that tg can be equal to zero.
An is now given by:

2

- t
An = sup log (1 + 7 (exp[tX; — =] —1 )
xel0,1], teR; ( 2 )

Then:

Theorem 8 As n tends to infinity, (2, — logologn + log(27?)) tends in distribution to
the Gumbel distribution under Py as well as under P, . for any v and to. In other words,
let us define as rejection values the region: (Ay, > co.n) With

N | —

(G1—q +1logologn —log(27?)),

Can =
where G1_,, is the 1 — « fractile of the Gumbel distribution. We have by definition

lim Po(Ap > capn) = .

n—-+4oo

Then for any v and tg, the limit power of the LRT is

lm Pr, i (A > can) =a.
n—-+4oo
The theorem says that asymptotically, the LRT cannot distinguish the null hypothesis from
any contiguous alternative. Indeed, this has to be compared with other testing procedures
such as moment testing procedures. For example, if X,, is the sample mean, applying Le
Cam’s third Lemma, \/n X,, converges in distribution, under P, ; as n tends to infinity,
to the Gaussian N(v,1). Thus the test based on the statistic v/n X, has an asymptotic
power that is strictly greater than the level. As mentioned in the introduction this makes
sense in practice only for very large data sets.

Proof of Theorem 8

The separation of the hypotheses is greater when v # 0. Using Lemma 14.31 of van der
Vaart (1998) it is easy to see that this is the only case to consider. Moreover by symmetry
we can suppose also that v > 0. Let us introduce S,, the empirical process defined by

{ exp[tX; — t?] — exp(fﬁ)}.

Sp(t) = — 5

NG

K2

1 n

Liu and Shao (2004, Theorem 1) recall results obtained by Bickel and Chernoff (1993) on
the process S,:

sup S, (t) = sup Sp(t) + op, (1) (21)
teR [t|€A2 n

where Az ,, = [am, Bn], an = 2y/logologologn and G, = \/logn/2 — 24/logologn.

Through the proof of their Theorem 2 Liu and Shao (2004) state that

2N\, = supS,(t)* +op,(1).
teR
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Combining with (21), the last equality becomes

2N, = sup S,(t)* + op,(1).
[t|€A2 rn

Let us denote Py the extension of Py constructed by Bickel and Chernoff (1993) by Hungarian
construction. According to their formula (39), we get

2\, = sup Sp(t)* + 0@0(1) (22)
[tl€Az n

where Sy is the zero mean non-stationary Gaussian process with covariance function

(s —t)? s 12
B ] — eXP[—g - 5]-

p(s;t) = exp[—

In their paper, Bickel and Chernoff remark that this process is very close to a stationary
process namely Sy. Because we need it later, we will use here an other way. We define the
standardized version of Sy

t t
Yo(t) = So®) _  So(t) _
Vott) V1—et
in order to be able to apply the Normal Comparison Lemma (Li and Shao, 2002, Theorem

2.1). Yy is a zero mean non-stationary Gaussian process, with unit variance and covariance
function

r(s,1) = exp (st) -1 . (23)

\/exp (52) — 1\/exp (t2) -1

We have

0< sup |Yo(t) —So(®)| < sup (1—+/p(t,t)) sup |Yo(t)-
[tl€eA2 n [t|€A2 n [t|€Az pn

Now the function r satisfies conditions of Corollary 1 of Azais and Mercadier (2004). Con-
sequently we know the exact order of the maximum

sup |Yo(t)| = O3, ((1ogologn)%).
[t|€A2,n

This last equation can also be deduced from standard result on the maximum of stationary
Gaussian processes using the process Sy introduced by Bickel and Chernoff (1993).

On the other side, the maximum of 1 — /p(t,t) on Ay, is obtained at a,,. This permits us
to write

0< sup |Yo(t) — So(t)] < Oz, ((logologn)—4).
[tl€e Az n

Finally this approximation allows us to replace Sy by Yy in (22) to get

2, = sup Yo(t)® + o, (1). (24)
[t|€A2

With the same idea as before, we define

Sn(t)
VI—e

For all ¢y and all v, using argument close to those that lead to formula (7) in Gassiat (2002)

we have )
0(77 tO)
2

Yo(t) =

dPr, ¢,
dPo

(XI; ce ;Xn) = C(’Ya tO)Yn(tn) - + Opo(l) (25>
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+2
with C(vy,t9) = v if tg = 0 and C(v,ty) = v~ etg_l if o > 0. Since v can be supposed
positive, to is positive. A detailed proof of formula (25) is given in Section 5. Using the

formula (39) of Bickel and Chernoff (1993), we can replace Y,, by Yj to get

0(77 t0)2

dPr, +.,
log —== (X1, X,) = C(v, t0) Yo(tn) — 2

i + 05, (1)- (26)

We next use the following lemma, its proof is given in Section 5.
dPry .ty

Lemma 1 For all tg, 2\, — logologn + log(27?) and log 7 (X, ..., Xy) are asymp-
totically independent under Py.

Then, as soon as one proves Lemma 1 the theorem follows from a generalization of Le Cam’s
third Lemma. The proof of Lemma 1 relies on a suitably chosen discretization, following
ideas in Azais and Mercadier (2004), and an application of the normal comparison lemma
as refined in Li and Shao (2002).

5 Proofs
5.1 Proof of Theorem 5

To obtain the supremum in the first limit of Theorem 4, one has to compute the supremum
of:

2
m\" p
) (2) )
©
under the constraints -
II 5 II
A > A | =1,10"1>0, (28)
© ©
where or
~ r
X = < c x ) '

Consider the sumpremum under the first constraint. Then, similarly to the proof of Theorem
2, the value of the supremum is
(AZ+UTW)" A~ (AZ + UTW) + WTS—'W

and it is attained on some II such that 1171 has the same sign as (AZ + UTW)T1.
If (AZ+UTW)T1 <0, then the supremum of (27) under (28) equals the supremum of (27)
under the constraints

n\" /n
A >l A | =1 1T1=0. (29)
S S

Computation of this supremum using Lagrange multipliers leads to the fact that it is equal
to
117

1T A1

(AZ +U"w)" (A1 - ) (AZ +UTW) + WTs~'w

and the Theorem is proved.

5.2 Proof of Theorem 7

Set ury = 5= + by and MY (a,b) = SUP;¢(q,p) V¢ for V' the unit-speed transformation of
Z +m.
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* We have
P(M(—T, T) < uT@) - IP’(MV( — R(T), R(T)) < ur Z)

)

Now, applying with p = 2, Dy = (—R(T)7 — R(T)) and Dy = ( R(T), R(T)) Proposition
4 of Azals and Mercadier (2004), we obtain

P(MY(DyUDs) <upy) =P(MY (D) < urg)P(MY(Ds) < upy) + o(1).

Remark that in Azals and Mercadier (2004) sizes of intervals are defined as functions of the
level, here it is the opposite which is made. Furthermore, repeated application of Corollary
1 of Azais and Mercadier (2004) enables us to state for 7 = /R(T') and 7 = R(T) the
convergence of a, (MY (0,7) — b;) and a, (MY (—7,0) — b;) to the Gumbel. It follows that

V(= +/R(T),/R(T)) is stochastically negligible compared with M" (— R(T), R(T)) and

also that M(O, \/R(T)) (resp. M( —+/R(T), 0)) is stochastically negligible compared with
MY (0,R(T)) (resp. MV (— R(T),0)). By combining what precedes, we get

P(MY (=~ R(),R(D)) < ur.,)
- IED(MV (0, R(T)) < uT@)IP’(MV( — R(T),0) < uT,z) +o(1),
as T tends to infinity, and which becomes
P(M(=T,7) < ur,.) = P(M(0,T) < ur,, JB(M(=T,0) < ur ) +o(1)
when we return to the initial process Z + m.

Let G(z) = exp ( — exp(—x)) denote the distribution function of the Gumbel. Corollary 1
of Azais and Mercadier (2004) yields, as T tends to infinity,

P(M(0,7) <ur,) = P(ar(M(O,T)=br) <) +o(1)

P(ar(M(0,T) — br) < +1og(2)) +o(1)
G(z +log(2)) + o(1).

Since the same equality holds on (—T,0), one can conclude that

P(M(-T.T) < ur.) = Gla +log(2))* + o(1) = G() + o(1).

5.3 Proof of Corollary 1
The proof relies on the verification of assumptions of Theorem 7.

Proof of (CM): since fj is continuous and positive, for any real T,

inf t) =146 0.
te[lElT,T] fo(t) T >

Using (H3), for all t € [-T,T] and « € R,

St —fo fo(iﬁ—t fo ‘ M
fo ()_zeR fo(t) +1<5T+1
and using (H1) and (H3)
/ M| g M
fo( )} Kl fo( )‘<K2E.
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Let us now prove Assumptions (G). Set
— t —
(s,t) /fo i fo i) dv(z).

Differentiation of r, for s and ¢t in R\ {0}, is a consequence of that of N(s,t). Now, for any
integers ¢ < 4 and j <4, using (H1) and (H3)

[ =09 (@ s) folw =t folx—s) _ ., folx)
Tolz) T MR O RE)

and fo(t) fo(s) is positively lower bounded on the neighbourhood of any (sg, tg), which proves
that N is differentiable at any (s,t) € (R\ {0})? with

IN iy [ 1@ 0@ =) ,
(1) = 1)+/ e dv(z).

< KK;

Proof of (G1): we thus have for ¢t # 0

2
fo(z—1)?
( Ofo(z) dy ) 1)
” fo(=t) H%” Jfo(—=t)—fo () H% _ <<fo( —t) fol=t)—fo( )> )

fo(+) fo(+) fo(:) 7 fo(+)
H foC=t)—fo() ||4
fo(*) 2

Tll(t,t) =

which is positive by Cauchy-Schwarz inequality. Now,

[ fo2dv [ f3dv— (ffofédy)Q.
(rzan)

Jim ri(t,t) =

Indeed, define the functions

o = [Lwhl) ;O(Zfi (;) dv(z).

Then write the function r1; under the following form:

B(t)fo(t) (A1) fo(t) — fo(t)) — (C(1)fo(t)”
(At fo(t) = fo(1)®

Thanks to (H1) and (H3), integrands of Afy, Bfy and Cfj are respectively dominated by

Tll(t, t) =

Mfo(l‘), K%MfO(x)a KleO(x)'

By application of (H2) and Lebesgue Theorem, we conclude using the following conver-
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gences:

lim A(t)fo(t) = / £3(2) dv(x)

t——+oo
Jim B@fo(t) = [ f5*(@) dv(x)
Jim OO = [ o) oo dvla)

Thus for a positive constant R

Proof of (G2): considering (30), we have to prove that

lim r(s,t)log|s —t| =0. (31)
|s—t|—+o0
Using (H3),
fo (:C—i—t) = 0D

so that using (H2),

L R0 0= [ Bt

t——+oo fo(x + t

and there exists a constant C' such that for |s — ¢| large enough,

(s,t) < C/\/fo vV fo fo fo)x_s)du(a:).

Then, using (H3),

r(s,t) < / C M /To@)/ Folw + 5 — Bdu(z).

But according to (H5) for any « € R,

lim log|s —t|\/folx +s—1t) =

‘S*ﬂ%«k
and so, one may apply Lebesgue Theorem using (H4) to obtain (31).
Proof of (G5): (G5) is a consequence of (G2) and formula (11) giving pu(t).

Proof of (G3): Using (30) and the fact that r1; > 0, one just has to prove that for any
e >0,
sup |r(s,t)] < 1. (32)
|s—t|>e
First of all, r(s,t) is a continuous function of (s,t) and |r(s,t)] < 1 as soon as s # t by
Cauchy-Schwarz inequality. Thus for any € > 0, for any compact set K,

sup Ir(s,t)] < 1.
|s—t|>e, teK, s€eK

On the other hand because of (G2) for |s — t| sufficiently large r(s,t) is bounded away from
1, so we may suppose that |s — t| is bounded. Suppose that there exists s, and ¢, such that
|sn, — tn] is bounded, |s,, — t,| > € and 7(sp,t,) — 1. By compactness it would be possible
to choose subsequences s, (,,) and t,(,) such that s,y — tyn) — ¢ But using the same
tricks as before (using (H2), (H3) and Lebesgue Theorem),

| fo(x) fo $+C)dV( )|

o () tom) = =y

Since |¢| > & > 0 this value differs from 1. Hence we get a contradiction with assumptions
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made on sequences s, and ¢, and (32) is true.

Proof of (G4): The first part of (G4) has been already proved. We use same arguments to
prove that s — r11(s, s) is three times continuously differentiable. Now, this last regularity
associated to (30) allow us to reduce our study to that of functions ro; and 7o4.

* The first derivative ro1(s,t) can be written as:

f/ —t c—8)— —t)— c—8)— f/ —t —t)—
—( O(f() ), fo( fo) f0>2 N <f0( fo) fo’ fo( fo) f0>f0< o(f0 )’ fo( fo) fo)fU
I fo(-—=s)—fo 2] fo(.=t)—fo I I fo(-—=s)—fo 2] fo(-—=t)—fo ”3

fo 2 fo 2 fo 2 fo 2

then Cauchy-Schwarz inequality leads to

Hf(;(‘—t)ll
ro1(s, )| < W

This upper bound is a continuous function on ¢. By making appear fo(t), it is easily seen
that it converges, as t tends to infinity, to

ffo dv
ffonV

Moreover for any ¢ > 0, the denominator is lower bounded on Ds = {(s,t),s € R, |t| > d}.
Consequently for any § > 0, (s,t) = rp1(s,t) is bounded on R? \ Ds.
* Using easy but tedious computations and Cauchy-Schwarz inequality once more, we

have:
oz”k

ITE_, [ £2C=n
|7’04st|<zz ‘fo(—t) foH

i>1 j>1

where the sums on ¢ and j are finite and where for any 7 and j: Zizl ;i = % Previous
arguments run again and permit us to assert that for any 6 > 0 the function (s,t) — 7o4(s, t)
is bounded on R? \ Dj.

5.4 Proof of formula (25)
Define the functions L and L by log(1 +u) = v —u?/2 +u2L(u) and L(u) = SUP|y| <y [L(V)]-

It is clear that L(u) — 0 as u — 0 and we have

log Practe (X1, Xn) =) log (1+ (et =% — 1))

dPy
& 2 T2 O 2
= (NTE D3 ) (@ TE )P S (39)
i=1 i=1
with
1 n t X.,tiz, 1 2 toX,—n 1
etnXi—3 _ . etnXi—2 _
S| < 242 _— L t _—
| |_nﬂnnn; T Tty max N
2
: . einX—F 1
Now it suffices to remark that the random variables — | n=1,2,... for X of

n

distribution N (0, 1) have bounded third moment. Applying the Markov inequality

etnXi=3" _ 1

max [ ———— | = op,(Vn)

i=1,...,n tn
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Moreover, the class of functions
xr —

is Glivenko-Cantelli in probability (indeed, it is the square of a Donsker class, as a conse-
quence of Section 2.1), we get S = op, (1) and

n 2

Yl E =1 (1)) = on, (1),

i=1

so that

dP 2
log dﬂg’t" (X1,...,X,) = VamVeth — 1Y, (

l\D|:M

1o 2

— nXim3 )2 1

n; ) +OIP0()
7T2 2

oV etn — 1Y, (t )+n7n(€”—1)+0p0( ). (34)

2
Now setting C(v,t9) = if to = 0 and C(y,to) = 7% we have

VnmaVetn —1 = C(v,to) + o(1)

and
dP,, C(,t0)?

log d]P)O (Xla s aXn) = 0(77 tO)Yn (tn) - 9

+ op, (1)

5.5 Proof of Lemma 1

Beforehand we set ¢, = (logologn)% and we recall that Ay, = [an,[n] with a, =

2y/logologologn and S, = y/logn/2 — 2y/logologn.

According to (24) and (26) we need to prove that sup,c 4, , (Yo(t)—¢,) and Yo(to) are asymp-
totically independent. To this end, we consider the discretized process {Yo(gnk), k € Z}
with a step of discretization ¢,, depending on n in a sense which has to be defined. Let us
gather the discretized points of Az, in A" = {d1,...,dN(m)}

By triangular inequalities and sunphﬁcatlons we have for any x and y

‘P( sup Yo(t) — ¢ < a3 Yp(tg) < y) —P( sup Yo(t) —cn < 2)P(Yo(to) < y)‘

tEAs teAs
< 2]P’( sup Yo(d) —en, < z; sup Yo(t) —cp > x) + (35)
de A", t€Az n
P(sup Yo(d) — e < 5 Yolto) <y) ~P( sup Yo(d) — en < 2)P(Yo(to) < y)|
de A", de A",

The task is now to prove that for fixed x and y each component of the upper bound con-
verges to 0.

* We define the following modification of the function r

P(to,t) =0  te AP, t#to,
(s, t) = r(s,t) s,t € A,
Note that under the Gaussian distribution defined by 7 the value of the process at tg is

independent of the values of the process at other locations whose distribution does not
changes. This proves that 7 is a covariance function. We define {(t) = sup,, |,_¢,|>¢ [7(u,t0)]-
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From (23) we have
&) = O(exp ( - —))
We restrict our attention to n’s such that

(x4 cn)? - é

cn > 2z 5 §(an) <1/2so that 2(1+&(an)) ~ 12

The Normal Comparison Lemma (Li and Shao, 2002, Theorem 2.1) gives bounds to terms
of the type

P(Yl S Uy, )Yn S un) _P(i}l S Uy, )}N/’n S un)

where Y and Y are two centered Gaussian vectors with the same variance and possibly
different covariances p;; and p;;, 4,5 = 1,...,n. It says that

]P)(Yl < Uy, ;Yn < un) - ]P)(Y/l < Uy, a}’}n < un)

<5 Z arcsin(p;;) — arcsin(p;;)) = exp T (36)
1<i<j<n

where 2zt = max{z,0}, p;; = max{|pi;|,|pi;|}. Let (Const) represents a generic positive
constant. Since arcsin(z) < zw/2 for 0 < z < 1, applying inequality (36) in both directions
to the vector Yy with covariance r and to the vector Y, with covariance 7 corresponding to
the points belonging to {to} U AJ", we get:

[P(sup Yo(d) — en < a5Yo(to) <) ~P( sup Yo(d) — en < @) P(Yolto) < )|
deAg™, deAi™,
(‘T + Cn)2 + y2 )

< (Const) Z |r(d7t0)|exp(—m

deAzT,
2
< _n
< (Const) Z |r(d, to)| exp( 12)
deA7",
t 2 +o0 t 2
< (Const) exp ( - c—”) / E(t)dt = (Const) exp _n)
an 127 J o ~qn Gn 12

which tends to zero if , for example, g, = (logo log n)fe as soon as 6 > 0.

* To deal with the first term of (35), we denote by U, and UZ" the point processes of
up-crossings of level z for Yy and its ¢,-polygonal approximation (linear interpolation) re-
spectively. For any subset B of R,

U.(B) = #{teB,Yy(t)=2Y,(t) >0},
U (B) = #{ZGZ, qn(lfl)EB,qnleB,YO(qn(l—l))<z<Y0(qnl)}.

Set @ the distribution function of the standard Gaussian and ® = 1 — .

IP’( sup Yo(d) —cp < m; sup Yo(t) —ep > m)
de A, tEAs,

<P(Yolan) > 2+ 0 ) +P(Yolan) < @+ cn, Unie,(Az) > 1, Ul (Az,0) = 0)

S 6(37 + Cn) + E(Um-l-cn (AQ,n) - U;gicn (AQ,n))

where the last upper bound is due to Markov inequality. The first term above tends trivially
to zero, as for the second if we set ¢,, = (1og olog n) ~ With 6 > %, Condition (U7) of Lemma
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2 of Azais and Mercadier (2004) is met. It is easy to check that since ]E(Uz+cn, (Agm)) is

bounded we are in the condition of application of that lemma and

E(Urte, (A2) = Ulie, (Azn)) = o(D).
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