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Abstract

This paper considers the deconvolution problem in the case where the target signal is multidimensional
and no information is known about the noise distribution. More precisely, no assumption is made on the
noise distribution and no samples are available to estimate it: the deconvolution problem is solved based
only on observations of the corrupted signal. We establish the identifiability of the model up to translation
when the signal has a Laplace transform with an exponential growth p smaller than 2 and when it can be
decomposed into two dependent components. Then, we propose an estimator of the probability density
function of the signal which is consistent for any unknown noise distribution with finite variance. We
also prove rates of convergence and, as the estimator depends on p which is usually unknown, we propose
a model selection procedure to obtain an adaptive estimator with the same rate of convergence as the
estimator with a known tail parameter. This rate of convergence is known to be minimax when p = 1. We
conjecture that it remains minimax for p > 1 and give elements of proof in this direction.

1 Introduction

Estimating the distribution of a signal corrupted by some additive noise, referred to as solving the deconvo-
lution problem, is a long-standing challenge in nonparametric statistics. In such problems, the observation
Y is given by

Y=X+¢, (1)

where X is the signal and ¢ is the noise. Recovering the distribution of the signal using data contaminated by
additive noise is a common problem in all fields of statistics, see [Meister, 2009] and the references therein.
It has been applied in a large variety of disciplines and has stimulated a great research interest for instance in
signal processing [Moulines et al., 1997, Attias and Schreiner, 1998], in image reconstruction [Kundur and
Hatzinakos, 1996, Campisi and Egiazarian, 2017] or in astronomy [Starck et al., 2002].

Although a great deal of research effort has been devoted to design efficient estimators of the distribution
of the signal and to derive optimal convergence rates, the results available in the literature suffer from a
crucial limitation: they assume that the distribution of the noise is known. Estimators based on Fourier
transforms are the most widespread in this setting as convolution with a known error density translates into
a multiplication of the Fourier transform of the signal by the Fourier transform of the noise. However, this
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assumption may have a significant impact on the robustness of deconvolution estimators as pointed out in
[Meister, 2004] where the author established that the mean integrated squared error of such an estimator can
grow to infinity when the noise distribution is misspecified.

The aim of this paper is to solve the deconvolution problem without any assumption on the noise dis-
tribution and based only on a sample of observations Yi,...,Y,. In particular, we do not assume that
some samples with the same distribution as € are available as in [Johannes, 2009, Lacour and Comte, 2010].
We prove this is possible as soon as the signal X has a distribution with light enough tails and has at least
two dimensions and may be decomposed into two subsets of random variables which satisfy some weak
dependency assumption. We then propose an estimator of the density of its distribution which is shown to
be minimax adaptive for the mean integrated squared error.

The main reason why it becomes possible to solve the deconvolution problem in this multivariate setting
is the structural difference between signal and noise: the signal has dependent components while the noise
has independent components. We prove that such a hidden structure may be discovered based only on ob-
servations Yq,...,Y,. A first step to establish the identifiability in deconvolution without any assumption
on the noise was obtained by [Gassiat and Rousseau, 2016] with a dependency assumption on the signal,
but under the restrictive assumption that the signal takes a finite number of values. This identifiability re-
sult was extended recently by [Gassiat et al., 2020a] who proved the identifiability up to translation of the
distributions of the signal and of the noise when the hidden signal is a hidden stationary Markov chain in-
dependent of the noise. Following these ideas, the first part of our paper establishes the identifiability up to
translation of the deconvolution model when the signal X which lies in R?, d > 2, can be decomposed into
two dependent components XM e R, di > 1,and X@) ¢ Rd2, dy > 1, withdy + do = d:

1) (€] (&)
The identifiability up to translation of the law of X € R and of € € R? based on the law of Y when the
noise is independent of the signal only requires that the Laplace transform of the signal has an exponential
growth smaller than 2 and some dependency assumption between X () and X ().

The second objective of this paper is to propose an estimator of the probability density function of X
which is consistent without any assumptions on the noise distribution provided it has finite variance, and
to study the rate of convergence of this estimator. In the pioneering works on deconvolution for i.i.d. data,
the distribution of X is recovered by filtering the received observations to compensate for the convolution
using Fourier inversion and kernel based methods, see [Devroye, 1989, Liu and Taylor, 1989, Stefanski
and Carroll, 1990] for some early nonparametric deconvolution methods and [Carroll and Hall, 1988, Fan,
1991] for minimax rates. On the other hand, more recent works were dedicated to multivariate deconvolution
problems such as [Comte and Lacour, 2013] for kernel density estimators, [Sarkar et al., 2018] for a Bayesian
approach or [Eckle et al., 2016] for a multiscale based inference. In all these works, deconvolution is solved
under two restrictive assumptions: (a) the distribution of the noise is assumed to be known and (b) this
distribution is assumed to be such that its Fourier transform is nowhere vanishing.

An important step toward solving the deconvolution problem without such restrictions on the noise dis-
tribution was achieved in [Meister, 2007] for signals in R with a probability density function supported on
a compact subset of R. In [Meister, 2007], the estimation procedure only requires the Fourier transform of
the noise to be known on a compact interval around 0. The procedure relies first on recovering as usual the
Fourier transform of the signal by direct inversion on the compact interval where the noise distribution is
known, and by choosing a polynomial expansion on this compact interval. Then, the Fourier transform is
extended to larger intervals before using a Fourier inversion to provide a probability density estimator. Un-
der standard smoothness assumptions, [Meister, 2007] established an upper bound for the mean integrated
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squared error which is shown to be optimal under a few additional assumptions.

In this paper, we propose an estimation procedure inspired from our identifiability proof. We provide an
identification equation on Fourier transforms which can be used to build a contrast function to be minimized
over a class of possible estimators of the unknown Fourier transform of the distribution of the signal. Once
an estimator of the Fourier transform of the signal in a neighborhood of 0 is available, we use polynomial
expansions of this estimator as in [Meister, 2007] to extend it to R%1+92 before using a Fourier inversion
to obtain an estimator of the density. To be able to get consistency and rates of convergence, one of the
main hurdles to overcome is to relate the value of the contrast function to the error on the Fourier transform.
In our opinion, this is far from obvious and it is the most difficult part of our work. Then, under common
smoothness assumptions, we obtain consistency and we provide rates of convergence for the estimator of
the probability density function of X depending on the lightness of its tail. Both the regularity and the tail
lightness have an impact on the rates of convergence. Surprisingly, while this estimation procedure does not
require any prior knowledge on the noise, we obtain the same rates as in [Meister, 2007] when the signal
distribution has a compact support: not knowing the noise distribution does not affect these rates. Also, the
lower bound proved in [Meister, 2007] applies in this case and the rate of convergence of our estimator is
minimax.

We then propose a model selection method to obtain an estimator that is rate adaptive to the unknown
lightness of the tail. Finally, we provide a conjecture for the lower bound on the minimax rate of convergence
that matches the upper bound, as well as elements of proof to justify it. Minimax rates of convergence
in deconvolution problems may be found in [Fan, 1991], [Butucea and Tsybakov, 2008a], [Butucea and
Tsybakov, 2008b] and in [Meister, 2009]. In most works on deconvolution, not only the distribution of the
noise is assumed to be known (or estimated for instance as in [Johannes, 2009] and [Lacour and Comte,
2010]) but the rates of convergence depend on the decay of its Fourier transform (ordinary or super smooth).
It is interesting to note that in our context where the noise is completely unknown, the rate of convergence
depends only on the signal and not on the noise.

The paper is organized as follows. Section 2.1 displays the general identifiability result which estab-
lishes that the distributions of the signal and of the noise can be recovered from the observations up to a
translation indeterminacy. This general result allows to identify submodels as illustrated in Section 2.2 with
several common statistical frameworks. Section 3 describes the consistent estimator, the adaptive estimation
procedure, and provides convergence rates. Section 4 states the lower bound conjecture on the minimax
rates of convergence and Section 5 suggests a few possibilities for future works and settings in which our
results may contribute significantly. All proofs are postponed to the appendices.

2 Identifiability results

2.1 General theorem
The following assumption is assumed to hold throughout the paper.

H1 The signal X belongs to R? with d > 2 and the observation model is given by (2) in which ¢ is
independent of X and () is independent of £(?).

Consider model (2) in which ¢ is independent of X and (1) is independent of £(2). Let P R, be the
distribution of Y when X has distribution R and for i € {1,2}, () has distribution Q), with Q =
QM ® QP . Denote by R the distribution of X () and by R the distribution of X (?). For any p > 0
and any integer p > 1, let M7 be the set of positive measures p on R? such that there exist A, B > 0
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satisfying, for all A € RP,
/exp ()\Tx) pu(dz) < Aexp (BJA|?) ,

where for a vector A in a Euclidian space, || A|| denotes its Euclidian norm and for any matrix C, C'" is the
transpose matrix of C. When R € M, the characteristic function of R can be extended into a multivariate
analytic function denoted by

dp:ChxC2 — C
(z1,22) +— /exp (zlexl + zz;xg) R(dzy,dxs) .

Note that no assumption other than H1 is made on the noise €, and that assumption H2 may be understood
as a dependency assumption between the components X (1) and X (?) of X as discussed below.

H2 For any zg € C%, 2+ ® (2, 2) is not the null function and for any 2y € C, z + ® (2, 2o) is not
the null function.

Assumption H2 means that for any z; € C%, there exists zp € C% such that ® r(z1,22) # 0 and for any
29 € C, there exists z; € C% such that ®r(2, z2) # 0.

In the following, the assertion R = R and Q = @ up to translation means that there exists m =
(my1,ma) € R¥ x R% such that if X has distribution R and for i € {1,2}, ; has distribution ;, then
(Xi — m;)ieq1,2y has distribution R and fori € {1,2}, €; + m, has distribution Q:.

Theorem 1. Assume that R and R are probability distributions on R? which satisfy assumption H2. Assume
also that there exists p < 2 such that R and R are in Mg. Then, Prq = Pg 5 implies that R = R and

Q= @ up to translation.

One way to fix the “up to translation” indeterminacy when the noise has a first order moment is to assume
that E[e] = 0. The proof of Theorem 1 is postponed to Appendix C.

Comments on the assumptions of Theorem 1. First of all, Theorem 1 involves no assumption at all
on the noise distribution. This noise can be deterministic and there is no assumption on the set where its
characteristic function vanishes. In addition, there is no density or singularity assumption on the distribution
of the hidden signal. The signal may have an atomic or a continuous distribution, and no specific knowledge
about this is required. The only assumptions are on the tail of the signal distribution and assumption H2
which, as discussed below, is a dependency assumption.

The assumption that R € ./\/lg is an assumption on the tails of the distribution of X. If R is compactly
supported, then R € M¢, and if a probability distribution is in Mz for some p, then p > 1 except in case
it is a Dirac mass at point 0. The assumption p < 2 means that R is required to have tails lighter than that
of Gaussian distributions. It is useful to note that R is in M¢ for some p if and only if R(") is in M% for
some p and R is in M for some p.

Let us now comment assumption H2. Hadamard’s factorization theorem states that entire functions are
completely determined by their set of zeros up to a multiplicative indeterminacy which is the exponential of a
polynomial with degree at most the exponential growth of the function (here p). If R € M, for some p < 2,
then a consequence of Hadamard’s factorization theorem (arguing variable by variable) is that ® g (-) has no
complex zeros if and only if R € M, is a dirac mass. Since we are interested in non deterministic signals,
in general ®(-,-), ®r(-,0) and ® (0, -) will have complex zeros. Now, if the variables X (1) and X () are
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independent, then for all z; € C% and z; € C%, &R (21, 29) = P (21,0) P (0, 22), so that Pr(z,-) is
identically zero as soon as z; is a complex zero of @ (-, 0). Thus, assumption H2 implies that the variables
X and X® are not independent except if they are deterministic. Moreover, if for i € {1,2}, X(*) can be
decomposed as X = X 4y, with ; and 1, independent variables independent of X = (X1, X(2)),
and if for some z1, IEI[@”lT M] = 0 or for some za, E[e”;”z] = 0, then H2 does not hold. In other words,
H2 can hold only if all the additive noise has been removed from X. Here, additive noise means a random
variable with independent components. When the components X (1) and X () of the signal have each a
finite support set of cardinality 2, Assumption H2 is even equivalent to the fact that XV and X®) are not
independent.

Other examples in which assumption H2 holds are provided in Section 2.2, showing that assumption H2
is a mild assumption which may hold for a large class of multivariate signals with dependent components.

2.2 Identification of structured submodels

This section displays examples to which Theorem 1 applies, and in particular, for each model, we provide
conditions which ensure that assumption H2 holds. This means of course that such models are identifiable.
But, since they are submodels of the general model, it also means that they may be recovered in this larger
general model. Additional examples that could be investigated are discussed in Section 5.

2.2.1 Noisy Independent Component Analysis

Independent Component Analysis assumes that Y € R? is a random vector such that there exist an unknown
integer ¢ > 1, an unknown matrix A of size d X ¢, and two independent random vectors S € R? and e € R4
such that

Y =AS+¢, 3)

where all coordinates of the signal S are independent, centered and with variance one and all coordinates
of the noise € are independent. The statistical challenge is to estimate A and the probability distribution of
S while only Y is observed. The noise free formulation of this problem, i.e. Y = AS, was proposed in
the signal processing litterature, see for instance [Jutten, 1991]. The identifiability of the noise free linear
independent component analysis has been established in [Comon, 1994, Eriksson and Koivunen, 2004] under
the following (sufficient) conditions.

- The components S;, 1 < ¢ < g, are not Gaussian random variables (with the possible exception of
one component).

- d > g, i.e. the number of observations is greater than the number of independent components.
- The matrix A has full rank.

A noisy extension of the ordinary ICA model which implies further identifiability issues was considered
for instance in [Moulines et al., 1997]. A correct identification of the mixing matrix A can be obtained by
assuming that the additive noise is Gaussian and independent of the signal sources which are non-Gaussian,
see for instance [Hyvarinen et al., 2002]. In our paper, identifiability of the ICA model with unknown
additive noise is established using Theorem 1 under some assumptions (discussed below). In the following,
for any subset I of {1,...,d} and any matrix B of size d x ¢, let By denote the |I| x ¢ matrix whose lines
are the lines of B with index in I, where |C| is the number of element of any finite set C.



E. Gassiat, S. Le Corff, L. Lehéricy Deconvolution with unknown noise

Corollary 2. Let A and A be two matrices of size d x q. Assume that there exists a partition I U J =
{1,...,d} such that all columns of Ar, Ay, Ay and A are nonzero. Assume also that (S;)1<j<q (resp.
(§j)1< j<q) are independent and that there exists p < 2 such that the distributions of all S; (resp. §j ) are in
/\/l}). Denote by Q (resp. @ ) the distribution of € (resp. €) and by R (resp. }~2) the distribution of AS (resp.
gg) in (3). Then, Pr p = Pﬁ,ﬁ implies that R = Rand Q= @ up to translation.

Corollary 2 is proved in Section D. Apart from the assumption that the independent components of the
signal have distribution with light tails, the main assumption is that the observation Y may be splitted into
two known parts so that the corresponding lines of the matrix A have a non zero entry in each column.
Although this assumption is not common in the ICA literature, as explained in [Pfister et al., 2019, Sec-
tion 1.1.3], a wide range of applications require to design source separation techniques to deal with grouped
data. Identifiability of such a group structured ICA is likely to rely on specific assumptions and we propose
in Corollary 2 a set of assumptions which allow to apply Theorem 1.

2.2.2 Repeated measurements
In deconvolution problems with repeated measurements, the observation model is
YW = x40 ang v@ =xO 4 ) )

where X (1) has distribution R(*) on R and is independent of € = ("), £(?))T where () is independent
of £?) and ¢ has distribution Q, see [Delaigle et al., 2008] for a detailed description of such models and all
the references therein for the numerous applications. Let R be the distribution of (X 1), X(1))T on R2d1,
Corollary 3. Assume that there exists p < 2 such that R®M and RV are in ./\/lgl. Then, IP’R,Q = ]P’I~z G
implies that R = R and Q= @ up to translation.

Proof. Assumption H2 holds since ® (21, 22) = ® ) (21 + 22) forall z; € C% and z, € C%, and @z
can not be identically zero since ® 1) (0) = 1. We then apply Theorem 1. O

Therefore, deconvolution with at least two repetitions is identifiable without any assumption on the noise
distribution, under the mild assumption that the distribution of the variable of interest has light tails. The
model may also contain outliers with unknown probability and still be identifiable.

Corollary 3 may be compared to [Kotlarski, 1967, Lemma 1], in which Y is assumed to have a non
vanishing characteristic function, which implies that the characteristic functions of X (!) and of the noise
are nowhere vanishing. Identifiability of model (4) has been proved by [Li and Vuong, 1998] under the
assumption that the characteristic functions of X (1) and of the noise are not vanishing everywhere. In
[Delaigle et al., 2008], kernel estimators where proved equivalent to those for deconvolution with known
noise distribution when X (1) has a real characteristic function and for ordinary smooth errors and signal.

2.2.3 Errors in variable regression models
The observations of errors in variable regression models are defined as
YO =xO 4D and v = g(xW) 4@ 5)

where g : R — R, X (1) has distribution R(Y) on R% and is independent of € = (¢, )T (1) jg
independent of £(?) and € has distribution Q. Let R be the distribution of (X ), g(X(1))) on R41+42_ [f the
distribution of (X (), g(X (1)) is identified, then its support is identified and the support of (X 1), g(X (1))
is the graph of the function g so that g is identified on the support of the distribution of X (1),
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Corollary 4. Assume that there exists p < 2 such that RV and R® are in Mgl and that R® and R®
are in Mg? Assume also that the supports of XV and g(X (1)) have a nonempty interior and that g is one-

to-one on a subset of the support of X1 with nonempty interior. Then, Pp, o = P§ 3 implies that R = R

and QQ = @ up to translation.

This identifiability relies on weaker assumptions on the errors in variable regression models than in
[Delaigle et al., 2008] where the noise distribution is assumed to be ordinary-smooth (which implies in
particular that its Fourier transform does not vanish on the real line) and where the distribution of X (V) is
assumed to have a probability density with respect to the Lebesgue measure on R. In [Schennach and Hu,
2013], the authors also assumed a nowhere vanishing Fourier transform of the noise distribution and that the
distribution of X (V) admits a probability density with respect to the Lebesgue measure uniformly bounded
and supported on an open interval. In this setting (more restrictive on the noise and with different restrictions
on the signal), the identification result in [Schennach and Hu, 2013] is not comparable to ours.

Proof. The proof boils down to establishing that Assumption H2 holds to apply Theorem 1. If Assumption
H2 does not hold, then either there exists zy € C% such that for all z € Cd%, E[ezUT XM 42Tg(X (1))] =0,
or there exists 29 € C% such that for all z € C%, E[eZTX(l)JFZOTQ(X(U)} = 0. In the last case, since
the support of X (1) has a nonempty interior, this is equivalent to E[e* 9X"))| X(1)] = 0, which means
that e 9X") = 0, which is impossible. Thus, since the support of g(X (1)) has a nonempty interior
(which is the case for instance if g is a continuous function), H2 does not hold if and only if for some z,

E [eZOT x® ’ g(X (1))} = 0. The error in variables regression model is then identifiable without knowing the
distribution of the noise as soon as for all zg,

E {eZOTXm

g(XD)] £ 0. ©)

When g is one-to-one on a subset of the support of X 1) with nonempty interior, for all zy, (6) is verified
and the model is identifiable. O

3 Consistent estimation and rates of convergence

In this section, we propose an estimator of the signal density that is adaptive in the tail parameter p and we
study its rate of convergence. We first explain in Section 3.1 the construction of the estimator for a fixed
tail parameter. We then study in Section 3.2 the consistency and the rates of convergence for the estimators
with fixed tail parameter and give an upper bound for the maximum integrated squared error over a class of
densities with fixed regularity and tail parameters. We provide in Section 3.3 a model selection method to
choose the tail parameter based only on Y1,...,Y, and prove that the resulting estimator is rate adaptive
over the previously considered classes of regularity and tail parameters. We further study in Section 4 a
lower bound of the minimax rate indicating that our final estimator is rate minimax adaptive.

Notations. In the following, the unknown distribution of the signal is denoted R* and we assume that it
admits a density f* with respect to the Lebesgue measure. Likewise, the unknown distribution of the noise
is written Q*. For all h : C* x C% — C, write h(") : (t1,t5) — h(t1,0) and h® : (t;,t2) — h(0,ts)
and for all hy : C% — C, hy : C¥ — C, write hy ® hy : (t1,t2) — hy(t1)ha(ts). Define, for any positive
integer p and any v > 0, B2 = [—v,v]?, and write L?(BE) the set of square integrable functions on B
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(possibly taking complex values) with respect to the Lebesgue measure. For all h : C% x C% — C and
v > 0, we write ||h||2,, the L2(B& x B42)-norm of A, A1, the L' (B4 x B42)-norm of h and ||h| 0., the
L° (B2t x BY2)-norm of h. We also write || k|2 the L2(R% x R%)-norm of h, |h||; the L!(R% x R¥2)-
norm of h and ||h| s the L (R% x R92)-norm of h. For any discrete set A, |A| denotes the number of

elements in A. For any matrix B, || B||  denotes the Frobenius norm of B. For all i € N¢, ||i]|; = 3¢

a=1"ta-

3.1 Estimation procedure

The first step of our procedure is to estimate the Fourier transform of f*. For all v > 0 and all measurable
and bounded functions ¢ : B4 x B2 — C, define

2

)
2,v

)

M. (p;v) = H (¢<I>§§3<I>§§2 - (I)R*¢(1)¢(2)> Qo) ® Pya2)

where ® ..y (resp. ®g..(2) is the Fourier transform of the (unknown) distribution Q*W of g1 (resp. Q*(»
of €5). This contrast function is inspired by the identifiability proof, see equation (41). Indeed, following
the identifiability proof, we know that for all Q*, if R* satisfies the assumptions of Theorem 1, and if ¢ is a
multivariate analytic function satisfying Assumption H2, such that there exist A, B > 0 and p € (0, 2) such
that for all (21, 22) € R x R, |¢(iz1,i22)| < Aexp(B||(z1,22)|”) and such that ¢(0) = 1 and for all

z € RY, ¢(2) = ¢(—2z), then for any v > 0,
M, (¢;v) =0 if and only if ¢ = P p-. %)

In practice, R* and Q* are unknown. Choose first some fixed arbitrary v, > 0. The estimator is defined by
minimizing an empirical counterpart of M, (-, Ves) over classes of analytic functions to be chosen later. For

all n > 0, define )

M) = |60 32 = 0 6V 62

where for all (t1,t2) € Ch x Cé2,

2,Vest

~ 1 L Ty (1) | Ty (2)
¢n(t17t2) _ g § :eztl Y, ' +ity, Y, .
=1

For all i € N and all analytic function ¢ defined on C¢, write 9°¢ the partial derivative of order i of ¢: for
allz € C%, 0'¢(x) = 921 ... 9k ¢(x). Forall k > 0 and S < oo, let
*(0 Slills
0L < A (0 ®
[y ial | [T

Note that for all & > 0 and S < oo, the elements of T, g are equal to their Taylor series expansion. As
shown in the following lemma, the sets Y, s and ./\/lﬁl /i are equivalent in that the set of all characteristic

T.s = {¢ analytic; Vz € RY, ¢(2) = ¢(—2),6(0) = 1, Vi € N*\{0},

functions in | J¢ T4, g is the set of characteristic functions of probability measures in ./\/lf /i Its advantage

over ./\/lil /i is the more convenient characterization of its elements ¢ in terms of their Taylor expansion.

Lemma 5. For each p > 1 and probability measure p € ./\/lg, there exists S > 0 such that A —
[ exp (i)\Tx) p(dx) is in Yy, 5. Conversely, for all k > 0, there exists a constant c such that for any



E. Gassiat, S. Le Corff, L. Lehéricy Deconvolution with unknown noise

S > 0 and for any probability measure 1 on R? such that \ — [ exp (i)\TfL‘) w(dx) isin Y\ g, p satisfies
forall A € RP,

dii K
[exp (\Ta) ) < e (1 (SIAD ) exp ((SIAI )
In particular, u € ./\/l‘li/ﬁ.
Proof. The proof is postponed to Appendix E. U

Let now H be a set of functions R? — C¢ such that all elements of A satisfy H2 and which is closed in
L?(B¢ ). Forall s > 0,5 > 0,n > 1, the Fourier transform ® g+ of the distribution of X is estimated by

an,n € argmin M, (¢). )
PEY o, sNH
To address possible measurability issues, note that we could take 8,%” as a measurable function such that
Mn((zmn) <infger, sn Mn () + 1/n, and all the following results would still hold.
Consistency of Zsﬁ,n in L2(B& x BY2) for any v € (0, vey) Will follow from (7) and the compactness
of T, s N H. An estimator of the density f* is then obtained by Fourier inversion. The first step is to

truncate the polynomial expansion of (E,{’n. For all m € N, let C,,,[ X1, ..., X4] be the set of multivariate
polynomials in d variables with (total) degree m and coefficients in C. In the following, if ¢ is an analytic

function defined in a neighborhood of 0 in C¢ written as ¢ : x — >, ya ¢ HZ:1 xle, define its truncation
on C,,[X1,...,X4] as

d
Tnp:awe > o] (10)
ieNilli<m  a=1
Then, for some integer m,, ,, (to be chosen later), the estimator of f* is defined as follows:

- . -
fon(z) = W /BZ}“nXBdZ exp(—it' ) (Tmmnqﬁmn) (t)dt, a1

Wkr,n

for some w,; ,, > 0 (to be chosen later).

3.2 Consistency and rates of convergence

In this section, we explain how to choose (M p)x,n and (Wi n)x,n to obtain the rate of convergence of ﬁn
to f* in L2(R% x R%). For any € (1/2,1], define

1 logn
o= | — 28" 12
T, {8/{ log(logn/él)J (12)
and
Wen = cwmzm/S (13)

for some constant ¢,, < Vegt A 26exp(—(3d + 5)/2). The following assumption allows to control the
regularity of the target density f*.

H3 We say that ® p« satisfies H3 for the constants 3, cg > 0 if

Lo 10O+ e < cs.
R41 xR92
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Forall k, S > 0,8 >0,cg >0,v > 0,c, > 0and cg > 0, consider the following notations.

* U(k,S,[,cp) is the set of functions in Y',; g that can be written as ® i for some probability measure
R on R? and that satisfy H3 for 3, cs.

* Q(v,c,,cq) is the class of probability measures of the form Q") @ Q) where Q) (resp. Q?)) is
a probability measure on R% (resp. R%2) such that [®oa)| = ¢, on [-v,v]% and [®oe) | = ¢, on
[—v, V], and such that if ¢ is a random variable with distribution @, then E[||¢||?] < cq.

Theorem 6. Forall k € (1/2,1], S >0, 8> 0andcg > 0, forallv > 0, ¢, > 0 and cg > 0,
< 400,

n—=+00  Q*eQ(v,cu,cq loglogn
R*: ®px €V (k,5,8,c5)NH

) logn \ > ~ N
lim sup sup )ER*7Q* [<g> | fon — f I3

where H is introduced in the definition of (Eﬁm, see (9).

For x = 1, the rate of convergence (logn/loglog n)_26 obtained in Theorem 6 is minimax optimal, see
[Meister, 2007] where the situation in which the characteristic function of the noise is known on an open
interval is investigated. For the general case of x € (1/2,1] we conjecture that the rate of convergence
(logn/loglog n)72“B is minimax optimal. Arguments to support the conjecture are detailed in [Gassiat
et al., 2020b, Section 4].

It is possible to obtain rates of convergence that enjoy uniformity properties in the tail parameter . Since
such uniformity will be useful to prove adaptive rates of convergence for the adaptation procedure proposed
in Section 3.3 (see Theorem 9), Theorem 6 is deduced as a corollary of the following theorem.

Theorem 7. Forall ko € (1/2,1], S >0, > 0and cg > 0, forallv > 0, ¢, > 0 and cq > 0,

logn \*7?
limsup sup sup Eg« o+ | sup () I form — f¥1153 ¢ | < 400,
n—+00 k€lko,1] Q*€Q(v,cu,cq) k' €[ko,kK] loglogn
R*: ®pe €U(r,5,,c5)NH
where H. is introduced in the definition of (Eﬁm, see (9).
Proof. The proof is postponed to Section A. O

It is important to note that the procedure does not require the knowledge of v, which leads to the rate of
convergence (logn/loglog n)f%ﬁ without any prior knowledge about the distribution of the noise, since
for any vey > 0, there exists v € (0, vey] and ¢, > 0 such that [®g)| = ¢, on [~v, v]% and |Poe| = e
on [—v,v]%. Also, the assumption @i« € Y.+ s is not restrictive since by Lemma 5, f* € M;‘f implies
¢* € Yi/,g for some S > 0. The assumption ko > 1/2 is required only to apply Theorem 1 and
corresponds to the assumption p < 2. If the identifiability theorem held for a wider range of p, Theorem 7
would be valid for the corresponding range of x without any change in the proofs.

As a consequence of Theorem 6, the estimator is consistent without any assumption on the noise distri-
bution provided it has finite variance.

Corollary 8. Assume the noise has finite variance. Then as soon as ®r« € U(k, S, 3, cg) N H for some
k€ (1/2,1], S >0, B> 0and cg > 0, the estimator f, ., is a consistent estimator of f* in L>(R% x R42).

10
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The proof of Theorem 7 can be decomposed into the following steps.

®

(ii)

(iii)

Consistency. The fist step consists in proving that there exists a constant ¢ which depends on &, S, d
and v such that for all n > 1 and all « > 0, with probability at least 1 — 4e™%,

sup |Mn(¢) - M*(Qs;yest)‘ <c (\/T\/ \/;\/ $> .
€Yk, s n n n

This result is established in Lemma 17. A key observation will be that for any v < vy and any ¢,
M*(¢§ V) < M*(¢; Vesl) .

This is enough to establish that, for any v < 1., all convergent subsequences of ((Eﬁ’n)n% have limit
@R« in L2(Bd x B%2), provided ®r- € T, 5. Since T, s is a compact subset of L(B% x Bd2), this
implies that (¢, ,)n>1 is a consistent estimator of ® g« in L2(B4 x BY2), uniformly in x and R*.

Rates for the estimation of .. Then, for a fixed v € (0, Vey], for h in a neighborhood of 0 in
L2(B2 x Bd2), the risk M, (® g+ + h;v) is lower bounded as follows:

M (®@p- +h;v) 2 c|hl3,, . (14)

where ¢ depends on d, v and ¢,.. This result is established in Proposition 18 in Appendix A.2 and is
obtained by decomposing M, (® - + h;v) into two terms, the first one involving the L?(B%: x Bd2)
norm of A("A(2) and the second part involving the L?(B% x B%) norm of a linear term in h. The
main challenge to prove equation (14) is to establish a lower bound of the first term and an upper
bound of the second term for h in a neighorhood of 0 in L?(B%: x B%). Obtaining these two bounds
requires many technicalities and they need to be balanced sharply to establish (14). Then, we show in
Proposition 19 that there exist constants ¢y, c2 and c3 which depend on kg, v, Ves, S, d and E[|| Y ||?]
(and ¢, for c3, and on the compact set H from equation (9) for c¢; and c2) such that for all x > 1, for
alln > (1V xcy)/ca, with probability at least 1 — 4de ™7,

1/4

-~ x X
sup ||¢H,n - (I)R* ||2,l/ g C3 <\/>\/ > . (15)
KE[Ko,K*] n n

Rates for the estimation of f*. Then, using assumption H3, the error term Hf,w — f*]|? is upper
bounded based on the Fourier inversion (11) as follows

~ ~ C

nn_*2<CTm l{n_(I)*2 71 . 9 B °
||f y f ”2 || H,n¢ s R H2.,w,¢,n + (1+wz7n)ﬁ
This allows to establish Theorem 7 by controlling the error between T5,, $,m and the truncation of
¢* in Cp,,, , [X1,...,X4] using Legendre polynomials, and the distance between functions in Y, g
and their truncations in C,,, , [X1, ..., X4].

Comments on the practical computation of the estimator. In practice, computing the minimum over
the infinite dimensional set defined in (9) requires to introduce a truncation parameter. In other words,
instead of minimizing M,, over all elements ¢ of T,; s N H, we would minimize it over all T},,¢, where m
is the so-called truncation parameter. This truncation has no impact on the result proved in Theorem 7, i.e.

11
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on the rates of convergence derived in this paper, as long as this truncation parameter is chosen sufficiently
large with respect to m,, ,, to obtain the rates for the estimation of ® z+. As observed just after equation (9),
the result is an approximate minimizer of M,,. In the case where this new truncation parameter is at least
greater than 2m,, 5, this allows in (15) to control the additional bias term and to balance it with the term
(v/z/n V z/n)'/*. Although the estimator may be adapted to allow practical computations, this does not
ensure a stable and numerically efficient result in real life learning frameworks. Moreover, designing a
set H that is closed in L2([—ves, Vest]?) and whose elements satisfy H2 that is in addition rich enough for
Theorem 7 to hold for a wide choice of R* is complex and would be a significant practical contribution.
Designing an efficient and stable implementation of the proposed algorithm is a challenge on its own and is
left for future works, as described in Section 5. The focus of this paper is to derive theoretical properties of
the deconvolution estimator without any assumption on the noise distribution.

3.3 Adaptivity in »

In Section 3.2, we studied estimators built using the tail parameter . Unfortunately this tail parameter is
typically unknown in practice. We now propose a data-driven model selection procedure to choose «, and
we prove that the resulting estimator has a rate corresponding to the largest £ such that ®r« € T, 5 for
some S > 0.

Our strategy is based on Goldenshluger and Lepski’s methodology ([Goldenshluger and Lepski, 2008,
Goldenshluger and Lepski, 2013], see also [Bertin et al., 2016] for a very clear introduction). Like in all
model selection problems, the core idea is to perform a careful bias-variance tradeoff to select . While a
variance bound is readily available thanks to Theorem 7, the bias is not so easily accessible. Goldenshluger
and Lepski’s methodology provides a way to compute a proxy of the bias, thus allowing selection of a proper
k. The variance bound (which can also be seen as a penalty term) is taken as

—k'B
1
on(K") = co 0BT ,
loglog n

for all k' € [k, 1] and for some constant ¢, > 0. While the selection procedure works as soon as this
constant ¢, is large enough, the exact threshold depends on the true parameters. This is a usual problem of
selection procedures based on penalization: the penalty is typically known only up to a constant. Approaches
such as the slope heuristics or dimension jump heuristics have been proposed to solve this issue and proved
to work in several settings, see [Baudry et al., 2012] and references therein. The proxy for the bias is defined
for all k¥’ € [k, 1] as

) =0V s {[1Firn = Fale = on6)}
K'IEH(),K/

Finally, the tail parameter is selected as

R € argmin{ A, (k') + o, (k") }.
k' €[ko,1]

When &g+ € T, 5, fz, n reaches the same rate of convergence as f ,, for the integrated square risk.

Theorem 9. Forall ko € (1/2,1), S > 0, > 0and cg > 0, forallv > 0, ¢, > 0 and cg > 0, there
exists ¢, > 0 such that if o, (k') > co(logn/loglogn) =" for all k' € [k, 1],

, logn \ > ~
limsup sup sup () Egr+ o+ [||fgnn - f*H%} < 400,
n—+00 k€lko,1] R* : Prx €V (k,S,8,c5)NH log 1Og n

Q*EQ(chwCQ)

12
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where ‘H is introduced in the definition of (;AS,WL, see (9).

The proof of Theorem 9 is detailed in Section F. It is a consequence of deviation upper bounds developed
to prove Theorem 7 showing that if &« € T, g, with probability at least 1 — 4/n, for all &' € [k, K],

HJ?H’,H — [l < on(r).

4 Lower bounds

In this section, we provide a lower bound showing that the rate of convergence (logn/loglog n)_%ﬁ ob-
tained in Theorem 7 and in Theorem 9 is minimax optimal. The lower bound in [Meister, 2007] holds for
k = 1, so in the following we only consider x € (0,1). In this section (and only this section), we use
the notation F[h] (resp. F[Q]) for the Fourier transform of the probability density function h (resp. the
probability measure @)). Our lower bound is stated in Theorem 10.

The proof of Theorem 10 is based on Le Cam’s method, also known as the two-points method, see
[Le Cam, 2012], one of the most widespread technique to derive lower bounds. The minimax risk based on
n observations is lower bounded by considering observations from model (3) i.e. assuming that Y = AS+e¢
where S € R? with d = d; + d; in which the coordinates S;, j = 1,...,d, of S are independent. Let f; and
fn be the probability densities of AS associated with different choices of densities for the distributions of
S;,j=1,...,d, and Q be the distribution of the noise €. Then, following Le Cam’s method, the minimax
risk is lower bounded by

1 1
ZHfO - fn”iZ(]Rd) 1- 5 H(fO * Q)®n - (.fn * Q)®n||L1(Rd)n ’ (16)

where * denotes the convolution operator. The goal is then to find two functions fy and f,, such that the
right most term is greater than 1/2 while the left most term is as large as possible. In this lower bound,
we consider a closed set 7 of functions from R? to C? such that all elements of # satisfy H2 and which
contains the probability densities of the form given by fy and f,,. This is the starting point of the proof
of Theorem 10 which also relies on a technical conjecture (Conjecture 12) which is strongly supported by
numerical experiments, see Section L in the supplementary material.

Theorem 10. Assume that Conjecture 12 is true. Then forall k € (0,1), 8> 0,¢cg >0, cg > 0andv > 0,
there exists a constant ¢ > 0 such that

, ~ logn \ >
T TR [ R
7 R*:®pecl(r*,5,8,c5)NH loglogn
Q*EQ(chwCQ)
The infimum is taken over all estimators f that is all measurable functions of Y1,..., Y.

13
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Let a be a (small) real number, in the following it is assumed that A is the (dy + d2) x (d; + d2) matrix

1 0 0 0 a a a
0 1 0 0 |0 O 0
0 0 1 0 |0 O 0
A=]10 0 O 1 0 0 0
a a a a 1 0 0
0 0 O 0 |0 1 0
oo0oo0 .-~ 0100 -1

Assume that the coordinates of ¢ are independent identically distributed with density (see [Ehm et al., 2004])
1+ cos(cx)
(w2 — (cx)?)?

for some ¢ > 0, where ¢, is such that g is a probability density, with characteristic function

cos|m— |+ —sin|m 1_c<i<e-
c T

c
With an adequate choice of ¢, Q € Q(v,c,,cq). Consider the probability density u : z € R +— ¢, -
exp(—1/(1 — 2?))1[_y 1j(z) with the appropriate ¢, > 0 so that the integral of u equals one. For all b > 0
and z € R, write up(z) = bu(bz).

g:x ey

t

C

Flg] : t— [(1—

Lemma 11. Let k € (0,1), ¢, T > 0 and 7 > 0. Then, there exists xo > 0 such that the following holds.
Let hy, = ¢ exp(—(y/[1 + (x/20)2]/2)"*=*)) where ¢, is such that h, is a probability density. For all
b > 1/, any probability density ¢ such that { < c([z + hy(x)(1+(x/20)?)7] *up) satisfies F[C] € Ly 1.

Proof. The proof is postponed to Appendix K in the supplementary material. O

Let zy and h, be as in Lemma 11. Since h, is infinitely differentiable with square integrable derivatives,
for all B > 0, there exists L such that for all b > 0, [ |F[h, * up)(t)[>(1 + t*)Pdt < L. Let (Px)x>o0
be the family of orthonormal polynomials for the scalar product (f,g) = [ f(z)g(z)hy(z)?dz such that
deg(Pk) = K. Consider the following conjecture on the properties on these polynomials.

Conjecture 12. There exists an nonnegative envelope function F,,, that has at most polynomial growth at
infinity such that the family (P )k >1 satisfies sup K(l_’“)/Q||PKh,€/F(_,,,V||Oo < oo and there exists
constants cq, c1, co such that for all K large enough, there exists at least co K* intervals of length at least
c1 K% in [—1,1] on which | Pxchy| > co K= D/2,

Let us comment on the different elements of this conjecture. As discussed above, our objective is to
construct two probability densities fy and f,, that are as far from each other as possible while the resulting
distributions of Y are as close as possible, see equation (16). The boundedness of Pk h, /F.,, ensures that
the densities we construct are nonnegative, and the assumption on the intervals is used to prove Corollary 13,
which controls how large || fo — fn]| is.

For the sake of simplicity, assume in the following that || Funy ik || 1 () = 1. Then there exists ¢ > 0 and
7 > 0 such that Fyy(7) < ¢(1 + (z/10)?)™ for all # € R, thus making it possible to use Lemma 11. To use
the lemma, it is important to note that this ¢ does not depend on the choice of z.

14
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Another conjecture that gives a better idea of the behaviour of these functions is that there exists a shape
function Fypape such that
R (Prchi)(x)
K(K_l)/2FShape(Kﬁ_1x>

sup
K>1

’ < 00. a7n
This function Fiqpe diverges at xg and —x¢ for some finite 29 > 1, as illustrated in Figure L.1 of Section L.
As K grows, the peak of Pxh, comes closer to this divergence point, but slowly enough that F,, only
grows polynomially.

Corollary 13. Assume Conjecture 12 is true, then there exist cy, c3, c4 such that for K large enough, for all
b 2 CbKK,

K" > | PehllRem) = [(Pchi) * upllfae > caK°7F
Proof. The proof is postponed to Appendix K in the supplementary material. O

Note that in the limit k = 1, h,, is the indicator function of [—1, 1], and the orthonormal polynomials
Py are the (normalized) Legendre polynomials. In this setting, Conjecture 12 (and therefore Equation 17)
have been proved with Fepy = Fihape = 1[_1,1], see Lemma 1 of [Meister, 2007].

In the limit kK = 1/2, h, is a normal density, and the functions Pk h, are the Hermite functions. Ap-
proximations of Hermite funtions close to zero and near the turning points are known and corroborate our
conjecture, see for instance [Boyd, 2018, Section A.11]: the behaviour near zero is approximately a trigono-
metric function times a shape function, validating equation (17) (near zero) and the second part of Conjec-
ture 12. Near the turning points, they are best approximated by Airy functions with a scaling corresponding
to Fony(2) = O(2'/3).

Let (an)n>1 be a sequence of nonnegative real numbers with limit zero, (K,,),>1 a sequence of integers
tending to infinity and (b, ),>1 a sequence of real numbers tending to infinity. Define f; as the density of X
when forall 1 < j < d, s; = (o = (Fenvhii) * up, and f,, as the density of X when S; has density

Cn = (Fenvhn + anPKnhi) * Up, = CO + an(PKnhi) * Uy, (18)

and Ss, ..., Sy have density (p. The function ¢, is nonnegative as soon as oy, < (|| Pk, b/ Feny|loo) ™1,

which is of order Kr(Ll_”)/ 2 by Conjecture 12. Its integral equals one for K,, > 1 since by definition
the function Pg, h? is orthogonal to Py (which is a constant function) in L2(RR), so that the integral of
Pr, h2 %y, is zero. Therefore, (,, is a probability density. In addition, F[(o] € Yx 7 and F[(,] € Twr
follow immediately from Lemma 11.

Lemma 14. The probability densities fo and f, are in T 7.
Proof. The proof is postponed to Appendix K in the supplementary material. O

Lemma 15. Forall x € (0,1], 8 > 0and cg > 0, there exist xo > 0 and ¢y, > 0 such that F|fo] and F|[f,]
belong to ¥ (k, T, B, cg) as soon as the two following assumptions are met:

om < P, sl (19)
ol P, b1 ey < enb® (20)
Proof. The proof is postponed to Appendix K in the supplementary material. O
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Following [Meister, 2007], it is straightforward to establish that

1= 5100 Q" = (Fux @ luueye > (1= 3100+ @) = (o * Qs )

Then, by (16), the minimax risk based on n observations is lower bounded by c|| fo — aniQ(Rd) for some
constant ¢ > 0 if (ay)n>1, (bn)n>1 and (K,),>1 are chosen such that

1
[t - (- @@las =0 (). e
R4 n
Lemma 16. Assume that (20) holds and that
K, =X _logn ) (22)
k \loglogn
Then, (21) holds.
Proof. The proof is postponed to Appendix K. O

Therefore, the minimax risk based on n observations is lower bounded by c|| fo — fn ”%2(]1@) for some
constant ¢ > 0. In addition, by definition of fy and f,, for all u € R4,

fo(u) = Det(A)~* H C((A™'u);) and  fi(u) = Det(A) ¢ ((A u)y) H Co((A™ 1))

Therefore, there exists a constant ¢ > 0 such that,
2(d—1) _
1fo— fn||L2(]Rd) C||COHL2(R) 1o —CnHi?(]R) > con K,

by Corollary 13 and (20). Then, choosing b, = K7}, af o K2 /|| Pre, hi|[f2 ) o< K=" (by
Corollary 13) and K, as in (22) yields

logn —2wP
B 2 QNﬁ 5"
Il fo fn||L2(Rd) zc bﬂ k., > <loglogn) '

The condition o, < (|| Prc, e/ Fony |loc ) ~1 corresponds to K5 /27" — O(K{ /%), which is always
true.

5 Conclusion and future works

Recently, in [Belomestny and Goldenshluger, 2019], the authors summarized the standard assumptions on
the noise distribution and their implications on the minimax risk of the estimator of the signal distribution.
In particular, they pointed out that obtaining assumptions under which standard rates of convergence can
be established when the Fourier transform of the noise can vanish have not received satisfactory solutions
in the existing literature. In the direction of weakening the assumptions on the noise, such limitation has
been completely overcome in this paper. The rate of convergence in our setting does not depend at all on
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the unknown noise. In another direction, it would be interesting to find if it is possible, in the context of
unknown noise, to recover noise dependent minimax risk by restricting the set of possible unknown noises.
One way could be to make in our methodology v = v.g go to infinity and to study the square integrated
risk with ¢, having a precise decreasing behavior. This can not be directly obtained by the proofs in this
work in which we use the fact that v is finite to derive equation (25) which is itself a basic step to establish
Proposition 19.

There are numerous avenues for future works. We specifically chose to focus on the theoretical prop-
erties of the deconvolution estimator obtained from the risk function M,, without assumption on the noise
distribution, leaving mainly open the question of designing efficient numerical solutions. Recently, in this
unknown noise setting, [Gassiat et al., 2020a] provided two algorithms to compute nonparametric estima-
tors of the law of the hidden process in a general state space translation model, i.e. when the hidden signal
is a Markov chain. More thorough and scalable practical solutions remain to be developed. Although the
estimator proposed in this paper enjoys interesting theoretical properties, designing a stable and numerically
efficient algorithm remains mainly an open problem.

In a more applied perspective, the recent emergence of blind spot neural networks such as [Batson and
Royer, 2019] or [Krull et al., 2019] represent a breakthrough in the field of blind image denoising. In these
papers, the authors manage to improve state-of-the-art performance in signal prediction using mainly local
(spatially) dependencies on the signal and assuming that the noise components are independent. See also
[Ollion et al., 2021]. Our results which in addition do not require any assumption on the noise are likely to
provide new architectures or new loss functions to extend such works.

We are particularly interested in applying our results to widespread models such as noisy independent
component analysis and nonlinear component analysis, see for instance [Khemakhem et al., 2020]. As men-
tionned in [Pfister et al., 2019], a wide range of applications require to design source separation techniques
to deal with grouped data and structured signals. The identifiability of such a group structured ICA is likely
to rely on specific assumptions similar to the one derived in our paper which should provide new insights
to derive numerical procedures. Additive index models studied in [Lin and Kulasekera, 2007, Yuan, 2011]
could also benefit from this work to weaken the assumptions on the signal and on the functions involved in
the mixture defining the observation.

As underlined in Section 2.2, submodels may be identified in the larger general deconvolution model
studied in this paper. It could be of interest to study statistical testing of such structured submodels, for
instance using the minimax non parametric hypothesis testing theory.

In another line of works referred to as topological data analysis (TDA), see [Chazal and Michel, 2017],
[Chazal et al., 2017], the aim is to provide mathematical results and methods to infer, analyze and exploit
the complex topological and geometric structures of the data. Despite fruitful developments, geometric in-
ference from noisy data remains mainly an open problem. Although they appear to be concentrated around
geometric shapes, real data are often corrupted by noise and outliers. Quantifying and distinguishing topo-
logical/geometric noise, which is difficult to model or unknown, from topological/geometric signal, to infer
relevant geometric structures is a subtle problem. Ourwork is likely to be applied to multidimensional sig-
nals supported on manifolds and opens the way to find strategies to infer relevant topological and geometric
information about signals additively corrupted with totally unknown noise. One way to proceed is to use
the distance to measure strategy developed in [Chazal et al., 2011]. It shows that it is possible to build
robust methods to estimate geometric parameters of the supports of probability distributions from perturbed
versions of it in Wasserstein’s metric. This is the subject of an ongoing research project. In particular in
[Capitao Miniconi, 2021], it is proved that distributions whose supports are closed regular curves in R?
satisfy H2.
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A Proof of Theorem 7

A.1 Uniform consistency
By definition, for all R* and all Q* such that @« € T, g,

M, (Gm; Vest) < My (rom) + sup | M, (¢) — My (¢h; vest)|

€lx,s

< Mn((I)R*) =+ sup |Mn(¢) - M*(¢; Vest)‘ ,
(S N

< ‘Mn(q)R*) - M*((I)R*§Vest)| + sup |Mn(¢) - M*((b; Vesl)' . (23)

€lx,s
Lemma 17 provides a control on the deviation |M,, (¢) — M, (¢; ves)| for ¢ € T .

Lemma 17. For all S > 0, there exists ¢ > 0 such that for all A > 0, n > 1, x > 0, and probability
measures R* and Q* on R? such that Ep+ o+ [||[Y||*] < A, with probability at least 1 — 4e~* under P+ g+,

forall ¥ € [1/2,1],
[A \/z x]
— Vau/ =V —1.
n n n

In particular, for all S > 0, v € (0, v,y] and A > 0, there exists a constant ¢ such that for all k € [1/2,1],
n2=landx >0,

sSup |Mn(¢) - M*(¢7 Vext)| <c
¢ET,‘./’S

R*:®p«€Yy s k' €[1/2,K] n n
Q*:EBrx o+ [IIY[IP]<A

sup PR*,Q*( sup M*<¢7ﬁ/,n;u)>c< xvx)><4e—z. (24)

Proof. The proof of the first inequality is postponed to Section G in the supplementary material. The second
follows from equation (23) (which requires @z« € Y,/ g, hence the assumption ' < & since the family
(Yx,s) is nonincreasing in «), and the observation that for all v < vy,

M*((ZSK/JL; V) < M*(Cbn’,n; Vest) .
The proof is then completed by taking the supremum over «’ € [1/2, ]. O

Since supp«.g,. e, s Er* [[IX]|?] is bounded by a constant that depends only on # and S, assuming
Eg«[|le]l?] < Aand Bp. € Y, s ensures that Eg« o« [[|Y||?] < A for some constant A depending on S

and A. Thus, we may instead use the conditions ® g+~ € T, s and Eg«[||e]|?] < A in equation (24).

For any v > 0, by the proof of Theorem 1 and Lemma 5, if ®z« € T, sNH, the only zero of the contrast
function ¢ — M, (¢;v) on T s NH is ¢ = P+ as soon as 1/k < 2 since all functions in # satisfy H2.
Moreover, the mapping (¢, ® g+, Pg+) € L (Bt x BI2)3 s M, (¢;v) is continuous and for all k > 0,
S > 0and A > 0, the sets Ty, 5 and {Pg : Q s.t. Eglle]|?] < A} are compact in L>(B%t x B%2) by
Arzela—Ascoli’s theorem (the second derivative of @ is bounded by the second moment of () and likewise
for ® g, so these sets are uniformly equicontinuous and all of their elements have value 1 at zero). Thus, for
all S;v > 0,k9 € (1/2,1], A>0andn > 0,

inf M, (¢;v) > 0.
¢,¢R*GTKO,SO¢L(¢ )

”d’_@R* ”2,}/277
Q™ :Eg+[llel’I<A
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Let S > 0 and v € (0, vey]. This equation and Lemma 17 together with the fact that the family (T4 s), is
nonincreasing in x ensure that for all n > 0, ko € (1/2,1] and A > 0, there exists ¢ > 0 such that for all
K € [ko,1],m > 1 and z € (0, cn),

sip Ppeg. < Sup [ Bum — B 2 > 77) <l 25)
R* :®p« €Yy sNH k' €[ko,K]
Q* :Eq«[llell?]<A

In particular, the family of estimators (¢, ), is L2(B% x B%)-consistent uniformly in s € [x, ), and
uniformly in the true parameters R* and Q*.

A.2  Upper bound for the estimator of the Fourier transform of the signal distribu-
tion

Recall, for all bounded and measurable functions h : B4 x B — C, for any v > 0 and any probability

measures R* and Q* on R4,

2
M, (g + h;v) = H (n0R)0R) - 0 hVOE) — 0. @R — @ K DRE) D) @ Do

2,v

In addition, for all @ € Q(v,¢,,cq), infgu, |<I>Q<1>| Ainfga, \<I>Q<2)| > ¢,. Using that for all (a,b) € R,
(a—0)? > a?/2—b% and @) [loo = |Pg-.2 |loc = [|Pr+[loc = 1 yields for all probability measures
R* and Q* on R? such that Q* € Q(v, ¢, cq),

M, (Qpe + hyv) > L M™(h, ®p;v)/2 — chl|RWRP)|3 (26)

where

M (h, s 1) = “h¢(1)¢(2) — ph g™ _ ¢¢(1)h(2)‘ (27)

2
2,v '
Section B provides an upper bound for ||h(1) h(2) 3., and a lower bound for M"(h, ® g+ ; v) which allows to
establish the lower bound given in Proposition 18. When ®z. € T, g, the functions h such that ®p« +h €
T, s belong to the set

gK,S = {¢ - ¢/ : ¢7 ¢/ € TmS} . (28)

Proposition 18. For all S,v,c, > 0, there exist n,c > 0 such that for all k € [1/2,1] and all h € G, s
such that ||h|2,, <,

R*:‘PinrifETms M, (®g+ + hiv) = c||hll3, -

Q* EQ(V7CV7+OO)
Proof. The proof is postponed to Section B. U

Using the above proposition for k = kg together with equations (24) and (25) is enough to establish
Proposition 19.

Proposition 19. For all ko € (1/2,1], v € (0,v,) and S, ¢, cq > 0, there exist ¢,c’ > 0 such that for all
n>1 € (0,cn] and k € [ko, 1],

1/4
~ xT xT
inf PR+ o+ ' — Prell2 < (/= V= >1—4e7". 29
R (,g,g;gﬁ]“% el < (7 7) >/ ‘ 29

Q*EQ(VaCuaCQ)
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A.3 Upper bound for the estimator of the density of the signal distribution

Let " € (0,1]. Assume H3 holds for the constants 3,cz. Then, by definition of ﬁ/ﬁn together with
Plancherel’s theorem,

—~ 2 1 "
’ Jut = ||, =ty || Lo, <8z, Tero@vin = O ,
L Bt R )
T @r2yd [T Ot T R T (dr2)d R (e xrA2)\(BEL, | xBE2, )
1 2 1 CB
g 'm ’ k',n T LT R* 5
a7y || e s | @) (L4, )P

)
<cmax{|\Tm, ¢n/n Ppe I3 . (1+W2’,n)7ﬁ}'

w!\n

for some constant ¢ > 0. Let S, v > 0 be fixed in the remaining of the proof. For all ¢ > 0, let P; be the i-th

Legendre polynomial and
Prom — (; 4+ 1/2)2,7 12 py(X /v) (30)

the normalized i-th Legendre polynomial on [—v, v]. For all positive integer p, define the orthonormal basis
(Prom);cne of C[X1, ..., X,] (seen as a subset of L?(B?)), where for all i € N?,

PIiIOI‘m(Xl’ . 7Xp) — (]ginlorm ® . ® P,LI;OH'H)( H PHOI’III (31)

Since Tmﬁ,m aﬁgn and Tmﬁ,ynq)R* are in Cmm/,n [X1,...,X4], there exists a sequence (a;);ene such that
a; = 0if HZHl > Mg/ n and Tmﬁl,nam’,n Tm,i/ n(bR* = ZiGNd aiPIi]orm(X), where P;_lorm is defined in 31).
Pi(2)] < (2]z]+2)*

so that | Pr™ ()| < ((2i + 1)/(2v))*/2(2|2/v| + 2). Therefore, for all i € N,

Wil n ;N 241
/ ‘Pinorm( )|2dm <2+2WK ,n) :
14

—W,./

,n

and by Cauchy-Schwarz inequality,

” mr, d)K, n m / n(I)R*

,n

< X H ([ i) | e ).

€N |4 i<m,/ n i€Nd
_ Wt 2m,., . +d ~
< (M + 1727 (242 'L) R O S 3 [ 9
Wyt 2mm/,n+d
< mi’,n (2 +2 r;,n) H ms n¢.‘-€ n m v ,L(I)R* H2 v (32)

Since Y\, s C YT.r s when £’ < k, by Lemma 28 in the the supplementary material, when ®« € T g, for
all " € [1/2, k] and my 5, > 2d,

—2 +2d
[®r+ — T /nq)R*”Q Wt < (Swm’,n)d(swﬁ/,n)zm”, M, - mh/ "

fn’ (Swn/,n)za
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where the function f, is defined in (55), so that by Lemma 27, there exists a constant ¢ such that for all
k € [1/2,1] such that p« € Ty g, forall &’ € [1/2, k] and m,. ,, € N*,

d+2m,{/’n+2/n’

’
2 2m ., —2K mﬁlyn+2d
@R — T, , Pr- ||27w~/7n S Wy p Sl mmy

K'\n

exp(Z,‘f’(S’w,if,n)l/"{,)7 (33)

and likewise
—QH/mK/7n+2d

< N ’
16nr.n = T, w3, < €(SV)mn¥2/ om0 (34)
and / )
’ —2 . 2
”(I)R* _ Tmnl,n@R* ||§’V < C(Sl/)ZmN/,n+2/R mH,)Z T ) (35)
Write
d ! —2k’ d
U(Wn',n) _ Cw,j:smﬁl’n-m/ﬁ SQmR/mmK'%: My 42 €Xp(2ﬁ/(SwH/)n)1/",) 7
. ’
U(I/) _ C(Sy)2mn/‘n+2/n'mn/2; M ,+2d .

Then, equations (32) to (35) show that for all " € [1/2, k],

1T, 010 = Pre 3,

Wk! n

anl,n-‘rd —~
< AU () + dmi, (242250 (2U) + 6w — Pr:l13,) -

which is controlled by equation (29). Now, choose w,. , and m- ,, asin (12) and (13), that is

/ 1 1
W' m = CoMiy /S and mys , < - _Qoen ,

’ ' ’ 2k’ log(alogn)
for some ¢, € (0,1] and & > 0 (note that & = 1/4 in equation 12). Proposition 19 shows that for all
ko € (1/2,1], v € (0,veq) and S, ¢y, ¢, B, ¢cg > 0, there exist ¢,¢’ > 0 such that forall n > 1, z € (0, cn)
and k € [k, 1],

R*:®ps eilxllflzms,ﬂ,ca)PR*’Q* (Vn’ € bk, M = £z < ¢ max {mjﬁ P (e, n)}>

Q*€Q(v,cuycq)
>1—4e ",
where
I1/4ﬂa z1/2no¢
nl/4 nl/2
Now, when @ < 1/4 and (¢, logn)/loglogn < my ., < (Cp,logn)/loglogn for all k and n for some
constants ¢,,, > 0 and C,,, > 0 and take = = log n. It follows that there exists ng such that for all n > ny,

v(z,n) =1V

. 26’ B 7 * (|2 / 4

sup inf Prs o+ sup {m Y N furm — fl } <d | =z21-—-—. (36)

wE[ro,1] B : PR+ €F(r,S,B,cp) @ (,«e[ﬁo,n] wm 1T 2 n
Q*eQ(v,cu,cq)

Finally, note that mi'}{fﬂﬁgn — f*13 < (Carlogn/loglogn)?’diam(Y,, s)? by construction, so that
Theorem 7 follows.
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B Proof of Proposition 18

By (26), Proposition 18 may be proved by balancing a lower bound for M lin(h, ¢; ) and an upper bound for
[RR3)]2 . The lower bound on M""(h, ¢; v) is first obtained for polynomials with known degree m.

Lemma 20. Forall S,v > 0, there exists ¢ > 0 and C > 1 such that forall k € [1/2,1], m e N*, ¢ € Ty, g
and h € G, s, .
M"™(Tyh, T v) = cm™ >4 =3C~™|| T3,

where M"™ T..s, Gu,s and T, ¢ are defined in (27), (8), (28) and (10).
Proof. The proof is postponed to Section I in the supplementary material. O

Then, we extend this lower bound to all functions & and ¢ by controlling the difference between h and ¢
and their truncations to degree m.

Lemma 21. For all S,v > 0, there exist ¢c,c’ > 0 and C > 1 such that for all k € [1/2,1], m € N¥,
peY,sandh € G, g,

]\411'11(}117 (b; I/) > Cm—5d—3c—m||h||§’u _ C/(SV)Qmm—Qﬁm-i-Qd ,
where M'"™(h, ¢;v), Y5 and G, s are defined in (27), (8) and (28).
Proof. The proof is postponed to Section J in the supplementary material. 0

2+0(1)
5.,/ when

Finally, a careful choice of m allows to show that M"™(h, ¢; 1) is lower bounded by ||A|5
|k]|2,, is small enough.

Proposition 22. For all S,v > 0, there exist n,«, ¢ > 0 such that for all k € [1/2,1], ¢ € Ty s and
h € G g such that ||h||2,, < n,

«
d
log log(1/]|h| 2,u)>5 3 Al loglog (1/[|Al2,.)
log(1/[|hll2,.) 2w

where M'™, Y, s and G, s are defined in (27), (8) and (28).

)

M (h, 1) > clhl (

Proof. The proof is postponed to Section J in the supplementary material. O

The upper bound on [[A(VR(2)[|Z  is likewise first obtained on polynomials with known degrees m then
extended to any function h by controlling the difference between h and its truncation.

Lemma 23. Forall S,v > 0, there exists ¢ > 0 such that for all x € [1/2,1], m € N*and h € G,; g,
IRORPZ, < em(Ihl3,, + (Sv)tmm=temrad),

where G, s is defined in (28).

Proof. The proof is postponed to Section J in the supplementary material. O

Finally, a careful choice of m shows that this term is upper bounded by ||h||3;0(1) when || h||2,, is small

enough.
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Proposition 24. For all S,v > 0, there exist n, ¢ > 0 such that for all k € [1/2,1] and h € G, s such that

||h 2,v < n, J
log(1
||h(1)h(2)\|§l, < c( og(1/[[hll2,) ) 1A
’ loglog(1/[[Al[2,v)

21
where G, s is defined in (28).
Proof. The proof is postponed to Section J in the supplementary material. O

By Proposition 22, Proposition 24 and (26), for all S, v, ¢,, > 0, there exist constants 7, o, ¢, ¢’ > 0 such
that for all x € [1/2,1], for all @ € Q(v, ¢,, +00) and R* such that P+ € T,; g and for all h € G,; g such
that ||h]|2,, < 7,

«
d
loglog(1/|hﬂzu))5 "y e lor1 /T2,
log(1/[A1].) 2

MA%%+MW>CW@W(

_d<1%ummw>>ﬂmﬁ.
loglog(1/[h2..) 2’”

Therefore, assuming

o
d d
(1oglog<1/hngu>)5 t poelos( /TRl 2°'<i tog(1/||Al2.,) > T
log(1/[|All2.) 2 loglog(1/[[A|2..,) Y
yields
log(1/|[h

20) )"
oglog(1/|All2.»)

M, (¢*5v) > (
Note that (37) is implied by

(07

(mmwwmfw(l)%mmwwm>%
log(1/]1]2..) [7]l2,. ¢’

which is true as soon as k|2, < 1 for some 7 > 0 depending only on «, ¢ and ¢’.

C Proof of Theorem 1

The proof follows the same lines as that of Theorem 1 in [Gassiat et al., 2020a]. The following statement is
used repeatedly.

Lemma 25. If a multivariate function is analytic on the whole multivariate complex space and is the null
function on an open set of the multivariate real space or on an open set of the multivariate purely imaginary
space, then it is the null function on the whole multivariate complex space.

Proof. We prove the statement by induction on the number d of variables. If A is analytic on C and is not
the null function, then A has isolated zeros, see Theorem 10.18 in [?], so that Lemma 25 holds for d = 1.
Assume that the lemma holds for analytic functions on C¢ and let h be an analytic function on C?*! which
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is the null function on an open set A of R4*!. Then, there exists open sets B, ..., By;1 of R such that
By x---xBgi1 C A.Foranyt € Bgy1,let hy : C¢ — C such that hy(-) = h(-,t), then hy is analytic on C¢
and is the null function on By x - - - x By so that by the induction hypothesis, for all z € C¢, hy(z) = 0, that
is h(z,t) = 0 forall z € C and for all t € By ;. Therefore, for any z € C%, the function h(z, -) is analytic
on C and is the null function on B so that for any 2y € C, h(z, zp) = 0 and h is the null function. The
proof when h is the null function on an open set of the multivariate purely imaginary space is similar. O

Assume Pr g = P o and let ¢; (resp. 52-) be the characteristic function of Q) (resp. @(i)) for

i € {1,2}. Since the distribution of Y'") and Y'(?) are the same under Pg ¢ and Pr g forany t € R,

61 (1) 2r (1,0) = 61 (1) 27 (t,0) (38)
and for any t € R92, _
¢2 () @R (0,1) = g2 () D3 (0,1) . 39)

Since the distribution of Y is the same under Pr o and P 5, for any (t1,%2) € R% x Rz,

Q

¢1 (11) ¢2 (t2) P (t1,t2) = ¢1 (t1) P2 (t2) Oz (t1,t2) - (40)

There exists a neighborhood V' of 0 in R% x R such that for all t = (t1,t3) € V, ¢1 (t1) # 0, ¢2 (t2) # 0,
b1 (t1) # 0, ¢o (t2) # 0, so that (38), (39) and (40) imply that for any (¢1,t2) € V2,

i (s t2) B (11, 0) D (0, 82) = B (b1, 2) e (11,0) B (0, 1) @1

Since (21, 2’2) — dg (217 Zz) (PE (21, 0) (1)15; (O, 2’2) — (I’E (Zl, 22) dr (21, O) dr (0, 22) is a multivariate an-
alytic function of d; + do variables which is zero on a purely real neighborhood of 0, then it is the null
function on the whole multivariate complex space so that for any z; € C% and z, € C%,

(I)R (21, 2’2) @ﬁ (2’1, 0) CI)E (0,2’2) = CI)E (21, 2’2) (DR (2’1, 0) (I)R (0,22) . (42)

Fix (ug, ..., uq,) € C%~1 and let Z be the set of zeros of u — ® g (u,us, . .., uq,,0) and Z be the set of

zeros of u — ®x(u,uz, ..., uq,,0). Letu; € Z. Write 2y = (u1,us,...,uq,) so that by (42), for any
2o € (CdQ,

QR (21,22) Py (21,0) @5 (0,22) = 0. 43)

Using H2, zo + ® g (21, z2) is not the null function. Thus, there exists 23 in C%2 such that ® g (21, 23) # 0
and by continuity, there exists an open neighborhood of 2z such that for all 29 in this open set, @ (21, 22) #
0. Since z +— @5 (0, 2) is not the null function and is analytic on C92, it can not be null all over this open
set, so that there exists z» such that simultaneously ®r (21, 22) # 0 and ®3 (0, 22) # 0. Then (43) leads
to &z (21,0) = 0, so that Z C Z. A symmetric argument yields Z C Z sothat Z = Z. Moreover, the
analytic functions u +— ® g (u, ug, ..., uq,0) and u — ®5(u, uz, . .., uq, 0) have exponential growth order
less than 2, so that using Hadamard’s factorization Theorem, see [Stein and Shakarchi, 2003, Chapter 5,
Theorem 5.1], there exists a polynomial function s with degree at most 1 (and coefficients depending on
(ug, ..., uq)) such that for all u € C,

Dr(u,ug,...,uq,0) = es(“)@ﬁ(u,uz, ey g, 0).
Arguing similarly for all variables, there exists a function F on C?, which is, for any i = 1,...,d;, poly-
nomial with degree at most 1 in u;, and such that for all (uy, ..., uq,) € C%,
(I)R(uhuQv"'auduo):eF(ul,uz .... Ud])q)]’%(uhuQ;"'auduo)' (44)
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In other words, there exist complex functions a;, b; on C%4—1 gych that, if we denote u(~? the (dy — 1)-
dimensional complex vectors with the same coordinates as u except that u; is not included in the coordinates,
then

Fuy, ug, ..., ug,) = a;(u"Nu; +b(uD), i =1,....d;.

But, for i # j, the fact that a;(u")u; + b;(u=9) = a;(u=)u; + b;(u{=") implies that a;(u(~)
and b; (u{~?) are polynomial functions with degree at most 1 in u; (this may be seen for instance by taking
complex derivatives), and by induction we get that F is a polynomial function whichis, forany i = 1,...  dy,
polynomial with degree at most 1 in u;.

Since ®r(0,...,0) = ®5(0,...,0) = 1, the constant term of the polynomial F is 0. We are now going
to prove that the polynomial F has total degree at most 1. Note that the fact that F has degree at most 1
in each variable is not enough to deduce that F is linear: for instance, u;us has degree at most 1 in each
variable but has total degree 2.

Assume that R(Y) is not supported by 0. Then there exist a = (ay, ..., ag,) €ER4 o> 0and§ > 0

such that
dy

dy
0¢H[aj—a,aj+a] and RW H[aj—a,ajJra} >0,
j=1 Jj=1

which gives, for all u € R,

. Edl infy cla;—a,a:+a] UiTj
5 (—iu,0) > desi=t eiclejmea; I

)

so that using (44), for all u € R4,
@R(*'LU, 0) > 5eF(u)erL1 infmJ e[aj—a,a_7+a] Ujxj .

If F has total degree at least 2, then there exist i # j and polynomial functions ¢; on C%~2 and ¢3, c3 on
C%~1 with degree at most one in each variable such that, if we denote u(~%~9) the (d; — 2)-dimensional
complex vectors with the same coordinates as u except that u; and u; are not included in the coordinates,
then F(u) = ¢1 (u =57 ) u;u; + co(u=9) + c3(ul=7)). Without loss of generality say thati = 1 and j = 2.
Then it is possible to find u € R and § > 0 such that for all ¢ > 0, F(—ituy, —itug, —iug, ..., —iug, ) =
5t(u? + u2) leading to

. . . . gt(u?+u§) Z‘gl infy cla;—a,a:+a] UiTj
Yt >0, ®p(—ituy, —itus, —ius, ..., —iug,,0) = de e jElej=aay

)

contradicting the assumption that R(") € M p for some p < 2. Thus, F has total degree at most 1 and there
exists m € C% such that for all z € C%,

®p(2,0) = ™ FD(2,0). 45)

On the other hand, if R is supported by 0 then (44) leads to ® z(—iu,0) = e"(~) for all u € R% and
the same argument leads to (45).

As for all z € R%, ®p(—2,0) = Pp(2,0) and Dz(—2,0) = P5(2,0), m1 € R Arguing similarly

for the function ® (0, 25), there exists mq € R such that for all z € C%2,

DpR(0,2) = ™2 7D £(0,2) . (46)
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Combining (45) and (46) with (42) yields, for all (¢1,t2) € R% x Réz,
Pr(ty,t2) = €imrtl+im;t2¢§(t17t2) - 47)

Then, using (38), for all t € R% such that ®(¢,0) # 0, ¢1(t) = emimi g, (t). Since the set of zeros of
t — ®r(t,0) has empty interior, for each ¢ such that ®z(¢,0) = 0 it is possible to find a sequence (t,,)n>1

such that ¢,, tends to ¢ and for all n, g, (t,,0) # 0. But ¢; and 51 are continuous functions, so that for all
t € R4,

$1(t) = e 1y (1) (48)
Similarly using (39), we get that for all t € R,

Bo(t) = "™ 13y (1). (49)

The proof is concluded by noting that (47), (48) and (49) imply that R = R and Q= QNQ up to translation.

D Proof of Corollary 2

The noisy ICA model may be written as

YI _ A[S + Er

YJ - AJS gJ ’
Then, the ICA model fits the setting of Theorem 1 with YV = Y7, Y@ =y, X(1) = A;S and X® =
AjS. Write d; = |I| and dy = d — |I| and denote by R the joint distribution of (A;S, A;S). Note first

that if for all 1 < j < ¢ the distribution of all S} is in Ml then the distribution of A;S is in Mdl as for all
A€ R%,

q
E [exp )\TAI H )\TAI ,

where forall 1 < j < gandall z € C, U,(z) = E [exp (2S;)]. Then, by assumption, and the Cauchy-
Schwarz 1nequa11ty, there exist A; € R and B € R such that

U, (AT Ap);) < APl AT < A Bl AP

where A;(j) is the j-th column of A;. Therefore, A7.S is in /\/ld1 with constants given by A = H Ar(5)
and B = ZF Bj||Az(j)]l|°- Similarly, A;S is in M9>. Then for any (zg,2) € C% x C%,

e

®p(20,2) =E [exp ((izg Ar +iz" A;)S)] = || E [exp ((izg A1 +i2" A1);S;)]

1

.
I

Il
Ee

U; ((izg Ar +iz" Ay);)
1

.
I

Forall 1 < j < g, the function z — W, ((2J Ar + 2" Ay);) is analytic therefore z — ® (0, 2) is the null
function if and only if there exists 1 < j < ¢ such that the function z — W;((izg A + iz Ay);) is null
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(as D (2o, -) is a finite product of analytic functions). As all columns of A ; are nonzero, for all 1 < j < g,
2+ W;((izg Ar +1iz" Ay);) is not the null function. Similarly, for any (z, z9) € C% x C%,

q
®r(z20) = [ ) (12T A + iz A);)

j=1

and the proof that ®z(z, zo) is not the null function follows the same steps.

E Links between M?and Y/, g: proof of Lemma 5
First implication. First, note that for all n > 0, n! > (n/e)™, so that by the concavity of = — log z, for all
j €N,

-1

d d [17111

) d
(I | ja!> < elilh exp <—§ jalogja> < el exp(—||j]11 log(||]l1 /d)) < <”e| ) . (50)
a=1 a=1

Letp > 1land pu € ./\/ld Write ¢, : A € R? — [exp (iA"2) p(dz). Then ¢,(0) = 1 and for all
j € N4\ {0}, if X has dlstrlbutlon 1, by the inequality of arithmetic and geometric means and by convexity

of z — 27l on R,
(17111
(Zgn ) ’

Z 1X,)V | < max E “X |||JH1] )
17112 1<asd

107 0,,(0)] =

d
E lH XJa

a=1

Since p € M;‘f by assumption, there exist A and B such that for all A € R?,
E[e* X] < AeBIM5 (51)
Hence, by Markov’s inequality, forall « € {1,...,d},t > 0and A > 0,

E[e*Xa]
oA

P(X,>t) < < Aexp(BN — At).

Thus, if p = 1, then | X,| < B almost surely, and therefore for all 7 € N¢\ {0},
\3j<,0p(0)| < Bllil ,
which concludes the proof together with equation (50). In the following, assume p > 1, so that
P(X, > t) < Aexp(—Ct?/ (7D,
where C' = (p — 1)B(pB)~*/(=1) > 0. Therefore, writing v = p/(p — 1) > 1 yields

P(1Xa| > 1) < 24 exp(~CF)
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Let j € N9\ {0}, then

B “Xapwnl} :/>

€2

P(|X, |l >a)ds:||j||1/ P(|X,| > )il —tar,
0 >0
<2A||j||1/ il -1g-07 gy
t>0

< 244 (1 +/ t'jll—le—C“> dt.
t>1

For all z € R, note that J, = [,_, t%e~“""dt = (vC)"1(e™® + (z — v + 1)J,_). Since for z < 0,
Jo < fis, 07 Cdt <em9/Casy > 1

p <ecf1§—1 2 er @ !—r/’ﬂi
TS 40 — \nC ~C c -

Thus, if 2 > vC/2, J, < 2(e=¢/C)(4x/(vC))[#/7], and if 2 < vC/2, J, < 2e~C/C, so that

-C [z/7]
e 4x

¢ ( i (WC ) )
and as a consequence

4 - ' o C e=C 7 4(llilly — 1)\ [l =1/
E [‘Xa‘\lylh} < 2A||5]1 (1 + JHjnl,l) < 2A7|1 (1 +2— +2—— <(||J||1)> ,

C C ~C
e—C o—C 4[5 N7l =1)/v+1
< 24|45 142——+2—— [ —— .
||J||1<+ 5+ c(w)

Hence, since ||j||; > 1, there exist constants ¢, ¢’ > 0 which only depend on p, A and B such that

) I 411 lla/~
|w%@mcﬁl”é+(ﬂj ,

I3l (2—1/7) 4 il /~
< 2TV v |5 |
“ ((z&v)uan)

< (@il

Bringing the above inequality together with equation (50) implies for all j € N\ {0},

07 ‘PM(O)
T2, ja!

where S = ed(c’)'/7, which concludes the proof.

< (2ed(c/) /)l 5 ol Ay =1 < gllilla 1k /P
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Second implication. Let S,k > 0 and let 1 be a probability measure on R? such that ¢ : A € R? —
[exp(iATx)u(dz) € Yy 5. Then, ¢ can be extended to C? and is equal to its Taylor expansion. In
particular, for all A € R?,

S(—ix) <1+ > Sl H N <14 Y mA(S|A™m
JEN4\{0} m>1
By Lemma 26, there exists a constant 2o > 0 depending only on « and d such that for all A € R,

d+1
3

B(=iA) < 1+ 6(SIA| v 20) = exp (w(SIIN| v 20)/")

which implies that there exists a constant ¢ depending only on & and d such that for all A € R?,

[ expTa)n(do) < (14 (SIS ) exp (s(SIADY")

F Proof of Theorem 9

By equation (36) from the proof of Theorem 7, taking m, ,, as in equation (12), for all o € (1/2,1], S > 0,
B> 0,v € (0,Ves], v >0, cg > 0and cg > 0, there exist ¢’ > 0 and ng such that for all n > ny,

KB
I -~ 4
sup inf Preg+«| sup <ogn > I formn—fll2p < |>1—=. (52)
kElro,1] B* : ®Rr €W(K,S,8,c5) w'elrox] | \loglogn n
Q*eQ(v,cu,cq)

Write 0, (k") = ¢’ (logn/ loglog n)f'("/ﬁ, we will show that
sup inf P (Hﬁ — f*ll2 < 50 (/{)) >1-2 (53)
K€E[Ko,1] R*: ®p+€¥(k,S,8,cp) e e 2 " - n ’

Q*€Q(v,cu,cqQ)

and since || fz, » — f*||3 < diam(T,, )2 by construction, Theorem 9 follows. Fix #, R* and Q* and

assume we are in the event of probability at least 1 — 4/n of equation (52) where ||f,€/,n I3 < on(r)
for all ¥’ € [Ko, k]. By the triangular inequality, for all &’ € [ko, K],

1f5in = £l < Wi = ¥ ll2 + [ Frwn = Foronll2

{An(kn) ton(k) ifRy > K,

< on(K) + b
n(#) A, (k') +on(Rn) otherwise,

< on(K) + An(Brn) + on(6") + An(K') + on(Rn) < 24, (K") + 30, (k)
by definition of %,, and since A,, > 0 and o, > 0. Recall that

An("{l) =0V sup {Hﬁ”,n - J/{c’vﬂ”m

K €[Kko,K]

‘2 - an(ﬁﬂ)} )
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so that as k' < K,

Ak <OV sup (| farn — fFllo + | Farm — F¥ll2 — on(s")},

K €[ko,K]
= form = fl2+ (0 v sup ]{an”,n — f*llz = Un(ff")}> :
k' E€lko,k

< fwrn = £¥ll2 < onlr).-

Equation (53) follows by taking ' = k.

G Proof of Lemma 17

To simplify the notations, write ®* : (t1,t2) — P g« (t1, tg)fba*,(l) (tl)fb*Q*_@) (t2) the characteristic func-
tion of Y under the parameters (R*, Q*). By definition of M and M,, and since for any complex numbers
aandb, [|a* — |b]?| < |a — b|(|a] + |b]), forany £ > 0, S >0, € T\ 5, R* and Q*,

|Mn(¢) - M*(¢§Vest)|
< {003 - 3.606®) - (-8 _ s0g)],
% (| (09132 — 5as W6 @)| + (92" Ve @ — @*Mg®)) |
< 26 loein L+ 1]l [S(BD 2 = @2 D@ ) — (6, — )96

<Al 1, (1 + 1]l 0) 2Vl D — B loo e »
< 16]| )12 V|0 — @ loo v

1, vey

3
1, vey

since ||®*]lc < 1 and ||<Zn||OO < 1 by definition. Thus, by (58) in Lemma 27, for any S > 0, there exists
¢ > 0 such that for all x € [1/2,1], n > 1 and any probability measures R* and Q* on R?,

sup [Mp(¢) — My (s Vest)| < C”?gn - (I)*”O()»Vesl .
¢ETK,S

Let NRe(¢, veg) (resp. NI™(e, ve5)) be the number of brackets of size ¢ required to cover {y € R?
Re(e'¥),t € B¢ } (resp. with Im instead of Re), where the size of the bracket [u,v] is Eg+ o+ [(v —
u)?(Y)]*/2. Since all these functions take values in [—1, 1] and for all y, ¢, ¢’ € R,

ST s 1T
[ ¥ — e < (= t) Tyl < V|t = |yl

itis possible to obtain a bracket of size € for each of these two sets from a bracket of size ¢ /(\/dE g+ o+ [||'Y||?])
of (B¢ || - |/sc), which means that

Vest?

d
Avesy/ @ o YT 1)
€

Nfe(ea Vest) 4 Nim(fa Vest) < <
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Thus, by [Massart, 2007], Theorem 6.8 and Corollary 6.9, there exists a numerical constant C' such that for
all z > 0, R* and Q*,

~ E * *
g (1on = @l > [P 4 [T 402 ]) e,

n

where

1V 1602 dEge o [|Y 3
E(R* \F/ \/n/\dlog\/ Ven B - [IY* ]du+§dlog(1\/16ueqtdIER* o 1Y 12,

174
*\fA/ \/n/\dlog du+3d10gA where A = \/1\/16 vidEr- oY,

— J/nA (ﬁe”+d/ Vlozgxdx> 1 3dlog A,
A X

+oo
< dynA <e-1 +/ ‘/fdx> +3dA,
1 X

< 6dy/nA,
= 6dy/ny/1V 1602 dER- o-[| Y |2].

Hence, foralln > 1, x > 0, R* and Q*, with probability at least 1 — 4e~" under Pr~ g+,

1V 1602 dER- o-[|| Y2
Gd\/ V1673 dE e o] Hﬂ/ﬁﬁx]’
n n n

and finally for all S > 0, there exists ¢ > 0 such that for all k € [1/2,1],n > 1 and 2 > 0, with probability

atleast 1 — 4e™7,
[Er- q- ||Y|| \[ \f ]

60 = @ loo s < C

sup [My(¢) — M (s Vest)| <
P€Y . s

which concludes the proof.

H Technical results

Lemma 26. Foralld > 0, x > 0 and k > 0, let 1, q be the function defined on R’ by vy q : u

udzu=r ", Let o = ((d + 4/3) /)", then for all z > 0,

Z Vea(m) < 6(xV xo) = exp(k(x V 20)Y/").

m>1

Proof. For all x > 0, there exists u,(x) such that ¢, 4 is nondecreasing on (0, u,(x)] and nonincreasing on
[ts(x), +00). This real number satisfies

Uy () =sup {u > 0:ulog(x) — kulogu — ku+d > 0} .
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Hence, for all # > 0, u, () > e~ '2'/* and for all x > (d/k)", u,(x) < x'/*, so that
.I‘I/K

uy(2)

Ky ()
) < z¥% exp(ra'/F) .

b alts(20)) = s (2)? (

Thus,

Lus(2)] -1
Z Yz a(m) < Z Va,a(m) + ¥z,a([ue()]) + Vaa([ue(z Z Y a(m

m>1 m=1 m> [us(x)]+1
L ()]

VYg.a(w)du + 29, q(u.(x)) + : iﬁﬁﬁd(u)du
1 Uy (T

so that for all x > (d/k)",

Z Va.a(m) < 229 exp (lml/“) + Y a(u)du

m>1 uzl
x u
< 244/ exp (mcl/“) +/ u (7) du
u>1 u
Let u = /%, then
€T \U d+1
/ ud (7) du<ax = vid— ra'! ”dv
>1 ur v/

<z </ exp(—rz'/*vlog v)var/ vd’”l/%dv) ,
0<v<1 v>1

1 "
<exp <HI1/H> +/ izt dv) ’
€ v>1

(et + )

<azr (exp(ﬂxl/”) + 3) )

da

+
-

? ‘

<z

da

N
8
f

P K
when r2'/% > d + 4/3, so that for all z > (L;l/‘*) ,
3 wea(m) < 3255 (1+ exp(rar'/*)) < 625 exp(na'/).
m21

The case © < ((d + 4/3)/k)" follows from the fact that x — 1), q(m) is nondecreasing for all positive
integer m and all d > 0. U

The results established in this section involve the following quantities.

CT(’@SJ/) = sup ||¢HOOV7 (54)
¢ K,S
foiu = > (mAd/r) U, (55)
m>1
g :(k,S) + sup {(max(S, 1)ed+22“)$x_m+1} , (56)
z>1
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where d = di + ds.
Lemma 27. Let k > 0 and ug = (4/(3k))", then for all u > 0,
fro(u) < 6(uV ug)Y* exp(k(u V ug)/"), (57)
where f,; is defined in (55). Let k,S > 0and xog = 1V ((d +4/3)/k)", then for all v > 0,
Cy(k,S,v) < 7(51/\/1'0)0%1 exp(k(Sv V 20)/"), (58)

where C is defined in (54). For all k,S > 0,
1< g(k,8) < 2e@D/5(§v 1)1/ exp (2/&6(‘”2)/”(5 \Y 1)1/”> , (59)

where g is defined in (56).

Proof. The inequality (57) follows from Lemma 26 and the fact that f(u) < >, 5, m™""u™ for all
u > 0. The inequality (58) follows exactly the same proof as the second implication of Lemma 5. To prove
(59), write, forall , .S > 0, B(k, S) = (SV1)edT22" and consider the function ¢ : z + B(k, )%z~ "¢+t =
V3(x,5),1(x) where 9, 4 is defined in Lemma 26. By definition, g(x, S) = sup,~; ¥(z). In the proof of
Lemma 26, it is shown that this function is upper bounded on R*. by 3(x, S)*/* exp(k3(k, S)*/*) as soon
as B(k,S) > (1/k)", which is always true since §(k, S)'/* > 2e?/% > 2 x 2/k > 1/k. O

Lemma 28. Forallk >0, S <oo,v>0,¢ €T, gandm > d/k,
H(b - Tm¢HOO,V < Qd(SV)mm_ﬁm—i_di(SV) )

where Y, s, fy, and Ty, ¢ are defined in (8), (55) and (10). In particular, for all S,v > 0, there exists ¢ > 0
such that forall k € [1/2,1], m > land ¢ € Yy, s,

||¢ - Tm¢||oo,l/ < C(SV)mm_ﬁmJ'_d .
Proof. Letk > 0,8 < ooand ¢ € T, 5. By definition of T, g, forall x € Bgl « Bgz’
o(x) = Z Ci H x, where |¢| < SHZH1||Z-H1—HHZH1 '
1€Nd a=1

Then, for all z € B% x BYz,

d
(@ =Twd)(@)= > ],

Z-€|;m+ a=1

where, for all m € N,

y:{ieNd;Z¢a:m}, I;"’+:{ieNd:Zia>m}. (60)
a a

This yields
16 = Tl < D [lilly I (Sl

. L+
IS
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and

16 = Tndlloow < D (m) =™ (SU)™ I < D (m)) ™™ (Sv)™ (L +m)?,

m’'>m m’>m

< od z (m/)fnm'(sy)m'(m/)d'

m’/>m
Therefore, for m > d/k, as for all m’ > m, (m') =" +d < (m 4 1)~#m+d,

6 = T lloo, < 29(Sv)™ (m + 1) = 3~ (/) =nlm'=m) (G lm'=m)

m’>m
< (Sy)mm—nm+d2d Z (m/ _i_d/ﬁ)—mn’(Sy)m’7
m’>0
which concludes the proof by definition of f, see (55). O
I Proof of Lemma 20
Letk,v>0,5 <oo,meN* ¢ge¥,gandh € G, s.
M™(Tph, Trndsv) = | |[(Twh)(t1,t2)(Tin) (81, 0) (T ) (0, 22)
B
— (To)(t1, t2)(Tinh) (t1, 0)(T3n9) (0, 22)
— (T 9) (1, t2)(Trn ) (t1, 0) (T 1) (0, t2) |2t it
= || A(¢,m)h]j3,, , (61)

where A(¢, m) is a linear operator onto L?(BZ). Write

P = (T7n¢)('7 O)(Tm¢) (07 ) , P= _(TTVL¢)('a 0)(Tm¢) , P3= _(Tm¢) (07 ')(TrrL¢) ’

so that
A(p, m)h = (T,,h) Py + (T),h)(0, ) P2 + (T),h) (-, 0)Ps .
Let H be the vector of coordinates of & in the canonical basis of C[ X1, ..., Xa4), for all (z,y) € BY,
d . .
h(z,y) = Z H j H Ty
i,jENd a,b=1

Then h = H "9 where 90 is the vector such that for all i € N2<,
2d
m; = [ Xie. (62)
a=1

Let A be the matrix such that the coordinates of .A(¢, m)h in the canonical basis are, for all i € N24,

Ai - Z Ai’jHj . (63)

jenzd
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Likewise, let .J,,, be the matrix of the operator T}, in the canonical basis: for all (7, j) € N2d x N24,
(Jm)ij = Lyjifj,<mLi=j - (64)

Let f, (P1i)ienza, (Po,i)ienza and (P ;);enza the vector of coordinates of ¢, Pr, P, and P in the canonical
basis. Then, for all (i, j) € N2¢ x N2¢,

Aij=(Pri—j+ Paij+ Paij)Ljji<m >

with the convention Py ; = P»; = P3; = 0 if there exists a € {1,...,2d} such that i, < 0. For all
(i,5) € (N%)?,

P1 i gy = fi,00 S0, il <mLjli<m

Poijy=— Y FuipfiuoLjul<mLliulh<mLiil<m
ueNe:u i

Ps iy =— E T Foj—o) L <m Lol <mLj—vl <m -
veNd: L5

Lemma 29. Forall (i,5) € N? x N9,

i) A;j = 0ifthere exists a € {1,...,2d} such that j, > iq (A is lower triangular) ;

ii) A;; =0if||jllx > m, sothat AJp, = A;
iii) A; ; =0if||i]lx > ||jlli +2m, so that AJy = T omAdyy forallm’ € N ;

iv) Ay = —6(0)2 = —1;

v) the coefficient A; j is upper bounded as follows:

sl < ST (i = /27 I {14 (1 iy = Gl (U i = gall) )
where i = (i1,i2) € NU x N and j = (j1,j2) € N& x Nz,
Proof. Ttems i) to iv) are direct consequences of the definitions. Let (i,5) € (N%)2, by definition of Y, s,
| fu] < SlIFl HI€||1_K”]€‘|1 for all k € N2, Then, by concavity of = — z log 2,
Pugesl € 14 oxp (2 Sl og i + g il og il )

< Sl exp (H(||Z||1 +1I5]11) log (”z”1+”3”1>) ,

2
. . —r(|Z|[1+]l7
< gllilli+ill (HZHI‘F|J||1) (il +11511)
~ 2 .
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Similarly, using definition (60),

1Py iy < glilli+lg1l Z (lully + I3]0~ ettt ) — UHI*”HZ'*“HI 7
ueNd:u i
ll4llx
< S+l Z 1R (e + ||jH1)_”(k+|‘j‘|1)(||i||1 — k)—ﬂ(\lilh—k) ,
k=0
llill1

. . . 1 . .
< SIS o, il b exp (= 2[5 (6 + 1) og(k + 117]1)
k=0

+ 5 (il = k) log(llilh — B)] )
< S i 4 1) exp (il + 1) g (L1 1))

2
: N =il 1)
< Slll+lall (|7, + 1)d+1 <|Z||1+||J||1> .

DN | =

2
and

)

: : —r(llill+171)
i ; , dot1 (il + 17l
|p37(1,7j)| < sl ||1+HJH1(HJ||1 +1) 2+ ( 5

which concludes the proof. O

For all ¢ > 0, let P; be the ¢-th Legendre polynomial and P/"°™ its normalized version defined as in (30).
Let B be the change-of-basis matrix from the canonical basis formed by the monomials (9;);cna, where
d = dy + do and N; is defined in (62), to the basis generated by the normalized Legendre polynomials: for
all i € N4,

d
PP™(Xy,. ., Xa) = > By [ Xie, (65)
JjEN a=1

where P7°™ is defined in (31). Then, B, ; = 0 if there exists 1 < a < d such that j, > i, or such that
iq — ja is an odd integer. Otherwise, for all k& € N? such that k, < i,/2, forall a € {1,....,d},

d i S i\ (200 — 2k
By on = v 2 (H(ia n 1/2)> Il ~lli=2bl ()l T (;a) ( la - a) 7
a=1 a—1 a la
d i S lia — ko (2iq — 2k
_ 2 (H(ia n 1/2)> Il ~lli=2bl ()l T (la h a) ( i~ ’ a) . (66)
a=1 a=1 @ ta @

Lemma 30. Let h € L2(B% x B%2) and X be the vector of coordinates of Ty, h in the Legendre polynomials
basis. Then,
ITwhll3,, = 11X

and
I A(¢,m)hl3, = IX T BATB]* = | X T 7B A J3m B~ |,

where A, J,, and B are defined in (63), (64) and (65).
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Proof. Let h € L?(B% x Bg2) and £ be the vector of Legendre polynomials. By definition of .J,,,, as
£ = BN, by (65),
Tpoh=X"¢=X"BM=(J,H) M.

Then, HTJm =XTB= XTBJ,,,L and
A(p,m)h = (AH)' M = (AJ,,H) " M=H"J,AT(B7'¢)=X"BA'B™'¢
=X"J,BJ,A" J3,B7 15, L
by Lemma 29 and the fact that J,,B~' = J,,B~1.J,,, since B! is lower triangular, so that X T = X T.J,,,.

The proof is concluded by noting that Legendre plolynomials form an orthonormal basis of L?(Bd: x B?2),
the operator £ : L2(Bdt x B42) — L2(B& x B%) is then norm preserving. O

A lower bound for ||.A(¢, m)h||2,, may then be obtained by lower bounding the smallest singular values
of JuBJo, Jn AT Jam and Js,, B~ 1 J5,, as
[l A(¢, m)hl|2,. > inf 1 X T JnBJm AT J3 B sl
heGus || Tmhll2, =~ Xem(Jm) 1XT ’
> (o) (T BIn)ouk(1) (T3m AT ) Ok 1) (J3mB ™ Tz
=01(JuB™ ) o, (Adm) o1 (J3mB) L (67)

The following lemmas allow to control the three terms of equation (67).

Lemma 31. Let d = di + do. Forallm € N* and all v > 0,
o1(JmB) < v 2mdqmp=tv )™,
where J,, and B are defined in (64) and (65).

Proof. For all k,i € N such that k < 7,

()< (1)~ s (7)< (2) 00

7

Thus, by (66), for all v > 0,

d
|Bz i72k‘ < V_d/2 H(4/V)iay2ka < I/_d/24Hi”1 (V_l V 1)Hi\|1—2“k”1 )

a=1

Then,
01 (JnBJm) < [{(6,5) € NT < N (JnBum )i j # O}2 [T B oo
< k(T[T B T [l < M| BT oo
which yields o1 (J,,BJ,,) < v~ 2md4m(v=1 v 1)™, O
Lemma 32. Letd = dy + do. Forallm € N* and all v > 0,
01(JB™) < V220 dFD/2 42y 1y

where J,, and B are defined in (64) and (65).
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Proof. Write £ the vector of Legendre polynomials. By definition of 9T and B, see (62) and (65), £ = B

and for all € N¢,
2

2 - -

1905, = || > B =Y (B,
JjEN 9, JENT

as Legendre polynomials form an orthonormal basis of L?(B% x B%). Then, using that

d

9y 2ia+1
M3, = -,
g =TT 5
yields
2d 1)dpd if v <1
B < Q2P ifrs
24(m 4 1)94Hiy2mtd fy > 1.
The proof is concluded by writing o1 (J,, B™%) = 01(J,, B~ 1J,,) < |/ B~ || . O

Lemma 33. Let d = dy + do. Then,
Oy (Adm) = 471 (2v2) "I m ™4 (de) * ™ g(k, S, d1, d2) 3™,
where g is defined in (56).

Proof. By Lemma 29, A = —J,,, + N where N is a (3m + 1)-nilpotent strict lower triangular matrix. Let
D=— 2:0 NP with the convention N° = J,,,, then DA = J,,, and

Ok (A) = o (D) 7.
Therefore,
3m—1 3m—1 3m
(s (A) 7! <o (— > N’“) <o (Jsm > N’“Jm> < (ck (T )k (Jsm)) 2D INFloo
k=0 k=0

and

3m k
Ouk(a) (A) T < (Bm+ 1) (m + N2 1+ Z sup Z H Nyw-1) g
k=1 BIENT | (0) (1) a() eNd distinets u=1
i=a(0<aW ... <aF) =5
Letk € Nand i = a(® < a® < ... < a® = J distinct in N4, By Lemma 29, writing for all v > 0,
al®) = (agu),aéu)) € N9 x Né2,

[Ny gt | < S19 =7V (g — gD f2) =l =a® 2

{14 1+l = ol V) + (14 g - ol VB
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so that

k
HNa(u—n,a(u)
u=1

k
u u— 1
< §4 e =y (—mk > ~lla™ — o=V log([lat™ — a“‘”lh/?))
u=1 k

k
< [Tal = af* Vs + D&+i(fas — ad Pl + )%+t
u=1

< 81 o (dr )1 = -+ (a+ D)l = il (i = 1o L )

s —k|l7 =il
ot (=il
< §lli=ill (g +1) =il o212zl (Qk ,

using that z — xlog x is convex, log(1 + =) < « for z > 0 and using

k

k
Dl —a D= (la™ )y = la“ k) = (17 = ill -
u=1

u=1

It remains to count

ko _
Sij = Z 1.
a0 ,a(1) ... a(k) €N24 distincts
i—a(0 <aM<...<a®=j

This sum counts the number of paths connecting 7 and j, going away from 0 in N¢ and made of k steps with
non-zero length. Thus, it is upper bounded by the number of paths of length || — i||; going away from zero
in N and made of k steps with nonzero length. Such a path is entirely described by the direction of each
step (d possibilities each) and the length of each step (or equivalently the distance travelled after each of the
first k — 1 steps, which is equivalent to choosing k — 1 distinct integers in {1, ..., ||j — || — 1}). Therefore

J—illi—1 _ o
st < d’“(' S ) <t — s/ < dH G = il /B

and

3m —kl+k
¢
Tae(any (Adm)™E < ((B3m + 1) (m + 1)) /2 (1 +) (de)t it;}}:(SedlﬂedQHQ“)é (k> ) ,
k=1 z

3m k
<(Bm+1)(m+ 1))d/2 (1 + Z (de sup(Sedl+1ed2+12“)xa¢_m+l> > ,

k=1 z>1

3m
< (Bm+1)(m+1)¥2(3m + 1) max (1, de Sup(Sedl+1ed2+12“)”$_””+1) ,

r>1

3m
< 4(2v2)¥m* ! max (1, de sup(Sed1+1ed2+12“)”m_"”+1) )

x>1

which concludes the proof by (56). 0
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The proof of Lemma 20 may then be completed. By equations (61) and (67) and the three above lemmas,
there exists a numerical constant ¢ > 0 such that

M™(T,,h, T ;)
> 01 (JmB ™) 20w, (Adm) 01 (J3mB) 2| T3,
> c(4™Im™ v D) T2 X ((2v2) 72 m 242 (de) g (k, S, dy, do) TO™)
X (1(3m) 22470 (=1 v 1) | Tl
> c(4v2) "2 (4e) O P (v v ) T2 (s, S, dy, do) O™ ATk 13, -

J Proofs of Section B

J.1 Proof of Lemma 21

Let S,v >0,k €[1/2,1],m>1,¢ € Y,sand h € G, sand write V = h — T ,,hand U = ¢ — T, ¢.
Using the inequality |a + b|? > |a|?/2 — |b|? for all (a,b) € C2,

. 1 .
M"™(h, ¢;v) > §Mh"(Tmh,¢; v) =92v) | VIZ L l8ll% . -

Vs < c(Sv)™m =5+ for some ¢ > 0 that only depends on S and v, so that

By Lemma 28,

A 1 .
M'"’(h7 o;v) = EM]'“(Tmh7 o;v) — 9(2u)d22d(SV)2mm_2“m+2df,€(SV)2Ci4r(f$, S,v).

. 1 .
Mlm(h, d); I/) > §Mlln(Tmh, ¢; V) . C/(SV)Qmm72nm+2d

for some ¢’ > 0 which only depends on S and v. Similarly,

M™ (h, ¢yv) = S M™ (h, T v) = 20) U130 11130 1 (61| Tl oo, + 311U ls0,0)?

> ]\4lin(h7 Tm(by ]/) _ (2y)d22d(SV)2mm—2ﬁm+2de(SV)Q(QCT (Ii, S, V))2

x (6Cy(k, S,v) + 3 x 2Cy(k, S,v))?,

DN = N =

1 .
> iMlm(h’ Tm¢; I/) . C//<SV)2mmf2mm+2d ,

for some ¢” > 0 which only depends on S, v and d. Then, by Lemma 20, there exists ¢,¢’ > 0 and C' > 1
depending only on S and v such that

Mhn(h, ¢; l/) > Cm75d7307m||Tth%7V . C/(Sy)2mm72nm+2d.
Finally, we conclude with the inequalities
I Twhll3, = 1IR3, /2 = |7 = Twhll3,

and ||h — T,,h[|3,, < c(Sv)?™m~2+m+24 by Lemma 28 for some constant ¢ which only depends on S and
V.
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J.2  Proof of Proposition 22

Let S,v > 0. Letc,c¢’ > 0and C' > 1 be as in Lemma 21, so that forall xk € [1/2,1],m > 1,¢ € T 5 and
he gK,S7

M““(h, ¢; l/) > Cmff)df?)cvfm”hHgyy 7 C/(SV)Qmm72nm+2d.
The proposition will follow from a careful choice of m depending on ||A||2,,. Assume that
%m—sd—So—m”hHg,y > C/(SV)Qmm—2nm+2d , (68)

then ' c
M (h, ¢;v) = om =207 b3, - (69)
Note that (68) is equivalent to
1
nm—abm > 1 70
" Tz 7o

where a = (7d + 3)/2,b = C/(Sv) and ¢”” = 2¢’ /c. Thus, (70) hold when

wmlog(km) — (kmlog k + log(b~')m + alogm + logc”) > log(1/||hl|2,.) - (71)
Equation (71) is satisfied when
km [log(rm) — (log(b™")/k + a/k + log(c") /k)| = log(1/|hll2,)
which can be written
b 1/k
kmlog <c”e“> km | > log(1/||hll2,.) - (72)
Note that for all A > 1, the solution z of the equation zlogz = A satisfies + < 34/(2log A), so that

choosing
.3 log(1/[[h]2.)
26 tog { (11 ge) " 1081/ ]2.,) }

ensures that (72) holds as soon as

b\ V"
(1 " c”ea> log(1/||h|2,,) > 1.

Assume that ||h|2,,, is small enough that (1 A b/(cst”e®))*/* log(1/||h||2,.,) = e. Then, a valid choice of m
is

2 log(1/[12]2.0)
1/k
“1og { (1 hz) " Log(1/1hl]2.) }

provided (2x) ' log(1/||h|l2.,) = 1. Assume in addition that (1 A b/(c”e®))?/*1log(1/||hl|2,,) = 1, then
this choice of m implies

m =

4 os(U/[hl)
k loglog(1/||hl2,.)
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Together with (69), this yields
4logC

: log log(1/[[hll2,) \ ™™ #loglog(1/[[h][2,,)
Mlln . 2 S 4 5d+3 5 2
(ha¢a V) 2(’%/ ) IOg(l/Hth,y) ||h|| ||h’||2,1/7

which concludes the proof.

J.3  Proof of Lemma 23

Let S,v > 0. Forallm € N*and h € C,,[ X1, ..., Xg], there exists a unique matrix H = (H; j);ena1 jend:
such that for all (z,y) € B& x B%2, h(z,y) = 3, cya jends Hi jPP™ (2)PI™ (y), with Pi°™ defined in
equation (31). Write in the following sentence 0, for the zero of R42. Note that Pg‘;;m(x) = (2v)~%/2 for
all x € R%, so that for all (x,y) € B& x Béz,

WD (@)= Y | @)% Y Hiy PP™0) | Pr™(@)PR(y).-

ieN1 jENI2
Since H; j = 0if ||é|1 + ||j]l1 > m (as deg(h) < m), by Cauchy-Schwarz inequality,

2

1ROE,, = (2v)%= ) > HiPP™(0)

i€N |jEN2: | j]l1<m

<@ > > |HP > P™(0)?,

i€N9 jeN2 J'EN2:||j7 || <m
da ” a8\ 2
@)= S ST EGE Y I <4j;,/m1/2(21a>
2,7 v
14
i€N1 jeNd2 jleNdz: ||/ ||, <m a=1 Ja

By Stirling’s formula, for all j, € N,

2
4de /G0 +1/2( ja) <\/2/7.
j

a

Then, there exists a numerical constant ¢ > 0 such that
IBONE, < >0 Y 1HP Y. (/)™ < c®H|EHO,. .. ,m}®] < (2em)®||h]f3, .
ieN9 jeN2 J eNz:]|j |1 <m

Let cp > 0 be the constant from Lemma 28. Let x € [1/2, 1], m € N*. Assume now that h € G,, 5. We no

longer assume that A is a polynomial. Then,
[BD3, = (ITmh™ + (h = Truh) V3, < 2|Tmh M3, + 2e7(Sv)?mm=2rm+2d

< 2(2em)®| Thl3, + 207 (Sv)*™m~2rmt2d,

< 2(2em)®(|h — (h = Touh) |3, + 207 (Sw)> " m=2rm+24

< A(2em)= h13, + (42em)® + e (S5

< cm® (|[ll3, + (Sp)?"m72m )
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for some ¢’ > 0 which only depends on S and v. Following the same steps for ||(?) 3., yields

IBORDIB, = 20) 4R3I,
(20) ) 2m (A3, + (Sv)2m 2424,

2(20)7(c)*m? (|l + (Sv)*mm i)

<
<
which concludes the proof.

J.4 Proof of Proposition 24

Let S,v > 0. By Lemma 23, there exists ¢ > 0 such that forall x € [1/2,1], m € N*and h € G g,
1RO RENE, < em? (|Ihllz,, + (Sv) " mtemad)

Assume that
hllo. > (Sw)™m=rmsd,
then,
IBOR® 3, < 2em(A]3,, -

Assumption (73) can be written

1
mlim*a m
“ a2y

where a = (Sv)~!. Following the same steps as for equation (70) yields that choosing

2 log(1/ /1.,
“log { (1A a/et) " log(1/|[h]l2.) }

m =

ensures that (75) holds as soon as

1/k _
(1 Aa/e) " log(1/|hll2,) > e and (2)~log(1/[[hll2.) > 1.

If moreover (1 A a/e?)?/*log(1/||h||2..,) = 1, then the choice (76) implies

4 log(1/[[l2..)
r loglog(1/[[hl|2,.)

Together with (74), this implies that

4 log(1/[[All2n) \*
RO 2 < 2c ( : AE
H ||27 HlOglOg(l/”h‘ 2,1/) || ||2,1/
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K Proofs of Section 4

K.1 Proof of Lemma 11

Let H be defined by h,(z) = H(x/xq)/xo. Then, ¢ < c([z +— hy(2)(1+ (x/20)?)7] * up) is equivalent to
2ol (woz) < o[z — H(2)(1 + 22)7] * Upy, ) (). In this proof, we show that there exists A and B such that
forall A€ Rand b > 1,

/eM([z > H(2)(1 + 22)7] % w)(2)dz < AeBP"

in other words [z — H(2)(1 + 2%)7] * up € My, which entails (z — wo((zoz)) € M, and thus
Flz — zo(zox)] = FIC](-/x0) € Yy g for some T by Lemma 5. This ensures F[(] € Yy 174, for
all b > 1/x¢, which yields the result by choosing x small enough. Let cy = ¢ /xo be the normalizing
constant of H, then forall b > 1and A € R,

/e”([z — H(z)(1+ 22)7] * up ) (x)da

< /e)‘:” sup H(y)(1+y?*)"dz
yElz—1/b,z+1/b]

x>0

<2 ey 4+ cheW/b/ (14 a2)7 e le—@/VD 00 g,
x>0
< 21+TCH + QCHG‘MXA(l + Xi)Te‘MX)‘

+20Hew/ ol Ale T log(14a%)—(a/vVE)/ 1= g
z>X )\

for all X, > 0. Let X be such that |\|z + 7log(1 + z2) — (x/v/2)"/0=%) < —(1/2)(z/v/2)"/ =% for
all x > X,. Taking X = cx |/\|*1+1/ * works for A large enough for an appropriate constant cx . Then for
A large enough,

1/k

/6)\1([2 — H(Z)(l + 22)7'] * Ub)(x)dl’ < 21+TCH —+ QCHel)“cX|)\|*1+1/’i(1 + Cg{‘)\|*2+2//€)recx‘,\|
—|—20He|)\| / e—271(%)1/<17ﬁ)dx7
x>0

<Y o0 6N exp(_z—l—l/(Z(l—n))‘)\|1/fc)/ e—rl(m/\/i)l/(l*“)dx,
z>0
1/k

< A eBI

by convexity of z — 2'/(1=%) for some constants A and B depending only on . Small values of ) are dealt
with by changing A if necessary.
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K.2 Proof of Corollary 13
The first inequality follows from the bound on || P h,; / Feny||oo: there exists a constant ¢ such that
[Prh |2y < K™ Fanhillfz gy

and the polynomial growth assumption on Fy, ensures that || Fenyhk ||i2(R) < 00.

The second inequality is a consequence of Cauchy-Schwarz’ inequality: for any function ¢ (here Px-h?),

|W*um&m)/(/¢@muxwmoam
< [ ([ etwrute =) ( [unte - nay) as

= ||‘P||i2(]R)-

For the third inequality, let cg, ¢1, c2 be the constants of Conjecture 12. Write (I;); = ([s;, t;]); the intervals
of Conjecture 12. Assume b > 2K" /¢y, so that the support of u; has length smaller than ¢y K —*. Then for
all 4 and for all x € [s; + b~!,¢; — b~1] (which are non-empty intervals by the assumption on b),

(Pl < un)(o) = | (Pich2)( — y)up(y)dy
yel—b-1 1]
> KD/ ({igfl] h) / up(y)dy
= e K(F1)/2 ( inf h,{>
[_171]
so that
(Pich2) % w2 > Z/ (Ph2) + w,)2(x)dz
+bo=1,t;—b"1]

2
> (ti—si— 207K ( inf hﬁ>

3 [71’1]

2
> oK (et K™% — 20712 K1 ({ irllfl] h,{> .

Taking b > 4K " /¢y gives the desired inequality.
K.3 Proof of Lemma 14

By definition, fj is the density of X when forall 1 < j < d, s; = (o = hs * us, and f,, is the density of X
when S has density s; = ¢, and Ss, ..., Sy have densny sj = Co. The derivative of F|fo] is

Flfo] = Z aid1+17jd1+lai1*klf[sl}(k1+j1)f[8d1+1](jd1+1+kd1+1)

(J15e-day +1)END L G|l =ig, 41
(k1,kdy+15eka) ENG2H LK [l =iy

dy
x [ [ Flsul et H Flsy] otk

u=2 u=d,+2
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where the vector j corresponds to how addff is split among the F[s,], 1 < u < dy + 1, and k corresponds
to how %" is split among the F[s,], u € {1,d; +1,...,d}, so that

O Flfoll < Tl S gis +1—dar+1 gin—n (Rt 1)t (Jay+1 + Ka, 1)
= k k14711 Kllday +1+kay+1ll
(G15sdaq +1) ENTIH [l =ty 41 ey + g1l a1+ Fay+1lly
(k1,kdy +150--ska) EN2 L[kl  =iq
d . . d .
% 1_1[ (T + Ju)! H (i + Ku)!
Elliutkalls ©

wtJu
s i A g5l ot N+ Rl

Using (k/e)* < k! < c(k/e)*Vk for some numerical constant ¢ (for instance 5) and (HZ:1 ite)~1 <
(|li]l1/d) = by convexity of z + xlog z,
i ll#llx .
?[df[ ” < (Teld) Cdei”Z‘”lHiH{f/Q Z aid1+1*jd1+1ai17k1”k1 +j1”gl—n)\|k1+31”1
a 1211

(J1ysddy +1)ENTH L G|l =ig, 41
(k‘l kd1+1 ,,,,, kd) Nd2+1:”kH1:i1

k
X ||Ja, 11 + kd1+1||(1 K)l|ay+1+kay+1ll

dy d
o T i gull @139 T i o (e
u=2 u=d;+2

lléllx 1l
o (Td o4]|2 iy —dayar ik il
S\ “ “ iy /d)=lills
il (lallx /)=l

(J15e+rddg +1) ENU L ][1=5g, 11
(k1,kday 150 ka)ENT2 L[kl =iy

(Td1+n)\|i|\1 Cd ” ||d/2
”Z'”'fl\ilh (1—a)? ’

< (C/T)”'i‘ll
||iHlfHZH1

for some ¢’ for all 7 # 0, which concludes the proof.

K.4 Proof of Lemma 15

Following [Meister, 2007], since without loss of generality b,, > 1 and by integration by part the quantity
Cup = supyeg | Ful ()2 (1 + ) is finite,

/ | Flan(Prc, h2) # up, J(6)P (L + £2)Pdt = 2 / F P, k)0 | Flun, ) (021 + )t

—a? /|]—" Pre, h2](0)? | Flug (btn) 2

(1+t%)Pdt,
< cupal b2ﬂ/|]-'[PKnhi](t)\2dt,

< Cu, B0y, b%HPKn n”L?(R
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by Cauchy-Schwarz’s inequality and using Fup](t) = F[u](¢/b). Thus, H3 holds for FI[(,] if

a3 || P, [T gy = O(b,%7) .

K.5 Proof of Lemma 16

For any probability density mg on R, by the Cauchy-Schwarz inequality,

1/2
/ ‘ O*Q fn*Q)( |dx<</ | fO_fn |2Hm0 xl l') .

Choosing mg : z +— (m(1 + 22)) ™1, yields

d 1/2
/ |(fo * Q)(@) = (fu * Q)(x)| da < 7/ (/ ((fo— fn) * Q) () H(1+$?)dw> :

i=1

Note that for all 2 € R¢,

d
Flfol(= Det / Hco AT);) et v at = / Hco et AT”dt:jl:[lF[Co]((ATx)j),
d
Flfal(x) = FlCal(AT2)1) H FlGol((ATz);)

By Parseval’s identity, for all n € N¢,

d 2
[ o= £+ Q@ T[ 7z - (H a’”) FirDFQ)®)| at.
, 1

Let A. = {ATz:x € [—¢,d?} C [~ (1 + a)c, (1 + a)c]?. Since F[g] and Flg]’ are supported on [—c, c],
using the change of variables v = A "¢, for all € {0, 1}¢,

led | ,

<a s [ TTo% | (Flfol - FirD®)| dt,

o<’ <n e | \j=1

2
d d

<er ) / (Hafj) (tH(f[Co}— )0 [T Flcol((AT0),) )(t) dt,

o<y'<n Y [med |\ j=1 j=2

d

0<n' <y’ Ae =2
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for some constants ¢, and 0:1’ so that for some constant cg R

[[(fo* Q) — (fu* Q)llL1(®e)
(14a)c (1+a)c 1/2
< g (/ | FlCo] = FICaJI(1)%dt + / |(F[¢o] = f[én})'l(t)zdt> :

—(14a)c —(14a)c

Using that for all t € R, F[Co](t) — F[Cn](t) = anF[ Pk, h2](t)Flus, (1),

71 (5
7 (5
(1))

c c 1/2
< ay, ( / | F[Px, h2)(t)|?dt + / |f[PKnhi]’(t)|2dt>

—C —C

2
dt

c

/ (o * Q@) — (fu * Q)(@)|dz < o, ( / FLPr, B2)(0)?
Rd

—cC

c 2
6,2 [ 7P RO at

—C

+ [ 1FP a2 0

—C

for some constant ¢;’. Then,

Fpe, 120 = [ P @i Y e = 5 B [ e @ wiela,

! !
Jj=0 J: i>Kn, J:

since by definition Px_h?2 is orthogonal to x + x7 in L2(R¢) when j € Nand j < K,,. By Conjecture 12,

n K

there exists a nonnegative envelope function Fyy, a constant ¢ and a parameter «,; > 0 such that | Fi (2)] <
¢(1 + |#|**) and such that the family (Pk)x>1 satisfies supgs; K ~%/2||Pichy. [ Feny|loo < 00. Then,
there exists a constant ¢ which depends on &,

tJ _
|‘F|:PKn,hi](t)| < sup || Prchue / Feny || oo Z 7/hn(x)|FeHV($)||x‘]dx
K Sk J'JR
j/ n
t . —x
<CSUPHPKhn/FenVHOO Z *,/ (xj+x]+am)€_wl/(l )dx
K J: IR,

i>Kn,
and
t ; ; /(=R
\F [P, b2 (D) < csup [|Pichu/ Fenlloo Y 7/ (@IH! 4 gdtentlyema T gy,
K jRn—17" IRy
1

1-k

andv'(z) = (1—kr)(j+1—1/(1—k))a/ " T%,

. ; —K . . . 1 _ —K

Forall j € Ry, write M; = fR+ zie==""""" dz. By integration by part with v/ (z) = pToR et/
. 1 —k

and v(z) = (1— k)27 "'~ 7% and thus u(z) = —e*/" ™"

forall j > - — 1,

1—-r

i 1
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In particular, for all j > 1,

Mj < (1 —g)d=0i=1;0-r) sup M.
3'€[0,1/(1=K))

Note that
(J +ax) o (+an) el i+ ap
T v
= O((] + aﬁ)anean vV1+ O%/j)

= O((j + ax)™).

Therefore, there exists a constant ¢ such that for all ¢ € R,

I
\FPre, 2] < e > = (M; + Mjpa,),

iZKn

and a similar upper bound for | F[Px, h2]'(t)|. Note that for all o > 0, there exists a constant ¢ such that for
allt € R, when K, > «,

t te(1 — ,
EMjpa<e Y (te( ’Z) JTV2(j 4 a)aRa0-Ri < ¢ 3
I i2Kn J =Ky

(1=r))J (te(1 — k)(1=R))

jmj—(l—ﬁ)a

JZ2Kn

Therefore, there exists constants ¢ and C' such that

[ 10+ @)6) ~ @)t <o ()™

Thus, equation (21) holds if K, is chosen, for some large enough constant C’, as
K, — C' [ logn .
k \loglogn
L. Numerical illustration of Conjecture 12

In this section, we propose some numerical illustrations to support Conjecture 12. First note that the case
k = 1 is true as it boils down to the results established in [Meister, 2007] on Legendre Polynomials. The
case k = 1/2 is also strongly supported by properties of Hermite functions, see [Boyd, 2018, Section A.11].
The orthonormal polynomials used in Conjecture 12 were approximately computed using the Python
package OrthoPoly! which allows to generate orthogonal polynomials with respect to any probability density
functions. The Python code used in this numerical section is available online”. Figure L.1 displays the func-
tions = — K1 =%)/2(Pgh,)(K'"z) for degrees 1 < K < 16 and for x € {0.55,0.6,0.7,0.8,0.9,0.95}.
We chose to limit our simulations to K < 16 as for degrees larger than 18 the simulations faced some
numerical instability to compute Px h,. This figure illustrates Equation (17), i.e. the fact that there exists a
function Fypape such that
. (Prchie) ()
K(n—l)/QFShape(Kn—lx)

< 0.

sup

K>1 L

Uhttps://github.com/j-jith/orthopoly
Zhttps://sylvainlc.github.io/project/algorithms/
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Then, Figure L.2 illustrates the second part of the conjecture by displaying 2 — K(=%)/2Pph, (K~ "z)
for the same values of x and K as in Figure L.1.
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Figure L.1: Graphical representation of z — KU=®/2Pph, (K 1_”95) for several values of x and K.
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Figure L.2: Graphical representation of x +— K (1=%)/2Pyh, (K ~*z) for several values of x and K.
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