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Convention used for notation of importance of results (margin stars).

A triple margin star *** indicates a fundamental result, whose proof has to be known.
It can be asked to give a proof in the exam, without additional hints or reminders. The
proof itself is generally important, and it can also be expected that solutions of some
exercises involve variants of the ideas of the proof, so these have to be understood at a
deep level.

A double margin star ** indicates a fundamental definition or an important result that
has to be known and can be asked to be restated at the exam. If it is a result with a proof,
it is recommended to have an idea of how the proof works, but it won’t be asked to redo
the proof (at least not without reminders or other form of help.)

A single margin star * indicates an important result. Solutions of some exercises can
rely on using this result. The proof does not have to be known inside out.

A diamond ¢ indicates a result that is given for illustration; it can be seen as an exercise
putting into light some interesting applications, argument techniques or results. It won’t
be required to state nor prove the result in the exam, but it is of interest to know how the
result works for training.
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0 Some reminders on probability theory

0.1 Elements of probability

The theoretical approaches to artificial intelligence involve many different fields of mathe-
matics. A central tenet of most approaches to modern mathematical modeling of artificial
intelligence methods, which in one form or other receive data and “learn” from it, is that
said data should be modeled as random. Thus, while other distinct areas of mathematics
play an important role, that of probability theory should be considered central. In these
notes, we will chiefly concentrate on probabilistic and statistical aspects — what is usually
called “statistical learning theory”.

While we assume the reader to be familiar with mathematical elements of probability
theory, we start with recalling a few fundamentals.

Probability spaces. A probability space (€2, A, P) consists of a base space (2, a o-algebra
of subsets of ) (called measurable subsets, or events), and a probability distribution P,
that is, a mapping A — [0, 1] satisfying the fundamental axioms of probability (P(Q2) = 1,
and o-additivity over disjoint countable unions).

If Ay, Ag, ... are events, not necessarily disjoint, then we always have as a consequence
of the fundamental axioms:

P

U4

i>1

<> A, (0.1)

i>1

which we will call the union bound (also known as Boole’s inequality).
A probability distribution is a measure, and as such we can integrate real-valued mea-
surable functions f : 2 — R with respect to P.

Random variables. A random variable (r.v.) over (2, A, P) with values in a measured
space (X, F) is a measurable map from the former to the latter space. It induces an
image (“push-forward”) probability measure Py on the image space (also sometimes noted
X#P), defined via

VE € F: Px(F)=P(X'(F))=P(X € F),

called the distribution of X. It will be assumed that all considered random variables in
a given context are defined on the same underlying probability space (£2,.4, P); the latter
is generally left unspecified, since we will generally only be interested in studying some
specific random variables.
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If X is a random variable over (2,4, P) and G is a further measurable map
(X,F) = (Z,G), then Z = G(X) is obviously also a random variable over (£, A, P)
(with values in Z). If Z =R and Z is integrable, we have the formula

/RZPZ(dZ) = /XG(x)PX(dx) =: E[Z], (0.2)

called expectation of Z.

The first equality (“change of variable formula”) can be useful since it can possibly
avoid to compute explicitly the distribution of Z to perform the integral. Expectation can
be defined for a vector-valued variable (Z = R?) in the obvious way (i.e. coordinate-wise).

Densities. If X is a r.v. taking values in X', p is some reference measure on (X, F) and
it holds

VF e F: PX(F):/Ff(:r;)u(da;):/Xl{xeF}f(x)u(dx)

for some measurable function f : X — R, , then we say that Px has density f with respect
to p. It is sufficient to check the above equality for events F' in a family of sets generating
F and stable by finite intersection (m-system), for it to hold for all F' € F.

For instance, on R with the standard Borel o-algebra it is sufficient to check it on (open
or closed) intervals; on R?, it suffices to consider parallelepipeds.

Marginals. Let (X, F) and (X', ') denote two measurable spaces. The product X' x X’
can be endowed by the product o-algebra F @ F' (generated by products of events in F
and F').

If P is a probability distribution on a product space (X x X', F ® F'), the first (or
X —)marginal of P is the probability distribution of the random variable given by the
projection (z, ') — x, and simililarly for the second (or X’-)marginal.

If Z is a random variable over (€2, .4) with values in the product space (X x X', F @ F'),
then Z(w) = (X(w), X'(w)), with X random variable, and Px is called (first) marginal
distribution of Z (it is also the first marginal distribution of Pz in the above sense).

Independence. The random variables (X, X’) on (X x &', F ® F') are independent
(also denoted X 1L X') iff their joint distribution (as a couple) is the product distribution
their marginals, or equivalently, if

VF e F,F'eF Pixx)(F x F') = Px(F)Px:/(F"),
or equivalently

VFE e F,Fl e F P(XeFX'eF')=P(X e F)P(X'eF').



Yet equivalently, independence holds when the joint distribution is the product measure
of the marginals:
P(X,X’) = PX ®PX’

As previously, it is sufficient to check the above equalities on a generating m-system to
establish independence.

By Fubini’s theorem, if X, X’ are real-valued independent and integrable, then their
product X X' is integrable and E[X X'] = E[X|E[X].

If X, X' are independent variables and F,G are measurable mappings into further
measured spaces, then F(X) and G(X’) are independent.

This generalizes to finite families of r.v.’s and even to countable families, though we
won’t really need it, since we will not be interested in a.s. convergence most of the time in
the present notes. When Xy, X, ..., X,, are independent and have the same marginal Py,
we say they form an independent identically distributed (i.i.d.) family and denote their
joint distribution Pg".

Exercises

Ezercise 0.1. Justify the first equality in (0.2)) if the space X" is countable (using formulas
of discrete probability, i.e. integrals become sums).

Ezercise 0.2. If f is a nonnegative, real-valued function on a measured space (X', F, u) such
that [ fdu =1, then P(F) := [, fdu is a probability distribution on X' (with density f):
justify.

FEzercise 0.3. If r.v. Z has density f(z,2’) with respect to a product measure p ® u' on
X x X', then the first marginal distribution Px of Z has a density with respect to u: justify
why and specify it explicitly.

Exercise 0.4. If Py has density f wrt. p and Py: has density f’ wrt. p/, and X, X’ are
independent, then Py ys has density (x,2') — f(z)f'(2’) wrt. p® p’. Conversely: if Py x
has density f(z,2') wrt. p® p’ and it holds that f(x,z’) = g(x)h(z’) for some functions
g, h (not necessarily densities), then X, X’ are independent.

0.2 A few important properties

Support. Let (X, F) be a Borel space, which we recall is a topological space endowed by
the o-algebra generated by its open sets (also called the Borel o-algebra). If i is a measure
on X, its support is defined as

Supp(p) := {z € X : for any open set N, N >z = u(N) > 0}.

The support of a measure is a closed set (exercise). Furthermore,

bt
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if X' is a polish space (metrizable, complete, separable) then

p(Supp(p)®) = 0.

As a consequence, if we establish a certain property holds for all x € Supp(u), then it
holds for p-almost all x € X.

Positivity of expectation. If X is a nonnegative real random variable, then
E[X] = 0 implies X =0 a.s.

Markov’s inequality. If X is a nonnegative real random variable, then for any
t>0:

P[X >t] < @.

Jensen’s inequality. If X is an integrable real random variable and ¢ is a convex
function R — R such that ¢(X) is integrable, then

P(E[X]) < E[op(X)].

As a consequence, we have in particular (for ¢(z) = x?) that for a squared integrable
random variable:

Var[X] := E[X?] - E[X]* > 0.
However, the latter fact can be also established directly by the variance formula
Var[X] := E[X?] - E[X]? = E[(X — E[X])?].

Bias-Variance formula. If X is a real-valued squared integrable random variable,
then for any ¢ € R, the random variable (X — ¢) is integrable and

E[(X —0)*] = (E[X] — ) + E[(X — E[X])*] = (E[X] — ¢)* + Var[X].

FExercise 0.5. Assume probability P on a Borel space X has a continuous density f with
respect to a reference measure v. Prove Supp(P) = {z : f(z) > 0}. Is this true if f is not
continuous?

Ezercise 0.6. Prove the formula: Var[X] = LE[(X — X’)?], where X, X’ are two indepen-

-2
dent square integrable real variables having the same marginal distribution.



%k

0.3 Conditioning

If Ais an event with P(A) > 0, the standard definition for the conditional probability of
an event B conditioned to A is P(B|A) := sz%g). An important property is then that
P(e]|A) := (B +— P(B|A)) is itself a probability distribution (it satisfies the axioms) called
conditional probability distribution P conditional to A. If X is a random variable, we can
for instance take A = {X € F'} provided P(X € F) > 0.

In what follows, we’ll very often consider random variables (X, Y') with a joint distribu-
tion Pxy and would like to consider the conditional distributions conditional to X = x or
Y =y, but these events unfortunately have null probability in general, so that the above

definition does not apply. We need something more general.

Definition 0.1. Let (X, F) and (), G) be two measurable spaces. We call regular transi-
tion probability or Markov kernel from X to ) a mapping k : G x X — [0, 1] such that:

(i) For all x € X, the mapping k(e,z) : G — k(G,x) is a probability distribution on
(V. 9);

(ii) For all G € G, the mapping (G, e) : x — k(G, x) is measurable.

Given a probability distribution P on & and a regular transition probability « from X
to )V, we can define a joint probability on X' x ), as

ko P(F x G):= /F/Gﬁ(dy,x)P(da:),

and more generally for an integrable real-valued function f on X x Y:

XXY

£, 9) (5 0 P)(dz, dy) = /X /y £, y)(dy, ) P(dz). (0.3)

A fundamental question is the converse, that is, given a joint probability Pxy on X ® ),
and Py the first marginal distribution, does it exist a transition probability x from X to
Y such that Pxy = ko P? The following theorem is fundamental and guarantees the
existence of such an object in a sufficiently broad situation.

Theorem 0.2 (Disintegration theorem). Assume (Y,G) is a “nice probability space”
(see below). Let P be a probability distribution on (X x Y, F & G), and Py its first
marginal distribution. Then there exists a transition kernel Pyx from X to Y, called
a regular conditional probability distribution (rcpd) of P such that P = Pyjx o Px.
Furthermore, this transition kernel is Py-a.s. unique, in the sense that if two transition
kernels k, k' satisfy the above properties, then k(e,x) = K'(e,x) for Py-almost every x.
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In particular any Polish space, that is, a complete separable metrizable space, equipped
with its Borel o-algebra is “nice”. The emphasis here is on separable, which somehow limits
the “size” of the output space of the kernel.

The disintegration theorem applies to product spaces without requiring random vari-
ables, but in probabilistic terms, it is more convenient to think of the joint distribution
Pxy of the two random variables (X,Y) : 2 — X x ), and to call the transition kernel
regular conditional probability of Y given X = x, denoted Py|x(.|.). Thus to reiterate (0.3)),
the property characterizing an rcpd is that it is a transition probability satisfying:

For any integrable f : f(z,y)Pxy (dz, dy) :/ /f(x,y)Py|X(dy|x)PX(da:),
XxY xJy 0.4

and since it is sufficient to check it for indicators of a product of events, equivalently an
rcpd is characterized by

For any events A on X and B on ) : Pxy(Ax B) = / Py|x(B|x)Px(dx). (0.5)
A

Remark 0.3. In the definition above, it is important to notice that there is no unicity: in
fact, given any two regular transition probabilities k, &’ from X to ), and Py a distribution
on X', we check from that kK o Py = K’ o Py as soon as r(e,z) and '(e,z) coincide
Py-a.s. Similarly, if Pyx is a rcpd of P, modifying z +— Py x(e,x) on Py-null set gives
another rcpd of P. In this sense a regular conditional distribution is only defined a.s. with
respect to the marginal of the conditioning variable. This means that there is no good,
absolute definition of “the conditional distribution of Y given X = z¢” (if P(X = x¢) = 0)
but rather a family of such conditional distributions (indexed by ).

But this family is unique up to a.s. equivalence; in particular, in the case where X, Y are
independent, we will always implicitly consider the “canonical” choice Py|x(:|x) = Py (-)
for all x.

If X is a random variable (Q2, A, P) — (X, .A), and (€, .A) is a nice space, then we may
apply the previous theorem to the product space 2 x X equipped with the distribution
of the random variable Z(w) = (w, X (w)) (this is the distribution dx o P, where dx is the
transition kernel s(.,w) = dx(,) ). We thus obtain a regular conditional probability on
given X. This can be used to give (Px-a.s.) a sense to the expression P(A|X = x), where
A is any event of 2, which we will be using often; in particular the event A C €2 may be
defined depending on further random variables Y7, Y5, ..., but we don’t have to explicitly
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apply the disintegration theorem on a complicated product space given by the value space
of these variables, but may directly use the notation P(.|X = zg) without further ado.

For the remainder of these notes, we will assume without repeating that (€2,.4) is a
nice space, so that the previous argument applies and all regular conditional probabilities
exist.

Definition 0.4 (Conditional expectation). Let h be a real-valued integrable function
on X x Y wrt. the (joint) probability distribution P. Assume that the conditions of
Theorem are met, so that an rcpd Pyx exists. For any zy € &, the conditional
expectation of h given X = x; is

E[h(X,V)|X = zo] 1= / B0, ) Py x (dylo).

If Y is real-valued, denoting F'(z) = E[Y|X = z], the random variable F(X) : w —
F(X(w)) is the conditional expectation of Y given X, denoted E[Y|X].

Remark 0.5. Since the rcpd Py x (e, x) is only unique up to Px-a.s. equivalence, conditional
expectations are also only defined uniquely up to Px-a.s. equivalence over x, above.
However, we will always implicitly assume that we have chosen a specific representative
rcpd Pyx(e,x) “once and for all” and define all conditional expectations as above with
respect to this particular choice. The reason why we spell this out is that we want all
conditional expectations for all integrable functions to be defined with using the same
common representative rcpd, which allows us to forget about the a.s. equivalence issue
and write properties such as the next proposition.

Proposition 0.6 (Properties of conditional expectation). The considered variables are
real-valued and integrable as necessary for the statements below to make sense. A com-
mon representative repd Py x is implicitly chosen to define all conditional expectations
below.

(i) E[Y] = E[E[Y]X]]

(i) E[h(X,Y)|X = o] = Elh(x,Y)| X = x¢], for Px-almost all xy.
(111) E[h(X)Y|X = zo] = h(zo)E[Y|X = x|, for Px-almost all x.
(i) E[RL(X)Y|X] = h(X)E[Y|X], Px-a.s.




Remark 0.7. In classical probability courses, it is common to define the conditional ex-
pectation first, in a different and more general way (conditional expectation with respect
to a o-algebra) that requires less formalism and is sometimes easier to handle. The ad-
vantage of considering rcpd’s Py|x is that they are probability distributions for each fixed
value of the conditioning variable x, and we can apply without restriction all theorems
of integration when integrating over the rcpd for any fixed x. Things get sometimes a
little bit more awkward when starting with conditional expectations. In particular the
“obvious” property (ii) above is not granted with the “usual” way of defining conditional
expectations — in fact in that “usual” framework it does not even formally make sense
since “usual” conditional expectations are only defined under a.s. equivalence, separately
for each function h,,(.) := h(xg,.); it does not make sense to say that two functions both
defined a.s. agree at a particular point. As we are using rcpds here, the a.s. equivalence is
“factored in” the choice of the common representative rcpd.

Proposition 0.8 (Conditioning and densities). Assume (X,Y) is a couple of random
variables on X X Y with joint probability distribution Pxy having density fxy(z,y) with
respect to a reference product measure p @ v. Then the repd Py x(.|x) coincides Px-a.s.
with the probability distribution on ) having the following density wrt. v:

fxv (z,y) . - )
— J Ty T Gyw(dy) if [y fxv (@, y)v(dy) = fx(z) > 0;

where fo 1s any fixed a priori density with respect to v.

Observe that the second case deals with points outside of the support of Py, and almost
surely does not happen by definition; this is why the choice of fy does not matter.

Exercises
Ezercise 0.7. Check that P is the first marginal distribution of x o P, defined in ((0.3]).
Ezercise 0.8. Prove the properties of Proposition directly from the definition.

FEzercise 0.9. Prove Proposition forgetting about a.s. unicity. Just check that the
transition kernel P(,x) having the proposed density satisfies the fundamental properties
of a rcpd.

10
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1 Introduction to statistical learning theory (part 1):
Decision theory

1.1 Mathematical formalization

In a nutshell, a learning task is formalized as a prediction of a certain target variable Y
from the observation of an object X. The variability in these quantities is modeled via a
joint probability distribution P of these objects. What needs to be formalized is:

e what is a prediction of Y from X7
e how is the goodness of a prediction assessed?
e what would be a theoretically optimal prediction?

e how is a prediction function “learnt” from data?

In what follows (X, X) is a measurable space (for instance R? or a subset of R?) called
the input space and (),%)) another measurable space called label space, most often ) = R,
Y=1lab], Y={1,...,K}, or Y = RF. When ) is a real interval the setting is typically
called that of regression, and if ) is a finite set, classification.

It is assumed that the variables (X,Y’) have a joint distribution P over the product
space, called generative distribution. In a prediction setting, we assume a random realiza-
tion (z,y) of P; the value of y (the label) is unknown to us but we would like to predict
it as well as possible from the knowledge of = (the input, predictor or covariate). To allow
for bsome flexibility in the sequel the prediction can take values in a space (;)7, @) distinct
from Y.

Definition 1.1 (Prediction function). A prediction function is a measurable function
f: X =)
Definition 1.2 (Loss function).

e A loss (or cost) function is a (measurable) function ¢ : Y x Y — R, (loss functions
taking negative values are possible but we will mostly consider the nonnegative
loss case).

e The pointwise loss of a prediction function f on a realization (z,y) is £(f(z),y).

e The risk or generalization error of f is the expected loss under a given generative
distribution P:

Elf, P) =Exyy~pl(f(X),Y)]

This is abbreviated as £(f) if both the loss function and the generative distribu-
tion are unambiguous. We allow possibly E(f) = oo.

11
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Standard examples.

Example 1.3 (Regression with least squares loss). Take Y = Y = R, and ((y/,y) =
(y — )% so E(f) = E[(f(X) = Y)?].

Example 1.4 (Classification). Take Y = Y = {1,..., K} (K > 2). Then the misclassi-
fication loss is £(y',y) = 1{y # ¢}, and E(f) = P[f(X) # Y] is simply the probability of
an incorrect prediction of the class.

A generalized case is weighted classification, where ((y,y') = M,,,, M is the loss matrix
with diagonal 0. This represents situations where one type of error is considered more
costly than another.

A widely considered particular case is binary classification (K = 2; by contrast K > 2
is called multiclass classification). Depending on the context, it might be more convenient
to encode the two classes as Y = {0,1} or ) = {—1, 1}. In the binary classification setting,
often the prediction function f takes real values (37 = R). We can consider several losses
in this case, for now we mention

e the 0 — 1 loss or hard loss: Y = {—1,1}, Y =R and {(y,y) = 1{yy’ <0}: this is
equivalent to using the misclassification loss and interpreting the class prediction as
sign(y’) (v = 0 is interpreted as a classification error no matter what).

e the quadratic loss for classification: ) = {0,1}, Y =R and Wy y) = (y —y)% If
the prediction y' is actually in {0, 1}, this is identical to the misclassification loss.

It is also possible to use a quadratic loss for multi-class classification, in this case we
take Y = RE and ((y/,y) = ||y — ey|]2, where ¢; is the i-th canonical basis vector.

1.2 Optimal risk and prediction function.

Definition 1.5. We assume a loss function ¢ on 37 x Y has been fixed.
The optimal error (also called Bayes error) for generating distribution P is

E/(P)= inf &(f,P),
fEF(X)Y)

where F(X,Y) denotes the set of (measurable) functions from X to Y. This is often
simply abbreviated as £*(P) or simply £*.
If this infimum is a minimum, an optimal prediction function f; is one achieving
the minimum:
E(fp) =E"(P), or fp € ArgMin&(f, P).
feF(XY)

12



It is possible to restrict the search for a prediction function to a subset (sometimes

called model or hypothesis class ) G C F(X, f), in which case one defines correspond-
ingly £ and (if it exists) f5 by restricting the inf or min to G:

E5.(P) = & = inf E(/, P).

The optimal prediction function f* (or possibly fg), generally implicitly assumed to exist,
will be regarded as the target of the learning procedure.

Since the risk measures the goodness of prediction, it will be of interest to analyze how
far a given prediction function f is from the optimal: thus we will often study the excess
risk E(f) — £* (or possibly E(f) — &, the excess risk with respect to prediction function
class G).

The following proposition is helpful to determine an (unrestricted) optimal prediction
function by reducing the problem to the case of a single probability distribution on ) and
a constant prediction.

Proposition 1.6. Assume that we know a mapping F from the set of probability
distributions on Y to'Y such that for any probability distribution Py on ):

F(Py) € ArgMinEy..p, [((c, y)].
cey

Then for any joint generating probability Pxy,

Fhy (1) = F(Pyix([z)) € Arg MinE[t(c, y)| X = 2],
cey

is an optimal prediction function (provided it is measurable).

If F(Py) only exists for a restricted subset Py of probability distributions on ), the
above remains true for any joint generating probability distribution Pxy such that the
conditional distribution Py|x(.|x) belongs to Py, Px-a.s. .

Proof. By definition of F', for any ¢ € 37, and any distribution P on ) it holds
Eyp[l(F(P),Y)] <Ey.pll(c,Y)].

Define f* as above. For any f € F(X,Y), and any fixed x € X, taking P < Py|x(.|z)
and ¢ < f(z) in the above gives

13
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Eypy x(lz) [(f*(2),Y)] = Eypy x(|z) [E(F<PY|X('|$))’ Yﬂ < Eyopry x(J2) [(f(z),Y)].
Now taking expectation over z, i.e. integrating with the distribution Px, we obtain
Exery [Evry (0 [0 (X), V)] = EEL((X), V) IX]
— E[U(f*(X), V)]
=&(f", Pxy)
< Bxery [Byary (0 [0 (X), V)] = ECF Pry).
O

(Important) examples.

Proposition 1.7. Under the setting of regression with quadratic loss, provided Y is
square integrable under Py, the optimal prediction function is

fH(x) =EY[]X =2,
and the corresponding risk
£ = Var[Y |X] = E[(Y — E[V]X])*],
and for the excess risk of an arbitrary prediction function f it holds

E(f) —E =E[(f(X) = (X)) = lf = £]l5p,-

Proof. Using Proposition[1.6] we analyze the simple case of a given probability distribution
Py on R (for which Y is square integrable) and of a constant prediction c. We have

E[(Y —¢)’] =E[(Y —~E[Y])’] + (E[Y] - ¢)*,

so that F'(Py) = Ey.p, Y] is an optimal constant prediction.

Now for a joint distribution Pxy such that E[Y?] < oo, since E[Y?] = E[E[Y?|X]], it
must be the case that E[Y?|X] is a.s. finite, in other words, Px-almost surely Py x(.|z)
has a second moment. We can therefore apply the previous proposition and obtain the
claim. The formula for the risk follows. As for the excess risk, we have

E(f) =E[(f(X) = Y)?] =E[(f(X) - E[Y|X] + E[Y|X] - V)?]
=E[(f(X) -EYIX])*] + E[E[V[X]-Y)?]  (1.1)
=E[(f(X) - [*(X))*] + &,

rearranging gives the last claim of the proposition. O]
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Ezercise 1.1. Justify equality (1.1]).

Proposition 1.8. Consider the classification setting with K classes and the misclas-
sification loss. Then a prediction function f* with

f*(z) € ArgMax P(Y = y|X =x)

y€{177K}

is an optimal classification rule. This is known as a Bayes classifier and the resulting
E* as the Bayes error rate.

Proof. Using Proposition[I.6, we analyze the simple case of a given probability distribution
Py on {1,..., K} and of a constant prediction ¢. Then

Eyp, [{Y # ¢}] = 1= Pr({c}).

Obviously this is minimized for ¢ € ArgMax, ¢y Py({y}). Using Proposition , this
gives the claim. O]

Ezercise 1.2. What is the optimal prediction function for the setting of classification us-
ing real-valued prediction and the quadratic loss (in the binary and in the multiclass-
classification case)?

Exercise 1.3. In the classification setting, assume the class-conditional distributions
Pxy[elY =i],i=1,..., K, have respective densities f; with respect to a common measure
pon X. Denote also 7; := Py [Y = i|. Prove that a prediction function ¢g* such that

9" (z) € Arg Max(m; f;(x))

e{l,...,K}

is a Bayes classification function.

1.3 Learning from data

We now consider a method for learning a decision function from data; this is also called
“estimator” in statistical terms.

In what follows, available observed data will be referred to as a training sample S,,
which is a n-uple (z1,v1), ..., (Tn, Yn)-
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Definition 1.9. Given an integer n € N5, an estimator (for the decision function)
acting on training samples of size n is a mapping

(X x V)" = F(X,))
Sy fs,

such that (S,,x) — fs. (x) is (jointly) measurable.

Note: it is usual practice in statistics that quantities with a hat-notation are estimators,
i.e. are implicitly functions of the data (sample); the explicit dependence is often dropped
from the notation. R R

The generalization error or risk of an estimator is £(fs,) = Exy [é (fs, (X)), Y)} ; observe
that in this notation the sample S,, is considered as fixed and we take the expectation with
respect to a “new” point (X,Y), hence the name “generalization error”. If the sample data
is modeled as random, this notation means that we are implicitly considering a conditional
expectation conditional to the sample, and that the new point (X,Y") is independent of
the sample S,,. In the latter case (random sample), the expected generalization error/risk

of estimator fis Eg, ~pon [5(]?5”)}, i.e. a double expectation of the loss over the training

sample and the new independent point (X,Y). (We will always assume in these notes that
the training sample is i.i.d. with the marginal distribution P).
By contrast, the training or empirical error of an estimator f is

E(f) = E(fs,: Sn) : Z«gfsn E(fss Br),

where P, := LS Ox,y; is the empirical distribution associated to the sample S,,.
Observe the crucial fact that the empirical error “doubly” depends on the sample S5,:
first because the sample determines the estimator fg , second because the error is evaluated
on the same sample. R R
In particular, in general, Eg .pen[E(fs,)] # Es,~pen[E(fs,)]. This is to be con-
trasted with the fact that, for a fized (non data-dependent) prediction function f, we have
Es, ~pen [(‘/A’ (/)] = E(f) by simple linearity of the expectation.

(Counter)Example: overfitting. Consider the classification setting and assume
X ~ Unif[0,1] and P(Y = 1) = P(Y = 0) = 3, with Y independent of X. Then, it is
obvious that £(f) = P[f(X) # Y] = 3 for any predlctlon function f. On the other hand,
if (X;,Y;)iz1...p is 1.i.d. from this generatmg distribution, almost surely the pomts X, are

distinct, and we can a.s. pick a function f such that f (X;) =Y, for all i. Then & ( f )

16
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yet E(f) = % almost surely. This is an extreme case of what is known as the overfitting

phenomenon. In general, some overfitting will happen (i.e. & (]/”\) will, generally, be in
expectation smaller than E[E(f)]; i.e. will have a negative bias, in statistical terms). One
of the goals of the course is to control the amount of overfitting from a theoretic point of
view. The above example suggests that we should limit ourselves in the possible choice of
prediction function by considering appropriate models G C F(X,)).

Empirical risk minimization (ERM).  With the previous caveat in mind, a general

approach to construct an estimator fpras is to minimize the empirical risk given a given
model G C F(X,Y) (the model G is assumed to be given in the context and omitted from
the notation):

.]?ERM € Al"g Min é\(f)
feg

An example of such an estimator from classical statistics is the maximum likelihood
estimator. In this setting there is no actual “prediction”, but we can formally make it
enter the considered framework by taking J = {0}, J = R, the possible “prediction”
functions are densities f : X — R, with respect to some reference measure px on X, and
models are of the form {f,0 € ©} for some index space © (often a subset of R¥: we then
speak of a parametric model). The loss function is ¢(y’') = —log(y’) (allowed in this case
to take negative values), and we have

fur € Arg Minz —log fo(x;) .
I ——

Another example from classical statistics is that of ordinary least squares linear regres-
sion (OLS): in the regression (X = R?) with the squared loss setting, consider the model
G = {fs(z) = (B,z)|8 € R?}, the ERM over that model is f3,,, with

n

Bows € Arg Min D (i = {8,:)"- (1.2)
erRd

The “population” analogue (i.e. the optimal theoretical predictor over the same model
G) is
Bors € ArgMinE[(Y — (5, X))°],

BeRd
in other words we have f§ = fgs . (see Definition [I.5). Since
E[(Y - (8,X))°] =E[Y?] + 858 — 28",

17
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with ¥ := E[X X!] (the second moment matriz) and v := E[XY], the solution is 85,4 :=
Y71y by classical formulas for the minimum of a quadratic function (assuming ¥ invertible).
To compute BO s we replace the generating distribution Pxy by the empirical distribution
ﬁn from the observed sample, therefore

Bors = 217, where ¥ 1= - Zzlxlsz, and 7 1= - izlxiyi; (1.3)

(here we assume S invertible) a classical equivalent form is Bors = (X! X)Xy,
where X is the (n,d) matrix whose rows are z%,... . 2! and Y = (y1,...,yn)"

) n’

Ezercise 1.4. Justify the validity of the last form for BO LS-

1.4 Consistency of estimators

A primary goal of the analysis of statistical learning estimators is to understand their
behavior as the number n of data grows to infinity. A fundamental property is to ensure
asymptotical convergence of their risk to the optimal risk £* (possibly the optimal risk
E* over a model G). This is called consistency and is made more formal in the following
definition.

Definition 1.10 (Consistency). Let F™ n > 1 be a sequence of estimators (where
J/‘"\(") learns from a sample S, of size n) for a prediction problem with loss function /.
Let P be a set of joint generating distributions on X x Y, and G C ]-"(X,JN/) a
subset of prediction functions.
Then the sequence ]/”\("), n > 11is consistent in expectation on the distribution model
P and the prediction model G, if
VPeP:  limsup Eg pon [5(}7;), P)] < &(P).

n—o0

It is consistent in probability if
VPEPVe>0: P upen|S(TL),P) 2 E5(P)+¢| 50, as n— oo,

Finally it is consistent almost surely if for any P € P, an i.i.d. sequence (X;,Y;)i>1
from distribution P and S,, = ((X1,Y1),...,(X,, Y,)) it holds
lim sup & (/EZ), P) < &;(P), almost surely.
n—0o0

The sequence of estimators is called universally consistent if the above holds for P =
all joint distributions on X x ) and G= all prediction functions.

18



In the case where we analyze consistency over a specific class G C F (X, j)v) of prediction

functions, it is generally also assumed that the estimator f outputs predictor functions
belonging to G, though it does not have to be the case.

Simple example. Consider the regression with quadratic loss setting, where X is
reduced to a singleton {0}, so that decision functions are given by a constant # € R, and
the optimal prediction #* is just the (marginal) expectation E[Y]. Then the ERM is the
empirical average é\n = %Z?Zl yi, which is consistent by the law of large numbers.

Consistency of ERM over a finite class.

Proposition 1.11. Let G C ]:(X,)j) be a finite set of prediction functions and AggM be

the ERM estimator on the set G using a sample of size n. Then (J/C\J(E%M)nzl is almost surely
consistent over G and for all probability distributions on X X Y.

To establish this property, we first state the following elementary lemma:

Lemma 1.12. Let (Z,(f))ke{l,.“,K}le be a finite family of sequences of real random vari-
ables such that Vk € {1,...,K} : Z¥ 0 almost surely as n — oo. Then U, =
SUPke1,....K} ’ZT(«L’C)‘ — 0 almost surely as n — oo.

Proof. Let Ay denote the event {hmn_>Oo Z,(Lk) = 0}. By assumption, P[Ay] = 1,s0 P [A;C)] =
0, and therefore by the union bound

K
1> P A] = 1-PlUfC A7) > 1 PlAg) = 1,
k=1

so P[Nf,A;] = 1. Furthermore, for any w in the event NE_; Ax, by definition it holds
that Vk € {1,..., K} : z{P (w) — 0 (in the usual deterministic sense of sequence con-
vergence). By standard arguments on (deterministic) sequence convergence, this implies
SUPpe1,...K} ’Zﬁk)‘ — 0 as n — oo, which therefore also happens with probability 1. O

Note: this lemma is not true as soon as one considers a countably infinite family of
sequences of random variables. Can you point where the argument in the proof fails — is
it for the “probabilistic” part or for the “deterministic” (sequence convergence) part?

Proof of Proposition [1.11] We write G = {fi,..., fr}. We will only spell out the
proof in the case where £(fx) < oo for all £ € {1,...,K}. In this situation, for any
ke {1,...,K} we have g(fk, Sn) — E(fr) almost surely, by the law of large numbers,
since g(fk, Sp) = %Z?:l VVi(k), with Wi(k) = ((f™(X;),Y;), i € N, which are i.i.d. random
variables with expectation &(fj). By Lemma [1.12] it follows that almost surely,

sup ‘g(fk) —&(fx)] = 0 as n — oo.
ke{l,. K}
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Now, remember that we cannot apply the law of large numbers to £ (fggM, Sy,) since it is
an average of variables which are not i.i.d. because on the “double” dependence on the
sample .5,,.

However, by definition of the ERM estimator: (a) fua,, € G and (b) E(fi2.,) < E(fe),
for any k € {1,..., K'}. Furthermore, let us denote k:* an index such that £(fy) = &5.
Using these propertles it holds

0 < EFman) = €6 = (EFSme) = EFn)) + (EFSan) = ECfie) ) +(E i) — E(fie))

J/

-~

<0

< 2sup|E(f) — £(f)), (1.4)

feg

and we have seen that the latter quantity converges to 0 almost surely, hence the conclusion.

In the case where all prediction functions f € G have infinite risk, £; = oo and there
is nothing to prove. In the case where some prediction functions f € G have infinite risk,
note that if £(f) = oo, for a fixed prediction function f, then the law of large numbers
implies lim,, £ (f,Sn) = oo almost surely. The above arguments still work in this case
with minor adaptations which are left to the reader.

Please observe that inequality is fundamental and will be used again later for
more detailed analysis of the ERM.

More elaborate example of consistency analysis: regressogram. We will ana-

lyze consistency in a fully nonparametric regression model with the generating distribution
(X,Y) such that

Y=f(X)+e, Ef=0 - E[]=0> e1X, (1.5)

where will consider X = [0, 1]; note that the marginal distribution Px is left totally arbi-
trary by the above model. We will make the assumption that f* is a L-Lipschitz function.
Recall that in the case of regression with quadratic loss, f*(z) = E[Y|X = z] is the optimal
predictor. R

The estimator f we will consider based on the observed sample S,, = (X, Y;)1<i<, will

be a piecewise constant function on the equal width intervals I; := |? Kl, K) Jg=1,..., K—
1, Ix = [%, 1]; where the choice of the number K of intervals will be determined later.

Putting N; := {1 <i <n:X; € I;}, we define the regressogram estimator with X bins as

K

~ . . 1 ]
f(zx) :zZl{xEIj}aj; a; ::mzn,jzl,...,}(. (1.6)
J €N

j=1
We will prove the following property of the above estimator.

Proposition 1.13. Under the regression model (1.5)) for X = [0,1] with f* Lipschitz, the
regressogram estimator f, given by (1.6) with K(n) bins from a sample of size n:
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e is consistent in average risk, i.e. satisfies Eg, [S(fn) —8*} — 0, asn — 0,
provided K(n) — oo but K(n) = o(n) as n — oo;

o satisfies Eg, [E(fn) — 8*} = O(n~2/3) if K(n) ~n3.

Proof. To analyze the averaged quadratic risk of fwe write

Es, [5(3 - 5*} =Eg Ex [(A( ) — } ZES Ex | ( a] *(Xle{X € Ij}j-

J

Note: we write Eg Ex[...] to emphasize that the expectation is over a new independent
point X and the random sample S, ~ P®"; it would be more appropriate to write the
inner expectation as a conditional expectation conditional to .S,,, but because X, S, are
independent, we use the above notation that can be understood as an iterated integral.
Furthermore, according to the generative model we can decompose the expectation over
S, as an expectation over (X;)i<j<n, and (€;)1<;<n; finally since all these variables are
independent we can perform expectations in the order we want by Fubini’s theorem.
Concentrating on one term, we have

Aj = (a; — f1(X))*1{X € I}

2

- ‘Nj’1+ 1 ( Z ((f*(X3) + &) — (X)) +f*(X)) 1{X e I;}
- v (S0 - o 0+ D) 1ix e 1)
iEN; _ ) %Vé_/

Taking expectations over (g;)i<i<, first, we notlce Een[(W; + Z;)%] = sz + ]E[Zﬂ =
W?+|N;|o*. For X;, X € I; we have | f*(X;) — f*(X)| § L/K by the Lipschitz assumption
on f* and we can also Write |f*(X)| < M for some M, since a Lipschitz function must be

2
bounded on a compact. All in all we have thus W?1{X € I;} < <L% + M) 1{X € I,;}.
We thus finally get, putting p; := P[X € [;], and using (a + b)* < 2(a? 4 b?):

1 |Nj| ? P )
(|Nj|+1)2(<L - +M) + |V )1{Xelj}]

-(%L;Ha +2M2)E[|Nj|1+1D.

Since |N;| = Y7, 1{X; € I,;}, it has a Binom(n,p;) distribution and therefore satisfies
E[(|N;] +1)7'] < (pj(n+1))~" (left as an exercise). Summing over j and using Zjil p; =1,

E[4;] <E
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we finally get

Es, [6(F) &7 < oL gl 2

1.
K2 n+1 (1.7)

The conclusion of the proposition follow from the above inequality, by plugging in K =
K (n) according to the assumptions of the proposition, letting n go to infinity and some
standard estimates. O

A few remarks are in order:

The result of Proposition holds whatever is the marginal distribution of X.
Results in statistical learning theory generally try to avoid strong assumptions on
the generative distribution; this is called a “distribution-free” approach.

The strong assumption that was made is the Lipschitz character of the regression
function f*.

The estimator considered is very similar to (but not quite equal to) the ERM estima-
tor over the model Gx of piecewise constant predictions on K equally sized intervals
(in fact, the conclusion of the proposition would be essentially the same for the ERM
estimator on Gi). Thus, this is an example where it is of advantage of selecting
a prediction model Gg of limited “complexity” (even though we know the optimal
prediction does not lie in this model), and letting the complexity grow appropriately
with the sample size n.

The two terms appearing in the bound can be interpreted as an approximation
term (decreasing with K and independent of n; it comes from the fact that we can
better approximate a Lipschitz function by a piecewise constant function as K grows,
regardless of the sample) and an estimation term (growing with K but decreasing
with n; it comes from the fact that we can average out the noise variance o provided
we have enough points per interval, but the average number of points per interval
decreases with K'). This “balancing” phenomenon is very common in statistical
learning theory.

Exercise 1.5. Prove the following implications between the different types of consistency:

a)
b)

c)

Hint:

Almost sure consistency implies consistency in probability.

If the estimators f(”) take their values in the set of decision functions G, consistency
in expectation on G implies consistency in probability on G.

If the loss function is bounded, almost sure consistency implies consistency in expec-
tation.

consider the sequence of random variables Z, = & (J?éz)), and use fundamental

relations and implications of probabilistic convergence from a probability lecture. For (b),
establish and then use the fact that Z, — £ > 0. For (c), use Fatou’s lemma.
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Exercise 1.6. How do the conclusions of Proposition change if one assumes instead
that f* is a-Hélder (a € (0,1])?

Exercise 1.7. Write explicitly an ERM estimator for the model Gy defined above. How does
it differ from the estimator defined in (1.6)? (More technical:) how can Proposition [1.13]
be adapted for the ERM estimator?

Exercise 1.8. Prove that J? = f3,,, 18 almost surely consistent in the model G of linear

functions. Hint: recall the formulae (1.3) for BOLS. Compare to the formula for Bf; g
(assume 3 invertible). Use the LLN.

1.5 Plug-in classification

In this section we analyze a simple example of a “plug-in” rule for classification, which
“transfers” a decision problem to another one. Here, we transfer a regression estimate to
a classification estimate. Let us recall the classification setting:

Consider the binary classification case, ) = {0,1}. In this case, if we denote

(1))

n(x) := P[Y = 1|X = z], the (or more precisely “a”) Bayes classifier takes the form
F*(z) = 1{n(@) = 1}, and £ = Elmin(n(X), 1 - n(X))].

For various reasons it can be more convenient to estimate the probability function 7(x)
rather than the classifier f*(z), for instance by using a regression method aiming at having
a small risk for the quadratic loss (see Exercise below). Let 77 be such an estimate (we
assume is is given beforehand and do not specify how it was obtained). A natural way to
transform this estimate to an actual classifier is to “plug in” the estimate in place of 7 in
the formula for f* that is define

~ - 1
Fla) =1{i@) = 5 }.
A natural question is whether fis a good estimate of f* whenever 7) is a good estimate of

1. Here, the “goodness” of an estimate will be measured via the excess risk to the optimal,
for the classification risk and the squared loss risk, respectively.

Proposition 1.14 (Excess risk inequality for plug-in classification). Let ¢ denote the
misclassification loss and h the quadratic loss. For any function 7] estimating 0, define
the plug-in classifier f as above. Then

NI

0.< E(f) — & < 2E[(X) —n(X)]] < 2E[({(X) - n(X))’]* = 2(E(H) - )2
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Proof. Note that the first inequality of the claim is from definition of &/, and the third
is Jensen’s inequality. As in the proof of Proposition [1.6 it is possible to consider an
argument conditionally to X = x for any fixed x, only considering expectations with respect
to a (conditional) probability distribution over ), then integrate the obtained pointwise
inequalities over X at the end. We therefore consider z as fixed, omit the dependence in
x of f, f*,1,n, and treat them as constants.

We first establish the (sometimes useful) equality that for any classifier f, one has

X X 1
Ex(f) - € = 2107 (0) £ FCONe0) - 3] (18)
Indeed, as suggested above, we condition with respect to X = z and consider z as fixed.
On the left-hand side, we have E[1{f # Y} — 1{f* # Y}|X =z]. Assume > 1 (the

other case is of course similar); then f* = 1. If f = f* = 1, then obviously

B[/ # Y}~ 1{f" # Y} = 0=21{/" # f}n— 5|

If f =0, then

E{f AY}=1{f* AV} =n(1—0)+ (1 —p)(0—1) = 2y — 1 = 21{f* ;éf})n—%‘.

Thus ((1.8) is established pointwise conditionally to X = z, thus also in expectation.
Now, consider the specific case f = 1{?7 > %} Still conditioning with respect to X = =,
we have pointwise

UF £ ifn— 5| < -l (19)

Indeed, consider again the cases f* = f (trivial since the left-hand side is 0), and f* # f
(the inequality holds because f and f* must be on opposite sides of %)

Altogether and (integrated over X)) give the second inequality of the claim.
Finally, for the last equality, notice again that, pointwise conditionally with respect to
X =z, we have since n(z) = E[Y|X = z|:

E[(-Y)*] —E[(Y —E[Y])*] =@ - E[Y])* = (7 —n)*,

where all expectations are to be understood w.r.t. Pyx(.|z)), giving the last equality
\
after integration w.r.t. X ~ Px. O

Proposition shows in particular that if the squared loss excess risk of the estimate
1 converges to zero, then so does the classification excess risk of the associated plug-in
classifier rule. So convergence of 7j to the Bayes optimal decision rule 7 for the quadratic risk
implies convergence of the plug-in estimate f to the Bayes classifier, for the classification
risk.

Remark: This implies that universal consistency of 7 implies universal consistency of
the associated plug-in rule f. However, for consistency over a specific model G, things are
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more complicated. The result of Proposition does not hold in general if we replace
the optimal Bayes risks &, &) by the optimal risks Sé’h,c% , over an arbitrary model G

of regression functions and their induced plug-in classification rules G , because the proof
heavily relied on the fact that we considered excess risk with respect to the (unrestricted)
optimal decision, for which we had an explicit formula. For a given model G, we can only
expect this “transfer of consistency to plug-in classifier” property if we limit consistency
to the distribution model Pg containing only those distributions P such that the optimal
decision belongs to G. (Restricting one’s attention to a model and data distributions such
that the optimal decision function belongs to that model is sometimes called proper learning
scenario).

FEzercise 1.9. Develop the reflections in the previous remark into a clean argument. Let G
be a subset of F(X,[0,1]) and G = {f : 2 — 1{g(z) > 3,9 € G} } C F(X,{0,1}) the set
of plug-in classification rules induced by G. Justify that, if a sequence ™ of estimators
are consistent (either in expectation, probability or almost surely) for the model G and the
set of distributions

Pg :={P € P(X x{0,1}) : np € G},

(where 15 is the function z — P(Y = 1|X = z)), then the associated sequence of plug-in
rules f(") is consistent for the model G and the same set of distributions. (Use directly the
result of Proposition [1.14])

On the other hand, find a counter-example as simple as possible showing that the result
of Proposition does not hold if we replace unrestricted optimal risks &,/ by the
optimal risks &5 5, ng’Z over models G, 5, even if we assume 1) € G. Hint: it is sufficient to
exhibit a class G and a distribution P for which the optimal decision npg for the quadratic
risk is such that the associated plug-in rule is not the optimal classifier in G. For this it is
enough to consider a 2-point space X and a suitable class G with just two elements.

1.6 Negative results: the “no free lunch” theorem

In this section we show that we cannot hope to find a classification algorithm satisfying
a non-trivial “universal” bound on the classification risk when trained on a sample of size
n, for any n. Here “universal” means that the bound would hold for any data generating
distribution.

Theorem 1.15 (“No free lunch”). Let X be a set of infinite cardinality, Y = y =
{0,1}, and the loss function is the 0-1 classification loss. Then for any n € Nvg, and

any classification estimator f acting on training samples of size n, it holds

~ 1
sup <E5n~p®n [g(fsn, P)}) > 5,
PEPxy:E*(P)=0
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where Pxy denotes the set of all probability distributions on X x Y.

Before proving the theorem, let us reflect about what it says.

e 1/2is the risk of a classifier function that would guess the class completely at random
whatever the situation (such a “randomized” classifier would not strictly speaking
enter into our framework, which only allows for fixed decision functions, but it is easy
to see how to extend the setting to accommodate decision functions that include a
random component). Thus, whatever the learning algorithm and the sample size, we
can find a data distribution P such that our algorithm cannot be any better by any
margin € > 0 than the “stupid” random guess rule that learns nothing (although the
Bayes optimal classifier for P has zero error).

e should it mean that trying to learn anything is always doomed to failure? No, it
just means that aiming at a “universal learning” having non-trivial risk for any data
generating distribution P and fixed sample size n is too ambitious. In order to get
non-trivial risk bounds for fixed n, it will be necessary to restrict the class of possible
data generating distributions (for example, by assuming that the optimal decision
function lies in a certain restricted class G).

e should it mean that “universal consistency” is impossible? It may seem surprising at
first, but it does not. Namely, in the above theorem n is fixed, so that if we require the
risk to be larger than 1/4 (say), the distribution P, that will make learning algorithms
“fail” by having risk larger than 1/4 depends on n. It does not preclude that there
exists a learning algorithm such that for any fized data generating distribution P,
the risk sequence R,(P) = £(f™, P) converges to zero. In fact there exists such
algorithms (at least for X = [0,1]?). What the theorem says however, is that we
can find P such that the n-th term of the sequence R, (P) is arbitrarily close to 1/2
(which does not prevent the sequence to eventually converge to zero).

e in fact, this theorem seems quite intuitive and almost obvious. If we are allowed
any data generating distribution, we can imagine a distribution drawing uniformly
at random a point in a finite subset of & of size m > n. Since the training sample is
of size n, we can only observe the true classification function on a set of probability at
most n/m < 1, and on the complementary of that set the true decision function can
be arbitrary and we have no information about it, so how could we hope to be better
than random guessing on that part? And this is actually how the proof works, though
how to capture this mathematically is enlightening (and also provides insightful ideas
for proving less obvious and more interesting related results to establish lower bounds
on the risk in a “worst-case” sense).

Proof of Theorem[1.19, Assume that the sample size n, and the classification estimator
(learning algorithm) f is fixed. Let m be some integer greater than n, whose value will be

26



discussed later. Since X is infinite, we can find a subset X, = {t1,...,t,,} of size m in
X. For any r = (r1,...,ry) € {0,1}™, let P, be the probability distribution on X x {0, 1}
such that:

e X is drawn uniformly at random in the set X,;

e P(Y=1X=t)=r;foranyi=1,...,m.
Note that £*(P,) = 0 for any 7.

The following step is a key idea for lower risk bounds. Rather than trying to find a
worst-case distribution for the estimator f, we will consider its risk on average over the
family P, when r is itself drawn at random. Clearly, the worst-case risk can only be higher
than this average:

sup (ESan«gn [E(ﬁgn,P)D > sup (ESnNR@n [E(ftgn,Pr)])

PePxy:£*(P)=0 TE{O,I}"
> BBy, _pen [5@”, PT)] .

where the outer expectation is over r drawn uniformly at random over {0,1}". We now
rewrite and bound the right-hand side:

E,Eg _por [g(fsn, PT)] — E,Eg__ponE(xy)mr, [1{1?5 (X) # YH - IP’[ﬁ;n (X) # Y} ,

where the probability IP is over the draw of everything (r uniform in {0,1}", (S,, (X,Y)) ~

P? (nﬂ)). Next, by the law of total probability, we can write the latter probability as a

]P’[fsn(X);éY}: 3 P[ﬁgn(){)7AY‘X1:xl,...Xn:xn}P[Xl::cl,...,Xn:xn].

We now bound the conditional probability in each of the terms of the previous sum, to
simplify notation denote A := {X; = x;,i =1,...,n}. Note that conditional to A, con-
cerning the training sample S,, only the training labels are random and are given by the
draw of the elements of the vector r corresponding to the elements x4, ..., x, of X,,.

P|Fs,(X) # Y[A] 2 P[Js.(X) £ Y. X ¢ {o,... @} 4]
A).

= P[Js,(X) £V |X & {w1,. . 0}, A[P|X ¢ {21, .. 0}
It is intuitive and it can be checked (left as an exercise) that, conditional to the event
Aand X ¢ {zy,...,z,}, X is drawn uniformly at random in X, \ {z1,...,x,}, and its
corresponding true label Y is drawn at random with probability 1/2 and is independent
of S, and X, and therefore independent of fASn (X). Thus, the first conditional probabil-
ity above is 1/2. As for the second, it is larger than (1 — n/m). Backtracking, we get

P [fASH (X) # Y} > 1(1—2), so this is is also a lower bound on our initial supremum. Since

we can choose m arbitrary large, the result follows.

[]
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2 Linear Discrimination:
A brief overview of classical methods

In this chapter, we will exclusively focus on the classification problem (also called discrim-
ination, especially in older literature). The methods presented here are classical and not
particularly recent (the idea of Linear Discriminant dates back to R.A. Fisher in 1936,
Rosenblatt’s Perceptron is from 1956), but they still form the backbone of most machine
learning toolboxes nowadays and are to be known in order to understand more recent
developments. Furthermore, we will not study the question of convergence or statistical
consistency in this chapter, this will be relegated to later chapters.

We then consider Y ={0,1,..., K — 1}, with K > 2, each element of ) being called a
class. There are K classes, the case K = 2 is called binary classification.

We will also always assume that the input space is X C R

2.1 Linear discrimination functions

Definition 2.1. The family of affine score functions (s,(.)),ey based on vectors w =
(wy)yey € R¥™ and constants b = (b,),cy € R is given by

Sy(l’) = <wyax>+by: yely.
An associated classification function (linear discriminant) is given by

fwp(r) = ArgMax s, (z). (2.1)

yey

Note: Strictly speaking, in ([2.1]) we should break ties in some way in the case the Arg Max
contains more than one element, i.e. two or more scores are equal. In order to avoid
uninteresting complications, we will always assume that in such cases the ties are broken
in favor of the smallest class, i.e. the Arg Max is always replaced by its smallest element;
note that is always non-empty since the number of classes is finite.

If we denote 7 := (z,1) € R4 it holds (w,,x) + b, = (W, y) wherein w, := (w,, b,).
Thus, if we consider the “augmented” input space R%*! and the score functions are linear
functions of . For this reason we will occasionally (depending on the context) drop the
constants b, and implicitly assume we have performed this augmentation operation. Also
for this reason, we will with some abuse of language talk about “linear” score functions
although they are strictly speaking affine.

In the binary classification case (K = 2), observe that we have

fwp(®) =14 (w1 —wo, z) + (b1 —bo) >0, (2.2)

w b
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(we assume ties are broken in favor of class 1 to simplify). Therefore, in the case of binary
classification, we will consider only one score s(z) = (w,z) + b to simplify. (A similar
reduction in parameters can be achieved for K > 1, by choosing the class 0 as reference
and defining modified scores s, () = s,(x) — so(z),y € V. But this breaks the symmetry
somewhat, so that generally the full parametrization is used).

The goal of this chapter is to give an overview of classical methods to construct a linear
discrimination function from a training sample S,, = ((z4,%i))1<i<n. The most natural
approach if the standard classification loss is the target is the associated ERM:

~ ~ 1 <&
(w,b) = ArgMin &(fwp) = ArgMin —Zl{ArgMax((wy,xi>+by) :yi}.

(w,b)eRK(d+1) (w,b)eRE (d+1) TV yey

Unfortunately (even in the binary classification case), the above minimization problem
is considered at best cumbersome and at worst quite intractable, in particular in high
dimension d , with large trainin data size n, etc. This is due essentially to the fact that
the empirical risk is a noncontinuous, piecewise constant function of the parameters, so
that usual numerical optimization approaches such as (stochastic) gradient descent are not
applicable.

It is fair to say that ERM in the above form for classification is almost never used in
practice. Instead, several alternative approaches are used, falling roughly speaking in two
categories:

1. A particular class of input space X and/or generating distribution Pyy is assumed,
allowing to write the theoretically optimal linear classifier f* = fi,« p+ in an explicit
way and using this knowledge to estimate the parameters directly from the data.
This is sometimes called a generative approach.

2. One considers directly the linear score functions (with output in Y = RE+) and
uses a different loss £ on ) x ) which lends itself better to optimization (typically
because it is convex in the first variable). This approach is called the use of a “proxy
loss”.

2.2 The naive Bayes classifier

The “naive Bayes” method falls into the category of generative approaches. The setting
assumes that the input space is X = {0, 1}d, i.e. the coordinates (also called “features”)
of the predictor x are binary. Furthermore, the main assumption is the following:

Assumption (NB): Under the generative distribution Pxy, the coordinates of X
are independent conditionally to Y.

We then have the following result:
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Proposition 2.2. Naive Bayes, binary classification case Assume X = {0, l}d, K =2,
and assumption (NB) is satisfied. Then the optimal (Bayes) classifier function takes

the form
— 1{210’“) +b>0}

where, using the notation py; = ]P’[X B =1y = j] and m; = P[Y = j] (which are
assumed to belong to (0,1) ):

1 — pro) —D 7T

(k) ._1 pri(1 = pro) . bo— 1 B Jog ML

w'" = log ———F=; = E og og —
(1 = Pr1)pro I —pro o

Proof. From the general formula of the Bayes classifier we have

fa)=1{PY =1|X =2] > P[Y =0|X =]} = 1{log P%y = % = i] > o}. (2.3)

We then notice:

PlY =4
PlY =i|X = z] :IP’[X:Q:\Y:z]P[[X_x]], (2.4)
so that
1OgIP’[Y: X =a] OgIP’[X::B|Y: 1] —|—P[Y: 1].
PlY = 0|X = z] PX =z|Y =0] P[Y =0
The second term above is log 7. As to the first term, using assumption (NB), and the

fact that all coordinates belong to {0,1}:

M=

d
logP[X = z]Y =] = log HIED[X(k) =Py = i| = (:L'(k) log pr1 + (1 — 2™ log(1 — Pr1))
k=1

o

SV
—

(x(k) log Pk +log(1 — pk71)).
— 1 — pra

o

Replacing into (2.4)), (2.3 we obtain the announced result. O

Estimation from data: in order to estimate a Naive Bayes classifier in practice, the
plug-in principle is used, that is, the theoretical parameters p;; and 7; are replaced in the
formula by their frequentist estimators from a sample S, = ((z4, ¥i)1<i<n) °

y=a, @t =)
i n e {7 : y; = i} ’
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assuming the last denominator is nonzero (i.e. there exists at least one training example
in each class.)

Ezercise 2.1. Generalize the above result of Proposition to the case K > 2.

2.3 Gaussian generative distribution: LDA and QDA

We consider in this section a generative approach where all the class-conditional distribu-
tions are Gaussian, i.e.

Assumption (GD):

We will also focus on the particular case of equal covariance matrices:

Assumption (GDEC): Like (GD), but where ¥; = 3 for all 1.

We will assume furthermore that the Gaussian distributions involved are non-degenerate,
i.e. the covariance matrices YJ; have full rank. In this case the distributions have respective
densities

! ! s e —my 1= —
fi(x)—mexp<—§(x—mi) DI Z)), 0,..., K — 1.

with respect to the Lebesgue measure on R? and from Exercise we know that f*(x) =
Arg Max;(m; fi(x)) is a Bayes classifier, where m; := P[Y =¢]. Since the arg max is un-
changed by monotone increasing transformation of the function to minimize, we can take
the logarithm and obtain

Under (GD), the Bayes classifier is given by

1 1
fopa(x) = ArgMax s;(z), where s;(z) = —§($—mi)TEi_1(x—mi) 5 log|%;| +log ;.
(2.6)

Since the above score functions are quadratic polynomials in z, this is called Quadrac-
tic Discriminant Analysis (QDA). The main quadratic term (z — m;)"%; (z — my) is
called (squared) Mahalanobis distance of x to the center m; of the Gaussian distribution

31



Under (GDEC), we observe that the quadratic part of the above scores is identical for
all scores. We can therefore subtract it from all scores without changing the arg max as
above, and it comes

Under (GDEC), the Bayes classifier is given by

1
fipa(z) = ArgiMaX si(z), where s;(z) == (z,X7"'m; ) +10g i — imﬁE_lmj, (2.7)

w; g

b;

which is a linear discrimination function called Linear Discriminant Analysis (LDA).
In the two-class case, as argued before it is enough to consider the difference of scores

Under (GDEC), in the binary classification case, the Bayes classifier is given by

Fion = 1{<x,2*1(m1 — o)) + (by — bo) > 0},

WLDA

where by, by are as in (2.7)).

Estimation from data: similarly to the previous section, one uses a plug-in approach
wherein the unknown population parameters X;, m;, m; are estimated by their frequen-
tist estimators counterparts from a sample S, and just “plugged into” the formula
resp. (denoting n; := |{j : y; = i}|). Thus, for (GD):

< Wy =il

n
1
= — Y
¢ J sty;=i
~ 1 . .
¢ j sty =i

Note that the (n; —1) in the denominator of S is to make the estimator unbiased, assuming
n; > 2; see a classical statistics course. If n; is used instead, it will not change much.
On the other hand, for (GDEC), one uses the so-called pooled estimator for the common
covariance matrix: N
~ 1 T
S = S ) (= ) (29)

1=
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Exercise 2.2. Prove that QDA and LDA using the above estimators from data are covariant
by (bijective) linear data transformation. More precisely, let z; := Ax;, where A is an
invertible linear operator of R?. Denote Zthe classification function constructed by LDA
or QDA from S, := ((zi,¥:i)1<i<n), and f the one constructed from S, := ((Z;, ¥i)1<i<n)-

~ ~

Then f(x) = f(Az) for all z € R?.

Practical tricks.
In practice, there are often some modifications to the above canvas for LDA and QDA:

1. While the ERM estimator for the 0-1 loss is infeasible as argued in the beginning
of this chapter, in the binary classification case, it is fairly easy to minimize, for a
fixed w, the empirical classification error as a function of the constant b, b — E(fus)-
Namely, for fixed b the problem is reduced to a 1-dimensional one and one only has
to try for b the intermediate values of the reordered set of {(z;,w),7 =1,...,n} and
select the one minimizing the empirical classification error. This is often what is
done in practice, so that the formula for the linear projection wyps = E_l(ml —my)
is otfen considered as the most important of (binary) LDA, while the exact formula
for the constant b is unimportant, because it is often replaced by the above ERM
minimizer.

2. The most problematic part of LDA (and a fortiori QDA) in practice is the inversion
of the estimated covariance matrix. If some of its estimated eigenvalues are close
to 0, taking the inverse can be a highly unstable operation and lead to significant
estimation errors and erratic behavior, especially if the dimension d is large. For
this reason instead of ¥ as defined in ,, it is often suggested to used a

“regularized” version of it, such as
Y= (1 - A2 + A2y,

or

Y= (1= A2+ AD,

where D is the diagonal matrix formed with the diagonal entries 77 := iu of &
(estimators of the variances of each coordinate), and 6% = d~' Y% 2. Here A € [0, 1]
is a so-called “shrinking parameter” that has to be tuned, for instance by cross-
validation (see next chapter).

2.4 Classification as regression

In this approach we use a proxy loss function, namely the quadratic loss. More precisely, we
follow the principle explained in Example (quadratic loss for multiclass classification).
A linear prediction function f,, depending on parameters w = (wy, ..., wx_1) outputs the
scores in R¥ given by

fw(x) = ((z,w0), ..., (T, wKk_1))
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(as explained earlier in this chapter, we disregard the constant parameters by implic-
itly “augmenting” the data x to (z,1)). Furthermore we consider the quadratic loss
U(fw(x),y) = ||fw(z) —e,|*, where ¢ denotes the k-th canonical basis vector in RX.
The ERM is then given by

w = ArngZ”fw (x;) eyjHQ

ERdK

K—-1 n

= Arg Min Z Z wg, ;) — Wy = k})*

dK
weR k=0 j=1

Since the above function to minimize separates into K sums each involving only wy, each
sum can be minimized independently, given rise to

wy, = Arg Mmz zj,w) —1{y; = k})? = (XTX)' XYW,

wER4

using the notation introduced below (L.3), and with Y™ := (1{y; = k},...,1{y, = k}) €
R™.

Thus in this approach we transform the initial multiclass classification problem into
K distinct “one-versus-all” binary classification problems (classify class k against all the
others), each using a different linear predictor (and we recall that the final class prediction
is the the class attaining the maximum of these K linear scores).

Discussion: The unrestricted optimal prediction function for the loss function £(y/, y) =
|y — e,]|* is given (again by separation into independent sums) by

ff(z)=PY =0/X =z],...,PlY = K — 1|X = 2]) € [0, 1]

and it can seem a rather questionable idea to try to approximate a function from R? to
[0,1]% by a linear function, which is by definition unbounded. This is actually the main
reason why this quadratic loss approach is actually almost never used in practice with
linear prediction. Much more popular is the logistic regression.

Exercise 2.3. In this exercise we use explicitly the affine representation with parameters
(w, b) for affine scores. We focus on the binary classification case (K = 2).

Establish that the above approaches reduces to a single regression problem, since it
holds (wl, bl) (—wo, 1-— b())

Prove that the direction of the estimated vector w; using the quadratic regression
approach coincides with the direction found by the (binary) LDA approach. (The constants
found by the two approaches b differ, and the above property does not hold any more for
K >3).
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2.5 Linear logistic regression

As we have seen, usual quadratic regression models the class probability functions ng(z) :=
PlY = k|X = z] as linear functions, which is problematic. The idea of logistic regression
is to use a suitable transform, the “logit” transform, which is a log-ratio of probabilities.
Here we will use the class 0 as a reference and implicitly assume that n(z) # 0 for all
k=0,...,K—1.

Define the ideal logistic score functions as
PY = k|X = 1]
=1 k=0,...,K—1. 2.10
(@) = log pr— gk =31 e (2.10)
(note that of course sg(x) is identically 0),
and observe that f*(z) := ArgMax;_, x ;sk(7) is an optimal classifier. The score

functions s; can range anywhere in R.

The principle of logistic regression is to model these as linear functions of x:
sp(z) = (wg, x), k=0,...,K—1, (2.11)

with wg := 0 and (w;)1<i;<x—1 arbitrary.

Proposition 2.3. If the logistic scores defined in (2.10) satisfy (2.11)), then it holds con-
versely
exp(wg, T)

K-1

me(x) =PlY = k| X =2 = :
r—o exp{we, )

(2.12)

Proof: left to the reader.

Observe that constitutes a partial statistical model: it specifies the form of the
conditional distribution P, (Y'|X) of Y given X, depending on a finite number of parameters
w = (wy,...,wg_1) € R~ However, the distribution of X itself is not modeled and
can be arbitrary. This can be seen as a generative approach for conditional probabilities
only. Following the principle of the maximum likelihood estimation in classical statistics,
in order to estimate the parameters from a sample S, = ((x;,y;)1<i<n), it is proposed to
use a mazimum conditional likelihood principle, i.e. find

w = Arg Max L(w),
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where L(-) is the log-conditional-likelihood based on the sample S,,:
L(w) :=logPE"Y), = y1,..., Y =y X1 = 21, . .. X, = ]

= logPy[V; = y;|X; = ;]
j=1

= i <<wyj, xj> — log (1 + KZ_leXp@)g, x]>>> . (2.13)

Unlike quadratic regression, the expression does not separate into independent sums
for each parameter: the optimization problem has to be solved for all parameters (vectors
wy) jointly.

In the particular case of binary classification, this reduces to

n

L(w) = Z (yj(w, ;) —log(1 + exp(w, z;))). (2.14)

i=1

Under the above form (multi-class or binary class), one can notice that —L(w) can be
interpreted as an empirical risk with loss function (written in the binary case for simplicity)

bogit(f(2), y) :=log(1 + exp f(z)) —yf(x),  y€{0,1} (2.15)

which is then applied to linear prediction functions. In this sense, the logistic regression
can also be interpreted as a prozry loss method.

Practical implementation: The maximum of L(w), or equivalently the minimum of
—L(w), does not have a closed-form formula. Still, w — —L(w) is a convex function, so
various methods of convex optimization can be used. If the dimension d is not too large,
a common approach is to use Newton-Raphson iterations

Wit = Wy — —d2L - d—L
L= Tk dwdw? dw | ’
—— Wy

lwg ~—~

Hessian Gradient

After some calculations, these iterations can be put under a form where they are interpreted
as a repeated “weighted least squares”, where the weights are updated along the iterations.

Exercise 2.4. For binary classification, it is common to encode the two classes as ) =
{—1,1} which is more symmetrical. With this convention, verify that the logit loss (2.15])
can be rewritten as

bogie (f(2),9') =log(L +exp—(y/' f(x))), ¢ €{-11}.
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2.6 Hinge-loss based methods: Perceptron and Support Vector
Machine

We consider the binary classification setting with ) = {—1, 1}, Y =R and the proxy loss
function called “hinge loss”

(Y, y) = (e —yy)+,

where (t), := max(0,t) is the positive part, and € > 0 a fixed parameter.

Interpretation as “large margin prediction”. In the case of linear binary classifi-
cation, a decision function f,,; of the form separates the space into two half-spaces
separated by a (d — 1)-dimensional hyperplane with normal vector w and offset b from the
origin. If we assume ||w| = 1, the corresponding score function s(z) = (w,z) + b can be
geometrically interpreted as the (signed) distance of point x to the separating hyperplane.

Because of this, the quantity s(x)y is often called the “margin” of prediction: a positive
margin indicates a correct classification and negative margin, a classification error; and
the absolute value of the margin indicates the distance to the separating hyperplane. As a
general rule, correct predictions that have margin too close to 0 are penalized, and incorrect
predictions are penalized all the more if the distance to the separating hyperplane is high.
Loss functions of the form ¢(y,y’) = L(yy’) for various functions L : R — R, are often
called “margin-based loss functions”, and decision functions trained by minimizing the
associated risk “maximum margin classifiers”.

Perceptron. The perceptron algorithm (Rosenblatt, 1956) is based on a stochastic
gradient descent for the empirical risk using linear functions. More precisely, using the
above loss the empirical risk based on sample S,, can be written

= 1
eif) =~ > (e flay),

j s.t.
flzs)y;<e

and for linear functions, the associated gradient (disregarding non-differentiability in 0 of
t = (t)4):

~ 1
OwE(fuw) = — Z; (—y;z;)-
(w,z;)y;<e
The perceptron algorithm is an early use of stochastic gradient descent: to avoid recom-
puting the above gradient at each optimization step, it is proposed to select randomly one
of the terms in the above sum and to make a step in that direction. This gives rise to the
following very simple procedure:
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Perceptron algorithm
1. Initialize w = 0.

2. Choose uniformly at random j € {1,...,n}.

@

If (w, z;)y; > e, return to step 2.
4. Update w < w + y;z;.

5. Go to step 2.

Nowadays, the Perceptron algorithm is not so widely used, more modern approaches
such as the linear Support Vector Machine (see below) are used. One advantage remains
its simplicity.

An famous early result studying the convergence of the empirical risk of the above
algorithm in the simplest case ¢ = 0 and when the training data is linearly separable is the
following.

Theorem 2.4 (Novikov, 1962). Let S, = (x4, Yi)1<i<n) be a fized training sample for
binary classification. Assume that

e The training sample is linearly separable with margin v > 0, meaning:

Jw, €RY, 5. t. ||lw| =1, andy>0: Vie{l,....n} (w,,z)y; > 7.

e Foralli=1,...,n it holds ||z;|| < R.

Then: the Perceptron algorithm (run with € = 0) finds a vector w separating perfectly
the data (i.e. such that (w,z;)y; > 0 for all i) after at most (R/v)?* effective update
operations (i.e. passes through step 4).

Support Vector Machine. The (linear) Support Vector Machine (Boser, Guyon, Vap-
nik 1992) uses the hinge loss with ¢ = 1. Several efficient algorithms have been developed
to optimize the resulting optimization problem, that are preferred to the perceptron, and
we won't enter in detail here. It is nowadays a standard method of machine learning
toolboxes.

Exercise 2.5. Justify that in the binary classification case, the “classification as regression”
approach (Section [2.4)) and the logistic regression approach (Section [2.5)) both can be seen
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as “large margin classification” methods, in the sense that they are based on minimizing
a certain margin-based loss (which can be written explicitly).

Ezercise 2.6. Prove Thm. 2.4, Proceed as follows: let > 0 be a fixed positive number,
and consider the quantity A? := |jwy — nw,||*, where wj, denotes the vector w after the
kth effective update step. Compare A? 4 o A2 and choose an appropriate value of 7
to establish that it must hold A? < AZ — kR?, then conclude. Note: this proof is an
elementary example of the use of a well-chosen Lyapunov function decreasing along the
iterations (here |Jwgy — nw,||*). It is a powerful technique to study convergence of iterative
optimization schemes.

2.7 Regularization

In most linear methods, standard approaches tend to become unstable when the dimension
d is high. This has, roughly speaking, to do with the overfitting phenomenon: intuitively,
the number of free parameters is d and overfitting becomes more likely when there are
more parameters to fit relative to the amount of data available. A common approach to
“stabilize” ERM methods is to consider a reqularized version

Wy € Arg Min(é\g(fw) + AQ(w)),
weRd
where 2 : R? — R is a reqularization or penalization function which is generally assumed
to be convex, so that the above problem lends itself well to numerical optimization. A very
common choice is Q(w) = |Jw||?, though many others can be found in the literature.

The methods considered in previous sections using ERM with the squared loss (Sec-
tion [2.4] the logit loss (Section [2.5), and the hinge loss (Section all admit regularized
versions in this sense, which are generally the ones used in practice.

Let us study the particular case of linear regression in the binary classification case
(Y = {0,1}), which reduces to usual linear regression (see (L.2)). The corresponding
regularized ERM is

wy = Arg Min (Z(% — (w, )" + )\HwH2> :

d
weR i=1

and it can be checked that it takes the explicit form (compare to (|1.3))):

R 1 R 1 n 1 n

Wy = (X /\]) A, here ¥ := — iT,adA::— ilis 2.16

Wy < + Ay) 7, wher nizlxxl nd 75 n;xy (2.16)

a classical equivalent form is @y = (X'X + A\;) ' X'Y, where X is the (n,d) ma-

trix whose rows are 2},..., 2!, and Y = (y1,...,y,)". This is also often called ridge
Tegression.
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The effect of regularization it therefore intuitively clear in the above formula: adding
A > 0 on the diagonal of a matrix before inverting it should stabilize the inverse operation,
at the expense of adding some bias if A is too large. A similar idea was used for regularized
LDA/QDA (Section [2.3)).

In practice, the parameter A > 0 has to be tuned in order to get a good compromize
between too much and too little regularization; we will see how in the coming chapter.

Ezercise 2.7. Justify the formula (2.16)) for regularized linear regression.
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3 Introduction to statistical learning theory (part 2):
elementary bounds

3.1 Controlling the error of a single decision function and Hold-
Out principle

The main goal in this section is to get a theoretically justified control of the true risk
E(f) of an estimator by using only observable quantities (i.e. that can be computed
from the available data). In statistical terms, this means we are looking for a confidence
(upper) bound on & (]?) (we are primarily interested in an upper bound, i.e. a guarantee
on the generalization error). A confidence bound is a quantity that can be computed from
the data, and is indeed larger that the (unknown) quantity of interest with a prescribed
probability (called coverage probability).

As we have discussed in Section the empirical risk &l (f) is not (in general) a reliable
approximation of £ (]?) because of the overfitting phenomenon: the same data is used to
learn f and to evaluate the empirical risk, resulting in a bias (that can possibly be very
large).

On the other hand, we have argued that for a fized decision function, it holds E [é\ (f )} =

£(f), moreover we have by the law of large numbers E(f) = LSNP Z — E(f) in
probability (or a.s.) as n — oo, where Z; := ((f(X;),Y;) are i.i.d.

This idea underlies the co-called “Hold-out” principle: learn J/‘\and evaluate the empir-
ical error on different samples. Thus, is S,, and T, = (X/,Y/)1<i<m are independent i.i.d.
samples, we consider the quantity

~

EMO(f) = E(fs,. T Zf fs.(XD).Y7).

In practice, S,, and T,,, can be obtained from an arbltrary separation in two parts of a single
sample. S, is called learning sample and T,, validation sample (or “hold-out” sample, since
it has been held out from the learning phase). Observe that conditionally to S,,, we can

consider fg, as a fixed function, thus E [é’\ (fgn, Tm)\Sn} =& (]?sn), furthermore we can apply

the law of large numbers (LLN) conditionally to S,,.

This principle justifies that it is already of interest to get a mathematical control of the
error of a single fixed decision function f. For this, we need more elaborate tools than the
LLN, which gives an limiting value but not quantification of the speed of convergence. A
traditional (asymptotic) tool for this is the Central Limit Theorem (CLT), which we recall
here: if Wy, ..., W, are i.i.d. real random variables such that o? = Var[W;] exists, then it
holds LS B

n Zai=1\""i — 1
v o
This can be used for deriving asymptotic confidence intervals (in the statistical learning
context, remember the quantity of interest is typically £(f))). An asymptotic confidence

— N(0,1), in distribution, as n —» oo. (3.1)
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interval or bound has the property that the coverage inequality only converges asymptoti-
cally to a prescribed value, say 1 — a.

However, learning theory generally focuses on obtaining nonasymptotic bounds, that is,
whose validity (coverage probability) is ensured for any n. There are several motivations
for this, but we will in particular stress that the CTL is not valid in a uniform
sense in general. Consider a situation where X;(p) are i.i.d. Bernoulli with parameter p
(for instance, W;(p) = 1{f(X;) # Y;} for a classification problem and a given classifier
function f with generalization error p). If the limit in was uniform with respect to
the parameter p, we would choose an arbitrary sequence p,, depending on n and still have
the convergence ([3.1). Yet, it is known that for p, = ¢/n, we have the Poisson limit

Z WZ(§> — Poisson(c), in distribution, as n — oo. (3.2)
i=1
Therefore, we deduce (by usual continuity arguments for the convergence in distribution,
and recalling the variance of Bernoulli variable with parameter p is p(1 — p)) that
L (Wi(8) —E[WA(9)]) R Poisson(c) — ¢

o e
which is obviously different from the standard CTL Gaussian limit. This situation could

in principle happen if we are given a sequence of classifiers f,, whose classification error
converges to zero fast enough as n — oo.

it

, in distribution, as n — oo,

FEzercise 3.1. Prove the convergence (3.2) by considering the Laplace transform Fg()\) :=
Elexp(AS)] on both sides. It is known that the pointwise convergence of the Laplace
transform implies the convergence in distribution.

3.2 A sharp but inconvenient bound in the Bernoulli case: the
Clopper-Pearson bound

We consider in this section an exact confidence bound for the parameter of a Bernoulli

variable, which we recall is relevant for the classification problem in order to get a bound

on the generalization error £(f) = p € [0,1] of a fixed classifier f. In this situation,

W; = 1{f(X;) # Y;} is a Bernoulli variable with parameter p, and the number of errors on

the training sample is n€(f) = > ", W; which has a Binom(n, p) distribution.

Proposition 3.1. Let F(p,n, k) = P[Bn, < k] = >, (7)p'(n — p)* be the cumulative

i

distribution function (cdf) of a Binom(n,p) variable B, ,. Let
Blu,n, ) = max{p € 0,1] : F(p,n,u) > a).

Then given B,,,, the quantity B(By,,,n,a) is an upper confidence bound on p at coverage
level 1 — v, which is to say

Vp € [0,1] : Plp < B(Bpp,n, )] > 1 —a.
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To prove this, we’ll use the following classical result:
Lemma 3.2. Let X be a real-valued variable, and Fx(t) := P[X < t] its cdf. Then
Va € [0,1] :P[Fx(X) <a] <a,

with equality if Fx is a continuous function. We say that Fx(X) is stochastically lower
bounded by a Unif ([0, 1]) variable (and is exactly distributed as uniform in [0,1] if Fx is
continuous).

(Proof of the Lemma). Let s :=sup{z : Fx(X) < a}. We consider two cases:
(1) s is a maximum: then Fx(s) = « (since Fy is right-continuous), and Fy(z) < a <
x < s by monotonicity of Fly. Then

P[Fx(X) <a]=P[X <s]=Fx(s) =a.
(2) s is not a maximum: then Fx(z) < a < x <s, and
P[Fx(X) <a]=P[X < s] = li;nFX(a:) <a.
Note that case (2) can only happen if Fx is not (left)-continuous at point s, hence if Fix
is continuous we are always in case (1). O

(Proof of the proposition). Observe that p > B(u,n,a) = F(p,n,u) < «a by definition of
B(u,n,«). Hence

Plp > B(B,,,,n,a)] < P[F(p,n, B,,) < a] <a,
where the last inequality is from the Lemma. m

The above confidence bound, called Clopper-Pearson bound, is sharp because it is based
on the exact inversion of the cdf. However, it is not easy to qualitatively understand nor
to manipulate. We will now consider a method to construct more explicit bounds.

3.3 The Chernov method

The Chernov method, also called the Laplace transform method or exponential moment
method, is a generic device allowing to obtain non-asymptotic confidence bounds.

Proposition 3.3. Let X be a real-valued random variable, and define successively for
A eR:

Fx(\) :=Elexp(AX)] € (0, 00] ; (Laplace transform)

Ux(A) :=log Fx(A) € (—o0,00] ; (Log-Laplace transform)

U (t) := sup(Mt — Wx(N)) € [00,00] ;5 (Legendre dual of ¥ x, Cramér transform,).
AeR
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Then for any t > E[X]:
PX >t] <exp—Vi(t). (3.3)

Furthermore, if Xq,...,X, are i.1.d. with the same distribution as X and S,
Yo Xi, then for any u > E[X]:
1
P [—Sn > u} <exp —nVUi(u). (3.4)
n

Note: the principle of the proof is so simple and useful that it is as important as
the theorem itself.

Proof. Let us begin with assuming that A > 0, so that x — exp(A\x) is a nondecreasing
function. We have for any ¢t € R:

P[X > t] < Plexp(A(X —t)) > 1] (inequality only to account for the case A = 0)
< Elexp(A(X —t))] by Markov’s inequality

— Fx () exp(~M)
=exp(Ux(A\) — At).

Optimizing over A > 0, we thus get

P[X > t] < exp(—sup(At — Ux(t))).

A>0

Now we justify why we can replace the above sup,q, by a supremum over all A € R,
provided ¢ > E[X]. Observe that in this case, for A < 0 and by Jensen’s inequality, we
have

Px(A) — Mt =log Elexp(AX)] — A\t > AME[X] —¢) > 0.
Hence we have (since a probability is always less than 1!)

P[X > t] < min(1, exp(—sup(At — ¥x(A))))

A>0
< exp (— max <Sup()\t — Ux (M), sup(At — \IIX()\))>)
A<0 A>0
< exp—Uk(t).
In the case where we are interested in the deviations of %Sn = % 2?21 X; with X;,..., X,

i.i.d., notice Fg, (\) = Fx(A)" by independence — a crucial property of the Laplace trans-
form (like the characteristic function), hence Wg, (A) = n¥yx(A) and U5 (1) = n¥i (L).
Applying Chernov’s bound (3.3)) to .S,,, with ¢ = nu yields (3.4]). O
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Figure 1:  The function ¢ — D(t,p) and its lower bound ¢ — 2(p — t)? (left for p = 0.3,
right for p = 0.03); see Exercise

Chernov’s method for a Binomial random variable. An important application of
Chernov’s method is the following theorem bounding the deviations of a binomial random
variable from its mean.

Proposition 3.4. Let D(t,p) := tlog(5) + (1 —)log 8:;)), defined for (t,p) € [0,1] x

(0,1) (with the convention 0log0 = 0). Let B, denote a Binom(n,p) random variable.
Then

020 = B|15, 21| <en(-nDie), (35)
L<p = IP’EBP < t] < exp(—nD(t,p)). (3.6)

This implies, denoting p = %Bp, for any o € (0,1]:

—1 1
P[AZP and D(p,p) > —22| < o (3.7)
n
—1 ]
P[ﬁs p and D(p,p) > —=2| < o; (3.8)
n
—1 ]
P{D(ﬁ, p)> 8% <9y (3.9)
n

The function ¢ — D(g,p) is convex with a minimum of 0 in ¢ = p (see Figure 1)), hence
is decreasing on ¢ € [0, p] and increasing on g € [p, 1].

Ezercise 3.2. Prove the quadratic lower bound D(q,p) > 2(p — ¢)? (see Fig. [1).
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Proof of (3.5))-(3.6). We apply (3.4) and thus only need to compute V% (¢) where X is a
Bernoulli variable of parameter p. In this case

Fx(X) =pexp(A) + (1 —p) and Ux(X) =log((1 —p) + pexp(A)).

We deduce that W'y (A) = pexp(A)/((1 — p) + pexp(A)), finding the solution of W (\) =
t € (0,1) is thus A = log &;f’i;, so that W% (t) = D(t,p) for t € (0,1) (and V% () = oo
otherwise), giving the conclusion.

Let us now prove the implication from to . Recall that the function t +—
D(t,p) is nonnegative and (strictly) increasing from [p, 1] onto [0,log(1/p)]. Hence we have

the following equality of events, for any t > p:

{p =1t} ={D(p,p) = D(t,p) and p = p}.

For any u € [0,log(1/p)], if we choose t as the unique solution in the interval [p, 1] of
D(t,p) = u, rewriting (3.5)) in the light of the above event equality yields

P[p > p and D(p,p) > u] < exp(—nu).

The latter inequality still holds trivially true if u > log(1/p), since in this case the
considered event has probability zero (since D(t,p) < log(1/p) for all ¢ > p). Taking
u = —log(a)/n yields (3.7)).

Similarly (3.6]) implies (3.8)), and (3.7)-(3.8) imply (3.9) by a union bound.
0]

3.4 Sub-Gaussian random variables and Hoeffding’s inequality

For a binomial variable, the Chernov bound gives a more easy to manipulate non-asymptotic
bound than the Clopper-Pearson interval. However, the function D(q, p) is somewhat cum-
bersome to handle (even if can be lower bounded by a quadratic function). Furthermore,
we would like to have a deviation control applying to more general variables.

We will start with the following definition:

Definition 3.5 (Sub-Gaussian random variable). A sub-Gaussian real-valued random
variable X with parameter o2 is such that

2)\2
VAER F(X—IE[X])()‘) = Elexp AM(X — E[X])] < exp(a2 )

Using Prop. |3.3] we obtain immediately the following deviation control:
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Proposition 3.6. Let X be a sub-Gaussian variable with parameter o. Then for any
a € (0,1]:

IP’[X > E[X] + a\/2log(or1)- <
IP’[X < E[X] - a\/2log(o¢—1)- <
]P’[|X - E[X]| > 0\/210g(a—1)_ < 2.

Proof. Without loss of generality we may assume E[X] = 0. We apply Prop. 3.3, We
have by assumption Fy()\) < exp(A?0?/2), hence it holds W% (t) > t?/(20%). Solving
exp —W,(t) = «a for ¢, we obtain the first inequality. The second inequality is obtained by
applying the same argument to — X, and the final one is a union bound applied with the
events appearing in the first two inequalities. [

It is straightforward to notice that sum of independent sub-Gaussian variables X; with
parameters o; is itself sub-Gaussian with parameter o such that 0% = >, 2. It follows:

Corollary 3.7. If Xy,..., X, are independent sub-Gaussian variables with respective
parameters oi,...,02, then putting S, := > | X;, for any a € (0,1):

) n’

-1 -1
P[&ZE{&} +6\/—210ga ] < a P[&SE{&} Ly Hsa” ] <a,
n n n n n n

(3.10)

=2 ._ 1\ 2
where % := =Y " | 07

The following proposition links boundedness to the sub-Gaussian property and is the
foundation of Hoeffding’s inequality coming next:

Proposition 3.8. A random variable with values in [a,b] is sub-Gaussian with pa-
rameter (b — a)?/4. In particular, a random variable X such that |X| < B a.s. 1is
sub-Gaussian with parameter o = B2.

From this it follows directly from Corollary [3.7;
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Corollary 3.9 (Hoeffding’s inequality). Let Xi,...,X,, be independent random vari-
ables taking values in the interval [a,b] with |b—a| < B. Then for any t > 0:

n

P[% > (X~ B > t] <en(-25 )

=1

equivalently, for any o € (0,1]:

Pll En:(Xi _E[X)]) > B _logo‘] <.

n 4 2n
=1

Proof of Proposition[3.8. Put B := |b— a|. Without loss of generality (i.e. possibly re-
placing X by X' = X — “T“’), we can assume X is taking values in the interval [-B/2, B/2].
We start with upper bounding Wy (\). We notice that

) E[X exp(AX)]
Px(A) = Elexp(AX)]
v EXZexpAX)]  (E[X exp(AX)]\
YN = "R X)] (E[exwm > ’

where the justification of the exchange of expectation (over X) and derivation (over \) is
left as an exercise. We deduce that Ux(0) = 0, U (0) = E[X], U%(A\) < B?/4, and by
Taylor’s formula with exact rest:

A2 B2

Ux(A) = Ux(0) + AT/ (0) + /\;\If”(c) < AE[X]+ S

- 2
Finally observe that W x_gx))(A) = Ux(A) — AE[X] < %(%) . ]

Notation: To lighten notation in the sequel, we will use the following shortcut
notation:

e(d,n) = — log(9)

e (3.11)

Hoeftfding’s inequality allows us to bound with high probability the risk of a single
prediction function from its empirical risk, provided the loss function is bounded:

48



XKk

Corollary 3.10. Consider a prediction setting where the loss function ¢ : Y xY —

0, B] is bounded by B > 0. Let f be a fixed prediction function, E(f) its risk and é’\(f)
its empirical risk with respect to an i.i.d. sample S,, of size n. Then for any § € (0,1),
it holds with probability at least 1 — & with respect to the draw of the sample S,,:

E(f) <E(f) + Be(6,n). (3.12)
Similarly, it holds with probability at least 1 — J:

E(f) < E(f) + Be(d,n). (3.13)

and it holds with probability at least 1 — §:

\§(f> —E(f)‘ < Be(3/2,n). (3.14)

Proof. The first inequality is an immediate consequence of Hoeffding’s inequality, since
E(f) =150 U(f(X,),Y:); put W, := €(f(X:),Y;), then the W;s are i.i.d., taking values

in [0, B] and E[W;] = £(f). The second inequality is derived similarly, using —W; instead
of W;, and the third is obtained from the two first ones each applied with ¢’ = §/2 and a

union bound argument. O

3.5 Uniform bounds over a finite class of prediction functions

We now turn to the situation where we wish to get bounds on the risks of several prediction
functions using their empirical risks, uniformly over a class F. To be specific, from [3.10]
we know that (when the loss function is bounded by B)

Vfe F: p[s(f) < &(f) + Be(s, n)] >1-0; (3.15)

however we wish to have a statement of the form

~

P[\ffefze(f)SE(fHB(f,a)} >1-94, (3.16)

for some appropriate bound function B. Notice the difference between and (3.16):
the second form will guarantees that all bounds, simultaneously, are valid with probability
at least 1 — §, while there is no such uniformity in the first statement.

We will start with a finite class F.
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Proposition 3.11. Assume a prediction problem with bounded loss function taking
values in [0, B]. Let F be a finite set of prediction functions of cardinality K. Assume
empirical risks are computed on an i.i.d. sample S, of size n. Then it holds with
probability at least 1 — 0 with respect to the draw of the sample S,,:

VieF: E(f)<E(f)+ By IOanK + Be(6,n). (3.17)

Similarly, it holds with probability at least 1 —

~ log K
VfeF: E(f)<E(f)+B °§n + Be(b,n). (3.18)
and it holds with probability at least 1 — 9
~ log2K
VfeF: ‘E(f)—é’(f)‘ <B Ogn + Be(5,n). (3.19)

Proof. This is a direct consequence of the union bound. Denote A(f, ) the event where

the bound &(f) < E(f) + Be(6,n) is satisfied. From Corollary (3.10), and (3.15) it holds
that Vf € F P[A°(f,d)] <0 for any § € (0,1). Therefore

) Ars U 455

feF feF

P =1-P >1-) P[AS,] >1- K6

fer

Replacing ¢ by §/K in the above inequality, we therefore have

ﬂ Arsii

feF

P >1-0.

This gives the first announced inequality, just noticing that

) log K + log 6—! \/logK
— = < .
8<K’") \/ on S\, TEln)

The second and third inequalities are obtained similarly from the corresponding single
function inequalities of Corollary (3.10]) and a union bound. O

A first consequence of Proposition (3.11)) is that we can derive a bound on the risk of
an estimator f taking values in a finite class F.
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Corollary 3.12. Consider the same assumptions as in Proposition|3.11. Let f be an
estimator taking its values in the finite class F of cardinality K. Then with probability
at least (1 —9) of the draw of the sample S,,, it holds

n P log K
E(fs,) < E(Js,, S) + By| 2

=+ Be(d.m). (3.20)

Proof. We consider event , whose probability is at least 1—4¢. If this event is satisfied,
we can in particular specialize the inequality which holds for all f € F for the particular
choice f € F (note that it does not matter that f depends on the data now). This yields
the conclusion. O]

We now consider more specifically the ERM over the finite class F, and get the following
result as a further consequence of Proposition |3.11

Proposition 3.13. Assume a prediction problem with bounded loss function taking
values in [0, B]. Let F be a finite set of prediction functions of cardinality K. Assume
empirical Tisks are computed on an i.i.d. sample S, of size n. Consider the ERM
estimator f = fz, where

ke Arg Min E(f3).

1<k<K

Then for any 6 € (0,1) it holds with probability at least 1 — 0

log K

E(f) < Ex+2By /=

+2Be(8/2,n). (3.21)

Observe that inequality relates the risk of the ERM to the best risk in the class
Er = minj<x<x E(fr), hence it is an ezcess risk bound with respect to the class F. It is
trivial but useful to rewrite it in the following way to bound the excess risk with respect
to all possible decision functions:

log K
E(f) — & < (Er— &%) +2B 02g +2B2(5/2,n). (3.22)
n

Observe in particular the role of n (the sample size) and of K (the size of class F). As
expected, larger “complexity” of the class (in this simple scenario the complexity is simply
the cardinality) results in a worse bound for the excess risk in (3.21]), however we can
expect that a more complex (i.e. larger) class also has in advantage in that it will have a

smaller value for (£ — £%), in the bound (3.22]).
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The good news is that the cardinality K of the class enter only logarithmically in the
bound. For instance taking K = n? (for any fixed p possibly much larger than 1) still
results in a bound on the excess risk behaving in O(4/log(n)/n).

Proof. We apply (the last inequality of) Proposition so that the following event has
probability at least 1 — :

VfeF: ’5(f) . A(f)‘ < B\/IOQgK + Be(5/2,1). (3.23)

In the remainder of the proof, we assume that the latter event holds, and do not repeat
everytime “with probability at least 1 — ¢”. We can in particular apply the bound
to any specific f € F, even data-dependent, as is f7; this is precisely the purpose of having
a uniform bound. Thus, we deduce that

(1) < E(f) + By/ 1O§K L Be(3/2,,n). (3.24)

Let k* € ArgMin, ;. £(fi) be fixed, and apply also (3.23)) to fi-:

= log(26-1)
g(fk:*) < g(fk*) +B T

Now using (3.24), (3.25)), and the definition of f; (minimizing the empirical risk) and f-
(minimizing the risk), respectively, we obtain

(3.25)

" log K

E(f;) <&(f;) +B Oan + Be(5/2,n)
. log K

<&(fu) + B Ogn + Be(6/2,n)

E

E(fr) +2B

l K
= min &E(fx) +2By/ og +2Be(0/2,n)
1<k<K

Hold-out estimator selection. The situation where we consider a finite set of candi-
date prediction functions is found commonly when we have several estimators f,..., fk,
amongst which we want to select one. We assume here that these estimators are “black
boxes”, i.e. they may be overfitting the data they are trained on. To select one of these
we again use the idea of Hold-Out presented at the beginning of the chapter:

]

1. Obtain two independent samples S,,, T, of i.i.d. data. (Possibly split an existing
sample into two separate sub-samples to do so).
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2. Train each of the estimators ﬁ, ceey fK using the sample S,,, resulting in the decision
functions fig,,..., fK.s,-

3. Pick an estimator R o
k e Arg Min g(fk,Sna Tm> (326)

1<k<K

Observe that, conditionally to S, (i.e. considering the sample S, “fixed”), the decision

functions fig,,..., fx.s, can be considered as fixed too (since they depend only on S,
and not on 7},). Therefore, can be seen as an ERM method conditional to .S, over
the class F(S,) := {fk = frs k=1,... ,K}.

This Hold-Out Selection method is used commonly in the case where we have an esti-
mator method j/":\ depending on a “tuning parameter” A (see for instance the regularization
methods introduced in Section that we want to choose in order to minimize the risk.
In this case we can restrict the values of A to discretized set {Aq,..., Ax} and we use the
previous strategy with ﬁ = f;k

Cross-validation. In pratice, it is considered somewhat wasteful to split the data into
a training sample S,, and a “validation sample” T,,, as in the Hold-Out method. We
mention the very common cross-validation approach which can be seen as an elaboration
of the hold-out. We still assume to have a family of estimators fi, ..., fx.

e Fix an integer V > 2.

e Given a sample S,,, of size n split it in (approximately) equal size, disjoint sub-samples
S, 8V each of size > [£].
e Denote S-7) the sample made of the reunion of (S (i))i 45
e Define ' R
fAf(” = fk,sm')
the k-th estimator trained on all the samples except those of SU).

o Let .

ke ArgMin Y E(fi7, 89, (3.27)

1<k<K =
e as a final estimator, pick fA:: j/% s, » which corresponds to estimator % trained on the

entire sample .5,,.

Note that (3.27)) can be seen as a “multiple” hold-out where the disjoint samples S¥), §(=7)
take the role of training and validation samples in the standard Hold-out, for all j =
1,...,V in turn.
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Each term in the sum has expectation £ (ﬁ;,n/), where ﬁm/ denotes estimator ﬁ
trained using a sample of size n(v‘; 1), and it is possible to apply the previous arguments
based on Hoeffding’s inequality to bound it. However, the hope is that the “aggregation”
of hold-out errors in results in a yet sharper estimate.

A precise theoretical analysis of cross-validation, and why it may outperform Hold-out
in practice, is a delicate subject that we won’t touch here. (Notice in particular that we
compare the empirical risks of estimators ﬁ trained on samples of size n(V —1)/V, while
the final estimator is trained on the total sample of size n. Therefore, a minima one must
make some kind of assumptions on the fact that the estimators trained on the full sample
and on a sub-sample are “close” in some way).

Still, cross-validation is the “default” method in practice to pick the tuning parameters
of a learning method. The particular case V' = n is called “leave-one-out” (one removes,
in turn, a single data point of the sample, trains each estimator on the remaining (n — 1)
data, and monitors its error on the point that has been left out).

3.6 Uniform bounds over a countable class of prediction func-
tions; regularlized ERM

In this section we present an extension of the arguments used previously, allowing to deal
with countably infinite classes.

Proposition 3.14. Assume a prediction problem with bounded loss function taking
values in [0, B]. Let F be a finite or countably infinite set of prediction functions.
Assume that 7 is a set of real weights over F, such that w(f) € [0,1] and:

d ()<t (3.28)

ferF

Assume empirical risks are computed on an i.i.d. sample S, of size n. Then for any
d € (0,1], it holds with probability at least 1 — & with respect to the draw of the sample
Sh:

log(m(f)~")

vfeF: &) <EN+ BN

+ Be(0,n). (3.29)

Proof. The proof is a minor variation on the proof of Prop. . Denote t(6,n) =
By/log(6=1)/(2n), and A(f,d) the event where the bound £(f) < E(f) + t(n(f)d,n) is
satisfied. From Corollary (3.10]), and it holds that Vf € F P[A(f,0)] < n(f)d for
any 0 € (0,1). Therefore

() Ars

feF

P =1-P

U 455

feFr

>1-> P[AG] >1-6) a(f)>1-4

fer fer
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Elementary bounding for ¢(7(f)d, n) then yields the claim. O
Remarks.

e [t is an extension of Proposition |3.11], since the latter can be obtained via the uniform
weight choice 7(f) = 1/K for all f € F (finite class).

e [t is always better to have the constraint satisfied with equality (if not, re-
place 7(f) by 7'(f) = 7(f)/(3_,ex7(g)), which improves (3-17). With the equality
constraint, it is possible to interpret 7 as a discrete probability distribution over F.
However since there is no probabilistic argument used, we prefer the term “weights”.

e The choice of 7 is arbitrary, but must be fixed in advance (i.e. it cannot depend
on the data). One can interpret log(m(f)™') as a “complexity” of function f but it
is not an intrinsic notion since we can decide freely m. Rather, when we pick 7 we
have to decide which functions are considered “less complex” (=are given a higher
weight), and we are limited by the sum 1 constraint: we can consider many functions
as “complex” but not too many as “simple”.

e The fact that we have a bound on an infinite set of functions is somewhat of an
illusion: it F is countably infinite, it means that only a finite number of them can
have weight larger than any given ¢. On the other hand we observe that is
trivial for all functions f with 7(f) < exp(—2n) (since the risk is always trivially
bounded by B). So for any given n, bound gives non-trivial information only
for a finite subset of functions of F. On the other hand, the set of functions with a
non-trivial bound grows with n (and will contain any given function f with 7(f) >0
for n big enough). In a way, this can be seen as a way to have a class F,, that depends
on n, but since it is implicit, it is more elegant.

Regularized ERM. Assume that we work under the same assumptions as Proposi-
tion 3.14, Bound cannot be used to analyze the ERM on the (countably infinite)
class F in a meaningful way, because, if we try to follow the argument of the proof of
Prop. [3.13] (we recommend it as an exercise to see where it fails) we will have a remaining

term of the form \/ — log W(fERM )/2n in the bound; and we have no means to control it,
it can be arbitrary large.

Instead, we can use bound to design an estimator which will consist in minimizing
that bound (for a fixed choice of 7). Let us therefore define the regularized ERM (based
on the regularization induced by ):

~ ~ —1
7 e ArgMin | 8(f) + By 8 ) (3.30)
fer 2n
Lemma 3.15. If the loss function ((-,...) takes its values in [0, B], the estimator [

always exists, i.e. the ArgMin in (3.30) is never empty.

95



Proof. The property is obvious if F is finite; so here we assume that F is countably
infinite. Since the weights 7(f), f € F are positive and summable, they can be ranked by
nonincreasing order, i.e. there exists an indexation F = {f;,i € N} such that 7(f;) forms
a nonincreasing sequence. Since £(-,-) € [0, B], it holds E(f) € [0, B] for all f € F.

It follows that

~ —1 —1
o + 3y BT (1 . 0g(ﬂ(fo))>7
n 2n
while for all f; € F:
I~ —log(m i
Ef)> B g2(n(f))
Let i, = min{z’ e N:/—log(n(fi)) > V2n+ —log(w(fo))}, then for all i > i, it holds
g(fz) > B\/w > g(fo) + B\/W. It follows that a minimum for the expres-

sion (3.30]) exists, and must be attained for some f; with i < i*. O]

Proposition 3.16. Consider the same setting as in Proposition and let f” be the
estimator defined by (3.30). Then for any § € (0, 1], with probability at least 1 — & it holds

—log(m(f))

€(f7r)§min(5(f)+23 o

min ) +2Be(6/2,n). (3.31)

Proof. The proof is very similar to that of Prop. [3.13. We apply Prop. and obtain
that with probability at least 1 — §/2, we have

VieF: Ef)<E(f)+B %—i—&s(&/ln), (3.32)

Let fT achieving the minimum on the right-hand side of . Note that the minimum
exists by using the same type of argument as in Lemma m (replacing the role of the
empirical risk by the true risk). The decision function fT is non-random and we can apply
the simple Hoeffding’s inequality to it, so that with probability at least 1 — §/2 it holds

~

E(fI) < E(fT) + Be(6/2,n). (3.33)

Now using (3.32)), (3.33) (holding simultaneously with probability at least 1 — d), and the
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definition of f’r, ~, respectively, we obtain

(J7) + By —=2 logﬂ ) + Be(5/2,n)
é B\| ————— log7r +Be (6/2,n)

By 28] log” +235 (6/2,n)
:5%13( \/_log” >+2Ba 5/2,n).

In particular, we obtain the following consistency property on a countable family of
decision functions.

I/\
&)

E(f7)

]

Corollary 3.17. Consider the same settings as in Propositions[3.14 and[3.16, let 7 be set
of strictly positive real weights on the countable family F satisfying - Let f7r be the

estimator defined by - from an i.i.d. sample S,, of size n. Then the sequence f7r '
consistent in probability on F, that is, S(f”) converges to Ex in probability, as n — oo.

Proof. Let ¢t > 0 be fixed. Let f; € F be such that £(f;) < infser+5. Let us now fix any
d € (0,1). Then event (3.31]) (holding with probability at least 1 — §) implies that

—log(7(f;))

o ) +2Be(5/2,n)

&< E(f) < (8<f:> +2B

—1 *
<&+ % +2B w +2B(5/2,n).

The two last terms in the above bound converge to zero as n — oo, so for any 9, for any
n large enough, it holds that

Plein) - &

>t}§5,

in other words IPHS(]/‘ZT) - &x
conclusion. n

> t] — 0 as n — o0; this is true for any ¢ > 0, hence the

An application to interval-based classification. Consider a binary classification

problem (Y = Y = {0,1}, 0-1 loss) for X = [0,1] and denote Fx the set of piecewise

constant classification functions, constant on each of the K intervals of the form []%1, %},



j € [K]. Since classification functions can only take two values, we have |Fx| = 25,
Furthermore, we define a family of weights on F := (-, Fx via

1 5 .
ﬂ-(f):CKZQ 71ff€fK7
for ¢ = 7%/6. (It is possible that the same decision function belongs to Fg for several Ks,
in which case we just take the smallest K having this property). It is easy to check that
these weights satisfy (3.28)). Applying Proposition the regularized ERM estimator f7
using these weights satisfies with probability at least 1 — §:

- o [K log 2 \/10gc+210gK
™ < .
E(f )_%;q;g%((g(f)+23 5 +2B 5 +2Bz(6/2,n)

Observe that if we choose a fixed K in advance, and consider the ERM on Fg, applying
Prop. yields a bound similar to the above (without the third term), albeit for this
fixed K only. As we have seen in Proposition for piecewise-constant functions in a
slightly different context, choosing K of the right order is important in order to obtain fast
convergence rates. By contrast, above inequality for the regularized ERM tells us that we
get a bound as good as what we would obtain for the “best” choice K for the ERM on Fik
— the price to pay for this adaptivity is the additional third term in the bound, which is
modest since it is negligible with respect to the second term for large K. The above type
of bound is sometimes called an oracle inequality: the risk of the regularized estimator is
(almost) as good as if an “oracle” had told us in advance which Fg to choose to minimize
the corresponding ERM risk.

An application to decision trees. We will consider an application of the previous
principle to (a certain type of) decision trees. Decision trees are a certain class of decision
functions that are piecewise constant on the input space X and whose pieces are defined
by recursive partitioning of X. More formally, a decision tree decision function is given by:

e A complete binary tree structure 7T'; complete means that each node either has 2
daughter-nodes (it is then called an interior node) or has no descendents (it is then
called a leaf). Let T" denote the set of interior nodes, and 07" the set of leaves.

e For each interior node s € T', a question g5 which is a function X — {0,1}. We will
assume that g, € Q, where Q is a finite library of questions.

e For each leaf t € T, a prediction value y; € Y.

The set 7(Q) of possible triplets (T, (¢s) > (Yrear)) Will be called the set of decision trees
(with questions belonging to Q).

Given the above structure and parameters T = (T, (¢s) seis (Ut)tear)), the associated
decision function f7 can be defined algorihmically as follows: for a given input point z:
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1. Let s=the root node of the tree 7T
2. If s is a leaf, return the value fz(x) = ys.
3. Otherwise, s is an interior node. Then compute g5(z) € {0, 1}.

4. If gs(z) = 1, replace s by its right daughter-node, otherwise replace s by its right
daughter-node.

5. Return to step 2.

There are several classical methods available to build a decision tree function f = Iz

corresponding to a certain triplet 7' € 7(Q), from a data sample S,,. We will not present
them in detail here. If we consider the output of such a method ]/C:gn, we would like to be able
to have a confidence bound on its risk without knowing the internal details of the method.
Here we will not use a hold-out sample approach but rather use the same sample S,,, this
is why we resort to finding confidence bounds that are valid for all functions of 7 with
high probability (following the same approach as in Proposition and Corollary
for finite classes).

Proposition 3.18. Assume a prediction setting with a loss function bounded by B. Let
Q be a finite set of questions, and assume Y s a finite set. Let S, be an i.i.d. training
sample of size n which will be used to compute all empirical risks. Then for any 6 € (0,1),
with probability as least 1 — 6, it holds:

_ s el log 01
VT eT:  E(fp) <E(fp)+BY 5+ By ——, (3.34)

where C := log| Q)| +10g’jiv’ +log4, and for T = (T, (4s) seivs (Yrear)) we denote |T| = |0T).

As a consequence, if f is an estimator taking values in { f7, T € T}, for any ¢ € (0,1),
with probability as least 1 — ¢, it holds

~ PN C log §—1
E(Fs) < 8.5+ By Ul 4 floz
n

where we denoted |f7| = |T|, T € T.

Proof. We want to apply Prop. , and for this need to choose a weight function 7
over T (we consider directly a weight function over 7, which induces of course a weight
function on { f7 T € T}) Although we insisted that there is no probabilistic argument
linked to 7, it is easier to describe 7 as a probability distribution. We construct 7 as a
probability distribution in the following way:
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e The marginal of the binary tree structure 7" is taken to be a Galton-Watson process
where each node had a probability p to have 0 descendents, and (1 — p) to have 2
daughters (with p € (0, 3]). Thus

n(T) = ol (1= )" = (1= p)~'p(1 = o))",
since |07 = ’T ‘ + 1 for a complete binary tree (check this property!)

e Conditional to T', we take the distribution on the questions in the interior nodes of T,
(¢s)ses» and of the predictions in the leaves of T', (7;)icar to be independent uniform

over Q@ and Y, respectively.
We plug this choice (taking p = %) into (3.29)), and it holds
log(r(T) ") = ~logn(T) ~ log (), (Fecor|T)
= —log(2) + |0T| log 4 + (|0T| — 1)log|Q| + 0T 1og‘57‘

< 07| (10g(4) + Log|Q] + Log| V' |)).

which leads to the conclusion. O]

Observe that with the above choice of weights, the size of the tree |0T| plays a natural
role of “complexity” of the associated decision function. Moreover, in practice we may want
to pick a decision tree that minimizes (at least as much as possible, it exact mimization is
not exactly possible) the bound , which is regularized ERM (or approximate ERM if

exact minimization is not possible) with the regularization penalty Q(T) = B/C|T|/2n.
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4 The Nearest Neighbors method

In this section we introduce and propose an elementary analysis of nearest-neighbors (NN)
methods, which are part of the classical toolbox for prediction methods. In a nutshell, the
output of the NN method from a training sample .5,, is a decision function f such as the
prediction f(x) at a point x is obtained by looking up the neighbors of z in the training set,
and taking a decision based on a local average or majority vote among the labels associated
to these neighbors.

4.1 Basic notation and definitions

We assume that X’ is a Polish space (complete, separable metric space, made into a mea-
surable space by endowing it with its Borel o-algebra), we denote d(-,-) the metric on X.
We assume given a training sample S,, = (X, Y;)1<i<, of size n (as usual, assumed to be
drawn i.i.d. from a generating distribution Pyy ).
Given a point € X, there exists a permutation o, (depending on S,,, therefore random)
such that:
d(l‘,XU (1)<d($X ()) <d([L‘X ())

(We assume that in case of ties, the tied points are ordered by their indices in the training
set. It can be checked that it makes the permutation o, a measurable function of the
training set S,,).

We introduce the notation

X®(2) = X, ), Y® =Y, (o), k=1,...,n;

X®)(z) is called the k-th nearest neighbor of 2 (in the sample S,,), and Y'*)(x) is its label.
In the regression setting () = Y = R), for a given integer k the k-nearest-neighbor
(k-NN) prediction function based on the sample S, is defined as

k
In the classification setting (3 =Y = {1,..., K}), a k-NN classifier function is defined as

Froxn(z) € Arg Max (Z 1{y9(z) = c}),

c=1,...,.K i—1

WI*—‘

fk NN

ie. fk_NN predicts the majority class among the neighbors of x in the sample (in case of
ties, once again one can decide to predict among the tied classes the one with the smallest
index).

The definition of the £-NN decision function is simple and natural, and there exists a
vast literature on the subject going back to the 1960s. In this chapter, we will concentrate
on the following questions concerning the asymptotic behavior of the k-NN prediction
(more precisely in the case of binary classification):
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e what is the behavior of the risk £ (ﬁ_NN), as the sample size n grows but k£ is fixed?

e what is the behavior of the risk & (fk_NN), as the sample size n grows and k(n) is
allowed to grow with n?

Note that it is natural to let k(n) grow with n, since intuitively local averages are more
accurate if we use more data (but not too many since we want to remain in a neighborhood
of the prediction point).

4.2 Analysis for £ fixed

As announced, from now on we will focus on binary classification ) = Yy = {0,1} with the
0-1 classification loss. We denote, as in previous chapters, n(z) = P[Y = 1|X = z]. We
will make the following assumption:

n is a continuous function. (Cont)

We introduce some additional notation: for p € [0,1], denote

k
Qr(p) == ]P’[Bhp < 5| where By, ~ Binom(k, p).

Theorem 4.1. In the binary classification setting, assuming (Cont|) holds, we have:

1. Vz € Supp(Px), ESnE[f(A,(f_L)NN(m),Y)\X = x} — ag(n(x)), as n — 0.

2. Bs, (/)] = € = Elaw(n(X))], as n— oo,

where the superscript (n) is a reminder for the sample size used to construct /Ef)NN,

and

ax(n) = nQk(n) + (1 —n)(1 — Qx(n)). (4.1)

Before proving this theorem, we give a general intuition of why it holds (the proof will
consist in making this intuition mathematically rigorous):

e As n — oo, the number of sample points in a given neighborhood of z will grow
to infinity (provided that x is in the support of Px). Therefore, the distance of the
kth-NN of x to = should tend to zero.

e Conditional to the sample points (X;)i<i<n, the labels Y (z),..., Y®) (2) of the k
neighbors of x will be distributed as Bernoulli variables with respective parameters
n(XWV(2)),...,n(X®(z)). However, since the neighbors of x tend to z itself and 7
is continuous, these labels will essentially behave as i.i.d. Ber(n(z)) variables.
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e The decision function ﬂ;_NN(x) will predict the majority class among the k neighbors.
By the previous point, we expect the number of neighbors of class 1 to behave as
Binom(k, n(x)) variable, so f will behave as a randomized decision predicting 0 with
probability Qx(x) and 1 with probability 1 — Q(x), giving rise to the average error
ax(z) at point .

We now proceed to the proof. The following lemmas will roughly speaking correspond to
the successive points in the above intuition.

Lemma 4.2. Let Xq,...,X,,... be i.i.d. points from the distribution Px on a Polish

space X. For a given v € X we denote XT(Lk)(x) the k-th nearest neighbor of x among

the points X, ..., X,. Then it holds:

1. For any fized x € Supp(Px), and any fized integer k, it holds d(Xflk),:L‘) — 0 as
n — 00, in probability and a.s.

2. Let X ~ Px, independent of the (X;)i>1. Then it holds d(Xék),X) — 0 as

n — 00, in probability and a.s. -

Proof. Assume x € Supp(Px), by definition this means that for any ¢ > 0, p(x,¢) =
P[X € B(x,¢)] > 0, where B(z,¢) is the open ball of center x and radius e.

Let us fix ¢ > 0. Denote N.,(x) := #{i € {1,...,n}: X; € B(z,e)}; by the law of
large numbers, it holds

Ne () 1 —
2end®) _ 2NT1(X, € Bz, £) >0,
S = X € B )l

as n — 00, in probability. Furthermore, note the following implications:
d(XW(z),2) > e = XP(2) € B(v,e) = N.,, < k;

hence

n nl

N k}
<

Since % — p(x,e) > 0 in probability, but % — 0, in particular for n big enough % <
p(z,e)/2 < p(z,e), and P[% < g] < P[% < p(x,¢) —p(x,e)/2] — 0 by definition of

convergence in probability. We have proved that d(Xflk) (x),z) — 0 in probability.
However, this implies also convergence a.s. by a monotonicity argument: observe that

(for any fixed w € Q determining the sequence (X;(w))i>1), d(Xr(lk (x),z)(w) is a decreasing

sequence in n (adding more points to the set {Xj, ..., X,,} can only make the k-th neighbor

of x possibly closer to x). It has therefore has a (nonnegative) limit L(w) which can only be
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0 (a.s.); indeed for any ¢ > 0, by right-continuity lim,, 1{d(Xr(Lk) (x),x) > t} =1{L > t},
hence by dominated convergence

P[L > #] = lim P[d(X"(2),z) > t] =0,

n— o0

so L =0 a.s.
For the point 2, observe that for any € > 0

Py (X010 [AXP(X), X) > €] = Ex [P [d(X}P(X), X) > E’X”.

In the point 1. we have proved that F\™ (z) := P[d(X P(X), X) > el X = a:] = P[d(Xygk)(x), x)>¢€
converges to 0 for Py-almost all z, since in a Polish space it holds P[X € Supp(Px)] = 1.
Therefore, since it is bounded by 1, its integral (the above expression) converges to 0 by

dominated convergence. This means that d(X )(X ),X) — 0 as n — oo, in probability,
and implies convergence a.s. by the same monotonicity argument as in point 1. O]

The following lemma based on a coupling argument will allow to formalize that the
labels of the close neighbors of a point x behave almost as if they were drawn with the
Bernoulli parameter n(z).

Lemma 4.3. Let k be an integer and U an integrable function {0,1}* — [0,1]. As-
sume Y1, ..., Yy are independent Bernoulli random wvariables with parameters ny, ..., Nk,
and Y{,..., Y, are i.i.d. Bernoulli random variables with parameters .

Then it holds
B[V (Y. .., Ye)] = E[W(Y,...,Yy) |<Z|m nl.

(Note: equivalently the above is a bound on the total variation between the distribution of
(Yi)i<i<n and that of (Y])1<i<n).

Proof. Since the two expectations of U(Y7,...,Y,) and U(Y/,...,Y/) only depend on the
distributions the one and the other k-uple of random variables, it is possible to construct
a coupling between these two k-uples. More precisely, we construct two k-uples of random
variables (Y)1<Z<k and (Y)1<Z<k so that (Y)1<Z<k has the same distribution as (Y;)1<i<x,
ie. ®f:1 Ber(n;), and similarly for (Y)1<Z<k, but so that Y; = Y as “often” as possible.

The construction is as follows: let Uy,..., Uy be ii.d. Unif[0,1], and define Y, =
1{U; < n;}; Y/ = 1{U; < n}. Then it can be Checked easily that:

o (Yi)icick ~ @1, Ber(n:);
d (i/)lgigk ~ ®f:1 Ber(n);
o B[V # 77| = B[U: € min(n, ), max(n, )] = b — .
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Therefore, since ¢ takes values in [0, 1]:

E[U(Y:, ..., Y;)] - B[U(Y],...,Y))]| = ‘E[\y(iﬁ, . ,?k)] —E[xp(?;,...,?,;)”

)

<B[[W( S - w7

<P[Rie{l,.. k}: VA
< il@[% ad

i=1
< zk:|77—77i|-

1=1

O
We can now assemble the previous results to prove the theorem:
Proof of Theorem[{.1 Write
ESnE[€</\Ign)NN |X_'T:| :EXl ,,,,, Xn|: |: (fk NN( ) )’XlavXnuX:x:HX:a:]?
(4.2)
where the internal conditional expectation is over (Yi,...,Y,,Y). Since fanN is con-

structed using only the values (3" (x),...,y%*) (z)) of the labels for the k nearest neighbors

of x, we can write
(@) y) =2 dalyO (@), ...y P (@), y).
Introduce the abbreviated notation X™ = (X,...,X,,X), * = (z1,...,2,,7) and

yH = (YO (2),...,Y®(z),Y). Conditionally to X ™ = x, the uple Y,¥ has the distri-
bution

Py w) xm=g = <® Ber(n )) ® Ber(n(z)).
On the other hand, it can be checked that ay(x) defined by (4.1)) is the expectation of

Ve (YR, for (YR ~ ®f;rll Ber(n(x)) (to see why, recall the third point in the general
intuition discussion following Theorem E ). Applying Lemma , we obtain for any a:

[E[e(Y ) X™ = 2] —ax(2)| = |Ey(k>|x 2 [V (Y )] —E[v(Y®))]|

< S - (o).

Now, assuming x € Supp(Px), by Lemma , and continuity of 1, since d(X¥(x),z) — 0

in probability for ¢ = 1,...,k as n — oo, and since n is bounded by 1, the expectation
of the above right-hand side with respect to Xi,..., X, converges to 0, which in view
of establishes the first part of the theorem. The second part follows immediately by
integration over X ~ Py and dominated convergence. O]
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We now examine closer the function oy from (4.1)) which determines the asymptotic
error, for k fixed, of the k-NN method. We look at the cases k = 1,3,5 (note that it is
reasonable to choose k odd to avoid ties). In each case, we examine the behavior of «(n)
as 7 is close to 0, and compare it to the “local” optimal risk, which is min(n,1 —n) = n.
By symmetry (since ax(n) = ax(1 — n) by definition, for k£ odd), the same behavior holds
as a function of (1 —n) if n is close to 1.

This behavior is relevant in a situation where the classification problem is well-separable,
i.e. n(z) is always close to 0 or 1.

e k= 1: then ay(n) = 2n(1 — n). Remember that the Bayes optimal error in classifi-
cation is given by £* = E[min(n(X),1 —n(X))]. If we denote a(x) := min(n(z),1 —
n(x)), it therefore holds

o = E2a(X)(1 = a(X))] < 2E[a(X)[E[l — a(X)] = 287(1 - £7),

where the above inequality is Jensen’s, since x — (1 — ) is concave on [0, 1]. We
see that when £* is close to 0, the risk of 1-NN is bounded by twice the Bayes risk.
This factor 2 is unavoidable, since in a well-separable situation, if 7 is close to 0 we
have

061(”) ~ 27]7
which is twice the (local) optimal risk.
e k= 3: then Q3(n) = (1—-7)3+3(1—n)*n, and az(n) = (1—1)3n+n>(1—n)+6(1—n)*n>.

So
az(n) —n~ 3%, asn — 0.

e k = 5: then with some additional tedious computations we get

as(n) —n ~ 100, asn — 0.

We see that in well-separable situations, when for all z, n(z) € [0,p] U [1 — p,1] with p
close to 0, we have & _yy =~ 2E* while &y = £*. We see clearly the advantage of taking
more neighbors in improving the asymptotic error. The 5-NN method asymptotically gives
an even better approximation of the optimal Bayes error, still the 3-NN method may be
sufficient in such a well-separable situation.

4.3 Consistency of the k-nearest-neighbors method

In this section we turn to analyzing the case where the number of neighbors k(n) can grow
with the sample size n. The main result is the following.
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*ok Theorem 4.4. We consider a binary classification problem (with the usual 0-1 loss)
under either of the following assumptions:

(A) X is a Polish space, and the function n(x) = P[Y = 1|X = x] is continuous.

(B) X =R for some finite dimension d, endowed with the Euclidean distance, and
there is no assumption on 1.

Then, if k(n) is such that k(n) — oo and k(n)/n — 0 and n — oo, it holds either
under setting (A) or (B) that

S(ﬂ{?z)fNN) — E*,in probability as n — .

Notice in particular the remarkable fact that in setting (B) (R? endowed with the Eu-
clidean distance), the k~-NN method with suitably increasing k(n) is universally consis-
tent, i.e. its risk converges asymptotically towards the Bayes risk without any assumption
on the generating distribution Pxy .

We start by revisiting Lemma 4.2

*ok Lemma 4.5. Let Xq,...,X,,... be i.i.d. points from the distribution Px on a Polish
space X. For a given x € X we denote X,sk)(m) the k-th nearest neighbor of x among
the points Xy, ..., X,. Then if k(n)/n — 0, as n — oo, it holds:

1. For any fived x € Supp(Py), d(XﬁLk(”)),x) — 0 as n — oo, in probability.

2. Let X ~ Px, independent of the (X;)i>1. Then it holds d(XY(Lk(n)),X) — 0 as
n — oo, in probability.

Proof. The proof is actually the same as for Lemma [£.2] To wit, for any £ > 0 and fixed
k and n, we have seen that

N, l{;]
<
n n
N;’" — p(x,e) > 0 in probability as n — oco. So if @ — 0 asn — oo, for
n large enough it holds @ < p(x,€)/2 implying that the right-hand side above converges
to zero. The statement of point 2 is obtained by integration over x since the statement of
point 1 is true for Px-almost all z, because P[X € Supp(Px)] = 1 in a Polish space. [

Proof of Theorem[{.4]. . Denote

and furthermore



Observe that ﬁ_NN can be seen as a plug-in classifier ﬁ;_NN = 1{ﬁ($) > %} From the
result on risk comparison for plug-in classifiers (Proposition [1.14)), we know

EFenn) — & < 2Ex[|A(X) — n(X)]].

Now define oo
_ 1 —
() = — > n(X9(x)),
b 2
and bound

Ex[[n(X) = n(X)|] < Ex[|n(X) = 7(X)[] + Ex[[n(X) = n(X)|].

Since E[Y ) (z)] = (X (z)) and conditionally to X, ..., X, the labels YV (x), ..., Y®)(z)
are independent Bernoulli variables with respective parameters (X (x)), it holds

Exs, [((x) = 7())*|X1,..., Xp; X = 2] =

D (X)) (1 = n(x(2)) <

=1

k(n)? 4k(n)

Furthermore, by integration

NI

Es, [(I1)] = Ex.s,[[i(z) — 0(@)]] < Ex.s, [(((z) — 7(x))*]* <

2/k(n)

Hence term II tends to 0 in expectation over S,, and therefore also in probability, since it
is nonnegative.
Estimating Term (I), setting (A). We have for any x € A"

x>

(n)

() =) = s S (@) = n(XO@))),

Since we assumed under setting (A) that 7 is continuous, for any fixed € > 0 there exists
d > 0 such that for any ', d(x,z’") < 0 implies |n(z) — n(2")| < e. Therefore, since n and 7
are bounded by 1:

.
Il

[n(x) = i(2)] < e+ 1{d(X 2) > 6}

hence
Es,[(I)] = Es, x[[n(X) = 7(X)[] < e + P[d(X*), X) > 6],
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and from Lemma we know that the second term tends to 0. Since this holds for any
e > 0, the term I converges to 0 in expectation over .S,,, and therefore also in probability,
since it is nonnegative. This concludes the proof for the setting (A).

Estimating Term (I), setting (B). In this setting X = R? but 7 is not necessarily
continuous. However, we know that the set C(R?) of continuous functions on R? is dense in
LY (R4, Py). Let & > 0 be fixed, and pick then 7. continuous such that E[|n(X) — n.(X)|] <
e. We define

~ 1 ,
e(x) = —= > n.(X9(x)),
) 2
and write

(1) = Ex[In(X) — 7(X)]) < Ex[[n(X) — n.(0]] + Ex[n:(X) = 700)]] + Ex[[7.(X) = 7))

J

~~ -~ ~~

<e (Ia) (Ib)

The term (Ia) can be shown to converge in probability to zero, with exactly the same
argument as used in the setting (A), since 7. is continuous.

Finally, in order to estimate term (Ib), we will use a clever geometrical lemma which
will stated precisely below, which will prove the following:

Es, [(I0)] = Es,, x[[7:(X) — 7(X)]]

k(n)
< Es, x w Z‘ﬁs(X(i)(X» - ﬁ(X(i)(X))‘
< YaE[In(X) = n(X)] (4.3)

< 4¢,

where 7, is a factor that only depends on d. Overall, since (Ia) converges to 0 in expectation
over S, it also converges in probability, and the proof is done. [

The following lemma is used to prove inequality (4.3):

Lemma 4.6 (Stone’s lemma). Let X = R? endowed with the Euclidean distance;
X, X1,...,X, bei.id. variables of distribution P, on X, and f € L} (R%,P) a nonneg-
ative integrable function. Then there exists a factor vq, only depending on d, such that
for any integer k > 0:

>, f(X(i)(X))] < kyaE[f(X)]. (4.4)
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Proof. Assume k > 0 is a fixed integer. Let us denote Xy = X, and for i = 0,...,n,
introduce the notation

NNy (X;) := {j # i : X is one of the k nearest neighbors of X; among X, ..., X,}.

Then we have

=E

Zf(X»l{z’ 8 NNk(Xo)}]

- ZE[f(XZ)].{Z € NNy (Xo)}]

=) E[f(X0)1{0 € NN;(X,)}] (*)

i=1

=E

f(Xo) z": 1{0 e NNk(Xi)}]

i=1

= E[f(Xo)#{i : 0 € NN (X;)}]. (**)

Observe that the clever step is obtained by symmetry: in each separate expectation we
can exchange the role of Xy and X;, while the distribution of the (n+1)-tuple (Xo,..., X,,)
remains unchanged. Finally, the next lemma will establish that

#{i:0 € NNL(X))} < kv,

for a factor 74 only depending on d; this will conclude the proof, since we can plug this
upper bound into (**) (observe that it is at that point that we must make use of the fact
that f is nonnegative). O

Lemma 4.7. Let (xg,...,x,) be (n+ 1) points in R and
NNy (z;) :={j # 1 : x; is one of the k nearest neighbors of x; among o, ..., x,},
where ties are broken by taking the smallest index. Then
#{i:0 € NNy(z;)} < kva.
with v, a factor only depending on d.

Proof. Without loss of generality we assume xq = 0. Let us consider a fixed open cone Cy
starting from the origin (z() and of angle 20 < 7/3. For any two points y and z in Cy,
assume that ||y|| < ||z||, then since the angle between y and z is strictly less than 26:

2
2 2 2 2 ||yH ”?JH 2
ly — 21" < llyll” + [I=[I" = 2[[yl[|z]| cos(26) < |=|| (1+ s — o ) S EIF (45)
N Iz =l

<1

>1/2
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Let x;,, ..., z;, be the elements of {xy,...,x,} belonging to Cy and closest to the origin x
(if there are only k' < k such elements, take only those; if there are more because of ties,
take the ones with the £ smallest indices). Now, notice that for any other x; € Cy with
Jj & {ir,..., i}, we have ||z;|| > ||z, || for all ¢ =1,... k, thus by we have

2 2 2
[ = woll” = llz;]” > sup |lz; — "

=1,...,

Therefore, for any such z;, the point x is not among the k nearest neighbors of x;, and
we must have 0 ¢ NNy (z;).

To summarize: in any such open cone Cy, there are at most k indices i, such that

0 € NNi(z;,). Now the space R? can be covered by a finite number v, of such open cones

(note that it is enough to cover the unit ball by homogeneity, and then used compactness).

Overall there are at most kv, indices i, such that 0 € N Ni(z;,). This implies the conclusion.

O

d
Ezercise 4.1. Prove the bound 4 < (1 + m> < 5%, For this, assume that the unit

ball is covered by open cones of angle 7/3, with principal axes given by the direction of
vectors x1,...,xy, with ||z;|| = 1. Furthermore, assume that this covering is of minimal
cardinality. Prove then that it must hold ||z; — z;|| > 2sin {5 =: r for i # j. Conclude by a
volume argument: the balls B(z;, 5) must be disjoint and are all contained in B(0,1+ 7),
entailing that the sum of their volumes is less than the volume of this containing ball.
Conclude.

Exercise 4.2. Tt is possible to also prove a.s. convergence in Lemmal{.5as in Lemma , but
the argument of Lemma has to be modified since a.s. monotonicity of d(Xflk(" (x),z)
does not necessary hold when k(n) depends on n.

Establish the a.s. convergence property in Lemma by considering
Up = sup,,>, d(Xr(,’f (m))(x), x) and establishing that U, — 0 in probability. Then use the
monotonicitgf argument since U, is now a.s. decreasing in n.
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5 Reproducing kernel methods

5.1 Motivation

Linear methods after a feature mapping. In the chapter on linear classification
methods, a central role was played by linear (or affine) score functions which were linear
forms f,,(x) = (x,w); such linear forms are also the class of predictors considered for linear
regression. Now imagine we would like to consider as prediction (or score) functions the
class of functions of the form

F = {fa(:,t) = Zaifi(:v),oz = (o,...,anm) € RM}a

where {fi,..., fu} is a known, fixed finite set of real-valued functions X — R. For
instance, we could consider that fi,..., fy; are monomials in the coordinates of x of degree
up to m, so that F is the set of polynomials in x of degree up to m. Or the f; could
be trigonometric functions; or in fact any finite “library” of functions that we consider
relevant for the problem at hand. (Note in particular that X does not have to be a subset
of R%; here X could be something like a sequence of characters, a graph. ...)

In this setting each function f; is called a fixed “feature”. While the above setting might
seem much more general than linear functions, we can subsume it into linear methods by
considering the “feature mapping”

O(z): X > RY,  ze (fi(x),..., fulz)),

if we use the shorthand notation = := ¢(x), then we observe that functions in F which are
nonlinear in x are linear functions of z:

falz) == Zaifi(:v) = (@, ®(2)) = (o, 7). (5.1)

Therefore, we can in principle apply any linear learning method (regression, or one of the
linear classification methods seen in Section [2) to the modified input data T in order to
learn a prediction function in the class F.

An important point to notice right away is that the feature mapping ® can often be
high-dimensional (as exemplified by polynomial regression: if X = R¢, the vector space of
polynomial functions of degree up to m has dimension (m + 1)?). In fact it can commonly
be the case that we would like to consider a “feature space” (the image space of ®) of
dimensionality M larger than the data sample size n. This has two important consequences:

1. It is essential to consider regularized methods (see in particular Section[2.7)), otherwise
we are certain to run into overfitting.

2. It can computationally inconvenient to store the data as its explicit feature mapping
(1, ..., Tp) = (&(x1), ..., d(x,)), both in terms of computation time of this mapping,
and of memory size.
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Scalar products are sufficient. Concerning the second point above, an important
point to remark is that all linear methods (possibly in regularized form) we have seen have
the following property:

1. The learnt linear function (or functions, in the case of multi-class classification)
fa has a parameter which can be written (regardless of the dimension) as a linear
combination of the input data:

n

@ = BiX;; (5.2)

=1

2. In order to compute the coefficients [; above, it is sufficient to know the scalar
products (X;, X;), i = 1,...,n, along with the labels Y;,... Y.

3. In order to compute fz(x) for a new test point x, given the coefficients (5, ..., 5,)
of the representation ([5.2)), it is sufficient to know the scalar products (X;, z), i =
1,...,n.

The last point is obvious since given ([5.2)) we have

folx) = (@,z) = Z Bi(X;, ). (5.3)

For the two first points, we take first the example of the perceptron. Remember that for
the perceptron algorithm (see Section , the main iteration is Wy = w1 + X;,Y;,. By
recursion, assume wy_, satisfies points 1-2 above, that is to say, is of the form , with
coefficients Bi(k) which can be computed only given the scalar products (X;, X;). Observe
that the determination of the index i; depends on finding which training examples are
correctly classified or not by the classifier sign(fz, ,), for which we only need to know the
scalar products (X;, X;), by . As a consequence, w;, also satisfies points 1-2 above.
Let us take ridge regression as the next example. Remember from and below
that this method outputs (for a fixed regularization parameter A > 0) the linear predictor
with parameter vector
Wy = (X'X + M) ' XY, (5.4)

where X is the (n,d) matrix whose rows are zt,... 2% and Y = (y1,...,y,)". We have

the following lemma:

Lemma 5.1. [t holds for A > 0:
(X'X + M) ' X' = XU XX+ A\,
As a consequence, the formula implies that w) is of the form , with
(Biy--. Bn) = (XX 4+ A\,) 'Y (5.5)
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observe that (X X*);; = (X;, X;), so finally points 1-2 hold in this setting too.

As apparent above, an object of central importance is X X, the Gram matriz associated
with points (X7,...,X,). Note that it is more economical to use the (n,n) Gram matrix
than the (d, d) matrix X' X if d < n.

The conclusion of these observations is that it is enough to know how to compute scalar
products (x, z’) in order to learn and apply prediction functions for classical linear method.
If we combine this observation with the idea of a feature mapping exposed earlier, we see
that we do not need to know the explicit feature mapping ®: we only need to be able to
compute (®(x), ®(z’)) for arbitrary x, 2" € X.

This is in essence the principles underlying the construction of kernel methods, to
sumimarize:

1. We can greatly extend the flexibility of linear methods by applying them after a
feature mapping ® in a possibly high-dimensional Euclidean vector space.

2. For standard methods, we don’t need to know the feature mapping ® explicitly, but
only need to be able to compute scalar products (®(x), ®(z’)) for any z,2" € X.

3. It is important to always consider regularized versions of linear methods in this con-
text, since the output space of the feature mapping & is generally high-dimensional.

Ezercise 5.1. Prove Lemma and justify (5.5).

5.2 Reproducing kernel Hilbert spaces
The previous considerations motivate the interest of being able to compute easily
k(z,2') = (®(z), 2(')) (5.6)

rather than explicitly computing ®(x), ®(z’). We will call such a function k a kernel. Since
we only need to know the function k in order to apply various algorithms on the feature
space, it is natural to ask the reciprocal question: under what conditions is a given function
k. X x X the kernel associated to a feature mapping; i.e. when can we guarantee that
there exists some feature space and a feature mapping ¢ such that holds?

Example. Let X = R? and k(x,2") = ({x,2') + ¢)?, where ¢ > 0 is a constant. Is it a
kernel in the above sense? We have

d 2 n
(Z(:ﬂﬂ:é)) + 2c¢ Z wixh + ¢

i=1 =1

((z,2") + ¢)?

%

d n
D (wir) (@) + > (V2ew;) (V2ea)) + &,
=1 i=1
so (5.6)) is satisfied with
P(z) = [(xixj)léi,j§d3 (V2cx); C]~
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Observe that ® maps to all monomials of degree up to 2, so the associated function space
defined via is the vector space of polynomials of degree up to 2 in the coordinates of
x. For this reason k is called polynomial kernel of order 2.

The following fundamental theorem gives a set of necessary and sufficient conditions
on k in order for (5.6 to hold.

Theorem 5.2 (Characterization theorem). Let X' be a nonempty set, and k : X x X —
R a function.
Then there exist a Hilbert space Ho, and a mapping ®, : X — H, with

k(x,z") = (Po(x), q)o(x')>7_[o (5.7)
of and only if the following conditions are satisfied:
1. k is symmetric: k(x,2") = k(2/,x) for all x,2' € X.
2. k has positive type, that is, for any integer n > 0, and any n-uples (x1,...,x,) €

X" and (aq,...,a,) € R, it holds

Z oziozjk(:zi, iL’j) 2 0.

ij=1

Note: the above properties can be more compactly expressed equivalently as: for any
integer n > 0, and any n-uple (x1,...,x,) € X", the matriz K given by K;; = k(x;,x;)
18 symmetric positive semi-definite. For this reason, we will call a kernel satisfying the
above conditions a symmetric positive semi-definite (spsd) kernel.

Proof. “Only if” direction: assume ({5.7) holds. Then obviously k is symmetric, and

“If” direction: assume k is a spsd kernel. We need to construct H and ®. For any
x € X, denote the real-valued function k, : X — R,y — k(z,y) (we will alternatively use
the notation k, := k(z,-)). Now define

2
> 0.

Z ik (i, 5) = Z ;o (@(z;), ©(5))y =

i,7=1 1,j=1

Hpre := Span{k,,z € X'}; (5.8)

we stress that the above set is made of finite linear combinations of functions of the
form k(z;,-).
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We define a bilinear form [-, -] on Hpye:

for f = Z Aikes g = Z,ng define [f, g] Z Atk (i, ;). (5.9)
iel; JEL %gl
Jei2

We need to stress that this is a well-formed definition: indeed, it may be possible that the
same function has another representation as a linear expansion, say f =5, I A;kxg. But

it holds that » ier, Aipk(i, x5) = > ,cp, i f(x;) by definition, so the definition of [, ]
el

does not depend]ori the particular representation of f. The same argument applies to g.
Now, it is easy to check that the property 1. (k symmetric) implies that [, -] is sym-
metric, and that property 2. (k has positive type) implies that for f € H,,. having the
representation as in (5.9), it holds [f, f] = > ijen, NiAjk(zi,x;) > 0. Hence [,] is a
symmetric positive semidefinite form on the vector space Hpye.
We finally check that it is definite. A symmetric positive semidefinite form satisfies the
Cauchy-Schwarz inequality, so it holds (assuming again f € H,.. with representation as

in (59))

1

= 3" Nk ) = [f k) < (£ 5 lh kil (5.10)

hence [f, f| = 0 implies that f(z) = 0 for all z, i.e. f = 0 as a function. Hence [-,-] is a
symmetric definite positive bilinear form on Hye.
Finally, define ®pe(x) : X = Hpre, © +— k. Then it holds

(@ pre (), Ppre(2)] = [kiy ko] = k(a, 2'). (5.11)

We have just constructed a pre-Hilbert space H. and a mapping P, such that
holds.

What is missing for a proper Hilbert space is completeness. But this space can be
completed: there exists a complete Hilbert space H,, and an isometry i: (Hpre, [-,]) —
(Ho, (-, -)5) such that i(Hpe) is dense in H,. (The completion operation is obtained by
considering equivalence classes of Cauchy sequences in H,.; this is a standard construction
that we don’t detail here.)

Correspondingly we can define ®,(x) := i o ®e(z), which satisfies because

of (5.11]), since 7 is an isometry. This concludes the proof. O]

In the previous proof, H.. was specifically constructed as a pre-Hilbert space of real-
valued functions on X with ®,(z) = k,. It is an important point that this property in
fact carries over to its completion, and we highlight this in the next result.

Theorem 5.3 (and definition). If k is a spsd kernel on the set X (as in Theorem ,
the Hilbert space H and the mapping ® satisfying (5.7)) can be constructed so that:
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1. H is a vector space of real-valued functions X ;
2. The mapping ® : X — H is given by ® : x — k,;

3. The following reproducing property is satisfied:
VPEH :  fe) = (ke (5.12)

The space H satisfying the above properties is unique and is called reproducing kernel
Hilbert space on X with kernel k.
Furthermore, Hpe given by (5.8)) is dense in H.

Proof. We have constructed in the proof of Theorem a pre-Hilbert space H . satisfying
the announced properties (observe that the reproducing property holds in Hpre by
construction/definition of the form [-,-]). What about its completion H,? We recall that
there exists an isometry i : Hpre — Ho with i(Hpe) dense in H,. We now construct the
following mapping

& Ho —» F(X,R): hi &(h) == (x € X (i(ka), h)y. )

Let us prove that £ is injective. Assume &(h) = 0, which is to say, for all x € X" it holds
(i(kz), h)y, = 0. This implies by linearity that for any f € Hpwe, (i(f), h),,. = 0. But since
i(Hpre) is dense in H,, it implies that for any h' € Ho, (h', h),, =0, hence h = 0.

Since ¢ is linear, it defines a bijection between H, and &(H.) C F(X,R). We can
therefore endow H = £(H,) with the scalar product (f, f') := (£71(f),&71(f")), so that H
is a Hilbert space of functions X — R which is isometric to H,.

Additionally, we observe that Hy.e € H since £ o4 coincides with the identity: for any
r € X, it holds

E(i(ke)) = (y = (ilky),i(ka))yy, = (Rys by, = F(2,y)) = Ka, (5.13)

hence by linearity of £ o, we have Hye g ‘H, which is an inclusion of Hilbert spaces since
& o1 is an isometry by composition of isometries.
We can therefore define the feature mapping ®(z) = k,, which satisfies

(®(x), (I)(xl»ﬁ = (kq, kx’>7—( = (kz, kx’>7—(pm = k(z, "),

by the above isometric inclusion.
Finally, we check the reproducing property: for any f € H = &(H.,) there exists h € H,
with f = {(h), hence f = (z + (h, k;),,. ) and for any = € A’:

f(@) = (hyi(kz))yy, while (f, ka)yy = (€(h), &(i(kz)))py = (hyi(ka))yy,,
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hence (5.12)) is satisfied.

We turn to unicity. Let H’ be another Hilbert space of real functions on X satisfying
the announced properties. By property 2. it holds that k, € H’ for all x € X, and by
consequence Hye € H'. Furthermore property 3. implies that (k;, k.), = k(z,2") =
ko, kL], where [-,-] is the bilinear form constructed on . in the proof of Theorem [5.2]
By linearity (-, -);, coincides with [, -] on Hp.e. Hence the identity mapping Hpre — H' is
an isometry.

On the other hand we have established that H,. C H via the isometric inclusion
€ oi. Let Hpwe be the closure of H, in H. It can be checked that H,, = H, where H
was constructed above. Indeed, we know that i(H.) is dense in H,, hence by isometry
€ 0 i(Hpre) = Hpre 1s dense in {(Ho) = H.

Finally, observe that the closure of H . in H coincides with the closure of H . in H'.
Indeed, any Cauchy sequence of functions (f,)n,>1 in Hpe converges both in H and H'
by completeness of both these spaces, and the limit point f is uniquely determined as a
function, since for any = € X, f(z) = lim, ks, fn], the right-hand side of the latter
equality being a real-valued Cauchy sequence (by continuity) hence having a unique limit.
So any such limit function f belongs to both H and #H', and since H = Hpre, we have
HCH.

Since H is closed in ‘H' we can write H = H GLB H,; but for any f; € H; we have since
M1 L H that for any h € H, (f1,h),, = 0. In particular, for any z € X, k, € H and
(fi,kz)5p = fi(xz) = 0 (by the assumed reproducing property on H'), so f; = 0. Finally
‘H' = H, proving unicity. O

For a complete overview we also mention the following characterization of reproducing
Hilbert kernel spaces.

Theorem 5.4. Let H be a Hilbert space of real-valued functions over a set X. Then
the following properties are equivalent:

1. For all x € X, the evaluation function
0, H—R; f— f(z) (5.14)
18 COntinuous.
2. There exists a (unique) function k : X x X — R such that:

(a) forallx e X: k(x,-) € H.
(b) forallz € X and f € H: (f k(z,-)) = f(x).

Furthermore, the function k in the last point is a spsd kernel, so that H is the repro-
ducing kernel Hilbert space with kernel k.
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Proof. (1) = (2): since 9, is continuous, by Riesz’ theorem there exists a unique element
(x € H such that §,(f) = (¢, f) for all f € H. Since H is a space of real-valued functions,
we define k(z,y) = (,(y) for all z,y. Then k(x,-) = (,, so that the announced properties
(a) and (b) are satisfied.

(2) = (1): we have for any f € H and € X, that 0,(f) = f(z) = (f, k,) which is
continuous by continuity of the scalar product (which can be seen as a consequence of the
Cauchy-Schwarz inequality).

The kernel k appearing in (2) is spsd: it holds k(x,y) = k.(y) = (ku, ky) = ky(z) =
k(y,x), so k is symmetric. Furthermore

Z Cti@jk(l'i,fﬂj) = Zaiaj<k$w kzj> = H Z Oéikzi
Y] i,J i

2
> 0.

5.3 Construction of spsd kernels

Theorem gave us a characterization of kernels that are scalar products of mappings
of points of X through a feature mapping ® to an underlying feature space H: these are
exactly the spsd kernels. But it is not obvious to check if a given function is spsd. Instead,
the following result will tell us how to construct many such kernels.

Theorem 5.5. Let X be a nonempty set.

(i) If f is a real-valued function on X, then k(z,y) := f(z)f(y) is a spsd kernel on
X.

(i1) If X is a Euclidean or Hilbert space with inner product (-,-), then k(z,y) = (z,y)
is a spsd kernel. (“Linear kernel”)

(1i) If k1 is a spsd kernel on X and ¢ > 0 is a real, then k = cky is a spsd kernel.
(1v) If k1, ko are spsd kernels on X, then k = ki + ky is a spsd kernel.
(v) If ki, ko are spsd kernels on X, then k = kiky is a spsd kernel.

(vi) If X' is another set, ks a spsd kernel on X' and F : X — X' a mapping, then
k(x,y) := k3(F(x), F(y)) is a spsd kernel on X.

(vii) If (k;)i>1 is a sequence of kernels on X which converge pointwise (for any x,y €
X ) then the limiting function is a spsd kernel.

The proof for all points of the above theorem are left as an exercise, with the exception
of point (v), for which we provide the following lemma:
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Lemma 5.6. Let M, N be two (n,n) spsd real matrices. Them the (n,n) matriz A
defined by A;; == M;;N;; is spsd.

Proof. Obviously A is symmetric. Let (ex)1<k<n be a diagonalizing orthonormal basis of M
corresponding to nonnegative eigenvalues (Ay)1<k<n. Thus M = >, Aeegel, and M;; =

Py )\kek ek). Similarly, let (fr)i<¢e<n be a diagonalizing basis of N corresponding to
nonnegative eigenvalues (i)1<¢<n. Thus Nj; = >, ugfél)féj). For any (ay,...,a,) € R™

zn: Qioj Ay = Z i (Z Aer eV ) (Z et f )

1,j=1 3,j=1

= Z Oéiaj)\ku@e](j)el(gj)fg(i)fg(j)
ijkl—l

= Z A fbe Z ozlek, ozje,(cj)fg(]))
k=1 1,j7=1

2

=3 (Yo w) 20

ke l=1
Therefore A is spsd. [

We deduce the following corollaries from Theorem [5.5;

Corollary 5.7. Let X be a Euclidean or Hilbert space, and f be a real polynomial with
nonnegative coefficients. Then k(x,y) := f({x,y)) is a spsd kernel on X.

Corollary 5.8. Let X be a Euclidean or Hilbert space, and F(t) = Y, a;t’ be an ana-
lytical function with real, nonnegative coefficients a; > 0 and convergence radius R > 0.

Then k(z,y) :== F((z,y)) is a spsd kernel on Bx(0,v/R) = {x eX:|z| < \/ﬁ}

Proof. Corollary is a direct consequences of points (ii)-(iii)-(iv)-(v) of Theorem [5.5
Corollary is a consequence of the previous corollary and of point (vii) of Theorem ,
noticing that if 2,y € Bx(0,vR) then [(z,y)| < [|z||ly| < R, so (z,y) is within the
convergence radius of the power series defining F'(t), and therefore F'({x,y)) is the limit of
the corresponding truncated series, while each such truncated series defines a spsd kernel

by Corollary 5.7 O

Examples of spsd kernels. In each of the following examples X is a subset of R,
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o k(z,y) = ({x,y) + ¢)™ for m € N*, ¢ > 0: polynomial kernel of order m.
o k(z,y)=(1—(z,y)) for @ >0, on X = Bpa(0,1): negative binomial kernel.
o k(x,y) =exp(A(z,y)), for A > 0: exponential kernel.

o k(x,y) = exp(—M), for o > 0: Gaussian kernel.

202

Exercise 5.2. Justify that the above kernels are spsd.

5.4 Kernel-based methods

We now turn back to our initial motivation: how to use a spsd kernel as a “proxy” for a
scalar product, and adapt linear methods to the kernel setting. Remember that:

e using a spsd kernel £ instead of the regular scalar product can be seen as (implicitly)
mapping the z-data to a Hilbert space H via a feature mapping ®, and applying the
linear method to the transformed data x.

e linear functions of the transformed data = are in general non-linear functions of the
original data x.

e for each algorithm we want to find a suitable representation of the learnt function as
an expansion of the form (5.2) of the transformed data, i.e.:

n

D= BP(X;), (5.15)

i=1

thus we only need to store the n-vectors of the coefficients (3;)1<i<n, and to de-
termine how to compute them from the only information of the scalar products
(<Xi7Xj>)1§i,j§n and the labels (K)lgign.

In this section, we will assume that k is a given spsd on X, H the associated RKHS, and
denote K the kernel Gram matriz of the z-data, i.e. K;; := (X;, X;),1 <14,j <n.

If we are using the RKHS H associated to k, due to the reproducing property, if w € H
we have

fu(z) = (w, ®(2)) = (w, kz) = w(z); hence f, =w,

in other words the function f, associated to w is w itself, also the representation ({5.15])
becomes (here denoting f instead of w to emphasize that it is a function):

f= Z@ikXi- (5.16)
i=1
This form is sometimes called “kernel expansion” or “dual representation”.
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Kernel perceptron. Recall again the standard perceptron iteration (Y = {—1,1})):
wy = 0; Wer1 = Wy + X;,Y;,, where iy is any index s.t. Y;, (W, X;,) < 0.

e ligs

In the “kernelized perceptron”, we want to represent the vectors w, € H by means of its
vector of coefficients ) € R™ in the representation (5.15)). So the above becomes:

BO =0, B =50 e,

where (e;) is the i-th canonical basis vector of R", and i, is any index such that

Y, iﬁ%(m (X)) =Y, iﬁ k(X Xi) = Y3, KB, <0,
i=1 =1

After L iterations, the corresponding prediction function is

i) - s 35 40050.5)) - s 35495,

=1

In the case of the perceptron, regularization is obtained by early stopping, which is to say,
stopping at an iteration before all training points are all classified correctly. The stopping
iteration is typically determined from a predetermined set of values of K by hold-out or
cross-validation.

Regularized kernel ERM. We assume here that the prediction space is Y = R, and
¢:Y xY — Ris a loss function. We consider ERM over prediction functions of the
form f,(z) := (w,®(x)) for w € H; as we have seen it holds f,, = w, hence our class of
prediction functions is the RKHS H itself. Furthermore, we consider regularization by the
squared RKHS norm. For a regularization parameter A > 0, we therefore define

n

he Arng(Zf (0. 8(X)) +A||w||i> - Arfgegin@em,f(x» +A||f||i>

weH i—1
(5.17)
We want to prove that, in general, f, admits the representation This will be estab-
lished as a consequence of the following result.

Theorem 5.9 (Representation theorem). Let H be a RKHS on X with kernel k. Let
n > 0 be an integer and ¥ : R™ x Ry — R be a mapping such that:

for any & € R™, the function t € Ry — Y (x,t) is nondecreasing.
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For any @ = (x1,...,x,) € X", denote

S, = Span{k,,,i=1,...,n} = {Zﬁikm, (Bi,...,Bn) € Rn},
i=1

then it holds

inf W n)s = inf ¥ oo [z, )
inf W(f(2e),- - F(@a), [ fll) = mf W (f(a),-o f @), [ ]l2)
Furthermore, if the above infimum on the left-hand side is a minimum, then it is also
a minimum on the right-hand side; in other words, the mimimum over H is attained
at for an element of S,.

Proof. Let © = (xy,...,2,) € X" be fixed. Observe that S, is a closed subset of H since
it is finite-dimensional. Hence there exists a well-defined orthogonal projector II onto S,.

For f € H, denote for short W(f) := U(f(z1),..., f(zn), [|f];). Let f- be such that
U(f.) < infreqy W(f) + € for a fixed constant ¢ > 0. Consider the decomposition f, =
[+ [+, where f. := IIf.; observe that f1 1 S, and therefore, by the reproducing
property,

Vi=1,...,n: [ (@) = {fF kay) =0,
so that f.(z;) = fo(x;), fori=1,...,n.

On the other hand, since an orthogonal projector is a contraction, it holds ||]7€|| y <
| fzll- Therefore

U(f) = W(felwr), s felan), [ Felly) = W fel@), o felan),
< \If(fe(x1>,...,f€(xn>,
:§<fs)a

where the inequality comes from the motonicity of W in its last variable. This proves the
first claim of the theorem and, in case the infimum over f € H is a minimum, the same
argument with ¢ = 0 holds to prove the second claim. O]

Il
A

Examples of kernel ERM methods . We revisit here different (regularized) ERM
methods studied in Chapter [2[in “kernelized” form, using the representation ([5.16) which
we know holds in general, due to Theorem (we assume in each case that the minimum
is attained.)

Kernel Ridge Regression. Kernel ridge regression is regularized least-squares regression
using a RKHS as function space and the RKHS norm as regularization:

n

for A\ >0: f\ € Arg Min (Z(Y’ — f(X)* + )\||f||§{> (5.18)

fen i=1
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From Theorem we know that we can assume the representation (5.16)), i.e. ]/C;\ =
Yoy Brik(X;,+). Denoting Sy := (81, .-, 0an) € R” the coefficients of this expansion,
we observe that [|fi]|, = Y7 _) Bribrk(Xi, Xj) = YK By also (fa(Xy), ..., A(Xn)) =
K B). Restricting the search for a minimum for functions of this form, ((5.18) becomes:

for A\>0: B\ € ArgMin(|Y — Kg|> + \3'KB), (5.19)
BER™

where we recall Y = (Y1, ...,Y,)". By usual arguments (cancelling the first derivative wrt.
B of the above function to minimize), we obtain the necessary and sufficient condition

K(K + M,)p\ = KY;

hence a solution is

By = (K +\,)"'Y, (5.20)

observe that we have recovered exactly the formula discussed in the beginning in the
chapter, but for the data mapped into the Hilbert space.

Kernel logistic regression. Recall that logistic regression (for a binary classification
problem with label space ) = {—1,1}) can be seen as an ERM estimator with loss function

glogit(f(x)ﬂ y) = IOg(l + €xp _(yf(l')))7 RS {_17 1}7

see Exercise[2.4] Again, for the “kernelized” (and regularized) version given by (5.17)), and
the representation ([5.16)) with the fact that f)(X;) = [K(,];, the coefficient vector 5, € R™
is defined by
Bx € Arg Min (Z log(1 + exp(=Y;[K3];) + )\ﬁtKB>,
BER™ Py
which is a convex optimization problem in § and can be solved by standard methods such
as gradient descent, stochastic gradient descent, or Newton-Raphson iterations. The latter

requires inversion of a (n,n) Hessian matrix at each step, which can be prohibitive, so the
former methods might be preferred even if their convergence rate is not as fast.

In the multiclass case (Y = {0, ..., K — 1}), a similar argument holds with an appropri-
ate loss function, and the fact that we are looking for (K —1) score functions f1,..., firx—1,

it suffices to adapt in the kernel setting.

Kernel Support vector machine. It is in all points similar to the previous argument
for logistic regression (still for binary classification with ) = {—1,1}), but with the loss
function luinge(f(2),y) = (1 — yf(x))4+. Again, the optimization problem for the kernel
expansion coefficients 5, € R" is convex. There exists a number of implementations using
further reformulations of the problem and using the particular form of the loss function
for efficient computation of an approximate minimum. It is one of the most standard
classification methods of machine learning toolboxes.
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5.5 Regularity and approximation properties of functions in a
RKHS

It is of general interest to understand the properties of the functions belonging to a RKHS
with a given kernel, since the RKHS is the class of functions we use as predictors (or scores
in the case of classification) in different learning settings.

From a practical point of view, we can observe that due to the representation as
a finite kernel expansion, the considered estimators belong (in general) to H .. Therefore,
whenever the kernel function k(-,-) is measurable, resp. bounded, resp. continuous with
respect to either of its variables, so are the functions on H,., by finite linear combination.
Still, it is of mathematical interest (for further mathematical analysis, use of Hilbertian
analysis tools, etc.) to understand if this is also the case for the full RKHS obtained as
the completion of Hpye.

Theorem 5.10 (Measurability). Let X be a measurable space and k a spsd kernel on
X with RKHS H. Then

(Vf € H, f is measurable) < (Vo € X : k(z,-) is measurable).

Proof. (=) trivial since k(z,-) =k, € H for all z € X.

(<) by linearity, any function #H,. is measurable. Now for f € 7, remember that
Hpre is dense in H (Theorem , so there exists a sequence (f,),>1 of elements of H e
such that | f, — f|l; — 0 as n — oo. This implies pointwise convergence since by the
reproducing property and Cauchy-Schwarz’s inequality, for any ©z € X

[ful@) = f(2)] = [ = fos k)| < I = fallallRelly = 1 = fallz vV (2, 2).

Therefore f is measurable as a pointwise limit of measurable functions. O]

Theorem 5.11 (Boundedness). Let be k a spsd kernel on a nonempty set X with
RKHS H. Then the following are equivalent:

(1)) VfeH: sup,cr|f(z)] < oo.
(11) sup,ex k(x,x) < o0.

(iii) SUp e k(z,y)] < 0.

In the case either of these properties are satisfied, the topology of the norm on H is
stronger than the supremum norm topology, more precisely

Vier: [[flle <1l sup VE(z, ). (5.21)
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Proof. (ii) = (i) because |f(x)| = [{f, kz)| < ||fll;;/k(z, x); this also implies (5.21)).

(i) = (i) because [k(r, )| = [{ke, k)| < v/A(w,2) /K.

(iii) = (ii): trivial

(i) = (ii): can be seen as a consequence of the Banach-Steinhaus theorem. Namely,
consider the family of linear forms on H given by £ := {0,,2 € H}, where §, is the
evaluation functional at point z given by (5.14); we have

Vf e F: sup|L(f)| =sup|fi| < oo
LeL reX

by assumption. The Banach-Steinhaus theorem implies (since H is a Banach space)
that the pointwise bounded family of linear forms £ is uniformly bounded, therefore
sup |0z, < 0o. But by the reproduction property it holds 6, = kJ, therefore

4+ — Sup <kx7f> =V k(I,ZL’)

£l =1

192 |

e = IRzl

Theorem 5.12 (Continuity). Let X be a topological space and k a spsd kernel on X
with RKHS H. Then

(k is continuous X x X = R) = (Vf € H, [ is continuous).

Proof. We have for any f € H:
@) = F@)] = [{f, ha = )| < [1F 1y, k(2. 2) + k(y, y) — 2k(z,9))?,

and the last factor converges to 0 as © — y, by bivariate continuity of k. [

Universal kernels. We end this chapter by important results on the approximation
properties of RKHSs. Introduce the following definition:

Definition 5.13.

Let X be a nonempty, compact topological space. Then a continuous spsd kernel k
on X x X is called universal then the corresponding RKHS # is dense (in the sense of
the supremum norm) in the space C(X) of continuous real-valued functions on X.

This definition extends to a non-compact topological space X’: then k is said to be
universal if its restriction on any compact subset of X is universal.

We begin with the following observation:
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Proposition 5.14. Let X' be a nonempty, compact topological space. Then a continuous
spsd on X is universal iff Hpore s dense in C(X) for the supremum norm.

Proof. («): since Hpre € H, Hpre dense in C(X) trivially implies that H is also dense in
C(X).

(=): we know that H . is dense in ‘H in the sense of the H-norm. Since k is continuous
on the compact X x X, it is bounded, therefore applies and Hyye is a fortiori dense
in H for the supremum norm, and therefore also dense in C(X) for the supremum norm,
since H is. O]

The following final result of this section is very useful to establish universality of a
number of classical kernels on R?.

Theorem 5.15 (Universal Taylor kernels). Let F(t) = > . qait" be a real-valued
analytical function with real, strictly positive coefficients a; > 0, and convergence radius
R > 0.

Let X =R, Then k(x,y) := F({z,y)) is a universal spsd kernel on Bx(0,VR) =

{az‘ e X |zl < \/ﬁ}.

This result implies in particular that the exponential kernel and the negative-binomial
kernel introduced at the end of Section are universal on R? and Bga(0, 1), respectively.

Lemma 5.16. Let k be a spsd kernel on a nonempty set X, and H, be a Hilbert space and
. a mapping X — H,, so that it holds for all z,y in X: (Po(z), Po(y))y. = k(z,y).

Then, for any w € Ho, the function x +— (w, ®o(x)),, belongs to the RKHS H associ-
ated to k.

Proof. Let us denote £ : Ho — F(X,R) the linear mapping given by

§(w) = (z = (w, Po(x))y, -

If w= ®(v) for some v € X, the function 2’ — (w,®.(2')),,. = k(z,2) coincides
with k(z,-), i.e. {(Po(x)) = ky € Hpe € H and furthermore [[{(Po()),, = k(z,z) =
[@o(2) ||y, - By linearity, £ is an isometry from H; := Span{®.(z),r € X} into H (in fact
into Hpre), in particular £(H,) C H.

For any sequence (wy,),>1 of elements in #; converging to w, in H,, the sequence
(&(wy))n>1 is Cauchy in ‘H (by isometry) and therefore converges to a limit f*. But it
holds for any x € X (using the definition of £, continuity of scalar products in H, and H,
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the isometry property of £, and the reproducing property in H):

E(w*)(z) = ( lim w,, O(x)>H = lim (wy, ®o(7)),,.

n—o0 n—oo

= lim (€(wn), §(Po(w )))H
=< lim &(wn), $>H

n—oo

:f<)7

hence £(w*) = f*. Therefore £(H,) C H.

_ 1 _
Finally, since H; is closed in H., it holds H, = H; & (H1)*. But for any w € (H;)*
and any = € X, since w L ®,(x) € H; it holds

§(w)(x) = (w, Po()),, = 0.
Finally we have established £(H,) C H, which is the desired claim. O]

Proof of Theorem[5.1. In this proof we will construct a Hilbert space H, and ®, a map-
ping X — H,, with the property (®.(z), ®o(y)),, = k(z,y), which will be different from
the RKHS H associated to k, but we will map it into H using the previous lemma.

To simplify the next calculation we introduce the following notation: for j = (ji, ..., ja) €

N¢, put s(j) = j1 + .o+ dg o(g) = ( s(3) ) the multinomial coefficent; and for x € X,

mj(x) = H;j , ) the monomial in the coordmates of x associated to the multi-index j.

Observe that since F(t) = >_,-, a;it’, we have (for max(||z],[ly[|) < R ensuring conver-
gence of the series below), by the multinomial formula:

k(m,y):Zag(xy :Zaﬁ(zxzyz) :Zaﬁ Z C(j1,...,jd H zyz

>0 >0 >0 jite.tja=t

= ayge(d)mg(z)m;(y)

jeNd

= 6i(2)e;(y)

jeNd

where ¢;(x) 1= /as)c(g)m;(x).

We therefore consider H, := (3(N¢), and ®,(z) := (¢j(2)) jena- Note that absolute
convergence of the power series defining I ensures that ®.(x) € Ho, i.e.
> jena(05(2))? < oo for any € R? such that ||z]| < VR.

We can apply the previous lemma and conclude that for any w € H,, the function
r = (w, Po(x)),,. belongs to the RKHS H. Let us choose, for an arbitrary multi-index

J € N, the vector w € H, such that the j-coordinate of w is 1/4/as;)c(3) and the other
coordinates 0. Then for any x € X

(w, Do (2))yy, = mj().
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We conclude that all monomial functions in the coordinates of x belong to H; then also
all polynomials by linearity, and the conclusion is a consequence of the Stone-Weierstrafl
theorem. O

5.6 Translation invariant kernels and random Fourier features

In this section, we will address recent developments of the kernel methodology that are
relevant for practice. We have seen that the spsd kernel methodology allows to implicitly
represent feature mappings of the z-data into an infinite-dimensional Hilbert space H.
However, all kernel-based methods require to store and manipulate the kernel Gram matrix
K which is a (n,n) matrix. In typical modern applications the sample size n can be very
large (hundreds of millions) which can make the computation and storage of such a matrix,
wich O(n?) complexity, prohibitive; let alone manipulating it numerically.

For this reason, it has been proposed to construct explicit, approrimate feature map-
pings ® : & — RP (with p < n) such that (®(x), ®(y)) ~ k(z,y). While it seems like
we are now going backwards to the beginning of the chapter — and thus maybe could
do completely without kernels at all — having gained a mathematical understanding of
the properties of the mathematical object we are approximating (a RKHS) is very valu-
able, and we could not properly understand the methods considered below without having
introduced RKHSs.

We start with a few reminders on Fourier transform: for any f € LY(R? C), the d-
dimensional Fourier transform

~

flw) = /Rd exp(—i(z,w)) f(z)dr ; weR? (5.22)

exists and satisfies:

e f is continuous on RY;

~

o limy|—00 f(w) = 0;

o 7l < 11
e The inverse Fourier transform formula holds: if fe L*(R4,C) holds, then
a.s. 1 . iy
flx) = 2ny /Rd exp(i{z,w)) f(w)dw ; =€ R% (5.23)

Translation-invariant kernels. A fundamental relation between Fourier transform
and translation invariant kernels is given in the following theorem.

Theorem 5.17. Let ¢ : RY — R, continuous and let k(x,y) = p(x —y). Assume
o = f for some f € L*(R% R), with f(z) >0 a.s. Then k is a spsd kernel.
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Note: this direction is actually the “easy” one. There exists a converse (Bochner’s
theorem) stating that if k is a spsd, translation-invariant kernel — i.e. it is of the form
k(x,y) = k(zx —y,0) = ¢(x — y), where ¢ = k(0,-) — then ¢ is the Fourier-Stieltjes
transform of a finite (nonnegative) measure on R

Proof. Tt holds for any integer n > 0, (z1,...,2,) € (RY)" and (ay, ..., a,) € R™

Z ajozk(zi, ;) = Z (T — ;)

ij=1 ij—l

= Z aloz]/ exp(—i(z;,w)) exp(i(z;,w)) f(w)dw

3,0=1

-1,

2
f(w)dw > 0.

Zalexp iz, w))

[]

Note: we have assumed here as in the rest of the chapter that ¢ and therefore k are real-
valued (which implies in particular that f must be symmetric around 0 in Theorem .
This can be generalized to a more general theory of complex-valued spsd (Hermitian)
kernels, mutatis mutandis.

Note: Because of the inverse Fourier formula, provided that ¢ is integrable we can
identify the function f as the inverse Fourier transform of ¢, given by .

Examples.

e We find another proof that the Gaussian kernel k(z,y) = exp(—||z — y||*/(20?)) is

spsd, with
o o?t?
)= —— ).
10 = a5 )

e The Laplace kernel k(z,y) := 3 exp(—~y|z — y|) (with v > 0) is spsd, with

Ly
(8= (27T) ~? A2 42

Random Fourier features. If k(z,y) = ¢(x—y) is a spsd translation-invariant kernel
on R, such that ¢ = f, then

ko) = ple —=9) = [ expl=ia,w) explily. ) f(w)de

where f > 0 and f € LY(R?), with [, f(w)dw = ¢(0). Up to rescaling of ¢ (and k), we
can assume ©(0) = 1 and thus can interpret f as a probability density on R%. Let P; denote
the associated probability distribution, then the above can be rewritten as

k(z,y) = Euop, [exp (— iz, w)) exp (i(y,w))]. (5.24)

90



The idea of random Fourier features is to approximate the above expectation by a finite

average over p randomly drawn frequencies (wy, ... ,w,) RS- P;. More explicitly, given p
such random frequencies, define the mapping

~ 1

d: R — R : x — — (cos(wiz), sin(wiz), . . ., cos(w,z), sin(w,z)). (5.25)

p
Then it holds
~ ~ 1E
(3401800) = e 13— i) i) )
j=1

which converges to ([5.24]) in probability as p — oo, by the law of large numbers (and the
fact that the kernel is real-valued). We can even quantify this convergence:

Proposition 5.18. If k can be represented as (5.24) and we draw (w1, ..., w)) S Py,

and define ® by (5.25), then for any x,y in R, & € [0,1), with probability 1 — & over
the draw of these frequencies, it holds

)k(x,y) — <<5(x),c5(y)>) < %‘

Proof. Direct consequence of Hoeffding’s inequality (Corollary , since
|Re((exp(—i(z,w;)) exp(ify, w;)))| < 1. o

Note. there are extensions of the above result in order to obtain such approximation
control which holds uniformly over (x,y) in a compact.
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6 Introduction to statistical learning theory (part 3):
Rademacher complexities and VC theory

6.1 Introduction, reminders

Recall that in Section [ we studied the behavior of statistical learning methods which
output a prediction function f belonging to some class F which was assumed to be finite
or countable. The main mathematical tool was to control to obtain a uniform control of
the form

VfeF: |E(f) - E(f)| < R(n,F,0); (6.1)

holding with probability at least 1 — § over the draw of a sample of size n. (Please note:
we only consider the case of a uniform bound R(n, F,d) independent of the function f; we
do not consider bounds depending on f as for instance in this discussion.)

When F is finite, and the loss function is bounded, this was achieved as a consequence
of Hoeffding’s inequality (see Corollary [3.10]), which gives control over a single function f,
then a union bound (see Proposition [3.11)).

Let us also recall briefly how a uniform bound leads to a bound on the risk of an
ERM over class F:

Proposition 6.1. Let us assume a Zearmng setting (consisting of an observation space

X, a label space Y, a prediction space Y and a loss function ¢ : VxY — R, ). Assume

that ) holds.
Let n > 0 be fized and f, denote an n-approximate ERM over the class F that is,

ﬁ? € F and
< inf .
E(f2) < LES) +n
Then it holds (with the same probability with which (6.1)) holds) that

E(f,) < E-+2R(n,6,F) +1.

Proof. This is a repetition (in a more formal setting) of the argument leading to Proposi-
tion |3.13| Let ¢ > 0 and let f. € F be such that £(f.) < inf;cr E(f) + €. Since f, € F,
and putting R = R(n, F, ) for short, using twice (6.1):

E(f)) <EF) +R
<E(f)+ R+

<E&(f)+2R+n
<E-+2R+n+e,

and this holds for any € > 0, hence the conclusion. [
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Observe that the proposition above is a purely deterministic one once the event
is satisfied: the only probabilistic point is to establish that this event has probability
large enough (while the remainder R(n, F,d) remains hopefully “reasonable”, in particular
converging to 0 as the sample size n grows). Additionally, even if the learning algorithm
fis not ERM, the bound allows us to give a confidence bound on the (unknown)
risk of fbased only on its empirical risk, whatever the algorithm used, since the bound is
uniform.

In view of the above considerations, a goal of interest is to extend the uniform con-
trol to more general classes, in particular (uncountably) infinite. Observe that
is equivalent to a probabilistic upper bound of the random variable

24 = sup|e(f) - E(f)
feF

: (6.2)

holding with probability 1 — §. This is what we set to do in the next sections, and we will
achieve it in two steps: (a) bound the deviations of Z ]U from its expectation, with high

probability; (b) bound the expectation of Z ]U We will also be interested in similar bounds
for the closely related variables

ZF = sup (E(f) = &(f)), and Z7 := sup (ECH) - E))- (6.3)

Note. In complete generality, it cannot be ensured that the variable defined in (/6.2)
is measurable because a supremum of uncountably many measurable functions is not nec-
essarily measurable. We will ignore that point and assume implicitly that Z ]U (and other
suprema) are measurable throughout the chapter. It can for example be assumed (this is
often the case) that there exists a countable subset F C F such that the suprema over F
and F coincide a.s.; this is usually the case for more concrete prediction classes.

Exercise 6.1. In the case of a countably infinite set F, we had derived a bound of the
form (6.1)) but with a bound R(n, f, F,¢) also depending on f due to the influence of the
“weight function”, see Proposition [3.14] Put R(f) := R(n, f,F, ) for short.

Let n > 0 be fixed and f,, denote an n-approximate regularized ERM with regularization
function R(f) over class F that is, f, € F and

E(Fy) + R(Fy) < inf (E(F) + R(F) +n.
Prove that if (6.1]) holds (but with the function R(f) depending on f), then we have

E(f) < inf (E(/) +2R(S) +n.

6.2 The Azuma-McDiarmid inequality

For the first step of our programme, we will use the following concentration inequality,
which is extremely useful and versatile.
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Theorem 6.2 (Azuma-McDiarmid). Let X be a measurable space, and f : X" — R
a measurable function such that

Vie{l,....,n}, VY(z1,...,2,) € X", V2, € X :
\f(z1, sz xn) — [, 2l x| < 2¢;, (Stab)

7

for some positive constants (cq,...,¢cy,).
Let (X1,...,X,) be a independent family of random wvariables taking values in X
(not necessarily identically distributed), then f(Xi,...,X,) is a sub-Gaussian variable

with parameter > .+, ¢2, so that in particular

=1 "1’

PlF(X1,..., X,) > B[f(X1,... X)) +1] < exp—(#icz). (6.4)

(In particular, if all constants ¢; are equal to c, the bound is exp(—t?/(2nc?)).)

To prove the above result we will first establish the following:

Theorem 6.3 (Bounded increment martingale inequality, Azuma). Let (My)gr>o be a real-
valued martingale with respect to a filtration (Fi)g>o (with My =0). Put Ay := My — M4,
k > 1. Letn be a positive integer and assume A; € [m;, M;] holds a.s., with | M; —m;| < 2¢;,
fori=1,...,n. Then M, is a sub-Gaussian variable with parametery ;. _, c7.
Proof. Observe that E[A,|F,_1] = 0 since M,, is a martingale. Furthermore, since A,, €
[mp, M,], we can apply Proposition (Hoeffding’s inequality in exponential form, for 1
variable) in conditional expectation to conclude that for any A € R:

2.2

A
E[exp<)‘An)|fnfl] = E[eXp )‘(An - E[An‘fnfl]ﬂfnfl} < €xp 2Cn‘

Thus

Elexp(AM,)] = E _exp </\ Zj: Ai)

n

_E _E[exp (AZ&)
= F _eXp <)\ HX__E Ai)E[exp()\An)U:nl]]

22 —
< exp (T">E exp ()\ Z Ai)
i=1

and we obtain the conclusion by straightforward recursion. O]

fn1:|

Y
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Proof of Theorem[6.3. Define the filtration F; = &(Xy,...,X;), 0 < i < n, and define
for i = 1,...,n the martingale M; = E[f(Xy,...,X,)|F] — E[f(X1,...,X,)], and its
increments A; = E[f(Xy,..., X,)|F] — E[f(X1,...,X,)|Fiz1]. Let us prove that A,
satisfies the boundedness assumption of Theorem . First, because (X1,...,X,) are
independent, conditional expectation conditional to (X7, ..., X;) is the same as expectation
with respect to (X;i1,...,X,), thus

]E[f(Xl,,Xn)‘JT';] _/f(Xl,...,Xi,l'lqu,...,.xn)P(dxH,l,...,dmn).

Therefore

< / |f(X1, ey X1, Xy Tigas -, )

- f(Xl, ce 7Xi—17 Liy Lig1y- - ,l’n)|P<dl’“ dIi+1, ce ,de’n)
< 20i7
by assumption (Stabl). We condude that M, = f(Xi,...,X,) — E[f(X1,...,X,)] is a
sub-Gaussian variable with parameter Y., ¢?, which is the desired conclusion. ]

=1 "1

Let us now apply this result to the variables introduced in ((6.2)),(6.3)):

Proposition 6.4. Consider a learning setting with € a bounded loss function taking
values in [0, B], a class F of decision functions, and consider the random wvariables
Z]U, Z%, Z7 defined by ,. Denoting Z% either of these variables, it holds that
Z% is sub-Gaussian with parameter B%/(4n), and thus in particular

P[Z3 > E[Z3] + 1] < exp (—Qg'j). (6.5)

Note. If F is a singleton {f}, then E[Z}r] = E[ZH = 0, and we recover Hoeffding’s
inequality as a particular case.

Proof. We check that the variables Z |];|, ZE, Z7 satisty the (Stab)). Note that in general, if

(2i)ier and (z})se; are families of real numbers in R?, for some index set I, it holds

sup(z; — 2i) > sup (zi + 1nf(—z§)> = sup (zz — sup zé) = sup z; — sup z;. (6.6)
i€l i€l Jel i€l jeI i€l i€l

Let us consider Z;(S,) as a function of the i.i.d. sample S, = ((X1,Y1),..., (X0, Y2)).
Consider a sample S obtained with replacing (X;,Y;) by (X/,Y/) in S,. Using (6.6), we

REa
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obtain

Z3(Sn) = ZE(S) = sup (E(£, 8,) = £()) = sup (£, 87) — £())
fer feF
< sup (£(7,5,) — &(£,5))
feF
1
= sup — g(f(Xz% Y;) - g(f(Xz/)7 YZ))
feF
B
S )
n
so that (Stab)) is satisfied with ¢; = 2. We conclude by applying Theorem (6.2). The case
of the other variables Z ]U, Z is similar. O]

6.3 Rademacher complexity

We go to to the second step of our program: bounding the expectation of the variables Z%.

*okk Theorem 6.5 (Symmetrization principle). We consider a standard learning setting,

a class F of decision functions, and consider the random variables Z;;', ZE, Z5 defined

by (6.2)),(6.3) based on an i.i.d. sample S, of size n.

Let o1, ...,0, be i.i.d. variables with values in {—1,1}, independent from S, and
such that Plo; = 1] = Plo; = —1] = 1/2 (so-called “Rademacher variables”). Then it
holds that

Es,|Z#] = Es, [j}elg (&) - &4, Sn))} < %Esn,(ai)lgign [igg;mﬁ(f(&)%)].
(6.7)

The same inequality as above holds for Eg, [Zﬂ, while

n

, ~ 2
ESn |:Z_|7-“i| = ESn |:Sllp ’g(f) - g(fv Sn) ‘:| < _]ESn7(Ui)1§i§n sup
feFr n

*ok Definition 6.6. Let V¥V be a measurable space and G a set of measurable functions
W — R; S, an iid. sample of variables (W;)1<i<, of distribution P, and o :=
(01,...,0,) a family of i.i.d. Rademacher variables, independent of S,. Then the
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quantity
RP,n (g) ESn o

sup Z oig(W, ] (6.9)

gGQZ 1

is called Rademacher complezity of the class G.
We introduce similarly

Rg}n(g) = Eg, o [sup Zalg

geg

] (6.10)

Note: geometrical interpretation. For a fixed sample W = (Wy,...,
W, denote G(W) = {(g(W1),....g(W,)),g € G} C B". Then sup,cg(3"7-, ol
SUDP,egw) (0, 1), and

W,) €
W:)) =

i)

2 n
—LFE, |sup oig(W; = — sup (o, u
vn 9€G <; ( )>] \/_ uweG(W < >]
= —|Es| sup (o,u)| +E,| sup (—o,u
\/_ ( ueG(W )< > ueg(W)< >] >
_E,| sup (DU gy fow)
ueG(W ||UH ueG(W) |||

This can be interpreted as the averaged maximal “width” of the set G(W') projected in

the direction of the random Rademacher vector . Hence the above quantities are also

known as Rademacher widths, which play an important role in high-dimensional geometry.
With this definition and notation, we can rewrite and as:

Es, [Z7] = Es, blelg( (f) = &(f, 8 ))} < %van(éo]-"), (6.11)

Es, [ZH — Eg, b&g () - &(f, sn)|] < %R'ﬁn(z o F), (6.12)
where

loF ={g: X xY =R, (z,y)—Lf(x),y), f€F} (6.13)

Proof of Theorem[6.5 The first step of the symmetrization principle is to use the fact
that for any fized decision function f, it holds Eg, [5 (f, Sn)} = &(f). We now introduce
a (virtual) second sample S/, = ((X/,Y/))i<i<n independent of S,, and having the same

1) T
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distribution as S,, (sometimes called “ghost sample” or “independent copy of S,), and

replace £(f) = Eg, [é\(f, Sn)}:

Es, {Sup <§(f, S,) — g(f))} = Eg, {sup <§(f, Sp) — Egr [E(f, S;)])}

feFr fer

e [ (6075~ 27,50

fer

< Es, s, [Sup (f(f, Sa) — (/. S;))]

feF
= Es, s, f«lé%Z( — U(f(X5), Y/))
= —Esn s, ilellg)i (Q(VVz) - Q(WZ))] :

where for the inequality we have used sup,cp E[U;] < E[sup,cp U;] for a family of real-
valued variables (Uy);er; and we have used the notation G := £ o F as defined in and
W, = (X;,Y;), W] = (X[,Y/) for shortening.

The second step is based on the observation that the distribution of S, S;, is unchanged
if we swap W; and W/ between the two samples. Hence the above double expectation
remains unchanged by this operation, which flips the sign of the i-th term in the sum
inside the expectation. Now, given arbitrary fized signs (0;)1<;<, = o € {—1,1}", consider
swapping W; and W/ if o; = —1 and leave them alone if 0; = 1, again the expectation is
unchanged while the sign of the i-th term in the sum inside of the expectation is multiplied
by ;. Thus

Vo € {-1,1}": Eg, s SUPZ < %,))

= Es, s/
geg

sup >~ o (9(W:) — g(W{))] .
9€9 im

Hence, the above quantity also remains the sum if we take an expectation over random
signs (o1, ...,0,) having any joint distribution; it turns out that it is most fruitful to take
i.i.d. Rademacher variables. Finally, we notice that

<Es,.s o [SUP Z a,g(W;) + supz —oig(W, ]

n

Es,,s! o [SUP Z o <Q(Wz) - Q(I/Vi/)>

9€9 i 9€9 i 9€9 im
=Es, o supZalg +Eg & supZazg )]
9€9 =1 9€9 =1
- 2RP,n(g)7

collecting the above inequalities yields the conclusion (the argument when introducing
absolute values is entirely similar). ]
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Taking stock, combining the results of Proposition and (6.11))-(6.12)) we obtain the
following corollary:

*ok Corollary 6.7. Consider a learning setting with ¢ a bounded loss function taking
values in [0, B], a class F of decision functions, and an i.i.d. sample S, of size n.

For any fized 6 € (0,1), each of the following inequalities holds with probability at
least 1 — O over the draw of S, :

571

sup (E(1) — £(1) < Rt o F) + By 250 (6.14)
N 5—1

sup (£01) — E1) < 2Rt o F) + By <50 (6.15)
N _ 5—1

s |E(1) ~£(9)] < %R'P[n(eof) +B log% | (6.16)

6.4 Properties of the Rademacher complexity

The following proposition gathers some simple but fundamental properties of the Rademacher
complexity.

koK Proposition 6.8. Let W a measurable space and P a probability distribution on WW.
In what follows, F and G are sets of measurable functions YW — R.

(a) leg"n(}") = Rpn(F U (=F)). In particular if F is symmetric around 0 then
Rpn(F) = Ren(F).

(b) If h is a fived measurable function W — R, then Rp,({h}) = 0 while Rl}:‘!n({h}> <
Villhll 2 p)-

(¢) Let a € R be fized. Then Rp,(aF) = |a|Rpn(F).
(d) RP,n(F+ g) = RP,n(-F) + RP,n(g)
(¢) Rpn(Conv(F)) = Rpn(F), where Conv(F) is the set of finite convex combina-

tions of elements of F.

Proof. Point (a) is straightforward and left as an exercise, as is the first point of point (b).
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For the second part of point (b), by Jensen’s inequality:

Ry ({h}) =
S ESn,a

S ESn,a

ESn o

L =1

= \/ﬁHhHB(P)'

For point (c¢) we have by symmetry of the distribution of the vector or random signs o:

Rpm(af) =

- ]ESn,a

For point (d):

Rpn(F+G)=Es, &

]ESU'

n

Es, o |sup Z oiaf(W;)

RA

|

Z Uif<Wi)

=1

|

suplal
_fef

|a|Rpn(aF).

= Rp,n(f) + 'R,pm(g)

For point (e): let us denote Conva(F) := {Af + (1 — N)g;

fig€ F;Xe[0,1]} the set

of 2-points convex combinations of elements of F. It holds

Rpn(Convye(F)) = Eg, » | sup
_Ae[o,l]

ESO’

sy

sup
_Ae [0,1]

ESn,U

= Rpn(F).

n

=23

n

w3
f,9eF i=1

(

oi(AM(Ws) + (1 = /\)Q(Wz))]

n

sup Y oig(Wi)

geEF i—1

Asup 3 i (W) + (1= 3)

fer .4

)

Ui)\f(Wi)]

1
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By straightforward recursion it holds Rp,(Convae(F)) = Rp,(F) for any integer £ > 0,
and finally since Conv(F) = |J,5o Convyr(F) we obtain the result by monotone conver-
gence. ]

The following property is extremely useful in learning theory.

*ok Proposition 6.9 (Lipschitz comparison principle). Consider a standard learning set-

ting with Y CR and a loss function 0 : YxY — R, such that for any fixed y € Y,
the function ((-,y) 1y € ¥ > (y,y) is L-Lipschitz. Then it holds for any set F of
measurable functions from X to R:

Rpn(lo F) < LRpu(F). (6.17)

The proof hinges on the following lemma:

Lemma 6.10. Let (Ay)ier, (Byi)ier be families of real numbers indexed by a countable set
I, and v : R — R a L-Lipschitz function. Let o be a single Rademacher variable (random
sign). Then

tel tel

E {Sup(At + m(Bt))] <E [Sup(At + LBt)] . (6.18)

Proof. We have

E [supmt ; m(Bt»] = Loup(As +7(B)) + sup(A — (By))

tel 2 ver tel

1
=5 sup (A¢ + Ay + v(By) — v(By))
tirel

1
< 2 5up (A; + Ay + L|B; — Byl)

t'el

1
= —sup (A, + Ay + L(B; — By))

2¢er

1
= §sup(At + LB;) +sup(A; — LBy)

tel tel

~E [Sup(At + LaBt)} .

tel

Note that the “magic” happens in the equality just after the Lipschitz inequality. By
symmetry between t,t" we can remove the absolute value! It is worth pausing to think
about it. O]
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Proof of Proposition[06.9. Let n be fixed: we will prove by recursion the following property
(for m < n:)

H(m):Rp,(loF) <E

)

sup (L o f(X;) + Z ol (f(Xs), K))

fer i=m+1

where the expectation is over S,, and . Observe that H(0) is obvious (it is the definition of
Rpn(loF)) and H(n) is what we want to prove. Assuming H(m — 1) holds for 1 < m < n,
put Ay := LY o f(X)+30, 1 0il(f(X,),Y;) and By := f(X,,), then H(m— 1) reads

Rp,n(g o f) < E |:Sup (Af + O'mE(Bf, Ym)):| .
fer

Performing the expectation over o, first, conditionally to the other random variables
(namely S,, and the signs (0;);4m), since Ay and By do not depend on o, they can be
considered constants in this conditional expectation, and by independence from the rest
o is still a random sign conditionally to the rest. We can therefore apply Lemma 6.10],
(with v(-) = £(-,Y,,,) considered as fixed since we argue conditionally to Y;,), which yields
the conclusion. O]

6.5 Application to kernel methods

We start with the following important result for the Rademacher complexity of a ball in a
rkhs.

Proposition 6.11. Let k be a spsd kernel on a nonempty set X, H the associated
rkhs and for R > 0,
Bu(R) ={feH:|fly < R}

the closed ball of radius R in H centered at the origin. Then

Rip(Bu(R)) < VnRy/Ex_pk(X, X)]. (6.19)
In particular, if sup,cy k(z,2) < M? < oo, then for any distribution P:

R, (Byu(R)) < VnMR. (6.20)

102



Proof. 1t holds, using the Cauchy-Schwarz then Jensen’s inequality:

=E| sup |Y oilf kx)y
=1
— 5| sw (1.3 oikx,)
i=1 H

R, (Bu(R) =E| sup > aif(X,)

feByR|";

feByR|?
feEByR

<E| sup [|flly| Y oikx, ]
_fEBHR i=1 H

n 273
S RE Z O-ikXi
i=1 H
n 3
= REg,Eo | ) _ 0i0;k(X;, Xj)]
ij=1

N

= R(nEx.p[k(X, X)])2.

]

Notice in particular the following interesting fact: the Rademacher complexity of a rkhs
ball depends on is radius, but not on the dimensionality (which might by infinite) provided
the kernel is bounded. This has a number of interesting consequences.

Proposition 6.12. Let k be a spsd kernel on a nonempty set X, with sup,¢y k(z,x) < M?;
let H the associated rkhs and R > 0 be fized. Assume { is a loss function (with prediction
space Y = R) such that

(a) forally € Y and g € R with |y| < MR it holds: 0 < {(y,y) < B.
(b) forally € Y and (y,y') € [-MR, MR)?, it holds: |{(y,y) — (¥, y)| < Ly — 7.

Let ﬁl be an estimator acting on a sample S, of size n and such that ﬁl € By(R) a.s.
Then for any § € (0,1), with probability larger than 1 —§ over the draw of the i.i.d. sample

S, 1t holds:
sup <8(f) - 5(f)>' <L (onrm+ By (621)
fEBy(R) ~ 2

Proof. Start by noticing that by the usual argument based on the reproducing property,
any function f € By(R) satisfies |f(z)| = [(f, kz)|5 < || f]l3]/kz]l, < RM. For this reason,

-~

E(fa) — E(fa)

<
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we may consider that the prediction space Y is [-MR, MR]. We then have

iy -E0)| <| s (e(-E0)
fE€B3(R)
2_) [10g 0" with probability > 1 4,
S E,RJP‘,n (6 © B'H(R)) + B T (Corolilary ,yea.
2L log 6—1
< —Rpn(By(R))+ B og2 (Proposition
n n
2LRM log 6—1
< NG + B Og2n (Proposition |6.11]).
O
Corollary 6.13. Consider the same setting as in Proposition with the squared loss
function ((y,y) = (y — y)?, and Y = [—A, A] for some A > 0 (bounded regression: we

assume that the label is always bounded by A in absolute value). Then for any 6 € (0, %],
with probability larger than 1 — ¢ it holds:

sup (&) - 5(f))‘ < CVIB0T (6.22)

e(f) — &,
E(fn) = E(fa)] < S NG

where C':= 6(A + RM)?.

Proof. We check that the assumptions on the loss function of Proposition [6.12] are satisfied
with appropriate constants. For any y,y with |y] < MR, |y| < A it holds {(y,y) =
(7—y)*> < (A+ MR)* =: B (satisfying loss boundedness assumption (a)), and additionally
for any ¥ with |¢'| < MR:

0@ y) =T )l =T =) =@ —y?[ =17+7 — 201y - 7| <2(A+ RM)|y - 7|,

so Lipschitz assumption (b) is satisfied with L := 2v/B. We therefore have the high
probability bound (6.21f), we can further upper bound 2LRM by 4B, and finally use that
4 < 8y/(logd-1)/2, since § < 1/2 by assumption. O

We now consider the analysis of kernel ridge regression (regularized least squares ERM).

Proposition 6.14 (Oracle-type inequality for krr). We consider the same assumptions
as in Corollary [0.13: squared loss, bounded regression with labels bounded by A > 0 in
absolute value, kernel bounded by M?. For \ € [0, M?] define the kernel ridge regression
(krr) estimator, based on sample S, of size n, as

Ja € ArgMin (E(f) + AlF113,)- (6.23)
feH

Then for any 0 € (0, %], with probability larger than 1 — § it holds:

~ ~ 12 . 9 A2 2
(£ +MAIl,) < min (€0 + MIFI5,) +e A\]/wﬁ Viogd T, (6.24)

where ¢ 1s a numerical constant.
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Proof. We start with noticing that the norm of f; must be bounded. Namely, by the
definition (6.23|) of the estimator, it must correspond to a lower objective function than
the constant 0 function (denoted 0), thus

(&) + 712
<A 1( )+ AJo][%, )

Therefore, fy € By (R) with R = \%. Applying Corollary [6.13] we get that (6.22) is

satisfied with probability at least 1 — ¢, in particular

E(F) <8R + Wl;?

with C' = 6(A + RM)? = 6A%(1 + M/v/X)? < 24A2M? /), since M/ > 1 by assumption.
Let now [} € ArgMincy (8(f) + AHfH;) By an argument similar to above, it must
hold f} € By(R), and, provided ([6.22) is satisfied:

Ery) < ey + SVloeo 10g5 : (6.26)

(6.25)

Now, using ((6.25) and (6.26)) as well as the definitions of J?,\, fx, we get (with probability
1 — 6 of the event ((6.22)) being satisfied):

~ -~ AN AN -~ C\/ (571
EH) +AAIE < ER) +AIANE + —lj%
- C+/logd—1

<ER) + AR+ =

-1
< E(f) 2 +20\/log5

\/logé—l.

E(f) +)\Hf)\HH+48 A\/_

We have as a consequence the following universal consistency result:
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Corollary 6.15. Under the same assumptions as for Corollary assume addi-
tionally that X is a compact topological space and that the kernel k is universal on
X. Let (A\n)n>1 be a sequence of regularization parameters such that A\, — 0 and
Any/n/logn — oo, as n — oo. Then for any distribution P of the data, if (X;,Y;)i>1
s an i.1.d. sequence from P, and f)\:) denotes the krr estimator trained using sample
Sp = (X1, Y1), ..., (X0, Yo)), with reqularization parameter X, it holds that

E(AY) = &,

as n — 00, a.s. and in probability.

Proof. Let 6,, = #, and A,, denote the event for the sample S,, and estimator f)\:).
Since Y | P[AS] < > ., n~? < 0o, by the Borel-Cantelli lemma P(Ng>1 Upsi AS) = 0,
i.e., for any w € Q there exists a (random) integer ng(w) such that w € A, for all n > ng(w)
— in other words the events A, are satisfied for all n > ng(w).

Next, let ¢ > 0 be fixed; we establish that there exists f. € H such that E(f.) < E*+e.
Namely, since Y = [—A, A], f*(z) = E[Y|X = 2] (for regression with quadratic loss)
also takes values in [—A, A] and thus belongs to L?(X, P). Furthermore, we now that
Ef) =& =E[(f(X)— X)) =|f—- SNl z2(x,py- Since k is universal, H is dense in
C(X), which itself is dense in L*(X, P). Hence we can find such an f..

We now have for any w € Q, n > ng(w), for any € > 0 using

£ < min (£(F) 4 Ml FI) + oL log T

2

A2M
< E(f) + Mall £l + Cmv logd, !

A2M? [2logn
<E et MllLlly + ey o

by the assumptions on A\, we deduce lim supné'(/;(:)) <&+ ¢ as. for any € > 0, and get
the conclusion. O

6.6 Vapnik-Chervonenkis theory

In this section we deal specifically with the classification setting ) = Y= {—1,1}, and the
0-1 loss ¢(y,y) = 1{y # y}. If we use this loss function combined with a real-valued score
function f(z) and predict sign(f(x)), we see that the resulting loss ¢( f,y) = 1{sign(f) # y}
is not Lipschitz in f, and therefore the Lipschitz comparison principle (Proposition
does not apply in order to bound the Rademacher complexity. We need to find other means
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to upper bound the complexity (observe that Corollary still holds, as the loss function
is bounded by B = 1).

ok Theorem 6.16. Consider a standard binary classification setting (Y = Y= {-1,1})
with 0-1 loss. Let F be a set of measurable classification functions X — {—1,1}. For
a fixed integer n > 0, introduce the n-evaluation functional

G X" xFo =11} (21w, f) = (fl@n), ..., fzn): (6.27)

For fized st = (x1,...,2,) € X", denote G(s7, F) :={G(s., f), f € F}. Then it holds
for any distribution P on X, for S, and i.i.d. sample from P:

Rpn(l 0 F) < V2nEg,,_pen [ log|G(Sz, f)@ . (6.28)

We start with the following important lemma.

Kok ok Lemma 6.17. Let&, ... g be K sub-Gaussian variables with common parameter o2,

centered (E[&;] =0, i =1,...,n), not necessarily independent. Then

E[ sup fz} < oy/2log K.
7 K

i—1

77777

Proof. Put v := I[‘E[Supi:1

.....

exp(\y) <E [exp()\ s gi)] (Jensen)

-] o, )]

i=1,...,

< ZE[GXP(/\fi)]

2)\2
< Kexp (J 5 ) (Sub-Gaussianity).

We deduce v < logTK + Ao?/2, which gives the claim when choosing A = \/2log K /o. [
Proof of Theorem [6.16] For a sample S,, = ((X;,Y;))1<i<n denote
G(S, f) = ({F(X1) £ Y1}, H{F(X) # Va}) € {0,137,
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and define G(S,., ) := {G(S,, f), f € F|. Observe that ’@(Sn,]-“)’ — |G(S%, F)|. With
this notation we have

sup Y il{f(X;) #Y;}| =E

feF o

Rpn(loF)=E

sup Zaiu(i)].
UEG(Sn,F) =1

For a fixed u € {0,1}" let &,(o) := Y1, ou®. By Hoeffding’s inequality (more pre-
cisely Proposition and properties of sub-Gaussian variables), &,(o) is centered and
sub-Gaussian with parameter 0% = ||u||, < n. Hence by Lemma , taking expectation
with respect to o first:

prn(g oF) = Es, o sup  &u(o)

wE€G(Sn,F)

< Ey Wzmog |é<sn,F)|}

— Eg. [\/Qn log|G(Sz, f)@ .
]

While the bound ((6.28)) is nice, it turns out that in most interesting cased we can upper
bound |G(sf, F)| uniformly for any sample s*, as a function of F, and thus bound the
expectation in (6.28)) independently of the distribution P!

Definition 6.18 (Growth function). Let F be a set of functions from X to ). Define
the growth function of F, using the notation for the evaluation functional introduced
in ([6.27), as

['(F,n) = sup |G(S,, F)|. (6.29)

SpeX™

Observe that I'(F,n) < 2" always holds.

Theorem 6.19 (Vapnik/Sauer). Let F be a set of functions from X to {0,1}. Define

d=max{n >0:I(F,n) =2"}. (6.30)
Then it holds for any n:
[(F,n) < mmfn) (”) <(n+1)% (6.31)
im0\

The number d is called Vapnik-Chervonenkis (VC) dimension of the class of prediction
functions F. (Observe that since F is a set of indicator functions, equivalently one can
define the VC dimension of a family of subsets of X.)
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Proof. For a subset A C {0,1}", and I C [n] :={1,...,n}, let (i1,...,47) be the ordered
elements of I and denote A; C {0, 1}‘1| the projection of A on the coordinates of indices
(i1,...,4). For coherence, if I = (), we define Ay = 0. Let us call a subset of indices I
(possibly empty) shattered by A if A; = {0, 1} (we define {0,1}° = 0).

We will establish the following: for any A C {0,1}",

Al < H] C[n]: Ar = {0,1}'”}\ (6.32)

in words, the cardinality of A is upper bounded by the number of indices sets I shattered
by A.

We prove this by recursion on n. For n = 1 it is true since I = () is always shattered,
and if A = {0,1} then I = {1} is also shattered.

Assume the property is true for some n > 1, and let A C {0,1}"*!. Let A C {0,1}" the
sets of elements @ € {0,1}" such that both (@,0) and (@, 1) belong to A. Let also denote
A’ := Apy. Then it holds that

|A] = |4 +|A4]. (6.33)
By recursion, both A’ and A satisfy (6.32). For I C [n], it holds A} = A;. Hence

A’ < H[ Cn]: A= {0,1}\IIH

~[{rem+nss w1 gra =11} (6.34)

On the other hand, if I C [n] is shattered by A, then by construction I U {n -+ 1} is
shattered by A. Hence

3] <|{r € 1 Angor = 10,137}

—[{rch+1st m+1ena =1} (6.35)

Noticing that the set of indices concerned in and are disjoint and putting back
in (6.33]), we obtain the property for (n 4+ 1).

We now apply property for the set A = G(S,,F) where S, € X™ is arbitrary.
By assumption the largest possible cardinality of a shattered index set I (which
determines a sub-sample of size |I|) is d. Hence

G P < D < )l =Y (”)

Taking a supremum over all possible S,, € X™ yields the first inequality in (6.31).
Finally, note that (7;) < (‘f) n® and use the binomial formula for the second inequality.
O
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It is possible to get an exact or upper bound of the VC dimension (|6.30]), or possibly
directly of the growth function (6.29) in certain cases. A first fundamental fact is the
following bound on linear discrimination function classes.

Proposition 6.20. Let X =R? and F = {z — 1{{z,w) > 0},w € R} be the set of
linear classifiers without offset (i.e. indicators of half-spaces whose boundary contain
the origin). Then the VC dimension of F is equal to d.

Proof. First, we prove that the VC-dimension of the class F of half-spaces with boundary
going through the origin is at least d. For this, simply consider the d-uple S; of points of
R? formed by the canonical basis (z; = e;,4 = 1,...,d). Let I C [n] be any index set,
denote I¢:= {1,...,n}\ I. Define the vector w; as w?) =1ifie I, and wy) =—1lifi¢gI.
Then obviously, if f,(z) := 1{(z,w) > 0}, we have f,,(Sq) = (1{i € I})1<i<qa. Since this
works for any I, we have G(Sy, F) = {0,1}* and |G(Sy, F)| = 27.

Conversely, we prove that any family Sy.1 = (21,...,2441) of (d + 1) vectors in R?
cannot be “shattered” by F (i.e. |G(Szy1,F)| < 2%F1). Since we are in dimension d, there is
a nontrivial linear combination of these vectors that vanishes: I\ = (A1, ..., A\gy1) € R4+
such that A # 0 and S.7 ! \iz; = 0. Let T := {i € [n] : A; > 0}. Without loss of generality
we can assume I # () (otherwise replace A by —). Let w be a vector such that f,(x;) > 0
for all 2 € I. Then

0< Z)\wa(xl) = <w, Z)\le> = <w, — Zc)\lxz> = Zc(—)\l)fw(xl)

Therefore there is at least one ¢ € I¢ such that f,(z;) > 0. It means that (1{i € I})i1<;<q &
G(S411,F), therefore |G(Sqy1, F)| < 2471 O

Corollary 6.21. Let G be a linear space of dimension d of real-valued functions on
an arbitrary set X. Then the VC-dimension of

F :={x— 1{g(x) > 0},9 € G}

18 equal to d.

Proof. Let (g1, ..., gq) be abasis of G. Define the mapping A(z) := (g1(z), ..., ga(z)) € R%
Since G = Span{gi, ..., ga}, it holds that F := {z — 1{(w, A(z)) > 0},w € R?}. There-
fore, any family of points of S, = (z1,...,x) that is “shattered” by F (i.e. |G(Sk, F)| <
2%) implies that the family (A(z1),..., A(zy)) of elements of RY is shattered by linear
classifiers without offset, hence from Proposition if must be the case that £ < d.
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On the other hand, notice that Span(A(X)) = R?. If this was not the case, there would
exist u € RY, u # 0, such that (u,g(z)) = >°  w;gi(z) = 0 for all z € X, contradicting
that (g1, ..., gq) are independent. We can therefore find Sy = (z1,...,14) € X% such that
(A(x1), ..., A(zq)) are linearly independent vectors in R?. A family of independent vectors
in R? is shattered by linear classifiers (repeat the argument of Proposition after change
of basis, i.e. choose wy = (M")~"'(3,c; € — 3¢ e €;) for any subset I C [n], where M is
the matrix of (A(xy),...,A(xs))). Hence Sy is shattered by F. O

An example of application of the previous corollary is the set of binary classifiers defined
from polynomial score functions of degree up to k on an open set of R? has VC-dimension
equal to (k + 1)<

Ezercise 6.2. Let X = R? f be a fixed real-valued function on X and
F = {2z~ 1{(z,w) + f(z) > 0},w € R?}.

Prove that the VC dimension of F is equal to d. Hint: recycle the proof of Proposition[6.20
with appropriate changes. Deduce that if G is a linear space of dimension d of real-valued
functions on an arbitrary set X', and f a fixed real-valued function on X, then the VC-
dimension of

Fi=A{z = Hg(z) + f(z) > 0}, g € G}

is equal to d.

Ezercise 6.3. Let X = R? f be a fixed real-valued function on X and
F={zw 1{(z,w) +a>0},w € R" a € R}

the set of linear classifiers with offset (i.e. indicators of affine half-spaces). Prove that the
VC dimension of F is equal to d + 1.

6.7 Application to artificial neural networks

Artificial feedforward neural networks (ANNs) can be described in the following way. The
basic unit or “artificial neuron” consists of a function f, : R? — R : z + ¢((w,x)), for
some input dimension d, where w is called “activation weight vector” and ¢ is fixed a
priori and called an ”activation function”. The activation function is nonlinear and acts as
a thresholding function, classical choices involve ¢(t) = tanh(t) (generally called sigmoid
function), ¢(t) = (z);+ (Rectified Linear Unit or “ReL.U” function), and ¢(t) = sign(¢) (in
this case the function f, is just a linear classifier).

A layer of the ANN consists in several parallel ANs with different parameters acting on
the same input space. The number of the ANs in the k-th layer is n, and the input of the
k-th layer is the ouput of the (k — 1)-th, so that the k-th layer is a (nonlinear) mapping
R™-1 — R™. The input of the first layer is the z-data belonging to R? (ng = d). The
output m(k)]in]R”k of the kth layer is thus computed by the formula

:pl(k) :¢(<w§k),x(k)>), 1=1,...,n.
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The final layer (say K') consists of a single neuron (nx = 1) and outputs the prediction of
the network.

Thus, an ANN is parametrized by Zfil n;n;_1 real parameters corresponding to the
weight vectors of each AN. It is possible to reduce this dimensionality by specifying that
the activation weight vector of a given AN is restricted to a specific support of reduced
size k (i.e. the weights outside of the support are 0). It means that this AN can only use
the ouput of a specific (given) subset of size k of the ANs of the previous layer.

In this section, we will not explain how to construct ANNs from data, but give a rough
analysis of their statistical complexity using a simplified model. We will consider the sign
activation function, and thus assume that the k-th layer is in fact acting on {—1,1}""' we
will also assume that the input space is binary, i.e. {—1, 1}d for simplicity. Finally we also
assume that a constant output neuron (equal to 1) is added in each layer (thus providing
the means to add an offset to the linear part of each AN), including on the input data.

Proposition 6.22. Given a input space {—1, 1}d, and using the sign activation function,
it 1s possible to find a weight vector implementing the “OR” and “AND” functions on a
specific subset I, that is, there exists (wr,a) and (w},d’) in R (the extra parameter is
because we add a constant coordinate to the input which we treat as an offset) such that

o, (x) = /\xi; fuy () = \/a:Z

i€l el

Proof. We take w; = w} with i-th coordinate equal to 1 if ¢ € I and 0 else, and take
a=|Il—-1/2,d =1/2. O

Proposition 6.23. Any boolean function F : {—1,1}* — {—1,1} can be realized with a
2-layer ANN with sufficiently large first layer.

Proof. Let &p := {z € {~1, 1} F(x) = 1}. For each € & we construct an AN in the
first layer with weight w, = x and offset a = d — . It can be checked that f,,(t) = 1 if
t =z, and is —1 otherwise. The neuron in the second layer is just an OR of all the neurons
of the first layer. O

Proposition states that a 2-layer ANN can already represent any boolean function,
however the first layer can be of size up to 2¢ to achieve this, which can be prohibitive. On
the other hand, using Proposition we see that we can implement a “boolean circuit”
function (which comprises of applications of the elementary AND, OR and NOT gates
along an evaluation tree) with an ANN having as many (nonconstant) neurons as gates in
the boolean circuit, and with the number of layers equal to the depth of the evaluation
tree.

To sumarize, we get the following qualitative understanding;:

e A “shallow” (with few layers) ANN with sign activation function can realize any
boolean function, but their complexity (size) must be very large to do so (there
are similar results for approximation of continuous functions using other activation
functions).
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e A “deep” network (with many layers) can approximate more efficiently (i.e. using
less ANs) boolean functions that can be represented in short form as a composition
of elementary boolean gates.

To make the second point more quantitative, we will analyze the complexity (in the
sense of VC theory) of an ANN with architectural connection constraints, namely if each
AN is restricted to use only a (fixed) subset of the previous layer as an input (this corre-
sponds to its activation weight vector w being restricted to a fixed support of reduced size,
see beginning of the section). We can represent such connection constraints abstractly as
a graph G = (V, E): each vertex of V' of the graph represents either a single ANs or an
individual coordinate of the input data in {—1,1}%, and the (directed) edges E represent
the nonzero activation weights from one individual neuron of a given layer to the next.

Proposition 6.24. Let G = (V, E) be a graph representing the stucture and connection
constraints of an ANN, and Fg be the set of boolean functions on {—1, 1}d that can be
represented by an ANN following these constraints.
Then it holds forn > 1:
T(Fa,n) < (n+1)F, (6.36)

and it follows that the VC dimension of Fg is bounded by c|E|log|E|, for ¢ a numerical
constant.

Proof. We will use the notion of growth function (6.29) when the output set of functions
can be larger than {0,1} (the definition is unchanged). Let K be the number of layers
in the ANN. For k¥ < K, consider the set of functions Fgj C F({—1,1}"", {-1,1}"*)
obtained by only considering the k-th layer of the ANN under the structural constraints
given by G.

Note that the input resp. output space of Fgy is {—1,1} resp. {—1,1}"*, given by
the values of the number ny_; resp ny of ANs in the (k — 1)-th resp, k-th layer. For AN
number 7 of the k-th layer, 1 <7 < ny, denote ¢} ; the number of incoming edges from the
previous layer. To this AN is associated a linear classifier of weight wy; of dimension ¢ ;.
Therefore from Proposition and Theorem if F; is the set of linear classifiers
that can be represented by this AN, we have

Nkg—1

D(Frson) < (n+ 1)1,

Since
Fe={z € {~1,1}" " = (fri(®))1<icnys fri € Fri}s
we deduce
ng
F(‘F]mn) < H(n + 1)Kk’i = (n —+ 1)ZL£1 Ek,i'
i=1

Finally it is easy to check that we have in general the “composition rule” for F o G =

fog.feF.geg:
['(F 0 G,n) < T(F,n) o T(G,n);
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namely, for any n-uple S, in the input space of G, it holds

|G(Sn,f0 |— ‘US/eGS gG(S ./T)‘
< G(Sn 9)l , max 1G(S,, F)|
nEG(

<TI'(G,n)I'(F,n).

Since we have Fg = Fg o Fx_10...0F, we get

fg, < HF fk; S n -+ 1)21?:1 Sk i (n + 1)|E\'
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