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Foreword

These lecture notes cover the program of the course “ Mathematics for Artificial Intelligence ” from
the first year (M1) of the master program in Mathematics of the Université Paris Saclay. https:
//www.imo.universite-paris-saclay.fr/~giraud/Orsay/MathIA2.html

This course aims at presenting some mathematical theory for the analysis and the understanding
of machine learning algorithms. The primary focus is on theory, presented all along with central
algorithms in data analysis. Some exercises and some numerical illustrations are provided at the
end of each chapter, with source code available online.

The first part presents some important optimization theory in the context of sequential learning. It
is an introduction to Stochastic Gradient optimization, Learning with Expert advices, and Bandits
problems. These three topics are very active in machine learning, with a wide range of applications
in science and in the daily life.

The second part covers some theory and some important applications around a central tool of linear
algebra: the Singular Value Decomposition. Some perturbation and concentration bounds (Weyl in-
equalities, Davis-Kahan perturbation bound, Hanson-Wright inequalities) play an important role in
the theoretical understanding of some popular tools in data analysis: Principal Component Analysis
and Spectral Clustering. These algorithms and the surrounding theory are presented in the Chapters
5-8.

Any comments or corrections are welcome :)
christophe.giraud @universite-paris-saclay.fr

Enjoy your reading!

Orsay, August 2023

Christophe
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Chapter 1

Sub-Gaussian random variables

1.1 Refresher on Gaussian random variables

A real random variable X follows a NV (0, 0'2) Gaussian distribution, if its distribution has the prob-
ability density function (p.d.f.) with respect to the Lebesgue measure on R

1 e_XZ/(20.2).

V202

In particular, if Z follows a NV (0, 1) Gaussian distribution then X = o Z follows a N (0, o*) Gaussian
distribution.

The moment generating function, or Laplace transform, of a random variable X with N (0, 0'2)
Gaussian distribution is given by

1 27,2 1 2.2 29,2 2.2
E[esX] — /esxe—x 20 dx = s /2/8_(X_S) 20 de=e”s /2.
V2ro? Jr 2ro? R

1.2 SubGaussian random variables
1.2.1 Definition and examples

Definition. A random variable X follows a SubGaussian distribution with variance proxy o2, de-
noted by X € SubG(c?) if it is centered E[X] = 0 and

E[e*X] < ¢S’ 2 forall seR.

In addition, we write X € subG (u, o) if X — u € subG(c2).

Remark. If X € SubG(c?) then —X € SubG (o). So any property holding for X, also holds for
-X.

Remark. If X € SubG(1), then 0 X € SubG(c?).

Exercise. By investigating the behavior of E[e*X] — 1 for s vanishing to 0, check that var(X) < 0.

Exercise. With the convexity of x — e*, prove that if X € SubG(03) and Y € SubG (o) then
X +Y € SubG ((ox + O'y)z). This inequality can be thought as a “triangular inequality” on o .

A classical example of SubGaussian random variables are bounded variables.
Lemma 1.1 Bounded random variable.

If X is a random variables taking values in [a, b], then X — E[X] € subG ((b — a)?/4)

Proof of Lemma 1.1. Replacing X by X — E[X] and [a, b] by [a — E[X],b — E[X]], we can
assume with no loss of generality that E[X] = 0. Since X is bounded, the log-Laplace tranform
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W (s) = logE[e*X] exists. We can also compute differentials of ¢ by switching expectation and
derivation

oy S BT BIXeN](Exe])
vils) =+ [ex] ™ yris) =4 [e%] 2 [eX]
Setting
dBy(w) = S gp
s(w) = m (w),
we observe that
2 2

0 (s) = By [X?] - By [X]? = By [(X - By [X])*] <E, (x— “;”) <9

Hence, integrating twice gives
K u 2 — )2
¢(s):¢(0)+s¢/(0)+/ .,y”ummumm%,
u=0 J x=0

50, X € subG((b —a)?/4). o

Remark: for bounded variables, the variance proxy (b —a)?/4 can be much larger than the variance
itself. As an illustration, let us consider the case of a Bernoulli variable X with parameter p. As X
takes values 0 or 1, the random variable X is subGaussian with variance proxy 1/4. In comparison,
the variance of X is var(X) = p(1 — p), which can be much smaller than 1/4 when p is close to 0
or 1.

Next lemma can be thought as a “Pythagorean (in)equality” on o.
Lemma 1.2 Sum of subGaussian random variables.
If Xi,...,X, € subG (1) are n independent random variables, then

n

Za,-x[ e subG(||a|]?).

i=1

Proof of Lemma 1.2. By linearity of the expectation, we have E (X, ¢;X;) = 0. In addition, by
independence

n

E = HE [exp (sa; X;)] < l_l e(@is)?/2 — ,llall’s?/2
i=1 i=1

exp (s Zn: a; X;

i=1

Hence Y\, a; X; € subG(||al?). o

1.2.2 Tails of subGaussian random variables and Hoefdding inequality
An important property of subGaussian random variables are the fast decreasing of their tails.

Lemma 1.3 Tails of a subGaussian random variable.
The tail of a random variable X € subG(c?) fulfills for any t > 0

P[X > 1] < e /27,

Proof of Lemma 1.3. The method of the proof is called the Chernoff method. This method is as
important as the result.
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For any s > 0, Markov inequality gives
P[X > 1] < e *E[e*X] < exp( —st+o s2/2)
The right-hand side is minimum pour s = ¢/02, which gives the result. m]
Remark. It is worth to notice that if E[X] = 0 and P[|X| > ] < 2e1"/29%) then X €
subG(110%). Indeed, we have
E[e*X] < E[e*X] = / PlelX! > 1] dt.
1

The change of variable 7 = e/*1* gives

E[e*X] < / P[1X] > u]|s|e!* du < / Ze_L’z/(z‘Tz>|s|e|S|“ du < o|s| V8re s 2 < e”‘fzsz/z,
0 0

where the last inequality follows from xe!/? < ¥ */2 and hence o|s| V8 < exp (M) <
10025%/2
e .

Corollary 1.4 Tail for sums of subGaussian random variables.
If X1,..., X, € subG(c?) are n independent random variables, then for any t > 0

Plzn:a,-Xi =1

2
<exp|——-=].
Z g (202||a||2)

As a consequence, if X1, ..., X, are n independent random variables, with E[X;] = pand X; — u €
subG (o?), then for any L > 0

1+ 2Lo2
Pl=> Xi—pnz T | <e L. (1.1)
n n
Corollary 1.5 Hoeffding concentration inequality.
Let X1, ..., X, be n independent random variables with X; € [a;, b;] fori = 1,...,n, then for
anyt >0
_ _ 2n%1?
PlX,-E|X,| >¢ Sexp( )
[ [ ] ] ” b— a||2

With a union bound, we get deviation bounds for suprema of subGaussian random variables.

Lemma 1.6 Supremum of subGaussian random variables.
Let Xy,...,Xp € subG (%) be p random variables. Then, for any L > 0, we have

P [.rrllax X; > o +2(log(p)+ L) < o +y2log(p).
i=l,..p

<el and E[maxX

Proof of Lemma 1.6. The first inequality directly follows from Lemma 1.3 and a union bound.
For the second inequality, as log(x) is concave, we apply Jensen inequality to get for any s > 0

1 .
E [ max X] E [_ log (e“ maxi-1,..p X,:)]
s

i=1l,...p
(E [es max;=i,..p Xi])

Do [T E ] " storn| _ log(p) | o
;log(ZE )<—log(;e . T

i=1

A
<)
03

IA
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Lemma 1.6 follows by setting s = /2 log(p)/c2. O

1.2.3 Moments of subGaussian random variables

The bound on the Moment Generating function induces some bounds on the moments of a sub-
Gaussian random variables.

Lemma 1.7 Moments of subGaussian random variables.
Let X € subG(c?). Then, we have

E[X*] < 210 for k=1,

E [es(XZ_E[XZ])] < 1+64(s0?)? < SHso?)? for (so)? < 1/32.

Proof of Lemma 1.7. Replacing X by X /o, we can assume with no loss of generality that X €
subG (1). Let j be a positive integer. With a change of variable r = (2u)//*> we get

E[1XV] =/ PIIXV =] ar
0
:2,-/2—1]./ P[le > \/Z] 2 gy
0
321'/2]‘/0 e P du =22 T(j/2) = 22T (/24 D).

The first bound follows by setting j = 2k.

For the second bound, as x — ¢** and x — ¢~** are convex, Jensen inequality gives

E [es(Xz—]E[Xz])] < lE [ezsxz +e—2s]E[X2]]

I/\

]E[ 25X —2sx] ]E[Ch(2sX2) Z ((22313)' [X*].

We can now use the bound E[X*¥] < 2%%+1(2k)! on the moments of X, to get for |s| < 1/4

oS (X-E[X7]) o2k = 2(4s)
E[ ]31+2];(4) R

To conclude, we notice that the right-hand side is smaller than 1 + 4(4s)? for s> < 1/32. O

As acorollary of Lemma 1.7, we have the following concentration inequality for square subGaussian
random variables.

Corollary 1.8 Concentration for sum of squares.
Let Xy, ..., X, be n independent random variables in subG (1). Then, for any t > 0

=P (_ (16|t|a||)2 § (12|ta|oo))'

Proof of Corollary 1.8. According to Lemma 1.7, for 32|a|2,s*> < 1, we have

exp (s i a; (Xl2 - ]E[Xiz])

i=1

n

Yai (X2 -BIX]) 21

i=1

P

n

> a (X}—E[Xz]) > l <e'E

i=1

P

n
o5t l_[ 664(%’5)2 = exp(—s[ + 64S2||Cl||2)~
i=1
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Let us compute the minimum of ¢(s) = —st + 64s2||a||*> over the s fulfilling 32|a|?s> < 1. We
observe that the unconstrained minimum of ¢ is achieved for s, = ¢/(128]|a||?). Hence, we consider
appart the two cases 32|a|% s? < 1 and 32|a|% s > 1.

Case 32|a|2,s? < 1: then

min g(s) = p(s7) = 4 S Mal”
Nlalsi<l B T 128)lall? T 1282|all* T 256||al?

Case 32|a|%,s2 > 1: then

1 )_ —t +64||a||2 -t t ot
lalo V32)  lalw V32 320als T lalo V32 2lale V32 Jale V128’

where the inequality follows from 32|a|% s? > 1 with s, = #/(128||a||?).

min  6(s) = ¢(

32la|ls2<1

We then have proved that for any ¢ > 0

Zai (x? - BLX?) 2 tl < exp (— (16('“”)2 A ( @Mm)).

Since V128 < 12 the Corollary 1.8 follows. O

P

Example: specifying Corollary 1.8 with a; = o?/n and ¢t = 16072 (\/% \Y L), we get for any

n
X\, ..., X, independent with subG (o?) distribution and L > 0

%Zn:( P57 2 160-2(\/§v%)

i=1

P <e L. (1.2)

1.3 Problems
1.3.1 Median of Means
A) Median of Means estimator

Let Xi,..., X, be i.i.d. random variables with E [X;] = u and var(X;) = o>. The Central Limit
Theorem ensures that for any L > 0

P|X,—u szlz—Ll "Z“P[N(o, 1) > V2L| < et (1.3)
n

This bound holds in the asymptotic where n — oco. Can we have a bound similar to (1.3) for any
n>1land L > 0?

As for n = 1, the bound (1.3) enforces that X € subG(u, 110?), the answer is “no” without
additional assumptions on X. The answer becomes “’yes” for subGaussian random variables, as the
Bound (1.1) gives a non-asymptotic version of (1.3) for any X € subG (u, o2).

Let us consider the case where we only have E [X;] = u and var(X;) < o2. We will investigate a
slightly different question: Without additional assumptions on X, can we find an estimator i of u
fulfilling a non-asymptotic version of the concentration bound (1.3)?

As discussed above, such a bound is not achievable in general for the empirical mean X,,. But it is
(under some restrictions) for a robust version of it, called “median-of-means”, as we will see in this
exercise.

Let K < n/2 and assume that n can be divided by K. Then, we can split {1, ...,n} into K disjoint
blocs By,...,Bg of sizem =n/K.
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1. Check that

_ 20 1
P[XBj_ﬂZW] Sz.

2. Check that ix = median(Xp,, ..., Xp, ) fulfills

P < P[Binomial(K, 1/4) > K/2] .

~ >20’
HK M_W

—~ [K
Uk — 1 =20 —lSe_K/g.
n

This last deviation bound is similar (up to constants) to (1.1) with L = K/8. Notice yet the two
important features:

3. Conclude that
P

o the estimator fix depends on the confidence level K;

e K < n/2 by construction, so we do not have subGaussian deviation bounds for values of L larger
than n/16.

B) Illustration

In this section, we illustrate the behavior of the MOM estimator. The numerics have been performed
with the R software https://cran.r-project.org. You can reproduce them by downloading
the R-code at https://www.imo.universite-paris-saclay.fr/~giraud/Orsay/MathIA/
MOM.R

We fix the sample size to n = 200 and compare the estimation errors of the empirical mean X,, and
the MOM estimator zz; with K = 10. In order to mimic the distribution of the errors, we repeat the

experiment N = 10000 and for each estimator, we store the N errors erry, ..., erry. The better the
estimator, the closer to zero are the errors. In order to visualize the distribution of the errors, we plot
some boxplots of the absolute values of the errors {|erry|,. .., |errn|}.

Boxplots are a popular way to sketch and visualize the spread of the distribution of a set Z =
{Z,,...,ZnN} of values. Let us denote by Qy the k-th quartile of Z. We also define Q¢ = min Z the
smallest value in Z and Q4 = max Z the largest value in Z. In a boxplot, a box is drawn representing
the first quartile Q, the median Q5 and the third quartile Q3 of Z, see Figure 1.1. In addition to the
box, an interval is drawn, with left value Q¢ V (Q1 — 1.5(Q3 — Q1)) and right value Q4 A (Q3 +
1.5(Q3 — Q1)). Finally, if some values fall outside the interval, they are represented as dots. We
often refer to these values as “outliers”.

4 I\

QV (Q,-15 RQ) QuA (Gy+ 1.5 1R 6)
Gi (@]

c (L} 3

Figure 1.1: Description of the boxplot representation of a set of values.

We compare the behaviors of the empirical mean and the MOM estimator for three different distri-
butions. We start with the Gaussian distribution. In this case, the empirical mean estimator behaves
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very well. Actually, X,, ~ N(u,0?/n), so for any value of n, the fluctuations of X,, — u exactly
matches the asymptotic fluctuations given by the Central Limit Theorem. We cannot expect the
MOM estimator to be as good as the empirical mean in this case. We observe yet in Figure 1.2 that
the spread of the absolute errors of the MOM and empirical mean are similar.

The concentration bound (1.1) ensures that the empirical mean works well with subGaussian distri-
bution. Let us consider now a distribution with heavy tails, much heavier than the tails of Lemma
1.3. As a first example, we take the Student(3) distribution. It has heavy tails, since the Student(3)
distribution has an infinite moment of order 3. We observe in this case that the absolute errors of
the empirical mean and the MOM estimators have similar median and first / third quartile, but the
empirical mean as much more outliers, see Figure 1.2. This illustrates the facts that the empirical
mean is not robust to heavy tails and that the MOM estimator is much more robust than the empirical
mean.

Let us now consider a last example. We emphasize that the MOM estimator fix is kind of an interpo-
lation between the empirical mean estimator (which is MOM with K = 1) and the empirical median
estimator (which is MOM with K = n). So, MOM estimator is favored by a situation, where the
median and the mean are the same, as for the Student(3) distribution. We illustrate the case where
the mean and the median are different by taking a Gamma distribution with parameters (0.01, 10).
We observe in this case, two interesting features. First, we observe that the median absolute error
of the MOM estimator is much higher than the median absolute error of the empirical mean. This
reflect the fact that the MOM estimator is biased towards the median. Yet, we observe that the MOM
estimator has much less “outliers” than the empirical mean. This reflects the robustness of the MOM
estimator compared to the empirical mean.

Gaussian Student Gamma

8

o
0 -
(] o
- o =
< - o
. o
o
o - ]
~ 8
|
|
|
R
T

oo
6
1
0.3 0.4
1

voo®o 0 00 o O
0.2

0.1

- —
. . 1
_ PR PR o - — ——

empirical mean MOM empirical mean MOM empirical mean MOM

0.00 005 0.10 0.15 0.20 0.25 0.30 0.35

0.0
|

Figure 1.2: Boxplots of the absolute errors of the empirical mean and the MOM estimators. The
closer the absolute values to zero, the better the estimator. Left: Gaussian distribution. Center: Stu-
dent(3) distribution. Right: Gamma(0.01,10) distribution.

1.3.2 Bennett and Bernstein concentration inequalities

Hoeffding concentration inequality (Corollary 1.5) provides the following concentration bound for
averages of independent bounded random variables. When the X; are independent and fulfill X; €
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[a;i, a; + B] almost surely, then

_ _ B’L
X, —E[Xu] 2 \[5—

P
2n

<e L, foranyL > 0. (1.4)

Assume that the variables X; are i.i.d. with variance o-2. Then, the Central Limit Theorem ensures
that

2
X, —E[X,] 2 /221

lim P

n—oo

-p [N(o, 1) > w/Z] <e L, foranyL>0.  (L5)

If we compare (1.4) and (1.5), we observe that the variance o?in (1.5) is replaced by the upper-
bound 0> < B?/4 in (1.4). This discrepancy between the two bounds can be important as discussed
below.

Let p € (0,1) and assume that Xy, ..., X,, are i.i.d. with Bernoulli distribution B(p). Then, the
variance is given by o> = p(1 — p), while B = 1. When p = 1/2, we have 0> = B?/4 so (1.4)
and (1.5) are equivalent, but when p is very close to 0 or 1, the ratio 402/B> = 4p(1 — p) is very
close to 0 and there is a large discrepancy between (1.4) and (1.5). Can we improve upon Hoeffding
concentration inequality in order to (partially) close this gap?

Let us discuss further the Bernoulli setting in order to figure out what we can hope to prove. First,
let us explain why we cannot hope to get a non-asymptotic version of (1.5). Indeed, when p = A/n
with A4 > 0, the random variable nX,, follows a binomial distribution with parameter (n, 1/n) and
converges in distribution towards a Poisson distribution of parameter A when n goes to infinity. We

simultaneously have
2(4 1-2a/n)L
n\/ WmA-A/mL - sor
n

It can be proved that, for some constant ¢ > 0,
P |Poisson(1) — A > ‘V2/1L] > exp(—c \/Zlog(L)), when L — oo,

so the upper bound (1.5) cannot hold non-asymptotically. Below, we will prove two bounds which
behave like (1.5) when p > 1/n and like Poisson deviation bounds when p = O(1/n).

Bennett concentration bound

In this part, we will prove Bennett concentration inequality: for any independent real random vari-
ables X1, ..., X}, fulfilling

L

E[X;]=0, o7:=E[X}] <+co, and X;<1 as. (1.6)

we have
— 1 n
P[X, > 1] <exp (—no-zh(t/(rz)), with h(u) = (1+u) log(1+u)=u and o= " o2, (1.7

i=1

l. Let y(x) = e —x — 1 = Y5, x¥/k!. With Taylor inequality and the power series expansion,
prove the bounds
w(x) <x%/2, forx <0,
w(x) > x/2, forx > 0,
¥ (sx) < X2y (s), forx € [0,1], and s > 0.
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2. We define x; =x vV 0Oand x_ =x A 0. For s > 0, prove the bounds
X, 2, 8 2 2 ) o2
E[e™] < 1+y()E [(X)3] + SE [(X)2] < 1+y(s)o? < e? )i,
3. Derive from the previous question, the upper bound
P[X;+...+X, >t] <exp ing {na’zz//(s) - st} .
5>

4. Conclude the proof of (1.7).

Bernstein concentration bound

Bernstein concentration inequality is directly derived from Bennett inequality by using the lower-
bound /(u) > u?/(2 +2u/3). The statement is weaker, but more handy.

Bernstein concentration inequality states that for n independent random variables fulfilling
X;—E[X;] <B as. and 0'i2 = var (X;) < 400, (1.8)

we have, forany L > 0

_ _ 2021 2BL 2
X -E[X] 2 ==+ 5 ;Ui. (1.9)

Before proving this bound, it is worth to comment it. You can observe that it looks like a non-
asymptotic version of (1.5), except that an additional term 2BL/(3n) has appeared. When n goes
to infinity, with o> and B fixed, we observe that this additional term is negligible compared to
v202L/n, so we recover the Central Limit Theorem bound (1.5). On the other hand, when B = 1
and 0% ~ 1/n as in our Bernoulli example, the second term becomes the dominant one when L goes
to infinity.

P with o2 =

= >

S| =

1. Check that it is enough to prove (1.9) for variables fulfilling (1.6).

2. By comparing the seconde derivative on both side, check that (1 + u/3)h(u) > u?/2 for any
u>0.

3. Prove the first Bernstein inequality: For variables fulfilling (1.6) we have for any r > 0

_ —nt?
P [Xn > t] < exp(m) .

4. Check that forx > 0 and t = V20 2x + 2x/3, we have
2
—_—— > X.
2(c2 +1/3)

5. Conclude the proof of (1.9).
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Sequential learning






Chapter 2

Statistical learning and optimisation

2.1 Batch statistical learning problem

Supervised learning problem. A central problem in machine learning is to predict an outcome
Y € Y from some covariates or features” X € X. The prediction is done with a predictor  : X —
Y built by the data scientist.

Loss and risk. In statistical learning, we assume that the couple (X,Y) is a random variable with
distribution P*>Y) . For a specified measurable function £ : Y x Y — R*, usually called "loss
function”, and a measurable predictor 4 : X — Y, we define the so-called risk of the predictor & by

r(h) = E(x y)-pexx) [E(Y, h(X))] .

The best predictor in terms of the risk 7, is then the predictor #* : X — Y minimizing r (%) over all
the possible measurable maps 4 : X — V.

Examples of loss functions:

LP loss: €(y,y') = (y—y")P,forp > 1,
Hard loss: £(y,y") = 1y2y,

Logistic loss: £(y,y’) = log(1 + e™Y"),

Hinge loss: €(y,y") = [1 — yy’],, where [x], = max(x,0).

For example, when £(y,y’) = 1,4, then the risk r(h) = P (Y # h(X)) is the probability of mis-
prediction.

Learning from data. In practice, the distribution P&X.Y) is unknown, so we can neither com-
pute (/) nor h*. Instead, we have access to a sample Z = (X;,Y;)i=1,..n € (X X Y)" gathering
n observations i.i.d. with distribution P*X-¥) We then build a predictor based on these data. We
choose a mapping H : (X x Y)" x X — VY and predict Y with H(Z, X), resulting with a risk
E(x y)~pxx) [((Y,H(Z, X))]. The central question is then, how to choose and compute the map-
ping H?

Classically, the statistical learner specifies a family of predictors & : ® X X — Y, for example
h(6,x) = (0, x) for data in R, and she/he considers predictors of the form H(Z, X) = h(g(Z), X),
with g : (X X Y)" — O measurable.

Examples of family of predictors:

e linear predictors h(6,x) = (0, x),
logit predictors h(6, x) = exp({0, x)) /(1 + exp({0, x))),
kernel predictors h(6,x) = fl:l 0ik(z;,x),

neural networks, etc.

Goal in statistical learning. Setting

£(0) ==r(h(0,")) =Ex y)pxy [€(Y,h(6,X)], forbe®, 2.1)

13
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the goal is to design some o~ (Z)-measurable variable 0= g(Z), such that f (5) is as small as possible
in expectation or with high probability with respect to the randomness of Z.

Typical results in statistical learning theory provide

e some upper bounds on the so-called excess risk”
§) — min f(6) = r(h(6,)) — minr(h(6, ")),
f(8) —min £(6) = r(h(6,-)) - minr(h(6,))

either in expectation, or with high probability with respect to the randomness of Z.

e some lower-bounds on the best possible excess risk over a class of problems.

Remark: In practice, the data set that we observe corresponds to a realization Z(w) of the random
variable Z. The statistical learner then computes the parameter g(a)) = g(Z(w)) and he/she uses
the function 2(8(w), ) : X — Y for prediction. Yet, when we investigate the statistical properties
of the predictor, we consider Z, and hence 9, as a random variable. The goal is to understand the
distribution of the risk f (0) or the distribution of the parameter 6 with respect to the randomness of
Z.

2.2 Learning with gradient descent

Let us assume that P&-Y) is unknown, but we observe some i.i.d. data Z = (X;,Y;)i=1....n distributed

.....

according to PX>Y) In order to find a 6 such that f (5) is as small as possible, a classical strategy is
1. toreplace f(#) by some empirical version fz(@) of it

Fo(0) = " 0, 160, X)) + ©(6),
i=1

where Q(0) is a regularization convex penalty, for example Q(8) = 1||0||*> with 1 > 0;
2. to estimate # with the so-called Penalized Empirical Risk Minimizer (PERM):

0 e argmin fz (0). (2.2)
6O

To implement this method, how can we perform the minimization above?

a) Gradient Flow

Let us assume for simplicity that ® = R¢. We want to solve an optimisation problem of the form

0" € argmin f(6), (2.3)
6eR4

for some function f : R — R, for example f(6) = fZ(H) for the PERM. In most cases, there exists
no explicit formula for 6*, and we must evaluate it numerically. When f is differentiable, a strategy
is to start from some HgF € R4, and then follow the steepest descent, called Gradient Flow (GF),

GF

dt

Analyzing GF: The GF can be analyzed very simply. Assume that f is convex and differentiable.
Then, according to Lemma B.1, we have

~V£(655). (2.4)

a

F65F) = £(6%) ™S P (v £ (697), 65F — 6

dog" QGF_0*>__1
dt 7! B

d .
L (25)

== 2d
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Let us consider now the average of the Gradient Flow trajectory over [0, T'] for some 7 > 0

_ 1T
a5F :=?/ 6, dt.
0

According to the convexity of f, we get from Jensen Inequality and (2.5)

GGF 0" < A ’ gGF o)) d
PO =0 < 7 [ = g ar

@) 1 fTd e )
< - — 167" — 0%~ dr
T Jo 219 l
log" — 6711

0SF _ %112 — 116SF — o 2)£
105" - 0117 = 110" - 0" -

=7

This inequality ensures that when taking the average 0_?': of the Gradient Flow, we minimise f up
to an O(1/T)-optimisation error.

Remark: the mapping ¢ — f(#SF) is non-increasing since

d dost
—f(O7F) = (VF(OF"), —— = =IIVF(67D)]> < 0,
dt dt

so f (HgF )< f (é(T}F ) and therefore HgF also minimises f up to an O(1/T)-optimisation error.

b) Gradient Descent

Computing continuous time dynamics as the Gradient Flow (2.4) is computationally very intensive
in general. Gradient Decent (GD) is a simple discretization of the Gradient Flow, which is easy to
implement, and which is widely used to seek for solutions to (2.3).

Gradient Descent (GD)

Input: 7 > 0, and 6, € R<.

Iterate: fort =1,...,7T -1,
041 =6; —Vf(6;)

Next theorem shows that the average 61 = % Zth 1 6: of the sequence of the GD minimises f up to

an O(1/ VT)-optimisation error, provided that the gradient step 7 is chosen proportional to 7~1/2.

Theorem 2.1 GD: Rate for Lipschitz convex function.
Let f : R? — R be a differentiable and convex function. Define the sequence (8,);s1 by induction,

R
0[+1 = 9[ - an(@,), > l, Wlth 7] == =
LNT

where R > |0y — 6*|| and where L > ||V f(6,)|| forallt =1,...,T.
Then, the average O = ]T Zthl 0, of the sequence of the GD fulfills

_ LR
67) — mi 0) < —.
f(6p) = min 5(6) N
Remarks.

e Compared to Gradient Flow, the optimisation error for Gradient Descent is O(1/VT). This
slower rates is due to the discretization of the Gradient Flow dynamic.
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e The choice 7 = R/(LVT) can be infeasible in practice, as the constant R and L are usually
unknown. If we set 7 = a/ VT for some @ > 0, then according to (2.9), the upper bound becomes

a 'R +al?

2NT

Choosing 7 = a/ VT has to drawback: first it requires to know in advance the time horizon T,
second an arbitrary choice of @, say @ = 1, may be suboptimal if L and R have very different
sizes. These two issues can be simply overcome by some adaptive choice of the step size 7. This
topic is yet beyond the scope of these lecture notes.

f(0r) — min f£(6) <
geRd

Proof of Theorem 2.1. The proof of Theorem 2.1 is a reminiscence of the analysis of the Gradient
Flow page 14. As for the Gradient Flow, we get from the convexity of f and Lemma B.1

f(8:) = f(8°) <(Vf(8:),6, - 67). (2.6)
From the polarisation formula 2{(a, b) = ||a||* + ||b||* = ||b — a||*, we get
200 (01).6: = 0) = 116 = 07 + IV S (601 = 116, = 6" =0V £ (60)]
= 116: = "I = 16041 = 6°11> +0* | V£ ()11 2.7
Summing (2.7) over ¢ generates a telescopic sum, leading to

T

L (2.6)
DO = £(07) L Y (VF(0),6,-67)
t=1

t=1

T
@D 101 = 01 = lora = 6°1> 1 2
= + = V(o 2.8
T 2;” ol (2.8)
R2
<= 4Ty (2.9)
2n 2
The convexity of f finally ensures that
1 &
) < Zl )
so the result of Theorem 2.1 follows by plugging the value = R/(L VT) in (2.9). O

¢) Stochastic Gradient Descent

In practice, Stochastic Gradient Descent (SGD) is widely used for minimizing the (penalized) empir-
ical risk fz defined in (2.2). It was already implemented in the early 60’s to train a linear regression
on the first generations of computers. _

The recipe of SGD is to replace at each step the gradient of fz by a gradient based on a random
subsample of the data points (X;, ¥;);c;. More precisely, for some B € N*, let I1, I,... c {1,...,n}
be a random sequence of subsets of {1, ..., n} of size B, with uniform distribution, and independent
of the data Z. We define F;(0) = €(Y;, h(0, X;)) + Q(6) and

o1

Fr=—=) F.

It B’;l
t

Batch-SGD amount to iterate

041 =0, —qVF,(0,), forsomen > 0.
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An important advantage of Batch-SGD compared to vanilla gradient descent
Ore1 =6 — UV]?Z(Qt), t>1,

is that at each time step, we only need to compute VFy, (6,) instead of Vf%(@,) =1 L VFi(6,),

reducing the computational complexity by a factor n/B. When the datasets are large, with millions

of samples, the speed-up is substantial.

The rationale for using V£, (6,) instead of sz(e,) is that
Viz(0:) =BV, (0)|Fi1], where Fio=o(ZL,.... 1), (2.10)

so the stochastic gradient VFJ,(6;) can be viewed as a “noisy” version of V]?Z(Ht). Other choices
of stochastic gradient g, can be done, and the next theorem provides a convergence analysis for
minimizing (2.3) with any stochastic gradient g, fulfilling E [g;|61,...,6;] = Vf(6;).

Theorem 2.2 SGD: Rate for Lipschitz convex function.
Let f : RY — R be a differentiable and convex function and (F;);=0 be a filtration. Define the
sequence (0;);>1 by induction,

R
01 =60; —nge, t=1, withn=——,

LNT

where R > |01 — 0%|| and where g, is any F;-measurable random variable fulfilling
Elg/|Fi-1] =V/f(6:), and Elllg|’] < L%, fort=1,....T.
Then, the average O = ]T Zthl 0, of the sequence of the SGD fulfills

LR

E f(éT)—;Ielkgf(e) < v

Remark. The bound is similar to the one in Theorem 2.1, except that it holds only on average over
the randomness of the stochastic gradients.

Proof of Theorem 2.2. The proof follows the same lines as the proof of Theorem 2.1. We start again
from (2.6) and since E [g;|7-1] = V.f(6;), we get

E <E

T
D (f6) - f(6Y)
t=1

t=1

T
D UVFO), 6 - e*>l

T
=B| ) E[g:.0, —e*>|ﬁ_1]l
t=1
T
=E (g:,0; — 0] . (2.11)
t=1

Following exactly the same computations as for proving (2.8), with V f(6;) replaced by g;, we get

T T
o _ 161 =617 ~ 116741 — 671
> (g6, - 6" = - o + 23 el (2.12)
t=1 n t=1
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Plugging this bound into (2.11) leads to

E <E

T
DS = £
t=1

T
PRI e*>]
t=1

R vy n R o,
1=1
We then conclude as in the proof of Theorem 2.1. O

d) One-pass Stochastic Gradient Descent

We observe that Batch-SGD presented above aims at minimizing the penalized empirical risk min-
imizer fz(e). Our ultimate goal is yet to get the risk f(8) = Exy) [£(Y, (0, X)] as small as
possible.

Minimizing f by GD would require to compute the gradient

Vf(0:) =VoEx,y) [£(Y, h(0:, X)].
This quantity is unknown, but at each step ¢, we can compute
8 = ng(Yt, h(gt, Xt))

Under the assumption that (X,,Y;),=1,...
we can invert gradient and expectation

n are i.i.d., and some dominance assumptions ensuring that

E [Vol(Y;, h(6,X,))] = VoE [€(Y;, h(6,X;))], forall 6 € R, (2.13)
the gradient g, fulfills
E[g:|F-1] =Vf(0,), where F_1=0((X;,Y;):i=1,...,t=1).

In light of Theorem 2.2 this suggests to apply a one-pass SGD on the data.

One-Pass Stochastic Gradient Descent (One-pass SGD)
Input: > 0, and 0; € R<.

Iterate: 0,41 = 0, — nVel(Yy, h(0;, Xy)), forr=1,...,n—-1
Output: 8 = % Y 0:

Under the assumptions of Theorem 2.2 and assumptions ensuring that we can invert gradient and
expectation as in (2.13), we get from Theorem 2.2 that E, [f(g) - f(@*)] < LR/+/n,ie.

Bz [Bocn |60 @) || = min Bexy) (60, 10,01 <
OeR:

5

Remark 1. At first sight, the application of Batch-SGD with B = 1 for empirical risk minimization
looks similar to the application of One-pass SGD. We emphasize yet two important differences:

e For empirical risk minimisation, a data point Z; = (X;,Y;) can be involved in multiple steps in
Batch-SGD. The algorithm does “multiple passes” on the data. A contrario, in one-pass SGD,
each data point Z; is used only once. The algorithm does a “single pass” on the data.
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o The goal in empirical risk minimization with Batch-SGD and one-pass SGD are different. In the
first case, we seek to minimize the (penalized) empirical risk

—~ 1 &
F2(0) = = > €Y, h(0, X)) +Q(0),
=
while in the second case, we seek to get the prediction risk

F(8) =Eoxr) [0, h(@.50)].

as small as possible, which is our ultimate goal.

It is important to notice that while we can compute the function fz (), the function f(0) is unknown
to the data scientist, since P-Y) is unknown.

Remark 2. Another virtue of one-pass SGD is that we do not need to have all the data Z =
(Xi,Yi)i=1....n from the very beginning. One-pass SGD can handle data that arrives sequentially
in time, and it outputs a stream of predictor as time passes. This setting, where data is observed
sequentially in time, is precisely the topic of theses lecture notes.

2.3 Sequential statistical learning

In batch statistical learning, we have access from the start to a whole data set Z = (X;,Y;)i=1,...n-
While this situation arises when analyzing data produced by some experiments, it does not fit many
practical situations where:

e the data Z, = (X;,Y;) is collected sequentially as time passes;

e a decision or prediction must be performed at each time step (based on the data available at this
time);

e possibly, the learner can choose at each time step the covariates X;, with a choice based on the
past observations.

Our focus on the first part of the lecture notes, will be on such problems. We will consider a set of
problems that can be summarized, at a high-level, as follows. Ateach time ¢t = 1,2, .. ., we will have
to choose an action” 5, from available data at time ¢. Each action @ has a risk or "cost” f; (5,) and
our goal will be to find strategies 6 such that the cumulated cost

T _
Z ﬁ(el)’
t=1

is as small as possible.

Let us sketch succinctly the three problems that we will consider. These problems will be described
in full details in the next sections and chapters.

1) Online learning.

In this case, at each time ¢, we seek to predict a random outcome Y; € R from random covariates
X; € X. The prediction is assumed to be of the form h(@\,, X;), where h(8,x) is a prescribed family
of predictors. For a given loss function £ : R> — R, the “cost” associated to the choice of a
parameter 6 is the integrated loss

J1(0) =Ex,.x,) [£(Y:, h(6, X))] .

2) Sequential prediction with expert advices.
A variant of the previous learning problem, is when at each time ¢, we have access to some pre-
dictions A (?),. .., hy(t) of Y; from a set of d experts. The question is then how to aggregate this
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predictions in order to get a loss as small as possible? For a given loss function ¢, we will consider
convex combinations of the predictions Zle Ok hi (t) and we will seek to minimise the cumulated

loss
T

d
Z t (Yt, Z Gk,thk(t)) .
=1 k=1

3) Multi-armed bandit problems.

In the Multi-armed bandit (MAB) problems, the player chooses at each time ¢ an action 6, € ® and
receives a pay-off Z, with conditional mean E [Z;|0] = u(6) forany 6 € ©. The functiony : ® — R
is unknown and the only information available at time ¢ are the past outcomes Zi, ..., Z,_;. We will
seek for strategies §maximizing the predictable pay-off

T T
YE|z6] =) u@),
t=1 t=1

or equivalently minimizing the regret

> (rgggu(e) —ﬂ(@)) :

t=1

2.4 Online learning with stochastic gradient descent
2.4.1 Stochastic sequential prediction

Let us consider the sequential prediction problem, where at time ¢ we want to predict a real valued
outcome Y; from covariates X; via a predictor h(@, X;). More precisely, we consider ® C R4, a set
X and a prescribed regression function 4 : ® X X — R, differentiable in the first variable 6.

For a parameter 6 and a differentiable loss function ¢ : R?Z — R,, we consider the integrated loss
f:(8) = E[£(Y;, h(6, X;)], that we also assume to be differentiable. We have in mind a situation
where the functions f; do not vary too much accros time ¢, and hence we will compare ourself to
the best "constant” strategy

T
9" e argmian,(G), (2.14)
00

which we assume to exist.

We cannot use the parameter 6%, as we do not have access to the functions f;. Actually, at
each time f, we have to choose the parameter o, according to the only information ¥;_; =
o((X1,11),...,(X;-1,Y:_1)) available after the step z — 1.

2.4.2 Sequential Stochastic gradient descent
a) Adapting One-pass SGD.

Let us assume for simplicity that ® = R¢. We wish to adapt (S)GD to our setting. The main difficulty
is that 8, can only be computed based on information available at time ¢. In particular, at time ¢, we
do not have access to Zthl f:(6), nor to an empirical version of it. We may yet adapt the one-pass
SGD idea to our setting, by computing sequentially

0101 = 0, — g, with g, = Vol (Y., h(8,, X,)). (2.15)

Under the assumption that (X,, Y;) is independent of %;_; and some dominance assumptions ensur-
ing that we can invert gradient and expectation

E[Vol(Y:, h(0,X,))] = VeE [£(Y;, h(8,X,))], forall 6 € RY,
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the gradient g, fulfills _

E[g|Fr-1]1 = V£ (6,).
Hence, as in one-pass SGD, we may consider using the algorithm (2.15).
b) Sequential Stochastic Gradient Descent.

Motivated by the above example, we consider below the generic problem where, for a sequence of
differentiable convex functions { f; : ¢t = 1,...,T}, and a filtration (%;);>0, we seek to minimize the
regret

T —
PNCACHEF AT
t=1

under the constraint that 5,+1 only has access to the past value 5, which is ¥;_;-measurable and to
some ¥;-measurable random vector g, fulfilling

E[g/|Fi-1] = V£ (B)).
Any random vector g, fulfilling the above property is called a stochastic gradient of f; at 9,.

Sequential Stochastic Gradient Descent (Seq-SGD)
Input: n > 0, and 6;.

Iterate: forr=1,...,T -1,
041 =0r —1M8;
We have the following upper bound on the regret.

Theorem 2.3 Seq-SGD: Rate for Lipschitz convex function.
Let (f; : RY — R);»1 be a sequence of differentiable and convex functions and (¥;):>0 be a
filtration. Define the sequence (0;):> by induction,

—~ —~ R
Oi1 =60 —nge, t=>1, withn=——

LNT’
where R > ||§1 — 0%|| and where g, is any F;-measurable random variable fulfilling
Elg/|Fi-1] = Vfi(8). and Ellg Pl <L? fort=1,....T.

Then, the mean regret of the sequence of the SGD is upper-bounded by
T T

1 —~ 1 LR

EA= 0;) — min — ) < —.

T;M ) eeRdT;ﬁu 7

Remark. Theorem 2.3 ensures that the average cost % Zthl f; (5,) of the sequence (é})tz 1 induced
by Seq-SGD is almost as small as the average cost % Zthl f¢(6%) of the best constant choice 6, up
toa O(T~/2)-term.

Proof of Theorem 2.3. The proof is exactly the same as for Theorem 2.2, simply replacing every-

where f by f;. We give yet the main lines for convenience of the reader.
From (2.6) and E [g;|%;-1] = Vf:(6;), we get as for Theorem 2.2

T T
B> (B - fi(0)| <E Zwﬁ(@),a@—ml
t=1 t=1
T
=E Z<gt,@—e*>l. (2.16)
t=1
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Plugging the Equality (2.12), leads to

T R2
§ 1 n
(fi(8:) - fi (67 ))l < _TI 3 ; [llg:11%] 2 —+ 2L2T

The result of Theorem 2.3 follows by taking the value n = R/(L VT). O

2.5 Problem: Sequential Projected Gradient Descent

For a sequence (f;);>1 of convex functions f; : Y — R and C included in the interior of D, we
want to sequentially approximate the minimum

1w
min ;f,(e). 2.17)

In the previous sections, we have made the simplifying assumption that D = C = R?. Yet, in many
instances, we need to minimize (2.17) on some specific set C, and not on the whole R4, In this
section, we will adapt (S)GD by adding a projection step in order to handle (2.17).

We consider a (non-empty) compact convex set C ¢ R¢, included in the interior of 9. We assume
below that there exists a unique 6* € C solution to the minimisation problem (2.17).

2.5.1 Projection onto a convex set
As C is compact, the set of minimizers argmin,,. . ||z — u||* is non-empty. We denote by

nez € argmin ||z — ul|?
ueC

one of these minimizers.
1. Letusfixu € Cand 0 <t < 1. Why do we have ||z — (tu + (1 — )wc2)||> > ||z — mezl|??
2. Investigating this inequality for ¢ vanishing to 0, prove that
(u-ncz,z-nczy <0 and |lmez—zll> + lu - mezll* < lu— 2] (2.18)

3. Prove that the projection 7z of z onto the convex set C is uniquely defined.

2.5.2 Rate for Lipschitz convex functions

We assume in the following that each function f; is differentiable on the interior of 9. To solve
(2.17), we can apply the Sequential Projected Gradient Descent algorithm (with > 0):

Sequential Projected Gradient Descent (SeqPGD)
Input: 7 > 0, and 0, € C.

Iterate: 0,41 = nc(0; —nV f:(6;)), fort=1,...,T -1
Output: A7 or Or

We will prove the following theorem.

Theorem 2.4 Sequential PGD.
Assume that

max max||Vﬁ(9)|| <L, and max|d-6,| <R.
t=1,..., T o feC

Then, forn = R/(LNT)
1 & 1= LR
f;ﬁ(et)_glelgf;ﬁ(g)sﬁ'
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Remark. We get a bound similar to the bound in Theorem 2.3. Compared to Theorem 2.3, we notice

that the choice 7 = R/(L VT) can be implemented in practice, as R and L can be computed from C
and f;.

Proof of Theorem 2.4.
For the analysis of the algorithm, we introduce the notation 67 = 6, — nV f;(6,).

1. Similarly as in the unconstraint case, prove that
Fr00) = Si(0) < 400 = 07,00 = 0°) = SUVH@IF + 5 (16 = 071 = 07 = 0711
2. With (2.18), prove that

Iy oy < 12 101 - 6.7
7;<ﬁ<et>—ﬁ<e>>s7+2n—T.

3. Conclude.

The proof is complete. o

Exercise. Extend the analysis above to the case where, as in Theorem 2.3, we only have access to a
stochastic gradient g; instead of V f;(6,).

Remark. When all the f; are identically equal to f, we have the next corollary of Theorem 2.4.

Corollary 2.5 Rate for Lipschitz convex function.

Assume that f; = f for all t > 1. Assume also that maxec ||V f(x)|| < L and that maxy yec ||x —
<R

Then, forn = R/(LT)

LR

1(@r) = min f(0) <






Chapter 3

Prediction with experts

3.1 Introduction
3.1.1 The learning problem

We consider the problem were we want to predict a sequence (y(¢));>; of real valued outcomes,
based on some expert predictions. More precisely, at each time ¢t > 1, we have access to d pre-
dictions of experts h(t) = (h(t),...,hq(t)) € R? and our goal is to predict y(z) based on these
expert predictions £(t). We will predict y(¢) by taking a convex combination (#,, h(t)) of the expert
predictions, usually referred to as “convex aggregation” of the expert predictions.

The information available at time ¢ for the prediction is
L= (y(),...,y(t=1), h(1),..., h(t = 1)) e RE*DE=D

An aggregation strategy fisa sequence of mapping {5; it > 1} with 5, (RE@HDE=D 5§, where
S4 is the simplex Sy = {x € [0,1]19: x|, = 1}.
For a given strategy 0, the outcome y(t) is predicted by the convex aggregation

d

@ 1), h(6)) = D [0 ()] hy (1),

J=1

To avoid cluttered notations, we will use the simple notation 8, = 5, (Iy) in the following.

3.1.2 The regret of a strategy

Let us consider a loss function £ : R> — R, convex in the first variable. Our goal is to find a strategy
0 such that the cumulated loss

T
D0, k1)), y(1) (3.1)
t=1

is as small as possible.

We will compare a strategy to a best constant aggregation strategy 6*

T
0" e argmian (0, (1)), y(1)).

0eSy =1

We observe that §* always exists as the objective function § — Zthl € ({0, h(1)), y(1)) is convex on
the compact convex set S,.

The regret of a strategy 6 is defined as
~ 1y 1 v
RO =7 ;f«et,h(r»,ym) -7 ;f«e (D)), ().

25
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In most of this chapter, we will derive upper-bounds on R(@), which will be valid for any sequences
(y(#))¢>1 and (h(t))ss1- The case where (y(t));>] is generated according to some random mecha-
nism, will be discussed briefly in the last section.

3.2 Warm-up: aggregation with SeqPGD
3.2.1 SeqPGD for expert aggregation

Setting f;(6) = € ({0, h(1)),y(t)), we are exactly in the setting investigated in Chapter 2, Sec-
tion 2.5, where we want to get Z,Tzl f;(6;) as small as possible. Hence, if the loss ¢ is differentiable
in the first variable, we can differentiate f;

Vfi(0) = 01 ({8, h(1)), y(1)) h(1),
and use as an aggregation strategy the sequence (6,);>; produced by the SeqPGD
9t+1 :ﬂsd(et _vat(et)), = 1’2"°" (32)

where 7g, is the projection onto the simplex Sy as defined in Section 2.5.1.

According to Theorem 2.4, the regret can then be upper-bounded in terms of R = maxg, ¢g-es, |60 —
0’| and
L= V£#9)| = 0l ({8, h(1)), (1)) h(2)]|.
fmax, max V£ (0)]] fnax, max 161 (€0, h(2)), y(1)) h(D)l

We observe that [0 — 9;.| < 1 forany 8,60 € Sg4, so

R*>< max |0-6']; <2.
0,0’eSy
As for L, let us assume that both the outcomes y(¢) and the expert predictions /() take values
in [-M, M]. Then, if 9;¢ is continuous, the derivative 0,¢ ({8, h(t)), y(t)) is bounded in absolute
value by some constant C for any 6 € S; and ¢ > 1 and hence

V 00 = ’ 1) (o) S M
,J}‘f‘_f‘,ﬁ‘é%’;' fi(0)] fmax, max 101€ (6, h(1)), y(1)) ()| < C

Therefore we have L < CM Vd and the upper-bound of Theorem 2.4, Chapter 2, gives

R(§3¢9PCPY < CMJ%. (3.3)

Remark. Let us comment on the nature of this result.

1. The regret (3.3) for SeqPGD holds for any sequences (y(#));»1 and (h;(t));»1,for j =1,...,d,
with values in [-M, M. It means that, whatever these sequences, without any additional knowl-
edge, we can be almost as good as the best combination of the experts, with the regret (3.3)
tending to 0 at rate 1/ V7. This can sound as magic, but we emphasize that:

e We only compare to the best combination of experts “on average”, and this best combination
of experts ’on average” may give very bad prediction at some epoch 7;

e Even ”on average”, if all experts are very poor in terms of prediction, the aggregated prediction
will also be very poor.

2. In the above bound, we notice that the upper-bound on the regret grows like Vd with the number
d of experts. As we may wish to combine the predictions of many different experts, it is important
to understand if we can have a better dependence on the number of experts. As we will see, the
Vd can be reduced to a +/log(d) for some more suitable aggregation strategies.
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3.2.2 Linearized problem

To get a better intuition on the problem, let us consider a linearized version of our problem. Let us
set

b =€) j=t,....a = [€(hj (D), y())]j=1.....a-

Since ¢ is convex on the first variable and since 6, € S4, Jensen inequality ensures the upper-bound

d d
CCO D), y(1) = €| D050k, (1) | € D7 0,0 6Ch; (0, 3(D) = (0r,6).  (34)
J=1 J=1

As a warm-up, we may investigate first the simpler problem with linear objective functions f;(6) =
(0, {;). For a strategy 6, we wish to control the linearized regret

.....

where the last equality follows from the fact that the map 6 — Zthl (0, ¢;) is linear, so it is max-
imized at one of the extremal points of S, namely, at one of the vectors of the canonical basis in
R4,

As before, we can aggregate the predictions /() according to a SeqPGD. As V(8,¢;) = ¢, the

updates are then ;.1 = 7g, (6, —nt;). If we assume that the losses £; ; = £(h(t), y(¢)) are uniformly
bounded by some B, then ||¢;]| < Vd|t;|s < VdB and the upper-bound of of Theorem 2.4 gives

[2
Ryin (659PCP) < B Td. (3.6)

3.3 Aggregation with exponential updates
3.3.1 Exponential updates in the linearized problem

In the linearized problem with f; (6) = (6, {;), the SeqPGD iterate at time ¢ + 1 amounts to update 6,
into 6; — n¢; and then to project the result on Sy according to 7rg,. A glimpse at (3.5) shows that the
optimal 6 is concentrated on a single expert, so we may wish to discard more strongly the weights
0 corresponding to experts with strong loss £; ;.

Following this direction, we can replace the linear discount 8, — n{;, by an exponential discount
6;e~"1% . As for the projection step, we may simply renormalized the update by its £'-norm. This
lead us to the exponential weights strategy

1 0,010

0=—=, Opp1=——"7—, t=12,..., 3.7
1 t+1 |9te_'7ft|1 ( )

d

where 1 stands for the d-dimensional vector with all coordinates equal to 1, and 0,14 stands for
the vector with coordinates 6, ;e~"7%+ for j = 1,...,d.

By a simple induction, we get the following closed-form formula for the weights 6, of the exponen-
tial weights strategy

exp(n 2 1)

gj’t - d -1
z:k:I exXp (_77 ZS=1 [k,s)

L j=1...d, t=1,2,.... (3.8)

In plain words, the exponential weights strategy consider the cumulated loss L; ;1 = Z;;]l Cis
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of each expert j up to time ¢, and then gives a weight to the prediction /;(¢) proportional to
exp(—nL; ,-1). Hence, the smaller the cumulated loss L, ,_, the larger the weight 0, ;.

Next lemma bounds the regret (3.5) for the sequence (6;);>1 defined by (3.7) and for any bounded
sequence (£;);>1-

Lemma 3.1 Bound for exponential aggregation.
For any sequence ({;);s1, with €, € [a,b]?, the sequence (6,);s1 defined by (3.7) with n =

8log(d
S fulfills

T
. T log(d)
;(Ht,{’,)—jzrlmndej,, <(b-a) —

.....

As a direct corollary of Lemma 3.1, we have the following theorem.

Theorem 3.2 Bound on the regret.
Let Y be an interval in R. Assume that € : Y x Y — [0, B] is convex in the first variable. Then for
any sequences (y(t))r=1 and (hj(t))i=1, for j = 1,...,d, with values in Y, the exponential weight

strategy (3.7) withn = ,/m%;d)fulﬁlls

T
—Zf(wnh(m YO) = min 2370 (i (0,3(0) < By,
t=1

2T

’*]

.....

Remark. Before proving Lemma 3.1 and Theorem 3.2, let us comment on theses last results.
Comparing the above regrets with the regret (3.6) of the SeqPGD algorithm, we observe that:

o We have the same scaling 1/ VT with respect to T';

e The Vd for SeqPGD has been replaced by +/log(d) for exponential weighting. So the price of
adding many experts is much lower in the exponential weight strategy than in SeqPGD.

e We compare the mean loss = Z —1 £ ({6:, h(1)),y()) to the mean loss of the best expert
minj=1, .4 7 Z (h (t), y(2)), and not to the mean loss of the best convex combination of
the experts Hlll’lgng T thl ({0, h(1)),y(1)) asin (3.3).

Proof of Theorem 3.2.
According to (3.4) we have

T

Zf«et,h(r» ¥(0) - min Zf (hs(1),y(0) < 3 (61,6 —  min Zf,, (3.9)

..... P yeennd

The proof of Theorem 3.2 then simply follows from Lemma 3.1 witha = 0 and b = B. O

Proof of Lemma 3.1.
Foranyt=1,...,T,letZ, : Q — [a, b] be a random variable with distribution

PlZ,=¢i;]=86;;, j=1,...,d.
According to Lemma 1.1 Chapter 1, we have

log E e—n(Zz—E[Zr])] -’y
<

from which follows

b-a)Yn 1
E[Z] < % - ;log (E [e_”Z’]) . (3.10)
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We observe first that E [Z;] = (6;,(;). Second, setting L, = Zts:l {s, with the convention that
Lo = 0 € R4, we have from (3.8)

e*ULt—l

0, foranyr=1,...,T,

B le=nLe-1]}’

and hence

Z;‘lzl e_UL_[,t—l e—ll[j,t

E [e_"Z’] = = e, forany ¢t =1 T
|e_77Lr—l|] |e_77Lr—1|]’ geeeyd .
Summing the Inequality (3.10) over ¢ then gives
T T
(b-a)nT 1 _ )
D6ty < T = = 3 (log(le ™M 1) — log(le 1))
t=1 n t=1
b—aynT 1 _ _
= O~ 2 log(le 1) = togde™ 1)

,,,,,

T 2
b - T log(d
E <9t’&> < ( ll) il + Og( )+ min Lj T.
8 n j=led

t=1

Fornp = /%, the claim of Lemma 3.1 follows. |

Remark: Do you notice some similarities between the proof of Lemma 3.1 and the proof of Theo-
rem 2.27

3.3.2 Faster aggregation rates for square loss

We may wonder whether the learning rate +/log(d)/T appearing in Theorem 3.2 is optimal. It can
be shown that the Lemma 3.1 cannot be (significantly) improved, in the following sense. There
exist some sequences ({;);»; for which, for any sequence (6;);>; with 6, depending only on the
past losses ¢, . . ., {;—1, we have the minoration

T T
/ 2
liminf liminf |——————— 6,,6)— min Y £,]=1.
d—oo  T—o \ (b —a)?T log(d) (;“ 2 J= T d; H

Such sequences can be generated by sampling the ¢; ; i.i.d. with Bernoulli(1/2) distribution.

Yet, the proof of Theorem 3.2 starts with Jensen inequality (3.9), and there is a room for improve-
ment for strongly convex losses. In this section, we exhibit this phenomenon for the square loss

£((0, h(1)), y(1)) = (y(1) — (0, h(1)))*.
We assume that
sup [y(2)| < vVB/2, sup |A(1) | < VB/2, (3.11)

t>1 t>1

so that the losses £; ; = (y(t) — h; ())? belong to [0, B] as in the Theorem 3.2.

Theorem 3.3 Bound on the regret for the quadratic loss.
For any sequences (y(t));=1 and (hj(t))i=1, for j = 1,...,d fulfilling (3.11), the exponential
weight strategy (3.7) with n = 1/(2B) fulfills

2Blog(d)

- T
%Zl 00 = Gk ) = min 2 (3(6) =y ()" < =]
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Remarks. In the setting where 7 > 21log(d), which typically holds when time grows, we notice
that:

1. We can choose n = 1/(2B) which is possibly much larger than the choice = ,/81%(;1) of
Theorem 3.2;

2. The regret then scales as log(d)/T instead of +/log(d)/T as in Theorem 3.2;

3. This improvement is linked to this larger choice for 5. Indeed, inspecting the proof below, we

observe that for the choice n = w/% as in Theorem 3.2, we would only a get the bound

log(d

B on the regret.

Proof of Theorem 3.3.
According to (3.11), we have |y(¢) — h;(t)] < VB, forall j=1,...,dandr=1,...,T
Let us define the random variable Z; : Q@ — [- VB, VB] by

P(Z =y(t)-hj(t)] =6;,, forj=1,....d.

The map x — e~ is concave on [-(2)~'/2,(2p)"'/?], and for n < 1/(2B), we have
[- VB, VB] c [-(27)~'/2, (2)~"/?]. So, Jensen inequality

E [exp (—nZ,z)] < exp (—UE [Zz]Z)

ensures that

d
|9te—77fr l| = Z Hj,te_”(y(t)_h-"(t))z

2

d
<exp|-n| 220160 = b0 | | =exp (<n(y() = O h)?) . (312
j=1

Setting L; = Z§-=1 ¢, with the convention that Ly = 0 € R?, we have from (3.8)

e*ULt—l

0, = foranyr=1,...,T.

le=mEi-1];”

So inequality (3.12) gives forany ¢t = 1,...,T

I I 1L
(30 = B0 B < L log B ]y = ~L10g (LY
n n le=nLe-1];

Summing these inequalities over ¢, we conclude the proof as in Lemma 3.1

Z(y(r) (000 = = (1og(le 1)) ~Tog(le 1) < 5D 4 min L.

.....

As 1 = 1/(2B), the proof is complete. O

3.3.3 Exponential updates for the original problem

In Section 3.3.1, we have derived the strategy (3.7) from the linearized problem, by replacing linear
discounts, by exponential discounts. Let us come back to the original problem from Section 3.2.1,
and try to adapt this strategy directly to the original problem.
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Let us set g; := Vf;(0;) = 01£({0;, h(1)), y(¢))h(t). We can replace the linear discount 8, — ng;
in the SPGD (3.2), by an exponential discount 6,e~"787. Hence, we consider the exponential weight
strategy relative to the gradients

1 0,618t

01==, Opi=———,
1 t+1 |9teing’|1

t=1,2,.... 3.13
y (3.13)

As before, we have the closed form formula

oozt )
O =

= . (3.14)
iy exp (-0 2o gk

A simple adaptation of the proof of Theorem 3.2 gives the following bound on the regret.

Theorem 3.4 Bound on the regret for (3.13).
Assume that € : R X R — R, is convex and differentiable in the first variable. Then for any
sequences (y(t));s1 with values in R and (h(t));»1 with values in R? such that,

. |01 £(40, h(2)), y(1))h(1)|e < L, (3.15)

the exponential weight strategy (3.13) with n = % Sulfills

r T
%;g(wr’h(t)),y(t)) = Inin % ;t’(w,h(t)),y(t)) < L\/Tng(d).

Remarks. Let us compare this result to the result (3.3) for SeqPGD and to Theorem 3.2.

1. Similarly as for Theorem 3.2, we observe that compared to SeqPGD, the scaling of the regret
bound with respect to the number d of experts is /log(d) instead of Vd, which is much better.

2. The bound of Theorem 3.4 may seem very similar to the one of Theorem 3.2. There is a major
difference though. We compare the performance of the aggregation strategy (3.13) to the per-
formance to the best aggregation strategy 6*, instead of the performance of the best expert. The
performance of the best aggregated predictor can be much better than the performance of the
best of the experts. In practice, it is common to observe that the predictions obtained from the
aggregation (3.13) of the expert advices outperform the predictions of the best of the experts.

Proof of Theorem 3.4.
As the function 8 — € ({8, h(1)), y(¢)) is convex and g, = Vo ({6, h(2)), y(1)), we have

T T T
2L (8 h(D).y()) = min > £ (0. k(1)) y(1) = max > (£ (6 h(1)), y(1)) = € ((6.h(1)). y(1)))
t=1 L

s
=1 d

T
< max ,0, -0
gesd;@,, )

|
gk
N
oQ
.
=
~—
|
\”n
=
=]
N9
-
gl
o
~

.....

where the last inequality follows from the fact that the minimum of a linear function on the simplex
is achieved at the extremal points of the simplex.
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As g, € [-L, L]¢, we can apply Lemma 3.1 with a = —~L and b = L to get

.....

The proof of Theorem 3.4 is complete. O

3.4 Mirror descent
3.4.1 Changing the geometry in gradient descent

Let us recall the recipe behind gradient descent. If f : RY — R is differentiable, then Taylor
expansion ensures that for any 6, 6, € RY,

f(0) = f(6:)+(Vf(6:).60—6:)+0(l0—6l).

When we do not have a closed-form formula for mincga f(6), in order to minimize f over RY, we
may wish to replace f by a proxy more easily amenable to computations. If we replace f by the
linear part in the Taylor expansion 6 — f(6;) + (Vf(6,),0 — 8,), then the minimum is achieved
for some # with diverging norm and the difference between f and the linear proxy becomes large.
Hence, we must constrain the minimizer not to be too far away from 6,. A simple recipe is then to
add a quadratic term || — 6,]|> which prevents the minimizer from being far away from 6,. Hence,
we can replace the minimisation problem mingga f(6) by

. 1
min {f(et)+<Vf(e,),e—e,>+—||9—9t||2}. (3.16)
OeRrd 2n
The solution 8,1 to the minimisation problem (3.16) is given by the closed-form formula

Ore1 = 0; =V f(6,),

which corresponds to a step of gradient descent.
The penalization 2%7 l6—6,]1? in (3.16) may not be the most suited one for the minimisation problem.
It can be suboptimal in some cases, as in Section 3.3.1, where the minimum is achieved in some
specific directions. It is then worth to replace the Euclidean norm %HQ — 6;]|* by some more suited

divergence D (6, 6;) allowing some larger steps in directions of interest.

Which divergence D(6,86,) shall we choose? If we come back to our minimisation problem
mingcgpa f(6), the ideal divergence is

D(6.6,) = f(6) = f(6:) = (Vf(6,),0 - 6,),

as then f(6;) + (Vf(6,),0 — 0,y + D(6,6;) = f(6). Of course, this makes no sense in terms of
optimization algorithm, as we do not have closed-form updates for minimizing f. Instead, we may
use a proxy ¢, which is amenable to closed-form updates and which induces a geometry suited to
the minimisation problem. This motivates the definition of the Bregman divergence.

Bregman divergence
Let ¢ : R?Y — R be convex and differentiable. The Bregman divergence associated to ¢ is

D (8, w) = ¢(0) — p(w) — (Vo(w), 0 — w), (3.17)
for 6, w € R4.

As ¢ is convex, we observe that the Bregman divergence takes non-negative values.
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Replacing in (3.16) the Euclidean norm penalization %HG - 6,
D 4(0,6;), we get the update

by the Bregman divergence

0,41 € argmin {f(@,) +(Vf(6,),0-6,)+ %D¢(9, 9;)} . (3.18)
6eRd

AsVyD 4(0,0,) = Vp(0)-V¢(6,), differentiating the objective function, we get that 6. is solution
to

V(0:1) = Ve (6,) —nVf(6;).
The algorithm iterating these updates is called Mirror Descent (MD).

Exercise. check that for ¢(8) = ||0]|?/2, we have Dy(0,w) = |16 - wl||?/2, and hence gradient
descent is a special case of mirror descent for this choice of ¢.

More generally, when we have a sequence f; of objective functions, we may consider the sequential
mirror descent.

Sequential Mirror Descent (SeqMD)
Input: 6, € R4, 57 > 0.
Iterate: Fort=1,...,7T -1,

V(0:11) = Ve (6:) —nV £, (6)

When the minimisation is constrained to occur in a compact convex set C, we will constrain the
update (3.18) to occur in C

0;+1 € argmin {ft(et) +(Vfi(0:),0—0:) + quﬁ(Q’ 01‘)}
geC n

- argmin {<Vf,<9f>, 6) + % (6(6) - (Vo(6,). e>)}
= argmin {4(6) = (V6(6)) = 1V ,(6,). )}

= arggﬂéin {¢(0) — d(wir1) = (Vo (wi41),0) ), with Vo(wisr) = Vé(6;) =0V fi(6:).

=Dy (0, we1) —(V P (Wrs1),Wr41)

Let us denote by ﬂg the projection relative to the Bregman divergence

né(w) € argmin D 4 (6, ), (3.19)
feC

which is shown to be well defined in Section 3.4.2. The Projected Mirror Descent is then defined as
follows.

Projected Mirror Descent (PMD)
Input: 6, € R4, 57 > 0.
ItLTe:Fortz 1,...,T -1,

o Vo(wrs1) =Ve(6;) —nVfi(6:)
o 041 = ﬂg(wml)

As discussed above, the mirror descent principle allows to change the geometry of the updates of
the gradient descent by replacing the Euclidean norm control on the step sizes by a control based
on another metric, the Bregman divergence. For example, in the case of expert aggregation we want
to favor large steps when far away from the extremal point of the simplex. It turns out that the
exponential weight aggregation of experts described in Section 3.3.3 corresponds to a projected
mirror descent with the geometry induced by the negative entropy function. This connection is
established and illustrated in Section 3.4.3, after the general analysis of PMD in Section 3.4.2.
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3.4.2 Regret bound for Projected Mirror Descent

In this part, we provide an upper-bound on the regret of PMD, in the spirit of the results for SeqPGD
established in Section 2.5.

On Bregman projection

In the remaining of this section, we consider a slightly more general version of the setting considered
in Section 3.4.1. Let D be a convex set of R? and ¢ : D — R a convex function differentiable on
the interior O of its domain. The Bregman divergence Dy : D XD — R, is then defined on D x D
by (3.17).

Let C c D be a compact convex set. For any w € Zo), the function 6 — D 4(6, w) is convex on the
compact set C, so the set of minimizers argming. D (6, w) is not empty. In the following, as we
want to be able to iterate the updates of the PMD, we assume that the following property holds

forany w € D, wehave DN argmin D 4 (0, w) # @. (3.20)
oeC

Remark. The above property may not hold in some cases. As a counterexample, take C = S, the
simplex in dimension 2, D = [0, +00)2, and ¢(x) = ||x]|>.

The next lemma generalizes the results of Section 2.5.1 on the projection operator m¢.

Lemma 3.5 Assume that ¢ : D — R is strictly convex on C, so that Dy (x,y) > 0 for any x € C,
yelCn D, with x + y. Assume also that (3.20) holds. Then, for any y € D and any z € C, we
have

1. the projection n'g (v) is uniquely defined and belongs to C N D,

2. (V$(rG(y)) = Vo). 7§ (y) ~2) <O,

3. Dg(2.73(0) + Dy (nG(1).y) < Dy (2,y).

Remark. A simple induction shows that the assumptions of Lemma 3.5 ensure thatif ; € C N D,

then the subsequent updates 65, 3, . . . of the Projected Mirror Descent are also in C N 9. Hence,
the PMD algorithm can be run indefinitely.

Proof of Lemma 3.5. Let 7y be any element in Dn argming . D 4(6, y), which is a non-empty set
according to Assumption (3.20).

2- The function H(s) = D 4(y +s(z—ny), y) is defined on [0,1]. By definition of 7y, it reaches its
minimum at s = 0. Hence, the right derivative H'(0) = (V1D 4(my, y),z — my) is non negative. As
ViDgy(my,y) = Vo(ry) — Vo(y), we get the second claim

(Vo(ny) = Vo(y), my —z) < 0.
3- For the third claim, we apply an analog of the polarisation formula
(Vop(a) = V(b),a—c) = Dy(a,b) + Dy(c,a) — Dg(c,b), foranya,be D, ceD, (3.21)
witha =y, b = y and ¢ = z and we get
Dy(my,y) + Dy(z,my) = Dy(z,y) =(Vo(ny) = Vé(y), my —z) < 0. (3.22)

The result follows.

1- It remains to prove the first claim. Let z € argming., D3(6,y). As Dy (ny,y) = Dy(z,y), the
Inequality (3.22) gives D 4(z, my) = 0 and hence z = my according to the strict convexity of ¢. So,

the projection ﬂg y is uniquely defined and belongs to C N D. O



MIRROR DESCENT 35
Regret bound for PMD

In this section, we generalize the analysis of Section 2.5.2.

Let | - | be a norm on R¢. We assume henceforth that ¢ is a-strongly convex with respect to this
norm:
e a-strong convexity: Dg(x,y) > 5|y —x|*forallx,y e DNC. (a-Cvx)

We notice that the a-strong convexity property (a-Cvx) implies the strict convexity of ¢ on C.
The objective functions f; : D — R are assumed to be convex on D and differentiable on D. Let
us denote by | - |, the dual norm of | - | on R¢ with respect to the Euclidean scalar product

[yl = sup (x,y).

[x|<1

We assume below that the functions f; are uniformly Lipschitz with respect to | - | :
e Lipschitz condition: |Vf;(6)|. < L foralld € DN C. (Lip)

Theorem 3.6 Regret bound for PMD
Under the Assumptions (3.20), (Lip), (a-Cvx), and D 4(0*, 61) < R?, we have for n = 2gR?

LT
1 - . 2
T ;(ﬁ(eo ~fi(69) < RLy| —.

Discussion. Before proving Theorem 3.6, let us discuss it. We observe that we obtain for PMD a
result of the same nature as for SPGD, with the two following differences :

e R controls the divergence D 4 between 6* and 61,

e [ controls the dual norm of the gradients of f;.

Hence, a good choice of ¢ for the PMD, is a choice fulfilling

e the updates of PMD can be easily computed,

e the maximum divergence R?> = maxgcc D (0, 6) is as small as possible,

e the Lipschitz constant L = max .5, max;=1, .1 |V f; ()|« in the dual norm related to D4 is as

small as possible.

.....

Exercise. For ¢(0) = ||0||?/2, recover the result proved for SPGD in Chapter 2.

Proof of Theorem 3.6. In the analysis of SPGD, the starting point was the polarisation formula
2(a, b) = ||a||> + ||b||* = |la - b||?, applied with a = nV £;(6,) and b = 6, — 8*. We follow the same
argument, but with the polarisation formula (3.21)

n(f(0) - £:0) LT (Y £(0,), 60, - 67)
= <V¢(9t) - V¢(wt+1)’9t - 9*>

polar.

= "Dy(0r,wi1) +Dy(6°,6;) — Dy (0", wr41)

Lem.3.5
< D¢(9,, Wie1) — D¢(91+1, wWie1) + D¢(9*, 6:) — D¢>(‘9' 1) (3.23)

Let us upper-bound the first difference in terms of the dual norm of the gradient. According to the
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assumption (@-Cvx) and according to the definition of the dual norm, we have

D¢(9tswt+1) - D¢(91+1,w1+1) = ¢(0:) = ¢(0r41) — (Vo (wr41), 0 — 0141)
=(Vp(0,) — Vd(wr+1),0: — Or41) — D¢(9t+1, 6:)
=nVfi(6;)

@
<V (001160 = 0111] - §|91+1 - 9t|2

2
< VAL (3.24)
a

where, for the last inequality, we used 2ab — b*> < a*. Combining (3.23) and (3.24) and summing
over t, we get

T T
Z] (fi(6) = fi(0) < 5 Zl V(61 + - (Ds(6.61) = D6, 67:1)
W0, B
2a

2aR?
LT >

Setting np = we get the result. O

3.4.3 Problem: Projected Mirror Descent for expert aggregation
Exponential weights as PMD

Let us come back to our original problem, where, as discussed in Section 3.2.1, we seek for a
strategy 6 which minimizes the regret

1 & 1 <
T;ﬁw’)_éﬂlsﬁ?;ﬁ(g)’

with f;(0) = €({0, h(z)), y(t)). We denote by g, = 0:£ ({0, h(t)), y(t)) h(t), the gradient of f;(6)
and the constraint setis C = Sy.

Let us choose a function ¢. As the gradients g, fulfill (3.15), and as we wish to control the dual
norm |g; |, of the gradients, we wish that the dual norm | - |, coincides with the sup-norm £*°. Hence,
we want to choose a function ¢ which is strongly convex with respect to the £!-norm. At the same
time, we wish to have a maximum divergence maxges, D (6, 61) which is as small as possible.
Let D = [0, +00)¢ and let us define ¢ : D — R by

d
6(6) = Z 0;log(6;), forfe D, (3.25)

J=1

with the convention 01log(0) = 0. The gradient of ¢ is given by

Vé(9) = [1 +log(0))],_, .. foroeD,
and the Bregman divergence is given by
d
0; o
Dy(0,w) = Z (Hj log (w_) +twj— Gj) , foreD, weD. (3.26)
J

J=1

For6e Sy, andw € Sg N ﬁ, this divergence is commonly called the Kullback-Leibler divergence,
which will be investigated into more details in Chapter 4, Section 4.3.1.



MIRROR DESCENT 37
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Figure 3.1: The Euclidean geometry 8 — ||6 — w||? (left) and the geometry § — D # (0, w) (right),
as seen from w = (3/4, 1/4) (red dot). The red dashed line represents the simplex S,.

Let us compute the update of the PMD for this choice of ¢. We have for 6, > 0
10g([wt+1]j) = 10g([9t]j) — N8t

SO w1 = B, 7181 Let us compute now the projection operator n?l related to ¢.
Lemma 3.7 Let ¢ : D — R, be defined by (3.25). Then for any w € D, we have

¢ W f
e (w)=—— € D.
5() lwl

As a consequence, we have the immediate corollary.

Corollary 3.8 If we set 0) = 1/d, the sequence produced by the projected mirror descent with ¢
given by (3.25) exactly corresponds to the exponential weight strategy (3.13).

Proof of Lemma 3.7. You will prove the lemma by solving the next three questions.
Let us consider the Lagrangian associated to the constrained convex minimisation problem (3.19)
with C = Sy
d
L(6, 1) = Dy (6, 0) + 1 Zej 1|, fordeD, uekr.

j=1
1. Compute the partial derivative with respect to 6; of L(0, u).
2. Check that the solution 8,, to Vg L(6,, u) =0is 6, = e w.

3. Conclude the proof of Lemma 3.7.

Upper bound on the regret

Let us translate the bound of Theorem 3.6 in the expert prediction setting, under the hypotheses of
Theorem 3.4. The first step is to prove that D 4 is strongly convex with respect to the £ ! norm on the
simplex Sy .
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Lemma 3.9 Pinsker inequality
For the Bregman divergence (3.26), we have

1 2
Dy(0,w) > §|6 —w|?,  forany6 € Sy, andw € SgN D.

Proof of Pinsker inequality. You will prove the Pinsker inequality by solving the next five ques-
tions.

Letussetr; = 0;/w;j —1forj =1,...,d and y(t) = (1 +¢)log(l +1¢) — ¢ for ¢t > —1, with the
convention that 0log(0) =0

1. Check that g defined by g(¢) := (1 +¢/3)y(¢) for t > —1, fulfills g’ (0) = 0 and

24 (1)

D ort s -1,
3(1+0) 7

g () =1+

2. Prove that )

t
() 2 0+1/3)

forallt > —1.

3. Check that

d d 2
D¢(0,w)=;wj¢//(rj)zéz; rj
4. Prove the inequalities
) d 2 d 2
10— wli = ;wjlrﬂ SJZ_; 1+rj/3xz_:wk(1+rk/3)
< 2Dy (6, w).
The proof of Pinsker inequality is complete. O

Exercise. Adapt the proof of Lemma 3.9 to prove the general version of Pinsker inequality: For
any probability distributions P, Q, with P <« Q, we have

1 dP
Ea||=5 -1
“ Hd@

2
< Ep

s 73]
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Figure 3.2: Plot of the function 4/ (¢) = (1 +¢) log(1 +¢) — ¢ in blue and t — 2(%2”3) in red.

Pinsker inequality ensures that D 4 is 1-strongly convex with respect to the £ ! norm on the simplex
S4. Let us now bound the gradients in terms of the dual norm. The dual norm of the £! norm is the
£% norm. Under the hypothesis (3.15) of Theorem 3.4, we have |g;|cc < Lfort=1,...,T.

It remains to bound D 4 (6™, 61) for 6; = 1/d. We observe that for any 6* € C,

d d
Dy(6%,01) = Z 6’;- log(G;d) < Z 9; log(d) =log(d).
j=1 J=1
Hence, the assumptions of Theorem 3.6 hold with R? = log(d) and @ = 1, so Theorem 3.6 ensures
that .
1 N 2log(d)
T ;(fz(e,) ~ fi(0) < Ly ===,

for the exponential weights strategy (3.13). We exactly recover the bound of Theorem 3.4.

3.5 [Illustration

Let us illustrate the aggregation strategies (3.7) and (3.13) on some pollution data. We will work
with a data set gathering O3 concentration, temperature, nebulosity, rain, wind, etc in Brittany at
different times of the day. Our goal will be to predict the ozone O3 concentration from weather ob-
servations. The R-code can be downloaded at https://www.imo.universite-paris-saclay.
fr/~giraud/Orsay/MathIA/Experts.R

Assume that we have the forecasts of three experts. A first expert, mister Heat, knows that O3
appears when the temperature is high enough. So he decides to predict the O3 concentration with
a linear combination of the O3 concentration of the day before and the temperature at midday. A
second expert, misses Sun, knows that some sun is needed in order to have a reaction producing O3.
So, she decides to predict O3 concentration with a linear combination of the O3 concentration of
the day before and the morning nebulosity index. Finally, a local expert claims ”come on, we are in
Brittany, with a lot of wind and rain, no pollution can appear with such conditions”. So he decides
to predict O3 concentration with a linear combination of the O3 concentration of the day before, the
wind and the rain intensity. The predictions of these 3 experts are displayed in the chart 3.3.

_ —— O3 concentration
—— M. Heat
o —— Ms. Sun
T —— Local expert
S
2
o
8 8 4
o ~
o _|
=]
o _|
©
o _|
<
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Figure 3.3: In black, the actual ozone concentration. In red the prediction of mister Heat, in green
the prediction of misses Sun and in blue the prediction of the local expert.

We consider the aggregation strategies EW1 defined by (3.7) and EW2 defined by (3.13). For each
expert, and each aggregation strategy, we compute the sum of the residual square errors (RMSE)

RMSE = Z(predict(t) ~03(1)%,

where predict(z) is the prediction for the day r and O3(¢) is the actual observation. We obtain the
following RMSE.

M. Heat | Ms. Sun | Local expert | EW1 | EW2
RMSE | 26348 29013 35930 26577 | 23381

We observe that, in agreement with the theory, the RMSE of EW1 is almost as good as the RMSE
of the best expert (M. Heat), while the RMSE of EW?2 is smaller than that of all the experts. This
last observation highlights the interest of taking convex combinations of expert predictions, instead
of simply selecting one of them.

In the Figure 3.4, we display the weights (6,(1), 6,(2), 6;(3)) of each expert in the aggregations
EWI1 and EW2. We observe that the weights in EW1 are mostly O or 1, with an abrupt change around
day 80. The weights in EW2 are more evenly spread, and the local expert is not fully discarded.
Keeping advices of all experts seems to be the recipe of the success!
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Figure 3.4: Weights (6,(1),0,;(2),0;(3)) of each expert in the predictions EW1 (top) and EW?2
(bottom).






Chapter 4

Multi-Armed bandits

4.1 Setting
4.1.1 Bandits problems

Bandits problems correspond to problems where, at each time ¢ = 1,2, .. .,
e the learner has to take a decision or choose an action,
e he then receives a reward for his action,

o the only information available at time ¢ for choosing the action, are the rewards collected at the
precedent rounds.

Figure 4.1: A one-armed bandit.

Examples:

e Medical trials. (initial motivation) A doctor face a new severe epidemic (coronavirus?). She
can prescribe different drugs, or the same drug but at different doses to her patients. She does not
know which drug or dose is the best. Her goal is to maximize the number of recoveries among
her patients. She then faces the following issue: she wants to give as often as possible the best
drug or dose in order to get a maximum of recoveries, but this best drug or dose is unknown, so
she needs to prescribe the different drugs or doses in order to gain knowledge about the efficiency
of the drugs or doses.

¢ Recommendation - advertisement. (prominent applications) Many websites display adver-
tisements or recommendations. A display is successful, if the visitor clicks on the advertisement
or recommendation. The system then tries to select among the huge number of possible adver-
tisements or recommendations, the ones leading to the largest number of clicks. Yet, these best
advertisements or recommendations are unknown, and the system has to simultaneously learn
which ones are the best, and display them as often as possible.

o Robot or algorithm control. (rising applications) A robot (or algorithm) can have a rigid pro-
gram in order to execute a task, or he can have a program which learns from the past the best

43
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strategies for executing complex tasks. The program tries to get as many successes as possible
(task completed). The goal is then to simultaneously learn the best strategies and apply them
as often as possible. Examples of application include computer game players, air-conditioning
regulation in data-centers, or optimisation of networking protocols.

e A gambler in a casino. (where the name comes from!) Let us consider the following toy
example. A gambler arrives in a casino. He has access to different slot machines', each of them
having their own mean payoff. The gambler wants to get the largest possible cumulated payoff,
so he wants to focus on the slot machine having the largest mean payoff. Yet, the payoffs are
unknown, so the gambler has to simultaneously learn the mean payoffs and play as often as
possible the best one(s).

In all the above problems, the learner or algorithm has to choose at each round ¢ = 1,2,..., an
action A; among a set A of possible actions. He then receives a reward Y (A;) € R for this action.
The choice A; is only based on the past rewards Y (Aj),...,Y(A;-1). The learner or algorithm has
to deal with the following issue. He only has access to the outcomes of the past actions, so he
needs to try out different actions in order to gain information about his environment. At the same
time, he tries to apply as often as possible (one of) the best action. He then faces an exploration
- exploitation dilemma which is typical in learning problems with unknown environment. At time
t, shall he explore the environment to get a better knowledge? or shall he exploit the action which
gave the best rewards so far?

4.1.2 Modeling

In most of this chapter, we will focus on the case where there is a finite number K of possible
actions. We refer to Section 4.4 for a case with an infinite number of possible actions. In reference
to one-armed bandits, the set of possible actions is called the set of arms in the bandit literature.

Let us formalize the K-armed bandit problem. When the arm & is pulled (i.e. the action k is chosen)
for the n™ time, we get a stochastic reward Xy (n).

Rewards for the K arms. Each arm produces a sequence of rewards

e sample of arm 1: X (1), X1(2), ...

o ..

e sample of arm K: X (1), X (2), ...

Observations. The rewards are observed only when an arm is pulled. At time ¢, if we choose the
arm A; € {1,...,K}, we observe

t
Yi = Xa,(Na, (1), where Ni(t)= )" 1a,.

s=1

External randomness. The choice of the arm A; may depend on some auxiliary sequence of ran-
dom numbers U(1),U(2),... € [0, 1]. For example, this can be useful to select the first arm at
random.

Adaptive choices. The algorithm can adapt his choice A; from past observations, but he cannot use
future observations. In mathematical words, the choice A; is o (U}, Yy, . .., Y;—1, U;)-mesurable.

Strategy. A strategy corresponds to the prescription of an algorithm, which will run autonomously
as time passes. It can be encoded as a set of functions ¢ = ()1, with ¢, : R*~1 — {1,...,K}.
Attimet = 1,2,.. ., the arm A, is then pulled according to A; = ¥ (U1, Y1, ..., Y—1, Uy).

ILever operated slot machine used to be called one-armed bandit
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Cumulated reward. The cumulated reward collected up to time 7 is Ztrzl Y;. Our goal is to design
a strategy maximizing the average of this cumulated reward.

Distributional assumption. In all the chapter, we make the following distributional assumption

e all the random variables (X (n), U(n)), > are jointly independent,

e the random variables (X (n)),>; are i.i.d. with distribution vy, and mean E[ Xy (n)] = uy for
n>1.

Next lemma connects the expected cumulated reward to the means {uy : k =1,...,7} and the

expected number of draws of each arm. As a consequence, to assess the performance of strategy, we
only” have to evaluate the expected numbers of draws for each arm.

Lemma 4.1 Expected cumulated reward.
Under the above distributional assumptions, we have

T

].

t=1 k=1

Proof of Lemma 4.1. We have the decomposition

Ni(T)

T K
ZYI = Z Xk(l’l),
=1

k=1 n=1

with the convention Z | Xk (n) = 0. Hence, we only need to prove the identity

Ni(

Z Xk(n)| =

n=1

E [N (T)] px

Lemma 4.2 Wald formula.

Let (Gn)n>0 be a filtration and let N, X (1), X (2), . . . be random variables such that for all n > 1,
e N takes value in {0, ..., T} and {N > n} € G,—1;
e X(n) is independent of G, and E [X (n)] = u

Then, we have
N
E Z X(n)
n=1

Proof of Wald formula. Since {N > n} € G, and X(n) is independent of G,_, we have X (n)
and {N > n} independent. Hence

= uE[N]. .1

N T T T T

E|) X(n)|=E ZX(n)lnle D EIX(Liey] = ) uE [Liey] = 4B | 3 luen | = HE[N].
n=1 n=1 n=1 n=1 n=1

The proof of Wald formula is complete. O

Letus set G, = o(Xi(1), ..., Xk (n), (U(J))j>1, (Xe(j))j>1, e2k)- Then {Ni (1) > n} € G,y and

Xk (n) is independent from G,,—; for all n > 1. So, applying Wald formula, we get the identity (4.1).
O

Regret. As in the previous chapters, we will compare a strategy ¢ to the best possible fixed strategy,
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i.e. to the strategy selecting the (unknown) arm with largest mean. Setting Ay = pg+ — ux, where
M =max;—i g Hj, the regret at time 7T is

.....

K
=) AE[N(T)]. (4.2)
k=1

T
R(T) = R, T) =Ty =E | Y,

t=1

4.2 UCB strategy
4.2.1 Optimism in face of uncertainty
Failure of a naive strategy based on empirical means

Let us write X (n) = (Xg(1) + ...+ X (n))/n for the empirical mean of the rewards of the arm k
after n pulling.

After time ¢ — 1, the average observed reward of arm k is X; (N (¢t — 1)). A first idea that may come
to your mind is to apply the following strategy: at time ¢, select the arm

A; € argmax X; (N (¢ - 1)).
k=1,...K

This seems to be a good idea as it corresponds to the arm with the largest observed reward at time ¢.

Yet, this strategy can lead to very bad results. Actually, due to the random fluctuations, we may
observe at some time #y a very small mean reward Xy (Ng+(to)) for the best arm compared to the
expected reward p g+, possibly much smaller than the expected reward p of another arm. This can
in particular happen in the early stages where the arm k* has only been sampled a small amount of
time. Then, if the observed mean reward (X (N (2)) : t > to) of the arm k does not deviate to much
from below from the expected reward uy, the observed mean reward X (Ng(¢)) will always stay
above the observed reward X+ (N (f9)) and hence the arm k* will not be pulled anymore. Such a
situation will lead to a cumulated regret linear in 7'.

Where confidence bounds Kick in

A benefit of statistical inference is to provide some measures of uncertainty. In the above example,
the naive strategy failed because the observed mean X« (N (f9)) was not reliable and we trusted
too much this value. Instead of focusing only on the observed mean, we shall consider instead
confidence intervals.

Assume for example that X (1), Xx(2), ... are i.i.d. with N'(ug, 1) distribution. Then, we have
P [#k c [Xk(n) _ 2L/, Xe(n) + \/2L/n” >1-2¢L,

In addition to the value Xy (), the above confidence interval provides a measure +/2L/n of the un-
certainty of this value as an estimator of y. This measure is useful to know how much we can trust
the value X (n). In particular, this measure informs the algorithm not to trust too much the empirical
mean for small sample sizes n. The question is: How can we use efficiently this information?

A popular recipe for this problem is the “optimism in face of uncertainty”. This recipe states
that ”you should consider each action as being as good as it can possibly be given the obser-
vations so far, and choose the best action according to this assessment”. In our bandit prob-
lem, it means that we should consider each arm to be as good as the upper confidence bound
Xi(Ni(t = 1)) + /2L/Ni(t — 1) of the confidence interval, and hence choose the arm with the
largest upper confidence bound Xy (N (¢t — 1)) + v2L/N(t — 1). Why does such a strategy make
sense?
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We observe that the largest upper confidence bound Xj (N (¢t — 1)) + /2L/Ny(t — 1) can be large
for one of the two following reasons. Either the expected reward p is large, so it is a good reason
to pull it (exploitation). Or the uncertainty +/2L/Ny (¢ — 1) is large, because the arm has not been
explored much. Again, it is worth to pull it in order to reduce the uncertainty (exploration). This
principle provides a simple way to trade-off between exploration and exploitation.

4.2.2 Fixed time horizon UCB

In this section, we analyse the UCB algorithm. Our goal is to get a simple understanding of UCB.
In particular, the constants in the theorem below can be improved with a more delicate analysis.

The UCB algorithm can be described in a general form as follows.

Fixed horizon UCB: Let (67(n)),>1 be a positive sequence decreasing in n.
e initialization: sample the K arms ones;

e iterations: forr = K +1,...,T, take A; € argmax;_, g Ux(?), where

.....

Uk(t) = Xk (Ni (1 = 1) + 67 (Nie(r = 1)).

For any positive sequence (d7(n)),>1 decreasing in n, we have the following upper-bound on the
regret of Fixed horizon UCB.

Theorem 4.3 ForT > K + 1, we set
Q7 = {1r<nna<xT (Xi(n) = 67(n)) < llk} N {,Uk* < min_ (Xee(n) + 6T(ﬂ))} :

Then
RT) < Y A (TIP’ (Q“) + 671 (A /2)), 4.3)
k#k*

where 6;1(x) =min{n > 1: 67(n) < x}.

Discussion. Before proving this result, let us comment on it. The bound (4.3) gives us some direc-
tions for the choice of the sequence (67(n)),>1. This choice must balance the size of the two terms
TP(QE’T) and 6;1 (Ag/2). So 67(n) must be large enough, so that P(QE’T) = O(1/T), but not too
large in order to keep 6}1 (A /2) under control. So, the best is to select §7(n) as small as possible
such that the probability of the event Qf ;. is at most O(1/T). We refer to Corollary 4.5 below for
such an example.

Proof of Theorem 4.3. The theorem directly follows from (4.2), the trivial bound N (T) < T and
the next lemma.

Lemma 4.4 On the event Qi 1, we have N (T) < 6}1 (Ar/2).

Proof of Lemma 4.4. Assume that at some time ¢t € [K + 1,T] we have 67(Ng(¢)) < Ar/2. Then,
on the event Q 7 we have for all ¢’ € [¢, T

Xi(Nie(1) + 67 (Ni (1)) < pue +267(Ni (1)) < pier < Xir (Nie (1)) + 67 (Niee (1)),

This sequence of inequalities implies that the arm ¢ is not pulled anymore up to time 7', so Ny (T)
cannot become larger than 1 V 63! (Ax/2) = 67 (Ax/2). O



48 MULTI-ARMED BANDITS

Corollary 4.5 Assume that the distributions of the rewards of each arm k are in subG (uy, o?).

Setting
67(n) = |J40%1og(T)/n,
we get
1602 log(T))
R(T 3, + = 08U} 4.4
()< )] ( e (44)

k#k*

Proof of Corollary 4.5. We have for all k,n > 1

5 1
P(Xk(n) > Uk +(5T(n)) < efné%(n)/zaz — p2logT _ -

Hence, with a union bound

512
P(Q;T) < 22 772 = T
n=1
In addition, 67 (n) < Ax/2 if and only if n > 165> log(T) /A2, so

_ 1602 log(T)
571 (A)2) < HTg'
k

4.2.3 Horizon free UCB

In the above section, the algorithm has the undesirable feature to depend on the time horizon T via
or. Is it possible to have an horizon free algorithm?

With a refinement of the proof of the previous theorem, we show in this section that we can replace
ot by ¢, at time 7.

Let (6¢(n))s>1,n>1 be a positive sequence non-decreasing in ¢ and decreasing in n.

Horizon-free UCB:
e initialization: sample the K arms ones;

e iterations: forr > K + 1, take A, € argmax;_; g Uk (?), where

.....

Uk(t) = X (Nic(t = 1)) + 6, (Ni(t = 1)).

We have the following upper-bound on the regret of horizon-free UCB.

Theorem 4.6 Let (Ty)y>0 be an increasing sequence of integers, with To = 0 and set

Qi = { max (Xk(n) - 67, (n)) < yk} n {uk»« < min (X (n) +6T€(n))} )

1<n<Tpyy 1<n<Tpyy

Then forany T € [Ty + 1,Tp+1] we have

RT) < Y zL: Ax ((Tm ~T,)P (Qig) +op! (Ak/Z)).

k#k* €=0

We observe first that for any 7 € [T, + 1, T4 ] we have

K L
R(T) < ) Ak ) B [Nk(Trn) = Ni(To)] -

k=1 =0
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Hence the theorem follows from next lemma.

Lemma 4.7 On the event Qy ¢, we have Ny (Tp41) — Ni(Tg) < 6}[1] (Ax/2).

Proof of Lemma 4.7. Assume that at some time ¢ € [Ty, T¢4+1] we have 67,,, (N (2)) < Ag/2. Then,
on the event  , we have for all ' € [t, Tp41]

Xi(Ni (1)) + 6 (Ni (1)) < X (Nie(2)) + 61, (Ni (1)) < g + 267, (N (1))
< pper < Xie (N (1)) + 61, (N (1)) < Xper (N (1)) + 6 (N (1))

This sequence of inequalities implies that the arm ¢ is not pulled anymore up to time T¢41, SO
N (Tp+1) cannot become larger than Ny (T;) V 5;; 1 (A /2). The conclusion follows. O

Corollary 4.8 Assume that the distributions of the rewards of each arm k are in subG (uy, o?).

Setting
6y(n) = /8c2log(t)/n

we have

12802 log(T
RT)< ) (Ak(6+ 3 log, log,(T)) + Lg()) .
Ag
kikEk
Proof of the corollary. We set T, = 22 for £ > 1. Then
_ 2T 41 2
P(Qf,) < 2pe om0 = T - 2
k. o T} T
As 6;(n) < Ay/2iff n > 3202 log(1) /A2, we get that
3202 log(T,
57 (Mef2) < 14 22 tosen),
k
To conclude, we observe that
L L+
Z log(Tys1) = Z 201 0g(2) < 25+ log(2) = 41og(Ty) < 4log(T),
=0 =1
and L = 1 +log, log,(T1) < 1 +1log, log,(T). ]

4.3 Lower bounds
4.3.1 Kullback-Leibler divergence

Kullback-Leibler divergence. Let P, Q be two probability distributions defined on a common
measurable space and fulfilling P < Q. The KL-divergence between P and Q is defined as

dP dP
KL(P,Q) =Eq [dTQ log (d—Q)} , 4.5)

with the convention 0log(0) = 0. By convention, we set KL (P, Q) = +co when P is not dominated
by Q.
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The Kullback-Leibler divergence can also be written as

dP
KL(P =Ep |l —_—
(P,Q) ]P’[Og(dQ)],
with the implicit convention that log(0) = 0.

Exercise. Positivity.
Let ¢ : [0, +00) be defined by ¢(x) = xlog(x) for x > 0, and ¢(0) = 0. Check that ¢ is convex and
conclude that KL(P, Q) > 0.

Examples.
1. Let B(p) and B(q) denote two Bernoulli distributions with parameters p and ¢ in (0, 1). Then,

p I-p
kl(p,q) = KL(8(p),B(q)) = plog (5) +(1-p)log (m) :
2. The Kullback-Leibler divergence between two Gaussian distributions N (u, 1) and N (u’, 1) is

KL (N(#, o). N, 02)) = #(ﬂ - )%

Exercise. Pinsker inequality.
Adapt the proof of Lemma 3.9 to prove that for two probability distributions P, Q, with P < Q, we

have
< V2KL(P,Q).

dP

[P - Qi :=Eq ”dTQ -1

Check also the following additive property.

Exercise. Tensorization of the Kullback-Leibler divergence.

For four probability distributions Py, P>, Q1, Q,, with P} <« Q; and P, <« Q,, we have
KL(P; ®P5,Q; ® Q) = KL(P1,Qq) + KL(P,Q5).

Next proposition provides an upper-bound on the difference between the expectations of a random
variable under two different probability distributions in terms of the Kullback-Leibler divergence. It
will be handy for analyzing the minimal regret in multi-armed bandit problems.

Proposition 4.9 Processing inequality.
Let Z be a random variable taking values in [0, 1], and P < Q. Then

ki(Ep [Z] ,EQ [Z]) < KL(P,Q).

Proof of Proposition 4.9. We first prove that for any P <« Q and any event A, we have
kI(P(A),Q(A)) < KL(P,Q), (4.6)
with k1(0,0) =0 = kI(1,1).

We first observe that if Q(A) = 0 (resp. Q(A€) = 0) then P(A) = 0 (resp. P(A€) = 0), hence (4.6)
trivially holds for Q(A) € {0, 1}. Hence, we assume below that Q(A) € (0, 1).

The function ¢ : [0, +c0), defined by ¢(x) = xlog(x) for x > 0, and ¢(0) = 0, is convex. From
Jensen inequality, we get
dp
¢ dQ

) Q(A%)

KL®.Q) = oo T5 )| =B [« (55 ) ]4] e +2¢ 4| ea)

dQ

ol gl oo e[ gl
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We have J I
P
B | 5] -2 | 1

40 a|/Q(A) =P(A)/Q(A),

so we get

KL(P,Q) > P(A)log(P(A)/Q(A)) +P(A®) log(P(A“)/Q(A)) = kI(P(A), Q(A)),
which proves (4.6).

To prove Proposition 4.9, we apply (4.6) to the event A = {(w,u) : u < Z(w)} c Q x [0, 1], and
the probability distributions P ® A and Q ® A, where A is the Lebesgue measure on [0, 1]

kI(P®A)(A),(Q®A)(A)) < KL(P®A,Q®1).
To conclude, we notice that KL(P® 1,Q® 1) = KL(P,Q) + KL(1,1) = KL(P,Q) and

1
Fen@ = [ arew) [ dulzu..=Ee12).
weQ u=0
The proof of Proposition 4.9 is complete. O
Notation. For a set of distributions v = (vy,...,vk) for the rewards, we define P, as the joint

distribution of ((Xk(n))kzl,._,,K, n>ls (Un),,zl). To a policy ¥, we associate the random variable
I, =1;(y) = (U, Y,...,Y:—_1,U;) defined as in the introduction. We remind the reader that the arm
sampled at step ¢ is A; = ¢, (I;). We denote by Pf,’ the distribution of 7, under P,,.

Next lemma provides a useful decomposition of the Kullback-Leibler divergence between the two
distributions P{,’ and ]P’f,’, associated to two sets of distributions (vi,...,vk) and (v}, ..., vy) for
the rewards.

Lemma 4.10 For two sets of distributions v = (v1,...,vk) andv' = (v{,..., V) for the rewards,
we have
K
KL(BI, P = ) KL(vi, vi)By [Nk(T)].
k=1
Proof of Lemma 4.10.

To start with, we observe that the random variable Ur,; is independent of (I, Y7) and follows a
uniform distribution on [0, 1]. Hence, P/T* = PU7Y7) @ A, with A the Lebesgue measure on [0, 1],

and
KL(PIr Py = KLY BT 4 KL(2,2) = KL(@YT) pUT1T)),

In addition, we decompose the distribution
dBy" " (ir, yr) = B (ir) dPY (yrllr = ir).

Hence, we get

(M) o (dpw.)m (M) @)

dBym (i, yr) dP (ir) d®Y! (yr|lr = ir)

Integrating the first term in the right-hand side of (4.7), we get

dPy (ir) | oryr) _ dBY () gy .
J, /e ( PIT(IT)) = [ ( Bl iy ) A AR il =)

IT .
= / log(dPV—(lT))de,T(iT):KL(P{,T,Pf,T,). (4.8)
ir

dP" (ir)
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As for the second term of (4.7), we observe that under P,, the conditional distribution of Y7 given
It =it is vy, (i;)- Hence dPY (yr|Ir = i) = dvyrir)(YT)- SO

// dPYT(yTllT i) dP(IT»YT)(l'T y7)
ir Jyr dPY7 (}’TllT lT) Y
dvyr i) (YT) .
:// log (CZ,LT)() By (i) dVyq(ir) (VT)
ir Jyr Vir(ir) OT

K
) de()’T))
= dP'T (i 1y (ir)= / lo (— dv
/” W (iT) k; (i) =k . g v, (vr) «(yT)

=KL(vk,v})

K
= Z KL(vi,v}) By [1a7=1] » (4.9)
k=1

where Ar = Y7 (Ir) is the arm pulled at stage 7. Hence combining (4.8) and (4.9), we get by
induction that

K K

KL(PIr, Py = KL(PIr PIT) +Z KL(vi,v}) By [lagei] = .. = Z KL(vk,v}) By [Nx(T)] .
k=1 k=1

The proof of Lemma 4.10 is complete. O

We have the following immediate corollary of Proposition 4.9 and Lemma 4.10.

Corollary 4.11 Let Z be a o (Iy4+)-mesurable random variable taking values in [0, 1], and let

v=(1,...,vk) andv' = (V|,..., V) be two set of distributions for the rewards. Then
K
kI(By [Z] By [Z]) < ) KL(vi, Vi)By [Nk(T)] . (4.10)
k=1

This result will be useful in order to lower bound the expected number of pulling of an arm
Ey [Nk(T)].

Proof of Corollary 4.11.
Since Z is o (Ir41)-mesurable, we have Z = F(Ir,;) for some measurable F : R*T*1 — [0, 1]. We
can write the expectation of Z as follows

B.121= [ Flra@)dao) = [ F@ @) = (],
weQ xeR2T+1 v
Since F takes values in [0, 1], Proposition 4.9 and Lemma 4.10 then gives
KBy [Z], By [Z]) = kI(Byirar [F1,Eqiy., [F1

K
< KL(BI, PI) = > KL(vi, vi)By [Nk(T)].
k=1

The proof of Corollary 4.11 is complete. O
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4.3.2 Asymptotic lower bounds

We are now ready to prove a lower bound for the best possible performance of a policy on a bandit
problem with Gaussian rewards. We have seen that for Gaussian rewards v; = N (uy, o2), the UCB

policy achieves a regret
Z o?log(T)
A '

k#k*

RWYCB.T)=0

We will prove that, in some sense, no policy can have a better regret.

Warning. For v = (vq,...,vk), if the best arm is k*(v) = 3, then the policy ) which only
samples arm 3 is optimal and suffers a zero regret. Yet, the policy ¢ ) is very poor when k*(v) # 3,
in which case the regret is A3T. This motivates the fact that we want policies y which are good on
a whole class of problems.

Theorem 4.12 below shows that any policy with a o(T'%) regret on all bandit problems with Gaussian
rewards, has a regret larger than the regret of UCB, up to a possible multiplicative constant. Let us
formalize this result.

Definitions:

e Let Dy = {N(u,0?) : u € R} denote the set of Gaussian distributions with variance o%;

o Let W, ras denote the set of policies ¢ such that, for any vi,...,vg € D, and any k # k*(v),
we have E, [Ng(T)] = o(T?*) as T — oo.

Theorem 4.12 For any vi,...,vk € D, with vy = N(uk,crz), fork =1,...,K, forany a €
(0, 1), and for any policy y € ¥o_ fas:

imint 2D S _ ) Y 2 2

T_’+°° log(T) = ity B

Let us comment briefly on this result. We observe that a policy that has a regret o(7T%) uniformly
over (vi,...,vk) € DK cannot have a regret smaller than O (log(T)) anywhere in DX. In addition,
the lower bound on the regret is proportional to

a2 log(T)

A
k#k* k

which is the sum appearing in (4.4), up to constants. Hence, no policy can perform better (up to
constants) than the UCB policy, uniformly over (vy,...,vk) € Z)(If.

Proof of Theorem 4.12.
According to (4.2), we only need to prove that

fiming B IV 2(1 = 0)a?

= , forall k # k*(v), “4.11)
—00 2
T log(T) Ak

where k*(v) is the best arm for the set of distribution v.

Let us fix £ # k*(v). The recipe for proving the lower bound is to compare, via Corollary 4.11,
the performance of  on v and on v’, where v’ is such that k*(v") = k. We define the collection
(V1,...,V}) € DX as follows. For 6 > 0, we set v, = N(ux- +6,02) and for all j # k we set
v;. = v;. Hence, the difference between (vi, ..., vg)and (vi,...,vk) is only at the distribution v,’(.
According to (4.10) with Z = N (T)/T, we have

Ey[Ni(T)] Ey [Ni(T)]

B, [Nu(T)] KL (v v}) = ki | =2, =2
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We also have

1
ki(p.q) = (1-p) log(l _q) +plog(1/q) +plog(p) + (1 — p)log(1 - p)
————
>0 >—1log(2)

1
> (1-p)log (—) —log(2),
l-¢g
SO
B, [Ni(T)] ) | ( A )
0g
T T—E, [Ne(T)]

We observe that & is sub-optimal under P,,, but it is the best arm under the distribution P, . So, since
¥ € Yo_fasi, we have B, [Ng(T)] = o(T?) and E,» [N;(T)] = o(T®) for all j # k. Hence

Ey [Ne(D)] KL(vi,v)) 2 (1 - —log(2),

E, [Ne(T)] =o(T") and T =B, [Nu(T)] = > By [N;(T)] = o(T).
Jij#k

It follows that

By INe(D] KLk v}) = (1= 0(T~17%)) (1 = a) log(T) ~ log(2) = log(o(1))

Direct computations give
, 1
KL(vi,v}) = KLIN (ux, 02, N (e +6,02)) = 57 (e +6 - 1e)?,

so taking ¢ = gAg, with € > 0, we get

By [Ne(D)] _ 2(1 —a)o?
lim inf > .
Too  log(T) (1+¢)2A7

Since this lower bound is valid for any £ > 0, the lower bound (4.11) is proved. The proof of
Theorem 4.12 is complete. O

4.4 Problem: X-armed bandits

We consider now the case where there is an infinite number of arms, indexed by x € [0, 1]. We
assume that the arm x produces rewards which are in [0, 1] with mean denoted by u(x).

Without further assumptions, there is no hope to get a non-trivial regret bound, as we cannot even
sample all arms ones. Hence, we will consider the case where x — u(x) is regular. More precisely,
we assume that p is (8, L)-Holder,

lu(x) —pu(y)| < Llx—y/f - forallx,y € [0,1],

for some L € R* and 8 € (0, 1].

As p is regular, arms with close indices x and y have close mean rewards u(x) and u(y). Hence,
an idea is to split [0, 1] = J; U ... U Jk into K intervals of length 1/K and then to cluster the arms
accordingly into K groups. We can define then a K-arms bandit as follows: the arm k corresponds
to sampling a value x chosen uniformly at random in Ji. Hence, the mean reward of the arm & is

msz[ u(x) dx.

As the rewards of the arm k are in [0, 1], the distribution of the rewards of the arm k is in
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subG (my, 1/4). According to Corollary 4.5, the regret of fixed horizon UCB for this K-arms bandit
problem is upper-bounded by

T
Rx(T) =T max m; ~ B ;Y,

41og(T)
Z (3Ak + Ak ) ,

k#k*

where Ak =max;=g,.., KMj —nMj =M — M.

In this problem, you will work out this bound in order to get a bound on the regret for the original

problem
T
2.

Theorem 4.13 When y is (8, L)-Holder, for a suitable choice of K (depending on B), the algorithm
described above fulfills the regret bound

R'(T)=T max y(x) E

p1 5
R*(T) < CrLp T (logT)%T,
for some constant Cr g > 0 depending only on (L, ).

Proof of Theorem 4.13. Prove the theorem by solving the five next questions.
_____ Kmj < LKP.

2. Let us choose some D > 0. We can split the regret Rk (T') into two pieces

1. Prove that max,c[o,17 ¢(x) — max ;g

Re(T)= Y MEING(T)+ ), ME[NL(T)].

k:Ax<D k:Ax>D

Check that the first sum can be simply upper bounded by DT.
3. Check that the second sum is upper bounded by

4K log(T
> MEN(T)] < # +3KL.
k:Ax>D
4. Putting pieces together, check that
4K log(T)

R*(T) < LK™PT + DT + +3KL.

5. Optimizing the value D and then partially optimizing the number K of blocks, conclude the proof
of Theorem 4.13.

4.5 TIllustration of UCB

Let us visualize the UCB algorithm on a simulated example. The R-code can be downloaded at
https://www.imo.universite-paris-saclay.fr/~giraud/Orsay/MathIA/Bandits.R

We consider 4 arms following a Bernoulli distribution with means
M1 = 0.1, M2 = 0.5, M3 = 0.3, M4 = 0.4.

We run UCB as in Corollary 4.5 for T = 1000 time steps. Here o> = 1/4.

In Figure 4.2, we display the regret as time passes ¢t — R(#) and the arms sampled at each time step.
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Figure 4.2: Top: Sampled arms when time passes. Arml in black, Arm 2 in red, Arm 3 in green,
Arm 4 in blue. Below: regret as time passes. The color of the dot at time ¢ corresponds to the color
of the arm sampled A,

In Figure 4.3, we display the Upper Confidence Bound Uy (¢) (triangles) and the empirical mean
X (Ni(t = 1)) (crosses) for each arm k = 1,. .., 4, at three time steps ¢ = 100, 300, 1000. You can
observe that the empirical means X; (Ni (¢ — 1)) are slowly converging to the true means i, and

that the 4 upper confidence bounds U (1), ..., Us(t) are almost at the same level at each time steps
(why?).
UCB at time = 100 UCB at time = 300 UCB et time = 1000
e ] e ] o
v v . v
« «© ©
o o o
v v v v

© © ©
= o + = o 2 oV v v v
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o o + o
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Figure 4.3: Upper confidence bounds Uy (¢) (triangles) and empirical means Xy (N (f—1)) (crosses)
foreacharm k = 1,...,4. Arml in black, Arm 2 in red, Arm 3 in green, Arm 4 in blue. Left: r = 100.
Center: ¢ = 300. Right: = 1000.
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Chapter 5

Singular Value Decomposition

Linear algebra and matrix analysis play an important role in machine learning. They are involved in
many different topics, including dimension reduction, clustering or regression.

5.1 Reminder on spectral decomposition of symmetric real matrices

Spectral decomposition of symmetric real matrices plays an important role for constructive compu-
tations.

Theorem 5.1 Spectral decomposition of symmetric real matrices.

Let A € R™" be a symmetric real matrix. Then, there exists A1 > Ay > ...,> A, € R and an
orthonormal basis {uy, . . .,u,} of R" such that
n
A= Z /lkukul.
k=1
The spectral decomposition can also be written A = Udiag(Ay, ..., 4,)UT with U = [ujus - - - u,].

Proof of Theorem 5.1. Let us give an analytic proof of the spectral decomposition. Let F : R — R
be defined by F(u) = %uTAu. As F is continuous and as the unit sphere dBg» (0, 1) is compact,
there exists at least one maximizer u#| of F in d Brn (0, 1)

uy € argmax F(u).
uleaBRn(O,l)

Figure 5.1: Tangent plane u; + V| to 0 Brn (0, 1) in u;.
The tangent plane to d Bgn (0, 1) in u; is u; + Vy, where V| =< u; >* with < u; > the line spanned
by u;. Hence, as u; is a maximizer on the sphere, we have VF (u;) L V). So, there exists 1; € R

such that VF (u;) = Ajuy. As VF (u1) = Auy, we have Auj = Aju;.

59
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We can decompose R"” =< u; > +V;. For any u € V|, we have
(Au,uyy = (u, ATuy) = (u, Auy) = A1 (u,uy) = 0.

So AV, c Vy. Hence, we can apply the same argument as above to F} : Vi — R, F(u) = u’ Au/2,
which gives u, € Vi N dBgrn (0, 1) such that Auy = Apu; for some A, € R.

We then get 1; > A > ..., > A, and the orthonormal family {u1, ..., u,} of eigenvectors of A by
induction. Finally, we observe that since any x € R” can be decomposed as x = ), k(uzx) Uk, WE

have
n

n n
Ax = kz_;(ulfx) Auy = kz_;/lk(uzx) Up = kz_;/lkukuzx.

The proof of Theorem 5.1 is complete. O

Positive semi-definite matrices. We remind the reader that a symmetric real matrix A is positive
semidefinite (p.s.d.) if xT Ax > 0 for all x € R”. Since

n
xTAx = Z Arlx, uk)z,
k=1

a symmetric real matrix A is positive semi-definite if and only if 1; > A, > ...

v
&~
3
v
o

Figure 5.2: Geometric representation of the spectral theorem for p.s.d matrices.

5.2 Singular Value Decomposition (SVD)

The Singular Value Decomposition (SVD) is a matrix decomposition that is very useful in many
fields of applied mathematics. In the following, we will use that, for any n X p matrix A, the matrices
AT A and AAT are symmetric positive semidefinite.
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Theorem 5.2 Singular value decomposition
Any n X p matrix A of rank r can be decomposed as

-
— —
A= TjUjVj, where 5.1)
J=1
e 7 =rank(A),
e 01 >...20,>0,
2 2 : T
® {0y,-..,0, are the nonzero eigenvalues of A* A

(they are also the nonzero eigenvalues of AAT ), and

o {uy,...,uryand {vy,...,v,} are two orthonormal families of R and RP, such that

T, _ 2. Ta, _ 2
AA Uj=oju; and A AV]—O'jV].

z T
Iq = Z U'LMKUL
k=

<~

N

Figure 5.3: Geometric representation of the SVD. In blue, x = 0.75v| + 0.3v; is plotted on the left
hand figure and Ax = 0.75071u; + 0.30%u; is plotted on the right hand side figure.

The values o7, . . ., 0 are called the singular values of A. The vectors {uy,...,u,} and {vq,...,v,}
are said to be left-singular vectors and right-singular vectors, respectively. The decomposition (5.1)
is called a Singular Value Decomposition (SVD) of A.

Proof. Let us prove that such a decomposition exists. We remind first the following decomposition
of R”.

Lemma 5.3 For any matrix A € R"*P, we have the orthogonal decomposition
R” = ker(A) @ range(AT).

Proof of Lemma 5.3. First, we observe that ker(A) L range(AT). Indeed, for any y = ATx €
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range(AT) and xq € ker(A), we have

(x0,y) = (xo,ATx) =( Axg ,x) =0.
——
=0

Since dim(range(A”)) = rank(A”) = rank(A) = p — dim(ker(A)), and since ker(A) L range(AT),
the conclusion follows. O

According to Lemma 5.3, the range of A and the range of AA” coincide, so rank(AAT) = rank(A) =
r. Since AAT is positive semidefinite with rank r, we have a spectral decomposition

r
AAT = Z /ljujujT-,
J=1

withA; > ... >4, > 0and {uy,...,u,} an orthonormal family of R". Let us define vi,...,v, by
v; =/1]_.1/2ATuj for j =1,...,r. We have

-1/2,-1/2 -1/2,1/2
<vi’\)j> :/li / /lj / I/llTAATI/t] :/li / /l]/ I/llrlxtj = 61"]',

and
ATAv; = 2P AT (AAT Yy = 2P ATy = v,
so {V1,...,v,} is an orthonormal family of eigenvectors of AT A. Setting oj=4 jl/ 2, we obtain
r r
Z O'jujva. = Z /l;./z A;l/zujujT.A
j=1 j=1

(Zr:u,-uf.)A.

=1

Writing P = Z;zl u ju;, it remains to check that PA = A. We notice that P is the projection onto

the range of AA”. According to Lemma 5.3, the range of A and the range of AA” coincide so P is
also the projection onto the range of A. Hence

r

> oupt = (Z uju]T.) A = PA = Proj e (4) A = A.
j=1 J=1

The proof of Lemma 5.2 is complete. m|
In the following, we denote by 01 (A) > 0»(A) > ... the singular values of A.
Exercise: For any n X p matrix A, prove the equalities

o1(A) = sup ||Ax|| = sup  (Ax,y).
[lx]I=1 llxlI=1,1Iyll=1

The next result is a geometric characterization of the singular values.
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Theorem 5.4 Min-Max / Max—Min formulas
For any n X p matrix A and k < r = rank(A), we have

[l Ax|

A) = max min , 52
T(4) S:dim(S)=k xeS\{0} ||x]| 5-2)
where the maximum is taken over all the linear spans S C RP with dimension k.
Symmetrically, we have
or(A) = min m M , (5.3)
S:codim(S)=k-1 xeS\{0} ||x]||
where the minimum is taken over all the linear spans S C R? with codimension k — 1.
Proof. We start from the singular value decomposition A = %', 0;(A)u jva. and we con-
sider {v,41,...,vp}, such that {vi,...,v,} is an orthonormal basis of RP. We define S; =
span {vi,...,vi} and Wy = span {vi,...,vp}. For any linear span S ¢ R” with dimension &,

we have dim(S) + dim(Wy) = p + 1, so S N Wy # {0}. For any nonzero x € S N Wy we have

IAx|?  Xjog 0 (A)* (v . x)?

I[P S (vn)?
o) A
max min l1Ax] < ok (A).
S:dim(S)=k xeS\{0} ||x]|
Conversely, for all x € Si \ {0}, we have
lAx|?  Xhoy o (A, x)? 5
[Ix]| ijl(vj,x)
with equality for x = v,. As a consequence,
Ax
lAx]l _ o1 (A),

ax mm ———
S:dim(S)=k xeS\{0} ||x]|

with equality for § = Sg, which proves (5.2). The min—max formula (5.3) is proved similarly. O

5.3 Matrix analysis
5.3.1 Matrix Norms
Several interesting norms are related to singular values.

Frobenius norm. The standard scalar product on matrices is (A, B)r = 2}; ; Ai;Bi;. It induces the
Frobenius norm

AN = > A7 = Tr(ATA) = ) ow(A),
i.J k
The last equality follows from the fact that the o (A)? are the eigenvalues of AT A.

We remind the reader two useful properties of the Frobenius scalar product. The proof of these
properties is left to the reader.

Lemma 5.5 For any matrices A, B, C with compatible dimensions, we have

(AB,C)p = (A,CBYp = (B,ATC)r and (A,I)r = Tr(A).
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Operator norm. The > — 2 operator norm is defined by

|Alop = sup [[Ax|| = o1(A).

llxlI<1

The last equality has been proved in the exercise page 62.

Nuclear norm. The nuclear norm is defined by

Al = ) ow(A).
k=1

Ky-Fan (p, g)-norm. For p > 1 and ¢g € N, the Ky—Fan (p, g)-norm is defined by

q 1/p
ANl (p.q) = (Z O'k(A)p) , (5.4)
k=1
We observe that ||Al|(2,4) < [|AllF, with strict inequality if g < rank(A).

The three following inequalities are very useful.

Lemma 5.6 We have

1. |Al, < 4Jrank(A) ||A|lF,

2. <A3B>F < |A|* |B|opy
3. ABllF < |Alop lIBllF -

Proof. The first inequality is simply Cauchy—Schwartz inequality. For the second inequality, we
start from

(A,BYr = > ow(A) (v, Byr = > o (A)(ux, Bve)
K K
and since |[uk|| = [[vk|l = 1, we notice that (u, Bvi) < |[Bvkl| < [B|,. The inequality

(A,B)r < )" 0k(A) |Bloy = |Al. |Bly
k

then follows. Let us turn to the third inequality. We denote by B; the j-th column of B. We observe
that [|B||7 = X, ||B;lI, so

1ABIG. = > ICAB); 1P = D IABSI> < > 1AL, 1B/ = AL, 1Bl
J J J

The proof of Lemma 5.6 is complete. ]

5.3.2 Low rank projection

We present in this section some useful results on singular values and SVD.
Lemma 5.7 For an n X p matrix A and k < min(n, p), we have for any q X n matrix B

0k (BA) < |Blop ok (A). (5.5)
Similarly, we have for any p X q matrix B

ok (AB) < |Bly, ok (A). (5.6)
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Proof. From the definition of the operator norm, we have |[BAx|| < |B|,, ||Ax||. The inequal-
ity (5.5) then follows from (5.2). Furthermore, we have o (AB) = o (BT AT) < |BT|Op o (AT) =
|Blop ok (A), which gives (5.6). ]

The second result provides an improvement of the classical Cauchy—Schwartz inequality (A, B)p <
[|AllF||B||F in terms of the Ky—Fan (2, g)-norm, with g = rank(A) A rank(B).

Lemma 5.8 For any matrices A, B € R"™*P, we set q = rank(A) A rank(B). We then have

(A, B)r < l|All2,9) 1Bll2.9),

where the Ky—Fan (2, q)-norm ||Al|(2,4) is defined in (5.4).

Proof. By symmetry, we can assume, that the rank of B is not larger than the rank of A. Let us
denote by g the rank of B and Pp the projection on the range of B. We have B = PgB, so

(A,B)r = (A, PgB)r = (PpA, B)r < ||PA|lFrlBllF.

The rank of PgA is at most ¢ and previous lemma ensures that o (PgA) < 0% (A), so
q q
1PBAIG = > ou(Psa)® < > au(A) = ||AlIY, .
k=1 k=1

Since g = rank(B), we have ||B||r = ||B|(2,4), and the lemma is proved. a

The last result characterizes the “projection” on the set of matrices of rank r.
Theorem 5.9 For A =3} _, O'k(A)ukv{ and q < r, we have

r

i A-B|} = A)?,
poatin 14 = Bl k;‘”( )

where the minimum is achieved for

q
B = Z O'k(A)ukvz.
k=1

Proof. According to Lemma 5.8, for any matrix B of rank ¢ < r, we have
IA = Bl = lAll7 - 2(A, B)r + IBll7 > l|AlIF - 2l All,q) 1Bl + IBll-

The right-hand side is minimum for || B||r = [|Al|(2,¢), SO

r

1A = BIZ 2 A2 - 1412, = D ox(4).
k=g+1

Finally, we observe that this lower bound is achieved for B = ZZ:1 ok (A)u kvl. a
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5.4 Explicit computations with SVD decomposition
5.4.1 Moore-Penrose Pseudo-Inverse

The Moore—Penrose pseudo-inverse A* of a matrix A generalizes the notion of inverse for singular
matrices. It is a matrix such that AA*y = y for all y in the range of A and A*Ax = x for all x in the
range of A*. Furthermore, the matrices AA* and A*A are symmetric. When A is nonsingular, we
have the identity A* = A~!. We first describe A* for diagonal matrices, then for symmetric matrices,
and finally for arbitrary matrices.

Diagonal matrices
The Moore—Penrose pseudo-inverse of a diagonal matrix D is a diagonal matrix D*, with diagonal
entries [D*];; = 1/D;; when D;; # 0 and [D*];; = 0 otherwise.

Symmetric matrices
Write A = UDUT for a spectral decomposition of A with D diagonal and U unitary'. The Moore—
Penrose pseudo-inverse of A is given by A* = UD*UT.

Arbitrary matrices
Write A = Z;:1 oj(A)u jv]T. for a singular value decomposition of A with » = rank(A). The Moore—
Penrose pseudo-inverse of A is given by

r
At = Z O'j(A)_leM}—.
Jj=1

We notice that

r r

T : T .
ATA = Z Vv = Projnee(ary and AAT = Z ujit; = Projinge(a)s
j=1 j=1

so AA*y =y for all y in the range of A, and A*Ax = x for all x in the range of A*. In particular,
when A is nonsingular, we have AA* = ATA =1,s0 A* = A"

5.4.2 Problem: Ridge regression

Preliminaries on random vectors

Let Z be a random vector in R” and A be a (non-random) n X p matrix. Prove that
E[I1ZI?] = [E[Z] |1* + Tr(Cov(Z)),

and
Cov(AZ) = ACov(Z)AT.

These two formulas are very useful and should be known by heart.

Ridge regression

We consider the linear model Y = XS + ¢, with Y, & € R" et § € R”. The matrix X and the vector 8
are non-random. We assume that E[¢] = 0 and Cov(g) = 021,,.

We only observe the vector ¥ € R" and the matrix X € R"*P. Our goal is to estimate the vector 3.
In the following, the dimension p can be larger than the dimension 7.

For A > 0, the ridge estimator E 1 1s defined by

Pucargmin L(g) wihh L(8) =Y ~XBI + I (57)

U witary if UTU = UUT = 1.
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1. Check that L is strictly convex and has a unique minimum in RP. Is-it still true when A4 = 0?
2. Prove that B, = A Y with Ay = (XTX +a1,)'X7.

3. Let X}, oxuxv; be a singular value decomposition of X. Prove that

,
Ok A—0+

T R =

=1 Tk

where A* is the Moore-Penrose pseudo-inverse of A.

4. Check that we have )

XBai=Y 20—_1:_/l<“k’y>uk~ (5.8)

=1 %%

5. Check that we have

r

E[EJ:Z O—’% Vi, BYvi.

2
= Tk +4

6. Prove that the mean square error E [Il E - ,8||2] of the Ridge estimator can be decomposed as

—~ —~ 1112 —~
B (18- 82| = g - & [Ba][| +Tr(CoviBr.
The first term is the norm of the bias of the Ridge estimator and the second term is the variance
E |8 - E[Ba] ||2] of the Ridge estimator.

7. Let us denote by P = Z;:l Vi vjr the projection on the range of X”. Prove the following formula
for the bias term

2
/l+0'k

2
112 u Pl
ls-= 5| = IIB—Pﬁ||2+Z( ) (Vi ).
k=1
8. Check that the variance of the ridge estimator is given by
- 2
Tr(Cov(E,l)) = a‘zTr(A/lAg) =o? Z ;T—k .
=1 \ 0 +4

9. How do the bias and the variance of E 1 vary when A increases?

Remark. We notice from (5.8) that Xﬁ,l shrinks Y in the directions u; where o < A, whereas it
leaves Y almost unchanged in the directions u; where o > A.






Chapter 6

Perturbation bounds

In many situations in statistics and machine learning, we have access to a matrix A of observations,
which is a noisy version A = B + E of an unknown signal matrix B of interest. Since we only have
access to A, what SVD or spectral properties of B can we learn from the SVD or spectral properties
of A?

In this chapter, we will provide some perturbation bounds which relates the SVD or spectral prop-
erties of A and B. The first results hold for any perturbation E and then the case of random pertur-
bations are investigated.

6.1 Singular values localization
Weyl inequalities provide some relationships between the singular values of A and B. The first result

states that the singular values are 1-Lipschitz with respect to the operator norm.

Theorem 6.1 Weyl inequality
For two n X p matrices A and B, we have for any k < min(n, p)

|0k (A) - 0% (B)| < (A~ B) = |A - Bly, 6.1)

Proof. For any x € R? \ {0}, we have

[Ax]l_ 1Bx]l (A= B)x|[ _ [IBx]l
llell = flxll llll ]

+ 01 (A - B).
The Inequality (6.1) follows by applying the Max—Min formula (5.2). a

The Inequality (6.1) can be generalized as follows.

Theorem 6.2 Generalized Weyl inequalities
For two n X p matrices A and B, and any i, j withi + j — 2 < min(n, p), we have

Tivj-1(B) < 0i(A) +0;(A - B).

We refer to the Exercise 6.4.1 page 76 for a proof of these inequalities.

6.2 Eigenspaces localization

As the left (respectively right) singular vectors of a matrix M are the eigenvectors of the symmetric
matrix MMT (resp. MT M), it is enough to get perturbation bounds for the eigenvectors of symmet-
ric matrices. This is the topic of this section.

Let A,B € R™" be two symmetric matrices and let A = X Agugu; and B = Y pxvivy

69
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be their eigenvalue decomposition with 4y > --- > A4, and p; > --- > p,. The vec-
tors {u1,...,u,} and {vy,...,v,} are two orthonormal bases of R". We want to compare the
eigenspaces span {uy,...,u,} and span{vy,...,v,}, spanned by the r leading eigenvectors of A
and B.
A first idea could be to compare the two matrices U, = [uy,...,u,] and V,. = [vy,...,v,]. Yet,
there are some orthogonal transformation R such that span {Ruj, ..., Ru,} = span{uy,...,u,},but
RU, # U,, so a directed comparison of U, and V. is not suited. Instead, we will compare
r r
UrU,T = Zuku,f and VrV,T = kav,f,

k=1 k=1
which are the orthogonal projectors in R" onto the linear spans span{up,...,u,} and
span{vy, ..., v, } respectively. Next lemma relates the Frobenius distance between U, U ,T and V, V,T
to the Frobenius norm of U” V.
Lemma 6.3 LetU_, = [uyy1,...,uy] and V_, = [Vy41,...,v,]. Then, we have

10U =V, VI 2 = 20VE, U, I% = 2107, Vs 1.

Proof of Lemma 6.3. We first expand the squares and use that the Frobenius norm of a projector is
equal to its rank
U UF =V VEE = 10 UF N + 1V VE NG = 20UF Ve Ve
=2r - 22U, UL, v,V
Then, since span{v,,1, ..., Vv,} is the orthogonal complement of span{vy, ..., v,}, we have V, V! =
I, - V_,. VT .So,as (U.U, 1,) = Tr(UUT) =,
U, UL =V, VI3 =2r - 2(U, UL, 1, - V_, VT )
=2(VL U, VI,U,) = 2|VL U, |-

The second equality of Lemma 6.3 follows by symmetry. O

Next result is the main theorem of this chapter. It provides a (classical) upper-bound on the norm
UV, 17
Theorem 6.4 Davis-Kahan perturbation bound.
Let A, B € R™™ be two symmetric matrices and let A = Y /lkukuz and B =Y pkvkvz be their
eigenvalue decomposition with 11 > --- > A, and p1 = -+ = py.
Let U. = [uy,...,ur], U, = [Ups1,...,un] and similarly V., = [vi,...,v.], Vo, =
[Vists .. .rVn]. Then, we have

(VrlA = Blop) AllA = Bllr
(or = A4r41) V (4 = pra1)
5 (VrlA = Blo) AllA = Bllr
Ar = Ars1

ULV, llF <

6.2)

(6.3)

In many cases, we only wish to compare the two leading eigenvectors of A and B, which corresponds
to the case r = 1.

Corollary 6.5 Comparing leading eigenvectors.

VI = (up,v)? <

2inf er |A + Al - B|0p

4
o (6.4)
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Proof of Corollary 6.5.
We first observe that

NUT vill? =vTu_ UT vy =vT (1 = yvy = 1= (ufvy)?

In addition, the eigenvectors of A and A + A/ are the same, while the eigenvalues are all translated
by A, preserving the eigengap between the two largest eigenvalues. So, for any 4 € R, the Inequality
(6.3) applied to A + AI and B gives

VI ={ug,v)? <

The proof Corollary 6.5 is complete. O

Proof of Theorem 6.4.
We first observe that the Bound (6.3) directly follows from (6.2) and the inequalities

2|A+I - B,
P

Ar =1 = A4 — Pral — (pr - pr+1) +0r — Ars1
< (/lr - pr+l) + (pr - /lr+l) < 2((pr - /1r+l) \4 (/]-r _,Dr+l))~

Let us prove (6.2). Since A, — 4,41 = 0, we notice that the inequality above also gives

(or = 4r) V (Ar = pra1) = (Pr = Ars1)+ V (Ar = Pra1)+

In addition, we observe from Lemma 6.3 that the role of A and B are symmetric. Hence, we only

need to prove

(Vr|A = Blo,) AllA - Bllp
(pr = Ars )+ ’

When p, < 1,41 the right-hand side is infinite, so we only need to focus on the case where p, >

/lr+l~

We have the decomposition

ULV, llr < (6.5)

IUT, Ve ll3 = > UT vl (6.6)
k=1

so we will start by bounding the square norms ||UZ, v, ||?. Since

n
A= Zakuku{ = U, diag(Ay,...,4,)U" + U_, diag(Ays1, . .., A0)UT,,
k=1

we have U A = diag(A,41,...,4,)UL,. Hence, with Bvy = pivi, we have fork = 1,...,r

prUL vi =UT By =UL (A+B - A)v;
=diag(Ar11, .., ) UL v + UL (B = A)vy.
Hence,
diag(px = Arsts- ..o pr = An) UL v = UL (B = A)vy,

and then, since px > p, > Ay41,

. _ 2
UL, vil® < |diag(px = Asts o pr = ) UL 1B = A)vil P
(B = A)vell> _ [I(B = A)vil?

a (pk_/lr+l)2 - (pr_lr+l)2 ’
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fork =1,...,r. To conclude, we observe that
r r
DB = Ayell? < B = AR, Y vell> =r1B - Al
k=1 k=1

since ||vg|| = 1. So, with (6.6) we get

r|A - BJ?

1LVl <€ ———5-
(or = Ar41)

In addition, since o ((B — A)V,) < |V, |ok (B —A) = 0% (B — A)

(6.7)

D NB =il = 1B= AV, 17 = ) ou(B=AWV,)* < ) (B~ A) =B~ Al
k=1 k=1 k=1

Combining this bound with (6.6), we get

A - B|?
ULV, ]1% < ”—”Fz (6.8)
(or = Ar+1)
Combining (6.7) and (6.8) we get (6.5), so the proof of Theorem 6.4 is complete. ]

6.3 Operator norm of random matrices

As mentioned in the preamble of this chapter, in statistics and machine learning, we often observe
a matrix A which is the sum of a signal matrix B and a random noise matrix E. According to the
Weyl inequality and the Davis-Kahan inequality, the difference between the spectral or singular
value decomposition of A = B + E and B is controlled in terms of the operator norm |E|,. So to
understand the size of the perturbation induced by the noise, we need to understand the size of the
operator norm of a random matrix E.

For simplicity, we focus on this chapter on the case where E has i.i.d. entries E;; with N (0, a?)
distribution. All the results of this section are valid for i.i.d. entries with subG (¢-%) distribution, at
the price of larger numerical constants.

6.3.1 Concentration of quadratic forms of Gaussian vectors

To bound the operator norm of a random matrix, we will need to evaluate quadratic forms of Gaus-
sian vectors. Next lemma gathers two simple versions of Hanson-Wright inequality for Gaussian
vectors.

Theorem 6.6 Hanson-Wright inequality for Gaussian vectors

Symmetric forms. Let £ be a standard Gaussian random variable N (0, I,,) in RP and S be a real
symmetric p X p matrix. Then, we have for any L > 0

&7 Se —Te(S) > [8ISIEL V (81Slop L)

Cross products. Let &, &’ be two independent standard Gaussian random variable N (0, I,) in RP
and A be any real p X p matrix. Then, we have for any L > 0

eTAe’ > ,/4||A||12,L V (4 1Al L)] <e L (6.10)

P <e k. (6.9)

P

Remarks:
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1. The Inequality (6.9) is equivalent to the following statement: there exists an exponential random
variable & with parameter 1 such that

glSe —Tr(S) < ‘/8||S||2F§ V (8[S]op &)-

Using this compact formulation can be useful in complex proofs.

2. The Hanson-Wright inequalities remain valid (with worst constants) when £ has independent
subG(1) entries. For example, in Chapter 1 we have proved such a bound in (1.2), page 5, for a
diagonal matrix S = diag(ay, ..., a,).

Proof of Theorem 6.6.
Symmetric forms. The proof is based on the classical Chernoff argument. Next lemma provides an
upper-bound on the Laplace transform of a square Gaussian random variable.

Lemma 6.7 Let Z be a N (0, 1) standard Gaussian random variable. Then, for any |s| < 1/4, we
have

E [exp(s(Z2 - 1))] <>
Proof of Lemma 6.7. Since — log(1 — x) < x + x> for |x| < 1/2, we have
e—S
——<e
(1-2s)1/2

252

E [exp(s(Z2 - 1))] =

Le proof of Lemma 6.7 is complete. O

Since S is symmetric, we can diagonalize it, § = X7, Axviv} and

p
elSe = Z /lk(vzs)z.
k=1

Since the eigenvectors {vl, R vp} form an orthonormal basis of R”, the matrix V = [vy,...,v,]
fulfills VIV = I. Hence, Z = VT¢ follows a N (0, I) distribution, which means that the random
variables Z; = v{s, fork=1,...,pareiid. N(0, 1)-random variables.

Applying Markov inequality, we get for 7 > 0 and |s| < (4S],,) ™!

P [sTSs - Tr(S) > t] <e 'R [es(gng’Tr(S))]

<e ¥ QE [exp (S/lk(Z,% - 1))]

r
< exp (—st +2s2 Z /li

= exp (—st+2||5||§s2)
k=1

A

As-pby2asilat
N \
\ AT _/

13
t/2 [N
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The minimum of s — —sz‘+2||S||12,s2 over |s| < (4 |S|Op)_l is achieved for s = %(t/||S||%)/\(1/|S|Op)
and hence

min (~st+21Is[35) c J(ISIE ),
_ ___ v , Aol i
F 8||S||% {<ISI1%/1S10p } 8|S|§p 4|S|0p {t=11S12/1S10p }

[s]<(4]S]op) !
L[ 2 t
<ol r]-
8\ISIE  ISlop

Cross products. The trick for (6.10) is to notice that

The Bound (6.9) follows.

T

1
S

‘9,], with §==
E

T ’ _ &
aAa—[S, 3

0 A

AT 0l

Since S is symmetric we can apply (6.9). The conclusion follows by checking that Tr(S) = O,
|Slop = |Alop /2 and [ISII7. = [IAlI7/2. o

6.3.2 Concentration of random Gram matrices

In this section, we derive some bounds on the operator norm |E|,, = o (E) of a random matrix
with entries E;; following an i.i.d. N'(0, o?) distribution. As |Elop = |EET|OP, we focus on the
random Gram matrix EET.

We first observe that

E[Ei]E[Ej] =0 for i#j

E [EikEjk] = { E [Elzk] =2 for i=j.

Hence, we have E[EET] = po?1,. Instead of simply upper-bounding |E E T|op’ we will give a more
precise result by bounding the fluctuations of EET around its expectation E[EET | = po?1,,.

Theorem 6.8 Concentration of EET.
Assume that E € R"™P has i.i.d. entries following a N (0, 0?) distribution. Then, there exists a
random variable & with exponential distribution with parameter 1 such that

|EET - p0'21n|0p < 402 \[p(6n +28) + (48n + 16&) 0. (6.11)

We can derive from this theorem the following control on |E|,.

Corollary 6.9 Under the hypotheses of Theorem 6.8, there exists a random variable & with expo-
nential distribution with parameter 1 such that

[Elp < o (VP +7 i +€).

Proof of Corollary 6.9.
By the triangular inequality, we have

oi1(E)* = |EE"| < |po?la|,, +|EET - po’L,,

< o2 (p +4+/p(6n +28) +48n + 165)
<o? (Vp+TyTE) .
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The Corollary follows. O

Proof of Theorem 6.8.

Sketch of the proof. Before starting the proof of Theorem 6.8, let us sketch the main lines.

First of all, dividing both sides of (6.11) by o2, we can assume with no loss of generality that
2

o =1

As EET - pl, is a symmetric matrix, we have

[EE" ~ pL|,, = sup  [(EET - plyx,x)l.
x€ABgn (0,1)

For a given x € dBgn (0, 1), the scalar product ((EET — pI,,)x, x) is a quadratic form of independent
Gaussian random variables, and hence its random fluctuations can be controlled by Hanson-Wright
inequality (6.9).
Then, we have to handle the supremum of the scalar products ((EET — pI,)x,x) over all x €
OBRn(0,1). The supremum of n random variables Zi, ..., Z, can be handled easily with a union
bound

P [ max Z; >t

i=

1,..., n

< Y PlZ > 1].
i=1

Here, we have a supremum over an infinite (even uncountable) set dBg» (0, 1), so we cannot imple-
ment directly such an union bound. Yet, we notice that for two close x and y, the random values
((EET - pI)x,x) and ((EET - pI,,)y, y) are also close. Hence, the recipe is to discretize the ball
0BR» (0, 1) and to control the supremum over d Bg- (0, 1) by a supremum over the discretization of
the ball plus the error made when replacing 9 Br» (0, 1) by its discretization.

The proof then proceeds into three steps: first a discretization of the supremum over 9 Bg» (0, 1), then
a concentration bound on the scalar product ((EET — pI,,)x, x) based on Hanson-Wright inequality
and finally a union bound to conclude.

Step 1: Discretization. Let 9 Br» (0, 1) denote the unit sphere in R". For any symmetric matrix A,
the operator norm of A is equal to

[Algp = sup  [(Ax,x)|.
x€dBgn (0,1)

As explained above, since dBgrn (0, 1) is an infinite set, we cannot directly use an union bound in
order to control the fluctuation of the supremum. Instead, we use a discretized version of the above
equality, in order to be able to apply an union bound.

A set No € dBrn(0,1) is called an g-net of dBgn (0, 1), if for any x € dBp» (0, 1), there exists
y € N such that ||x — y|| < &. Next lemma links the operator norm of a matrix to a supremum over
an g-net.

Lemma 6.10 For any symmetric matrix A € R™" and any g-net of 0 Bgn (0, 1), we have

1
|Algp < 128 suA[; [(Ax, x)|. (6.12)
xeNg

Proof of Lemma 6.10.
Let x* € dBgn(0, 1) be such that [A],, = [(Ax",x")| and let y € N, fulfilling [x* — y|| < e.
According to the decomposition

(A", x") = (Ay,y) + (A(x" = y), y) + (Ax",x" - y),
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and the triangular inequality, we have

A

|Alop = KAX™, x)| < [(Ay, )| + (A" = ), )+ [(Ax", x™ = y)|

sup [(Ay, »)|+2|Aly, €
YENg

IA

The Bound (6.12) then follows. ]

Next lemma provides an upper bound on the cardinality of a minimal &-net of dBrn (0, 1).

Lemma 6.11 For any n € N and € > 0, there exists an g-net of d Bgrn (0, 1) with cardinality upper

bounded by
2 n
INg| < (1 + —) :
&

We refer to the Exercise 6.4.2 for a proof of this lemma based on volumetric arguments. Choosing
& = 1/4, we get the existence of an 1/4-net N4 of 0Bg~ (0, 1) with cardinality at most 9" and such
that
|EET — pl|,, <2 max [((EE" - pl,)x,x)| =2 max [|E"x]| - p|- (6.13)
x€Ni4 XEN/4

Step 2: concentration of the quadratic forms. Let E.; denotes the ith column of E. We observe
that xTE;; ~ N(0,xTx) and that the (xTE.)i=;.... p are independent since the columns E.; are
independent. Hence, since N4 C 0Bgrn(0, 1), the coordinates [E Txl; = E Tx are i.i.d. N(0, 1),
and the random vector &, = ETx follows a standard Gaussian distribution A (O I,) in R”. Hanson-
Wright inequality (6.9) with S = I, and S = —I, ensures that there exist two exponential random
variables &y, €%, such that

IE"x|> - p < VBpéc v8&, and p—||ETx|* < Bpéy v 8.

Therefore, combining with (6.13), we obtain the concentration bound

EE" - pl,| <2 ( \/8p max (&, V&) +8 max (& VE)|. (6.14)
P X€N14 XEN]/4
Step 3: Union bound. An union bound gives

P max (éx V£, > log(2INijal) +1

XEN 4

< D (B[ > 1og2INiul) +1] + P [¢; > log(2INial) +1])
XEN4

< 2[Niyal exp(=log(2INijal) —=1) = e,

so there exists an exponential random variable & with parameter 1 such that

max (&x V £) < log(2INy4]) +& < 3n+&.

xENl

Combining this bound with (6.14), we obtain (6.11). The proof of Theorem 6.8 is complete. O

6.4 Exercices
6.4.1 Generalized Weyl inequalities

In this exercise, you will prove the Theorem 6.2.
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1. Check that there exists two linear spans S; C RP and §; c R” of codimensioni — 1 and j — 1
such that
[l Ax||

B-A
ax —— < 0y(A) and u < oj(B-A).
xesi\{oy [lx]l xesp\(oy  [lxl ‘
2. Check that the codimension of S; N §; is not larger than i + j — 2.
3. Prove that for any S with dimensioni + j — 1, we have SN S; N S; # {0}.

4. Conclude with the Max—Min formula (5.2).

6.4.2 Cardinality of an ¢-net

In this exercise, we prove the Lemma 6.11. Let us define N, as follows. Start from any x; €
0Brn(0,1), and for k = 2,3,... choose recursively any xz € 9dBrn(0,1) such that x; ¢
Uj=1,...k-1Brn (x}, £). When no such x; remains, stop and define N = {x1,x2,...}.

1. Assume that the algorithm has been able to perform k steps (without stopping). Prove that
i) the balls {Bgn (x;,8/2) : j = 1,..., k} are disjoint;
ii) Uj:l _____ kBRn(Xj,S/Z) CBRn(O,1+8/2).

2. By comparing the volume of the balls Bg (x, £/2) and Brn (0, 1 + £/2), prove that

21’1
ks(1+—) .
E

n
3. Prove that N is an e-net of dBg~ (0, 1) and that its cardinality is upper-bounded by (1 + %) .

.....

6.4.3 Limit distribution of singular values of random matrices

As the singular values of E and E” are the same, we can assume with no loss of generality that
p > n. We consider the case where the entries E;; are i.i.d., centered, with variance 1. When n, p
go to infinity with the limiting ratio n/p — B < 1, the empirical distribution

1 n
; Z 6p—1/20.k(E) (x)
k=1

of the singular values of the matrix p~!/2E € R" P converges almost surely to the the Marchenko-
Pastur distribution [?], which has a density on [1 — /B, 1 + v/B] given by

fx) = % \/(XZ -(1- \/B)Z) ((1 + ‘/E)2 _x2). (6.15)

This classical result of random matrix theory is illustrated in Figure 6.1.
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histogram of the singular values
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Figure 6.1: Plot of the histogram of the singular values of p~!/2E and of the Marchenko-Pastur
distribution (6.15) for 8 = 1/2 (in red).

You can reproduce this plot with the following R-code.
The first step is to download the R software at https://cran.r-project.org.
Then enter the next lines of R code.

# Generate the matrix E

n <- 1000
beta <- 1/2
p <- n/beta

E <- matrix(rnorm(n*p),ncol=n)

# Plot histogram of the singular values
hist(svd(E,nu=0,nv=0)3$d/sqrt(p), freq=FALSE,xlab="singular values")

# Superimpose the Marchenko-Pastur distribution

X <- l-sqrt(beta)+(0:p)/p*2*sqrt(beta)

f <- sqrt((x**2-(1-sqrt(beta))**2)*((l+sqrt(beta))**2-x**2))/(pi*beta*x)
points(x, f,type="1",col=2,1lwd=3)



Chapter 7

Principal Component Analysis

In many cases, we have some observations X M .., X™ which are in a space RP of high-
dimension p. Dealing with high-dimensional observations is an issue for two reasons. First, high-
dimensional data come with a high level of fluctuations (this phenomenon is known as the curse
of dimensionality), so classical estimation procedures fail in this context. Second, numerical com-
puting with high-dimensional data is very resource intensive. A solution to bypass these issues is
to perform dimension reduction. The goal of dimension reduction is to represent data in a lower
dimensional space, with a minimum of distorsion. The most simple dimension reduction technique
is the Principal Component Analysis (PCA). This technique, which is the subject of this chapter,
is one of the most widely used method in data analysis. As we will see, the Principal Component
Analysis (PCA) is tightly linked to the Singular Value Decomposition (SVD) introduced in Chapter
5.

7.1 Principal Component Analysis
7.1.1 Finding the best low dimensional linear representation of data

The principle of Principal Component Analysis (PCA) is to seek for a linear span V,; in R?, with
a prescribed dimen§jon d such that the data point X M .., X" ¢ RP are as close as possible to
their projection on V.

For data points xM . x(™ e Rrp End any dimension d <
p, the PCA computes the linear span V; in R” minimizing

n
Ve argmin Z |xX® — Projy, X®2, 7.1
V.dim(V)<d i=1

XL.3]

X2

where the minimum is over all the subspaces V c R?” with  * %
dimension at most d and Projy, is the orthogonal projection
matrix onto the linear span V.

X[,1]

V, in dimension p = 3.

Let us stack the data XV, ..., X" into a n x p matrix
(xthT
X = : € R™P,
(xthr

and let us denote by X = ZZ:I o-kukvz a SVD of X with the usual convention o > 0o >
o > 0.

[\
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Theorem 7.1 PCA algorithm.

The solution to (7.1) is the linear span Vd =span{viy,...,vq}.

In addition, the coordinates of Proj‘7dX @) in the orthonormal basis (vi,...,vq) of Vg are given
by (c1(i),...,cq(i)), where cy (i) denotes the i-th entry of the vector cy := opuy € R™.

v
. G
| T4,
Gliyre m e e — - X
LD v

Figure 7.1: The data point X ) projected on Vs, represented in the axes vy, vs.

Comments.
1. We observe that performing a PCA only amounts to compute the d first terms of the SVD of X.

2. The projection Projy X'/ € R” lies in V,, but it is still a vector in R, hence with p co-
ordinates. In order to handle a vector with only d coordinates, we must work with the d-
tuple (c1(i),...,cq(i)) € R? of the coordinates of the projection on the orthonormal basis
{vi,...,va}.

3. Since Vd is a linear span and not an affine span, it is highly recommended to first center the data
points

. R ,
X0 = x(@ _ — x )

and then proceed with a PCA on the )?(1), cl, X,

Terminology: The right-singular vectors vy,...,v, are called the principal axes. The vectors
cr = oguy for k = 1,...,r are called the principal components. As Xvx = okug, the principal
component ¢y is obtained as the image of v; by the matrix X. We emphasize that the principal axes
are orthonormal and the principal components are orthogonal.

Proof of Theorem 7.1. To start with, we observe that

n
31X = Projy X2 = X = X Projy |-
i=1

For any linear span V of dimension d, the rank of the matrix X Projy, is not larger than d, so accord-
ing to Theorem 5.9 in Chapter 5, page 65,

r

Z||X<">—Projvx<”||2=||X—XProjV||§z min ||X - B||% = Z o2 (12)
— rank(B)<d Pt
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Furthermore, for Vd =span {vy,...,v4}, we have
r d d
XProde = Z a’kukvz Z vjva- = Z a’kukvz.
k=1 7= k=1
So
r 2 r
IX — X Proj, [I3 = H > crkukv{HF = > ot (7.3)
k=d+1 k=d+1
Comparing (7.2) and (7.3), we find that Vd =span {vy,...,Vv4} is solution to (7.1).

In addition, the coordinate of ProjV[X (@) over vy is obtained by taking the scalar product between
X and Vi, .

(XD vy = (XTes,vie) = (e, Xvi) = ouler, ux),
where we used for the last equality that Xv, = oux. Hence, the coordinates of Proj‘7dX @) in the

orthonormal basis (v, ..., vy) of V, are given by (c; (i), ..., cq(i)), where c := oguy. o.

7.1.2 Illustration

PCA is a popular and powerful dimension reduction technique. Let us illustrate PCA with a visual
example based on the Mixed National Institute of Standards and Technology (MNIST) data set [?],
which gathers 1100 scans of each digit. Each scan is a 16 X 16 image, which can be encoded as a
vector in R>®. The Figure 7.2 illustrates the compressed images, when they are projected on the
linear span Vio output by PCA with d = 10.

Let us describe this example with more details. Let us focus on a single digit, say 8. The preliminary
step is to center each image X (1), ..., X("") € R>® of the digit 8 according to

. R .
X0 = x@ _ ~ xU)
2

Jj=1
Then, we proceed with a PCA on the matrix
(X7
x=| : |=Yzasl
- . - kukvk,
(?(n))T k=1

by computing Vo = span {Vy,...Vio}. The vectors Projg, (XM, ... ,Proj%(f(”)) € R>S give
the best approximation of XM, X by a projection on a linear span of dimension 10. To
obtain the final compressed images, we de-center the images

. . 1 & )
compressed(X V) = Proj%(X(‘)) + - Z XD, i=1,...,n (7.4)
n
j=1
These compressed images, together with the original images are plotted in Figure 7.2. While we
observe a loss in the compression, the digit can still be identified. The benefit of the compression is
that each compressed image is now described with only 10 parameters.

We emphasize that this example is for visual illustration only. In practice, there are some more
powerful algorithms for image compression based on discrete Fourier or wavelets transforms (jpeg,
jpeg2000, etc).
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PCA in action
original image original image original image original image
projected image projected image projected image projected image

RS

Figure 7.2: Projection on VIO of some scans of the digit 8.

The Mixed National Institute of Standards and Technology (MNIST) data set [?] gathers 1100
scans of each digit. Each scan is a 16 X 16 image that is encoded by a vector in R>®. The above
pictures represent the projections of four images onto the space Vlg, computed according to (7.4)
from the 1100 scans of the digit 8 in the MNIST database. The original images are displayed in the
first row, with their projection onto Vo in the second row.

7.2 Interpreting PCA
Formulas for projection

Let us denote by Z the projected data: Z() = ProdeX(i), fori =1,...,n. We have seen that

d
2y = er(ivela) = (c(), v(a)),
k=1
where c(i) = (¢1(i),...,cq(i)) and v(a) = (vi(a),...,vq(a)).
Let us denote by X, = (X,gl), ceey Xc(l") ) € R”" the vector gathering the observations for the vari-
able a. Similarly as for the individual points X1, ..., X" we may wish to project the variables
X1,..., X, onto a linear span of dimension d. To do so, we only need to replace the matrix X by its

transpose
XT = Z o-kvkui,
k

and apply PCA to X”. Theorem 7.1 ensures that the best possible approximation space is Ug =

span {uy,...,ug} and
d

d
PI'Ojﬁqu = ; O'ka(a)Mk = ; vk(a)ck_
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Hence, v(a) represents the coordinates of Proj 0,%a in the orthogonal (but not orthonormal!) basis
(C],.. .,Cd) Ofad.

PCA can be performed for two different purposes: reducing the dimension before further statistical
analysis (as with the MNIST data set), or visualizing the data (as in the next heptathlon example).

Dimension reduction

When the goal is to reduce the dimension, then emerges the question of choosing d. From the proof
of Theorem 7.1, we get the following measure of the quality of approximation

n r
Z 1X = Projg, X% = |X - X Projg; |13 = Z o2,
i=1 k=d+1
Hence, in order to evaluate the fraction of variance not explained by the projection on the d first
principal axes, we only have to look at the ratio

3 ) 2 d 2
IX - XProjg, e~ Zheanoi . Xio1 0

2 - r 2 r 2°
||X||F D=1 O k=10%

Accordingly, it is classical to plot the square singular values 0']2 > 0'22, ... and look for an “elbow”

in the plot. We then choose d corresponding to this elbow: the fraction of unexplained variance
decreases fast before this elbow and more slowly after it. In the Section 7.3, we provide some
theoretical choices of d when the signal can be decomposed as a signal part and a Gaussian noise
part.

Data visualization

It is hard to visualize data points in a high-dimensional space. PCA is frequently used for this
purpose. When the goal is to visualize data points, we choose d = 2 (possibly d = 3) and we
represent the cloud of points X1, ..., X by their projection on V». More precisely, for i =
1,...,n, we plot the vector ¢(i) of coordinates of Z 0 = ProjVZX () on the orthonormal basis
{vi,va} of Vz. We can then observe the repartition of the data points: do we see some “clusters” or
some “outliers”, or some other patterns?

It is also important to compare the norm of Z?) and the norm of X¥), in order to check if the point
i is well represented by its projection on V5. If the ratio llc(@)]1/11X ]| is smaller than, say 0.8, then
the point i is not well represented by c(i).

We can also visualize the variables by plotting their projection on Us. It is interesting to note that

2
(Projg, Xa, Projg, Xp) = Z aivi(@)vi(b),
k=1

so we can plot the vectors [0k Vi (a)] k=12 and [ox v (b)]k=1.2 in order to visualize the correlations
between the variables a and b. Again, it is good to check if the ratio ||Proj[72Xa [|/11X4] is close to
one, in order to trust or not the visualization of the variable a.

A popular plot is the so called biplot of ¢ and v, where we plot simultaneous the ¢ (i) and v(a). In
this case c (i) represents the projection of the data point i and v(a) represents the projection of the
variable a. We emphasize that there is a distorsion in the representation of the variable a, as v(a)
corresponds to the coordinates of Projz X, in the orthogonal, but not orthonormal basis {c1,¢2} of
U,. We can observe on a biplot the correlation between individuals and variables. As the projection
Z® = Projy; X' of X' on V, is given by Z\ = (c(i), v(a)), we can visualize on the biplot the
size of the entry Z((li) by looking at the scalar product {(c (i), v(a)). If c¢(i) and v(a) are well aligned,
then the entry Zél) will be large, while if ¢(7) and v(a) are orthogonal, then the entry Zg) will be
small.
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Example: heptathlon data set

Let us illustrate PCA on a second example. The R-code for analyzing this example is given in
Section 7.4.2.

The results of the heptathlon event at the 1988 Seoul Olympic Games are displayed in the table
below.

hurdles  highjump shot run200m  longjump  javelin  run800m

Joyner-Kersee (USA)  12.69 1.86 15.80 22.56 7.27 45.66 128.51
John (GDR) 12.85 1.80 16.23  23.65 6.71 42.56 126.12
Behmer (GDR) 13.20 1.83 14.20  23.10 6.68 44.54 124.20
Sablovskaite (URS) 13.61 1.80 15.23 2392 6.25 42.78 132.24
Choubenkova (URS)  13.51 1.74 1476 23.93 6.32 47.46 127.90
Schulz (GDR) 13.75 1.83 13.50  24.65 6.33 42.82 125.79
Fleming (AUS) 13.38 1.80 12.88  23.59 6.37 40.28 132.54
Greiner (USA) 13.55 1.80 14.13  24.48 6.47 38.00 133.65
Lajbnerova (CZE) 13.63 1.83 14.28 24.86 6.11 42.20 136.05
Bouraga (URS) 13.25 1.77 12.62  23.59 6.28 39.06 134.74
Wijnsma (HOL) 13.75 1.86 13.01 25.03 6.34 37.86 131.49
Dimitrova (BUL) 13.24 1.80 12.88  23.59 6.37 40.28 132.54
Scheider (SWI) 13.85 1.86 11.58 24.87 6.05 47.50 134.93
Braun (FRG) 13.71 1.83 13.16  24.78 6.12 44.58 142.82
Ruotsalainen (FIN) 13.79 1.80 12.32  24.61 6.08 45.44 137.06
Yuping (CHN) 13.93 1.86 1421  25.00 6.40 38.60 146.67
Hagger (GB) 13.47 1.80 12.75  25.47 6.34 35.76 138.48
Brown (USA) 14.07 1.83 12.69 24.83 6.13 44.34 146.43
Mulliner (GB) 14.39 1.71 12.68 24.92 6.10 37.76 138.02
Hautenauve (BEL) 14.04 1.77 11.81 25.61 5.99 35.68 133.90
Kytola (FIN) 14.31 1.77 11.66  25.69 5.75 39.48 133.35
Geremias (BRA) 14.23 1.71 12.95 25.50 5.50 39.64 144.02
Hui-Ing (TAI) 14.85 1.68 10.00 25.23 5.47 39.14 137.30
Jeong-Mi (KOR) 14.53 1.71 10.83  26.61 5.50 39.26 139.17
Launa (PNG) 16.42 1.50 11.78  26.16 4.88 46.38 163.43

This table provides the scores of n = 25 athletes at p = 7 disciplines
. hurdles: scores 100m hurdles.

. highjump: scores high jump.

. shot: scores shot.

. tun200m: scores 200m race.

. longjump: scores long jump.

. javelin: scores javelin.

~N N L AW

. run800m: scores 800m race.

The athletes are ranked according to their final combined score (Joyner-Kersee won the gold medal).

Here, the scores of the different disciplines are incommensurables. In order to get scores in the same
scale, the data points are first centered

1 n
Xia — Xia - ;lejm
Jj=

and then normalized to have unit norm

Xy « Xa/||Xa”~
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To start with, we can plot the square singular values 0'12 > ... > o2, and check that we will catch
most of the variance with d = 2.

acp

Variances

N e

Figure 7.3: Plot of the square singular values o7, ..., 07

Then, we can check if the variables are well approximated by plotting Projz Xq /|| X4|l. These vec-

tors are close to the unit circle, so each discipline is well represented by the projection on Us.

PC 2

PC1
Figure 7.4: Plot of the vectors Proj o, Xa /|| X4 || relative to the unit circle.

Finally, we draw the biplot of the athletes (in black) and the disciplines (in red).
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Figure 7.5: Biplot of the athletes (in black) and the disciplines (in red). Each athlete is represented
with is final rank.

You can observe that the disciplines where you should have the smallest possible score (run200m,
hurdles, run800m) are in the opposite side of the disciplines where you should have the largest
possible score (highjump, longjump, shot). The javelin discipline looks quite orthogonal to all the
others. This may be due to the strong technical nature of this discipline. You can also observe that
the discipline requiring powerful qualities (run200m and shot) are well aligned, as well as those
corresponding to more lanky athletes (highjump, longjump, hurdles, run800m).

7.3 Theory for PCA
7.3.1 Recovering a low dimensional signal

PCA makes sense if the data points X1, ..., X" lie in the vicinity of a d-dimensional space. In
many cases the data points X = »() + £() can be decomposed as a component b lying in a
low dimensional space plus some fluctuation &(*). The existence of a low-dimensional component
b is related to the physical nature of the data. For example, pictures can be represented in lower
dimensions (compression) due to the geometric structures in images; social or economical variables
can be represented in low-dimension due to the strong social and economical structures relating the
different variables; biological data reflect the biological networks producing them, etc. Most of the
time, the low-dimensional component b(?) is the signal of interest, and the goal is to recover it.

The decomposition XV = b() + () forj = 1,..., n, gives rise to the decomposition X = B + E,
where the i-th rows of B and E are given by (b())T and (£D)7, respectively. Let us consider the
SVD of X and B

7 r
X= Z a'kﬁk?{, and B = Z a'kukvz.
k=1 k=1

We have set some “hats” on the SVD of X in order to emphasize that these quantities can be com-
puted from the data X, while the matrix B and its SVD are not observed. We estimate B by the
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projection of the data X on the d first principal axes

d
Ed = XPI'Oj";d = 8kﬁkvz (75)
k=1

Next theorem provides a bound on the estimation error |B; - B ||2F in terms of the operator norm
|E]op of the fluctuations and in terms of the best possible approximation error of B by a matrix of
rank d (see Theorem 5.9, page 65)

r

min B-M|> = Z ol
M:rank(M)<d ” ”F k

k=d+1
Theorem 7.2 Recovering low rank component.
The estimator By fulfills the error bound
. r
IBa - BlI% < 9|d|EIZ, + Z a,f). (7.6)
k=d+1

Let us illustrate this result, by considering the case where the entries E;; of the n X p matrix E
are i.i.d. Gaussian with N (0, o2) distribution. Then, we have the next result which directly follows
from Theorem 7.2 and Corollary 6.9, page 74.

Corollary 7.3 Bound for Gaussian noise.
For any L > 0, when the entries of the matrix E € R"™P are i.i.d. Gaussian with N(0,c>)
distribution, we have with probability at least 1 — e™ T

= 2 4
1By - B|> < 9d(\/;_9+7\/n+L) 7?49 Y ot
k=d+1
We observe that in the setting of Corollary 7.3, we have
E[IX - Bllz] =E [IIEIE] = npo?,

which is much larger than d(p + n)o? if d < n A p.So, when B is approximately of rank ¢ with
d < n A p, there is a substantial gain in using B, instead of X in order to estimate B.

Proof of Theorem 7.2. Before starting the proof, we remind the reader two useful inequalities.

Lemma 7.4 Forany a > 0, and x,y € R", we have

2(x,y) < allx|I* +a”'[IylI*, (7.7)
Il + vl < (1+a)llx]* + (1 +a™Hllyll* (7.8)

The Inequality (7.8) immediately follows from (7.7) and the Inequality (7.7) follows from
allxl* +a~ "Iyl = 2¢x,y) = lla'2x = a™2y|* 2 0,

Let us prove now (7.6). We denote by

d

T

Bd = Z OkUEVy
k=1
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the best approximation of B by a matrix of rank d (see Theorem 5.9, page 65). As Ed is the best
approximation of X by a matrix of rank d, we have

IX - Byll% < IX - Ball%.

Using the decomposition X = B+ E and expanding the squares, the previous inequality is equivalent
to
IB = Ball: < 1B = Ballf: +2(E, B4 = Ba)r- (7.9)

We observe that rank(Ed — B;) < 2d, so according to Lemma 5.8, we can upper-bound the scalar
product (E, By — By)F in terms of the (2, 2d)-Ky-Fan norm

2(E,Ba — Ba)r < 2||Ell@.2a)|1Ba — Ball2.2a) = 2I1E |l (2.24)|Ba — BallF-

Applying Inequality (7.7) with a = 5/2, then Inequality (7.8) with a = 1/9, and finally || E II%2 2y S
2d |E|qp, we get
n RpT— 2,5 2
2<E7 Bg - Bd)F < §||E||(2,2d) + g”Bd - Bd”F
5 2 ~
< 1EI 20y + 5 ((10/9)11Bu = BI: + 10118 = Ball})
4 ~
< 5d|E[3, + 5 1Ba ~ Bll7. + 4118 - Bally.
Combining this last inequality with (7.9) and
r 2 r
2 T 2
18- Ball} =|| ., cwul|[ = > ot
k=d+1 k=d+1
we get (7.6). m]

7.3.2 Dimension selection

The Bound (7.6) can be used in order to propose a choice for d with theoretical garanties. Indeed,
let us notice that the Bound (7.6) can be written as

d r
1Ba = BI: <9 Y (ER, - o) + ). ot |- (7.10)
k=1 k=1

As the second term is independent of d, the integer d minimizing the right-hand side of (7.10) is
the integer d minimizing the first sum. As 0'12 > 0'22 > ..., the first sum is decreasing as long as
0'2 > |E |§p and then it increases. Hence in order to minimize the right-hand side of (7.6), the best
is to choose the dimension

d* ==max {k : oy > |E|,} (7.11)

While the operator norm |E|,, can be evaluated in some cases, for example with Corollary 6.9 page
74, the singular values o > 0» > ... of B are not observed, so we cannot directly use (7.11). Yet,
combining Weyl Inequality (6.1), page 69, with the Bound (7.10), we get

d r
1By~ BII3 < 9(2 (12 - @ - 1Elp)) +Za§),
k=1 k=1

with o > 02 > ... the singular values of X. Following the same reasoning as before, with o
replaced by (0 — |Elop)+, We get the next selection rule for d.
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Corollary 7.5 Dimension selection.
For d = max {k (o =2 |E|0p}, we have

r
5 2 2 . 2 2
1B~ Bl < 9% min {d|E|0p+k;r10'k}.

As before, in the case where the entries E;; of the matrix E are i.i.d. Gaussian with N (0, 0'2)

distribution, we can set d = max {k 10k =2 ( \Np+7 \/ﬂ) 0'> and then get with probability at

least 1 —e™"

—~ 2 "
||BJ—B||%S92IL?Zig{d(\/]_7+7\/E) Y a,f}.

k=d+1

Proof of Corollary 7.5. According to Weyl Inequality (6.1) and the definition of d, we have
og 2 A[j_ |E|op 2 |E|0p’

sod < d*, with d* defined by (7.11). In addition, Weyl Inequality (6.1) and the definition of d also
ensure that for any k € [d + 1, d*], we have

ok < Tk +|Elgp < 3|Elyp,
where the second inequality comes from k > d+1 and the definition of d. So, the Bound (7.6) gives

r

-
n T 2
IB; - BI% <9|dIE, + Z ol + Z ol

k=d+1 k=d*+1
<O|dIE,+9(d - d) |E,+ ). o}
k=d*+1
r r
2 g2 2| _ 92 2 2
<97 |d"|ElG, + Z ol =9 r;lzlg{d|E|Op+ Z o-k},
k=d"+1 k=d+1
where the last equality follows from the definition (7.11) of d*. O

7.4 Exercises
7.4.1 Rank recovery

Let us consider the setting of Section 7.3.1 and let us assume that the rank of B is d. As in Corollary
7.5, let us set for some A > 0 R
d=max{k : o0y > A}. (7.12)

In this exercise, we will give some conditions ensuring that d = d with large probability.

1. Check that _
]P[d;&d] =P [Gun = A or 54 <4].

2. With Weyl Inequality (6.1), page 69, prove that

P[J;ed] <P[|Elop = AA (04 - )] .
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3. Let us assume that the entries of the matrix E € R™ P are i.i.d. Gaussian with (0, o) distri-
bution. We also assume that oy > 2 ( \Np+7 m) o and set A = (\/17 +7 \/ﬂ) o . Prove with

Corollary 6.9, page 74, that the integer d defined by (7.12) fulfills
Pld=d|z1-em

Remark. We have recovered the rank under a condition ensuring that the singular value o is large
enough. As o441 = 0, such a condition ensures that there is a large enough gap between 0 and the
non-zero singular values of B. Such a gap condition is unavoidable for rank recovery. Indeed, if oy
is small, much smaller than the fluctuations of ; — oy, then no procedure can detect if o is or not
0.

7.4.2 Implementing a PCA with R

You can implement a PCA on the Heptathlon example, with the following R-code.
The first step is to download the R software at https://cran.r-project.org.
Then, you can enter the following code to download and analyze the data.

# download heptathlon dataset
data("heptathlon", package = "HSAUR")
# display the dataset

heptathlon

# plot square singular values
pca <-prcompCheptathlon[,1:7], scale = TRUE)
plot(pca)

# display principal axes
pca$rotation

# display principal components
pca$x

# biplot
biplot(pca,xlabs=1:25)



Chapter 8

Clustering

In a large fraction of data analysis methodologies, the data are considered as homogeneous: all
the observations are assumed to be distributed according to a common statistical model. Such an
assumption is valid for data coming from small scale controlled experiments, but it is highly unre-
alistic at the era of “big data”, where data come from multiple sources. A recipe for dealing with
such inhomogeneous data, is to consider them as an assemblage of several homogeneous data sets,
corresponding to homogeneous “subpopulations”. Then each subpopulation can be treated either in-
dependently or jointly. The main hurdle in this approach is to recover the unknown subpopulations,
which is the main goal of clustering algorithms.

8.1 Cluster model

Assume that we have n observations X1, ..., X,, € R”, which are independent, but not identically
distributed. We denote by p; = E[X;] the mean of X; and by £; = Cov(X;) the covariance of X;.
As discussed above, we assume that the distribution of the X; is homogeneous across some sub-
populations. This means that there exists an unknown partition G* = {G*, el G;} of {1,...,n},
such that, within a group G all the means and covariances are equal.

Definition Cluster model.
We assume that

1. the observations X1, ..., X, € RP, are independent,
2. there exists a (minimal) partition G* = {GT, ey G;{} of {1,...,n} such that all the random
variables (Xi)iegz are identically distributed.
In the following, we denote by 61,...,0x € RP, Ay,..., Agx € RP*P the vectors and covariances
such that
foralli € G, : E[X;] =6; and Cov(X;) = Ax. (8.1)
The mean 04, . ..,0k € RP are assumed to be all distinct.

As in the previous chapter, we denote by X € R"*P the matrix whose i-th row is given by X;. We
define similarly the matrices

e E € R™P the matrix whose i-th row is given by E; = X; — y; = X; — 0 fori € G%;
o O € RK*P the matrix whose k-th row is given by 6;;

e and A € R™K the membership matrix defined by A;x = liGGZ’ fori = 1,...,n,and k =
1,...,K.

Then we have the compact formula
X=A0+E. (8.2)

Remark: a popular variant of the cluster model, is the mixture model. This model has an addi-
tional generating feature compared to the cluster model: Instead of being arbitrary, the partition G*
is generated by sampling for each observation i the label of its group according to a probability
distribution 7 on {1, ..., K}.

91
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8.2 Local algorithms

The main family of local algorithms are the so-called hierarchical clustering algorithms. The hier-
archical clustering algorithms cluster data points sequentially, starting from a trivial partition with
n singletons (each data point is a cluster on its own) and then merging them step by step until
eventually getting a single cluster with all the data points. At the end of the process, we obtain a
hierarchical family of nested clusterings and the data scientist can choose her favorite one.

Dendrogram
o o
O
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o C?D%%Oog) =
O <

(@] %O&O§ O% él:g))
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80 ?%(()@& o -

© o
d

Figure 8.1: Left: data points in R”. Right: dendrogram of hierarchical clustering with Euclidean
distance d and complete linkage £. The colors correspond to the clustering output when selecting
K =2 clusters.

Linkage

In hierarchical clustering, the recipe for merging points is quite simple: at each step the algorithm
merges the two closest clusters (in a sense to be defined) of the current clustering, letting the other
clusters unchanged. This requires the definition of a “distance” £(G, G’) between clusters G and
G’, usually called “linkage”. Let d(x,y) be any distance on RP?, typically d(x,y) = |lx — y|| or
d(x,y) = |x — y|1. Some classical examples of linkage are:

o Single linkage: single linkage corresponds to the smallest distance between the points of the two
clusters
Csingle(G,G') =min {d(x;,x;) :i € G, j € G'}.
Single linkage clustering tends to produce clusters looking like ’chains”, and we can have within
a cluster two data points x, y with d(x, y) very large.

o Complete linkage: complete linkage is kind of the opposite of single linkage. It corresponds to
the largest distance between the points of the two clusters

Ceomplere(G,G') =max {d(x;,x;) :i € G, j € G'}.

Complete linkage clustering tends to produce “compact” clusters where all data points are close
to each other.
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o Average linkage: average linkage corresponds to the average distance between the points of the
clusters G, G’

1
guveruge(G, Gl) = ; Z d(Xi,Xj).
|G||G | i€eG, jeG’
The clustering produced by average linkage is less ”chainy” than those produced by single link-
age and less compact than those produced by complete linkage.

In section 8.4.4, these features are illustrated in a randomly generated example.

Hierarchical clustering algorithm

Hierarchical clustering algorithms start from the trivial partition G™ = {{1},...,{n}} with n
clusters, and then sequentially merge clusters two by two. At each step, the algorithm merge the two
clusters G, G’ available at this step with the smallest linkage £(G, G”). The output is a sequence of
clustering G(l), ey G™ with K = 1,...,n clusters. These clusterings are nested, in the sense that
for j < k the partition G¥) is a sub-partition of G/,

Hierarchical clustering

Input: data points X, ..., X, and a linkage ¢
initialization: G = {{1},...,{n}}
iterations: fort =n,...,2

- find (@,b) € argmin,, ;) (G, Ggf))

— build G“~V from G*) by merging G g ) and Gl(;’ ) The other clusters are let unchanged.

Output: the n partitions GV, ..., G™ of {1,...,n}.

Dendrogram

It is popular to represent the sequence of clustering GV, ..., G with a dendrogram, which is a
tree, rooted in G (1), and whose leaves correspond to G ™). The dendrogram depicts how the merging
is performed. The partition G¥) can be read on the dendrogram as follows, see Figure 8.1:

1. locate the level where there are exactly k branches in the dendrogram;
2. cut the dendrogram at this level in order to get k subtrees;
3. each subtree corresponds to one cluster, gathering the points corresponding to its leaves.

The height in the tree represents the distance between two clusters. A classical recipe for choosing
the number k of clusters is to look for a level k where the height between two successive merges
increases abruptly.

Hierarchical clustering algorithms are popular, as they are simple to understand and to visualize.
When the clusters are well separated, they succeed to recover the hidden partition G*, see Exercise
8.4.2. Yet, hierarchical clustering is based on local informations, and do not take into account global
informations on the distribution of the cloud of points, especially at the first steps. As the mistakes
in the first steps cannot be repaired in the following steps, it is a strong limitation for clustering in
less separated case, see Section 8.4.4 for an illustration. Next section presents another recipe for
clustering, based on more global informations, carried by the singular vectors of X.
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8.3 Spectral clustering
8.3.1 Spectral clustering recipe

The recipe of spectral clustering algorithms is to compute the K first principal components of X and
then apply some basic clustering algorithms on these vectors. So, spectral clustering algorithms are
simply algorithms performing a dimension reduction step (PCA) before proceeding to a clustering.

Many state of the art clustering algorithms are based on spectral clustering. In some settings, spec-
tral clustering alone is able to provide statistically optimal clustering. In some other settings, an
additional refinement step is implemented, where each observation is reclassified according to a
more specialized algorithm. Hence, spectral clustering algorithm is a good and simple algorithm in
order to get a primary estimation of the groups, which can then be refined if needed, by running
more specialized algorithms.

Before describing the most basic version of spectral clustering, let us explain why PCA makes sense
in this setting. In the clustering model (8.2), the partition G* is encoded in the rows of the signal
A® € R™P. Indeed, for i € G}, the i-th row of A® is given by 6y, so all the rows belonging to a
same cluster are all the same. Hence, if, instead of applying a clustering algorithm on the rows of
X, we apply a clustering algorithm on the rows of a good estimator B of A®, then we get a better
clustering. When the partition has K clusters, the rows of A® are elements of the K dimensional
space spanned by {61, ...,0k}. Hence, in light of the previous chapter, it makes sense to project
the data on the space Vi spanned by the K first right singular vectors (principal axes) of X. The
coordinates of the projection Proj Ve (X;) are given by the i-th coordinates of the K first principal
components ¢; = oy of X. This line of reasoning leads to the spectral clustering algorithm
described below.

Spectral clustering algorithm

1. Compute the singular value decomposition X = Z GrllkVy ;
k=1
2. Extract the K first principal components

—~

61( = [31, “e ,EK] = [6’1141, oo ,6—KﬁK]
3. Apply a clustering procedure on the rows of C k in order to get a partition G of {1,...,n}.

There are many possible choices of clustering procedure for the last step, for example hierarchical
clustering algorithms. In the two clusters problem theoretically investigated in Section 8.3.2, the
clustering procedure will simply be based on the sign of the entries of the first left-singular vector.

We observe that computing the K first left-singular vectors of X involves the whole matrix X, so,
contrary to hierarchical clustering, spectral clustering takes into account all points for clustering
each single data point.

A variant of spectral clustering

A popular alternative to the clustering of the rows of the principal components matrix Cx =
[c1,...,CK], is the clustering of the rows of the left-singular vectors matrix Ux = [u1,...,uk].
Next lemma shows that this clustering also makes sense.
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Lemma 8.1 Let

K
AB® = Z O'kukvl

k=1
be a singular decomposition of A®, and set U = [uy, . ..,ux] € R™K,
Then, there exist Z, . .., Zx € RX, such that
. * 2 1 1
Ui. = Zy foralli e Gy, and ||Zy—Z¢l|" = —+ =, forallk #¢.
Gl Gyl

Proof of Lemma 8.1. Let us define A = diag (|G}|7'/%,...,|G%|"/?) and B := AA. We notice that
the columns of B are

lieG*
br = [AA]4 = | —%
k= [AA].x G |
i=1,..., n
In particular, the columns by, ..., bk of B are orthonormal. As

span{by,...,bg} =range(A) D range(A®) = span {uy,...,ug},

with by,...,bg orthonormal, the projection on range(A) is given by BBT and BB u; = uy for
k=1,...,K. Hence,
U-=luy,... ug] =BB'U,
——
=R

with R an orthogonal matrix, since R”R = UTBBTU = UTU = I.
From the decomposition U = BR = AAR, we obtain

K
Uij = Z lieG;(AR)gj = (AR)y; forie G;.
=1

Hence, fori € G*k, we have U;. = Z;, where the vectors
Zi = [AR]. = |G} 7Ry, for k=1,...,K,
are orthogonal with square norm || Z||* = 1/|G}|, as [|Rk:||* = 1. Hence,

1

1
1Zx = Ze|? = ==+ ——, for € #k.
Gl Gyl
The proof of Lemma 8.1 is complete. O
Debiasing spectral clustering
The left-singular vectors iy, s, . . . of X correspond to the eigenvectors of XX”. Computing the

expectation of an entry
(XX");; = (A@OTAT);; + ETE; + EI (@7 AT); + (A®)] E;,
we get

E[(XX");;] = (400" AT);; +E [E] E}]
= (A@@TAT)U + li:j TI'(COV(E[)).
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Let us denote by I' the diagonal matrix, with entries I';; = Tr(Cov(E;)). We observe that we have
in expectation
E[XX"] = A®OTA” +T.

When I is proportional to the identity matrix, the eigenvectors of A@®T AT +T" and AG®T AT are the
same, so the eigenvectors of XX are not biased. When I" is not proportional to the identity matrix,
it is wise to reduce the bias of XX” by considering the eigenvalue decomposition of XX” — T, for
some estimator T of T. Yet, unless the matrix I" is known in advance, it is not straightforward to
design a (good) estimator [ of . We refer to the Exercise 8.4.3 for an example of such an estimator.

Let us sum-up the debiased spectral algorithm.

Debiased spectral clustering algorithm

1. Compute the eigenvalue decomposition XX — r= Z dylix iiz, with eigenvalues ranked in de-
k>1
creasing order;

2. Apply a clustering procedure either on the rows of Uk = [@1, ..., uk] or on the rows of Ck =

J}/zfil, .. .,Jzzfik], in order to get a partition G of {1,...,n}.

8.3.2 Recovery bounds

In this section, we investigate the ability of spectral clustering to recover the partition G* from X.
In order to avoid an inflation of technicalities, we focus on the most simple setting where there are
only two groups with means symmetric with respect to 0 and Gaussian distribution. More precisely,

we assume that there exists an unobserved sequence z1, ..., z, € {—1,+1} of binary labels such that
the observations Xj, ..., X, are independent, and the distribution of X; is a Gaussian distribution
N(z;0, 0'21,,) fori = 1,...,n. Stacking as before the observations X1, ..., X, into a n X p matrix

X, we then observe
X =z0" +E, (8.3)

where z € {~1,+1}" and the E;; are i.i.d. with a N'(0, o) distribution. The underlying partition is
G'={{i:zi=1},{i:z=-1}}

X. - .
& +T O EA

Xe

‘e
" '-' "-ng-eu:‘é

Let us define for x € R"
n
o = ) Laso-
i=1

A good clustering algorithm, is an algorithm that recovers the vector z, up to a sign change. Hence,
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if 7 € {~1,+1}" encodes the clustering output by this algorithm, (z; = 1if i € GiandZ; = -1 if
i € G,), we measure the quality of the clustering by the metric
1 .
recov(z) :=— min |z -6Z]o, (8.4)
n se{-1,+1}

which counts the proportion of mismatches between G and G*.
When X follows the Model (8.3), we have

E[XX"] = |6]]°zz" +T,

with T;; = Tr(cov(E;)). As all the covariances are assumed to be equal to o-21 p» the matrix " =
po?l, is proportional to the identity, and hence, we do not need to debias XX’ in the spectral
clustering algorithm. Hence, we set ' = 0. Since zz7 is of rank one, we only focus on the first
eigenvector 1] of XX7.

The first eigenvector #7; of XX’ does not provide a clustering of {1,...,n} into two groups and a
clustering procedure is needing (second step of Spectral algorithm). One of the nice feature of Model
(8.3) is that we can choose a very simple clustering procedure. Actually, as, hopefully, ] ~ +z/]|z||,
we can simply take the sign of the entries of & in order to get a partition of {1,...,n} into two
groups, corresponding to positive and negative entries of ;. We consider then the following spectral
clustering algorithm

-~ .- o~ . . 1
7 =sign(uy), with u) aleading eigenvector of ~xx7. (8.5)
n

Theorem 8.2 Assume that X follows the model (8.3). There exists a numerical constant C > 1
such that, with probability at least 1 — 2e™"/2, the spectral clustering (8.5) fulfills the recovery
bound

recov(z) < 1 A < , (8.6)
s

with s? defined by
2 _ el

S = 8.7
610 + 2 o &0

We observe that the upper bound (8.6) is decreasing with the inverse of s2. It is possible to show that
optimal algorithms have a proportion of mismatches decreasing exponentially fast with s>. In order
to get such an optimal rate, we need to improve the spectral clustering with more refined algorithms.
This refinement is out of the scope of this monograph.

The remaining of this subsection is devoted to the proof of Theorem 8.2.

Proof of Theorem 8.2.
Let us first connect the Hamming distance |z — 6Z] to the square norm ||z — & v/nit ||%.

Lemma 8.3 Forany x € {—1,1}" and y € R", we have

9 2 %)
|x = sign(y)o < min |lx — ayl|”.
a>0

This lemma simply follows from the inequality

— 2
lxi;tsign(yi) = 1x,¢sign(ayi) < |xi - a’yi'

)

forany @ >0andi=1,...,n.
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From Lemma 8.3 with @ = v/ and ||z||? = n, we get

. L . .
— min |z —6sign(it))]o < — min ||z — & Vau |
n é6=-1,+1 n 6=-1,+1

1 —~
=— min (2n - 26 Vn{z, 1))
n 6=—1,+1

=2(1 = [{z/ Vn, 1))
< 2(1 = (z/ Vn, un)?),

where we have used that |[{z/ Vi, )] < ||z/ Vnll||#1]] = 1 in the last inequality.

Notice that z/ 4/ is a unit-norm leading eigenvector of %ll@llzzzT, associated with the eigenvalue
[16]|>. Notice also that the second eigenvalue of %||9||2ZZT is 0, as %||6||2ZZT is a rank one matrix.
Combining the previous bound with Davis-Kahan inequality (6.4) with A = %||0||2zzT and B =
LIXXT, we get

2
AL, + XX~ L0172,

el

.1 2 )
2, < _ <
Hmin, —lz—6zlo < 2(1 (z/ Vn,1i1)%) < 8 inf

2
lww? _ L|o|2..T _ P>
EXX —2“9“ ZZ _Tln

op
<38 TR . (88)

2
It remains to bound from above [1XXT — Ljjg|2z:7 - 22,
0]

Lemma 8.4 There exists two exponential random variables &, &' with parameter 1, such that the
operator norm of

1 2 2
w=lxxr MO r_po,
n n n
is upper-bounded by
16 8¢’
[Wlop < 40 L (6 + 2‘§) + (48 - —f) o2 +2||0]lo (1 o ) ) (8.9)
n n n n

Let us explain how Theorem 8.2 follows from the Bound (8.9). According to (8.8) and (8.9), we
have with probability at least 1 — 2¢"/2, the upper bound

S=—1,+1 16112/

2
1 30 +159+17||0
min _|z_5aos1A( Vol “ “/0) |
n

The right-hand side is smaller than 1 only if 17 < ||6]|/o, so 159 < 10]|0]|/o, from which follows

. 1
min —|z — <
o=—1,+1 n|Z 6?]0

2
1 30+/p/n+27|0||/0
6112/c2

272
Op/n+||6|| /o ): A 1800

IA

1 A {180 >
( leN*/o 52
which gives (8.6). It remains to prove Lemma 8.4.

Proof of Lemma 8.4.
We have nW = (EE” - po?I,) + E0z" + z6TET.
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The quadratic term EE” — po?1, is controlled by the bound (6.11) of Theorem 6.8: There exists an
exponential random variable & with parameter 1 such that

|EET - p0'21n|op < 402 \Jp(6n +2¢) + (48n + 16&) 0.
Let us now control the cross terms in W.

Lemma 8.5 There exists an exponential random variable & with parameter 1, such that

1 1 ]
[6"E|,, = — 6z, < [16llor (1 + 85 ) . (8.10)

n

Proof of Lemma 8.5. Dividing left and right-hand side of (8.10) by o, we can assume with no loss
of generality that o = 1. Let us setu = 6/||6|| and v = z/ v/n.
We observe that for x with norm 1,

T T
Euv” x|l = [v" x| Eul| < [ Eal],

with equality for x = v. Hence \EuvTiop = ||Eu]|.

For the same reasons as in Step 2 of the proof of Theorem 6.8, the random variable Eu follows a
standard Gaussian N (0, I,,) distribution. Hence, according to Hanson-Wright inequality (6.9) with
S = I, there exists an exponential random variable ¢’ with parameter 1, such that

|EuvT|§p = ||[Eull> < n+ f8n&" + 8¢ < («/71+ \/8—5,)2.

1 9
Since — [E6z"| = 18l [Euv| . the Bound (8.10) follows. O
n P\ op

Combining the Theorem 6.8, the Lemma 8.5, and the decomposition
nW = (EET - po?l,) + B0z + z6TET,
we get (8.9). The proof of Lemma 8.4 is complete. O

8.4 Exercises
8.4.1 Sterling numbers of second kind
Let us denote by S(n, K) the number of partitions of {1, ...,n} into K (non-empty) clusters.
1. What is the value of S(n, 1)? of S(n, n)?
2. With a combinatorial argument, prove the recursion formula
S(n, k) =kS(n-1,k)+S(n—-1,k-1), for 2<k<n-1.
3. Prove by induction that

k
S(nk) = 7 Y (DICL k=)
Jj=0

with C,{ =k!/(j!(k — j)!) the binomial coefficient.
4. With the recursion formula, prove the simple lower bound
S(n, k) > k",

The numbers S(n, k) are called the Sterling numbers of the second kind. The total number B,, =
Yy S(n, k) of possible partitions of n elements (without constraints on the number of groups) are
called the Bell numbers.

For a fixed k, we observe that S(n, k) grows exponentially fast with n, and for k = n/log(n) the
growth is even super-exponential as, for any 0 < ¢ < 1, we have S(n, k) > exp(cnlog(n)) for n
large enough. In particular, the Bell number B,, grows super-exponentially fast with n.
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8.4.2 Exact recovery with hierarchical clustering

In this exercise, we provide some conditions ensuring that hierarchical clustering exactly recovers
the hidden partition in the setting (8.3) of Section 8.3.2. We denote by W = {(i, j) : z; = zj, i < j}
the set of pairs of points within the same cluster Gy = {i : z; = —1} or G, = {i : z; = 1}, and by
B= {(i, J)izi#zp, i< j} the set of pairs of points between the two clusters.
1. What is the value of E [IIX,- - Xj||2] for (i, j) € W?and for (i, j) € B?
2. Prove that |'W| < n?/2 and |B| < n?/4.
3. Prove that
1
P ( m)a)gw |1 X; — X,-||2 > 2po? + (02 4/96p log(n)) V (480* log(n)) | < 5
i.j)e ‘ n

4. Let & be a Gaussian N(0, 021 p) random variable. Check that

P ((e, &) < —a||9|| \/i) <e L,

5. Prove that

P| min_ 1X: — X;11* < 2po? +4]|0]1> = (0> //96p log(n)) V (4802 log(n)) — 14c ||| \/log(n))

(i,j)e
1
< —.
2n

6. For a,b > 0, prove that the condition ||0]|*> > (a/2) V (b/2)* ensures the inequality 4||0|*> >
a + b||0]. Conclude that, when we have ||§]> > o2 (\/24]9 log(n) V (49 log(n))), then the hi-

erarchical clustering algorithm with Euclidean distance and single or complete linkage recovers
the clusters G| and G, with probability at least 1 — 1/n.

8.4.3 Estimating I'
We use in this exercise the notation introduced at the beginning of this chapter: We have the decom-
position X; = y; + E;, with y; = E[X;] and y; = 0y for alli € G}.

As discussed in Section 8.3.1,
(XXT);; = (A00T AT + E[E; + EF (T AT); + (A®)] E;,
with E [E] (0T AT);| =0=E[(A®)]E/], and
E[E[E;] = L E[IEN?].

Let us denote by [ the diagonal matrix with [y := ||E:||%. In order to avoid the systematic bias
induced by [ in the spectral decomposition, we would like to work on the matrix XX” — I. This is
not possible though, since the norm || E || is not observed. The idea is to compute instead the spectral
decomposition of the matrix XXT — T, where T is built from data and is a good evaluation of r.

|EX)

If we knew the partition G*, “estimating’” the random quantity ﬁ-i (or the parameter I';;) would be
a simple task. Actually, if i # i belongs to the same group as i, then

(Xi — X, Xi) = |EilI* = (Ei, Ev) + (i, E; — Epr), (8.11)

!with some abuse of langage, we use the word “estimation” even if T;; is a random quantity, not a parameter
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with E [(E;, Ey)] =B [{ui, E; — Ei»)] = 0. So (X; — Xjv, X;) is an unbiased “estimator” of ﬁ-i (and
Lii).

The difficulty is that we do not know G*, and we need to estimate I';; to estimate G*. To break this

vicious spiral, we can build yet on (8.11), by replacing i’ by a data-driven choice i. We observe that
we have the decomposition

(Xi = X5 Xi) = (Xi = Xir, Xi) = (X; = Xz Xir) — (X; — Xir, Xp),

and we will be able to control the size of the right hand side, if we are able to control maxy [(X; —
Xz, Xi)|. This observation motivates the definition of the following estimator

ﬁi =(X; - X5 X;), with ie argminkrrkla)_( KX = X, Xl (8.12)
j ck#i,j

In this exercise, you will prove the following bound on the error |f -T loo-

Proposition 8.6 Assume that the observations Xy, ..., X, are independent, with X; following a
N (ui, ;) Gaussian distribution.

Assume also that each group G has a cardinality as least 2.

Then, with probability at least 1 — 2e~L, the diagonal matrix r Sfulfills

|f_ 1::loo
< 6/|0]|20 \/IZIOP (3log(n) + L) + 10([|Z]|F y21og(n) + L) V (I1Z],, (4log(n) +2L)),

where

1®ll200 := max [|6kll,  |Zlop := max [Zilop and [|Z|lF := max[|Z]|p.

While this estimator T gives good results, it can be improved in order to avoid the dependency on
[|®]]200. The improved estimator is somewhat more complex, and its analysis is beyond the scope of
this monograph.

To prove Proposition 8.6, answer to the following questions.
1. Take i’ # i in the same group as i. Starting from the decomposition
(Xi = X5 Xi) = (Xi = Xir, Xi) +(Xi = X5 Xir) — (Xi = Xir, X7)
and using the definition of i, prove the inequalities

T — Tuil <Iui, Ei = Eo)l + [(Ew, E;)| + max [(X; — X7 X1l + max [(Xi — Xir, Xi)|
k#i,i :

<Kui, Ei — Ei)| + KEi, E;)| +2g?7l§ [(Xi — Xir, X))l

<3 max [{ur, E; = Ep)| +5 max [(Ei, Ex)|.
L1 S

2. Check that Var({uy, E; — Ei)) = p{(Zi +Zi)pk < 2|Z|qp [|8]l200- What is the distribution of
(> Ei = Eir)?

3. Prove the bound

<e L

P [gla ks Ei = Er)| > 200120 IElep (3 log(m) + L)

4. We can write the scalar product (E;, E}) as gl.TZl.l/ 22,1(/ 28k, with g;, £k, two independent standard
Gaussian random variables in R”. With Hanson-Wright inequality (6.10) page 72, proves that

P [l(Ei,Ek)I > QU2 £ VL) v (4)2}/2|0p |211</2|0,, L)] <e L.
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5. Deduce from the previous question that

P \max [(E;, Ex)| > (2ZllF v2log(n) + L) v (4 [Z]op (2log(n) + L)) <et,
i+

and conclude the proof of Proposition 8.6.

8.4.4 [Illustration of hierarchical clustering and spectral clustering

In this section, we illustrate the behavior of different clustering algorithms on synthetic data.

We generate the data as follows. Setting 8 = [0.9,0.9] € R2, half of the data points are i.i.d. with a
Gaussian N (6, I,/2) distribution and the other half are i.i.d. with a Gaussian N (-8, I;) distribution.
We compute the clusterings output by Spectral clustering, and by Hierarchical clustering with com-
plete, single and average linkage. We also add the results for clustering output by Lloyd algorithm
(another popular clustering algorithm, not covered in theses lectures notes). The results are dis-
played in Figure 8.2.

Points with original labels Spectral clustering Lloyd clustering

Hclust with complete linkage Hclust with single linkage Hclust with average linkage

Figure 8.2: First row: original labels (left), spectral clustering (middle) and Lloyd clustering (right).
Second row: hierarchical clustering with complete linkage (left), single linkage (middle) and aver-
age linkage (right).

We observe that the choice of the linkage has a strong impact on the output of hierarchical clustering.
Complete linkage tends to produce clusters with similar width, leading to cluster a fraction of the
green points with the red ones. Single linkage cut the data at the largest between points distance,
leading to two unbalanced clusters. In this case, it singles out one of the data points.

It is interesting to inspect the dendrogram for the three linkages. They are displayed in Figure 8.3.
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Average linkage

— 1

Figure 8.3: Dendrograms built from complete linkage (left), single linkage (middle) and average

linkage (right).
You can reproduce these results by running the following R-code.

# generate data

n<-100

X<-array(0,c(n,2))

X[1:(n/2),]<-rnorm(n,mean=0.9,sd=0.5)

X[(n/2+1) :n,]<-rnorm(n,mean=-0.9)
etiquettes<-c(rep(l,n/2),rep(2,n/2)) # labels of points
d<-dist (X, method = "euclidean") # matrix of distances

# compute hierarchical clustering with complete linkage
hcomplete <- hclust(d, method = "complete")
G2complete <- cutree(hcomplete,k=2)

# compute hierarchical clustering with single linkage
hsingle <- hclust(d, method = "single")
G2single <- cutree(hsingle,k=2)

# compute hierarchical clustering with average linkage
haverage <- hclust(d, method = "average')
G2average <- cutree(haverage,k=2)

# compute spectral clustering
v<- svd(X,nu=1,nv=0) $u
spect <- sign(v)

# compute Lloyd clustering
1loyd<-kmeans (X, centers=2)

# display the results

par (mfrow=c(2,3))
plot(X,col=1+etiquettes, main="Original")
plot(X,col=2.5+spect/2, main="Spectral")
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plot(X,col=1+1loyd$cluster, main="Lloyd")

plot(X,col=G2complete+1,main="Complete linkage")

plot(X,col=G2single+1, main="Single linkage")
plot(X,col=G2average+1, main="Average linkage")

# display the dendrograms

par (mfrow=c(1,3))

plot(hcomplete,main="Complete linkage",label=FALSE)

rect.hclust(hcomplete,k=2,border=2:3)
plot(hsingle,main="Single linkage",label=FALSE)
rect.hclust(hsingle,k=2,border=2:3)

plot(haverage,main="Average linkage",label=FALSE)

rect.hclust(haverage,k=2,border=2:3)

CLUSTERING

When the clusters are better separated, the various algorithms tend to produce similar results. Run-
ning the same example for p = [1.5, 1.5], we get the results displayed in Figure 8.4.

Points with original labels

. g‘%@"
o
o
oo )
®® o

Hclust with complete linkage
(o}

Og%o

oo )

00

Spectral clustering

Hclust with single linkage

Lloyd clustering

Hclust with average linkage
o
"
o
0o )

® o ®
0@ °

00

Figure 8.4: Results for well separated clusters (u = [1.5, 1.5]).



Appendix A

Gaussian Distribution

A.1 Gaussian Random Vectors

A random vector Y € R9 is distributed according to the NV (m, ) Gaussian distribution, with m € R4
and X € S? (the set of all d X d symmetric positive semidefinite matrix), when

A 1
E [el<”>] = exp (i(/l, m) — E/ITZA) . forall A € RY. (A1)

When matrix ¥ is nonsingular (i.e., positive definite), the N (m,X) Gaussian distribution has a
density with respect to the Lebesgue measure on R¢ given by

1 1 _
—(27T)d/2 o) exp (_E(y -m)Izl(y - m)) .

Affine transformations of Gaussian distribution are still Gaussian.

Lemma A.1 Affine transformation

Let Y € R be a random vector with N (m, X) Gaussian distribution. Then for any A € R4 and
b eR",
AY +b ~ N(Am + b, AXAT).

In particular, for a € R,
(@,Y) ~ N((m,a),a" Za).
Proof. The first identity is obtained by computing the characteristic function of AY + b
E [ei<’l’AY+h>] =E [eimr’l’Y)*i(’l’b)] = exp (i(AT/l my — l(AT/l)TZAT/l el b
’ 2
1
= exp (i(/l, Am +b) — EATAZATA) )

The second identity is obtained with A = a” and b = 0. a

Lemma A.2 Orthogonal projections onto subspaces

Let Y € R be a random vector with N (m,X) Gaussian distribution, and let S and V be two
linear spans of R¢ orthogonal with respect to the scalar product induced by X. Then the variables
ProjsY and ProjyY are independent and follow, respectively, the N (Projgm,ProjX Projg) and
N (Projy,m, Projy, X Projy,) Gaussian distribution.

105
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Proof. Since the projection matrices Projg and Projy, are symmetric, we obtain that the joint char-
acteristic function of ProjgY and Projy/Y is

E [ei(/l,ProjSY)+i(y,ProjVY)] - E [ei(ProjS/HProij,Y)]

1
exp (1{ProjgA + Projy,y,m) — = (ProjgA + Projy,y rojgA + Projy,y
i(ProjgA + Projyy, m) 2(P jgA + Projyy) T =(ProjgA + Projy )

1
exp (i(/l, Projgm) — E/ITProjSZ Projs/l)

1
X exp (i(y, Projy,m) — zyTProjVZ Projvy)
-E [ei(/l,ProjSY>] E [ei(y,ProjVY)] .

We conclude with Lemma A.1. O

A.2 Chi-Square Distribution

Let Y € R" be a random vector with N (0, I,,) Gaussian distribution. The y? distribution with n
degrees of freedom, corresponds to the distribution of ||Y||?. In particular, the mean of a y?(n)
distribution is

E[IYI?] = iE [Y?] =n.

Lemma A.3 Norms of projections

LetY € R" be a random vector with N (0, I,) Gaussian distribution, and let S be a linear subspace
of R™ with dimension d. Then, the variable Proj¢Y follows the N (0, Projg) Gaussian distribution
and the square-norm ||ProjgY||? follows a x>-distribution of degree d.

In particular, E [||Pr0jSY||2] = dim(S).

Proof. The projection Projg is symmetric, so Proj SProjg = Projg and ProjgY follows a N (0, Projg)
Gaussian distribution according to Lemma A.1.

Let uy,...,uq be an orthonormal basis of S and set U = [uy,...,uq]. Since UTU = 1, the vector
UTY follows a N (0, 1;)-distribution and

d
IProjs¥|I* = " (ugy)? = |UTY|?
k=1

follows a y? distribution of degree d. a

A.3 Gaussian Conditioning

We provide in this section a few useful results on Gaussian conditioning.



GAUSSIAN CONDITIONING 107

Lemma A.4
We consider two sets A = {1,...,k} and B = {1,...,p} \ A, and a Gaussian random vector
X
X = XA € R? with N(0,%) distribution. We assume that ¥ is nonsingular and write K =
B
Kaa Kap for its inverse.
Kpa Kgp

In the next formulas, K;i‘ will refer to the inverse (KAA)_l of Kaa (and not to (K"Yaa =Zaa)
Then, the conditional distribution of X4 given Xp is the Gaussian N (—K;AK ABXB, K;x,lq) distri-

bution. In others words, we have the decomposition

X4 = —KEAKABXB +ep, Wheressa ~ N (O, K;A) is independent of Xp. (A.2)

Proof. We write g(xa,xp), respectively, g(xa|xp) and g(xp), for the density of the distribution of
X, respectively, of X4 given Xp = xp and Xp. We have

g(xalxp) = g(xa,xB)/g(xB)
1

1 1 _
= W exp (——x[T‘KAAxA _XXKABXB - zxg (KBB - EBJIQ)XB) N

2

with Zpp the covariance matrix of Xp. Since £}, = Kpp — KpaK;, Kap, we have
(xalx )—;ex —l(x + K Kapxp) Kaa(xa+ K3\ Kapxp)
gAB_(Z?T)k/zp 2A AallABXB AA(XA AAKABXB) | -

We recognize the density of the Gaussian N (—K;}L‘K ABXB, K;A) distribution. O

Corollary A.5 Foranya € {1,...,p}, we have

K
Xo=— Z ab Xp + &4, wheree, ~ N(O, K;a]) is independent of {Xp : b # a}. (A3)
b:b#a = ¢
Proof. We apply the previous lemma with A = {a} and B = A°. o

Finally, we derive from (A.2) the following simple formula for the conditional correlation of X, and
X, given {X, : ¢ # a, b}, which is defined by

cov(Xy, Xp|X. : ¢ # a,b)

cor( Xy, Xp|Xe :c #a,b) = .
¢ ¢ Jvar(X,|X. : ¢ # a,b) var(Xp|X, : ¢ # a,b)

Corollary A.6 Foranya,b € {1,...,p}, we have

—Kp
cor(Xg, Xp|Xe ¢ #a,b) = —2— . (A4)
¢ ‘ VKaa Kbb
Proof. The previous lemma with A = {a, b} and B = A€ gives
-1
cov(XalXg) =44 @ = aoy
(XalXn) (Kab Kbb) KoKy — K2, (—Kab Kaa

Plugging this formula in the definition of the conditional correlation, we obtain Formula (A.4). O






Appendix B

Convex Functions

B.1 Convex functions

A function F : R" — Ris convex if F(Ax + (1 —2)y) < AF(x) + (1 = A)F(y) forall x,y € R"
and A € [0, 1]. An equivalent definition is that the epigraph {(x,y), x € R", y € [F(x),+oo[}is a
convex subset of R"*!.

Lemma B.1 When the function F : R™ — R is convex and differentiable, we have
F(y) 2 F(x) +(VF(x),y —x), forallx,y € R".
Proof. Let x, h € R", and define f : R —» R by f(t) = F(x + th). Since F is differentiable, so is f
and f'(t) = (VF(x +th), h). By Taylor’s expansion, we have for some ¢* € [0, 1]
F(x+h)—F(x) =(VF(x+t"h),h) = f'(1").
Since
fAt+ (1 =2)s) =F(A(x+th)+ (1 =) (x+sh)) <Af(@)+ (1 =D f(s),
the function f is convex, so
F(x+h) = F(x) = f'(t") 2 f(0) = (VF(x), h).
We conclude by setting h =y — x. ]

B.2 Jensen inequality

Jensen inequality generalizes the two points inequality F(Ax + (1 —2)y) < AF(x)+ (1 =) F(y) to
arbitrary convex combination given by expectations.

Lemma B.2 Jensen inequality
For any convex function ¢ : R — R and any random variable X in R?, such that o(X) is
integrable, we have

e(E[X]) <E[e(X)].

Proof. Let us denote by £, the set of affine functions from R? to R, such that L(x) < ¢(x) for all
x € R¥. Since

¢(x) = sup L(x),
LeL,

the linearity of the expectation gives

E[e(X)] =E | sup L(X)

Lel,

2 sup E[L(X)] = sup L(E[X]) =¢(E[X]).
LeL, Lel,
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Appendix C

Constrained optimization

Let f,g1,...,gn be N + 1 functions from R4 to R. In this appendix, we recall some basic results
related to the minimization problem

migf(x), where C = {x e R?: g/(x) <0,...,gn(x) <0, {1(x) =0,...,6u(x) =0}. (C.1)

C.1 Dual problem
C.1.1 Lagrangian and dual functions

Two functions play an important role in the investigation of the optimization problem (C.1): The
Lagrangian function

N m
LA p) = fO)+ ) igj () + 3 witi(x),  for (v p) e RO xRV xR™, - (C2)
j=1 i=1

and the dual function

q(A,p) = inf L(x,4,p), for(d,p) e RN x R™. (C.3)
x€eRd

Since g (A, ) is an infimum of affine functions, the dual function ¢ is concave.

C.1.2 Weak duality

Let us abbreviate the N conditions 1; > 0, j =1,...,Nby A1 > 0. Forany 4 > 0, u € R" and
x € C, we have

N m
G 1) S LO A @) = F@)+ ), 4 i)+ ) i G(x) < f(x),
je=l—~—" =1
>0 <0 =0

So, for any A > 0 and any u € R™, we have
q(A, ) < min f(x).
xeC
We then obtain the following lower bound on the minimization problem (C.1)

sup  ¢(4, ¢) < min f(x) (weak duality). (C4
120, ueR™m xeC
This inequality is called the weak-duality condition. We observe that while the primal problem (C.1)
can be hard to solve numerically in general, when the function g has an explicit expression, the dual

problem

sup  g(4, ) (dual problem) (C.5)
>0, ueRm
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can be solved efficiently, since g is concave and the constraint 4 > 0 is linear. The weak-duality can
then be a convenient tool to compute efficiently a lower bound on a minimisation problem.

The difference between the value of the primal problem (C.1) and the value of the dual problem (C.5)
is called the duality gap. When the inequality in (C.4) is strict, this gap is positive and otherwise it
is zero.

C.1.3 Finding a solution

When the functions are convex and differentiable, we can give some simple suffisant conditions for
x* to be a minimizer of the primal problem (C.1).

Lemma C.1 Karush-Kuhn-Tucker (KKT) conditions
Assume that f, g1, ...,gn are convex and differentiable. Assume also that 1, . . ., {,, are affine.
If (x*, 2%, ) € R x RN x R™ are such that

VioL(x*,2%,u") =0 (first order condition)
x*eC, =20 (feasibility condition)
A;gj(x")=0 (slackness condition)

then, we have

g(A",p") = max
A €

e ahp) = e = e

The conclusion of Lemma C.1 is twofold. First, if we find (x*, A*, u*) fulfilling the first order, the
feasibility and the slackness conditions, then x* minimizes the primal problem (C.1). Second, there
is no duality gap, and (A%, u*) is solution of the dual problem (C.5).

We underline that the slackness and the feasibility conditions enforce two conditions:

1. both /l}'f and —g;(x*) must be non-negative;

2. at least one of these two quantities is zero.

The second condition enforces that if g;(x*) < 0, then /lj. = 0. In this case, where g;(x*) < 0, we
say that the condition is not active.

Proof of Lemma C.1. Since L is convex in x, and since x* is a critical point for x — L(x, 2%, u*),
we have

L(x" A% ) = inf L(x, A%, p") = q(2°, p1°).
x€R4
By the feasibility and the slackness conditions, we then have
N m
G, 1) = LA, 1) = F () + )" A5 () + ) if Lilx) = F(x). (C:6)
j=l—— =l T
-0 =0

Furthermore, since 4* > 0 and since x* € C, the weak-duality ensures that

q(A*, 1) < sup g4, p) < min f(x) < f(x7).
>0, peRm xeC

Combining this inequality with (C.6), we get the conclusion. O
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