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Bias of Lasso estimators
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Example
We have n = 60 noisy observations
Yi=F*(i/n)+ei, i=1,...,n

of F*:[0,1] — R.

We expand F* on the Fourier basis {¢; : j > 0}

Yi=> Beii/n)+ei, i=1,...,n.
7 N—_——

=X;

To an estimator 3 of 3* we associate an estimator of F*(x):

FO) =32 Biei(0):
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Shrinkage bias of the Lasso estimator
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Figure: In black the unknown signal, in red the noisy observations and in cyan

the Lasso estimator.
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Why?

The lasso estimator is defined by

NG a;grﬂginﬁ)\(ﬁ) where Lx(8) = ||Y — XB8||® + M1
cRP

Analytic solution : when the columns X; are orthonormal

5] =x7v (1ﬁ)
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Gauss-lasso estimator

Gauss-Lasso estimator
We set

my = supp(By)

;-;\Gauss = PrOjSmA Y, where 5,7,A = span {xj 1J € My}

In other words,

e ?:?D\ where iy = supp(By)-
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Gauss-Lasso estimator
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Figure: In black the unknown signal, in red the noisy observations and in blue the
Gauss-Lasso estimator.
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Adaptive-Lasso estimator

Another trick: compute first the Gauss-Lasso estimator ﬁ)cfauss and then
estimate 3 with

Adaptive-Lasso estimator

P
. 18jl

Bt € argmin { ||V = XBIP+p Y ——L —

pere =i |(B5%);1

@ for 8~ BF= we have 37 |8il/|(BF);| ~ |l

This analogy suggests to take = (1 + 1/2log(p))?

8/13
C. Giraud (Paris Saclay) High-dimensional statistics & probability M2 Maths Aléa & MathSV 8 /13




Adaptive-Lasso estimator

Adaptive-Lasso
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Figure: In black the unknown signal, in red the noisy observations and in green
the Adaptive-Lasso estimator.
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Scaled-Lasso

Automatic tuning of the Lasso
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Scaling issue

Change of units
Change of units of the observations: Y ~ sY
After change of units, we observe

sY = X.(sp) + se

A sensible estimator 3 = B(Y, X) must fulfill

B(sY,X) = sB(Y, X).
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Scale invariance

The estimator B( Y, X) of 8* is scale-invariant if B(SY,X) = SE(Y, X) for
any s > 0.

Example: the estimator

B(Y,X) € argmin || Y — XB||? + AQ(B),
B

where € is homogeneous with degree 1 is not scale-invariant unless A is
proportional to o.

In particular the Lasso estimator is not scale-invariant when X is not
proportional to o.
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Rescaling

Idea:
@ estimate o with o = || Y — Xj||/+/n.
@ set \ = o

o divide the criterion by & to get a convex problem

Scale-invariant criterion

B(Y,X) € e VY = XB|| + pu(8).

Example: scaled-Lasso

Be argmin {v/n|Y — X8| + p|Bl1} -
BERP
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