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Operator propagation

@ Let X be a proper metric space (i.e closed balls are compact) and
let 7 : Co(X) — L(H) be a representation of Co(X) on a Hilbert
space H.

@ Example : H = L?(u, X) for 1» Borelian measure on X and = the
pointwise multiplication.

Definition
@ If T is an operator of L(H), then Supp T is the complementary of
the open subset of X x X

{(x,y) € X x X such that3df and g € C.(X) such that
f(x) #0,9(y) #0 and n(f) - T -m(g) = 0}

@ T has propagation less than r ifd(x,y) < r forall (x, y) in Supp T.
@ if such r exists we say that T has finite propagation (less than r).

H. Oyono Oyono (Université de Lorraine) June 17,2014 2/26



Propagation and indices

@ Let D be an elliptic differential operator on a compact manifold M.

@ Let Q be a parametrix for D.

@ Then Sy := Id — QD and S; := Id — DQ are smooth kernel
operators on M x M:

Q
P 802 So(/d + So)Q
D — 2
Si1D Id — Sy

Is an idempotent with coefficients in smooth kernel operators on
M x M and we can choose Q such that Pp has arbitrary small
propagation.

@ D is a Fredholm operator and

Ind D=[P] — [(8 /?1)] e Ko(K(L2(M))

12

2.

@ How can we keep track of the propagation and have homotopy
invariance?
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Quasi-projections

Definition (Quasi-projection)
If X is a proper metric space and 7 : Co(X) — L(H) is a representation
of Co(X) on a Hilbert space H, 0 < ¢ < 1/4 (control) and r > 0
(propagation). Then g in L(H) is an e-r-projection if

@ g=4q";

° |g° —ql <s;

@ g has propagation less than r.

@ If g is an e-r-projection, then its spectrum has a gap around 1/2.

@ Hence there exists » : Spg — {0, 1} continuous and such that
() =0Iift<1/2and x(t) =11ft > 1/2.

@ By continuous functional calculus, x(qg) is a projection such that
Ix(q) — ql| < 2e;
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Quasi-projections and indices

@ Let D be a differential elliptic operator on a manifold, let Q be a
parametrix. Set S¢ := Id — QD and Sy := Id — DQ and

[ S® So(ld+ S)Q

" \S D Id—S?

smooth kernel operators that gives the index.Then

(2P5 —1)(2Pp — 1) + 1)/2Pp((2P5 — 1)(2Pp — 1) + 1) 1/2

IS a projection conjugated to the idempotent Pp ;

@ Choosing Q = Q. with propagation small enought and
approximating
(2P} —1)(2Pp — 1) +1)/2Pp((2P}, — 1)(2Pp — 1) + 1)~ 1/2 using
a power serie, we can forall0 < ¢ < 1/4 and r > 0, construct a
e-r-projection g5 such that x(q5") is canonically conjugated to Pp

and hence
Ind D = [r(qp")] - [(8 l?)’)]

in Ko(K(L?(M)) = Z (recall that x(qg") is the spectral proj. of g5").
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Higher Indices

The receptacles of higher indices of elliptic differential operators are
K-theory of C*-algebras which encode the (large scale) geometry of
the underlying spaces.

Example

@ Group C*-algebra of a discrete group I' : higher indices for
equivariant elliptic differential operators on cocompact covering
space with group I';

@ Crossed product C*-algebras : higher indices for longitudinally
elliptic differential operators;

@ Roe algebras : higher indices for elliptic differential operators on
complete noncompact Riemannian manifolds.

v

These algebras are endowed with a propagation structure arising from
the geometric structure.Differential operators are local and these
higher indices can be defined using e-r-projections.

Aim: find obstructions for K-theory elements to be realized as higher

L1CHCC
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The framework : Filtered algebras

Definition
A filtered C*-algebra A is a C*-algebra equipped with a family (A;),~o
of closed linear subspaces:

@ A CA/ifr<r;

@ A, is closed under involution;

@ Ar- Ay C Aryr;

@ the subalgebra ( J,. o Ar is dense in A.

@ |f Ais unital, we also require that the identity 1 is an element of A,
for every positive number r.

@ The elements of A, are said to have propagation less than r.
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Examples

@ KC(L2(X, 1)) for X a metric space and u probability measure on X.
More generally A®K(L?(X, 1)) for Ais a C*-algebra.
@ Roe algebras:

» > proper discrete metric space, H separable Hilbert space

» C[X],: space of locally compact operators on /2(X)H (i.e T
satisfies fT and Tf compact for all f € C.(X)) and with propagation
less than r.

» The Roe algebra of ¥ is C*(X) = U,~oC[X], C L(/*(X) ® H)
(filtered by (C[X];)r>0)-

@ (C*-algebras of groups and cross-products:

» If [ is a discrete finitely generated group equipped with a word
metric. Set

C[l']; = {x € C|[I'] with supportin B(e,r)}.

Then C;, (') and C;,,.(I") are filtered by (C[']/)r>o0.
» More generally, if I acts on a A by automorphisms, then A x4 I
and A x . [ are filtered C*-algebras.
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Almost projections and almost unitaries

Let A= (A;)r~0 be a unital filtered C*-algebra, r > 0 (propagation) and
0 <e < 1/4 (control):

@ pc Arisac-r-projectionif p ¢ A, p = p*and |[p® — p|| < «.

@ a e-r projection p gives rise by functional calculus to a projection
r(p) such that |p — x(p)|| < 2e.

@ ucArisac-r-unitaryifu e A, |[u*-u— 1| < e and
lu-u*—1| <e.

@ any e-r-unitary is invertible.

Remark
@ If g is a e-r-projection of A, there exists h an e-r-projection of
C([0,1], M>(A)) such that h(0) = kL and h(1) = diag(q,1 — q);
@ if u and v are e-r-unitaries in A, there exists W a 3e-2r-unitary of
C([0,1], M>(A)) such that W(0) = diag(u, v) and
W(1) = diag(uv, 1).

v
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Notations

o P
Y Ue,l’

A) is the set of e-r-projections of A.
A) is the set of e-r-unitaries of A.
@ P (A) = U e PT(My(A)) for
P o M, (A)) — P>"(M,.1(A)); x — diag(x, 0).

0 U/ (A) = Upey U™ (Mn(A)) for
U " (Mn(A)) — U (My11(A)); x — diag(x, 1).

/\/\/\/\
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Quantitative K-groups
Define for a unital C*-algebra A, r > 0and 0 < e < 1/4 the

(stably)-homotopy equivalence relations on P%/(A) x N and U2/ (A)
(recall that PS)(A) = U ey P (Mn(A)) and
U (A) = Upers U (Ma(A)) )
@ (p, 1)~ (q,/) if there exists k € N and h € PZ/(C([0, 1], A)) s.t
h(0) = diag(p; lk+r) and h(1) = diag(q, lx+).
@ u ~ v if there exists h € U>>?"(C([0, 1], A)) s.t h(0) = u and
h(1) = v.

Definition
Q@ K;'(A) =P (A)/ ~ and [p, ). is the class of (p,!) mod. ~;
Q K;'(A) = U"(A)/ ~ and [u]., is the class of u mod. ~.

@ K;'(A)is an abelian group for

[p7 /]€,f T [p/7 /,]€,r — [dlag(p7 p/)a / + /,]5,r;
@ K{'(A)is an abelian group for [u]., + [v]., = [diag(u, v)]...
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The non-unital case
Lemma J

KS'(C) = Z; [p, lo.r — rank s(p) — I; K'(C) = {0}.

Definition

If A is a non unital filtered C*-algebra and A the unitarization of A,
o KS'(A)=ker: KJ'(A) — K;'(C) = Z;
o K{'(A) =K' (A);

Definition
If A and B are filtered C*-algebras with respect to (Ar),~o and (B;)r=o,
a homomorphism f : A — B is filtered if f(A;) C B;.

@ Afiltered f: A— Binduces . : KI''(A) — K. (B);
o A— A®K((¢?(N))); a — axey 1 induces the Morita equivalence

K= (A) = Ko (AQK(F3(N))).
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Structure homomorphisms
For any filtered C*-algebra A,0 < e <&’ <1/4and0 < r < r’, we
have natural (compatible) structure homomorphisms
® 1" Ky (A)—Ka(A): [p: er = [(P)] — [N];
5T KT (A)—Ki (A); [Ule.r — [U]; (e-r-unitaries are invertible);
Li’r _ Lg,r @ Li,r;
5" " K (A) G (A P e v P e
0T KPT (A — KT (A); [Uler — [U]erp

e’ r.r e’ r.r e’ r.r’

@ L, = (g D L1
For any ¢ € (0,1/4) and any projection p (resp. unitary u) in A, there
exists r > 0 and g (resp. v) an e-r-projection (resp. an e-r-unitary) of A
such that x(q) and p are closed and hence homotopic projections
(resp. u et v are homotopic invertibles)

Consequence

For every ¢ € (0,1/4) and y € K,(A), there exists r and x in K" (A)
such that .2"(x) = .

4
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Controlled index map

@ Recall that if D is an elliptic differential operator on a compact
manifold M, then for every 0 < £ < 1/4 and r > 0, there exists g5’
a e-r-projection in /C(L#(M)) s.t. Ind D = [k(q )] — [(3 )]

@ We can define in this way a controlled index Ind™" D = [g", 1] in
K" (KC(L2(M))) such that Ind D = ;" (Ind™" D);

More generally, we have:

Lemma

Let X be a cpct metric space, then forany 0 < ¢ < 1/4 and any r > 0,
there exists a controlled index map Indy;’ : Ki(X) — K& (K(L2(X))) s.t

/ / ! 4/
Q@ " olIndy’, = IndS) ;
@ the composition

e,r

Ko(X)— K (K(L3(X))) <= Ko(K(L3(X))) = Z

IS the index map.
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Behaviour for small propagation

Theorem

Let X be a finite simplicial complex equipped with a metric. Then there
exists 0 < g9 < 1/4 such that the following holds :

For every 0 < ¢ < e, there exists ry > 0 such that forany 0 < r < ry
then

Ind5", « Ku(X) = K2 (K(L2(X)))

IS an isomorphism.

v

Under this identification the usual index map Indy : Ko(X) — Z is given
by

5" K5 (K(LA(X))—Z; [p, N = rang w(p) — /.
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Persistent Approximation Property

Recall that for every € € (0,1/4) and y € K,(A), there exist r and x in
K:'(A) s.t 12" (x) = y. How faithfull this approximation is?

Lemma

For any € small enough, any r > 0 and any x in K'(A) s.ti'(x) =

then there exists r' > r such that 5" (x) = 0 in K} (A) for some
universal A > 1.

Does r’ depend on x?

Definition (Persistent Approximation Property)

For A a filtered C*-algebra and positive numbers ¢, ', r and r’ such
that0 < e <&’ <1/4and0 < r < r', define :

PA«(A.e,,r,r") : for any x & K:'(A), then 12" (x) = 0 in K.(A) implies
that .5 ”(x) = 0in K" (A).

v
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Persistent Approximation Property

PA.(A e, r, r") :forany x € K'(A), then 15" (x) = 0 in K,(A) implies
that (5" (x) = 0in K" (A)

IS equivalent to:

the restriction of .5 - KZ " (A) — K.(A)to .57 " (KT (A)) is
one-to-one.

Example

If A= K(¢?(X)) for £ discrete metric set.
@ PAg(A,e, &, r,r') holds if for any e-r-projections g and q’ in
K(¢?(X)®H) such that rang x(q) = rang x(q’), then g and ¢’ are
homotopic ¢’-r’-projections up to stabilization.

@ PA¢(A,e, €, r,r') holds if any e-r-unitary in C(/?(X)®H) + Cld) is
homotopic to /d as a &’-r’-unitary.
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Examples

Definition (Universal example for proper actions)

A locally compact space Z is a universal example for proper actions of
[ if for any locally compact space X provided with a proper action of I,
there exists f : X — Z continuous and equivariant, and any two such
maps are equivariantly homotopic.

Every group admits a universal example for proper actions.

Theorem
LetT be a finitely generated discrete group. Assume that

@ [ satisfies the Baum-Connes conjecture with coefficients;
@ [ has a cocompact universal example for proper action;

Then for a universal A > 1, any ¢ € (0, ;) and any r > 0, there exists
r' > r such that PA.(A xeq T, €, Ae, r, ') holds for any T -C*-algebra A.

Examples: I hyperbolic, I Haagerup with cocompact universal
example.
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The geometric case

Observation : we can identify Co(I') x I as a filtered C*-algebra to
KC(¢2(I)) and (recall that «(q) is the spectral projection affiliated to g)
0" KsT(K(E(M) = Ko(K((3(M) = Z < [q, f]. ;v rang k(q) — |-

Corollary

Let T be a finitely generated discrete group. Assume that
@ [ satisfies the Baum-Connes conjecture with coefficients;
@ [ has a cocompact universal example for proper action.

Then for a universal A > 1, any ¢ € (0, ;) and any r > 0, there exists
r' > r such that PA.(AKC(¢?(1)), e, e, r, ') holds for any C*-algebra
A.

v

@ The Gromov group does not satisfy the conclusion of the corollary.
@ This statement is purely geometric.
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Coarse geometry

Let (X, d) be a proper discrete metric space;

@ X has bounded geometry if for all r > 0, there exists an integer N
such that any ball of radius r has cardinal less than N (example :
II'|, the underlying metric space of a finitely generated group I
equipped with any word metric) ;

@ Let (', d’) be another proper discrete metric space. A map
f:¥ — Y iscoarse if

» fis proprer ;
» Vr>0,ds>0suchthatd(x,y) < r= d(f(x),f(y)) <s;

@ Acoarse map f: ¥ — Y'is a coarse equivalence if there is a
coarsemapg: Y’ —Xand M > 0suchthatd(fog(y),y) <M
and d(gof(x),x) <M Vxe XandVyeY.
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The geometrical Persistent Approximation Property
Definition

Let (X, d) a proper discrete metric space. We say that ¥ satisfies the
geometrical Persistent Approximation Property if there exists \ > 1
such that for any 0 < ¢ < 41—A and any r > 0, there exists r' > r and

e’ € [e,1/4) such that PA.(AQK((2(X)),e, €, r, r') holds for any
C*-algebra A.

Remark

The geometrical Persistent Approximation Property is invariant under
coarse equivalence.

Example

If " (finitely generated) satisfies the Baum-Connes conjecture with
coefficients and admits a cocompact universal example for proper
action, then |I'| satisfies the geometrical Persistent Approximation
Property.

o
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Uniform coarse contractibility property

Let (¥, d) be a discrete metric space with bounded geometry. Recall
that the Rips complex of degree r is the set P,(>) of probability
measures on X with support of diameter less than r (notice that
P(X) C Pr(X)ifr<r).

Definition
> has the uniform coarse contractibility property if for any r > 0, there

exists r' > r such that every compact subset in P.(X) lies in a
contractible compact subset of P, (X).

Remark

This is the topological counterpart of the Persistent Approximation
Property!

Example : ¥ Gromov hyperbolic.
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Coarse embedding in a Hilbert space

Definition
> coarsely embeds in a Hilbert space H if there exists f : ¥ — H S.t:

for all R > 0, there exists S > 0 s.td(x,y) < R= ||[f(x) —f(y)|| < S
and ||[f(x) — f(y)|| < R=d(x,y) < S.

Examples : ¥ Gromov hyperbolic, [ amenable group, exact, linear...

Theorem

Let ¥ be a discrete metric space with bounded geometry. Assume that
@ > coarsely embeds in a Hilbert space;
@ X satisfies the uniform coarse contractibility property.

Then % satisfies the geometrical Persistent Approximation Property.
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Persistence approximation property and homotopy
groups

@ For A a unital C*-algebras, we set U,.(A) = UpenUn(A) for
Un(A) — Un1(A); x — diag(x,1) and GL(A) = UpenGLA(A) for
GLn(A) — GLp1(A); x — diag(x, 1).

@ Recall that U,(C) and GL,(C) (and therefore U, (C) and GL..(C))
are homotopy equivalent. Hence 7 (U..(C)) = mx(GL.(C)) for all
integer K;

@ Bott Periodicity : mox(Usx(C)) = {0} and mox 1 (Ux(C)) = Z.

For any finite set X, any0 <e <& <1/4and0< r < r,the
inclusions

U (K(3(X)) C UL (K(F3(X)) € GLoo(K(£3(X)) 2 GLxo(C)

gives rise for any integer k to
0 7 m(US (K(3(X)))) = me(Uss” (K(2(X)))
° g w(Ug '(K(£2(X)))) = m(GLo(C)))

66/’[’ e,r

such that ]f(’ 0 9y = 74 -
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Persistence approximation property and

Definition

For F a family of finite metric spaces and k integer consider:
PAk(F,e,e',r,r') : forany X in F and any x € m(Usy (KK(£2(X)))),
then 55" (x) = 0 in 7x(GLoo(C))) implies that 12" (x) = 0 in

Tk (Uss (IK(£2(X))))- )

Theorem
Let F be a family of finite metric spaces. Then for some 5 > 0
(independent on F) the following assertions are equivalent:
@ for any integer k, any € > 9 and any r > 0, there exists ' > ¢ and
r' > r such that PAx(F,e, &', r,r") holds;
@ fork=0,1,anye > ¢g and any r > 0, there exists ¢/ > ¢ and
r' > r such that PAy(F,e,e’,r,r") holds;
© foranye > ¢y and any r > 0, there exists e’ > ¢ and r' > r such
that PA,(IC(¢?(X)),e, €', r,r') holds for any X in F;

v
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Applications

@ If Fis a family of finite §-hyperbolic spaces for some fixed ¢, then
for any integer k, any € > ¢¢ and any r > 0, there exists ¢/ > ¢ and
r' > r such that PA,(F,e,e’, r,r') holds;

@ If F is the family of a finite subsets of a finitely generated group I
and with some conditions on Rlps complexes, then Baum-Connes
conjecture with coefficients for I implies that for any integer k, any
e > ¢eg and any r > 0, there exists ¢/ > ¢ and r’ > r such that
PAk(F,e, e, r,r") holds.
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