arXiv:1204.1305v1 [math.AP] 5 Apr 2012

MICROLOCAL LIMITS OF PLANE WAVES
AND EISENSTEIN FUNCTIONS

SEMYON DYATLOV AND COLIN GUILLARMOU

ABSTRACT. We study microlocal limits of plane waves on noncompact Riemannian mani-
folds (M, g) which are either Euclidean or asymptotically hyperbolic with curvature —1 near
infinity. The plane waves E(z,£) are functions on M parametrized by the square root of
energy z and the direction of the wave, &, interpreted as a point at infinity. If the trapped
set K for the geodesic flow has Liouville measure zero, we show that, as z — 400, E(z,§)
microlocally converges to a measure p¢, in average on energy intervals of fixed size, [z, z+1],
and in £&. We express the rate of convergence to the limit in terms of the classical escape
rate of the geodesic flow and its maximal expansion rate — when the flow is Axiom A on
the trapped set, this yields a negative power of z. As an application, we obtain Weyl type
asymptotic expansions for local traces of spectral projectors with a remainder controlled in
terms of the classical escape rate.

For a compact Riemannian manifold (M, g) of dimension d whose geodesic flow is ergodic
with respect to the Liouville measure ur, quantum ergodicity (QE) of eigenfunctions [Sh,
7e87, CdV] states that any orthonormal basis (e;)jen of eigenfunctions of the Laplacian

2

with eigenvalues z7, has a density one subsequence (ej,) that converges microlocally to pr,

in the following sense: for each symbol a € C*°(T* M) of order zero,

1
(Ophj}C (a)ejk,ejk>L2(M) — W /S*MaduL. (1.1)

Here S*M stands for the unit cotangent bundle, Op;(a) denotes the pseudodifferential op-
erator obtained by quantizing a (see Section 3.1), and we put hj = z;l. The proof uses the
following integrated form of quantum ergodicity [HeMaRo]:

hd—l Z

h71SZj§h71+1

—0 ash—0. (1.2)
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See Appendix D for a short self-contained proof of this result using the methods of this paper.

In the present paper, we consider a non-compact complete Riemannian manifold (M, g)
and show that generalized eigenfunctions of the Laplacian on M known in scattering theory
as distorted plane waves or Fisenstein functions, converge microlocally on average, similarly
to (1.2), with the limiting measure ;¢ depending on the direction of the plane wave { — see
Theorem 1. We also give estimates on the rate of convergence in terms of classical quantities
defined from the geodesic flow on M — see Theorem 2.

Our microlocal convergence of plane waves is similar in spirit to the QE results (1.1)
and (1.2). However, unlike the case of QE where ergodicity of the geodesic flow is essential,

our result is based on a different phenomenon, roughly described as dispersion of plane waves.
1
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This difference manifests itself in the proofs as follows: instead of averaging an observable
along the geodesic flow as in the standard proof of quantum ergodicity, we propagate it. See
Section 2 for an outline of the proofs of Theorems 1 and 2.

Geometric assumptions near infinity. The manifold M has dimension d = n + 1. For
our results to hold, we need to make several assumptions on the geometry of (M, g) near
infinity and on the spectral decomposition of its Laplacian A. They are listed in Section 4
and we check in Sections 6 and 7 that they are satisfied in each of the following two cases:

(1) there exists a compact set Kqg C M such that (M \ go, Ko) is isometric to R\
B(0, Ry) with the Euclidean metric for some Ry > 0; here B(0, Ry) denotes the ball
centered at 0 of radius Ry,

(2) (M, g) is an asymptotically hyperbolic manifold in the sense that it admits a smooth
compactification M and there exists a smooth boundary defining function = such
that in a collar neighbourhood of the boundary &M, the metric has the form

dz? + h(x
,_ o>+ hi@)

Y (1.3)

xT

where h(x) is a smooth 1-parameter family of metrics on OM for x € [0,g). We
further assume that ¢ has sectional curvature —1 in a neighbourhood of OM.

In case (1), we call (M, g) Euclidean near infinity, while in case (2), we call it hyperbolic near
infinity. Case (2) in particular includes convex co-compact hyperbolic quotients T'\H"*! —
see Appendix A. Other possible geometries are discussed in Section 2.1.

Distorted plane waves/Eisenstein functions. Let A be the (nonnegative) Laplace—
Beltrami operator on M. In the study of the relation between classical dynamics and high
energy behavior it is natural to use the semiclassically rescaled operator h?A, with h > 0
small parameter tending to zero.

The operator h?A has continuous spectrum on a half-line [coh?, c0) (here cg is 0 for the
Euclidean and n?/4 for the hyperbolic case), parametrized by distorted plane waves (or
Fisenstein functions in the hyperbolic case) Ep (A, §) € C*°(M), satisfying for A € R,

(R2A — X2 — coh?)Ep(\, €) = 0. (1.4)

Here ¢ lies on the boundary OM of a compactification M of M. We can think of an element
of OM as the direction of escape to infinity for a non-trapped geodesic; then ¢ is the direction
of the outgoing part of the plane wave Ej(A,¢) at infinity.

For instance, in the case of manifolds Euclidean near infinity, ¢g = 0, M = S" is the
sphere, and for m near infinity,

Eu(\&m) = enE™ + Bipe,

where Ej,. is incoming in the sense that it satisfies a Sommerfeld radiation condition, or
equivalently, that it lies in the image of C§°(R™™1) under the free (incoming) resolvent
Ro(M\/h) of the Laplacian on the Euclidean space R"*!. These conditions provide a unique
characterization of Ep(\,§). We can also write Ep(\, &) = E(MN/h,§), where E(z,§) is the
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nonsemiclassical plane wave, and rewrite the results below in terms of the parameter z, as
in the abstract.

We will freely use the notions of semiclassical analysis as found for example in [Zw], and
reviewed in Section 3. We denote elements of the cotangent bundle T*M by (m,v), where
m € M and v € T;;, M. The semiclassical principal symbol of h?A is equal to p(m,v) = |v|2,
where |v|4 is the length of v € T}y M with respect to the metric g. Therefore, the plane wave
E}, should be concentrated on the unit cotangent bundle (see [Zw, Theorem 5.3])

S*M :={(m,v) e T*M | |v|, = 1}.
If g* : T*M — T*M denotes the geodesic flow, then the Hamiltonian flow of p is e!fr = ¢?.

Semiclassical limits of E;, when the trapped set has measure zero. In scattering
theory trajectories which never escape to infinity play a special role as they can be observed
only indirectly in asymptotics of plane waves. The incoming tail (resp. outgoing tail) T'_ C
S*M (resp. I'y C S*M) of the flow is defined as follows: a point (m,r) lies in I'_ (resp.
I',) if and only if the geodesic g'(m,v) stays in some compact set for t > 0 (resp. t < 0).
The trapped set K :=T'; NT_ is the set of points (m,v) such that the geodesic g¢(m,v) lies
entirely in some compact subset of S*M.

Our first result states that if uz(K) = 0, then plane waves Ep (), ) converge on average
to some measures supported on the closure of the set of trajectories converging to & in M:

Theorem 1. Let (M, g) be a Riemannian manifold satisfying the assumptions of Section /
and suppose that the trapped set has Liouville measure pur,(K) = 0. For Lebesgue almost every
£ € OM, there exists a Radon measure pe on S*M such that for each compactly supported
h-semiclassical pseudodifferential operator A € WO(M), we have as h — 0,

h—l

(B B = [ (A

— 0. (1.5)
L{ (OMx[1,1+h])

The measure pie has support

supp(pe) © {(m,v) € SM | Tm_g'(m,v) = €}, (L6)

and disintegrates the Liouville measure in the sense that there exists a smooth measure d§ on
OM such that, if uy, is the Liouville measure generated by VP = |vlg on S*M, then

| nede = . (1.7)
oM

The limiting measure p¢ is defined in Section 4.3. Implicit in (1.7) is the statement that
for any bounded Borel S C S*M, we have j¢(S) € L%(@M).

In the case when WF(A) NT'— = ( (in particular when ¢ is non-trapping), we actually
have a full expansion of (AE}, Ey) in powers of h, with remainders bounded in Lé L (OM x
[1,14 h]) —see (5.14).

The now standard argument of Colin de Verdiere and Zelditch (see for example the proof
of [Zw, Theorem 15.5]) shows that there exists a family of Borel sets A(h) C M x [1,1+ h]
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such that the ratio of the measure of A(h) to the measure of the whole M x [1,1 + h] goes
to 1 as h — 0, and for each A € W°(M) as in Theorem 1 with o(A) independent of h,

(AER(N, &), En(N &) L2 (ar) — o(A) dpg uniformly in (X, &) € A(h). (1.8)
S*M
This statement can be viewed as an analogue of the quantum ergodicity fact (1.1), though
as explained above, it is produced by a different phenomenon.

Estimates for the remainder. We next provide a quantitative version of Theorem 1,
namely an estimate of the left-hand side of (1.5). We define the set 7 (t) of geodesics trapped
for time ¢ > 0 as follows: let Ky be a compact geodesically convex subset of M containing a
neighborhood of the trapped set K, then (see also Section 5.2)

T(t) = {(m,v) € S*M | m € Ky, g'(m,v) € Ko}. (1.9)

A quantity which will appear frequently with some parameter A > 0 is the following inter-
polated measure

r(h,A) := sup hl_g,uL(T(HA_lHog hl)), (1.10)

0<6<1

where h > 0 is small. This converges to 0 as h — 0 when pp(K) = 0 and it interpolates
between h (when 6 = 0) and the Liouville measure of the set of geodesics that remain trapped
for time A~!|logh| (when § = 1). When the measure uz, (7 (t)) decays exponentially in ¢, as
in (1.14), r(h, A) can be replaced by simply O(h) + ur(T (A7t loghl)). The O(h) term here
is natural because of the influence of the subprincipal part of the operator A.

We next define the mazimal expansion rate as follows (see also (3.17)):

Amax := limsup 1 log  sup |ldg'(m,v)]. (1.11)
[t|] =400 ‘t‘ (m,v)eT(t)

We can estimate the left-hand side of (1.5) in terms of the (interpolated) measure of the set

of all trajectories trapped for the Ehrenfest time. If we pair with a test function in £ instead

of taking the L% norm, then the estimate becomes stronger, corresponding to the set of all

trajectories trapped for twice the Ehrenfest time:

Theorem 2. Let (M,g) be as in Theorem 1. Take Aoy > Apmax. Then for each compactly
supported h-semiclassical pseudodifferential operator A € WO(M) and for each f € C*(OM),

ht <AEh,Eh>/ o(A) dpug B = O(r(h,2Ag)), (1.12)
S*M LL \ (OMx[1,14h))

P /f<s><<AEh,Eh>— / U(A)dﬂg> e — O A (113)
0 M LA([1,1+h)

The proof of Theorem 2 actually gives an expansion of (AE}, Ey) in powers of h, with re-
mainder 7, (7T (A7t log h|)) instead of r(h, A) — see (5.35) and the proofs of Propositions 5.11
and 5.13. This full expansion is cumbersome to write down, therefore we only do it for the
trace estimates (1.16) below.
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Remainder in terms of pressure. When the trapped set K has Liouville measure 0 and
is uniformly partially hyperbolic in the sense of Appendix B.1, we estimate using [Yo]

pr(T (1) = O P+, (1.14)

for each € > 0, where P(J") < 0 is the topological pressure of the unstable Jacobian — see
Appendix B.1. When K is a hyperbolic basic set (Axiom A flow), then P(J%) < 0 by [BoRu],
and the remainders in (1.12) and (1.13) are then polynomial in h:

r(h,A) = O(h 4 h=(PUF/Ay

and one can get rid of € here by slightly changing Ag. In the special case where g has constant
sectional curvature —1 near K, the bounds in (1.12) and (1.13) become O(h 4 h("=9/27)
and O(h + h"°7), respectively, where K has Hausdorff dimension dimp(K) = 26 + 1. See
Appendix B.2 for details.

In all cases, if K is nonempty, then it has Minkowski dimension at least 1; since ¢g*/2(7 (t))
—Aot/2 gized neighborhood of K, we have

pr (T((2A0) Y| logh|)) 2 ™2, (T (Ag'|logh])) 2 h™ (1.15)

contains an e

Local Weyl asymptotics for spectral projectors. It is possible to express the spectral
measure of h2A in terms of the distorted plane waves (see (4.5)), and using (1.13), we obtain
an expansion in powers of h for local traces of spectral projectors up to an explicit remainder.
We only write it here for the case where the flow is partially uniformly hyperbolic with
P(J") < 0, but a more general result with the Liouville measure of 7 (Ag*|logh|) holds —
see Theorem 4 in Section 5.3. Below, we fix a quantization procedure Op; on M mapping
compactly supported symbols to compactly supported operators.

Theorem 3. Let (M, g) be as in Theorem 1, let Ag > Amax and assume that the trapped set
K is uniformly partially hyperbolic with ur,(K) = 0 and that the topological pressure P(J")
of the unstable Jacobian on K is negative. Then there exist differential operators' L; of
order 25 on T*M, with Ly = 1, such that for each compactly supported zeroth order classical
symbol a, we have for each s >0 and N € N

N . _P(JY)
Tr(Opy(a) T g (R*A)) = (2wh) "1 Y "1 / Liadu, +h™"O(h™ % +aY) (1.16)

j=0 wi<s

where i, is the standard volume form on T*M and ]l[o,s}(h2A) denotes the spectral projector
of h2A onto the frequency window [0, s]. The remainder is uniform in s when s varies in a
compact subset of (0,00).

In particular, if g has constant sectional curvature —1 near K and the Hausdorff dimension
of K is given by 26 + 1, then the remainder in (1.16) becomes O(h~%7), for N large enough.

Applications. In a separate paper [DyGu], we show that Theorem 3 implies new asymp-
totics for the spectral shift function (or scattering phase) with remainders in terms of P(J")

n this paper, the symbols L; will denote different operators in different propositions.
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when the trapped set has Liouville measure 0 and the manifold is Euclidean near infinity
with uniformly partially hyperbolic geodesic flow near K.

Previous works. Let us briefly discuss the history of Quantum Ergodicity (QE) and explain
its relation to the present paper. The original QE statement was proved by Shnirelman [Sh],
Zelditch [Ze87], and Colin de Verdiere [CdV] in the microlocal case, by Helffer—Martinez—
Robert [HeMaRo] in the semiclassical case (with the integrated estimate using an O(h)
spectral window like in the present paper, rather than the O(1) window used in the microlocal
case), and by Gérard-Leichtnam [GéLe] and Zelditch-Zworski [ZeZw] for manifolds with
boundary (ergodic billiards). Quantum ergodicity for boundary values and restrictions of
eigenfunctions to hypersurfaces was studied by Hassell-Zelditch [HaZe], Burq [Bu05], Toth—
Zelditch [ToZel0, ToZell], and by Dyatlov—Zworski [DyZw].

The first result on noncompact manifolds, namely for embedded eigenvalues and Eisenstein
functions on surfaces with cusps, was proved by Zelditch [Ze91]. For the special case of
arithmetic hyperbolic surfaces, a stronger statement of Quantum Unique Ergodicity (QUE),
saying that the whole sequence of eigenstates microlocally converges to the Liouville measure,
was proved by Lindenstrauss [Li] and Soundararajan [So] for Hecke-Maass forms and by Luo—
Sarnak [LLuSa] and Jakobson [Ja] for Eisenstein functions. For further information on the
topic, the reader is directed to the recent reviews [No, Sa, Ze09].

As remarked above, our result differs from the above works in that it uses dispersion of
plane waves instead of the ergodicity of the geodesic flow. This dispersion phenomenon was
used to study microlocal limits of plane waves on convex co-compact hyperbolic quotients
satisfying 6 < n/2 by Guillarmou-Naud in [GuNa], and on surfaces with cusps at complex
energies by Dyatlov [Dy2]. Both [GuNa] and [Dy2] guarantee microlocal convergence of the
Eisenstein functions that is uniform in A and £, rather than the (weaker) Li,é estimates
of the current paper; these statements are formally similar to QUE, while our statement
is formally similar to QE. In [GuNa], uniform in A and £ estimates are possible because
Lagrangian states, when propagated by the Schrodinger group U (t), would disperse faster
than they fail to be approximated semiclassically, a phenomenon similar to the one studied
by Nonnenmacher—Zworski [NoZw]. In fact, it is plausible that the result of [GuNa] is true
when the condition § < n/2 is replaced by the negative pressure condition of [NoZw]. As
for [Dy2], the energy being away from the real line makes the measure corresponding to Ej,
exponentially increasing, rather than invariant, along the flow; then the result of propagation
of EY by U(t) is multiplied by e™* for a certain v > 0, and decays in L? as t — +o0 (it
is then more correct to say that this paper relies on damping of plane waves rather than
dispersion).

We see that the uniform convergence in [GuNa] and [Dy2] is possible because one has
better control on the propagated Lagrangian states. Such better control is directly related
to having a polynomial bound on the scattering resolvent. In the less restricted situation of
our paper, however, it is not clear if such a bound would hold; therefore, we need to average
in A and & to pass to trace (or, strictly speaking, Hilbert—Schmidt norm) estimates, just as
in the proof of Quantum Ergodicity.
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The expansions for local traces of the spectral measure as in Theorem 3 were studied by
Robert—Tamura [RoTa] for nontrapping perturbations of the Euclidean space, yielding a full
expansion in powers of h in that setting.

2. OUTLINE OF THE PROOFS

In this section, we explain the ideas of the proofs of Theorems 1 and 2, in the case of
manifolds Euclidean near infinity. We also describe the structure of the paper.

We start with Theorem 1. Take ¢t > 0; we will use limy, o limy_,o limits, therefore
remainders that decay in h with constants depending on ¢ will be negligible. Since E} is a
generalized eigenfunction of the Laplacian (1.4), we have

En(\€) = e T (1) By (N, €). (2.1)

Here U(t) = e*hA/2 ig the semiclassical Schrodinger propagator, quantizing the geodesic flow
gt. Since Ej, does not lie in L2(M), we cannot apply the operator U(t) to it; however, (2.1)
can be made rigorous, with an O(h*°) error, by using appropriate cutoffs — see Lemma 3.10.
We will not write these cutoffs here for the sake of brevity.

Take a compactly supported and compactly microlocalized semiclassical pseudodifferential
operator A on M; then by (2.1),

(AEnw, Ey) = (AU(t)Ep, U(t)Ep) = (A7 En, Ey), (2:2)

where A™! := U(—t)AU(t) is a pseudodifferential operator with principal symbol o(A)og~t.

(It is not compactly supported, but we ignore this issue here.) We now use the following
decomposition of plane waves:

Ep = xoEY + B}, B = e%¢™, Bl = —Ry(\)Fy, Fj, = (h2A — A2)yEV.

Here E2 is the outgoing part of the plane wave, defined in a certain neighborhood of infinity
and solving (1.4) there, while yq is a cutoff function equal to 1 near infinity and supported
inside the domain of E,(g; then

Fy, = [h*A, X0l E}

is compactly supported and we can apply to it the semiclassical scattering resolvent Ry ().
Note that here Rj()) is the incoming resolvent; in particular, it is bounded L? — L? for
Im A < 0. (The situation is more complicated in the case of manifolds hyperbolic near infinity,
in particular the domain of E} and the cutoff yo will depend on £.) For A = 1 + O(h), the
function F}, is microlocalized inside the set

We == {(m,v) | m € supp(dxo), v =&} C S™M.

In general, we cannot expect the resolvent Rj(\) to be polynomially bounded in h, and
thus cannot determine the wavefront set of E}L However, we will show the following weaker
propagation of singularities statement: the function

. B EL(X€)
Ep(A€) = 1 + BN )l 22 (ko)
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FIGURE 1. A phase space picture of the main argument. The right side of
each picture represents infinity; xyo = 1 in the lighter shaded region and dyg is
supported in the darker shaded region, while ¢ = 1 to the left of the vertical
dashed line. The horizontal dashed lines on the right represent the wavefront
set of E‘}L, they terminate at the solid arrows, which denote the set We.

where Koy C M is a sufficiently large compact set, is polynomially bounded in A and for
each (m,v) € WFh(E}l), the geodesic g'(m,v) is either trapped as t — +0o0 or passes
through W for some ¢ > 0. For the case of manifolds Euclidean near infinity, this statement
follows directly from the explicit formula for the scattering resolvent on the free Fuclidean
space; for manifolds hyperbolic near infinity, we use the microlocal properties of the resolvent
established in [Vall]. See assumption (A6) in Section 4.2, Section 6.2, and Proposition 7.4
for details.

If A and 1— o are both supported in the ball of radius R, let ¢ € C§°(M) be independent
of t and equal to 1 in the ball of radius R + 1. Then we write

AP = AT+ ALY Apti= AT, ATT = AT - o).

Now, each (m,v) € WF,(A;") has the following properties: [m| > R + 1, and for (m/,v) =
g t(m,v), |m’/| < R. (See Figure 1.) Therefore, the geodesic g*(m,v) escapes to infinity for
5 > 0 and never passes through W¢; it follows from the discussion of the wavefront set of E,ll
in the previous paragraph that

IAT Bllz2 = O (1 + | Bnll 2 x0)))-
Therefore, we can write
(AEy, En) = (AT'X0ER, x0ER) + (A3 En, En) + O(h®(1+ | EnllFa (k). (2:3)

The first term on the right-hand side is explicit, as we have a formula for EY; we can calculate
for Lebesgue almost every £ and A = 1+ O(h),

il (47 EROLO ERO) = [ ade (2.4)

t—+00 h—0

It then remains to estimate the second and third terms on average in A and £. For this, we
use the relation (4.5) of distorted plane waves to the spectral measure of the Laplacian to
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get for any bounded compactly supported pseudodifferential operator B,

h|BER(A, €) < Ch™|B Iy (140y2 (R° D) s (2.5)

2
HLfn’g’A(anﬁx[l,H—h})
Here HS denotes the Hilbert—Schmidt norm. One can estimate the right-hand side of (2.5)
uniformly in A — see Lemma 3.11 and the proof of Proposition 4.5. Then h_IHEh”%?(KO)’
when integrated over A € [1,1+ h] and &, is bounded uniformly in h; this removes the third
term on the right-hand side of (2.3).

Finally, the average in A, of the second term on the right-hand side of (2.3) can be
bounded, modulo an Oy(h) remainder, by the L? norm [jo(Ay")|| r2(s+r) of the restriction
of the principal symbol of Aj ! to the energy surface S*M, with respect to the Liouville
measure. Now, o(A;") = (6(A) o g~!)¢p converges to zero as t — +oco at any point which
is not trapped in the backwards direction. Since we assumed pz(K) = 0, by the dominated
convergence theorem |o(Ay")| £2(s+ M) converges to zero as t — +o0; this finishes the proof
of Theorem 1.

For the estimate (1.12) in Theorem 2, we need to take ¢ up to the Ehrenfest time:
t =te:= Ayt log(1/h)/2,

replacing the lim;—, 4o limp o limit in the argument of Theorem 1 by just the limp_,o limit,
but with ¢ depending on h. The operator A~ is then still pseudodifferential, though in a
mildly exotic class. To avoid a quantization procedure uniform at infinity, we give an iterative
argument, propagating A for a fixed time for ~ log(1/h) steps, applying t-independent cutoffs
and removing the microlocally negligible terms at each step. The proof then works as before,
with the term (A, 'Ey, Ep) bounded by the Liouville measure of the support of the full
symbol of Ay?, which depends on h and is contained in ¢/(7(t)), where T (t) is defined
in (1.9); this proves (1.12). The interpolated quantity r(h,A) from (1.10) appears because
of the subprincipal terms in (2.4).

For (1.13), we have to propagate to twice the Ehrenfest time: ¢t = 2¢.. The operator A~*
is not pseudodifferential, but we can use (2.1) to write

(Ag'En, By = (U(—=t/2) AU (£/2) - U(t/2)0U (~t/2) By, Ey). (2.6)

The operators U(—t/2)AU(t/2) and U(t/2)U(—t/2) are both pseudodifferential in a mildly
exotic class; multiplying them, we get a pseudodifferential operator whose full symbol is
supported inside g/2(7(t)), and thus (2.6) can be estimated by the Liouville measure of this
set, giving the remainder (1.13).

A problem arises when trying to get a rate of convergence in (2.4) for ¢ up to twice the
Ehrenfest time. We are unable to propagate the Lagrangian state Eg()\, €) pointwise in £ and
A for time ¢, therefore we do not get an L% estimate in (1.13). However, for f € C(0M)
we can still approximate the integral

| RO B xR de @7)
oM
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as follows. Define the operator
) = [ HONEIN) ® (ER ) de.
oM

Here ® denotes the Hilbert tensor product; that is, if u,v € C°°(M), then u ® v is the
operator with the Schwartz kernel

K so(m,m') = u(m)o(m’). (2.8)

We can show that for X € WemP()[) satisfying certain conditions, X H(})? * is a Fourier
integral operator associated to the canonical relation

{(m,v;m/ V) | (m,v) € S*M, (m',v') = g°(m,v) for some s € (=Ty, Ty)},

for a fixed Ty > 0 depending on X. (For comparison, for the spectral measure of h?A
we would have to formally take all possible values of s, which would destroy any hope on
microlocally approximating it when the geodesic flow is chaotic.) We can then write

~ ~ To
XY\ X" = (27h)" / e~ s/ () B, ds,
—To

where B; is a smooth family of pseudodifferential operators, compactly supported in s €
(=T, Tph) — see Lemma 5.12. We then write the integral (2.7) as

Tr(U(—t) AU (£)(1 — )IT}(N)) = Tr /_ Y; e~/ () AU (£)(1 — )U(s) By ds

=Tr /TO e~ NS/ (—t/2) AU (t/2) - U(t/2)(1 — @)U (s)BsU(—s — t/2) - U(s) ds.
—To

The operators U(—t/2)AU(t/2) and U(t/2)(1 — ¢)U(s)BsU(—s —t/2) are pseudodifferential
in a mildly exotic class; thus their product is also pseudodifferential and (bearing in mind
that s varies in a bounded set) one gets a microlocal expansion for (2.7) through a local trace
formula for Schrédinger propagators — see Lemma 3.12 and Proposition 5.13.

2.1. Other possible geometric assumptions. Our results should be true for asymptot-
ically hyperbolic manifolds without the constant curvature assumption near infinity. The
main difficulty here is constructing a good semiclassical parametrix for the Eisenstein func-
tion Ej (), &) near & € OM; this can be done by WKB approximation, and the phase is
a Busemann function ¢¢(m) near £, however one would need a good understanding of the
regularity of ¢¢(m) as m — £. This is in a way related to the high-frequency parametrix of
[MeSBVa] in the non-trapping setting. For the asymptotically Euclidean of asymptotically
conic ends, this might be more complicated as we would need a parametrix of Ep(\, &) in
a large neighbourhood of ¢ € OM, essentially in a region with closure containing a ball of
radius /2 in M. In particular, the Lagrangian supporting the semiclassical parametrix of
Ep(A, €) would not a priori be projectable far from &, which would make the construction
more technical. We leave these questions for future research.

The convergence result in Theorem 1 should be true in the case where M has a boundary,
for instance M = R"!\ Q with Q a piecewise smooth obstacle. In fact, it should be
straightforward to check that the method of proof applies when combined with the idea
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of [ZeZw], based on the fact that the region in phase space near the boundary where the
dynamics is complicated is of Liouville measure 0 (since we assume pur(K) = 0). To get a
good remainder in that setting would be more involved since one would need to care about
the amount of mass of plane waves staying in the regions near the boundary where the
dynamics is complicated, as we propagate up to Ehrenfest time. A reasonable case to start
with is that of strictly convex obstacles.

2.2. Structure of the paper. In Section 3, we review certain notions of semiclassical anal-
ysis and derive several technical lemmata; in particular, in Section 3.2, we review the local
theory of semiclassical Lagrangian distributions and Fourier integral operators and in Sec-
tion 3.3 we study microlocal properties of Schrodinger propagators, including the Hilbert—
Schmidt norm bound (Lemma 3.11). In Section 4, we formulate the general assumptions on
the studied manifolds and derive some immediate corollaries; Section 4.1 contains the geo-
metric assumptions and the definition of the trapped set and Section 4.2 contains the analytic
assumptions on distorted plane waves. In Section 4.3 we construct the limiting measures p¢
and in Section 4.4 we prove averaged estimates on Eisenstein functions.

In Section 5, we give the proofs of our main theorems. Section 5.1 contains the proof
of Theorem 1, Section 5.2 contains the proof of the estimate (1.12) in Theorem 2, while
Section 5.3 contains the proof of the estimate (1.13) in Theorem 2. Section 5.3 also contains
the Tauberian argument proving an expansion of the local trace of a spectral projector
(Theorem 4). Sections 6 and 7 study the Euclidean and hyperbolic near infinity manifolds,
respectively, and show that the general assumptions of Section 4 are satisfied in these cases.

Appendix A provides a formula for the limiting measures in the case of a convex co-compact
hyperbolic quotient, which generalizes the limiting measure of [GuNa] to the case d > n/2.
Appendix B discusses the classical escape rate, in particular explaining (1.14). Appendix C
gives a self-contained proof of Egorov’s theorem up to the Ehrenfest time (Proposition 3.9).
Finally, Appendix D contains a short proof of (a special case of) quantum ergodicity in
the semiclassical setting, which is simpler than that of [HeMaRo] because it does not rely
on [DuGu, PeRo].

3. SEMICLASSICAL PRELIMINARIES

In this section, we review the methods of semiclassical analysis needed for our argument.
Most of the constructions listed below are standard: pseudodifferential operators, wavefront
sets, local theory of Fourier integral operators, and Egorov’s theorem. However, Section 3.3
contains the propagation result for generalized eigenfunctions (Lemma 3.10) and a Hilbert—
Schmidt norm estimate in an O(h) spectral window (Lemma 3.11), which the authors were
unable to find in previous literature.

We will also need Egorov’s theorem up to the Ehrenfest time (Proposition 3.9); while
several versions of this fact are available, we could not find a detailed proof for the case of
manifolds and when the Ehrenfest time is defined via the maximal expansion rate of the
flow. For this reason, and also because we insert cutoffs in between the propagators, we give
a proof of Proposition 3.9 in Appendix C.
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3.1. Notation. In this subsection, we briefly review certain notation used in semiclassical
analysis. The reader is referred to [Zw] (especially Chapter 14 on semiclassical calculus on
manifolds) or [DiSj] for a detailed introduction to the subject.

The phase space. Let M be a d-dimensional manifold without boundary. We denote points
in M by the letter m and elements of the cotangent bundle T7*M by (m,v), where v € T); M.
Following [Vall, Section 2], we consider the fiber-radial compactification T“M of T*M. The
boundary of T" M, denoted by T M and called the fiber infinity (unlike [Vall], we do
not use the notation S*M for fiber infinity — we reserve it for the unit cotangent bundle
{|v]y = 1} € T*M), is associated with the cosphere bundle over M and the interior of T~ M
is associated with 7% M. Take some smooth inner product on the fibers of T*M; if |v] is the
norm of a covector (m,v) € T*M generated by this inner product and (v) = /1 + |v|?, then
(1)~ is a boundary defining function on T M.

We will mostly use compactly microlocalized operators, for which the fiber-radial compact-
ification is not necessary. However, it will come up in the elliptic estimate (Proposition 3.2)
and in the proof of the propagation of singularities result for plane waves on asymptotically
hyperbolic manifolds (Proposition 7.4).

Symbol classes. For any k € R and any p € [0,1/2), we consider the symbol class S¥(M)
defined as follows: a smooth function a(m,v;h) on T*M X [0, hg) lies in Sg(M) if and only
if for each compact K C M and each multiindices «, 3, there exists a constant C,gx such
that for h small enough,

sup 10208 a(m, v; h)| < CoprehPUHIBD () R=18I. (3.1)
meK, velT} M

These classes are independent of the choice of coordinates on M. Note that we do not fix the
behaviour of the symbols as m — oco. The important special case is p = 0, which includes
the classical symbols studied in [Vall]. The class S§(M), denoted simply by S*(M), would
be sufficient for the convergence Theorem 1. The classes S]g with p > 0 will be important
for obtaining the remainder estimate of Theorem 2; these classes arise when propagating
symbols in S(])“ for short logarithmic times, as in Proposition 3.9.

Since plane waves are microlocalized on the cosphere bundle, away from the fiber infinity,
we will most often work with the classes Sp”"'P, consisting of compactly supported functions
satisfying (3.1); we have Sp”"P C Sf,f for all k.

Pseudodifferential operators. Following [Zw, Section 14.2], we can define the algebra
\If]; (M) of pseudodifferential operators with symbols in S]; (M). (The properties of the sym-
bol classes Sﬁ required for the construction of [Zw, Section 14.2] are derived as in [Zw,
Section 4.4]; see also [GrSj, Chapter 3].) As before, denote W* = Wk, Since our symbols
can grow arbitrarily fast as m — oo, we do not make any a priori assumptions on the be-
havior of elements of \I/’; near the infinity in M. However, we require that all operators
A € UF(M) be properly supported; namely, the restriction of each of the projection maps
Ty T @ M X M — M to the support of the Schwartz kernel K 4(m,m’) of A is a proper
map. Then each element of W*(M) acts Hj 1o (M) — HZT;CC(M), where Hj (M) denotes
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the space of distributions locally in the semiclassical Sobolev space H} (see for example [Zw,
Section 7.1] for the definition of semiclassical Sobolev spaces).

We have the semiclassical principal symbol map
.ok k 1-2p gk—1
oV (M) — S;(M)/h =S, (M)
and its right inverse, a non-canonical quantization map
Opy, : SF(M) — h(M).

The standard operations of pseudodifferential calculus with symbols in S ],f have an O(h!'=2)

remainder instead of the O(h) remainder valid for the class S§. More precisely, we have for
A€ Uk(M) and B € T¥ (M),

o(A") = o(A) + O %) s )5
o(AB) = o(A)o(B) + O(h' ™) gowror .

o([A, B)) = —ih{o(A),o(B)} + O(h*1~%) ) gk 2 (0

Here {-, -} stands for the Poisson bracket. The O(-) notation is used in the present paper in
the following way: we write u = O,(F)y if the norm of the function, or the operator, u in
the functional space X is bounded by the expression F' times a constant depending on the
parameter z.

Wavefront sets. If A : C*°(M) — C°°(M) is a properly supported operator, we say
that A = O(h™)g-« if A is smoothing and each of the C*°(M x M) seminorms of its
Schwartz kernel is O(h*>°). For each A € \IJIZ(M), we have A = Opy(a) + O(h*>)y-= for
some a € S5(M). Define the semiclassical wavefront set WF;(A) C T"M of A as follows:
a point (m,v) € T M does not lie in WF,(A), if there exists a neighborhood U of (m,v)
in T"M such that each (m,v)-derivative of a is O(h*(r)=>°) in U N T*M. The notion
of the wavefront set does not depend on the choice of the quantization procedure. We
have WF,(A) = 0 if and only if A = O(h™)y-« and WFj(A*) = WF,(A), WF,(AB) C
WF,(A) N WF(B). For A,B € \IIIZ(M), we say that A = B microlocally in some open set
UcT M,if Wy (A—B)nU = 0.

Operators with compact wavefront sets are called compactly microlocalized; those are
exactly operators of the form Opy(a) + O(h™)y-« for some a € S;°™P. We denote by
WP (M) the class of all compactly microlocalized elements of ‘I/’;(M ); as before, we put
Yeomp (M) = U ™P(M). Compactly microlocalized operators should not be confused with
compactly supported operators; that is, operators whose Schwartz kernels are compactly sup-
ported. That being said, most operators that we use will be both compactly supported and
compactly microlocalized.

We will need a finer notion of microsupport on h-dependent sets, used in the proofs in

Sections 5.2 and 5.3, for example in Proposition 5.9:

Definition 3.1. An operator A € V,"P(M) is said to be microsupported on an h-dependent
family of sets V(h) C T*M, if we can write A = Opy,(a)+O(h>®)g-«, where for each compact
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set K C T*M, each differential operator 0% on T*M, and each N, there exists a constant
Cuon such that for h small enough,

s |0%a(m, v )| < Conh™.
(mw)eK\V(h)

Since the change of variables formula for the full symbol of a pseudodifferential operator
contains an asymptotic expansion in powers of h, consisting of derivatives of the original
symbol, Definition 3.1 does not depend on the choice of the quantization procedure Op;,.
Moreover, if A € U,;”™ is microsupported inside some V' (h) and B € \I/];, then AB, BA,
and A* are also microsupported inside V'(h). It follows from the definition of the wavefront
set that (m,v) € T*M does not lie in WF;,(A) for some A € WP if and only if there
exists an h-independent neighborhood U of (m,v) such that A is microsupported on the
complement of U. Note however that A need not be microsupported on WFj(A), though it
will be microsupported on any h-independent neighborhood of WFy(A). Finally, it can be
seen by Taylor’s formula that if A € U,”"P(M) is microsupported in V(h) and p' > p, then
A is also microsupported on the set of all points in V' (h) which are at least h? away from
the complement of V' (h).

Ellipticity. For A € \I/’p“(M), define its elliptic set ell(A) C T°M as follows: (m,v) €
ell(A) if and only if there exists a neighborhood U of (m,v) in T M and a constant C' such
that |o(A)] > C~Y{v)* in U NT*M. The following statement is the standard semiclassical
elliptic estimate; see [HOIII, Theorem 18.1.24°] for the closely related microlocal case and for
example [Dy1, Section 2.2] for the semiclassical case.

Proposition 3.2. Assume that P € \Il’;(M), A€ ‘I/’;'(M), and WFp(A) C ell(P). Assume
moreover that A is compactly supported. Then there exists a constant C' and a function
X € C3°(M) such that for each s € R, each u € Hj | (M) and each N, we have

loc

[ Aull; < ClxPull e + OB [xull .

Moreover, if P is a differential operator, then we can take any x such that the Schwartz
kernel of A is supported in {x # 0} x {x # 0}.

Semi-classical wave-front sets of distributions. An h-dependent family u(h) € D'(M)
is called h-tempered, if for each open U compactly contained in M, there exist constants C
and N such that

[w(h) || -y < CR7Y. (3.2)
N

For a tempered distribution u, we say that (mq, 1) € T*M does not lie in the wavefront set
WF},(u), if there exists a neighborhood V (mq, 1) in T" M such that for each A € WO(M) with
WEF;,(A) C V, we have Au = O(h*°)ce. By Proposition 3.2, (mg,vp) € WFj,(u) if and only if
there exists compactly supported A € WO(M) elliptic at (mg,p) such that Au = O(h*®)ces.
The wavefront set of  is a closed subset of T M; it is empty if and only if u = O(h>) oo (ar)-
We can also verify that for u tempered and A € \IIIE(M), WEF,(Au) C WF,(A) N WEp (u).
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3.2. Semiclassical Lagrangian distributions. In this subsection, we review some facts
from the theory of semiclassical Lagrangian distributions. See [GuSt, Chapter 6] or [ViuNg,
Section 2.3] for a detailed account, and [HOIV, Section 25.1] or [GrS], Chapter 11] for the
closely related microlocal case. However, note that we do not attempt to define the prin-
cipal symbols as global invariant geometric objects; this makes the resulting local theory
considerably simpler.

Phase functions. Let M be a manifold without boundary. We denote its dimension by d;
in the convention used in the present paper, d = n + 1. As before, we denote elements of
T*M by (m,v), m € M, v e TrM. Let ¢(m,8) be a smooth real-valued function on some
open subset U, of M x RE, for some L; we call m base variables and 0 oscillatory variables.
We say that ¢ is a (nondegenerate) phase function, if the differentials d(dg,¢), ..., d(0s, )
are linearly independent on the critical set

Cy :={(m,0) | g = 0} C U,. (3.3)
In this case
Ay = {(m, Onp(m,0)) | (m,0) € Cp} CT*M

is an (immersed, and we will shrink the domain of ¢ to make it embedded) Lagrangian
submanifold. We say that ¢ generates A.

Symbols. Let p € [0,1/2). A smooth function a(m,8;h) is called a compactly supported
symbol of type p on Uy, if it is supported in some compact h-independent subset of U, and
for each differential operator 9* on M x RE, there exists a constant C, such that

sup |0%a| < Cuh~ Pl

73

Similarly to Section 3.1, we write a € S;""P(U,,). For the convergence Theorem 1, we will
only need the class S := S{7"P; the classes Sp”"'F for p > 0 will be required in the proof
of the remainder estimates of Theorem 2.

Lagrangian distributions. Given a phase function ¢ and a symbol a € S;°"P(U,,), consider
the h-dependent family of functions

u(m; h) = hL/Q/ MmO/ (m, 0; h) de. (3.4)
RL
We call u a Lagrangian distribution of type p generated by (. Using the method of non-

stationary phase, we can see that if supp a is contained in some h-independent compact set
K c U, then

WEy,(u) C {(m,0mep(m,0)) | (m,0) € C,NK} C A, (3.5)
The principal symbol of u is the function
op(u) € 5P (Ay)
defined by the formula
U@(u)(ma 3m80(ma 0)) h) = CL(’I’)’L, 0; h)7 (m7 9) S Cﬁp‘ (36)
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That o, (u) does not depend on the choice of a producing u, up to an O(h'=2) remainder,
will follow from Proposition 3.3 and (3.9). As mentioned above, we will not attempt to define
the principal symbol independently of the choice of ¢.

Following [GrSj, Chapter 11], we introduce a certain (local) canonical form for Lagrangian

distributions. Fix some local system of coordinates on M (shrinking M to the domain of
this coordinate system and identifying it with a subset of R?) and consider

Ap ={(m,v) |m=—-0,F(v), veUp} CT"M, (3.7)

where F' is a smooth real-valued function on some open set Ur C R?, such that the image
of —0,F is contained in M. Then Ap is Lagrangian; in fact, it is generated by the phase
function m - v + F(v), with v the oscillatory variable. One can also prove that each La-
grangian submanifold that does not intersect the zero section locally has the form (3.7) for
an appropriate choice of the coordinate system on M. (We will not have to work with La-
grangians intersecting the zero section in this paper; the corresponding distributions have all
the properties listed below, except that the normal forms (3.4) and (3.14) have to be written
differently.)

If b(v;h) € S P(Up) and x € C§°(M) is equal to 1 near —3, F(suppb), then we can

define a Lagrangian distribution by the following special case of (3.4):
v(m;h) = x(m)h=? / e M HEFWI/hy(y: b dv. (3.8)

Ur

We need x to make v € C§°(M); however, by (3.5) (or directly by the method of nonstation-

ary phase), if we choose x differently, then v will change by O(h*)cge.
If v is given by (3.8), then we can recover the symbol b by the Fourier inversion formula:
Oy h) = (27) "R~ 4/? /M e~V My (m; h) dm + O(h™) o (rays (3.9)

here .7 denotes the space of Schwartz functions. Note that v = O(h*)cge implies b(v; h) =
O(h>)gge. Moreover, if v € C5°(M) satisfies (3.9) for some b € Sp”"P(Up), then v is given
by (3.8) modulo O(h*)¢gse.

Any Lagrangian distribution can be brought locally into the form (3.8):
Proposition 3.3. Assume that ¢ is a phase function, and the corresponding Lagrangian A =

A, can be written in the form (3.7). For a(m,6;h) € S;°"P(U,) and b(v;h) € Sp7P(Ur),
denote by u, and vy the functions given by (3.4) and (3.8), respectively. Then:
1. For each a € S;”P(Uy,), there exists b € S;”"P(Ur) such that uq = vy + O(h™)cee.
Moreover, we have the following asymptotic decomposition for b:
b(v;h) = Y W Lja(m,0;h) + ORN ) geomn o, (3.10)
0<j<N
where each Lj is a differential operator of order 2j on U,, and (m,0) € C, is the solution to

the equation (m,Omep(m,0)) = (=0, F(v),v). In particular, if o,(u) is given by (3.6), then
o,(u)(=0,F(v),v;h) = forb(v; h) + (’)(hl_Q”)S;omp(UF), (3.11)
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where for is some nonvanishing function depending on ¢ and the choice of the coordinate
system on M. Adding a certain constant to the function F, we can make f,r independent
of h.

2. For each b € Sy”"P(Ur), there exists a € Sp,°"(Uy) such that vy = ug + O(h™)cge .

Proof. We follow [GrSj, Chapter 11]. For part 1, we apply the method of stationary phase to
get (3.9) and then use the Fourier inversion formula. For part 2, we take some ag € S;,”"7(U,,)
satisfying (3.11) and define u,, by the formula (3.4) using the symbol ag. Then vy = g, +vp,,
where vp, has the form (3.8) with the symbol b, = O(h!~%°). Repeating this process with
vp, in place of vy, we can write for each IV,

v = Z u(lj —+ 'UbN,
0<j<N
where each u,; has the form (3.4) with the symbol a; = O(h/(1=2P)) and vy, has the
form (3.8) with the symbol by = OANI=20)). If ¢ ~ >_jaj is an asymptotic sum, then
Vp — Ug — O(hoo)cgo O

We can now give

Definition 3.4. Let A C T*M be an embedded Lagrangian submanifold. We say that an
h-dependent family of functions u(m;h) € C§°(M) is a (compactly supported and compactly
microlocalized) Lagrangian distribution of type p associated to A, if it can be written as a sum
of finitely many functions of the form (3.4), for different phase functions ¢ parametrizing
open subsets of A, plus an O(h>)cee remainder. Denote by I,""P(A) the space of all such
distributions, and put I°™P(A) := I;""P(A).

We can write any u € I;°"P(A) as the sum of Lagrangian distributions associated to a
given finite open covering of WF,(u) in A; by Proposition 3.3, u is a sum of functions of the
form (3.8). Moreover, if ¢ is a phase function and u € I;°™P(A,,), then u can be written in
the form (3.4) for some symbol a, plus an O(h*°)cee remainder. The symbol oy (u), given
by (3.6), is well-defined modulo O(h!=2¢).

The action of a pseudodifferential operator on a Lagrangian distribution is given by the
following proposition, following from Proposition 3.3 and the method of stationary phase:
Proposition 3.5. Assume that u € I;°"P(A) and P € WE(M). Then Pu € I;"™P(A).

Moreover,

1. Assume that A = A, for some phase function . Then
0y (Pu) = 0(P)|a, - 0p(u) + O(h'™%) geomo .

2. Assume that A = Ap is given by (3.7) in some coordinate system on M. Let b(v;h)
and bY(v;h) be the symbols corresponding to u and Pu, respectively, via (3.8). Let also
P = Opy(p) for some quantization procedure Op,. Then we have the following asymptotic
decomposition for bY:

P (vih) = > W Li(p(m, v Wb )|y me—a, ) + OV I2P)) geomn 7
0<j<N
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where each Lj is a differential operator of order 25 on M x Up x Up.

Finally, we give the following estimate of the L? norm of a Lagrangian distribution, fol-
lowing from the boundedness of the Fourier transform on L?:

Proposition 3.6. Assume that u € I,"""P(AFp), where Ap is given by (3.7). Assume that u
is given by (3.8), with b(v;h) the corresponding symbol. Then

[u(m; h)l[ L2 < Cllb(v; h) | 2wy - (3.12)

Here C is a constant independent of h.

Fourier integral operators. A special case of Lagrangian distributions are Fourier integral
operators associated to canonical transformations. Let M, M’ be two manifolds of the same
dimension d, and let k be a symplectomorphism from an open subset of T*M to an open
subset of T*M’'. Consider the Lagrangian

Ay = {(m,v;m/, =) | k(m,v) = (M, V)} CT*M x T*M' =T*(M x M').

A compactly supported operator U : D'(M') — C§°(M) is called a (semiclassical) Fourier in-
tegral operator of type p associated to k, if its Schwartz kernel Kp7(m, m’) lies in h=%2T5°™P(A,,).
We write U € I;°"P(k). Note that we quantize a canonical transformation T*M — T*M’
as an operator D'(M’') — C§°(M), in contrast with the standard convention, which would
quantize it as an operator D'(M) — C§°(M'). The h=%2 factor is explained as follows: the
normalization for Lagrangian distributions is chosen so that ||ul|z2 ~ 1, while the normaliza-
tion for Fourier integral operators is chosen so that [|U||z2(ary—r2(ar) ~ 1.

After sufficiently shrinking the domain of x and choosing an appropriate coordinate system
on M’ (replacing M’ with the domain of this coordinate system and identifying it with a
subset of RY), we can find a generating function S(m,v’) for x; that is,

k(m,v) = (m' V) <= 8,5(m,V)=v, 0,S(m,V)=m'. (3.13)

Here (m, ') vary in some open set Us C M x R?. The phase function S(m,v') —m’ -/,

with ¢/ the oscillatory variable, parametrizes A, and for U € I, (k), we can write similarly
to (3.8),

Ky (m,m') = k™ %(m) / et SOV L R) dv' + O(h™) e, (3.14)
R4

for some symbol b € Sp;""P(Ug) and any y € C§°(M’) such that y = 1 near the set
0,/ S(suppb). The function b is determined uniquely by U modulo O(h>) SEomP ()5 SIi-
larly to (3.9). Note that if x is the identity map, then S(m,v’) = m -/ and we arrive to the
quantization formula for a semiclassical pseudodifferential operator.

Similarly to Proposition 3.5, we have

Proposition 3.7. Assume that U € I;"" (k) and P € WE(M'). Then UP € I;°"" (k). If
moreover k is given by (3.13), b(m,v'; h) and b" (m,v'; h) are the symbols corresponding to
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U and UP, respectively, via (3.14), and P = Opy(p) for some quantization procedure Opy,,
then we have the following asymptotic decomposition for b¥:

bP m I/ h Z h]L )b(m7V/))’f/:l/’,m’:()V/S(m,u’) + O(hN(l_zp))S;omp(US).
0<j<N

Here each Lj is a differential operator of order 2j on M’ x R? x Ug. In particular,
bl (m, V' h) = p(8,,S(m, '),V h)b(m, Vs h) + O(hleP)Sgomp(Us).

A similar statement is true for an operator of the form PU, where P € ‘l’lp“(M); the terms
of the asymptotic decomposition have the form b Lj(p(m,v)b(m,v")), where we take m =m
and v = 0, S(m, V).

3.3. Schrodinger propagators. In this subsection, we assume that (M, g) is a complete
Riemannian manifold and A = A, is the corresponding (nonnegative) Laplace-Beltrami
operator. Let p be the semiclassical principal symbol of h?A € W2?(M); we have p(m,v) =
[v|2, where |v], is the norm of the covector v € Ty, M induced by g. We use the notation

S*M =p (1) c T*M
for the unit cotangent bundle. The geodesic flow g* on T*M is related to the Hamiltonian

tH,/2

flow etf» of p by the formula ¢' = e Note that ¢’ is a canonical transformation.

The operator A is essentially self-adjoint on L?(M) by [Ch] and its domain is given by the

Friedrichs extension. Let _
U(t) = pithA/2 _ e%(th/Q)

be the semiclassical Schrédinger propagator; it is a unitary operator on L?(M). The basic
microlocal properties of U(t) are given by the following
Proposition 3.8. For each t € R,

1. (Egorov’s Theorem) For each compactly supported A € V,""P(M), there exists com-
pactly supported At € U, (M) such that

Ut)AU(—t) = A + O(h™) 12, 2. (3.15)
Moreowver, WFh(At) C g_t(WFh(A)) and O'(At) =0(A)o gt + O(h1—2p).

2. (Microlocalization) The operator U(t) is microlocalized on the graph of g
following sense: if A, B € \I/’;(M) are compactly supported, at least one of them is compactly

—t in the

microlocalized, and
g"(WF,(A)) N WF(B) =0, (3.16)
then AU(t)B = O(h™)2_12.
3. (Parametriz) If A € WCP(M) is compactly supported, then U(t)A is the sum of a

compactly microlocalized Fourier integral operator (of type 0) associated to g, as defined in
Section 3.2, and an O(h*>)2_, 2 remainder.

The proofs are standard; part 1 can be found in [Zw, Theorem 11.1] (with the mildly exotic
classes U,;”"P handled as in Appendix C), part 2 follows directly from part 1, and part 3 is
proved similarly to [Zw, Theorem 10.3]. The operator U(t)A quantizes g*, not g~t, because
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of the convention adopted in Section 3.2 that a canonical transformation T*M — T*M’' is
quantized as an operator D'(M') — C5°(M).

Egorov’s theorem until the Ehrenfest time. Proposition 3.8 is valid for bounded times
t; as t — oo, the constants in the estimates for the corresponding symbols will blow up.
However, it is still possible to prove Egorov’s Theorem for ¢t bounded by a certain multiple of
log(1/h), called the Ehrenfest time. To define this time, we fix an open bounded geodesically
convex set U C M and define the mazimal expansion rate

1
Amax := limsup —log  sup ||dg'(m,v)]. (3.17)
oo |t mev, vlg=1,
gt(m)eU

Here ||dg’(m,v)| is the operator norm of the differential

dg' (m,v) : T )T M = Tyt () T*M
with respect to any given smooth norm on the fibers of T'(T*M) (e.g. the norm induced by
the metric g).

Since we will work on a noncompact manifold, we introduce cutoffs into the corresponding
propagators:

Proposition 3.9. Assume that X1, Xs € WO(M) satisfy || X;llz2—z2 < 1+ O(h) and are
compactly supported inside U. Let e, > 0 and take Ao, A > 0 such that

Ao > Ay > (14 2e0) Amax-
Fiz tg € R. Then for each integer
L € [0,1og(1/h)/(2lto|Ao)], (3.18)
and each compactly supported A € WOP(M) with
WE,(A) C &, ={l —ec. < |v|g <1 +ec},
the compactly supported operator

AD = (XU (1)) AU (—t) X1 )

lies in WP (M), modulo an O(h™)r2_,12 remainder, with

p1 = l|to| AL/ log(1/h) < 1/2. (3.19)

Moreover, the Sy seminorms of the full symbol of AW are bounded uniformly in 1, in the
following sense: the order k derivatives of this symbol are bounded by Ch=FP, where C is a
constant independent of h and l. The principal symbol of AD is

-1

o(AD) = (o(A4) 0 g) [[(e(X1)0(X2)) 0 7' + O(h' 1),

j=0
The wavefront set of AV, for 1 >0, is contained in WF;,(X1) N WFy,(X2) NE.,. Finally, if
Uy and Ux are open sets such that WFp(A) C Uyx and WF,(X1) N WF,(X2) C Ux, then
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AW s microsupported, in the sense of Definition 3.1, inside the set
-1
V=g ) n () g7 (Ux).
j=0

The set VO does not depend on h directly, however it depends on I, which is allowed to
depend on h, and our microlocal vanishing statement is uniform in [.

Proposition 3.9 is the main technical tool of obtaining the polynomial remainder bound
of Theorem 2; it is also the reason why the classes W, appear. Its proof, following the
methods of [AnNo, Section 5.2] and [Zw, Theorem 11.12], is given in Appendix C. We do not
impose any restrictions on the set U at this point, however in our actual argument it will
have to contain a neighborhood of the trapped set — see the beginning of Section 5.2.

Propagating generalized eigenfunctions. The following fact, similar to [Dy2, Proposi-
tion 3.3], will be used to propagate the Eisenstein functions by the group U (t):

Lemma 3.10. Assume that u € C*°(M) solves the equation
(R*A = 2)u =0, |1 — 2| < Ch.

Let x € C°(M); take t € R and assume that xy € C§°(M) is supported in the interior of a
compact set Ky C M and satisfies

dg(supp x,supp(l — x¢)) > [t]. (3.20)
Here dg denotes Riemannian distance on M. Then

xu = xe Y (t)xpu + O(h™®||ull 2(x,)) 2 (an)-

Proof. Without loss of generality, we assume that ¢t > 0. For 0 < s < t, define
us = x(u— e MU (s)xu).
We need to prove that
luell 2 = O ull L2 (k) - (3:21)
Since x = xxt, we have ug = 0; next,
2hDguy = —xe /CH U (s)(h2A — 2)xu
= —e " ENU(s) WA, xilu.
Let B € U™P be compactly supported inside K; x Ky, equal to the identity microlocally
near supp x: N S*M, but microlocalized in a small enough neighborhood of S*M so that
by (3.20),
g°(supp x) N WF(B) Nsupp(l — x¢) = 0.
Note that WFy([R?A, x¢]) C supp(1 — x¢). Then by part 2 of Proposition 3.8,
IXU (s)[R*A, xe] Bull 2 = O(h*°)||ull z2(k,), 0 < 5 < L. (3:22)
Moreover, by Proposition 3.2

IXU (s)[h* A, xe) (1 = B)ul|r2 = O(h*)||ul £2(x,)- (3.23)
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Combining (3.22) and (3.23), we get [|Osus| 2 = O(h*°)||ul|2(k,); it remains to integrate in
s to get (3.21). O

Hilbert—Schmidt norm estimates. We now prove Hilbert—Schmidt norm estimates for the
product of a pseudodifferential operator with a spectral projector. (See [HOIII, Section 19.1]
for the properties of Hilbert—Schmidt and trace class operators.) To simplify notation, we
consider a spectral interval of size h centered at A = 1; similar statement is true for the
interval [\ + c1h, A + cah] with A > 0, replacing S*M by AS*M.

Lemma 3.11. Fiz c1,co € R and let ]1[1+c1h,1+<:2h](h2A) be defined by means of spectral
theory. Assume that A € WP (M) is compactly supported. Then

W2 Mg ey 1 ean) (02A) Alls < Cllo(A)l|p2(s-ary + OB ). (3.24)

Here C is a constant independent of A (if WF(A) is contained in a fixred compact set),
however the constant in O(h'=2F) depends on A. We take the L? norm of o(A) on the
energy surface S* M with respect to the Liouville measure py,.

Moreover, if WE,(A) is microsupported, in the sense of Definition 3.1, in some h-dependent
family of sets V(h) C T*M, then
WD o1 gen) (B2 A) Allas < Cp(V(h) N S*M)Y2 4+ O(h). (3.25)

Here pup (V(h)NS*M) denotes the volume of V(h)NS* M with respect to the Liouville measure
on S*M and the constant C depends on a certain Sp"""-seminorm of the full symbol of A.

Proof. Take a function x € %(R) such that x is compactly supported in some interval
(=T,T) and x does not vanish on [c1, ¢z (for example, take nonzero ¢ € C§°(R) with ¢ > 0,
then [¢)| > 0 in an interval [ci€, coe]; set x(x) := ¥ (ex)). Then

Literniteon (RPA) = Zx((W*A = 1)/h),
where Z is a certain function of h2A and it is bounded on L?(M) uniformly in h. It then
suffices to estimate the Hilbert-Schmidt norm of

T
B = h9D2y((h2A —1)/h) A = (2r) "' hld=D/2 / R()e MU (2t) A dt.
-T
Let Ay € U™P(M) be compactly supported and equal to the identity microlocally near
WEF},(A). By part 3 of Proposition 3.8, for each ¢ we have
U(2t)Ag = Ut + Rat,
where Uy, € I°™P(g?!) is a compactly supported Fourier integral operator and Rg; =
O(hOO)LZ%LZ. Then
(U(2t) — Uy)A = O(h™)ps. (3.26)
Indeed, we can write the left-hand side of (3.26) as the sum of Ro;A and U(2t)(1 — Ag)A;
it remains to note that Roy = O(h™)r2_r12, ||Allgs is polynomially bounded in h, and
(1 = Ao)Allms = O(h™).
By (3.26), we can replace U(2t) by Uy in the definition of B. Now, the Hilbert—Schmidt
norm of B is equal to the L?(M x M) norm of its Schwartz kernel K z. Using the local normal
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form (3.14) for Fourier integral operators, we can write Kp, up to an O(h*)cse remainder
and an appropriate cutoff in the m’ variable, as a finite sum of expressions of the form (in a
fixed coordinate system on M)

T
prre [ [ s 0y ) (3.27)
—T JRA

Here S(m, /;2t) is a generating function for g% and b is a certain symbol in S;°™P. Moreover,
b admits an asymptotic expansion in terms of the full symbol of A, by Proposition 3.7. The
fact that S and b can be choosen to depend smoothly on ¢ follows from the proof of part 3
of Proposition 3.8.

We can deduce from (3.13) that

g*(m,v) = (m', V) = 8;(S(m,V';2t)) = p(m,v). (3.28)

The equation (3.28) is true for the particular generating function constructed in the proof of
part 3 of Proposition 3.8. One can add any function of ¢ to the function S and still obtain
a generating function of ¢?!; however, the amplitude b with respect to the new generating
function will no longer be a symbol, as its derivatives in ¢ will not be bounded uniformly in
h. It follows from (3.28) that the function

O(m,m’ vV t) = S(m,V;2t) —m' -V —t

is a nondegenerate phase function (with m,m’ as base variables and v/,t as the oscillatory
variables) and generates the (immersed) Lagrangian

A= {(mv;m, ) | plmv)=1, 3t e (-T,T): g*(m,v) = (m',/)}.

Then (3.27) lies in I,”"P(A). By the local normal form (3.8) of a Lagrangian distribution,
we can write (3.27), up to an O(h*)cee remainder and an appropriate cutoff in the (m,m’)
variables, as the sum of finitely many expressions of the form

hd/ ei(m-l/+m/-V/JrF(l/,I/l))/hl;(V’ I//; h) dVdV/7 (329)
R2d

where F parametrizes some open subset of A by (3.7) and b is a symbol in S5>"P. By
Proposition 3.7 and Proposition 3.3, we see that the symbol b has the following asymptotic
expansion in terms of the full symbol a of A:

b(v,/;h) = > W Lja(m',v/;h) + O(WN 720 geomp, (3.30)
0<j<N

where each L; is a differential operator of order 2j and m,m’ are given by the relation
(m,v,m',—1') € A; in particular, (m’, ') € S*M.

We now use Proposition 3.6 to estimate the L? norm of (3.29); as B is, modulo O(h™)ys,
a sum of operators with Schwartz kernels of the form (3.29), this would give an estimate on
the Hilbert-Schmidt norm of B. For (3.24), we can write b(v,v/; h) as a multiple of a(m/, ")
plus an O(h'~?F) remainder and note that (m/,v') always lies in S*M. For (3.25), we use
that b = O(h*°) outside of the preimage of V' (k) under the map (v,2) — (m’,1/), and that

sup [b| can be estimated by a certain S*™P-seminorm of a. O
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Local traces of integrated Schrodinger propagators. We give the following version of
the Schrédinger propagator trace formula in the case where there are no contributions from
closed geodesics:

Lemma 3.12. Assume that M is a d-dimensional complete Riemannian manifold and By
is a family of compactly supported pseudodifferential operators in W,""P(M), smooth and
compactly supported in s € (—=Ty,Tp), where Ty > 0 is fized. Assume also that all By are
microsupported, in the sense of Definition 5.1, in some h-dependent family of bounded sets
V(h) C T*M, and the following nonreturning condition holds:

(m,v) € V(h), |s| < Ty = d((m,v),g*(m,v)) > C t|s|h?. (3.31)

Here C' is some constant and d denotes some smooth distance function on T*M. Let B =
Op;,(b(s))+O(h*>®)g-= for some family of symbols b(s, m,v) and some quantization procedure
Opy,. Then for each N and each A > 0, we have the trace expansion

To )
(2wh)41 / e~N5/CR) Ty(U () By) ds
—To
| (3.32)
= > hJ/ L;ib(0,m, Av) dpr(m,v) + O(RN720)) e

where g, is the Liouville measure and each Lj is a differential operator of order 2j on
T* M) X (=To,To)s, independent of Bs and depending smoothly on X. In particular,
Lo = A2,

Proof. As in the proof of Lemma 3.11, we can reduce to computing the trace of the operator
with the Schwartz kernel (in some fixed local coordinates)

To i / [y ~
K(m,m') = (27rh)_1/ / eri (S(mvss)—m’v _’\25/2)b(m, V', s;h)dv ds,
_TO R4

where S(m,1/'; s) is a local generating function for ¢* in the sense of (3.13) and b(m, 1/, s; h)
is a certain symbol in S, having an asymptotic expansion in terms of the jet of by at the
point (9,,S(m,v';s),"). The trace of the corresponding operator is

To
/K(m, m)dm = (2rh) ™! / / e%(S(m’”/;s)*m'”/*vs/ml;(m, V', s;h) dmdy ds.
M —To M xR4

We now use the method of stationary phase. The stationary points of the phase are solutions
to the equations g*(m, ') = (m,v’) and ||, = X; they occur at s = 0 and may also occur for
Als| > 7i, where r; > 0 is the injectivity radius of M. For A|s| > r;/2, we see by (3.31) that
the expression under the integral can be split into two pieces, on one of which the symbol is
O(h®) and on the other, the differential of the phase function has length at least C~h?; by
repeated integration by parts, the latter integral is O(h).

It remains to evaluate the contribution of the stationary set {s = 0} N AS*M. The phase
function is degenerate on these points; however, one can pass to polar coordinates v/ = rw,
with |w|, = 1 and r > 0, and apply the method of stationary phase in the (r,s) variables,
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resulting in the expansion (3.32). See for example the proofs of [Ro, Théoréme V-7 and
Proposition V-8] or [RoTa, Lemma 3.1] for details of the computation. O

4. GENERAL ASSUMPTIONS

In this section, we list the general geometric assumptions on the manifold M and analytic
assumptions on its Laplacian required for our results to hold. As noted in the introduc-
tion, they are satisfied in particular if outside of a compact set, M is isometric to either
the Euclidean space (studied in Section 6) or an asymptotically hyperbolic space of constant
curvature (studied in Section 7). We also derive some direct consequences of the general
assumptions, including averaged estimates on plane waves and the existence of limiting mea-
sures fl¢.

4.1. Geometric assumptions. In this subsection, we specify the geometry of the manifold
M at infinity.

Let us introduce some notation and terminology first. On a complete Riemannian manifold
(M, g) we denote by g* the geodesic flow of the metric g, considered as a map on the cotangent
bundle T*M. Any smooth function f on M can be lifted to a function on 7% M; denote by
f,f € C®(T*M) the derivatives of f with respect to the geodesic flow:

fm,v) = dif (g"(m, v)l=o, F(m.v) = di f(g" (m,v))l=o-
We denote by S*M the unit cotangent bundle {(m,v) | |v|g =1} C T*M.

A boundary defining function on a smooth compact manifold M with boundary is a smooth
function z : M — [0, 00) such that x > 0 on M and z vanishes to first order on 9M.

We make the following assumptions:

(G1) (M, g) is a complete Riemannian manifold of dimension d = n + 1. Moreover, there
exists a compactification of M, namely a compact manifold with boundary M such
that M is diffeomorphic to the interior of M. The boundary OM is called the boundary
at infinity;

(G2) There exists a boundary defining function  on M and a constant g9 > 0 such that
for any point (m,v) € S*M,

if x(m,v) <eg and @(m,v) =0, then &(m,v) < 0; (4.1)

(G3) For each (m,v) € S*M such that x(m) < g¢ and @(m,v) < 0, the geodesic g'(m,v)
(projected onto the base space M) converges as t — +oo, in the topology of M, to
some point & (m,v) € M. The function £, depends smoothly on (m, ), and we
extend it naturally (as the limit of the corresponding geodesic) to a smooth function
on S*M \ I'_, with I'_ given in Definition 4.1 below;

(G4) There exists an open set Uy, C M x M such that U, contains a neighbourhood of
{(&,§) € M x OM | £ € 9M} and a smooth real-valued function ¢(m, &) = ¢¢(m) on
Uss such that [0,¢¢(m)|g = 1 everywhere and the function

T(m, &) := (M, Ompe(m)) € S*M, (m,§) € Ux, (4.2)
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mu)
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(m/, ) S0

oM oM
FIGURE 2. Left: an illustration of (G2), showing a forbidden geodesic. Right:

an illustration of (G3). The point (m,v) does not escape directly in the
forward direction, but the point (m’, ') does.

is a diffeomorphism from U, onto V. with inverse given by
T (m,v) = (m, oo (m, 1)), (myv) € VS
where the sets UL and V! are defined by
U = {(m,§) € Us | z(m) < &9, &(7(m,¢)) < 0},
VEi={(m,v) € S*M | x(m) < go, #(m,v) <0, (M, Er00(m,v)) € Us};

(G5) if (m,v) € V5, then g'(m,v) € VI for all t > 0;

(G6) if & € OM and m,m’ € M are such that (m,§),(m’,&) € UL, then Ocge(m) =
O¢pe(m/) if and only if 7(m, &) and 7(m/,§) lie on the same geodesic. Moreover, the
matrix O, 0¢¢¢(m) has rank n.

Escaping trajectories and the trapped set.. We now define the incoming/outgoing tails
'+ and the trapped set K:

Definition 4.1. Let v(t) be a unit speed geodesic. We say that it escapes in the forward,
respectively backward, direction, if y(t) goes to infinity in M as t — +oo, respectively t —
—o00. If y(t) does not escape in some direction, we call it trapped in this direction. Denote
by I'y C S*M the union of all geodesics trapped in the backward direction, by I'_ the union of
all geodesics trapped in the forward direction, and put K =T NT'_; we call K the trapped
set.

An escaping geodesic could potentially spend a long time in the compact part of the
manifold. It is helpful to consider geodesics that escape in a straightforward way (with the
boundary defining function = decreasing along them); they appeared in assumption (G3) for
instance.

Definition 4.2. We say that (m,v) € S*M directly escapes in the forward, respectively
backward, direction, if x(m) < g9 and &(m,v) < 0, respectively @(m,v) > 0. Here g is the
constant from (G2). Denote by DE ., respectively DE_, the set of all points directly escaping
in the forward, respectively backward, direction.
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One can verify that 'y are closed sets and the trapped set K is compact (see [GéSj,
Appendix]); in fact, since S*M N{z < e} C DEL UDE_, we have K C {z > &¢}.

For the example of M = R"! discussed below, we have '+ = (). The point (m,v) lies in
D& if and only if z(m) <ep and m-v > 0.

Comments on the geometric assumptions.

A basic example to have in mind for a manifold satisfying our assumptions is M = R"**!
with the radial compactification M being a closed ball and the boundary at infinity OM
equal to the sphere S”. We will often use this example to illustrate the somewhat abstract
assumptions of this section. (A more general version will be considered in Section 6.)

An important corollary of the assumption (G2) is that for ¢ < ¢, the compact set {z >
e} C M is geodesically convez; i.e., if y(t) is a geodesic and ~y(t1),v(t2) € {z > €}, then
v(t) € {x > e} for t € [t1,ts]. For the example of M = R*! we can take z = (14 |m|~2)~1/2,
where |m/| is the Euclidean length of m € R?; the corresponding sets {z > ¢} are balls centered
at zero.

It also follows from (G2) that for (m,v) € DE, the function z(g!(m,v)) is decreasing for
t > 0. One can show that z(g*(m,v)) — 0 as t — 400 and thus g*(m,v) escapes in the
forward direction; we do not give a proof of this fact as it follows from the more restrictive
assumption (G3). Also, if a geodesic y(t) escapes in the forward direction, then for ¢ large
enough we have v(t) € DE,. For M = R"*!, we have &, o (m,v) =v € S".

Assumption (G4) means that for m sufficiently close to the infinity, the covectors v such
that (m,v) € DEL are in one-to-one correspondence with the limit points &1 (m,v), and
the inverse correspondence can be described by a phase function. It follows in particular
from (G4) that for a fixed & € M, the set of directly escaping points (m,v) such that
Eroo(m,v) =& and (m, &) € Uy is the intersection of DE with the Lagrangian

Ag i={(m, Omge(m)) | (m,§) € Uso}- (4.3)

In the model case M = R""! we can put for any R > 0, Uy, = {(m,§) | |m| > R},
and ¢¢(m) = m - £, so that 7 is the canonical map from R"™! x §" to S*R"*1. Then
UL ={(m,&) ||m| >R, m-£>0} and VL = {(m,v) | |m| > R, m-v > 0}; the difference
is that UJ, is considered as a subset of R"™! x S, while V! is considered as a subset of
S*RHL

The condition (G6) is required in Proposition 5.12. To explain it, note that under the
assumption (G4), if (m,&) € UL and (m(t),v(t)) = g'(1(m,§)), then

Oype(m(t))li=0 = Ome(m) - dym(t)]i=0 = g(Omde(m), Omoe(m)) = 1. (4.4)

Therefore, O¢¢p¢(m) is constant on the geodesic passing through 7(m,§).

4.2. Analytic assumptions. In this subsection, we formulate the analytic assumptions
on plane waves. Let M be as in the previous subsection, A be the (nonnegative definite)
Laplace—Beltrami operator on M, and h > 0 be the semiclassical parameter. We make the
following assumptions:
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(A1) There exists cg > 0 (equal to 0 for the Euclidean and to n?/4 for the hyperbolic case),
such that for each A > 0, h > 0 and £ € OM, there exists a function, called distorted
plane wave, Ex(X\, & m), smooth in all variables and solving on M the differential
equation (1.4) in m:

(h2A — coh? — X)Ep(\, &;-) = 0.

Here £ gives the direction of the plane wave, while A corresponds to its semiclassical
energy;
(A2) for each 0 < A1 < A9, the Schwartz kernel of the semiclassical spectral projector

I xe) = ]1[,\§+c0h2,xg+coh2](h2ﬁ)
can be written in the form
A2 -
Iy, ) (M, m/) = (20h) " /A A" fr(A/R) /8 - En(\,&m)ER(A, & m!) dEdX. (4.5)
1

Here integration in £ is carried with respect to a certain given volume form d¢ on
OM and fr1(z) > 0 is a smooth function of z such that |9¥ f(z)| < Cr(z)~* for each
k and fri(z) — 1 as z — oo.

We now assume that plane waves admit the decomposition
BN, &m) = xo(m; ) Bp(A, & m) + B (X, & m), (4.6)

where xo, E,?, E,ll are respectively a cutoff function, an explicit ‘outgoing’ part of the wave,
and the ‘incoming’ part, satisfying more precisely the following properties:

(A3) xo(m;&) is a function smooth in m € M and ¢ € OM, supported inside the set Us
from (G4) and xo(m, &) = 1 for m sufficiently close to &;
(A4) E?(X, & m) is a smooth function of A € R and (m, &) € Us, of the form

EJ(\ &m) = e %m0\ & m; h), (4.7)

where Us, and ¢ are defined in (G4) and #° is a classical symbol in & defined for
A € R and (m,€) € Uy; that is, bY is smooth in all variables, including h, up to
h = 0. We also require that b°(\, £, m;0) is independent of ;

(A5) for X in a fixed compact subset of (0,00) and &g defined in (G2), the function

_ Ey(\,&m)

L+ [[En(A, & m) | L2 (fa>e01)
is h-tempered in the sense of (3.2);

(A6) for A in a fixed compact subset of (0,00), each & € OM, and each (m,\v) €
WEF(EL (A €)), we have (m,v) € S*M and either the geodesic v(t) = g'(m,v) does
not escape in the forward direction (i.e. (m,v) € I'_) or there exists ¢ > 0 such that
~(t) lies in the set

We := {(m, dde(m)) | m € supp(Dmxo) ). (4.9)

The constants in the corresponding estimates (in the definition of the wave front set
of a distribution given in Section 3.1) are uniform in A and &;

Ef(\&m)

(4.8)
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(AT) there exists €1 € (0,ep) such that for (m,v) € S*M directly escaping in the forward
direction and z(m) < e1, the point (m, ;o0 (m,v)) lies in the set Uy, defined in (G4)
and xo = 1 near this point;

(A8) Let 7 : UL, — Vb be the diffeomorphism from (G4). Then its Jacobian with respect
to the volume measure dvol(m)d¢ on UL and the Liouville measure on V| is equal
to [b°(1,&,m;0)|2, with 8° defined in (A4).

For example, for M = R"™! we put ¢ = 0, Ep(\,&m) = eMem/h and use the standard
volume form on the sphere 9M = S™. The equation (4.5) then follows from the Fourier
inversion formula.

Let us informally explain how the decomposition (4.6) is constructed and provide a justi-
fication for assumptions (A3)—(A6), putting for simplicity A = 1. First of all, (A4) implies
that for any x € C5°(M), xx0E?, as a function of m, is a Lagrangian distribution associated
to the Lagrangian A¢ from (4.3). In fact, in the cases considered in the present paper, Eg
solves on its domain the equation (1.4); however, we do not make this assumption here, as in
more complicated cases (such as asymptotically hyperbolic manifolds of variable curvature)
EY might only be an approximate solution to (1.4) in a certain sense.

If we assume that E} solves (1.4) on its domain, then the function
Fr(X &m) = (B*A = A — coh®)(xo(m) Bj(A, & m))

is equal to [h2A, XO]E,?. Since Eg is a Lagrangian distribution associated to A¢, the wavefront
set of F}, is contained in We. We will now take E} = —Rj,(\)Fy,, where Ry,()) is the incoming
scattering resolvent, a certain right inverse of h2A — A2 — coh?. Moreover, in our cases Ry,(\)
will be microlocally incoming in the weak sense: if we multiply Fj, by a (possibly small)
constant to make Rj(\)F} bounded polynomially in h, then each point in the wavefront
set of Rp(A)F}p, when propagated forward by the geodesic flow, will either converge to the
trapped set or pass through WF(F},). Thus, the assumption (A6) should be viewed as a
direct consequence of the fact that the scattering resolvent is microlocally incoming and of
propagation of singularities.

The assumption (A7) looks less natural, but will play an essential role in our proofs,
in Propositions 5.2 and 5.5. It holds for both Euclidean and hyperbolic infinities, but for
different reasons. For the hyperbolic infinity, xo(-;€) is equal to 1 in a small neighborhood of
¢ and one can see that for (m,v) directly escaping in the forward direction and converging
to &, the distance from m to & in M is O(x(m)). This is not true in the Euclidean case;
however, in that case xo is equal to 1 outside of a compact subset of M (that is, near the
whole boundary M, not just near &).

The assumption (A8) is required to relate the natural measure arising from the function
E?L to the Liouville measure. If E} were equal to E?L, then this assumption would simply
follow by taking the trace in (4.5) with a compactly supported pseudodifferential operator
and a smooth cutoff function in A.

4.3. Limiting measures. We now define the family of limiting measures p¢. These mea-
sures result from propagating the natural measure arising from the ‘outgoing’ part Eg of
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the plane wave, which is supported on the Lagrangian A¢ from (4.3), backwards along the
geodesic flow. In contrast with [Dy2], where the exponential decay of the measure along the
flow ensured its convergence, our measures will only be defined for almost every €.

We first define the measure fig on S* M, corresponding to E?, as follows: for each compactly
supported continuous function a on S*M, put

| adne= [ g€ mi0)Par(m,€) dvol(m). (4.10)
S* M (m,)eUd;

The support of jig is contained in the Lagrangian A¢ from (4.3) and the integral (4.10)
depends continuously on £. We see from (A8) that for any continuous function f on M,

1@ [ atmvydicom g = [ futmatmv)dusimv). - (11)

We now want to define the measure p¢ by

/S*Mad,u,g = t—lj-ir?oo S*Maog_t djie, (4.12)
valid for all compactly supported continuous functions a. To show that the limit exists
for almost every £ (chosen independently of a) and for every a, we will use monotonicity.
By (4.11), (G5), and using the invariance of the function £, and the Liouville measure py,
under the geodesic flow, we see that if ¢ and f are nonnegative, then

5@ [ weaaicie= | fectmmatm ) duson )

M

is increasing with t. Therefore, for each £ the integral

Ll§) = [ (@og™)dii

is increasing in ¢ for any nonnegative a. Moreover, the integral of I, (&) in £ is bounded by
a t-independent constant, namely by the integral of a by the Liouville measure. Taking a to
be an approximation of the characteristic function of each member of a countable family of
compact sets exhausting S*M, and using the monotone convergence theorem, we see that
there exists a measure zero set X C M such that for £ € X', we have for each j and for any
compactly supported continuous function a,
. —i\ g~
tl}inoo S*M(a og ") dfie < oo.

This limit is a continuous functional on the space of continuous compactly supported func-
tions on S*M; therefore, there exists unique Borel measure ji¢ such that (4.12) holds. More-
over, we see that the limit (4.12) is uniform in a, as soon as we fix a compact set containing
supp a and impose a bound on supg«,, |a]. One also sees immediately (1.6), namely that for
compactly supported continuous a,

suppaﬂ&:éo(f) =)= : Madu5 =0,
as [q.r(@aog") die =0 for all ¢.

We can integrate the measure p¢ in £, getting back the Liouville measure:
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Proposition 4.3. For each f € C*(OM) and each a € C§°(S*M) we have
/f(f)/ a(m, v) dpe(m,v)dé = f&ioo(m,v))a(m,v)dur(m,v).  (4.13)
oM *M S*M\T'—

In particular, if pr,(T~) = 0 (which will always be the case in our theorems, see (5.2)), then
[ pe d€ is the Liouville measure.

Proof. The left-hand side can be written as

[ TElmatm ) dia m,v),

It remains to use the dominated convergence theorem; indeed, the function under the integral
is bounded and compactly supported, we have g~%(Vt) c g7 (V) for t; < t9, and the
union of g~ H(Vh) over all ¢t € R is exactly S*M \ T'_, as for every geodesic (t) escaping in
the forward direction and for ¢ large enough, the point 7(¢) is directly escaping in the forward
direction and (y(t), {400 (7(t))) € U™. O

Finally, the following lemma will be useful to relate our measure p¢ to the one obtained
from Eg in the proofs of Theorems 1 and 2:

Lemma 4.4. Let § € X, so that pe is well-defined. Let a be a compactly supported continuous
function on S*M

1. pe is invariant under the geodesic flow: for each t € R,

/ aogdue = / adp. (4.14)
S*M S*M

2. If suppa C DEL N{x < &1}, where DEL is given by Definition /.2 and £1 is defined
in (A7), then

/ Wmammmmwmwm%%m»wwmz/'aw@ (4.15)
(m,€)€Uso S* M

Proof. 1. Follows immediately from the definition (4.12).

2. First of all, note that for m in the support of the function a(m, dy,¢¢(m)), we have
(m, &) € UL and xo(m; &) = 1 by (AT); therefore, the left-hand side of (4.15) becomes the
integral of a over the measure fi¢ defined in (4.10). By (4.12), it is enough to show that for

t>0,
/ aogt dpe = / adfie.
*M S*M

For that, it is enough to show that for each f € C§°(OM),

/aMf(f)/S* aog~'djig = /m/ adfig.

Using (4.11), we rewrite this as

/ f(f—&-oo)ad,uL = / f(€+oo)a diy .
gt (V) Vit
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This is true as suppa C V& € g~ 4(V3h). O

4.4. Averaged estimates on plane waves. One of the principal tools of the present paper
are microlocal estimates on the plane waves Ep,(\, §) on average in \,§, where \ takes values
in a size h interval. They are direct consequences of (4.5) and the Hilbert-Schmidt norm
estimate (3.24). More precisely, restricting to the case A = 1 + O(h) for simplicity, we have
the following

Proposition 4.5. Let x € C3°(M). Then:

1. X114 s a Hilbert-Schmidt operator and there exists a global constant C such that
for each bounded operator A : L>(M) — L*(M), we have

W[ Ax(m) En(A, & m) 172

n 2
e (MXOMx[1,1+h)) < Ch™|| AxIyy 4l s- (4.16)

2. The functions xE}, are bounded in L* on average in the following sense: there exists a
constant C(x) such that for any h,

h=H Ix(m) En(X, & m) (4.17)

2
HL?n,g,)\(MXaMX [1,14+h)) < C(X)

The h=! prefactor in both cases is due to the fact that we are integrating over an interval
of size h in .

Proof. 1. It follows immediately from (4.5) that

1+h
h_l/ Ju(A/R)A" /(XEh()\,ﬁ)) © (XEn(A, €)) dédA = (2m)" T R XTTy gy X (418)
1 oM

Here ® denotes the Hilbert tensor product, defined in (2.8). The integral on the left-hand
side converges in the trace class norm, as the Schwartz kernels of the integrated operators
are smooth and compactly supported. Therefore, xIIj; 145X is trace class. Since

X1 14mX = O 1400) OAT 1 1400)) ™

we see that xII; 1,4 is a Hilbert-Schmidt operator. Now, multiplying both sides of (4.18)
by A on the left and A* on the right and taking the trace, we get

h_l ||)\n/2fH()\/h)1/2AX(m)Eh()\, f» m) Higﬂ ¢ A(MXBMX [1,1+h])

= (2m)" TR Te (AT 1) (AXTT g 14m) ) (4.19)

= (2m)" TR AXTT ) o s
2. We would like to use Lemma 3.11 to estimate ||xIIj; 144)/[ns (We can put x on the other
side of the projector in (3.24) by taking the adjoint), however this is not directly possible as

X is not compactly microlocalized. We thus use that Ej, solve the equation (1.4), writing by
the elliptic parametrix construction (same as for the proof of Proposition 3.2)

x = B+ Qx(h?A — X% — cph?) + R, (4.20)

for A € [1,1+h], where B € U°™P(M), Q) € ¥~2(M), and Ry € h®°WU~>°(M) are compactly
supported and B is independent of A\ and equal to xy microlocally near S*M. We can also
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assume that @) and Ry are smooth in A. Now, we substitute (4.20) into the left-hand side
of (4.17) and use the triangle inequality. By (4.16), the term featuring B is bounded by a
constant times h"||BII} 114 ||fg, which is bounded uniformly in i by Lemma 3.11. The term
featuring @) is zero by (1.4).

Finally, we show that the term featuring Ry is O(h*°). This does not follow immediately
from (4.16), as the operator Ry depends on A. We use the following variant of (4.19): for
e (1,14 h],

B IA fa (A )2 Ry B () = (2m)" | R, 5 s

2
”Lfn,&A(anﬁx[l,S\])

Differentiating in 5\, we get
(27T)n+1hn3AHR;H[1,x] s = h_l||S\N/QfH(5\/71)1/2R;\Eh(5\)H%?(m,g)(anM)Jr
2n~1 Re<)\”/2fn(>\/h)1/2(85\R5\)Eh()\), A"/an()‘/h)1/QRth()‘)>L$nM(anMx[1,X})‘

We now integrate in A from 1 to 1+ h. The integral of the left-hand side is bounded by
a constant times h"||Riypllhg = O(h™). The integral of the first term on the right-hand
side is the quantity we are estimating. Finally, the second term on the right-hand side is
bounded by a constant times A"| Tr((05 R5)I[1 145 B[, which is O(h>) uniformly in A, as
the Hilbert-Schmidt norms of both R; and 95 R; are O(h*). O

5. PROOFS

5.1. Proof of Theorem 1. In this section, we prove the convergence Theorem 1 under the
following assumption:

L (K) =0, (5.1)
where p, denotes the Liouville measure on S*M and K is the trapped set. First of all, note
that (5.1) implies

prL(I'y) =0. (5.2)
Indeed, fix € € (0,¢¢), where g is defined in (G2), and take the set IS, =Ty N {z > ¢}. For
(m,v) e T N{xz =€}, we have &(m,v) < 0; indeed, otherwise (m, v) directly escapes in the
backward direction and thus cannot lie in I'y. Tt follows that ¢~*(I'e.) C I'Y. for ¢ > 0. Since
I'Y is bounded, and py, is invariant under the geodesic flow, we have

%) =l (o) = e (1070%)) = ots0) <0
Letting ¢ — 0, we get (5.2).
We next note that the averaged L2 bound (4.17) on EJ, on compact sets, together with (1.4)
and the elliptic Proposition 3.2, give the following
Proposition 5.1. Assume that A € WO(M) is compactly supported and WFy(A)NS*M = (.
Then
hHI(AER(A, §), En(X DIy, @nrx(14mp) = O). (5.3)
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Therefore, it is enough to prove (1.5) for a compactly supported A € We™P (M) microlo-
calized in an arbitrarily small neighborhood of S* M.

Take t > 0; we will calculate limits of the form lim;_, o limp_,q, thus O;(h>®) expressions
(that is, expressions that are O(h*°) with the constants depending on t) will be negligible.
Take x € C§°(M) indepedendent of ¢ and such that A = xAyx. We first use that Ej, is a
generalized eigenfunction of the Laplacian (1.4) and apply Lemma 3.10: for each A € [1,1+A]
and each £ € OM,

XEy, = xe Ml 2hy (13, By, + O(h™|| Byl 12 (x,)) 12+ (5.4)

Here U(t) = e*~/2 is the semiclassical Schrodinger propagator and x; € CS°(M) is sup-
ported in the interior of the compact set K; C M and satisfies dy(supp x,supp(l — x¢)) > t.
We also assume that |x;| < 1 everywhere and K; contains {x > £¢}, where ¢y is defined
in (G2). By Proposition 3.8, we can write U(—t)AU(t) = A™t + Oy(h™)2_,12, where
A7t € omP g compactly supported. Then

(AEp, Ep) = (A™"XtEn, Xt En) + Ot(h™) || EnllZ2(x,)- (5.5)
We will now write
AT = A AT A = AT, AT = AT (L - ), (5.6)

where the L? norm of the principal symbol of Ay ¢ will decay with t and the operator Al_t
will be negligible on E}L The function ¢ € C§°(M) is taken independent of ¢ and such that
supp x C {z > €y} for some €, and ¢ = 1 near {x > ¢, }. We also require that ¢ = 1 near
{z > £}, where €1 comes from the assumption (A7).

We first show that the terms in (5.5) featuring both A;* and E} are O(h*). For that,
we need to show that the trajectories in WF,(A;") C supp(1 — ) N g*(supp x) satisfy the
geometric property shown on Figure 1:

Lemma 5.2. Let t > 0. Assume that (m,v) € S*M satisfies m € supp(l — @), but
g t(m,v) € supp x. Then:
(1) (m,v) directly escapes in the forward direction, in the sense of Definition /.2;

(2) for each s >0, g*(m,v) does not lie in the set We defined in (4.9), for any & € OM.

Proof. (1) We have z(m) < €1 < gq; therefore, if (m,r) does not directly escape in the
forward direction, then it directly escapes in the backward direction; this would imply that
z(g~'(m,v)) is decreasing in ¢ > 0, which is impossible as z(m) < g, < z(g~¢(m, v)).

(2) The point ¢g*(m,v) directly escapes in the forward direction and z(g°(m,v)) < e;.
If g°(m,v) € W, then by (G4), £ = & o(m,v), but this is impossible as xo = 1 near
(gs(m’ V),€+00(m,l/)) by (A7) O

Combining Lemma 5.2 with the microlocal information we have on E’,l17 we get
Proposition 5.3. If £ = X0E2 + E,IL is the decomposition (4.6), then for each t >0,
(AEy, Ey) = (AT "xex0 By, xexo ER)

» - ) (5.7)
(Ao Xt B, xeEn) + O(h (1 + || Enll72(x,)))-
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where Ayt, AT" are defined in (5.6).

Proof. By (5.5), it is enough to show that
(AT X Fn xeFn) — (AT Xex0 B Xexo BS) = Ok (1 -+ | EalZare)
Given that ||X0E2||L2(Kt) = O(1), it suffices to prove
IBXtEy |2 = Ou(h®(1 + || Enllr2(x,)))s
where B is equal to either Aft or its adjoint. This in turn follows from
|BxtEpllze = O:(h™), (5.8)
with E} defined in (4.8). Take (m,v) € WF,(Bx:E}) € §*M. Then by Proposition 3.8,
(m,v) € WER(B) € WE4(A™") Nsupp(l — ¢) C g'(WFx(A)) Nsupp(1 — ).

Since WF,(A) C supp x, we see that m € supp(1 — ¢) and g~ %(m,v) € supp x; therefore, by
Lemma 5.2, the geodesic g*(m, ) escapes in the forward direction and does not pass through
We for s > 0. But then by (A6) the point (m,v) cannot lie in WFh(E}L), a contradiction.
We showed that the wavefront set of BXtE,ll is empty, which implies (5.8). O

We now use the averaged estimate (4.16) and the Hilbert—-Schmidt norm estimates from
Section 3.3, to estimate the second term on the right-hand side of (5.7):

Proposition 5.4. There exists a constant C' independent of t such that
hilH<A(;tXtEh7XtEh>HLé7A(8M><[1,1+h]) < Cll(o(A) 0 g7 )¢l L2(s+ a1y + Oe(h). (5.9)

Here ||al| [2(s- ) is the L* norm of the restriction of a to S*M with respect to the Liouville
measure.

Proof. Take a real-valued function ¢; € C§°(M) independent of ¢ such that ¢; = 1 near
supp ¢. Then the left-hand side of (5.9) is bounded by

WA X B, orxeEn) oy, + WK = 1) Ag e B e En)l 1

where the L', and later L?, norms in &, \ are taken over M x [1,1 + h]. The second term
here is O;(h>) by the bound (4.17) and since (1 — ¢1)Ay" = Oy(h*)2_, 12 is compactly
supported. The first term can be estimated by applying the Cauchy—Schwarz inequality first
in m and then in (), §):

ffl||<f45t><1tEh7801><tEh>HLg,A < A X Bl 2oy - lpixeBnll2anllzy
<A Bz b P lena Bulle, -

Now, h=12||o1x: En| 12 o is bounded (independently of ¢) uniformly in h by (4.17). As for

Y2\ Ayt xi B 12 (0 e can estimate it using (4.16) by a constant times

W2 )| AgtXe T 1 -
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Note that the operator A tx¢ € W™D is compactly supported and it is compactly microlo-
calized independently of ¢. It then remains to apply (3.24) (to the adjoint of our operator);
by Proposition 3.8, the principal symbol of Ay"y; is given by (o(A) o g~)¢. O

We now use the dynamical assumption that pur(K) = 0. The function (o(A) o g7 %)
is supported in a t-independent compact set and bounded uniformly in ¢. Moreover, it
converges to zero pointwise on S*M \T'; as t — +oo. Therefore, by (5.2) and the dominated
convergence theorem we have (0(A) o g~t)¢ — 0in L?(S*M), as t — +oo. It then follows
from (5.7) together with the bound (4.17) and from (5.9) that

lim limsup h™'|[(AEy, Ep) — (A7 xexoEy, XtXOEI%HL%,/\(aﬁx 1+n) = 0-

t—=+oo 40

To prove Theorem 1, it now remains to show that

lim limsuph ™!
t=+oo  p0

=0 (5.10)
Li(0M)

(AT xexoER, xexoEy) — /S MU(A) dpg

uniformly in A =1+ O(h). We first note that by (4.7) the function

XX0ES(A, & m) = e 0™y, (m) xo(m, €)b°(1,&,m;0) + O4(h) 2

is a compactly supported Lagrangian distribution associated to the Lagrangian A¢ from (4.3).
Therefore, by Proposition 3.5, we find

AItXtXOE}?()\a g) = €%¢5XtX0b0(17 57 m; O)U(Aft)(ma 8m¢§ (m)) + Ot(h)LQ‘ (511)

Therefore,
(AT Xex0 Ep, xexo Bf) = /M (A7) (m, Ope(m))[xexob’ (1, € m; 0)* dvol(m) + Oy(h).

Now, by Proposition 3.8, o(A;") = (c(A) o g7)(1 — ¢). By Lemma 5.2, this function is
supported in DE4 N{z < €1}, with DE 4 from Definition 4.2. Also, y; = 1 near supp o(A4;").
Then by part 2 of Lemma 4.4,

(AT xR B = [ (0(4) 0 g7)(1 = @) di + Ou(h). (512)

Therefore, (5.10) reduces to

| oyog - )due— [ ola)du
S*M S*M

lim
t——4o0

=0. (5.13)
Lé(aﬂ)

By part 1 of Lemma 4.4 and (4.13), we write the norm on the left-hand side of (5.13) as

H /*M a(A)(pog")dug

<[ oo gl dun.

Li@M)  Jsm

The expression under the integral on the right-hand side is bounded and compactly supported
uniformly in ¢ and converges to zero pointwise on S*M \ I'_; by (5.2) and the dominated
convergence theorem, we get (5.13). This finishes the proof of Theorem 1.
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The nontrapped case. We briefly discuss the situation when WF,(A) NT'_ = (). In this
case, for t large enough (depending on A), for any (m,v) € WF,(A) we have g'(m,v) ¢
supp ¢ and thus

Aat = O(hOO)L2_>L2.
Then by (5.7) and the bound (4.17),

(AEy, Ep) = (AT xexoER, xexo ER) + Oh™) 1 | @Rtx[1,1+)-

The quantity (A; xsx0EY, xtxoEY) is calculated in (5.12) up to O(h). However, since EY is
a Lagrangian distribution, one can get by Proposition 3.5 a full expansion of this quantity
in powers of h; this yields

(ABW(M,€), Ba(M, €)= ) hj/ Liadpe + (D(hNH)Lé (OFTx[LL4A]) (5.14)
0<j<N USM N
where A = Opy,(a) for some symbol a and some quantization procedure Op;, and each L; is
a differential operator of order 2j on T* M, with Ly = 1.

5.2. Estimates on the remainder. In this subsection, we prove (1.12) and establish an
approximation fact (Proposition 5.8) used in the proofs of (1.13) and Theorem 4.

Classical escape rate and Ehrenfest time. Let Ko C M be a compact geodesically
convex set containing a neighborhood of the projection of the trapped set K onto M. As
n (1.9), define the set

T(t) = {(m,v) € S*M | m € Ky, g'(m,v) € Ko}.

The choice of K( does not matter here: if K, C M is another set with same properties and
T'(t) is defined using K, in place of Ky, then there exists a constant T > 0 such that for
eachT >Tyand t > 0,

g"(T'(t+2T)) C T(t). (5.15)
Indeed, assume that (5.15) were false. Then there exists sequences T; — 400, t; > 0, and
(mj,vj) € S*M such that g=Ti(mj,v;) and g% +7i(m;,v;) both lie in K}, but for each j,
either (1) (mj,v;) € Ko or (2) ¢ (mj,v;) € Ko. We may assume that case (1) holds for all
J; case (2) is handled similarly, reversing the direction of the flow and taking g% (mj,v;) in
place of (mj,v;). Take ¢ > 0 such that K, C {z > €}; since {x > ¢} is geodesically convex
for € small enough, we have (m;,v;) € {x > ¢}. Passing to a subsequence, we can assume
that (m;,v;) — (m,v) € S*M as j — +o00. Now, since g~ (mj,v;) € K}y and Tj — +o00, we
have (m,v) € 'y (indeed, otherwise there would exist s > 0 such that ¢g~*(m,v) € {x < e}
and this would also hold in a neighborhood of (m,v)). Similarly, since g% t%i(m;,v;) € K|
and t; +T; — +o00, we have (m,v) € I'_. It follows that (m,v) € K, which is impossible, as
each (mj,v;) does not lie in K¢, which contains a neighborhood of K.

By changing Ay slightly and using (5.15), we see that the choice of Ky does not matter
for the validity of (1.12) and (1.13); more precisely, if Ag > A{, then 7/(h, A})) < Cr(h, Ao),
where 7’ is defined by (1.10) using 7" in place of 7. Also, the maximal expansion rate Apax
defined in (1.11) does not depend on the choice of Kj.
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We now choose a geodesically convex Ky such that its interior contains the supports of
all cutoff functions and compactly supported operators used in the argument below. We will
rely on Proposition 3.9 (with U equal to the interior of Kj); we let Ag > Apax and fix e, > 0
and A( such that Ag > A > (1 + 2e.)Amax. Define the Ehrenfest time

te :=1log(1/h)/(2Ay). (5.16)
Then when propagating an operator in W™ microlocalized inside
E, ={l—cc<|v|g <1+ec} (5.17)

with cutoffs supported inside Ky, as in Proposition 3.9, for time ¢ = ltg € [—t., te], we get a
mildly exotic pseudodifferential operator in W,>"", where

pe =t/ og(1/h) = Ap/(2A0) < 1/2. (5.18)

First decomposition of (AFE},, E}). By Proposition 5.1, we may assume that A € WP (M)
is compactly supported and microlocalized inside the set &, defined in (5.17).

We first establish the following decomposition similar to (5.7):
(ABy, Bp) = e"(A(U(t0))' 0 En, En)

l
£ AU () (1 — )i 0 El En) + O N (E)?), (5:19)
j=1

uniformly in £ € M and A € [1,1 + h]. Here | = O(log(1/h)) is a nonnegative integer and
to > 0 and ¢, ¢y, € C5°(M), specified below, are independent of j. The quantity N (Ep),
defined in (5.22), is related to the L? norm of Ej, on a certain compact set, and is bounded
on average by (5.23). The real-valued parameter § is equal to

B = —to(\? + coh?)/(2h) (5.20)
and will not play a big role in our argument.
To show (5.19), we start by considering the functions ¢, @1, @2 € C5°(M) such that:

o 0 <, 01,02 <1 everywhere,
e ¢ =1 near supp g2 and @1 = 1 near supp ¢, and
e ¢y = 1 both near the support of A and near the set {x > €1}, with 1 defined in (A7).

The proof of (5.19) only uses the function ¢, however the other two functions will be required
for the more precise decomposition (5.35) below.

We now have the following analogue of Lemma 5.2:
Lemma 5.5. There exists tg > 0 such that if (m,v) € S*M satisfies
m € supp(1 — @) and g~'(m,v) € supp ¢y for some t > tg, (5.21)
then:

(1) (m,v) directly escapes in the forward direction;
(2) for each s > 0, g*(m,v) does not lie in the set We defined in (4.9) for any & € OM;
and
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5 | [ g*(m,v)

FiGURE 3. An illustration of Lemma 5.5. The functions ¢, @1, o are sup-

ported to the left of the corresponding dashed lines; the right side of the figure
represents infinity.

(3) for each s > to, g°(m,v) & supp 1.

Proof. (1) Let suppy1 C {x > e,}. The set DE_ N {x > e,}, where DE_ is specified in
Definition 4.2, is compact; therefore, there exists ¢ty > 0 such that for ¢ > ¢y and (m,v) €
DE_N{x > ey}, we have g~ (m,v) & supp 1.

Now, assume that (m,v) satisfies (5.21), but it does not directly escape in the forward
direction. Since (m,v) € supp(l — ¢2), we have z(m) < eq; therefore, (m,v) € DE_. Then
z(m) > z(g " (m,v)) > e,; therefore, (m,v) € DE_N{x > e,}, a contradiction with the fact
that g~(m,v) € supp 1 and t > to.

(2) This is proved exactly as part 2 of Lemma 5.2.

(3) It is enough to use part (1), take ¢y large enough, and use that the set DEL N{x > e, }
is compact. ]

Take to from Lemma 5.5. Let ¢, € C§°(M) be real-valued and satisfy dg(supp ¢1, supp(1—
1)) > to. Take a compact set K;, C M whose interior contains supp ¢¢,. Put

N(En) =1+ || Enllr2(x,,); (5.22)

this quantity depends on A and £ and we know by (4.17) that

-1 2 _
h HN(Eh)”L%A(aMX [1,14R]) — O(l)' (5‘23)

By (1.4) and Lemma 3.10, we have similarly to (5.4),
0By = eP U (to) iy Ep + O(h°N (Ep)) 2. (5.24)

Here 8 is given by (5.20). Iterating (5.24) by writing ¢¢, = ¢ + (1 — ¢)¢r,, we get for
[ = O(log(1/h)) (or even for [ polynomially bounded in h)

l
PEn = " (oU(t0)) 0 En + Y 7P (oU (t0)Y (1 = ¢)puo B + O(hN(Ep)) 2, (5.25)
j=1
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uniformly in & € OM and X\ € [1,1 + h]. Same is true if ¢ is replaced by any function
¢’ € C§°(M) such that dy(supp¢’,supp(l — ¢y,)) > to. One can also replace Ul(tg) by
U(—to).
We now use our knowledge of the wavefront set of E}L to prove the following analogue of
Proposition 5.3:
Proposition 5.6. If E, = xoE} + E} is the decomposition (4.6), then
leU (t0)(1 — @)t Byl 2 = O(h™N (Ep)), (5.26)

uniformly in € € OM and \ € [1,1+ h]. Same is true if we replace each instance of ¢ by any
function in the set {p, p1,v2}.

Proof. Recalling the definition (4.8) of E,ll, we see that (5.26) follows from

loU (t0)(1 = @)to Bl 12 = O(h™). (5.27)

We now make the following observation: a point (m,v) € S*M in the wavefront set of va',i
will make an O(h®°) contribution to (5.27) unless m € supp(l — ), but g~ (m,v) € supp ;
however, by (A6) and Lemma 5.5, in this case (m,v) & WFh(E}L) To make this argument
rigorous, we can write (bearing in mind that Ei is polynomially bounded)

¢ E) = BE} + O(h*) 2,
where B € U™P is compactly supported and such that
(m,v) € WF,(B) Nsupp(1l — @) = g~ (m, v) ¢ supp .
Then the operator ¢U(to)(1 — ¢)B is O(h*)r2_,r2 by part 2 of Proposition 3.8, which
proves (5.27). O

Using (5.26), we can replace Ej, by xoE) in each term of the sum (5.25):

l

0By = " (oU (1)) 0En + Y _ €77 (pU(t0)) (1 — @) pio X0 ),
j=1

FO(R®N (E)) 2.

(5.28)

Applying the operator A = pAp, we get (5.19).

Properties of propagators up to Ehrenfest time. We will now establish certain prop-
erties of the cut off and iterated propagators up to the Ehrenfest time ¢, defined in (5.16), or,
in certain cases, up to twice the Ehrenfest time. The need for these properties arises mostly
because of the cutoffs present in the argument. Define the Ehrenfest index

le == [te/to] +1 ~log(1/h). (5.29)

Lemma 5.7. Assume that ¢, ¢" € C5°(M) satisfy |¢'],|¢"| <1 everywhere. Let B € W™
be compactly supported and microlocalized inside the set E., defined in (5.17). Then:
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1. If ¢" =1 near supp ¢’, then for 0 < j <l

(¢'U(£t0)) BU (Fijto) = (¢'U(£t0))! B(U (Fto)¢") + O(h™) 2,1, (5.30)
(U(%to)¢") BU(Fijto) = (U(£to)¢') B(¢"U(Fto))? + O(h™) 1212 (5.31)

2. If By, By € U°™P satisfy same conditions as B and moreover WFy(B1)N"WF,(Bz2) = 0,
then for 0 < j < 2l (that is, up to twice the Ehrenfest time)

Bi(¢'U(+t0) Y B(U (Fto)¢") B2 = O(h*) 2 2. (5.32)

Same is true if we replace ¢'U(xtg) by U(xto)y’ and/or replace U(Fto)¢” by ¢"U(Fto).

3. If " =1 near supp ¢’ and both ©" and B are supported at distance more than ty from
supp(1 — ¢y,), then for 0 < j <lI. (B is defined in (5.20))

e (G U (+t0)Y BEy, = (¢'U(%t0)) B(U (Fto)¢") Ep + O(h™° N (Ep)) 2, (5.33)
e 0 (U ()@Y BE = (U(+t0)@' )Y B(¢"U(Ft0)) ¢t En + O(hN(Ep)) 2. (5.34)

Proof. We will repeatedly use Propositions 3.8 and 3.9 and omit the O(h®)2_, ;2 remainders
present there.

1. We prove (5.30); (5.31) is proved similarly. Assume that the signs are chosen so

that (5.30) features ¢'U(ty). We argue by induction in j. The case j = 0 is obvious. Now,
assume that (5.30) is true for j — 1 in place of j. Then

(¢'U(to)) BU(—jto) = ¢'B' + O(h™) 1212,
where
B' = U(to)(¢'U(to) ' B(U(—t0)¢")’ U (~to)

is a compactly supported operator in U, ", with p. defined in (5.18). Since supp¢’ N
supp(l — ¢”) = 0, we have

¢'B" = ¢'B'¢" + O(h™) 212
and (5.30) follows.

2. We again assume that the signs are chosen so that (5.32) features ¢'U(ty). Write j =
Jji1+72, where 0 < j1, j2 < l¢, and write the left-hand side of (5.32) as U(j1to) B1BB2U(—jito),
where

B = (¢'U(ty))”B(U(~to)¢")”,
By = U(—jito) Bi(¢'Ulto))”*, By = (U(—to)¢")" B2U (jito).

Now, Bis a compactly supported member of W5 P, Same can be said about El and EQ,

by applying (5.31) and its adjoint (where the role of ¢’ is played by either ¢’ or ¢” and
the role of ¢”, by a suitably chosen cutoff function). Moreover, if Uy, Us are bounded open
subsets of T*M such that WF,(By) C Uy and Uy N Uy = (b, then by Proposition 3.9, By, is
microsupported, in the sense of Definition 3.1, on the set g/1%(Uy); since these two sets do
not intersect, we see that ByBBy = O(h™)2 12 as needed.
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3. We once again fix the sign so that U(tg) stands next to ¢’. Formally, (5.33) and (5.34)
follow by applying (5.30) and (5.31), respectively, to the identity e/ E) = U(—jto)E,. To
make this observation rigorous, we write by Lemma 3.10

e BE), = BU(—to)@i En + O(W®N (Ep)) 12
P "By = ¢"U(~to) iy B + O(h°N (Ep)) 2.

We now use induction in j. For j = 0, both (5.33) and (5.34) are trivial. Now, assume that
they both hold for j — 1 in place of 5. We then write

(U (t0)) BEy
= e (P'U (o)) BU(~t0)@") ™" En + O(h N (Ep)) 2
= (¢'U(to) Y B(U(~to)" Y U (~to)¢to Bn + O(h°N (By)) 2
The operator (¢'U(tg))? B(U(—to)¢" )~ U(—t) is a compactly supported element of Wy""?;

moreover, as j > 1, the wavefront set of this operator is contained in supp ¢’. Since <,0” =1
near supp ¢’, we can replace ¢y, by ¢’ in the last formula, proving (5.33).

We next write

eI (U(to)¢') BEL = € (U (t0) 'Y B("U(—t0))’ ot En + O(h°N (Ep)) 2.

comp

However, ¢’ (U(to)¢') 1 B(¢"U(— to))J lisa compactly supported element of U,;”"* and its

wavefront set is contained in supp ¢’. Since ¢” = 1 near supp ¢/, we can replace o1, by ¢,
obtaining (5.34):

P (Ul(to)¢')! BEy,
= P (U(to)¢' ) B(¢"U(—t0)) ' ¢" Ep + O(h°N (Ey)) 12
= (U(to)¢") B(¢"U(~t0))’ ' ¢"U(~t0)to En + O(h®N (Ep)) 2. O

Second decomposition of (AE}, E,). We now analyse the terms of (5.19), reducing
(AE}, Ep) to an expression depending on the ‘outgoing’ part EY of the plane wave (see (4.6)),
with remainder estimated by the classical escape rate for up to twice the Ehrenfest time:

Proposition 5.8. For 0 <1 < 2l,
l .
AEh7 Eh Z A]XOEION X0E2> + O(hML(TUtO)) + hOO)L% L (OM x[1,1+h])’
= ; (5.35)
A= 1y (1= 2) (U (—=to) o1 A(pU (1)) (1 = ) pre-
Here l. is defined in (5.29) and T (t) in (1.9); we keep the O(h™) remainder to include the
nontrapping case.

We will use Lemma 5.7; since it only applies to pseudodifferential operators microlocalized

inside the set &, from (5.17), we take an operator

Xo € UP(M), WF,(Xo) C &, Xo =1 near S*M N supp ¢y, (5.36)
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compactly supported inside Ky,. By (1.4) and the elliptic estimate (Proposition 3.2), we
have

etoEn = XowtoEp + O(hCN(Ep)) 12 = @1y XoEp + O(hN(Ep)) 2. (5.37)
Same is true if we replace Ej, by xoEY, as by (A4) and the fact that |0,,¢¢], = 1, we have
WF(xoEp) C S*M. We also recall that WF,(A) C &.,.

We start the proof of Proposition 5.8 by estimating the first term on the right-hand side
of (5.19) for [ up to twice the Ehrenfest time, in terms of the classical escape rate:

Proposition 5.9. There exists a constant C such that for 0 <1 < 2l., we have
h (AU (to)) 0 By, Eh>”LgA(aﬁx[1,1+h1) < Curn(T(lty)) + O(h™). (5.38)

Proof. We write [ =11 + lo, where 0 < l1,13 < l; then
(A(U (t0)) 0B, Bn) = (12U (o))" ¢ Ep, (U(~to)p) 2 A Ey).
Now, by (5.33)
1P (QU (1)) 0By, = e (U (t0))"! XopEp + O(hXN (Ey)) 2
= B{ By + O(h*N(Ep)) 2,
where
Bj = (pU(to))" Xop(U(~to)ie1)".
Similarly, by (5.34) (recalling that A = @A)
e 2B(U(—tg)p)? A*Ey, = BYEj, + O(h™N(E})) 12,
where
Bf = (U(~to)¢)"2 A*(¢1U (t0)) oo
Put B, = (B?)*B}; recalling (5.23), it is then enough to show that
h—1H<B1Eh,Eh>||Lé>\(aM><[171+h]) < Cur(T (Ito)) + O(R™). (5.39)

Now, by Proposition 3.9, the operator B} is a compactly supported element of ¥;>™ (modulo

an O(h*)2_,r2 remainder which we will omit), and it is microsupported, in the sense of
Definition 3.1, inside the set g~1%({¢; # 0}) (here we only use that suppp C {p; #
0}). Similarly, B? € Wp.™ is microsupported inside g2%({p; # 0}). Therefore, B; is
microsupported on the set

S =g 1" ({1 # 0}) N g™ ({1 # 0}).
Note also that B; is compactly supported independently of [.

Now, by taking the convolution of the indicator function of an h”e sized neighborhood of
S; with an appropriately rescaled cutoff function, we can construct a compactly supported
operator B, € U™ such that B = EZ*BI + O(h*)y- and B, is microsupported inside an
O(h?*) sized neighborhood & of S;. Using (5.16), (5.18), and the estimate on the Lipschitz
constant of the flow given by (3.17), we see that for (m, 7) € S; N S*M, there exists (m,v) €
8N S*M such that d((m, ), (m,v)) < ChPe and for Afj > Af > (1 4 2¢¢)Amax,

d(ght (m, D), g (m, v)) < Celttoro pre < Celelo pre < Cemte(Bo=00)
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is bounded by some positive power of h. Here d denotes some smooth distance function on
T*M. Same is true if we replace g'* with g—!2%0: therefore, if the compact set K used in
the definition (1.9) of T (t) is chosen large enough, we have

S NS M C g (T (Itg)). (5.40)
Using the Cauchy—Schwartz inequality and (4.16), we bound the left-hand side of (5.39) by
W BB, Bn)lsy , < h_1”<BlEhv§lEh>HLé’A +0(h)
h_1||BlEh||L2(M)L§A : ||§lEh||L2(M)L§X + O(h*)
< O Bill 1 s (W2 | BiTTp 1 lliss) + O(h™).
It remains to use (3.25) (or rather its adjoint). Indeed, both B; and B; are bounded in 5™
uniformly in [, and they are microsupported in Sy; therefore, by (5.40)

B BB, By, < Cpn (808" M) + O(h%) < Cur(T(ito)) + O(®). O

As for the sum in (5.19), we have the following
Proposition 5.10. For 1 < j < 2l., we have
eIP(A(pU (t0) Y (1 = ©)uo X0 R, En) = (A x0 B}, xo BR) + O(h™ N (Ep)?), (5.41)
uniformly in & € OM and \ € [1,1 + h], with AV defined in (5.35).
Proof. Since A = p Ay, we can replace Ej, by ¢1Ep, on the left-hand side of (5.41). Writing

down (5.25) for ¢; in place of ¢ and using 9 in place of ¢; in the splitting ¢, = @1 + (1 —
©1)¢r, in the last step, we get

1By, = e78(01U (t0)) 02 By + €77 (01U (t0))? (1 — 2) ¢ty En

1 5.42
n Z e (o1 U (10))F (1 = 1)1y En + O(hCN(Ep)) 12 o8
k=1

We now substitute (5.42) into the left-hand side of (5.41). The first term gives, after us-
ing (5.37) to replace ¢, X0 EY by Xowr,xoEY) and ¢Ep, by XopEp
(A(U (t0) ) (1 = @) 1o x0Ep, (01U (to) Y w2 En) = (BoxoEp, En) + O(h®N (Ep)?),
where
By = p2 X5 (U
by (5.32), as supp @2 N supp

(= to)sm)”A(@U(to)) (L= @) Xowt, = O(h™) 12, 2
(1-¢)=
Next, we use Proposition 5.6 to write the second term of (5.42) as
7P (p1U (1)) (1 — p2) @t X0 Efy + O(hN (Ep)) 25
therefore, this term gives the right-hand side of (5.41).
It remains to estimate the contribution of each term of the sum in (5.42), which we can

write, using (5.37), as €{UF8(ByxoEY, xoEY) + O(h®°N (E})?), with
By, = p1, X5 (1 — 1) (U(~t0)1) AU (t0) Y (1 — ) Xoto-
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We need to show that ||Bg||;2_,2 = O(h™) for 1 < k < j. For that, we consider two cases.
First, assume that k < [.. Then we have

10 X6 (1 = 1) (U(—to)p1)" A(U (t0)) e = O(h™) L2, 2, (5.43)

as the supports of 1 — 1 and ¢ do not intersect and the operator in between them is a
compactly supported element of ¥p,"" (modulo an O(h™)2_,72 remainder which we will
omit). Since By is obtained by multiplying the left-hand side of (5.43) on the right by
U (t0) (U (t0))? (1 — @) Xowr,, it is also O(h™) 2, 2.

Now, assume that k& > l.. Take ¢; € C§°(M) equal to 1 near supp ¢; and such that
|p1] < 1 everywhere. We write by (5.30) and its adjoint,

U((k = Le)to) BeU(—(j — le)to) = BpBiBi + O(h™) 12,12,
By = (21U (0))* 01, X5 (1 = 1) (U (—to)ip1)* ",
B} = (U(=to)p1)" A(¢U (to))",
By = (#U(t0)) " (1 = @) Xops (U (—to) 1)’ .

Now all B, i = 1,2,3, are compactly supported members of Up."P. Let Uy, Us be two
bounded open sets such that supp(ps, (1 — ¢1)) C Ui, suppyp C Us, and Uy NUy = 0.
Since k — I, > j — l. and by Proposition 3.9, the operator B,i is microsupported, in the
sense of Definition 3.1, on the set g~(*~l)o(U;), while B} is microsupported on the set
g~ (F=le)to(1,); since these two sets do not intersect, we get By, = O(h>) 2_, 2, finishing the
proof. O

Combining (5.19) with (5.38) and (5.41), we finally get (5.35).

Proof of (1.12). Put [ equal to the number /. defined in (5.29). By (5.35), it is enough to
approximate the terms (A7yoEY, xoEp). This is done by the following proposition, relying on
the Lagrangian structure of EY and featuring the interpolated escape rate r(h, A) from (1.10):

Proposition 5.11. Putl = 1. given by (5.29), and r(h,A) defined in (1.10). Then the sum
on the right-hand side of (5.35) is approximated as follows:
l ~ .

(AT x0ER, xoEp) :/

. o(4) dpg + O(hr(h, 280)) 11 | om7x[1,14h)- (5.44)

7=1

Proof. By Proposition 3.9, the operator A is compactly supported and lies in \Iff,(;.mp, modulo
an O(h*>)2_,r2 remainder, where

pj = =—pe, with jto/te <1+ o(1)

with t. and p. defined in (5.16) and (5.18), respectively. Next, Al is microsupported, in the
sense of Definition 3.1, in the set

Qj = g"({v1 # 0}) N ({1 # 0}).
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If the set Ko from the definition (1.9) of T(t) is large enough, then Q;N.S*M C g/t (T (jito));
by the definition (1.10) of r(h,A), we find

plitolte 1 (Q; M S* M) < r(h, 2A0). (5.45)
y (A4) and Proposition 3.5, we have the following analogue of (5.11):
Ao ] = e R xab (1,6, m; 0)0 (A7) (m, Bnbe(m)) + O(h'~71)

Moreover, by part 2 of the same proposition, we see that Al XoE} is O(h"o) outside of the
set of points m € Ug such that (m,0pnde(m)) € Q;. By Lemma 5.5, o(A7) is supported in
supp(1l — ) Nglo(supp ¢1) C DEL N {x < g1}, with DE from Definition 4.2. Using part 2
of Lemma 4.4, we then get

Fxolonolf) = [ o) duc+ 00 ing(Q) +O0=).  (540)

uniformly in ¢ € 9M and X € [1,1 + h]. Now, we write by (5.45) and Proposition 4.3,

Zhl %l (Q9) 1y = Zhl 23, (Q; N S*M)

Jj=1 j=1
l l
r(h,200) > AU=2Pedito/le — p(h,20g) Y " e 2Mo0=2e)it0 < Cr(h, 2A0).
1

Jj=1 Jj=

It remains to sum up the integrals in (5.46). We have by Proposition 3.9, bearing in mind
that o1 = ¢, (1 —@)(1 —p2) =1—¢, A= pAp, and dg(supp(1 — ¢y, ), supp ¢) > to,

o (A7) = (o(4) 0 g7 Hsoog ko,

By part 1 of Lemma 4.4, we write

l l 7j—1
S [ oldue= [ o> (- pog™) [T oo d du
j=175"M S*M j=1 k=1
l
= oc(A)(1 - o g0 ) dpg.
| o (1= eed"™) dne

k=1

It remains to note that by Proposition 4.3,

¢ !
g A (o) kt() = o A o ktO :O
| et L oo i [ T et s = OlaT00)

since the expression under the last integral is supported in T (Itg). O
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5.3. Trace estimates. In this subsection, we prove a stronger remainder bound (1.13) for
the case when (AE), Ep,) is paired with a test function in £ and obtain an expansion of the
trace of spectral projectors with a fractal remainder — Theorem 4.

Expressing Eg ® Eg via Schrodinger propagators. Our argument will be based on
the decomposition (5.35). The remainder in this decomposition is already controlled by
the escape rate at twice the Ehrenfest time ¢, defined in (5.16). However, in the previous
subsection (see Proposition 5.11), we were only able to estimate the sum in (5.35) for [ up to
the Ehrenfest index [, ~ t¢/ty defined in (5.29). We therefore need a better way of writing
down the Lagrangian states EY, when coupled with a test function in &, and such a way is
provided by

Lemma 5.12. Let f(£) € C®°(OM) and define for X € (1/2,2),
() = /8 _ HOMERN) ® (0B €)) ds. (5.47)

Here ® denotes the Hilbert tensor product, see (2.8). Assume that X1, Xy € WOP(M)
are compactly supported and the projections WS(WFh()zj)) of WFh()Zj) onto S*M along the
radial rays in the fibers of T*M lie inside DEL N{x < e1}, with DE 4 defined in (4.2) and &,
from (A7). Then

~ ~ o,

X3 (N) X5 = (2mh)" /T e~V S/CN T (§) By(N) ds + O(h™°) 12, 12,
—410

where Ty > 0 is independent of h and Bs(\) € W™P(M) is compactly supported on M,

smooth and compactly supported in s € (—Ty,Tp), and smooth in X\. Moreover, if {10 1S the

function defined in (G3), then

o(Bo(1))|smr = f(Eoo)o (X1 X3). (5.48)

Proof. We write
X0 X = /a _HOFEOEN.O) @ (Koo PR €) ds.

By (A4), xoE}(\,€) is a Lagrangian distribution associated to A times the Lagrangian Ag
from (4.3). By Proposition 3.5, we can write

XixoEL(N €)(m) = em %y (X, €,m; h) + O(h™)cge,

where ¢¢ is defined in (G4) and b; is a classical symbol in A smooth in A, &, m and com-
pactly supported in m. The symbol b; depends on the operator )Z'j; in fact, we can make
supp b; C T_l(WS(WFh()ij))), with 7 defined in (4.2). We then write the Schwartz kernel of
)Nflﬂg()\)f(;, modulo an O(h>)cee remainder, as

T(m, m'; \, h) = / e'® (@em)=0(m) £ (&)p (N, €, m; h)ba (N, &m0, ) dE. (5.49)
1o}

Now, the support of each b; in the (m,&) variables lies in the set U defined in (G4). The
critical points of the phase A(¢¢(m) — ¢e(m')) are given by Ogde(m) = Jgpe(m’); using (G6),
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we see that b~/ 2ﬁ(m, m/; \, h) is a Lagrangian distribution associated to the Lagrangian
Ay = {(m,v;m' V) | vy = A, 3s € (=T, To) : g*(m,v) = (m', 1))} (5.50)
Here T > 0 is large, but fixed.

Now, take some family Bg(\) € W™P(M) smooth and compactly supported in s €
(—=To,To) and define the operator

T
Ha () = 2rh)" [ e P05 B () ds, (5.51)
—Ty
Following the proof of Lemma 3.11, we see that h~"/? times the Schwartz kernel I (m, m’; \, h)
of IIp(A) is, up to an O(h™)2_,12 remainder, a compactly supported and compactly microlo-
calized Lagrangian distribution associated to the Lagrangian K)\. Moreover, the principal
symbol of h="/2I1g(m,m’; A\, h) at (m, v, m/, 1) such that ¢°(m,v) = (m/,1) is a nonvanish-
ing factor times o(B;)(m/,v'). Arguing as in the proof of part 2 of Proposition 3.3, we see
that we can find a family of operators Bs(A) such that

I(m, m'; X\, h) = Tg(m,m’; A, h) + O(h™)cee.
It remains to check that the family Bs()\) can be chosen to depend smoothly on A uniformly
in h (this is not automatic, as multiplication by e for some function 1) destroys this
property, but does not change the Lagrangians where our kernels are microlocalized for each

A). For that, it is enough to note (by Proposition 3.3) that if we consider h~"/2II and
h~"/?I1p as Lagrangian distributions in m,m’, \, they are associated to the Lagrangian

{(m,v,m" V' X\, q)) | [v|g =X, 3s € (=Tp,Tp) : ¢°(m,v) = (m/, /'), gn = —As},

where ¢, is the momentum corresponding to A. For ﬁ, this is true as when 7(m’,§) =
g*(T(m,€)), we have ¢¢(m) — ¢e(m’) = —s by (4.4); for IIp, this is seen directly from the
parametrization (3.27), keeping in mind the factor e~?s/(2h) in the definition of II B-

Finally, to show the formula (5.48), put A = 1, take an arbitrary Z € W™ and compute
the trace

T
Te(X,19(1)X5.2) = (2nh)" / " i/ 20 To(U(5) By (1)Z) ds + O(h™), (5.52)
_TO

The left-hand side of (5.52) can be computed as at the end of Section 5.1, using the limiting
measure jig; by Proposition 4.3, it is equal to the integral of f(§+oo)a(5(:§Z)A(:1) over the
Liouville measure on S*M, plus an O(h) remainder. The right-hand side of (5.52) can be
computed by the trace formula (3.32), and is equal to the integral of By(1)Z over the Liouville
measure on S*M, plus an O(h) remainder. Therefore,

/ o(2) (€ 4oo)o (K1 X) dpug, = / o(2)o(Bo(1)) dp
S* M S*M
for any Z; (5.48) follows. O

Proof of (1.13). By (5.35), it is enough to approximate the sum in this formula up to twice
the Ehrenfest time:
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Proposition 5.13. Fiz f € C®°(0M). Putl = 2l., where l. is defined in (5.29), and
consider

l
=2 | _FOAEXELA O, 0B, ) de. (5.53)

If €4 oo (myv) is the limit of g'(m,v) as t — +oo, for (m,v) € S*M\T'_ (see (G3)), then for
A€l 1+h],

St(N) = S*Mf(£+00)a(A) dur, + O(r(h, Ag)). (5.54)
Here r(h,A) is defined in (1.10). Moreover, for each k
sup 0§57 (A)| < Cph™"7e, (5.55)
AE[L,14A]

=

where pe is defined in (5.18).

Proof. First of all, take a compactly supported operator X € Ueomp guch that WF h()N( )NS*M
lies inside the set DE 4 N {z < &1} and for X defined in (5.36),

©U(to)(1 — @)1, Xo(1 — X) = O(h®) 2,2,
©1U (to) (1 — 02) 1, Xo(1 — X) = O(h™) 12, 2.

Such an operator exists by Lemma 5.5 (it can be easily seen that in part 1 of this lemma,
(m,v) actually lies in the interior of D). Then by (5.37), the definition (5.35) of A7, and
Lemma 5.12,

!
=> | FEO(AT X0 X x0ER(N, €), XxoER (X, €)) d€ + O(h™)

l
=" Te(AT X XTIH(N)X) + O(h™)
j=1

(2rh)" Z / ¢V N T XU (5) Bo(N)) ds + O(h™)

for some fixed Ty > 0 and some family Bs(\) € ¥°™P smooth in s and A and compactly
supported in s; we can make By microlocalized inside the set & defined in (5.17). We will
henceforth ignore the O(h*) term.

Now, take 1 < j <[ and put j = ji + ja2, where 0 < j1,j2 < le, jo > 1, and |1 — ja| < 1.
Using the cyclicity of the trace, we find

Tr(A7 XoU(s) Bs(N)) = Te(U(s) BB ,(\),
B = (U(~to)1 )" A(U (to) ),
B} ((\) = (9U(t0))?2(1 — )ty XoU () Bs(N) 1o (1 — 02) (U (—to)1)™2U (—s).

Put p; = (jto/te)pe; since ji, jo < j/2+1, by Proposition 3.9 the operator BJ is a compactly
supported element of ¥*° /2p (modulo an (’)(h )22 remainder which we will ignore). Same
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can be said about the operator

B3 (V) = (9U(t0))” - (1 = ©)¢1, XoU () Bs (Nt (1 = 02)U (=) - (U(~to) - U(s)prU (—5))”

(The operator U(s)e1U(—s) is not pseudodifferential because ¢ is not compactly microlocal-
ized, but this can be easily fixed by taking )N(O € WP equal to the identity on a sufficiently
large compact set and replacing U (s)p1U(—s) by U(s)¢1 XoU(—s) in By 4(\), with an O(h™)
error.) Therefore, B{B;S(A) also lies in \Il;jl;;p; moreover, it depends smoothly on s and ),
uniformly in this operator class. (In principle, we get powers of | ~ log(1/h) when differ-
entiating in s, due to the (U(—to) - U(s)p1U(s))’? term, but they can be absorbed into the
powers of h in the expansion (3.32).)

We now use the trace formula of Lemma 3.12, writing
Sr(\) = (2mh)" Z / e~ T (U (s) B] B (V) ds. (5.56)

The operator Bgs(A)? is microsupported, in the sense of Definition 3.1, inside the set
g 7200 ({ g # 1})Ng~U2=D ({p # 0}); by Lemma 5.5, this set lies inside g=72!(DE ;) and in
particular does not intersect any closed geodesics, therefore (3.31) holds. The estimate (5.55)
now follows immediately from (3.32). The power h~*P¢ arises because we integrate over the
energy surface {|v|; = A} depending on ); therefore, 95¥S;(\) will involve kth derivatives
of the full symbol of B{Bi <(A) in the direction transversal to the energy surface, which are
bounded by h=*i. The sum (5.56) has | ~ log(1/h) terms; however, our estimate is not
multiplied by log(1/h) because one can see that the sum of Liouville measures of the sets
where these terms are microsupported is bounded.

As for the approximation (5.54), we write (note that we take s =0 in By )

ji—1

o(B]) = (c(A) o g 10) T] wog™*™,
k=1

J2—1
a(BSo(M)lsear = ((1 = @)a(Bo(N)) o g [ wo g™
k=0
Since the Liouville measure is invariant under the geodesic flow, the contribution of the
principal term of (3.32) to S¢(A) for A =11s

J—1

l
/ A)Y (1= )a(Bo(N) o g [T w0 g™ dpur.

j=1 k=1

Now, by (5.48), 0(By(1)) = f(£+00) on the support of the integrated expression; recombining
the terms as in the proof of Proposition 5.11, we get the right-hand side of (5.54), with an

pr(T (Itp)) remainder. The subprincipal terms (and also the difference S¢(\) — Sf(1) for
)\ € [1,1 + h]) are estimated using the bound on the Liouville measure of the set where
B] B] 9,5 is microsupported; arguing as in the proof of Proposition 5.11, we see that they are
bounded by a constant times r(h, Ag). O
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Expansion of the trace of spectral projectors in powers of h. We now use the
results obtained so far to derive an asymptotic expansion for the trace of the product of
the spectral projector ljg »2;(P(h)) with a compactly supported pseudodifferential operator,
with the remainder depending on the classical escape rate for up to twice the Ehrenfest time.
Here we denote

P(h) := h?(A — cp), (5.57)

with the constant ¢p from (Al). It will also be more convenient for us to use the spectral
parameter s = A2 in the following corollary and theorem (not to be confused with the time
variable s used in Lemma 5.12).

We start with the following consequence of the decomposition (5.35), the bound (5.54),
and the spectral formula (4.5):

Corollary 5.14. Take Ao > Amax, with Amax defined in (1.11), and let T(t) be defined
in (1.9). Fore >0, let p € C°((1 —e,1+¢)) equal to 1 near [1 —e/2,1+ /2] and for
s € R, define o5 := ¢ Vo - If € > 0 is small enough, then for each compactly supported
A € UO(M), there exist some functions Sp(s), Qn(s) and some constants C > 0, Cy > 0 such
that for all s € R and all k € N

Tr (Aps(P(h))) = Sh(s) + Qn(s), |05S(s)| < Cph™" 717472,

0 5.58
ants + - @uto) < onrs (T(LEM)) L 00) forwe o,
Proof. By (4.5),
Vite
Tr (Agu(P() = a0 [ X a0 /n0) [ (ABL€), Ea(h €)) dsan
Vi—e OM

Now, note that the decomposition (5.35) (with [ = 21.) is still valid in any O(h) sized interval
inside (v/1 —¢,+/1 4+ ¢), if € is small enough. More precisely, if we write
Vite
Suls) 1= (21 [ X a3/ OBSI0) d,
Vi1—g
where S1()) is defined by (5.53) with f(£) = 1, then we have the expansion (5.58) with Qp(s)

satisfying the required bound. To estimate the derivatives of Sy,(s), it now suffices to use the
bound (5.54), noting that it is valid for |A\? — 1| < ¢ if ¢ is small enough. O

Using the last corollary, we can show the following trace decomposition with a fractal
remainder:

Theorem 4. Let P(h) be defined in (5.57), let A = Op,(a) € WO(M) be a compactly
supported operator, then there exist some smooth differential operators L; of order 2j on
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T*M, depending on the quantization procedure Op;,, with Lo = 1, such that for any compact
interval I C (0,00), all s € I, all h > 0 small, and all N € N

N
Tr (Al q(P(h)) =(2xh) "1 " h / Liadu, +h™"O(ur(T(Ag | loghl)) + hY)
§=0
v2<s

where the remainder is uniform in s. Here u,, is the standard volume form on T* M ; we have

L = wgﬂ/(n + 1)!, where wg is the symplectic form.

Proof. By rescaling h, it suffices to prove the result for |[s—1| < £/2 where € > 0 is obtained in
Corollary 5.14, we can thus assume |s — 1| < /2. Let ¢ be defined as in Corollary 5.14, and
e C°((-14¢/2,1—¢/2)) such that v +p =1o0n [0,1+¢/2]. For s € (1 —¢/2,1+4¢/2),
one has 1 4(P(h)) = ws(P(h)) + ¥ (P(h)) and it suffices to study the expansion in h of
oan(s) and Tr(Ay(P(h))) where

oan(s) = Tr (Apy(P(R))) = Tr (Ag,(P(h)X). (5.59)

if x € C§°(M) is such that A = xAx. Since A is compactly supported, one can use the
functional calculus of Helffer—Sjostrand [DiSj, Chapters 8-9] to deduce that Ay (P(h))x €
WeomP (M) is a compactly supported and microsupported pseudodifferential operator with a
classical symbol”. Its trace thus has a complete expansion in powers of h (see [DiSj, Th 9.6]):

N
= T —n—1 ‘7 /{a w —n+N .
Te(Ap(P(R))X) = (27h) ;h | ziadu, + 00 (5.60)

where L7 are some differential operators of order 2j and Lga(m,v) = a(m, v)Y(|v]3).

Let us now analyze the function o4 5. This is a smooth function of s > 0 by the smoothness
assumption on the Ej, (A, ) in A, it is constant in s for |1 —s| > ¢, and we know that o4 5,(s) =
O(h="~1) uniformly in s by Lemma 3.11. Let 0(s) € .#(R) be a Schwartz function such that
0 € C5°(—n,n) for some small n > 0 and 6(t) = 1 near t = 0, and let 0),(s) = h=20(s/h). We
write

o n(s) = 0s0an(s) = Tr(Ap(P(h))dILs(P(h))x) € C5°((0,00))

where dII;(P(h)) is the spectral measure of P(h). The operator Ap(P(h))dIls(P(h))x has
a smooth compactly supported kernel and is trace class. We clearly have o’y , x 6, € #(R)
and by a simple computation, its semi-classical Fourier transform is given by

/ €150y, % On(s)ds = Tr(Ap(P(h))e  FTM))(1)
R
and thus

1 s ) .
O On(s) = 5 - i ent Tr(Ap(P(h))e it PM)f(4)dt.

2An alternative method in the Euclidean near infinity setting is the functional calculus of Helffer-Robert
[HeRo].
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Now we can apply Lemma 3.12 with B, = 3 ei0hu/20(_4,/9) Ap(P(h)); the condition (3.31) is
satisfied because 6 is supported in a small nelghborhood of zero. This shows that, as h — 0,
we have the expansion (locally uniformly in s)

o1 On(s) = (2mh) ™" 1(2}#/

m,V/s)dp (m,v) + OB )
S*M

for all N € N, where b is a symbol such that Op;,(b) = 5Ap(P(h))+O(h>), Ej are differential

n

operators of order 23 on T*M, smooth in /s, w1th Ly = s . In particular, one has
Lob(m, \/sv) = 1s T a( ,V/sv)p(s|v[2). Notice that b is supported in {(m,v) € T*M |
[v|2 € supp ¢} thus ij( ,v/sv) is smooth in s € R when (m,v) € S*M. Since o4 4(s) is
bounded in s, the convolution o4 5 * 0p,(s) is well defined (as an element in L*(R)) and we
have for all N and for all s <2

oan*0n(s) = (2mh)™"" 1 Zhﬂ/ / m, vuv)dur (m, V)du+0(hN+1))

We are going to show that, uniformly in s € R,
oan(s) —oan*x0h(s) = O(h™®) + O(h™"ur(T(Ay | loghl))), (5.61)
using the decomposition

oan(s) = Sn(s) + Qn(s)

defined in (5.58). Since 05Sx(s) is a compactly supported symbol we get by integrating by
parts N times

(1- 9(t))/e—iﬁsassh(s)ds = (1—6(t)) / it <Z>Na§’+1(5h(s))ds ) O(%)

for all t € R and all N > 1. Thus, taking the Fourier transform we deduce that Sp,(s) — Sy *
0y (s) = O(h*°) uniformly in s. From (5.58), we obtain by induction that for all s, u

@us +0) = Qul < O (14 ) (7 1o ) + 00%)

then multiplying by 6}, (—u) and integrating in u, we obtain (5.61).

Given (5.61), we have
wan(®) = @) S w0 [ L v (m, )
- 0 * M
j:

+O (R "ur(T(Ay Hloghl))) + O~ Y).

Since the symbol of b is explicitly obtained from a using Moyal product, we can rewrite

(5.62)

this expression with a instead of b and with some new differential operators with the same
properties as L; but supported in {|V|§ € supp ¢}; using polar coordinates S*M X R% on
T*M, we deduce that there exist some differential operators L; of order 25 on T*M such
that

/ / m, vJuv)dur (m, V)du—/ Lia(m, v)dpe,(m, v)

lv[3<s
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and Lya(m,v) = go(]ylg)a(m, v). Combining this with (5.62) and (5.60), we obtain the desired
result where L; in the statement of the Theorem corresponds now to L} + L7. O

6. EUCLIDEAN NEAR INFINITY MANIFOLDS

In this section, we assume that (M, g) is a complete Riemannian manifold such that there
exists a compact set Ky C M such that for £ := M \ K,

(€,9) is isometric to (]R"+1 \ B(0, R), Geucl)

where R > 0, B(0, R) is the Euclidean ball of center 0 and radius R and geyc is the Euclidean
metric. We will check that all the assumptions of Section 4 are satisfied.

6.1. Geometric assumptions. We let z € C°°(M) be an everywhere positive function
equal to x(m) = |m|™! in € identified with R"*!\ B(0, R), and such that z > R~! in K.
(We take it instead of the function (1 4 |m|?)~'/2 used in Section 4 for the model case of
R™*1 to simplify the calculations and since we no longer need smoothness at zero.) We
shall use the polar coordinates m = w/x in £, where w € S". Assumption (G1) is satisfied
by taking the radial compactification of M, i.e. adding the sphere at infinity: the map
Y R\ B(0,R) — (0,1/R) x S™ defined by 1(m) = (z(m), z(m)m) is a diffeomorphism
and the radial compactification of M is obtained by setting M = M LUOM where OM := S",
the smooth structure on M is the same as before on M but we extend it to M by asking
that v extends smoothly to the boundary OM and v(¢) = (0,€) if ¢ € OM = S" (see for
instance [Me] for more details). In other words, smooth functions on M are smooth functions
on M with an asymptotic expansion in integer powers of 1/|m| to any order near infinity.

Assumption (G2) is clearly satisfied for gy := 1/2R since the trajectories of the geodesic
flow in x < gg are simply g'(m,v) = (m +tv,v). A point (m,v) € S*M is directly escaping
in the forward direction in the sense of Definition 4.2 if and only if 2(m) < gy and m -v > 0.
Now, (G3) is satisfied with £, (m,v) = v for (m,v) € DE.

For the assumption (G4), we define
Uso = {& < g9} x OM C M x OM,
pe(m) =m-&, (m,§) € Us.
Then 7 : Uy — S*M from (4.2) maps each (m,&) € (R™\ B(0,2R)) x S™ to itself as
an element of S*(R"™ \ B(0,2R)). Assumptions (G4) and (G5) follow immediately. To see

assumption (G6), we note that for z(m),z(m’) < g9 and some § € S™, we have O¢pe(m) =
O¢pe(m’) if and only if m — m’ is a multiple of &.

6.2. Distorted plane waves and analytic assumptions. We recall a few well known facts
about scattering theory on perturbations of R™, we refer to [Me] for a geometric approach
and to [MeZw, HaVa] in a more general setting (asymptotically Euclidean case). A plane
wave for the flat Laplacian on R™! is the function, for A € (1/2,2),

u(A;m, &) = ce%m'f, cesS", meR" ceC. (6.1)
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This is a semiclassical Lagrangian distribution, its oscillating phase has level sets given by
planes orthogonal to £&. The continuous spectrum of the Laplacian A associated to the metric
g is the half-line [0, 00). We will take the resolvent of h?A to be the L?-bounded operator

Rir(A\) == (R2A = 2%~ in Im(\) < 0.

2

This admits a continuous extension to {\ # 0,Im()) < 0} as a bounded operator from L,

to L2 . For A > 0 we call Rj,()\) the incoming resolvent and Rj,(—\) the outgoing resolvent
The distorted plane wave is defined for £ € S™ (see [MeZw, HaVa]) by
2wh\ 3 i
En(0&m) =20 (=50 lim [(2) 7"/ 2en Ry (\im, €/a')), (6.2)
4 ' —

where Rp(A\;m,m') is the Schwartz kernel of Rj(\) and &/2' € £. This is a smooth func-
tion of (m,&) € M x S", and in the case of M = R™*! it is given by (6.1) with ¢ = 1
(see [Me, Chapter 1]). We shall use the notation Ej(\,§) for the C°°(M) function de-
fined by m — Ej()\,&m) and we notice that (h?2A — A2)Ep(\,€) = 0 in M. One has
Ep(A\;m, &) = Ep(—A;m, &) since Rp(A\)* = R(—=A) for A € R, and the decomposition of the
spectral measure in terms of these functions in given as follows: by Stone’s formula, the
semiclassical spectral measure is given by

i

s

I, (A) = = (Rp(A) — Rp(=A))dA  for A € (0, 00) (6.3)

in the sense that F(h?A) = [ F(A\?)dII,(A) for any bounded function F'; by combining this
with the Green’s type formula of [HaVa, Lemma 5.2], we deduce that

dIl, (N m,m') = A"(2xh) ™1 | Ep(\m, O ER (N, m/, €) déd.
sn
Here d¢ corresponds to the standard volume form on the sphere S™. The assumptions (A1)
and (A2) are then satisfied. In fact, using [HaVa], one can define distorted plane waves and
verify assumptions (A1) and (A2) for the more general case of scattering manifolds.

Outgoing/incoming decomposition. We now construct the decomposition (4.6) of Ej,
into the outgoing and incoming parts and verify assumptions (A3)—(A8). Take xo € C*°(M)
(thus constant in &) supported in {z < g0} and equal to 1 near {z < £¢/2}, so that assump-
tions (A3) and (A7) hold, where we put ¢; := €9/2. We next put

EY(\,&m) = e%m'é, x(m) < eo,
so that (A4) holds with ° = 1 and (A8) follows. We then claim that
Ey, = xoB + By, (6.4)
where
Ej = —Ru(\)Fp, Fu(X,€) = (B2A = X)(xoER (1, €)) = [*A, xo0l BR (A, ).

We can apply Rp(A) to Fp, (A, €) as the latter lies in C§°(M); in fact, supp F}, C {€9/2 < z <
go}. To show (6.4), note that the incoming resolvent Rj,(—\) satisfies

Ru(M)x1 = xoRy(A\)x1 — RN [R*A, xo] RY(M)xa
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if xy1 € C>°(M) is such that xox1 = x1 and R)()) is the incoming scattering resolvent of the
free semiclassical Laplacian h2A on R"! (we use again the isometry & ~ R\ B(0, R)).
Multiplying the last equation on the right by x_%e%, taking the Schwartz kernel of the
obtained operators and considering the limit in the second variable along a line with tangent
vector £ as in (6.2) (using the formula (6.1) with ¢ = 1 for the expression (6.2) for the free
resolvent R)(\)), we obtain (6.4).

Microlocalization of E}. It remains to verify assumptions (A5) and (A6). By rescaling h
and using that Ej(A,-) depends only on A/h, we may assume that A\ = 1. Fix £ and take
X2 € O (M) equal to 1 near {z < &y}, but supported inside £. Then

x2Ep = Ry(NFY, Fy = (F*A = X)(x2Ep) = Fy + [W*A, x2] By, (6.5)
The function F} is supported inside {z > £0/2} and
1ER N g1 < Ch(L+ 1Bl 2 ((z2eo}))-

The free resolvent RY(\) is bounded H,;iomp — L% . with norm O(h™!) by [Bu02, Prop 2.1J;

therefore, for each compact set K C M, there exists a constant C'x such that
1B r2(r) < Cr(1+ | Enllz2((useo)))-
This shows (A5), namely that the function

Ej,

El =
P T+ 1B 2 (ese0))

is h-tempered. To prove (A6), we use semiclassical elliptic estimate and propagation of
singularities (see for example [Vall, Section 4.1]). We have
Fy,

WA = N)E} = —F,, F, = '
( h 1+ HEhHL2({mZ€0})

Now, F}, is a Lagrangian distribution associated to {(m,&) | m € supp(dxo)}; therefore,
WE(Fy) C WEy(Fy) C W,

with We € S*M defined in (4.9).

Take (m,v) € WFh(E}L) By the elliptic estimate, (m,v) € S*M. Next, if y(t) = g*(m,v),
then by propagation of singularities, either ~(¢) € WFh(ﬁh) C We for some t > 0 or y(t) €
WFh(E}L) for all t > 0. Now, the free resolvent R)()) is semiclassically incoming in the
following sense: if f is a compactly supported h-tempered family of distributions, then for
each (m/,v') € WF,(R)(\)f), there exists ¢t > 0 such that g'(m/,v’) € supp f. This can
be seen for example from the explicit formulas for RY()), see [Me]. By (6.5) and since
supp(Fy) C {x > £0/2}, we see that for (m/,1/) € WFh(Eé), we cannot have z(m') < gq/2
and m' - v/ > 0. Therefore, if v(t) ¢ We for all ¢ > 0, then (¢) is trapped as t — +o0; this
proves (A6).
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7. HYPERBOLIC NEAR INFINITY MANIFOLDS

In this section, we verify the assumptions of Section 4 for certain asymptotically hyperbolic
manifolds. Let (M, g) be an (n+1)-dimensional asymptotically hyperbolic manifold as defined
in the introduction. It has a compactification M = M UM and the metric can be written

in the product form (1.3):
g dx? + h(z)

2

where z is a boundary defining function and h(z) a smooth family of metrics on OM defined
near x = 0. The function x putting the metric in the form (1.3) is not unique, and those
functions (thus satisfying |dlog(z)|, = 1 near 9M) are called geodesic boundary defining
functions. The set of such functions parametrizes the conformal class of h(0), as shown
in [GrLe, Lemma 5.2]. The metric is called even if h(x) is an even function of z, this
condition is independent of the choice of geodesic boundary defining function. A choice of
geodesic boundary defining function induces a metric on M by taking ho = h(0) = 29| a7,
and therefore one has a Riemannian volume form, denoted d¢, on M induced by the choice
of z. Any other choice & = e“z of boundary defining function induces a volume form

dé = e™0d¢  where wy = w53z (7.1)

We will further assume that M has constant sectional curvature —1 outside of some com-
pact set, even though some of the assumptions of Section 4 hold for general asymptotically
hyperbolic manifolds.

7.1. Geometric assumptions. Let (M, g) be an asymptotically hyperbolic manifold. The
assumption (G1) is satisfied. We are now going to prove a Lemma which implies directly
that the assumptions (G2) and (G3) are satisfied, except that this only proves continuous
dependence of &, in (m,v) in (G3). To prove C! dependence in a general setting, a bit
more analysis would be required, but we shall later concentrate only on cases with constant
curvature near infinity, in which case the dependence is smooth (see below).

Lemma 7.1. Let (M,g) an asymptotically hyperbolic manifold. Then there exists eg > 0
such that the function x satisfies (4.1) and for any unit speed geodesic y(t) = (m(t),v(t))
with x(m(0)) < eg and Oyx(m(t))|t=0 < 0, one has the following: Opx(m(t)) <0 for allt >0
and m(t) converges in the topology of M to some point .o € OM. More precisely, the
distance with respect to the compactified metric g = x?g between m(t) and &, is bounded
by

dﬁ(m<t)v‘£+oo) < Ct_l-

Proof. Consider coordinates (m,v) = (z,y; pdx + 0 - dy) on T*M near the boundary M =
{x = 0}. The geodesic flow is the Hamiltonian flow of p/2, where p(m,v) = 2?(p* + \9|%m);
if dots denote time derivatives with respect to the geodesic flow, we get

i=pz?, p=—a"lp(m,v)— xzaxh(xyy)(ﬁ,ﬁ)/z (7.2)
Since 0zl ) is smooth up to x = 0, there exists a constant C' such that

|x28mh(a:,y)(97 9)/2’ < Cth(x,y) (‘91 0) < Cp(m? V)'
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Therefore, there exists g > 0 such that along any unit speed geodesic, we have
r<eg=p=—a ' +0(1)<—z1/2<0. (7.3)

This in particular implies (4.1).

Now, let y(t) = (z(t),y(t); p(t),0(t)) be a unit speed geodesic and assume that z(0) < gq
and £(0) < 0. It follows from (4.1) that for ¢ > 0, we have @(¢) < 0 and thus z(t) < eo.
(Indeed, for each s > 0 the minimal value of x(t) on the interval [0, s] has to be achieved at
t = s.) It remains to show that as t — 400, z(t) converges to 0 and y(t) converges to some
€100 € OM. For that, note that by (7.3), p(t) < —ey /2 for t > 0; since #(0) < 0, we have

p(0) <0 and thus
-1

e
t) < -2
plt) < ==

Setting u(t) := x(t) ™!, we find @(t) = —p(t) > (g5 */2)t; therefore,
€0

< —F.
*) = 797

In particular, x(t) — 0 as t = 4-00. Now the equation for y(s) tells us that
(1) =2 YRty = Oa(t) = ()
k=1

and therefore |y(t) — y(¢')| < C/t' for any t > ¢’ > 0, which implies lim;_,o, m(t) = & for
some &y € OM and |m(t) — Exo| = O(1/1). O

The geometric assumption (G4) is a more complicated one, and we will restrict ourselves
to asymptotically hyperbolic manifolds with constant curvature —1 in a neighbourhood of
OM and z a geodesic boundary defining function. Let & € M, then there exists a neigh-
borhood V; of § in M, and an isometric diffeomorphism e from Ve N M into the following
neighbourhood Vj, of the north pole g in the unit ball B := {m € R"*1;|m| < 1} equipped
with the hyperbolic metric ggnt1 (the hyperbolic space H**! is B equipped with ggn+1):

dg?
(1—lql?)?
where ¢ (£) = qo and |-| denotes the Euclidean length. This statement is proved for instance
in [GuZw, Lemma 3.1]. We shall choose the boundary defining function

-l

(1+ lql)

on B. Note that we might not be able to find ¢ such that x = ¢’£m0. This would be possible

only if the boundary is globally conformally flat and x is chosen so that the metric on dM
induced by z2¢ is flat.

Vo ={q€B||g—qo| <1/4}, gunrr =4 (7.4)

(7.5)

We define for each p € S* = 0B the Busemann function on B

1— 2
¢y (q) = log (‘q _‘32)-
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The geodesic trajectory gt(q,dgbg(q)) generated by the differential alqﬁ;lz3 converges (in the
Euclidean ball topology) to p and the Lagrangian manifold

AY = {(q,dd}(q)) € S"H"™ | g € B}

is the stable manifold of the geodesic flow associated to p on B. The level sets of d)}f’ are
horospheres based at p. We cover a neighbourhood of M by finitely many Vg, for some
§j € OM and take a partition of unity x; € C°°(0M) on 9M with x; supported in Ve, NOM.
Then there exists € > 0 such that for all j and all £ € supp x;, the set

Ue :={m e M | dg(m,&) < e} (7.6)
lies inside Vg, where g = x2g is the compactified metric. Put
Uso :={(m,&) € M x OM | m € Ug}.
Define the function

ZXJ ()04 (e)(¥e; (), (m, &) € Use. (7.7)

Since 1)¢; are isometries, each function ngE (m) := q%gj © (Y¢;(m)) is such that dqbg (m) is the
unit covector which generates the unique geodesic in M starting at m, staying in Ug for
positive times, and converging to £ (therefore, the difference of any two functions qﬁg for
different j is a function of £ only). Therefore Omge(m) = 3, X; (5)@,@2 (m) is also equal to
this unit covector; (G4) and (G5) follow. The dependence of all objects in m, ¢ is smooth
here. Finally, (G6) can be reduced via ¢, to the following statement that can be verified by
a direct computation: if p € S” and ¢, ¢’ € B, then 8p¢§(q) = 8p¢g(q’) if and only if ¢ and ¢
lie on a geodesic converging to p, and the matrix agng;‘? (¢) has rank n.

7.2. Eisenstein functions and analytic assumptions. Let (M, g) be asymptotically hy-
perbolic. The Laplacian A on (M, g) has absolutely continuous spectrum on [n?/4,00) and
a possibly non-empty finite set of eigenvalues in (0,n2/4). By [MaMe, Gu], if g is an even
metric®, the resolvent of the Laplacian

R(s) := (A —s(n—s))"' defined in the half plane Re(s) > n/2

admits a meromorphic continuation to the whole complex plane C, with poles of finite rank
(i.e. the Laurent expansion at each pole consists of finite rank operators), as a family of
bounded operators

R(s): aNL*(M) — 27V L*(M), if Re(s) —n/2+ N >0,

moreover it has no poles on the line Re(s) = § except possibly s = 7,

Mazzeo [Ma]. Let us fix a geodesic boundary defining function z on M. By [MalMe], the
resolvent integral kernel R(s;m,m’) near the boundary OM has an asymptotic expansion

as shown by

given as follows: for any m € M fixed
m' — R(s;m,m")x(m')™° € C®°(M)

3There is a simpler proof by Guillopé-Zworski [GuZw] when the curvature is constant outside a compact
set.
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and similarly for m’ € M fixed and m — OM. Since we are interested in high frequency
asymptotics, we will consider the semiclassical rescaled versions

Ri(\) := h™2R(n/2 +i\/h),

Notice that the physical region Res > n/2, in which the resolvent is bounded on L?, corre-
sponds to Im A > 0, which agrees with our convention for Euclidean case.

Definition 7.2. Let 1/2 < |A\| < 2 and h > 0, then Eisenstein functions are the functions
in C°(M x OM) defined for any fived ¢ € OM by the following limit of the resolvent kernel
at infinity

2i\h

Ep(\&m) = s ]

. n—n/2—i\/h . /
COR) m}r_r)lgz(m) Rp(A\;m,m’),

_ (7.8)
C(2) = 27 (2m) % F(I’{(;))

The normalisation constant in (7.8) is like the constant in (6.2) so that in B, Fx()\) is a
horospherical wave as described below in (7.11). For any & € OM, we will denote by Ej (), &)
the function m — Ej (X, &;m), and we observe that they solve (1.4):

(R3(A —n?/4) — N2)EL(\, €) = 0.

One also has Ej (A, & m) = Ep(—\, & m) as an easy consequence of Rp(A\)* = R(—A\) for
A € R. From its definition, Ej (A, £) depends on the choice of the boundary defining function
x, but considering such a change we easily see from (7.1) that the density on OM

(AER(N,€), En( N €)) 2y d§ for A € WMP(M) (7.9)

is independent of x.

Let us recall the decomposition of the spectral measure in terms of these functions. By
Stone’s formula, the semiclassical spectral measure is given by
i
v
in the sense that F(h*(A—n?/4)) = [* F(A?)dIL,(\) for any bounded function F' supported
in (0,00). Now we can write (see [Gu]) for any m, m’

_leymp En(\, & m) En(—\, & m')dé dA, (7.10)
2mh oM

I, (\) = 2 (Rp(N) — Rp(=A)dh for A € (0,00)

dIIy(A;m, m')

where (2mh)"|C(A/h)|> — A" as h — 0 uniformly in A\ € [1/2,2]. The assumptions (A1)
and (A2) are then satisfied in the general asymptotically hyperbolic case (without asking the
constant curvature near infinity).

Outgoing/incoming decomposition. To check assumptions (A3)—(A8), we give a repre-
sentation of the Eisenstein functions as sums of the ‘outgoing’ part E2 and the ‘incoming’
part E}L We assume constant curvature near infinity in what follows. The expression for
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EE(/\) on hyperbolic space H"t! viewed as a unit ball B, defined using the boundary defining
function g of (7.5), is given by [GuNa, Section 2.2]

1— ’q|2)n/2+i)\/h

5 , peES", ¢ B (7.11)
lg — pl

EFOwpia) = (
We thus set Ef) (X, &;m) to be
ER(X, &§m) 1= e/2HAMoe(m), (7.12)

where ¢¢ is the Busemann function defined in (7.7). Viewing the neighbourhood Ug as a
subset of one of the Vg, =~y Vy, where V;, C B is defined in (7.4), the Laplacian in this
J

hyperbolic chart pulls back to Agn+1. Since ¢¢(m) = gbgg (© (¢;(m))+c;(€) for some function
¢;(§) independent of m, we directly have in Ug (Ug is defined in (7.6))

(R2(A —n?/4) — N2)E(\;m, &) = 0.

We let xg € C°(OM x M) be a function such that x(¢,-) is supported in U, equal to 1 near
¢ and smooth in z?. Therefore we obtain

Fu(\,€) i= (B*(A = n?/4) = M)x0 R (A, §) = [B*A, xol ER(A, €) (7.13)
and we claim that
Fr(\€) € 23727 0%(M) and 2™ Fr(X, Ol 2 = O(h)

uniformly in & Indeed, this is an elementary calculation since from (7.11) we see that
E)(\¢€) € 23T O (M \ {¢}) and in geodesic normal coordinates near the boundary

1
[A, xo] = _‘7:2(833(0) — 22(0xX0)T0x + I2[Ah(x)a Xo] + n(xdxx0) — ) Trh(:z:) (3xh(93))$2(3x><0)

is a first order operator with coefficients vanishing in a neighbourhood of £&. We thus correct
the error by the incoming resolvent Rj(\) by setting
Ep(X€) = xoBR(A\,€) + BL(A ), with BL(A,€) = —Rp(\)Fa(A,€) (7.14)

and this makes sense since for A € R, Ry(\) : 2*L?*(M) — 2=%L?*(M) for any o > 0 and
Fy, € xL*(M). We claim that

Proposition 7.3. The function Ep (X, &) of (7.14) is the Fisenstein function defined in (7.8)
for a certain boundary defining function x.

Proof. Let RF(A) be the resolvent of the hyperbolic space (that is, the incoming right inverse
to h2(Agnt1 —n?/4) — M%) in the ball model and let x; € C°°(OM x M) be such that x1(&,-)
is supported in Ug and x1Xx0 = x1. Through the pull-back by ¢, (for each j), the operator
RP(\) induces an operator R{L(A) on Vg; if Us C Vg, then we have the resolvent identity

Rn(M)x1 = xoR.(M)xa — Ru(W)[h2A, xol R (M\)xa (7.15)

for A € R, the composition makes sense as a map z*L?> — 7 *L? for any o > 0. Let z
be a boundary defining function, so in V¢, one has @ngxo = xe for some function w; €



62 SEMYON DYATLOV AND COLIN GUILLARMOU

FIGURE 4. Ilustration of (A7) for the half-plane model of H"!: the set of
points on trajectories converging to & € OH"*! with & < 0 and z < ¢ is the
triangle formed by dashed lines, lying O(e) close to £. For € small enough,
this triangle lies inside the lighter shaded region, denoting the set {xo = 1}.

C“(@MﬂVgi ). Then multiplying (7.15) by ~"/2=**/" on the right, and taking the restriction
of the Schwartz kernels on M x OM, we have

En(\€) = xoER(N €) — Ru(\)[R2A, xol ER(\, €)

with Eg()\; m, &) = 02(3\7% limm/ﬁ\g(x(m’)_%_i%R{l()\;m, m')) a smooth function of m € Ug
and C(\/h) the constant in (7.8). Note that the Schwartz kernels of R/ and R} are the
same on the intersection of their domains, therefore E‘g does not depend on the choice of
j. Now, since E¥(X\;m, &) in (7.11) is the Eisenstein function on B for the defining function
ro, we deduce that in Us C Vg;, one has Eg()\,g;m) = EY(\ & m)e(%”%)(“’j(&)_cf@)). Here

cj(&) = ¢e(m) — cbggj © (Y¢;(m)). Since E9(X\;m, &) does not vanish, this shows that on

any intersection OM N Ve; N Vg, of the cover of OM by the open sets Ve, N OM, we get
w; (&) — ¢j(€) = wi(€) — ¢ (&) and therefore this defines a global smooth function 6 on M.
In its definition, Ej (), €) only depends on the first jet of # at M and thus modifying = to
be ze?, this shows the claim. O

It follows that (A3) and (A4) are satisfied, with b0 = e2%(™) Assumption (A8) is then
checked by a direct calculation, with the measure d¢ on OM corresponding to the choice of
the function x in Proposition 7.3.

Assumption (A7) can be reduced, using the isometries )¢, to the following statement: if
(q,v) € S*H™! is directly escaping in the forward direction and converging to some p € S",
then |g — p| < Czp(q) for some global constant C; the latter statement is verified directly,
see Figure 4.

Microlocalization of E}. Finally, assumptions (A5) and (A6) follow, by rescaling h and
using that Ej(A,-) is a function of A/h, from

Proposition 7.4. Let Ko C M be a compact set containing a neighborhood of the trapped
set. Assume that X =1 and define

B\ €) = (0.9 (7.16)

1+ BN Oz
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Then:
1. E’,ll()\,ﬁ) is h-tempered in the sense of (3.2).
2. The wavefront set WFh(E}I) is contained in S*M.
3. If (m,v) € S*M and g'(m,v) escapes to infinity as t — +oo and never passes through
the set
We := {(m, Omde(m)) | m € supp(dmxo)}
fort >0, then (m,v) ¢ WFh(E}l)

Moreover, the corresponding estimates are uniform in A € [1/2,2] and £ € OM.

Proof. We will use the construction of [Vall]. (See also [Val0]; note however that in that
paper L; and L_ switch places compared to the notation of [Vall] that we are using.) Let
M eyen (called Xg even in [Vall]) be the space M with the smooth structure at the boundary
OM changed so that 22 is the new boundary defining function. As in [Vall, (3.5)], introduce
the modified Laplacian

Pi() i= 2720751 + 2?) B (R2A — s(n— ) (1 + 22)V873/42% s :=n/2 +i)\/h.

(The conjugation by (14 22)%/4~"/8 is irrelevant in our case, as s/4 —n/8 = i\/(4h) is purely
imaginary. In [Vall], it is needed to show estimates far away in the physical plane, that
is for Res > 1.) Note that we change the sign of A in the conjugation (in the notation
of [Vall], Pi(\) = P, with ¢ = —A/h); therefore, our resolvent will be semiclassically
incoming, instead of semiclassically outgoing, for A > 0. The operator P; is smooth up to
the boundary of Meyen; as in [Vall, Section 3.5, we embed M eyen as an open set in a certain
compact manifold without boundary X, and extend Py to a differential operator in W2(X).
We also consider the semiclassical complex absorbing operator Q(\) € W?(X) satisfying the
assumptions of [Vall, Section 3.5]; in particular, Q(\) is supported outside of Meyen C X.
Then (Pr(A\) —iQ(A\))~! : C%°(X) — C*°(X) is a meromorphic family of operators in A, and
for f € C*°(X), we have (see the proof of [Vall, Theorem 5.1])

2 (14 2%)"57 AP A) = iQ(N) T flar = Ru(W) (1 + 2%)"/5 422 (f| ).

Here Ry (A) is the incoming scattering resolvent on M. In principle, depending on the choice
of Q()), the operator (P;(\) —iQ(A\))~! could have a pole at A\. However, as R()\) does not
have a pole for A € [1/2,2], the terms in the Laurent expansion of (P;(\) —iQ(A))~! have
to be supported outside of Meyen and we can ignore them in the analysis.

Let Fj, € C>(X) be any function such that F, = O(h)H;LV for all N, and
Fpo= (14 22)"3=5/405+2(Fy ).
Such a function exists as ."L‘_SXOE]? € C®°(Meyen \ €), X0 € C®°(Meyen), and
Fyy = 22751+ 257 [Py(s), xo] (1 + 22) /482~ E})
is supported away from £. Define the function E,ll € C>®(X) by

(Pi(\) —iQ(\) ' F},

Ef =— '
L+ [[En(N )l r2 (ko)
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Lo aT"x

oM £
FI1GURE 5. Left: physical space picture of geodesics converging to £. The
darker shaded region is the support of dyg, and thus of Fj,. In the lighter
shaded region, xo = 1. Right: phase space picture near ¢ after the conjugation
of [Vall]. L_ is the sink consisting of radial points, @) is the complex absorbing
operator, and the shaded region corresponds to the wavefront set of ﬁh. The
vertical line hitting L_ is the boundary of M cyen, while the horizontal line is
the fiber infinity. In both pictures, we mark two points (m,v) satisfying the
assumption of part 3 of Proposition 7.4 and the forward geodesics starting at
these points.

Then
Ep = 2(1+2%)"/5 ]|y
Consider the map ¢ : T*M — T* X given by

Sm, ) = <m, . d(lnx(m) _ iln(l + x(m)2)>>, me M, veThM;

then for an h-tempered u € C*(X),
WEy, (2 (1 + )87/ %u|pp) = 7L (WF (u)).
Then
WE,((PL(N) —iQ\)ER) NT*M C o(WF(F)) C o(We). (7.17)
Now, as ||E2HL2(K0) < C and thus ||E}11”L2(K0) < C+ ||Enllr2(ky), We have
1B} p2(0) < C-

Consider an operator Qg € ¥™P(X) supported in Ky such that o(Qg) < 0 everywhere
and each unit speed geodesic 7(t) either escapes as t — 400 or passes through the region
{o(QK) < 0} at some positive time. This is possible since K contains a neighborhood of the
trapped set. Then the operator P;(\) —iQ(\) — iQk satisfies the semiclassical nontrapping
assumptions [Vall, Section 3.5]; therefore, by the nontrapping estimate [Vall, Theorem 4.8],

|E 20 < CRHI(PLY) = iQ(N) — iQu) Eill2(x)
< Ch7 Y Fullp2xy + Ch M Qi Epll r2(x)-
However, HQKE}LH is bounded by HE}LHL?(KO); therefore, ||E}LHL2(X) = O(h™') and in particu-

lar E}l is tempered; it follows that E}Z is also tempered. This proves part 1 of the proposition;
part 2 follows by ellipticity (note that WFy(F},) C We C S*M).
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Now, assume that (m,v) € S*M satisfies the assumption of part 3 of this proposition.
Then it follows directly from (7.17), the analysis of [Vall, Section 2.2], and the definition
of ¢, that the Hamiltonian flow line of o(P;) starting at ¢(m,v) converges to the set L_ of
radial points as ¢ — +oo and does not intersect WFy((Py(\) — ZQ()\))E}L) fort > 0. In a
fashion similar to the global argument of [Vall, Section 4.4], we combine elliptic regularity
and propagation of singularities (see [Vall, Section 4.1]) with the radial points lemma [Vall,
Proposition 4.5] for L_, to get ¢(m,v) & WFh(E}l) Therefore, (m,v) & WFh(E}lL) as required.

]

APPENDIX A. LIMITING MEASURES FOR HYPERBOLIC QUOTIENTS

In this appendix, we give an explicit description of the limiting measures p¢ in case when
M is a hyperbolic quotient T'\H""! in terms of the group I'. This is a particular case of
asymptotically hyperbolic manifolds discussed in Section 7.

A.1. Convex co-compact groups. Let B be the unit ball in R**! and H**! the (n + 1)-
dimensional hyperbolic space, which we view as B equipped with the constant negative
curvature metric ggnt1 := 4|dm|?/(1 — |m|?)%. The boundary S® = 0B is the sphere of
radius 1, which is also the conformal boundary of H"*!. A convex co-compact group I' of
isometries of H""! is a discrete group of hyperbolic transformations (i.e., transformations
having 2 disjoint fixed points on B) with a compact convex core, and I is not co-compact.
The convex core is the smallest convex subset in I'\H"*!, which can be obtained as follows.
The limit set Ar of the group and the discontinuity set Qr are defined by

Ar = {v(m) eB;ye F} ns*, Qp:=8S" \ Ar (Al)

where the closure is taken in the closed unit ball B and m € B is any point (the set Ar does
not depend on the choice of m). The group I' acts on the convex hull of Ar (with respect to
hyperbolic geodesics) and the convex core is the quotient space.

An important quantity is the Hausdorff dimension of Ar
d:=dimyg Ar <n (A.2)

which in turn is, by Patterson [Pa] and Sullivan [Su79], the exponent of convergence of
Poincaré series: for any m € B,

Z e UMM <50 = 5> 6; (A.3)
vyel
we henceforth denote by d(-,-) the distance function of the hyperbolic metric on B. Notice
that the series (A.3) is locally uniformly bounded in m € B.

The group I' acts properly discontinuously on r as conformal transformations of the
sphere and the quotient space I'\Q2r is a smooth compact manifold of dimension n. The
quotient

M =T\H"!
is a smooth non-compact manifold equipped with the hyperbolic metric g induced by ggn+1,
and it admits a smooth compactification by setting M = M U (T'\Qr), i.e. with 9M = '\ Qr.
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Then M is an asymptotically hyperbolic manifold in the sense of Section 7, of constant
sectional curvature —1. We shall denote the covering map by

7:BUQr — M.

We refer the reader to [Ni] for more details and properties of convex co-compact groups.

A.2. Limiting measures in this setting. In constant curvature, it turns out that the
limiting measure ¢ exists for all { (rather than for Lebesgue almost every £ as in Section 4.3),
and can be described as a converging sum over the group. We give an expression below, which
is the same as the one obtained in [GuNa] when 6 < n/2.

For £ € S", we let ¢¢ be the Busemann function” on the unit ball B defined by

octm) = 1o (1 1E).

Im — &J?
The map ® defined by
®:BxS"— SH" D (m, &) = (M, Omepe(m)) (A.4)
gives a diffeomorphism between the unit cotangent bundle S*H"*! and B x S”, and satisfies
D*duy, = e (m) dvolgn+1(m) Ad§,  with enPe(m) — (lm—\ng;z)n’

if duy is the Liouville measure (viewed as a volume form on the unit cotangent bundle) and
d¢ the canonical measure on S™. (This is a more general version of (A8) for the considered
case.) Any isometry v of H"*! acts on both spaces by
v.(m,v) = (ym, (dy(m)v*)*), for (m,v) € S*H"L;
v-(m, §) = (ym,~§), for (m,&) € B x S,
where * denotes the map identifying T*H"™! with TH"*! through the metric. We have

®(7.(m, €)) = v.®(m, &) and thus ® descends to a map I'\(H*! xS") — S*(I'\H"*!), which
we also denote by ®.

The limiting measure p¢ in the considered case is given by

Lemma A.1. Let M = T\H"*! be a quotient of H"' by a conver co-compact group T of
isometries, let F be a fundamental domain. Then the measure i) of (4.12) exists for all

€ € Or and is described as a converging series by the following expression: if € € Qr NF and
a € CP(S*M), then

[ adieig = [ 3 alm, doglm))en®m oD gl (m)
M F

vyel

where ¢¢(m) is the Busemann function on B associated to & € S™ and |dy(§)| is the Euclidean
norm of dy(§).

4In Section 7, we used the coordinate ¢ € B, p € S" for certain charts near infinity of M, and the notation
qﬁ%(q) for the Busemann function on the ball. This was to avoid confusion with the coordinate m, & on M,0M.
We keep in this appendix the notation ¢¢(m) to match the notation of the general setting of the article.
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Proof. We can view a as a compactly supported function on the unit cotangent bundle S*F
over a fundamental domain F C B and we extend a by 0 in S*H"*!\S*F (the resulting
function might not be smooth, but it does not matter here). The flow g on S*M is obtained
by projecting down the geodesic flow g of the cover S*H"*!. Let ¢ € Qp N F, then small
neighbourhoods of 7(§) in M are isometric through 7 to small neighbourhoods of £ in the
unit ball B. By the construction of the decomposition (4.6) for the asymptotically hyperbolic
case in Section 7.2, the function EY(\, w(£);m(m)) is equal to e(™/2+iA/Moe(m) for m near ¢
(€ being fixed) and thus [p°]2 = ¢"?¢(™) One has

/ alg™ (m, de(m)))e?<™ dvolyy (m) — / a(G1B(m, £))e™ ™) dvoly.s (m)
M

F
where a(m,v) = 3 cpa(y.(m,v)) is the lift to S*H"*! of the function @ on S*M and
dvolgn+1(m) is the Riemannian measure on H"*!. Using the map ® of (A.4), one can define
a map §§ :B— B by
?(I)(Tr% §) = (I)(gé(m)? £),

this is a diffeomorphism which preserves the measure €% (™) dvolgn+1. By [GuNa, Lemma 4],
we have e?¢(7"'m) = enére(m)|dy(£)|, but we also have ~v.®(m, &) = ®(ym,vE). Let UZ be
defined in (G4) and put U := {m | (m,7(£)) € UL}, then U lies in a small neighborhood of

7(§) in M. We can identify U with a small neighbourhood U of § in F and we get for fi ()
defined in (4.10),

[ o diage = [ oty (m.doclm))ene ™ dvolys (m)
* M
= [ 3 a0 p(m e ol m)

'yEF
(A.5)
=) / (vGe 'm, 7€))e" ™) dvolgga s (m)
vyer
—Z/ a(m, dg~e(m))e nge(y~'m) dvolgn+1(m).
yel 796

We now observe that for all v € T', lim;—, 1 ]lﬁ_tﬁ = 1, since U is a neighbourhood of &
€

in B containing all points directly escaping to £&. This achieves the proof by recalling the
definition (4.12) of pir () and taking the limit in (A.5) and using the dominated convergence
theorem, as there exists C, C’ > 0 such that for all m in the compact set supp(a)

Zen¢§(771m) — Z (1_|fy17n’)n < C sup e—nd(’Y’lm,O) < C/

1., _ 2|2
~eT ~el h/ m g’ mesupp(a)
by locally uniform (in m) convergence of Poincaré series (A.3) at s = n. O
APPENDIX B. THE ESCAPE RATE

Let us discuss the classical escape rate in some particular cases, following the work of
Bowen-Ruelle [BoRu], Young [Yo], and Kifer [Ki].
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B.1. Escape rate and the pressure of the unstable Jacobian. We consider (M, g) a
complete non-compact Riemannian manifold which has a compact set Ky C S*M which is
geodesically convex, that is any geodesic trajectory in S*M which leaves Ky never comes
back:

3to < t1, g"°(m,v) € Ko and g"*(m,v) € M\ Ko = Vt > t1, g'(m,v) € M\ Ko.

We assume that K contains a neighborhood of the trapped set K. The examples we consider
are (M, g) which are hyperbolic or Euclidean near infinity, and Ko = S*M N {x > gp} with
x,ep given in (G2). The trapped set from Definition 4.1 can be written as

K =()¢"(Ko) = [ ¢ (Ko)
teR JEZ
This is a compact maximal invariant set for the flow g!. We define the escape rate as in
[Yo, Ki] by
. 1
Q :=limsup ~ log ur (T(2)),
t—o00 t
with uz, the Liouville measure and 7 (t) defined in (1.9). Note that, since Ky is geodesically
convex, we have T (t3) C T (t1) for 0 < t; < to. The escape rate is clearly non-positive.

In this section, we assume that pur(K) = 0 and write @ in terms of the topological
pressure of the flow, under certain dynamical assumptions. More precisely, we assume that
the trapped set K is uniformly partially hyperbolic, in the following sense: there exists ey > 0
and a splitting of T'(S*M) over K into continuous subbundles invariant under the flow

T.8*M = E“ @ E*, VzeK

such that the dimensions of E* and E° are constant on K and for all ¢ > 0, there is ty € R

such that

Vv € EY, |dgiv| > ¥l
Vo € ES5, |dglo| < eft|vl.
Let J* be the unstable Jacobian of the flow, defined by

J%(2) := —0y(det dg* |Eu)|i=0

Vz e K, wzto?{

where dg' : EY — E;‘t and the determinant is defined using the Sasaki metric for choosing

orthornormal bases in E“. If u is a g'-invariant measure on K, one has
JUdp = — / Atdu
Jor 2

where Aj(z) are the positive Lyapunov exponents at a regular point z € K counted with
multiplicity (regular points are points where the exponents are well defined, and this is
set of full p-measure by the Oseledec theorem). It is also direct to see that [ rJtdp =
— [ log det(dg! | g )dp.

The topological pressure of a continuous function ¢ : K — R with respect to the flow can
be defined by the variational formula

Ple)= s () + [ oan) (B.1)

HEM(K
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where M(K) is the set of g'-invariant Borel probability measures and h,(g') is the measure
theoretic entropy of the flow at time 1 with respect to p. In particular P(0) is the topological
entropy of the flow.

A particular case of uniformly partially hyperbolic dynamics is when K is uniformly hy-
perbolic, that is when there is a continuous splitting E“ = RH, @ E* into flow direction (H),
is the vector field generating the geodesic flow) and stable directions E* where for t > ¢

Yo € EE, |dgtv| < e ).

The set K is called a basic hyperbolic set and the flow is said to be Aziom A when the
periodic orbits of g* on K are dense in K and ¢'| is topologically transitive.

It is proved by Young [Yo, Theorem 4] that if K is uniformly partially hyperbolic, then

Q = Jim Tlog L (T(1) = P(J"). (B.2)

In the Axiom A case, the same formula was essentially contained in the work of Bowen-Ruelle
(using the volume lemma [BoRu, Lemma 4.2 and 4.3]). Moreover by [BoRu, Theorem 5],
if the incoming tail I'_ (which is the union of stable manifolds over the trapped set) has
Liouville measure 0, then P(J%) < 0. Thus we deduce by (5.2)

pr(K) =0 and ¢' is Axiom A = P(J*) < 0.

Young [Yo, Theorem 4] gives a lower bound @ > P(— > y A;r) which applies without any
assumption on K (but we are more interested in an upper bound).

B.2. Relation with fractal dimensions in particular cases. Assume first that the met-
ric has constant curvature —1 in a small neighbourhood of the trapped set K (this includes
the case of convex co-compact hyperbolic quotients studied in Appendix A). Then the ge-
odesic flow on S*M is uniformly hyperbolic on K and has Lyapunov exponents 0 (with
multiplicity 1) and +1 (each with multiplicity n). Therefore, the maximal expansion rate
Amax from (1.11) is equal to 1, one has J*(z) = —n for all z € K, and (see for example [Fa,
Theorem 4])

P(J") = htop(K) —n = (dimg(K) —1)/2 —n (B.3)
where htop, is the topological entropy of the flow on K, and dimy(K) € (0,n) is the Haus-
dorff dimension of K (which is equal to the Minkowski box dimension in this case). For
convex co-compact hyperbolic quotients I'\H"*! (see Section A for definition), one has by
Sullivan [Su8&4]

0 :=dimp (Ar) = hiop(K) (B.4)
where Ar is the limit set of the group I' defined in (A.1).

If g has negative pinched curvature near the trapped set, then one still has upper and
lower bounds on P(J*) in terms of hiop(K) and the pinching constant. If the trapped set
K is uniformly hyperbolic, it is also shown in [Fa] that dimpy(K) < 1 + 2htop(K)/Amax-
In dimension 2 there is an explicit relation between the Hausdorff dimension dimg(K) and
entropies of certain measures for Axiom A cases: if

1 1
U(z) = lim -1 dre $(2) = lim = log || Dg| g
a*(z) = lim ~ log |dg’|g«|| > 0, a®(2) = lim - log || Dg"|p«|| <0
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then Pesin—Sadovskaya [PeSa] show the following formula

dimg(K)=1+t"+1t*, with P(—t"a") = P(—t°a®) = 0.
APPENDIX C. EGOROV’S THEOREM UNTIL EHRENFEST TIME

In this section, we prove Proposition 3.9, following the methods of [BoRo], [AnNo, Sec-
tion 5.2], and [Zw, Theorem 11.12]. Without lack of generality, we assume that ¢y > 0.

C.1. Estimating higher derivatives of the flow. First of all, we need to estimate the

derivatives of symbols under propagation for long times. Consider the open set
Uy={(m,v) eT"M |meU, 1—-2e <|v|g <1+ 2}

For each k, we fix a norm || - ||« (@) for the space C*(Uy) of k times differentiable functions

on U;. (The particular choice of the norm does not matter, as long as it does not depend on
t.) The following estimate is an analogue of [AnNo, (5.6)]; we include the proof for the case
of manifolds for the reader’s convenience.

Lemma C.1. Take Ay > (14 2e.)Amax. Then for each k, there exists a constant C(k) such
that for each a € C§°(Uy) and each t € R,

la o g lexmy < CR)EEA M lal oy (C.1)

Proof. Without loss of generality, we assume that t > 0. We first recall the formula for
derivatives of the composition bo 1) of a function b € C*°(R?) with a map v : R? — R%:

m
9*(bor)) =Y ca i@ jnb) 0w [T 0Mvy, (C.2)
a,j =1
where ¢, ; are constants, ji,...,jm € {1,...,d}, and a1, ..., a, are nonzero multiindices

whose sum equals a. We see from (C.2) that (C.1) is implied by the following estimate on
the derivatives of the flow g' (required to hold in any coordinate system):

la] <k = sup |0%| < ChelMt, (C.3)
UinNg=*(U1)
The converse is also true, which can be seen by substituting cooordinate functions in place
of a in (C.1).
To estimate higher derivatives of the flow, we will need several definitions from differential
geometry. For a vector field X on Uy, define its pushforward gt X by
X(aog') = ((¢9:X)a)og', a € C®(¢'(Th)).
Then gL X is a vector field on g*(U7). In local coordinates, we have
(g:X) => (X'ogh)og™".
!
Note that since gt = exp(tH,/2), where H, is the Hamiltonian vector field of p, and since
gtH, = H,, we have

1 1
8tgiX = _i[HpagiX] = _§gi[Hp7X} (04)
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We fix a symmetric affine connection V on T*M. For vector fields X and Y, consider the
differential operator Vg(y, acting on functions or on vector fields, defined as follows: for a
function f and a vector field Z,

v_2XYf =XYf~— (VXY)fy v%{yz =VxVyZ — VvaZ. (C.5)
In local coordinates, we have (using Einstein’s summation convention)
Viyf = XY (05 f - Tj;0f),
(VivZ)" = XY (0, 2™ + TR0 Z% + Tin0; 2% — T80, 2™
HOT + TTo —T7 T 29).

Here Féj are the Christoffel symbols of the connection V. The advantage of V3, over XY
is that the coefficients of this differential operator at any point depend (bilinearly) only on
the values of X and Y at this point, but not on their derivatives.

We now return to the proof of (C.1). The estimate (C.3) for k = 1 follows directly from
the definition (3.17) of Apax. It is then enough to assume that (C.3) holds for some k > 1
and prove the estimate (C.1) for k+ 1. It suffices to show that for any two vector fields X,Y
on T*M and any a € C3°(Uy), we have the estimate

| XY (ao gt)HCk_l(m < Ce(k—s—l)Alt”aHCHl(m). (C.6)

The left-hand side of (C.6) is equal to [[(¢:Xg;Y a) o g'[| cr-1(,)- We first claim that

(Ve xgv@) 0 9l ry < Ce™ VM al| g gy - (C.7)
Indeed, in local coordinates
(vgngQYa) ogl = (X“@agf)(Y’B(?gg;) ((075a — Fﬁjala) og"). (C.8)

We can now apply (C.2) to get an expression for any derivative of order no more than k — 1
of (C.8). The result will involve derivatives of orders 1,...,k of g', but not its k + 1’st
derivative; therefore, we can apply (C.3) to get (C.7).

Given (C.7) and (C.5), it is enough to show
(Ve xgiY)a) o g'llcrr omy < Ce(k+1)A1t||a||Ck(U—1). (C.9)

The vector field V xglY involves the second derivatives of g, therefore the left-hand side
of (C.9) depends on the k + 1’st derivatives of g* and we cannot apply (C.3) directly. We
will instead use the method of the proof of [BoRo, Lemma 2.2], computing by (C.4)

_ 1 _
81&(9* t(vgngiY)) - 59* t([HP7 vgﬁXgiY]

1 _
Vi, gt x195Y — Vg x[Hp, gY]) = 39 7,
where Z; is the vector field given by



72 SEMYON DYATLOV AND COLIN GUILLARMOU

Here Ry is the curvature tensor of the connection V. Then
1 t
VaxglY = gi(VxY)+ 2/ 957 ds. (C.10)
0
We have
I(9(VxY)a) o gl ons ) = IVxY (@0 gDl
< CHCL og ||C'k @) < CekAltHaHCk(Uil)'

It is then enough to handle the integral part of (C.10). The field Zs depends quadratically
on the first derivatives of ¢°, but does not depend on its higher derivatives; therefore, writing
an expression for Z, in local coordinates similar to (C.8), we get for a € C§°(Uy),

1(Zsa) o QSHck—l(ﬁl) < Oe(kH)AlSHchk(ﬁl)-
Applying (C.1) for the C* norm (given by the induction hypothesis) and using the geodesic
convexity of U, we get

/H “Zs)a) o ¢l k1 oy d‘s_/ 1(Zs(@og"™*) o g*ller-rgm) ds

< C/ elkHDALs g o gt_chk(Uj) ds < C/ e(kH)AlsekAl(t_s)HaHCk(ﬁl) ds
0 0
< Ce(kJrl)AltHaHCk(Uil)

and the proof is finished. O

C.2. Proof of Proposition 3.9. The proof of Proposition 3.9 is based on repeatedly ap-
plying the following corollary of Lemma C.1. The functions b/) below will be the remainders
in the formula for the commutator [h2A, AU)(#)], while the functions ¢¥) will be the errors
arising from multiplying our operators by X; and Xs.

Proposition C.2. Take A1 > (1 4 2e¢.)Amax. Fiz to > 0 and let ¢ € C(Ur) satisfy
lo| < 1. Assume that ag € C®(T*M) and for each j >0, b (t) € C=([0,to] x T*M), and
= C>®(T*M), with support contained in some j-independent compact set. For j > 0,
define al) € C>([0,to] x T*M) inductively as the solutions to the equations

da9) () = ina(J)(t) + @) ().

Then for each k, and each j, we have (bearing in mind that each al9) is supported inside
some j-independent compact set and thus its C* norm is well-defined up to a constant)

sup Ha(j)(t)Hok(T*M) < C(k) (e |ag | on

te[0,to]
+ max eld—DkAt sup b (¢ + {|c@® ,
max (s 1600l + 1¢Vl00)

where C(k) is a constant independent of j.
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Proof. We can write
t
a9 (t) = a)(0) o ¢' + / b9 (s) 0 gt=* ds.
0
Since tg is fixed, it is enough to estimate the derivatives of a()(0). Define
oD =TI (pog™);
0<m<j

applying the Leibniz rule to go(j ), estimating each nontrivial derivative of pog™ by Lemma C.1,
using that |p| < 1 and absorbing the (polynomial in /) number of different terms in the Leib-
niz formula into the exponential by increasing A; slightly, we get [|oW)||ox = O(elFMto),

Now,
a(0) = o9 - (ag o g7 + Z U= / b (s) 0 gU=Dt0=5 s
=0 0

J
=1

Here we put ¢(©) = 1. We can now apply Lemma C.1 again to get the required estimate. [

We are now ready to prove Proposition 3.9. Fix a quantization procedure Op;, on M; our
symbols will be supported in a certain compact set (in fact, no more than distance ty to
the set U) and we require that the corresponding operators be compactly supported. Put
A1 = A}

Let [ satisfy (3.18). We will construct the operators

AQ)(t) = Op, < > aff;?(t)), 0<t<ty 0<j<l m=>0,
0<m’/<m
Here the symbols a%) will be supported in a fixed compact subset of T*M and satisfy the
derivative bounds

sup (a9 ()|l or < C(k, m)h (120 )m=psk (C.11)
tE[O,to]

with the constants C'(k, m) independent on j and p; defined by (3.19). The operators AY (t)

will satisfy the relations
AD(0) = A+ O(h®)g-oo,

m

AUTD(0) = XoAD) (t0) X1 + Opp () + O(h) oo, (C.12)
ADAG) (1) = (1A, A1)+ O, (08) (1)) + Oy,

where the symbols b%) (t) and c,(%) are supported in some fixed compact set and satisfy bounds

sup (6% ()lce, e e < C(k, m)h( =20 mal)=sk, (C.13)
te[0,to]

with the constants C'(k, m) again independent on j.
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We construct the symbols a%) iteratively, by requiring that they solve the equations

agg) (O) = 5m0 - ap, a(j+1) (0) — gpa%) (to) _ C(])

m m—1

A 1 . ,
0ral) (1) = S Hyald)(H) = ) (2).

Here A = Opy,(a0)+O(h™)y-~ and we put b(ﬁ = c(j% = 0. The function ¢ € C5°(Uy) is equal
to o(X1)o(X2)Y(|v]), where ¢ € C3°(1 — 2e,, 1 + 2¢.) is such that ¢ (|v|) = 1 near WF},(A).
We use the fact that the function |v| is invariant under the geodesic flow. The estimate (C.11)
follows immediately from (C.13) and Proposition C.2. As for the equations (C.12) and the
bounds (C.13), they follow from (C.11) and the following commutator formula:

h _
[h?A, Opy,(a)] = 7 Opy,(Hpa) + Opy(b) + O(h™®)g-o, b= O(h**"||a|ls,)s,,

true for any p < 1/2 and any a € S;""".
Now, consider the asymptotic sums

aDt) ~ 3 a) ()

m>0

and define the operators AU)(t) = Opy, (a9 (t)). By (C.12), these operators satisfy
A (0) = A+ Oy, ATD(0) = X340(t0) X + O(h™)g .,
. 1 A
hDy AV () = §[h2A,A(7)(t)] + O(h™®) g-w.

We then have
(XU (t0)) AU (—to) X1)! = AD(0) + O(h™) 2, 1.

It remains to recall that a(¥)(0) € S5™ uniformly in I. The principal symbol and microlocal
vanishing statements follow directly from the procedure we used to construct the symbols

)

aly).

APPENDIX D. PROOF OF QUANTUM ERGODICITY IN THE SEMICLASSICAL SETTING

In this section, we illustrate how our methods yield a proof of the following integrated
quantum ergodicity statement in the semiclassical setting:

Theorem 5. Let (M,g) be a compact Riemannian manifold of dimension d and assume
that the geodesic flow gt on M is ergodic with respect to the Liouville measure juy, on the unit
cotangent bundle S*M. For each h > 0, let (e;)jen be an orthonormal basis of eigenfunctions
of h?A with eigenvalues )\?. Then for each semiclassical pseudodifferential operator A €
WO(M), we have

hd—l Z

A €[1,14]

1

Ae;,e; —/ A)d —0ash—0. D.1
< J J>L2(M) ,U'L(S*M) S*MU( ) KL ( )
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A more general version of Theorem 5 was proved in [HeMaRo], in particular relying on the
result of [DuGu, PeRo] on o(h) remainders for the Weyl law when the closed geodesics form a
set of measure zero. The purpose of this Appendix is to provide a shorter proof. Theorem 5
is formulated here for the semiclassical Laplacian for simplicity of notation, but it applies
to any self-adjoint semiclassical pseudodifferential operator P(h) with compact resolvent on
a compact manifold, if the Hamiltonian flow of the principal symbol p of P(h) has no fixed
points and is ergodic on the energy surface p~!(0) and we take eigenvalues in the interval
[0, A].

The key component of our proof is the following estimate:

Lemma D.1. Let M be as in Theorem 5. Then for each A € WO(M), we have

RS A By < (Cllo(A)]lzgs-an + O)2. (D.2)
A;j€[1,14h]

Here ||o(A)l|z2(s+nr) is the L? norm of the restriction of o(A) to S*M with respect to the
Liouville measure. The constant in O(h) depends on A, but the constant C' does not.

Proof. Assume first that A is compactly microlocalized. We can rewrite the left-hand side
of (D.2) as the square of the Hilbert—Schmidt norm of h(d_l)/QAH[LHh], where Il 11y =
11[17(1+h)2](h2A) is a spectral projector. It can then be estimated using the local theory of
semiclassical Fourier integral operators, by (3.24) (applied to the adjoint of the operator in
interest).

To handle the case of a general A, it remains to note that if WF(A) N S*M = (), then
the left-hand side of (D.2) is O(h*°), as each Ae; is O(h*°) by the elliptic estimate (Propo-
sition 3.2; see also the proof of Proposition 4.5). ]

Putting A equal to the identity in (D.2), we get the following upper Weyl bound:

#{j| A €[1,1+n]} <Ch (D.3)

We can now prove Theorem 5. Take A € UY(M); by subtracting a multiple of the identity
operator and applying the ellipticity estimate, we may assume that A is compactly microlo-
calized and

/ o(A)dpr = 0. (D.4)
S*M

Define the quantum average

T
(A)p = % /0 U () AU(~1) dt.

Here U(t) = e™hA/2 g the semiclassical Schrodinger propagator. By Egorov’s theorem
(Proposition 3.8), for any fixed T the operator (A)r lies in ¥° modulo an O(h*°)2_, 12
remainder, and its principal symbol is

T
mmeWMﬁ:;Aamw¢w
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Note that for each j, we have U(t)e; = ¢*/(") and thus ((A)re;,e;) = (Aej,e;). Using
Cauchy—Schwarz inequality in 7 and the bounds (D.2) and (D.3), we get

ST KAl =k 3T [((A)rese)]

Aj€[1,1+h] Aj€[1,14h]

1/2

<H Y el <o(n Y reli)
Aj€[1,1+h] A;€[L,14h]

< Cl{o(A)rllrz(s+ar) + Or(h).

However, by (D.4) and the von Neumann ergodic theorem [Zw, Theorem 15.1], we have
[{o(A))rllL2(s+ary — 0 as T'— oo. Therefore, for each € > 0 we can choose T large enough
so that the left-hand side of (D.1) is bounded by £/2 + O(h). Then for h small enough, it is
bounded by ¢; since the latter was chosen arbitrarily small, we get (D.1).
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