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Uncertainty quantification for electric vehicle (EV) charging demand
is essential to turn the increasing pressure of EV adoption on power sys-
tems into a source of flexibility. We study a large-scale dataset of public
charging stations in Scotland, where demand exhibits a hierarchical struc-
ture, organized across multiple aggregation levels, from individual charging
points to regional and national scales. The charging infrastructure is contin-
uously evolving, with new stations deployed and existing ones occasionally
removed, which calls for forecasting and uncertainty quantification methods
tailored to this evolving structure. To address these challenges, we combine
hierarchical forecasting with recent advances in conformal prediction with
missing data. The conformal procedures considered produce valid prediction
intervals at every node of the hierarchy and the algorithm CP-MNR-Nested*
successfully accounts for the time-varying hierarchical structure of the data.

1. Introduction. The introduction begins by motivating the need for uncertainty quan-
tification in electric vehicle (EV) charging demand forecasting and then turns to the specific
challenges posed by EV charging infrastructures, with data collected from ChargePlace Scot-
land, the EV charging public network in Scotland, serving as a study case. It concludes with
a brief overview of related work and the organization of the paper.

The large-scale deployment of electric vehicles is reshaping charging infrastructures and
electricity consumption patterns, both in magnitude and in temporal structure, and is expected
to accelerate further in the coming years (IEA, 2022). This directly concerns distribution
system operators and charging network operators, who must plan for and operate a load
that keeps growing in scale, evolves as new charging points are continuously deployed, and
must be tracked across multiple levels of aggregation, from individual charge points to entire
networks (Muratori, 2018; Powell et al., 2022).

Beyond these challenges, it also creates new opportunities to leverage EV charging as a
flexible resource for power system operations. In particular, smart charging has been identi-
fied as a key mechanism to help balance supply and demand in the presence of intermittent
renewable energy sources (Stogl et al., 2024; Bogdanov and Breyer, 2024). Realizing this po-
tential, however, requires reliable forecasts of EV charging demand (Alaraj et al., 2025; Wang
et al., 2025), which are subsequently used as inputs to optimization and control algorithms
(Fescioglu-Unver and Aktas, 2023; Diaz-Londono et al., 2024).

In this context, point forecasts alone are not sufficient, as they only provide a partial de-
scription of the energy demand, and fail to capture its variability. Decision-making under
uncertainty is ubiquitous in power system operations (Gneiting and Katzfuss, 2014), and
EV charging demand is no exception: optimization procedures must account for the best
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Fig 1: Hierarchical structure of EV charging energy demand in Scotland.

and worst case scenarios to avoid risky decisions that could lead to grid instability or ineffi-
cient use of resources (Nutkani et al., 2024). Probabilistic forecasting has therefore become
a standard tool for EV charging demand forecasting (Khan et al., 2023; Zheng et al., 2023;
Ostermann and Haug, 2024; Amara-Ouali et al., 2025), with the goal of producing prediction
intervals around point forecasts that cover the true values with a specified probability.

EV charging demand forecasting is inherently a multi-resolution problem, as operational
decisions are made across a range of spatial and organizational levels, each tied to a distinct
market or grid function. For instance, charge point operators need station-level forecasts to
schedule maintenance and manage local queuing and on-site pricing; retailers and balance
responsible parties need regional aggregates to size day-ahead and intraday market positions;
and transmission system operators need national aggregates to dimension reserve require-
ments and maintain system balance. This range, from individual charging stations to regional
aggregates and national systems, has been studied at various granularities (Kim and Kim,
2021; Yi et al., 2022; Ostermann and Haug, 2024).

The forecasting task across these granularities is structurally interdependent, as the energy
demand at a given level of aggregation is the sum of the energy demand at the lower levels.
This construction induces a hierarchical structure, which can be exploited to share informa-
tion across the different levels of aggregation to improve the accuracy of forecasts at each
level of the hierarchy. For instance, Khan et al. (2023) compare forecasting accuracy across
different spatial aggregation levels, from individual charging piles to their sum, and Zhang
et al. (2023) study a similar hierarchy for the city of Beijing using large-scale real-world driv-
ing and charging data, both for point forecasting; van Etten, Degeler and Luo (2024) propose
a global model for point forecasting across multiple stations in four cities, while Zheng et al.
(2023) directly exploit the hierarchical structure by enforcing consistency across a network
of charging stations in the case of probabilistic forecasting.

In this article, we explore a hierarchical structure within the public charging network in
Scotland through data from ChargePlace Scotland (see Figure 1). The data, first studied by
Davies, Hart and Galloway (2024), exhibit a rich administrative hierarchical structure, with
1398 charging stations distributed across 32 local authorities, and a national aggregate at the
country level. It embodies a central modeling challenge in EV demand forecasting: charging
infrastructure evolves over time. The adoption of electric vehicles drives the deployment of
new charging stations, while existing stations may be temporarily or permanently removed
from the network, e.g., due to maintenance or changes in ownership. Since only active sta-
tions contribute to aggregate demand, it induces a so-called time-varying hierarchical struc-
ture. These features raise two modeling challenges. The first is to forecast demand for new
stations, with limited or no historical data. The second is to account for the current state of the
infrastructure, both for point forecasting and for uncertainty quantification. The latter being
an important source of variability for EV charging demand.

In addition to these modeling considerations, data from ChargePlace Scotland exhibit sev-
eral challenging features documented by Davies, Hart and Galloway (2024). Despite a rela-
tively high penetration of electric vehicles in Scotland, total energy demand at the national
level shows a decreasing trend over the period of interest (see the right hand side of Figure 2).
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Fig 2: The left panel represents the spatial repartition of the charging stations in Scotland
(top) and in Glasgow (bottom). Stations are represented by blue dots, and the size of the dot
is proportional to the number of charging points within each station. The right panel shows
the corresponding time series of daily energy demand.

This pattern reflects changes in user behavior driven by external factors, including progres-
sive charging tariffs introduced as part of policy incentives. It is particularly visible in the
city of Glasgow, where the energy demand dropped on April 4th, 2023, following the intro-
duction of the new pricing scheme in the public charging network (see the right hand side of
Figure 2). The introduction of the tariffs leads to a heterogeneous response across the coun-
try, as it depends on the local authority, and even on the ownership of the charging station
(Davies, Hart and Galloway, 2024). These effects add to other sources of non-stationarity
inherent to EV charging demand time series, at both aggregated and disaggregated levels.
Operational forecasting of EV charging demand requires models that not only achieve high
predictive accuracy but also satisfy practical constraints such as fast and scalable inference.
For tabular data and multivariate time series, it is well known that tree ensembles are highly
competitive and easy-to-calibrate forecasting models. For instance, frameworks such as Ran-
dom Forests (Breiman, 2001), and XGBoost (Chen et al., 2015), are widely used in machine
learning competitions (Makridakis, Petropoulos and Spiliotis, 2022; Bojer and Meldgaard,
2021) and industrial applications (Goude, Nedellec and Kong, 2013). Recently, these models
have been challenged by deep learning-based approaches. In the context of EV charging, van
Etten, Degeler and Luo (2024) consider a global model to forecast energy demand across 55
charging stations in Boulder, Palo Alto, London, and Perth, demonstrating the effectiveness
of deep learning architectures like Transformers and N-HiTS (Challu et al., 2023). Alongside
deep learning, pre-trained foundation models have driven significant progress in predictive
modeling for both tabular and time series data. Models such as TabPFN (Hollmann et al.,
2025) and TabICL (Qu et al., 2025) achieve state-of-the-art performance on benchmark tasks
like FevBench (Shchur et al., 2025) and TabArena (Erickson et al., 2026). Similar to gradient
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boosting machines, these foundation models can be readily adapted to time series forecasting
by incorporating time-dependent features or lagged variables. In this work, we utilize TabICL
due to its open-source availability and high inference efficiency. However, while these auto-
mated machine learning frameworks are highly efficient, many applied settings require do-
main experts to design interpretable models by integrating physical or systemic knowledge
directly into the model equations. This ensures a necessary trade-off between predictive per-
formance and interpretability. Generalized Additive Models (Wood, 2017, GAMs) naturally
facilitate this integration, making them highly popular in power system management (Pierrot
and Goude, 2011; de Vilmarest et al., 2023; Antoniadis et al., 2024). To achieve a complete
and up-to-date overview, we propose considering these three types of forecasting models,
along with a simple combination of them, at all three levels of the hierarchy (see Section 5.2).

The aforementioned forecasting methods are tailored for the large number of charging
stations in the dataset, but they do not account for the hierarchical structure of the data.
This is a common limitation in the context of hierarchical forecasting, which is commonly
addressed by producing forecasts that are agnostic to the hierarchical structure, and to subse-
quently adjust them to ensure that they follow the same aggregation constraints of the data.
A well-established framework for this adjustment is forecast reconciliation, introduced by
Athanasopoulos, Ahmed and Hyndman (2009); Hyndman et al. (2011). The idea is to com-
bine forecasts from different levels of aggregation through linear combinations to produce
coherent forecasts with respect to the hierarchical structure. A natural way to achieve this is
through a linear projection of the base forecasts onto a so-called coherent subspace (Pana-
giotelis et al., 2021; Wickramasuriya, Athanasopoulos and Hyndman, 2019). Techniques of
forecast reconciliation have been applied in the context of EV charging demand forecasting
by Zheng et al. (2023) to produce probabilistic forecasts based on reconciled scenarios.

Recently, conformal prediction has emerged as a particularly attractive framework to quan-
tify uncertainty around point forecasts, as it produces prediction sets with finite-sample
and distribution-free coverage guarantees under mild assumptions (Vovk, Gammerman and
Shafer, 2005; Lei et al., 2018; Barber et al., 2021). Its appeal in the context of EV charg-
ing demand forecasting (Amara-Ouali et al., 2025) lies in its flexibility: similar to forecast
reconciliation, conformal prediction can be applied post-hoc to any base predictor, including
those obtained from complex machine learning models, without the need for retraining (An-
gelopoulos and Bates, 2023). This conceptual similarity suggests combining them to produce
hierarchy-aware prediction intervals, as proposed by Principato et al. (2026). In particular, the
authors show that forecast reconciliation preserves the validity of conformal prediction inter-
vals, while potentially yielding tighter prediction sets, thereby reducing uncertainty around
the forecasts. A recent line of work consists in extending conformal prediction to accom-
modate non-stationarity in time series settings. Gibbs and Candes (2021) introduce adaptive
conformal inference, that updates the conformal sets to account for temporal distribution
shifts. Adaptive conformal inference has been applied in a variety of energy forecasting set-
tings, including electricity price forecasting by Zaffran et al. (2022), and EV charging demand
forecasting by Amara-Ouali et al. (2025).

The rest of the paper is organized as follows. Section 2 provides further details about the
dataset and formalizes the forecasting problem. The modeling emphasizes the hierarchical
structure, its temporal evolution, and the specific objectives it induces. Section 3 is devoted
to a pedagogical exposition of the main ingredients of the methodology, namely forecast
reconciliation and conformal prediction in the context of hierarchical forecasting. Section 4
presents the proposed methodology. It describes how to combine forecast reconciliation and
conformal prediction in order to account for the time-varying hierarchical structure when
quantifying uncertainty. Finally, Section 5 describes the experimental setup and summarizes
the performance of the different methods on the ChargePlace Scotland data.
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2. EV charging energy demand in Scotland. Data is collected from ChargePlace
Scotland, a publicly available record of charging sessions from the largest public EV charging
network in Scotland. The resulting dataset is referred to as the ChargePlace Scotland dataset.
The code used for the experiments is available on the following GitHub repository.

2.1. The ChargePlace Scotland dataset. The period considered goes from October
2022 to October 2025, extracting session-level information and merging it with spatial and
technical characteristics of the charging infrastructure, following Batic (2025). The spatial
attributes include the geographical coordinates of each charging point, the address of the
charging station, and the local authority to which it belongs. Sessions for which these spatial
attributes are missing are excluded from the analysis. Energy consumption at the session level
is then aggregated to obtain daily energy demand at each location with available geographic
information, thereby constructing a panel of daily demand series at the charging-station level.

The charging stations are indexed by ¢ = 1,...,n, where n = 1398 is the total number
of stations. For each day t, let ygt) € R be the daily energy demand at the ¢-th station. We
consider the natural geographical/administrative partition of the n stations into two levels
of aggregation, namely the local authority and the country levels. For instance, the local
authority of Glasgow City contains 96 charging stations, and its daily energy demand is thus
the sum of the daily energy demand of these 96 stations. This forms a hierarchical structure,
which yields a total of m = 1431 nodes (1398 stations, 32 local authorities, and 1 national
node). The hierarchical structure is illustrated in Figure 1, with the example of the local
authority of Glasgow City. This grouping is motivated by the fact that local authorities are
the level at which charging infrastructure is planned, funded, and reported by Scottish public
bodies (e.g., Transport Scotland, ChargePlace Scotland), making them a natural intermediate
level between individual stations and the national system for both operational and policy
purposes. This level also coincides with existing administrative and demographic statistics
(population, population density, car ownership), which can be used as exogenous covariates.

Nevertheless, the proposed approach can be adapted to other contexts (e.g., by consider-
ing finer territorial partitions such as districts or quarters). Let y*) € R™ be the vector of
daily energy demands over all nodes at day ¢, and consider a multivariate regression setting,
where the goal is to forecast demand at every level of the hierarchy from a vector of features
x® € X. This can be formalized as a supervised learning problem, where the objective is to
learn a function f: X — R™ that is an estimator of the conditional expectation [y(t) | a:(t)] .
Vectors of features include weather information, calendar effects, lagged demand, and char-
acteristics of the node of interest (e.g., number of charging points, type of chargers and tariffs
indicators), that are known at the time of forecasting.

To model the hierarchical structure of EV charging demand in Scotland, we adopt a stan-
dard notation in hierarchical forecasting and encode the aggregation constraints by a binary
structural matrix H € {0,1}"*". Its entries satisfy H; ; = 1 if the j-th station belongs to
the i-th node, and H; ; = 0 otherwise—see the toy-example depicted in (3). Therefore, for
all days ¢, the vector energy demand at day ¢ belongs to the so-called coherent subspace
Im(H) = {Hu: u € R"} C R™. Forecast reconciliation exploits this property by project-
ing unconstrained base forecasts, obtained from arbitrary regression models, onto Im(H) to
enforce coherence (Athanasopoulos, Ahmed and Hyndman, 2009; Hyndman et al., 2011).

2.2.  Modeling the infrastructure activity. To capture the temporal evolution of the net-
work, EV charging demand is modeled through a hierarchical structure with a time-varying
set of active nodes. The energy demand at some locations—especially at the station level-may
be zero during a certain amount of time due to various foreseeable reasons (see Figure 3).
For example, if a station does not exist yet, or is temporarily closed due to malfunction,


https://github.com/PrincipatoG/Probabilistic-Hierarchical-EV

6 PRINCIPATO ET AL.

TABLE 1
Basic notations.
Indices Domain Description
t Days time index, on a daily basis
i [m)] node index, : =1,...,m:
stations, 1 =1,...,n
local authorities aggregate, t =n+1,...,m—1

Scotland aggregate, : = m

Variables Domain Description
(t) R energy demand at node ¢ and day ¢
agt) {0,1} infrastructure activity at node ¢ and day ¢
() X vector of features at day ¢
y(t) R™ vector of energy demand at day ¢
a® {0,1}™ vector of infrastructure activity at day ¢
H {0,1}mxm hierarchical structure of the complete data
a® {0,1}mx"m refined hierarchical structure at day ¢, i.e., with respect to a®

renovation work, act of vandalism, or is definitely closed due to change of ownership or de-
commissioning. These foreseeable events are conceptually distinct from other zeros that may
occur due to the absence of demand, which are essentially concentrated in stations located in
rural areas. In the present work, the goal is to leverage the knowledge of the infrastructure
activity to improve the accuracy of the forecasts, rather than to forecast when a station will
be active or not. Therefore, is it reasonable to assume that the information of whether a node
is active (i.e., has non-zero demand) is available at the time of forecasting. We thus consider
that the infrastructure activity is known at day ¢, and focus on forecasting the non-zero co-
ordinates of y(*). This information is represented by binary vectors of infrastructure activity,
defined for each day ¢ as

"' =0 Mo,

%

, ify
(1) a® e {0,137, such that i
(0.1} agt) =1, otherwise.

We distinguish the vector of infrastructure activity from the vector of features x(*) € X'
In particular, infrastructure activity is used only within the learning procedure to exclude
inactive nodes from the training data, since these correspond to structural zeros that are not
targets of interest and may otherwise introduce bias in the resulting forecasts. It is also used
post-hoc to refine the hierarchical constraints of the data at day ¢. We now formalize this
refinement of the hierarchical structure.

Inactive nodes do not contribute to the aggregate demand, which implies that enforcing co-
herence with respect to the original hierarchy may introduce artificial constraints. This moti-
vates the definition of a refined structural matrix and the associated refined coherent subspace
for each day ¢. The refinement of the coherent subspace removes the inactive components and
defines a lower-dimensional coherent subspace that better reflects the operational structure on
a given day. Precisely, the vector of energy demand at day ¢ belong to the potentially smaller
coherent subspace Im (H (t)) C Im(H), where H® is defined as follows:

0, ifa”=0

() Hz(tj) =4 0, if 3 € [m], s.t. a! =0 and Hy;j=1,

= i

Y

H;;, otherwise.
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Fig 3: Time series of daily energy demand at four charging stations in Glasgow City. The
figure illustrates three typical node behaviors: Station 410 is active throughout the entire
period, Station 406 becomes inactive at the end of 2023, Stations 403 and 386 both exhibit
the effect of predictable temporary closures.

For example, consider a simplified hierarchy with only three stations and one region. Then,
if the vector of infrastructure activity at day ¢ is a(*) = (1,0,1,1) T, the following refinement
of the structural matrix holds.

100 100

1010 . @ _ 1000

3) H = 001 may be refined into HY = 001
111 101

2.3. Coverage objectives. Infrastructure activity is a key driver of EV charging demand
and must therefore be accounted for when assessing forecast uncertainty. This is addressed
by extending the usual marginal coverage requirement to a conditional setting.

The goal is to produce reliable forecasts of EV charging demand at each node of the hierar-
chy, i.e., for each station, local authority, and the national aggregate, on a time period indexed
by ¢ € Test, and to quantify the uncertainty around these forecasts. Given a nominal coverage
level 1 — a=90%, a classic requirement is to produce prediction intervals at node i contain-
ing the true demand for at least 90% of the days in Test. For instance, if infrastructure activity
is properly accounted for (e.g., through forecast reconciliation), there is no uncertainty about
the prediction of energy demand at an inactive station. Hence, marginal coverage may appear
satisfactory simply because inactive periods are trivially covered, while coverage on active
periods remains poor. Similarly, the uncertainty quantification at an active station may de-
pend on the activity of other stations in the hierarchy. For example, a temporary closure of
neighboring stations may lead to a surge in demand at the station under consideration, result-
ing in a higher variability of the energy demand. As a consequence, assessing coverage by
averaging over all days in Test may not be representative of the underlying uncertainty.

A natural solution is to extend the coverage requirement to a conditional one, where cover-
age is assessed by averaging over subsets of Test corresponding to each specific configuration
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of the infrastructure. This is infeasible in practice, as the number of possible configurations
is large and only few observations are available for each. Therefore, we consider two weaker
conditional coverage requirements, where coverage is assessed by averaging over subsets
of Test corresponding to ranges of similar infrastructure activity patterns. The first is a lo-
cal conditioning, where coverage is assessed by averaging over the days for which the node
under consideration is active. This is the minimal requirement for a meaningful coverage
assessment, as we are only interested in forecasting the energy demand at active nodes. In
the rest of the article, this condition is referred to as validity. The second is a stronger con-
ditioning, where coverage is assessed by averaging over the days for which the node under
consideration is active, and the number of active nodes in its neighborhood—defined by the
local authority—partitions the time indices into two subsets: low and high activity regimes.
The rationale for this additional conditioning is that the activity of the nodes within the same
local authority is an important source of variability for the accuracy of the forecasts. Note
that other conditioning could be considered, for instance by changing the definition of the
neighborhood, or the number of activity regimes. This second requirement is referred to as
conditional coverage or, equivalently, conditional validity.

2.4. Efficiency objectives. Beyond validity, the intervals should also be efficient, in the
sense that they should be as narrow as possible. Indeed, intervals that are too wide are valid
as they always contain the true value, but will not be representative of the underlying un-
certainty and will not be useful for decision-making. For instance, the prediction interval
[0kWh, 10000 kWh] for the energy demand at a station will always contain the true value,
but the station operator should not prepare for a demand of 10000 kWh that is not realistic.
Therefore, the efficiency of the prediction intervals is measured by their average length. As
for validity, the average length is computed only over the days for which the node under
consideration is active.

3. Point and probabilistic forecasting. Forecast reconciliation and conformal predic-
tion are two post-hoc frameworks that can be combined to forecast hierarchical data, such as
EV charging demand and provide the associated prediction intervals. We first review the two
forecast reconciliation procedures considered in this article, in the context of point forecast-
ing, and then describe how they can be integrated within conformal prediction.

3.1.  Two forecast reconciliation procedures. We use OLS reconciliation (ordinary least
squares, Hyndman et al., 2011) and introduce rOLS (refined OLS), its natural extension that
accounts for the time-varying hierarchical structure modeling introduced in Section 2.2. Both
procedures perform reconciliation through orthogonal projection: OLS projects base fore-
casts onto the fixed coherent subspace Im(H ), whereas rOLS projects them, at day ¢, onto
the refined coherent subspace Im (H (t)).

Given a vector of base forecasts g(*) € R™, the following closed-form expressions hold
for the reconciled forecasts obtained from OLS and rOLS, respectively,

4) gg%s — H(HTH) _IHTg(t) 7 and ~r(tO)LS —H® (H(t)TH(t))TH(t)T:,’j(t) ’
where t denotes the Moore-Penrose pseudo-inverse.

The impact of using rOLS instead of OLS is illustrated on the toy-example, with n = 3
stations, m = 4 nodes, the structural matrix given in (3), and the infrastructure activity vector

a¥) =(1,0,1,1)7 at day ¢. The following numerical example of EV charging demand and
base forecasts, induces the corresponding OLS and rOLS reconciled forecasts:

26 20 18.75 25
o_ (0. so_1|20. =~ _ (187D  ~u _ |0
) ¥ =15l i Y= (30| YousT |og75| ¢ YhorsT |35

58 65 66.25 60
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TABLE 2

Advanced notations.
Functions Domain Description
A X x{0,1}"* - R™ base predictor
A X x{0,1}" - R™ reconciled predictor
R R™ x {0,1}"" - R™ reconciliation function
Variables Formula Description
gk) e pm g(w(k),a(k)) =R g(m(k),a(k)),a(k) reconciled forecasts at day k
s(k) €R™ \g(k) — y(k)’ = s((m(k), a(k)), y(k); /T) vectorial non-conformity score at day k
iPer  mE® iled f for node i at day k
Y, € (¥ ) reconciled forecasts for node 7 at day
sgk) eR gi(k) — y§k) ‘ non-conformity score for node ¢ at day k

Apart from the second coordinate, which is zero and thus excluded from the forecasting
task, the rOLS reconciled forecasts are closer to the true values than both the base forecasts
and the OLS reconciled forecasts. Indeed, OLS propagates non-zero value produced by the
base forecast at the inactive station. It affects the other coordinates and, in particular, leads to
an inflated last coordinate relative to the true value. By contrast, rOLS constructs a reconciled
vector in such a way that none of its components depends on the second coordinate of the base
forecast, which is effectively set to zero, and remaining coordinates are adjusted accordingly.

3.2.  Basics on conformal prediction for hierarchical data. Conformal prediction for
hierarchical data (Principato et al., 2026) is a natural framework to quantify uncertainty in
the context of hierarchical forecasting. Originally introduced for fixed hierarchical structures,
it can easily be adapted to handle time-dependent reconciliation procedures such as rOLS,
as described in Section 3.1. We recall the main ingredients of the algorithm, which we refer
to as CP (for Conformal Prediction), and introduce the notations that will be used in the
subsequent sections. The procedure is illustrated in Figure 4.

CP is a multivariate extension of inductive conformal prediction, also known as split con-
formal prediction (Vovk, Gammerman and Shafer, 2005; Lei et al., 2018), where prediction
sets are constructed component-wise and the procedure include a reconciliation step. The first
step of CP consists in splitting the available data into a training and a calibration set, indexed
by Train and Cal, respectively. The training set is used to fit a base predictor A : (z,a) — 7,
and a reconciliation function R : (y,a) — y, resulting in a reconciled predictor A(x,a) — y
defined as the combination of the base predictor and the reconciliation function:

© A xx{0,1}™ — R™,
(x,a) — E(A\(w,a),a).

The calibration set is then used to compute non-conformity scores, that measure how well
the reconciled forecasts fit the calibration observations at each node i € [m]. We consider the
standard non-conformity score function that consists of the absolute difference between the
reconciled forecasts and the true values, i.e.,

sit (Ax{0,1}")xR™"xF — R,
((wva’)vy;}i) — ‘yi—ﬂi‘:}ﬂi(y—g(%a))‘,

where F = { f: X x{0,1}" — Rm} is the set of predictors, and II; is the operator that
extracts the ¢-th component of a vector in R™.

(N
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Fig 4: The CP procedure, adapted from conformal prediction for hierarchical data.

Denoting by sgk) the non-conformity score for node i at day k € Cal, the (1 — a/)—empirical

quantile of the calibration non-conformity scores is computed, up to the usual finite-sample
correction, namely,

(8) qi = min{q eR: #{k: € Cal: sl(.k) < q} >(1-a) (#Cal + 1)} 7

where the cardinality of a set S is denoted by #5S.
Finally, at each node ¢ € [m], the resulting conformal set is the prediction interval centered
around y]i(t), the i-th component of the reconciled forecasts for the new observation, and with

a radius equal to the empirical quantile ¢;, i.e.,

9) Vi e [m], C; (x(t), a(t)) = [ﬂi(t) + qz} .

4. Conformal prediction for time-varying hierarchical structures. The conformal
procedure described in Section 3.2 encompasses forecast reconciliation methods that account
for the infrastructure activity, but the construction of the prediction intervals is not adapted
to the time-varying nature of the hierarchy. In particular, the method is designed to produce
prediction intervals that are—only—valid marginally over all possible configurations of the in-
frastructure activity for the test day ¢. This is because the non-conformity scores are computed
over the entire calibration set, which includes both active and inactive nodes. It is problematic
in the case of EV charging demand, as the non-conformity scores for inactive nodes stations
trivially zero for a reconciled predictor based rOLS, leading to prediction intervals that are
too small for active nodes that have been inactive during the calibration period.

This issue is addressed in the subsequent sections by proposing three extensions of the
CP procedure. The first extension, referred to as CP-MNR (for Conformal Prediction with
Missing Nodes Reconciliation), is designed to produce prediction intervals that are valid
conditionally on the node being active, a minimal requirement for a meaningful coverage
assessment. The second extension, CP-MNR-Nested*, is designed to produce prediction in-
tervals that are valid conditionally on the entire configuration of the infrastructure activity, a
more ambitious goal. Finally, the third extension, Adaptive CP-MNR, is designed to produce
prediction intervals that are valid conditionally on the node being active, even when the data
exhibit a distribution shift between the calibration and test points.

4.1. Prediction intervals for active nodes. CP-MNR is a simple extension of CP, de-
signed to produce prediction intervals that are valid conditionally on the node being active.
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Algorithm 1 CP-MNR at level 1 — «

Input: Dataset D = {(m(k) alk) y(k)) : k € Train U Cal}; algorithms A and R; test point (m(t) , a(t)).

1: Fit the predictors on {D; Train; A; R} and get {E(, s ﬁ(, Yy /Nl(, )}
for ¢ € [m] do perform Mondrian conformal prediction:

(t)

2: Consider a subsampled set of calibration indices Cal (1) = {k € Cal: a =a;

3: Compute the non-conformity scores, for k € Cal(4), (k) = (( (k) al* ))’ y(k); A(, ))

4: Compute their (1 — «)—empirical quantile, defined as
G; —mln{qER #{ke Cal(i): s ( ) <q} (1 —a)(#@i(i)—i— 1)}
5: Build the prediction interval, C; (m(t) , a(t)) = [Hi (Z(m(’f), a(k))) + (YZ}

end for
Output: Predictions intervals { i(x (®) gt )) i€ [m]}

It only differs from the CP procedure in that the non-conformity scores are computed
on a subsampled set of calibration indices. For each node i € [m], the subsampled set of
calibration indices is denoted by a\zﬁ(z) C Cal and is defined as the subset of calibration
indices corresponding to observations that share the same activity status of the i-th node as
the test point, namely,

(10) Vie[m],  Cal(i)={keCal:a® =a{"},

The rest of the procedure remains unchanged (i.e., follows the steps described in Section 3.2).
For each node ¢ € [m], non-conformity scores are computed on the restricted calibration set,
empirical quantile at level 1 — « of these scores is computed, and the resulting prediction
interval is defined based on this quantile as in (9).

The CP-MNR procedure described above is detailed in Algorithm 1. Its construction
is reminiscent of the Mondrian conformal prediction framework (Vovk, Gammerman and
Shafer, 2005), which aims to achieve validity conditional on a categorical variable (here the
binary activity of the node under consideration). The theoretical guarantees of CP-MNR are
therefore similar to those of Mondrian conformal prediction, and are stated in the Supple-
mentary Material A.2. The fitting of the predictors involved in the first step of Algorithm 1 is
stated formally in the Supplementary Material B.1,

REMARK 1. Inthe case of anode i € [m] that is always active (e.g., an aggregated node),
the CP-MNR procedure coincides with the CP procedure of Section 3.2. In Section 5, CP is
thus omitted from the numerical experiments for the aggregated nodes.

4.2.  Infrastructure-aware prediction intervals. As discussed in Section 2.3, condition-
ing on the node being active is a minimal but not sufficient requirement as whole infrastruc-
ture activity is also an important source of variability for the accuracy of the forecasts. In
this section, the CP-MNR procedure is extended to produce prediction intervals that are valid
conditionally on the entire configuration of the infrastructure activity.

In principle, infrastructure activity vector is also a categorical variable so that Mondrian
conformal prediction could be applied. Nevertheless, this would require to partition the cali-
bration set into 2™ subsets, one for each possible configuration of the infrastructure activity,
which exceeds the number of available observations by many orders of magnitude. This prac-
tical limitation advocates for a procedure that accounts for the whole infrastructure activity
without requiring a separate calibration set for each configuration: CP-MNR-Nested*.
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Before introducing CP-MNR-Nested*, for the sake of a more pedagogical exposition, we
first rewrite the conformal step of CP-MNR in a equivalent form that emphasizes the role
of infrastructure activity in the construction of the prediction intervals. For all node i € [m],
the i-th prediction interval output by Algorithm 1 can be equivalently written as the set of
candidate values whose associated non-conformity score is strictly larger to at most a fraction
(1 — «) of the non-conformity scores computed on the calibration set, up to the usual finite-
sample correction, i.e.,

Ci(z,a) = {Hi(y) eR:(1—a)(#Cal(i) +1) >

#{ke@ﬁ(i);si((m%), a®), y®),; g) < SZ-((a:(t), ah), y: g)}}.

This formulation highlights that the non-conformity scores computed on the calibration set
only depend on the infrastructure activity of the test point through the selection of the cali-
bration indices, which is a local conditioning on the activity of the node under consideration.

The rationale of CP-MNR-Nested* is to enforce a symmetric treatment of calibration and
test points with respect to the infrastructure activity, by evaluating non-conformity scores
under a shared activity pattern. The resulting procedure is stated in Algorithm 2, and the
symmetric treatment of calibration and test points is highlighted in blue. We now describe
the three steps of the procedure in more details.

The first step of CP-MNR-Nested* is identical to that of CP-MNR, where the predictors are
fitted on the training set. In the second step, for each calibration index k € Cal, a common
augmented infrastructure activity pattern a(®) = min(a(k),a(t)) is considered, where the
minimum is taken component-wise. It corresponds to a hypothetical scenario, where the only
active nodes are those that are active in both the calibration and test points.

The third step consists in computing the non-conformity scores of the augmented cal-
ibration points (z*),a®,y*¥) to compare them with those of the temporary test points
(:c(t) calk) y), for all candidate values y € R™. This comparison, performed under the same
augmented infrastructure activity pattern determines the cardinality of the following sets:

(11) VYyeR™, {k € Cal: si((:c(k), 6(k)), y(k); ﬁ) < si((m(t), ﬁ(k)), Y; E) } .

It is then used to define the prediction intervals, as in the above reformulation of CP-MNR.

This construction does not describe how to implement the procedure. The Supplementary
Material B.2 is devoted to this purpose: it explains how to derive the conformal set, why a
subsampled set of calibration indices Cal C Cal should be used, and discusses the nature of
the resulting prediction set as well as the computational cost of the procedure.

The construction of CP-MNR-Nested” is inspired from the missing data augmentation
(MDA) procedure of Zaffran et al. (2023, 2024) and is actually an extension to our setting
of their algorithm, CP-MDA-Nested* (Zaffran et al., 2024, Algorithm 1). We establish a
connection between the two frameworks in the Supplementary Material A.1, and show that
the theoretical guarantees of CP-MDA-Nested* can be extended to CP-MNR-Nested* (see
the Supplementary Material A.3). Even though some of the assumptions that are natural
for the former are not satisfied in the latter, the theoretical guarantees of CP-MNR-Nested*
provide the heuristic behind the construction of the procedure.

4.3.  Online extension of the methodology. The procedures described in Sections 3.2,
4.1 and 4.2 (CP, CP-MNR and CP-MNR-Nested*) are designed for a single test point. The
underlying assumption behind their construction follows the standard conformal prediction
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Algorithm 2 CP-MNR-Nested* at level 1 — «

Input: Dataset D = {(m(k), a(k)7y(k)) : k € Train U Cal}; algorithms A and R; test point (w(t),a(t));

subsampled set of calibration indices Cal C Cal.
1: Fit the predictors on {D; Train; A; R} and get {A\(, s ,§(~, Yy Z(-, )}
2: for k € Cal do consider an augmented infrastructure pattern
alk) = min(a(k) , a(t))
end for
3: for i € [m] do build the prediction set C; (w(t) ,a® ) defined as

Ci(m(t),a(t)) = {Hi(y) eR:(1- a)(#62ﬂ+ 1) >
#{ke@aﬁ:si((w(k), a9),y®; () < (20, a%), o g(.,.))}}

end for
Output: Predictions sets {Ci (:c(t) , a(t)) AS [m]}

framework, where the main assumption is that the calibration points and the test point are
drawn independently from the same distribution. In the context of EV charging demand fore-
casting, this setting needs to be extended to a sequential setting, defined as follows.

At each round ¢ € Test, the practitioner observes the covariates and the infrastructure ac-
tivity vector (z®),a(), and output for each node i a prediction set CZ.(t) =C;(z®,a®) for
the unknown value ygt), which is then revealed at the end of the round. In this setting, no
stochastic assumption is made on the sequence of test points to account for the temporal de-
pendence and distributional shifts that are inherent to EV charging demand data, as illustrated
in Figures 2 and 3.

These attributes advocate for an online extension of the conformal procedures through
adaptive conformal inference (ACI, Gibbs and Candes, 2021). The principle of the adaptive
extension is to update the conformal intervals sequentially based on the recent miscoverage
events. For each node i € [m], the fixed nominal level 1 — o = 90% used in the conformal
step is replaced by a node-specific level, updated sequentially over the test period. If node ¢ is
inactive at the current test point, the coverage level is left unchanged. Otherwise, the coverage
level increases if the previous conformal interval did not cover the true value, leading to a
wider interval, and decreases if the previous conformal interval did cover the true value,
leading to a narrower one.

This strategy can be used to extend each of the three conformal procedures described in the
previous sections. Nevertheless, the coverage level is updated only for active nodes, which is
consistent with the construction of the CP-MNR procedure that is designed to account for the
activity of the node under consideration, but not with the construction of CP and of CP-MNR-
Nested*. In particular, this adaptive extension may hinder the stronger conditional coverage
guarantee targeted by the CP-MNR-Nested* procedure. Therefore, only the adaptive exten-
sion of CP-MNR is considered, and is referred to as Adaptive CP-MNR. Its formal statement
and the proof of its theoretical guarantees are deferred to the Supplementary Material B.3.

5. Forecasting EV charging energy demand with confidence. This section describes
the study case of EV charging demand forecasting on the ChargePlace Scotland data and de-
pict how the proposed methodology addresses the specific challenges of this application. We
first introduce the experimental setting, including the rolling-window protocol and the data
preprocessing choices. Then, the most appropriate base predictor and reconciliation strat-
egy are selected and fixed for the subsequent experiments. Finally, the performance of the
proposed conformal procedures is evaluated and analyzed.
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5.1. Experimental setting. The proposed methodology is assessed on a six-month test
period, denoted by Test, from February Sth to August 18th, 2024. The period exhibits a sig-
nificant temporal drift in the data distribution (Figure 2), making it a particularly challenging
setting for forecasting. As discussed in Section 4.3, the CP, CP-MNR, and CP-MNR-Nested*
procedures are designed for a single test point. To deploy them sequentially over the entire
test period, one could in principle retrain the underlying models at each time step, at a sub-
stantial computational cost, or, at the other extreme, keep the models fixed throughout the
whole period. We adopt an intermediate strategy and update the models every two weeks to
account for the dynamic nature of the data. Accordingly, the training and calibration periods
are updated using a rolling-window scheme, illustrated in Figure 5.

The variability of the performance metrics is evaluated by running the experiments 10
times with different rolling-window partitions of the historical data. The resulting mean esti-
mates and standard errors are reported throughout this section. For each experimental run, the
available data before the first test block are split into a training set and a calibration set. This
partition is then shifted forward by two weeks at each subsequent test block. The calibration
set represents 20% of the historical data and is constructed as follows: it includes the week
preceding the test block together with one-week blocks sampled uniformly at random from
the remaining time indices. This partitioning affects the prediction intervals through a change
in the predictors fitted on the training set and in the calibration points used to compute the
non-conformity scores.

Before fitting the predictors, the data is preprocessed to remove sessions with missing
geographical information and, across all nodes, dates with anomalous data reporting as iden-
tified by Davies, Hart and Galloway (2024). Subsequently, features are engineered for the
regression tasks across the three hierarchical levels. Calendar features encode weekly and
yearly cycles using day-of-week and day-of-year variables (scaled between 0 and 1). Public
holidays are recoded and treated as Sundays. Weather features are collected by requesting
data with the riem package (Salmon and Elchison, 2025). Daily maximum temperature
and daily average humidity are calculated at each node. At the station level, these meteo-
rological features are derived using a distance-weighted average from weather stations. For
regional and national levels, the station level features are aggregated using a weighted average
based on the number of charging points per station. With the same weighted average scheme,
charger locations (longitude and latitude) are considered both at the station and regional lev-
els. Equipment features are also included, such as the proportion of slow, accelerated, and fast
chargers at each node as well as a dimensioning factor for the number of charging points and
paid charging points, estimated dynamically using the prior day’s number of used chargers
and the maximum number of used chargers over the previous 30 days. Charging cost features
account for the transition of chargers from free to paid described in Section 1. Historical
energy consumption incorporates the prior day’s energy, the energy consumed on the same
day of the previous week, and a 1-to-7-day rolling mean. Days with zero demand are set to
NA (i.e., treated as missing values) so that predictors are fitted exclusively on active nodes.
To prevent the propagation of these NAs into the lags and thus avoid reducing the number
of available observations, any NA in a lagged variable is imputed using the last available
observation of the same day type. Finally, depending on the model, a shifted logarithmic
transformation is applied to the target and the lags at the regional and station levels. This
prevents the model from favoring larger nodes while ensuring numerical stability for nodes
with near-zero demand.

5.2.  Choice of the base predictor and reconciliation procedure. At all three levels of the
hierarchy, we consider a random forest (RF), a generalized additive model (GAM), a (pre-
trained) foundation model for time series and tabular data (tabICL), and the combination of
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Fig 5: Rolling-window data partitioning. At the first block, the available data is split into a
training set (80%) and a calibration set (20%). The calibration set of indices is drawn once,
combining the week preceding the test period and randomly sampled one-week historical
blocks. The same partition is then shifted forward by two weeks across subsequent blocks.

these models (Combi) that consists of the average of the predictions output by these models.
For the regional and station levels, a boosting model (XGB) is added as a base model and
included in the average of Combi. For the national level, since there is only a single time
series, the models exclusively use calendar, weather, and charging cost features, along with
lagged energy. Conversely, at the regional and station levels, due to the large number of
nodes, a global modeling approach is considered, where a single model is fitted for all nodes
within each aggregation level. In this setting, features that enable cross-learning among series,
such as infrastructure information and spatial features, are included. The GAM is highly
efficient for load forecasting, as its additive decomposition and non-linear capabilities are
well-suited to model the various effects influencing energy consumption (Antoniadis et al.,
2024). When applied as a global model, advanced features in GAMs, such as the use of
tensor products and combined effects, allow the model to capture the complexity of the data.
Furthermore, tree-based models such as RF and XGB are particularly efficient in a global
setting, since they naturally group different time series to harness cross-learning. TabICL
achieves this same global modeling objective through a different approach, relying on cross-
attention mechanisms. An overview of the related work for the different models is provided
in Section 1.

REMARK 2. To keep computation time low and ensure our experiments remain repro-
ducible on a standard laptop for the station level, we restrict the tabICL context to 107 ran-
domly sampled data points and compute a bagging estimate across 5 TabICL models of the
energy demand by batch of 1024 data points. Note that this approach does not degrade pre-
dictive performance; rather, it allows us to effectively manage the memory footprint and
computation time.

A base predictor is a multivariate predictor that outputs a vector of forecasts for all nodes in
the hierarchy, and can thus be made of any of the above models (e.g., by GAM at the national
level and XGB at the regional and station levels). For the sake of clarity, the assessment of the
probabilistic forecasts are only reported for one base predictor, that consists of Combi at each
aggregation level, and one reconciliation procedure, that is rOLS. This choice is motivated by
the robustness of this aggregate predictor, and by the modeling rationale of rOLS described
in Section 3.1, for the reconciliation procedure. A posterior analysis of the results in point
forecasting confirms this choice, as reported in Figure 6. The metric used to assess the point
forecast accuracy is the root mean squared error (RMSE), computed for each node i € [m]
over the active test points.

The boxplots report the node-wise RMSEs, where the variability of the RMSEs is assessed
across the different node of each level in the 10 experimental runs. GAM exhibits the best



16 PRINCIPATO ET AL.

National Regional Station National Regional Station Global
o o o,
=] Q S S | 0
! o g & 2 S IR R
o 1 i
0 1 N
8 Lo
3 2 Ll e
- & 8 b <
o - o |
g = S
= o
= 3
g | ¢ Y
- o
(2] o o
. | 2 | |
¢ I g 1 1 °
N o
&N <
- o
N\ N N
& @V\\\\qp\ooo@v e ?‘“\v\o o@v e V“\\o\o o‘&a 0‘&0\’6 o ‘(\00\’ OV 00‘(\“0\’%‘0\’6 o 0\’% o
(@) (b) (©

Fig 6: Boxplots of the node-wise RMSE:s of the base forecasts (a) and reconciled forecasts (b)
across aggregation levels. The Global entry (c) corresponds to the square root of the average
MSE over all nodes in the hierarchy.

performance at the national level, Combi at the regional level, and tabICL at the station level
(panel (a) in Figure 6). Overall, the performance between the different models and the choice
of Combi as the base predictor is essentially driven by its robustness across the hierarchy, as
it consistently ranks among the top two models at each level. Note that the random forest is
the worst-performing model at the national level by a significant amount. Still, it is included
in the Combi predictor, which slightly degrades its overall performance.

Given this choice of base predictor, the panels (b) and (c) in Figure 6 report the RMSEs
of the reconciled forecasts respectively at the national, regional, and station levels, and from
a global perspective, where the RMSE is computed as the square root of the average MSE
over all nodes in the hierarchy. The different reconciliation procedures exhibit similar perfor-
mance at the regional and station levels, but rOLS is the best-performing procedure both at
the national level and from a global perspective. In particular, from a global perspective, en-
forcing coherence through OLS degrades the performance of the base predictor, while rOLS
improves it.

For the sake of completeness, the different reconciliation procedures are also compared
in terms of probabilistic forecasts. The analysis, deferred to the Supplementary Material C,
confirms the choice of rOLS as the reconciliation procedure, and shows that it yields smaller
prediction intervals than both Direct and OLS, while maintaining the desired coverage level.

5.3.  Validity rates across all nodes within the hierarchy. This section reports the evalua-
tion of the procedures from a global perspective through validity rates, defined as proportions
of nodes at a given level of the hierarchy for which the empirical coverage exceed a specified
coverage level. The validity rates are computed either conditional on the node being active
or conditional on the node being active and the neighboring nodes being in a certain activity
regime, which will be defined in due course.

5.3.1.  Validity conditional on the node being active. For each node i € [m], empirical
coverage estimates are built conditional on the node being active. The estimates computed
on less than 20 test points are excluded from the validity rate computation. Validity rates are
thus computed, for each run of the experiments, over 1 node at the national level, 32 nodes at
the regional level, and 1159 of the 1398 nodes at the station level. Given a nominal coverage
level 1 — o = 90%, the primary objective (depicted in Section 2.3) is to have valid nodes
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TABLE 3

Validity rates at two coverage levels: the nominal level 1 — o = 90% and a relaxed level 1 — 2a = 80%.

Results are grouped by aggregation level/conformal procedure, and reported as mean +1.96 x standard error.

Node type  Level CP CP-MNR CP-MNR Nested*  Adaptive CP-MNR
National 11—« 40.0% = 16.3%  40.0% = 163%  90.0% + 10.0% 0.0% + 0.0%
1-2a 100.0% +0.0% 100.0% +0.0%  100.0% =+ 0.0% 100.0% =+ 0.0%
Regional 11—« 51.9% + 1.2% 51.9% + 1.2% 71.2% + 1.2% 47.8% + 0.9%
& 1-2a  98.8% £0.5% 98.8% + 0.5% 99.1% + 0.5% 100.0% =+ 0.0%
Station 11—« 38.1% + 0.4% 56.2% + 0.4% 73.6% =+ 0.6% 57.6% + 0.6%
! 1-2a 67.7% £03% 93.6% + 0.3% 90.8% =+ 0.4% 98.0% =+ 0.1%

at this coverage level. Hence, higher values for the validity rates generally indicate better
calibration. However, a validity rate close to 100% is not necessarily desirable, as it may
simply reflect systematic overcoverage due to excessively conservative prediction intervals.
As a consequence, one expects a well-performing method to achieve a validity rate at the
nominal level above 50% without necessarily approaching 100%. A less a ambitious validity
criterion is also considered, namely the validity rates at the relaxed level 1 — 2ac = 80%. The
choice to include a relaxed level is motivated by the fact that methods that cover 89% of the
test points are not valid at the nominal coverage level 1 —a = 90%, but are more reliable than
methods that cover only 70% of the test points. The validity rates at the relaxed level thus
distinguish methods that are close to the nominal level and those that are not. In that case, a
validity rate close to 100% is desirable.

Table 3 reports the validity rates for each conformal procedure and at two coverage levels:
the nominal level 1 — o = 90% and a relaxed level 1 — 2a = 80%. At the nominal level,
CP-MNR-Nested* is the best-performing procedure at each level of the hierarchy by a sig-
nificant amount, with an average validity rate of 90% at the Scotland node, of 71.2% at the
regional level nodes, and of 73.6% at the station level nodes. At the relaxed level, all four pro-
cedures are always valid at the national node, and almost always valid at the regional level,
with the lowest average validity rate being 98.8% for CP and CP-MNR. At the station level,
however, Adaptive CP-MNR outperforms the other procedures, with a validity rate of 98%
at the relaxed level, compared to 90.8% for CP-MNR-Nested*. Hence, fewer nodes suffer
from a substantial lack of coverage with Adaptive CP-MNR, which is a desirable robustness
property from a practical standpoint. A mild undercoverage, say 89% instead of the nominal
90%, has limited operational consequences. A severe one, say 70%, does not: it repeatedly
under-estimates the required charging capacity, triggers costly last-minute network reinforce-
ments, and erodes the operator’s trust in the forecasts. Since the identity of the poorly covered
station is not known in advance, avoiding such worst-case failures anywhere in the network
matters more in practice than achieving the nominal level everywhere. The CP and CP-MNR
procedures coincide at the national and regional levels, as indicated in Remark 1, so that they
exhibit the same validity rates at these levels. Nevertheless, they differ at the station level,
where CP-MNR exhibits a substantially higher validity rate than CP (with 56.2% vs 38.1%
at the nominal level, and 93.6% vs 67.7% at the relaxed level). This confirms the benefit of
accounting for the activity of the node under consideration.

5.3.2.  Validity conditional on the activity of the neighboring nodes. In addition to the
validity criterion discussed above, that is (only) conditional on the node being active, we are
interested in validity conditional on the overall infrastructure activity as motivated in Sec-
tion 2.3. The station level nodes exhibit the importance of conditional validity for operational
decision making since the underlying uncertainty depends on the number of active stations in
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Fig 7: Validity rates at the station-level, respectively marginally and conditionally on the
activity regime (Low or High) within the region of the station under scrutiny.

their neighborhood that may affect the accuracy of the forecaster. For each active station, the
test period is decomposed into two regimes, depending on the number of active stations in
their local authority: a low-activity regime, when the number of active stations is below the
median number of active stations over the test period, and a high-activity regime otherwise.
This partitioning provides a simple way to demonstrate the conditional validity of the pre-
diction intervals with respect to the activity of the charging infrastructure. Figure 7 reports
the validity rates at level 1 — o = 90% respectively marginally and conditional on the low-
activity and high-activity regimes. Again, only empirical coverages computed on more than
20 test points are included in the validity rates.

The results indicate that the proportion of valid nodes is systematically lower in the low-
activity regime than in the high-activity regime for CP, CP-MNR, and Adaptive CP-MNR.
This suggests that the uncertainty around the forecast is higher when the number of neighbor-
ing node is low and that these three conformal procedures fail to account for the infrastructure
activity. On the contrary, CP-MNR-Nested* demonstrates a similar validity rate than Adap-
tive CP-MNR in the high-activity regime (both with 70%) but a significantly higher validity
rate in the low-activity regime (81% against 53%). It emphasizes that the construction of
CP-MNR-Nested* successfully account for the whole infrastructure activity when produc-
ing the prediction intervals. The comparison between CP-MNR and Adaptive CP-MNR in
Figure 7 also illustrates the fact that the online extension may hinder conditional coverage
(as discussed in Section 4.3). Indeed, the gap in validity rates between the low-activity and
high-activity regimes is widened by the adaptive extension from 57%-64% to 52%—70%.

The numerical results obtained so far indicate that CP-MNR-Nested* provides the best
overall performance in terms of the two validity measures. We now examine whether these
empirical guarantees translate into prediction intervals that are also meaningful from a prac-
tical standpoint. To this end, prediction intervals are displayed for a selection of represen-
tative nodes from the hierarchy. Besides illustrating the methods, these examples provide a
node-level assessment of the coverage-length trade-off and reveal how each method adapts
to different infrastructure activity patterns.

5.4.  Focus on Scotland, Glasgow, and two stations in Glasgow. The Scotland node, de-
picted in Figure 2, corresponds to the highest aggregation level of the hierarchy. Its demand
profile exhibits a pronounced downward trend over the study period, mainly driven by the
gradual introduction of charging tariffs across Scotland. As an aggregated node, it remains
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only weakly affected by changes in the activity of individual charging stations. The Glas-
gow node, also depicted in Figure 2, corresponds to a large urban area with a mature yet
continuously evolving charging infrastructure. At the station level, Stations 406 and 386 are
two representative nodes in Glasgow, displayed in the right-hand panel of Figure 3. Station
406 became operational only a few months before the beginning of the test period, whereas
Station 386 reappeared halfway through the test period after a prolonged period of inactivity
following a brief operational phase in 2022. These two station-level nodes are expected to
constitute more challenging forecasting tasks, especially Station 386, since the calibration
set may contain only a small number of observations for which the stations are active.

5.4.1. Node-wise coverages and lengths. Figure 8 reports the empirical coverage and
average length for the four nodes under scrutiny. A procedure that is valid at the nominal level
1 —a =90% is on the right of the dashed line in Figure 8, and the efficiency of a procedure is
granted by a shorter average length of the prediction intervals, i.e., located at the bottom of the
plots. The prediction intervals produced by the CP-MNR and Adaptive CP-MNR procedures
exhibit a satisfying coverage at all nodes, with a minimal empirical coverage of 84% for
CP-MNR and 88% for Adaptive CP-MNR, both for Station 406. It confirms the findings of
Table 3 obtained with validity rates at the relaxed coverage level: the above procedures are
closely aligned with the nominal coverage level of 90%, even if not necessarily valid. The
only procedure that is valid for all four nodes is CP-MNR-Nested*, with a coverage of 91%
for Scotland, of 97% for Glasgow, and of 91% both for Station 406 and Station 386. Again, it
corroborates the fact that CP-MNR-Nested* provides the best validity guarantees at all levels
of the hierarchy. The CP procedure, on the other hand, suffers from a significant lack of
coverage at the station level, with an empirical coverage of 70% for Station 406 and of (only)
9% for Station 386. This highlights the importance of accounting for the activity of the node
under consideration when constructing the prediction intervals, as done by the CP-MNR,
Adaptive CP-MNR, and CP-MNR-Nested*. In terms of efficiency, the Adaptive CP-MNR

Scotland Glasgow
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Length
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Fig 8: Coverage and average length of the prediction intervals for Scotland (top left), Glasgow
(top right), Station 406 (bottom left), and Station 386 (bottom right). The results are reported
as mean +1.96 x standard error.
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Fig 9: Prediction intervals for Scotland (top) and Glasgow (bottom).

procedure yields significantly smaller prediction intervals in the case of Glasgow (a relative
improvement of at least 20%), while being valid, suggesting that Adaptive CP-MNR is the
best compromise between validity and efficiency. By contrast, CP-MNR-Nested* produces
the largest prediction intervals on average, for all four nodes, which emphasizes the trade-off
between validity and efficiency.

5.4.2.  Visual assessment of the prediction intervals. 'To complement the numerical re-
sults, the performances are visually assessed by reporting in Figures 9—-10-11 the prediction
intervals output by all procedures for one run of the experiment.

At the aggregated levels, namely in Figure 9, the visual inspection of the prediction in-
tervals indicates that the procedures are able to handle the temporal evolution of the data.
Adaptive CP-MNR is designed to adapt to the temporal evolution of the data but the fact
that CP-MNR and CP-MNR-Nested* also exhibit this behavior suggests that updating the
underlying reconciled predictors every two weeks is sufficient to capture this evolution. The
prediction intervals produced by CP-MNR and CP-MNR-Nested* seem overly conservative
in the case of Glasgow, especially at the end of the test period, whereas Adaptive CP-MNR
adjusts to this accurately predicted period, and produces smaller prediction intervals, while
remaining valid. This illustrates the benefit of the adaptive extension, that progressively re-
duces the size of the prediction intervals if the coverage level is above the nominal level.

At the station level, Station 406 (Figure 10) and Station 386 (Figure 11) both illustrate two
typical traits of the prediction intervals. The first attribute is that the CP procedure produces
prediction intervals that are systematically too narrow, leading to a significant undercover-
age of the test points, whereas the other three procedures produce prediction intervals that
are close to the nominal coverage level in terms of empirical coverage. This is particularly
visible in Figure 11, where the energy demand is zero for most of the calibration points. As
a consequence, the CP-MNR, Adaptive CP-MNR, and CP-MNR-Nested* procedures does
not produce prediction intervals until some non-zero calibration points are observed (this is
why only CP output prediction intervals for the first three non-zero observations of the test
period). The same phenomenon is observed for Station 406, but to a smaller extent: the pro-
portion of zero energy demands is lower than for Station 386, so that they have a smaller
impact on the prediction intervals produced by CP.
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Fig 10: Prediction intervals for Station 406.

The second attribute arises at the end of the test period and is related to the activity of
neighboring stations. On August 10th and 11th, the number of active stations in Glasgow is
significantly lower than usual, namely 45 and 46 compared to 67 active stations on average
over the test period. At these two dates, CP-MNR-Nested* produces significantly larger pre-
diction intervals than it does for the rest of the test period, which is not the case for the other
procedures. This observation suggests that the CP-MNR-Nested* procedure accounts for the
charging infrastructure activity in a more sensitive way than the other procedures, since it
detects that the uncertainty is higher when the number of active stations is lower than usual.
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Fig 11: Prediction intervals for Station 386.



22 PRINCIPATO ET AL.

The above phenomenon are consistent with the findings of Figure 7, where every other
procedure exhibits a lower validity rate in the low-activity regime than in the high-activity
regime. Note that the Adaptive CP-MNR procedure also produces larger prediction intervals
at the end of the test period, but this behavior is driven by the fact that it fails to cover two
consecutive at the end of July, rather than by some adaptive consideration of the activity of
the charging infrastructure.

6. Discussion and future work. We successfully combined forecast reconciliation and
conformal prediction in the time-varying hierarchical structure of the EV charging network
from the ChargePlace Scotland data. The resulting forecasts and prediction intervals are valu-
able assets (e.g., as entries of an optimization algorithm) that accurately reflect the uncertainty
of the forecasts for the current state of the charging infrastructure. The numerical experiment
demonstrates that CP-MNR-Nested* produces valid prediction intervals for different con-
figurations of the charging infrastructure, whereas CP-MNR and Adaptive CP-MNR, yield
prediction intervals that are valid conditionally on the activity of the node under considera-
tion, but that are less sensitive to the activity of the whole charging infrastructure.

A natural direction for future work is to increase the adaptivity of the methodology through
online extensions of the learning and reconciliation procedures. In this direction, one can
build on the methodology of Brégere and Huard (2022), that combines aggregation of experts
with OLS reconciliation, and of Di Modica, Pinson and Taieb (2021); Hihat et al. (2024) that
propose online multivariate reconciliation procedures based respectively on a least-squares
and a regularized least-squares online estimation.
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discussions on her work on conformal prediction for missing data.
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SUPPLEMENTARY MATERIAL

Connection with CP-MDA and Theoretical Results
This supplement gives mathematical insights that motivate the construction of CP-MNR and
CP-MNR-Nested*. It includes the conceptual connection between our conformal prediction
with missing node reconciliation (MNR) setting and the conformal prediction with missing
data (MDA) framework developed by Zaffran et al. (2024) that guided our approach.

Implementation of the Algorithms
This supplement provides further information on the implementation of the proposed algo-
rithms. It includes (i) the formal description of the learning and reconciliation algorithms
that are used in Algorithms 1 and 2; (ii) the implementation of the conformal step in Algo-
rithm 2; (iii) the implementation and theoretical analysis of the Adaptive CP-MNR procedure
introduced in Section 4.3.

Additional Numerical Results
This supplement focuses on the comparison of the different forecast reconciliation procedures
in terms of the prediction interval coverage and length. It advocates for the use of rOLS,
which is the focus of the main text.
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A. CONNECTION WITH CP-MDA AND THEORETICAL RESULTS

This Supplementary Material presents the heuristic theoretical coverage guarantees of the
CP-MNR and CP-MNR-Nested* procedures. The analysis is based on the connection be-
tween the CP-MNR setting and the conformal prediction with missing data framework of
Zaffran et al. (2023, 2024), which guided the approach. We first establish this connection.

A.1. Connection with the conformal prediction with missing data framework. The
incentive for the CP-MNR and CP-MNR-Nested* procedures is to construct prediction inter-
vals that are valid conditionally on the state of the infrastructure, represented by a binary ac-
tivity vector. This is closely related to the objective of the missing data augmentation (MDA)
framework of Zaffran et al. (2023, 2024), where validity is conditioned on a binary mask
indicating which features are missing. Nevertheless, the binary vector of infrastructure activ-
ity does not encode missingness but instead identifies inactive nodes in the hierarchy, whose
zero-valued constraints directly affect the forecast of every node of the hierarchy, through the
reconciliation procedure.

The two settings are thus conceptually different, but the following observation establishes
a connection between them:

“Base forecasts are covariates in the reconciliation step, and enforcing the infrastructure
activity amounts to setting some base forecasts to zero, which corresponds to a specific im-
putation strategy in the framework of conformal prediction with missing data.”

This observation explicit is made explicit by building on the interpretation from Hollyman,
Petropoulos and Tipping (2021) of forecast reconciliation as forecast combination. This in-
terpretation is illustrated on a simple example, omitting algebraic details for brevity.

Consider the toy-example used throughout the main text in Sections 2.2 and 3.1, with
n = 3 stations, m = 4 nodes, infrastructure activity vector @ = (1,0,1,1)", and structural
matrix H defined in (3). Let ¥ denote a base forecasts vector and denote by ¥ the associated
reconciled forecasts vector obtained by applying a projection P onto the image of H to the
base forecasts vector. Note that P can be the orthogonal projection as in the OLS reconcilia-
tion procedure, but it can also be any other projection onto the image of H.

Following Hollyman, Petropoulos and Tipping (2021), the reconciled forecasts y can be
expressed as a constrained linear combination of direct forecast of the node under scrutiny,
and an indirect one, constructed from the remaining nodes:

Ja=B =A== N) T+ M+ A2+ X3 —2)(T1 + 52+ 3) ;

=M+ 0=A)Ta—02—3); =X+ 1 —X)([Ua—71—73);

ys=A3ys + (1 — A3) (@4 - — ?/\2) ,  where A1, A2, A3 depend on the projection P.
Now, the reconciled forecasts ¢y’ produced by rOLS can be expressed in a similar way:

Ui= (2= N =) G+ (N + A= 1) (51 +0+73) ;

=M+ A =XN) B —0-03); =05 =03+ (1—X3)(%a—01-0),
with A} =\ = 2/3 in this case.

This formulation makes it clear that the base forecasts of inactive nodes no longer con-
tribute to the forecast combination: 7> is systematically replaced by zero. This mechanism
can be interpreted as a particular imputation strategy, where the base forecasts of the inactive
nodes are deterministically imputed by zero before constructing the indirect forecasts.

This perspective reveals a close connection with the conformal prediction with missing

data framework of Zaffran et al. (2024), allowing the theoretical analysis to follow essentially
the same arguments.
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A.2. Theoretical Result for CP-MNR. In this section, we present the theoretical cov-
erage guarantee for CP-MNR, which is conditional on the activity of the node under scrutiny.

Following the procedure described in Sections 3.2 and 4, we consider a calibration set
of observations indexed by Cal with cardinality #Cal, and a test point (a:(t), a(t)) with un-
known target value y®. Recall that the non-conformity score function introduced in (7) and
considered throughout the theoretical analysis is defined as

(12) Vi € [m], 8;: ((m,a),y;g) — ‘Hi (y — Z(m,a)) ’ )

As in classic conformal prediction, the theoretical framework is built on an exchangeability
assumption. The latter may not hold in practice, but provides a heuristic justification for the
validity of the proposed procedures.

ASSUMPTION 1. The random variables { (m(k), a(k),y(k))
i.e., their joint distribution is invariant under permutations.

} keCalufe) 4T€ exchangeable,

The following theorem provides a theoretical coverage guarantee for CP-MNR, that is
conditional on the activity of the node under scrutiny.

THEOREM A.l. Consider the nominal coverage level 1 — « € [0,1]. Under Assump-
tion 1, the CP-MNR procedure of Algorithm 1, run with any learning and reconciliation
algorithms A, R, satisfies

(13) viem], Py eci(a?,a)

a=1)>1-a.

PROOF. The result follows from the fact that Algorithm 1 outputs infrastructure activity-
conditional Mondrian conformal predictors (Vovk, Gammerman and Shafer, 2005). Precisely,
our formulation corresponds to the group-conditional framework of Romano et al. (2020). For
the sake of completeness, we report their arguments.

(®)

Fix i € [m]. Conditional on a,

of the form Z; = {k € Cal: a(k

%

implies that { (z(¥), a®), y(*))

= 1, the grouping of calibration indices in Algorithm 1 is

) = 1}. Thus, the exchangeability property of Assumption 1

} keT Ut} is exchangeable conditional on agt) =1

The reconciled predictor A only depends on data from the training set, so that the non-
()
=1.

conformity scores {55 is exchangeable conditional on a,

)
}k61-1 U{t}

Finally, resorting to Romano et al., 2020, Lemma 1, which is essentially the same argument
as in the classical conformal prediction setting adapted to conditional exchangeability, we
obtain the infrastructure activity-conditional guarantee in (13), as announced. O

REMARK 3. The CP-MNR procedure of Algorithm 1 has no direct counterpart in Zaffran
et al. (2024). For instance, in MDA, there is no particular reason to assess validity conditional
on missingness of one specific covariate rather than another. By contrast, in MNR, the activ-
ity of the node under consideration is a particularly meaningful conditioning variable, as it
directly shapes the demand behavior of the node.
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A.3. Theoretical Results for CP-MNR-Nested*. We show two theoretical coverage
guarantees for the CP-MNR-Nested* procedure of Algorithm 2. The first one is a marginal
guarantee, obtained under the mild exchangeability assumption of Assumption 1. The second
one is a conditional guarantee, obtained under a stronger assumption, as described next.

The first result is a weaker result than the one of Theorem A.1 in two ways: it is marginal
rather than locally conditional, and the coverage level is 1 — 2« rather than 1 — a.

THEOREM A.2. Consider the nominal coverage level 1 — o € [0,1]. Under Assump-

tion 1, the CP-MNR-Nested* procedure of Algorithm 2, run with Cal = Cal, any learning
and reconciliation algorithms A, R, satisfies

(14) Vi e [m], P(yft) e Ci(m(t),a(t))> >1—2a.

PROOF. The proof follows the lines and arguments from the proof of Zaffran et al., 2024,
Theorem 4.2, that is itself inspired from the jackknife+ conformal predictors proof from Bar-
ber et al., 2021, Theorem 1. For the sake of completeness, we report their proofs to our setting
and notations.

Fix i € [m], and denote by C; (w(t), a(t)) the corresponding conformal prediction set output

by Algorithm 2, when run with Cal = Cal. By construction, we have that

(15) {ygt) ¢ C; (az(t),a(t))} - {(1 —a)(#Cal+1) < Y 155k>,t<55t>,k} ,

keCal
(»)

where S; ! denotes the non-conformity score of a calibration point p when the infrastructure

activity pattern of the point g is applied on top of its own infrastructure activity pattern, for
all p,q € Cal U {t}.

Following Barber et al. (2021), we define a comparison matrix M;, indexed by Cal U {¢},
with entries M;(p,q) =1 gw e gta.» for p,q € CalU {t}, and consider the set

(16) W(M;) = {p € CalU{t}: Z M;(p,q) = (1 — o) (#Cal + 1)} .

geCalU{t}
Thereof, we can rewrite (15) as {ygt) ¢ Ci(z®,a)} = {t € W(M,)}, so that it suffices to
upper bound the probability of the event {t e W(M;) }

Denote by M, the function that maps {(w(k),a(k),y(k))}kecalu{t}

matrix M, defined above, and fix p, ¢ € Cal U {¢}. For any permutation o on Cal U {t¢}, the
symmetrical construction of the reconciled forecast, and thus of the scores, ensures that

M;(o(p),0(q)) = M; ((w(’“),a(’“), y ™) keCalu{t}> (e(p),0(q))

(17) - M'L ((w(g(k)) 9 a(g(k)) 9 y(g(k)))kecalu{t}> (p7 Q) .

Therefore, we combine (17) with Assumption 1, and get that M7 4 M;, where M7 is the

permuted matrix (M; (o (p), a(q)))p JeCalull}” As a consequence, P(p € W (M;)) does not
depend on the specific value of p € Cal U {¢}, which implies that

1
=m0 D Plee W)
#Cal+1 peCal U{t}

to the comparison

1

P(t € W(M;)) = ZCal 1

E|[W(0;)]]
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The proof concludes by using a deterministic upper bound on the cardinality of W (M),
obtained by Landau’s theorem for tournaments (Landau, 1953), namely,

#W (M;) < 2a(#Cal + 1) .
O

We now turn to the stronger conditional coverage guarantee of CP-MNR-Nested*, ob-
tained under the following stronger assumptions.

ASSUMPTION 2. The random variables { (z*),a(®), () are drawn i.i.d.

}kECalu{t}
ASSUMPTION 3. We assume that the infrastructure activity pattern is independent of the
observations, i.e., for all k € Cal U {t}, we have that a®) | (:Iz(k), y(k)).

Assumption 2 is a slightly stronger version of Assumption 1, but the main difference is that
Assumption 3 is a very restrictive assumption, which does not hold in our setting. Indeed, the
infrastructure activity vector is deterministically induced by the EV charging energy demand
vector, which breaks the independence assumption of Assumption 3. Nevertheless, the en-
couraging simulation evidence from Zaffran et al., 2024, Section 5.2 and 5.3, together with
our empirical findings in Section 5, indicate that the above Theorem A.3 and the associated
conditional guarantee of CP-MNR-Nested* may still hold in practice, even when Assump-
tion 3 is violated.

THEOREM A.3. Consider the nominal coverage level 1 — « € [0, 1]. Under Assumption 2

and 3, the CP-MNR-Nested* procedure of Algorithm 2, run with Cal= Cal, any learning and
reconciliation algorithms A, R, satisfies

(18) Va € {0,1}™ i € [m], P(ygt) e (:I:(t),a(t)) ) al) = a) >1-2a.

PROOF. As for the proof of Theorem A.2, the proof essentially follows the lines and argu-
ments of Zaffran et al. (2024), namely of Theorem 4.3. We only report our own formulation
of their proof with our setting and notations.

Step 1: conditional exchangeability. By Assumptions 2 and 3, the test infrastructure ac-
tivity pattern is independent from (ac(k) , y(k)) for all £ € Cal U {t} so that the set of obser-

vations with substituted infrastructure activity { (z*),a®,y®)) heCal? (2®,a®,y®)} is

exchangeable conditional on a(*),

Step 2: from Algorithm 2 to Algorithm 3. We recast CP-MNR-Nested* as a procedure
that performs the conformal step on the observations with substituted infrastructure activity
patterns, for which we have conditional exchangeability by Step 1. To do so, we introduce
Algorithm 3, and show that the CP-MNR-Nested* procedure corresponds to a particular in-
stance of Algorithm 3 run with calibration inputs:

{(u(k)7v(k)’z(k))} _ {(m(k)’a(t)yy(k:))}

keCal keCal

First, we use that A(-,-) = ﬁ(;l\(, ),+) so that, for any observation (u,v,z), its non-
conformity score at node i € [m| with augmented infrastructure activity @ = min (v, a(t)) of

Algorithm 2 rewrites as

~

si (@), =z R(A(,),) ) = s (wa®), 2 B (A 10),50) ).
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Algorithm 3 CP-MNR-Nested* at level 1 — v with random infrastructure activity patterns

Input: Predictor R* (Z*(~, 53+),+;); dataset {(u(k), vk, z(k)) ke Cal}; test point (:n(t), a(t)).
1: for k € Cal do consider a random augmented nested infrastructure activity pattern
Randomly draw a'k) independently from {('u,(k),'v(k), z(k))ke(}al’ (a:(t) La(t), y(t))}

Define accordingly a modified reconciled predictor, E(k) () =R* (Z* (- a(k”))7 . a(k))
end for
3: for i € [m] do build the prediction set C; (w(t) ,a® ) defined as

Ci(@®,a®) = {Hi(y) ER:(1—a)(#Cal+1) >

#{k € Cal:s; ((u(k),a(t)),z(k); :(j(k)(~, )) < si((m(t),a(t)),y; g(k)(.7 )) }}

end for
Output: Predictions sets {Ci (:c(t) , a(t)) AS [m]}

where A*(-,;v) : (x,a) — A (@, min(a,v)) is a modified base predictor, and similarly,
R*(A*(-,v),v) : (w,a) — R(A*(x,a;v), min(a,v)) is its reconciled version.

Second, instead of considering the modified reconciled predictor evaluated with infras-
tructure activity v(*), we introduce a reconciled predictor with random infrastructure activity

§(k)<7 ) = g((u(k’)’ v(k)vz(k))kGCalv (w(t)7a’(t)7y(t)); V(k)) = ﬁ*(A\*(V ) V(k))v ) V(k)) ;

where v(¥) is drawn independently from {(u(k),v(k), z(k))kGCal, (:I}(t), a®, y(t))}, and G is
a randomized algorithm' that outputs a pre-determined function that is independent from the
input data. Hence, setting v(¥) = a(¥) for each k € Cal, which is a valid choice since a(*) is
independent from {(:c(k), a®), y(k))} keCalu{t} by Assumption 2 and 3, we can rewrite the
term involved in the third step of Algorithm 2 as

(19) #{k e Cal:si(u®,a),20; g9 (1)) < i (2, a), 5 V() }
As a consequence, this specific instance of Algorithm 3 is equivalent to Algorithm 2.

Step 3: Conditional Coverage. The same argument and notations as in the proof of Theo-
rem A.2 conclude. Indeed, since G treats symmetrically all the observations within the set of
observations with substituted infrastructure activity, we obtain that

Mz* (U(p)7 U(q)) = M: ((x(k)a a(t)v y(k))kGCalu{t}; (a’(k))kGCal) (0(p)7 U(Q))

(20) = Ml* ((w(o(k)) ) a(t) ) y(a(k)) )kGCalU{t}; (aa(k))kGCal) (p7 Q) ;

where M the function that maps the observations with substituted infrastructure activity
and the true random infrastructure activity patterns to a comparison matrix M, based on the
equivalence obtained in (19), in a similar way as in the proof of Theorem A.2.

Therefore, the independence of the true infrastructure activity patterns {a(k) } peCal fOm

the observations with substituted infrastructure activity {(a:(k), a®, Yy the ex-

(k))}
keCalu{t}’
changeability of the latter conditional on a(*), and the expression obtained in (20), entails
that, conditional on a(t), we have

* d *
(M7 (o(p),0(a))), yecaogy = M (@M, 4™ ccavpy: (@)reca) = My

The randomization requires to adapt the argument from the proof of Theorem A.2 to the case of randomized
predictors, which we omit for the sake of simplicity (see Zaffran et al., 2024, Appendix C for more details).
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Finally, we conclude by using the same argument as in the proof of Theorem A.2, and get the
infrastructure activity-conditional guarantee in (18), as announced. 0

REMARK 4. The conditional coverage guarantee of Theorem A.3 holds for any recon-
ciliation Algorithm R, including the trivial one that does not perform any reconciliation step.
Therefore, the assertion of Theorem A.3 is not that conditional coverage is guaranteed thanks
to the infrastructure-aware reconciliation step, but rather that conditional coverage is a con-
sequence of the assumptions of Theorem A.3, and is preserved even when incorporating such
a reconciliation step.

B. IMPLEMENTATION OF THE ALGORITHMS

This Supplementary Material provides a detailed description of the practical implementa-
tion of the proposed algorithms. First, Section B.1 describes the construction of the base and
reconciled predictors, involved in the first step of both Algorithms 1 and 2, from Algorithm 4,
which is summarized in Algorithm 4, Then, Section B.2 presents the implementation of the
CP-MNR-Nested* procedure. Finally, Section B.3 is devoted to the implementation of the
Adaptive CP-MNR procedure.

B.1. Construction of the base and reconciled predictors. The construction of the
base and reconciled predictors is summarized in Algorithm 4. The formulation encompasses
the three predictors introduced in Section 3.1 and considered in the experiments of Section 5,
namely the Direct (no reconciliation), OLS and rOLS predictors.

In Algorithm 4, the learning algorithm A (e.g., independent instances of a regression al-
gorithm for each node) is fitted on the subset indexed by Train of the available data D, and
outputs a predictor A € F, where F = {f: X x {0,1}™ — R™}. Given the base predictor
A, the reconciliation algorithm R (e.g., rOLS) is fitted on the same subset of D indexed by
Train, and outputs a reconciliation function R:R™ x {0,1}"™ — R™. The combination of a
base predictor and a reconciliation function yields a reconciled predictor A € F, defined as
A:(x,a)— E(ﬁ(m,a),a).

The reconciliation algorithms considered in this article are constant, in the sense that they
do not depend on the training data. The above formalism thus covers these three cases, but
also allows for more general reconciliation algorithms that may depend on the training data.
For instance the MinT reconciliation procedure (Wickramasuriya, Athanasopoulos and Hyn-
dman, 2019) consists of a projection matrix that is computed from the data by computing
the empirical covariance matrix of the forecast error. The explicit form of the reconciliation
function R for the three considered strategies is as follows.

The Direct strategy leaves base forecasts unchanged. In this case, the reconciliation algo-
rithm ‘R is constant and outputs

(Direct) R: (g,a) — 7.
The OLS strategy reconciles forecasts by projecting the base forecasts onto the coherent

subspace Im(H). In this case, let P = H (H TH )_1H T be the orthogonal projection onto
Im(H), and consider the constant reconciliation algorithm R that outputs

(OLS) R:(g,a)— P3g.

The rOLS strategy reconciles forecasts by projecting the base forecasts onto the refined co-
herent subspace Im(H (“)). In this case, the reconciliation algorithm R is constant and out-
puts the reconciliation function

(rOLS) R:(g,a)— P9y,
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Algorithm 4 Construction of the predictors

Input: Structural matrix H; dataset D = {(w(k),a(k)7y(k)) : k € Train U Cal}; set of indices Train for
training; learning algorithm A; reconciliation algorithm R.

1: Fit A: A(+, ) A({(w(k)7a(k),y(k)) ke Train})
2: Fit R: ﬁ(, ) R({ (g(m(k), a(k)),a(k),y(k)) ke Train}, H)
Output: Fitted predictor A, fitted reconciliation function R, and fitted reconciled predictor A = R(A(-,-), -).

where P(®) = H(“)((.F[(“))T]if(a))T(H(a))T with (-)! being the Moore—Penrose pseudo-
inverse.

B.2. Implementation of CP-MNR-Nested*. First, the computation of the conformal
prediction set in Algorithm 2 is made explicit from a practical standpoint. Then, several
practical aspects of the implementation are discussed, including the nature of the resulting
prediction set and the choice of the calibration indices.

This implementation follows the efficient implementation of cross-conformal prediction
sets (Gupta, Kuchibhotla and Ramdas, 2022, Algorithm 1). Without loss of generality, the
conformal prediction sets produced by CP-MNR-Nested* are of the form

Q1) C:{CER:#{k:rk<]ck—c|}<(1—a)(N+1)},

for some N € N, some non-negative scalars r1,...,ry, and scalars cy,...,cy.

The above expression does not yield a direct implementation, but can be reformulated in
terms of a family of overlapping intervals. For each k € [N], let I}, = [cx — 7k, ¢k + ], and
note that {ry < |cx, — ¢|} = {c ¢ I} for all ¢ € R. Thus, it follows that

22) C:{cER:#{k:celk}>a(N+1)—l}.

From (22), the computation of the conformal set reduces to identifying the regions of R
where the function ¢ — Zgil 1.c1, exceeds a fixed threshold. This function is piecewise
constant with changes only at the interval endpoints {cx — 7, ,cx + rk},]cvzl. Consequently,
sorting these 2N breakpoints and performing a single pass that updates the active interval
count, thereby yield all connected components of the set C.

REMARK 5. The computation of the prediction sets itself in CP-MNR-Nested* is not
computationally intensive. On the contrary, the computation of the reconciled forecasts for
each calibration point and each test point can be computationally expensive, as it requires to
compute a projection matrix for each calibration point and each test point.

REMARK 6. In Algorithm 2, the practitioner can pick any subset of calibration indices

Cal C Cal to mitigate the issue that would arise from the potential sparsity of the augmented
infrastructure activity patterns.

REMARK 7. In the experiments, the subsampling is performed by selecting the calibra-
tion observations with infrastructure activity vector having at most 600 different components
with respect to the test one.

REMARK 8. The CP-MNR-Nested* procedure does not necessarily yield intervals. For
simplicity, the convex hull of the resulting prediction set is considered in Section 5.
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Algorithm 5 Adaptive CP-MNR at level 1 — o with step size y

Input: Dataset D = {(m(k) , a(k) , y(k)) 1k € Train U Cal}; algorithms A and R; set of indices Test.
Initialization: Set 7 = 1; p(T) = D; Train(T) = Train; Cal(™) = Cal; alm) = (a, ... ,oz)T clo,1)™.

for ¢t € Test do
1: for i € [m] do run CP-MNR at level 1 — o™ on D7) and get c® = C; (w(t) , a(t))

7 i
. t (m) _
1.1: Observe y( ) and compute error; ’ = 1y(¢t)¢c7;(t> X 1‘1<¢t): 1

1.2: Update miscoverage level a§7+1) = aZ(T) + v X errorgT)
end for
2: Update dataset p(T+1) — p(7) {(w(t) , a(t)7y(t)) }
3: Split D7) into Train(™+1) and Cal(™+1)
4: Update counter 7 =7 + 1.
end for

Output: Predictions sets {C

t) .
SREE RS [mLtGTest}.

B.3. Implementation of Adaptive-CP-MNR. This section describes Adaptive-CP-
MNR, the online extension of CP-MNR introduced in Section 4.3. The procedure, summa-
rized in Algorithm 5, is a straightforward combination of CP-MNR from Algorithm 1 with
the adaptive conformal inference framework of Gibbs and Candes (2021).

In Algorithm 5, a loop is performed over the test points ¢ € Test in chronological order
and a counter 7 > 1 is used to denote the current round of the loop. The first step of the
procedure consists in running CP-MNR with node-specific coverage levels that are updated

sequentially. The sequence is initialized at each node by the nominal level « € [0, 1]. For each
()

)

node i € [m], we perform CP-MNR at the current level 1 — «

level 1 — «, which yields the prediction set Ci(t). When the true value y

miscoverage level is updated with the following rule:

, instead of the fixed nominal
(t)

;~ 1s observed, the

(23) V1 >1 s OégTJrl) = OZZ(T) + ’Y(Ot — 1y£t)¢cgt)) 1@50:1 s

where 1) is the indicator function and y > 0 is a step size parameter. The step size - controls
the adaptation speed, and is set to v = 0.02 in our experiments. A small value of ~ yield a
slow adaptation to temporal drifts, while a large value of v may lead to oscillations outside
of the [0, 1] interval (Gibbs and Candes, 2021). The second, third and fourth steps of the
procedure consist in updating the dataset, the training and calibration sets of indices, and the
counter 7 for the next round of the loop.

REMARK 9. By convention, ozZ(T) < 0 yields the full space and agT) > 1 the empty set.

Adaptive CP-MNR inherits the classic asymptotic coverage guarantee of adaptive confor-
mal inference (Gibbs and Candes, 2021, Proposition 4.1). Precisely, at each node i € [m)],
the only difference with the original adaptive conformal inference framework is that the mis-
coverage level is only updated if the node is active, i.e., if az(.t) = 1. Therefore, the following
proposition is a direct application of the classic asymptotic coverage guarantee of ACI to the
Adaptive CP-MNR procedure.

PROPOSITION B.1. The Adaptive CP-MNR procedure of Algorithm 5 satisfies

max{a,1 —a}+y
7T

a.s.,

, 1
(24) Vi € [m], ‘Tz Z 1yl(t)¢c7§t)1a(jt):1 —a| <

teTest
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where T; = ZteTest 10_, denotes the number of active test points for node . In particular,
if T; goes to infinity as #Test goes to infinity, then (24) entails that

(25) hm — Z 1 (t)ec(t)]_ (t) =1—-« a.s.
tETest

PROOF. The proof is a direct application of Gibbs and Candes, 2021, Proposition 4.1.
We first get by contradiction that %(T) € [—7,1 + 7] almost surely for all 7 > 1. Then use

a telescopic sum argument to obtain the bound in (24). O

C. ADDITIONAL NUMERICAL RESULTS

C.1. Comparison of the reconciliation procedures in terms of efficiency. The per-
formance of the different reconciliation procedures in terms of prediction interval length are
reported in Table 4, and confirm the choice of rOLS as the reconciliation procedure. The av-
erage length of the prediction intervals is computed conditionally on the node being active for
each nodes, and the win rate of each reconciliation procedure is computed with respect to the
Direct baseline. Hence, a win rate significantly above 50% indicates that the reconciliation
procedure yields shorter prediction intervals than the Direct baseline, advocating for its use
in practice if the validity rates are similar. The results are gathered by node type to exhibit
differences in performance across the hierarchy.

OLS yields, at best, a slight improvement over the Direct baseline: it shortens intervals at
the national and regional levels, but it is not consistently beneficial at the station level. By
contrast, TOLS is uniformly better, with a clear efficiency gain across the hierarchy; for in-
stance with a win rate of 60%, 61.6%, and 59.4% at the national, regional, and station levels,
respectively, for CP-MNR. Note that CP-MNR-Nested™ is not included in the comparison,
since its construction is specific to the rOLS setting (the infrastructure activity vector is not
taken in consideration in Direct and OLS). At the station level, the highest efficiency gain is
obtained for the CP procedure, with a win rate of 81%. This efficiency gain is actually due to
the fact that CP does not achieve the nominal coverage level, as discussed next.

C.2. Comparison of the reconciliation procedures in terms of validity. Any im-
provement in terms of efficiency is only meaningful if it does not come at the cost of cover-
age. In this regard, Tables 5 and 6 reports the validity rates (as defined in Section 5.3) at the
nominal level 1 — a = 90% and at the relaxed level 1 — 2ac = 80%, respectively. Both tables
demonstrate that the rOLS reconciliation procedure does not compromise the validity of the
prediction intervals. It stems from improved point forecast accuracy, both on the calibration
and test sets, recovering the theoretical insights from Principato et al. (2026). In essence, they
show that, under the assumption of i.i.d. and elliptical non-conformity scores, forecast rec-
onciliation improves the efficiency of conformal prediction sets without compromising their
validity. The only exception is the CP procedure, which does not subsample the calibration
data according to node activity. Therefore, the rOLS forecast errors are set to zero in the cali-
bration set for inactive nodes, leading to a lack of coverage conditional on the corresponding
node being active in the test set.
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Win rate of OLS and rOLS with respect to Direct in terms of prediction interval average lengths. Results are
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TABLE 4

reported as mean £1.96 x standard error.

Node type  Reconciliation CP CP-MNR Adaptive CP-MNR
National OLS 50.0% +16.7%  50.0% =+ 16.7% 80.0% + 13.3%
rOLS 60.0% +16.3% 60.0% + 16.3% 90.0% =+ 10.0%
Recional OLS 55.9% +2.2% 55.9% +2.2% 46.9% + 1.5%
& rOLS 61.6% =+ 2.4% 61.6% =+ 2.4% 47.5% + 1.5%
Station OLS 48.0% + 0.4% 42.4% + 0.3% 37.7% £ 0.3%
! rOLS 81.0% =+ 0.2% 59.4% =+ 0.3% 57.4% + 0.2%

Validity rates at level 1 — oo = 90% for the different reconciliation procedures. Results are reported as

TABLE 5

mean +1.96 x standard error. The best-performing reconciliation procedure is shown in bold.

Node type  Reconciliation CP CP-MNR Adaptive CP-MNR
Direct 10.0% + 10.0%  10.0% =+ 10.0% 0.0% =+ 0.0%
National OLS 30.0% £ 153%  30.0% £ 15.3% 0.0% + 0.0%
rOLS 40.0% +16.3% 40.0% =+ 16.3% 0.0% + 0.0%
Direct 67.2% + 0.8% 67.2% =+ 0.8% 62.8% + 1.4%
Regional OLS 53.8% + 1.7% 53.8% + 1.7% 49.1% + 1.6%
rOLS 51.9% + 1.2% 51.9% + 1.2% 47.8% + 0.9%
Direct 55.6% =+ 0.3% 56.9% =+ 0.2% 61.8% + 0.3%
Station OLS 51.6% + 0.2% 55.8% + 0.1% 60.4% + 0.3%
rOLS 38.1% £ 0.4% 56.2% + 0.4% 57.6% + 0.6%

TABLE 6
Validity rates at the relaxed level 1 — 2ae = 80% for the different reconciliation procedures. Results are reported
as mean £1.96 x standard error. The best-performing reconciliation procedure is shown in bold.

Node type  Reconciliation CP CP-MNR Adaptive CP-MNR
Direct 100.0% + 0.0% 100.0% =+ 0.0% 100.0% =+ 0.0%
National OLS 100.0% + 0.0% 100.0% =+ 0.0% 100.0% =+ 0.0%
rOLS 100.0% + 0.0% 100.0% =+ 0.0% 100.0% =+ 0.0%
Direct 97.2% £+ 0.7% 97.2% £+ 0.7% 100.0% =+ 0.0%
Regional OLS 98.8% + 0.5% 98.8% + 0.5% 100.0% =+ 0.0%
rOLS 98.8% + 0.5% 98.8% + 0.5% 100.0% + 0.0%
Direct 88.7% + 0.4% 94.2% £ 0.3% 98.3% £ 0.1%
Station OLS 84.4% + 0.4% 94.6% + 0.3% 98.5% + 0.1%

rOLS 67.7% £ 0.3%

93.6% £ 0.3%

98.0% £ 0.1%
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