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ABSTRACT. Take an open domain 2 C R™ whose boundary may be composed of pieces of
different dimensions. For instance, ) can be a ball on R?, minus one of its diameters D,
or Q C R3 could be a so-called saw-tooth domain, with a boundary consisting of pieces of
1-dimensional curves intercepted by 2-dimensional spheres. It could also be a domain with
a fractal (or partially fractal) boundary. Under appropriate geometric assumptions, such as
the existence of doubling measures on 2 and 9S) with appropriate size conditions, we con-
struct a class of degenerate elliptic operators L adapted to the geometry, and establish key
estimates of elliptic theory associated to those operators. This includes boundary Poincaré
and Harnack inequalities, maximum principle, and Hoélder continuity of solutions at the
boundary. We introduce Hilbert spaces naturally associated to the geometry, construct ap-
propriate trace and extension operators, and use them to define weak solutions to Lu = 0.
Then we prove De Giorgi-Nash-Moser estimates inside €2 and on the boundary, solve the
Dirichlet problem and thus construct an elliptic measure w;j, associated to L. We construct
Green functions and use them to prove a comparison principle and the doubling property for
wr,. Since our theory emphasizes measures, rather than the geometry per se, the results are
new even in the classical setting of a half-plane Ri when the boundary dR? = R is equipped
with a doubling measure p singular with respect to the Lebesgue measure on R. Finally,
the present paper provides a generalization of the celebrated Caffarelli-Sylvestre extension
operator from its classical setting of Ri“ to general open sets, and hence, an extension of
the concept of fractional Laplacian to Ahlfors regular boundaries and beyond.
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1. MOTIVATION AND A GENERAL OVERVIEW OF THE MAIN RESULTS

1.1. Motivation. Massive efforts of the past few decades at the intersection of analysis,
PDEs, and geometric measure theory have recently culminated in a comprehensive under-
standing of the relationship between the absolute continuity of the harmonic measure with re-
spect to the Hausdorff measure and rectifiability of the underlying set [AHNM3TV, AHNMMT].
Even more recently, in 2020, we could identify a sharp class of elliptic operator for which
the elliptic measure behaves similarly to that of the Laplacian in the sense that analogues of
the above results could be obtained, at least under mild additional topological assumptions
[HMMTZ], [KP].

Unfortunately, all of those results have been restricted to the case of n-dimensional domains
with n — 1 dimensional boundaries, and as such, left completely beyond the scope of the
discussion a higher co-dimensional case, such as, for example, a complement of a curve in
R3. The authors of the present paper have recently launched a program investigating the
latter, which we will partially review below, and which quite curiously brought a completely
different level of understanding of n — 1 dimensional results and a plethora of open problems,
again, relevant even in the context of “classical” geometries, e.g., simply connected planar
domains or even a half-space. What is the role of measure on the boundary and given a
rough measure, possibly singular with respect to the Hausdorff measure, can we define an
elliptic operator whose solutions would be well-behaved near the boundary? What is the role
of the dimension, especially when fractional dimensions are allowed? Even in the case of the
Laplacian the dimension of the harmonic measure is a mysterious and notoriously difficult
subject with scarce celebrated results due to Makarov, Bourgain, Wolff, and many problems
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open to this date, but what if we step out of the context of the Laplacian and similar
operators? Closely related to this question is another one: what is the role of degeneracy,
that is, where are the limits of the concept of “ellipticity” which could still carry reasonable
PDE properties. This brought us, in particular, to a new version of the Caffarelli-Sylvestre
extension operator and hence, a new fractional Laplacian (or, one could say, a certain form
of differentiation) on general Ahlfors regular sets. Let us discuss all this in more details.

As we mentioned above, this project started as a continuation of efforts in | 1,1 ],
[ I, 1 1,1 1, 1 1, 1 | to define an analogue of harmonic measure on do-
mains with lower dimensional boundaries and ultimately to develop a PDE theory compa-
rable in power and scope to that of n — 1-rectifiable sets. Initially, we focused on domains
2 C R"™ whose boundary I' = 09 is Ahlfors regular of dimension d < n — 1 (see (2.1) be-
low). When d < n — 2, such sets would not be recognized by harmonic functions, and we
were led to a class of degenerate elliptic operators L adapted to the dimension. Taking the
coefficients of L to be, roughly speaking, of the order of dist(z,Q)~"~4"Y we managed to
define a well behaved elliptic measure wy, associated to L and €2 and prove the estimates for
wr, and for the Green functions, similar to the classical situation where d =n — 1 and L is
elliptic. Furthermore, we proved in [ ] that wy, is absolutely continuous with respect
to the Hausdorff measure pu = ”Hflr, with an A, density, when I" is a Lipschitz graph with
a small Lipschitz constant and the coefficients of L are proportional to D(x,d§)~(=4=1),
where D is a carefully chosen, appropriately smooth, distance function. However, in an
effort to extend these results to the context of uniformly rectifiable domains we faced some
fundamental problems which bring us to the setting of the present paper.

A key feature of (uniformly) rectifiable sets is the fact that at every scale a significant
portion of such a set can be suitably covered by well-controlled Lipschitz images. To take
advantage of this, one has to develop an intricate procedure which allows one to “hide
the bad parts” and more precisely, it is absolutely essential to be able to consider suitable
subdomains of an initial domain which carry similar estimates on harmonic measure, within
the scales under consideration. The latter are referred to as the saw-tooth domains and the
reader can imagine “biting off” from the initial domain a ball, or rather a cone, surrounding
a bad subset of the boundary. The problem is that when the initial domain is, say, the
complement of a curve in R3, any subdomain would have a boundary of a mixed dimension
and the specific procedure that we are describing yields pieces of one-dimensional curves
intercepted by 2-dimensional spheres, or more precisely, 2-dimensional Lipschitz images. We
will give in Section 3 a careful description of this example. Similarly, any attempt to localize
a problem on a set with lower dimensional boundary (e.g., R*\R?) yields a new domain, given
by an n dimensional ball minus a d-dimensional curve, which now has a union of an n — 1
dimensional sphere and a d-dimensional surface as its boundary. These challenges led us to
a necessity to develop a meaningful elliptic theory in the presence of the mixed-dimensional
boundaries.

This immediately raises a question: what are the appropriate elliptic operators, as our
favorite choice L = — div D(z, 0Q)~™?"VV, and similar ones, carry a power which depends
on the dimension of the boundary d. To some extent, this is necessary: as we mentioned
above, the Laplacian would not see very low-dimensional sets and this argument can be
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generalized. But to which extent? Can L = — div D(x, 9Q)~("~47145) ¥ be allowed for some
B? Can L = —div D(x,0Q)? V be allowed for some 3 for “classical” domains with n — 1
dimensional boundaries?

Even for the Laplacian these issues are extremely challenging. Fundamental results of
Makarov | 1, [ ] establish that on the plane, the Hausdorff dimension dimy w is equal
to 1 if the set 0N is connected. More generally, for any domain €2 on the Riemann sphere
whose complement has positive logarithmic capacity there exists a subset of £ C 0€) which
supports harmonic measure in € and has Hausdorff dimension at most 1 | ]. In particular,
the supercritical regime is fully characterized on the plane: if s € (1,2), 0 < H*(E) < oo,
then w is always singular with respect to H*|g. However, for n > 2 the picture is far from
being well-understood. On one hand, Bourgain [Bo] proved that the dimension of harmonic
measure always drops: dimy w < n. On the other hand, even for connected E = 0f), it turns
out that dimy w can be strictly bigger than n — 1, due to a celebrated counterexample of
Wolff [W]. Some recent efforts in this direction include, e.g., [Az], but overall the problem
of the dimension of the harmonic measure remains open, and to the best of our knowledge
there exist no results for other elliptic operators, with the only exception of [Sw]. Definitely
we have not encountered any results of this type for degenerate elliptic operators.

On the other hand, in a more benign geometric setting degenerate operators have of
course been studied in the literature. The most obvious example resonating with our set-
ting is the celebrated Caffarelli-Sylvestre extension operator. In [('S] the authors proposed
that the fractional Laplacian (—A)®, a € (0,1), on R? can be realized as a Dirichlet-to-
Neumann mapping corresponding to the operator L = — div dist(-,RY)? V on R¥! with
B =2a—1, 8 € (—1,1). This turned out to be an extremely fruitful idea, facilitating many
properties of the fractional Laplacian and similar operators, and was extended to other «
by A. Chang and R. Yang in [C'Y]. One of the outcomes of the present paper is an ex-
tension of the elliptic theory to the complement of any d-dimensional Ahlfors regular set
for L = —div A(x) dist(z,002)~=-148V 3 € (—1,1), including the Caffarelli-Sylvestre
extension operator and generalizing it to extremely rough geometric situations, fractal sets,
mixed dimensions, etc.

We point out, parenthetically, that while this paper concerns the fundamental elliptic
estimates, we plan to address also absolute continuity of elliptic measure for this type of
operators in the forthcoming publications. It is slightly surprising that such a study has not
been pursued before even in the R setting, but this seems to be the case. The only known
results pertain to the degenerate operators with weights independent of the distance to the
boundary (see, e.g., | D).

Returning to the general elliptic theory, a search for the appropriate assumptions on the
boundary and the coefficients of the corresponding allowable elliptic operators have quickly
revealed that the key players are the measure p on 0€2 and the corresponding measure m in
Q) which will define the “ellipticity” of L. This brings out two more issues. First, even in
the simple case of the half-plane R? there is another layer of complexity possibly introduced
by the boundary measure. Specifically, one can ask whether there exists an elliptic operator
which is well-behaved with respect to an arbitrary doubling measure p on the boundary, for
instance, the one furnished using the Riesz products on R. In the present paper we allow the
measure p on [' = 02 to be wild: we will present in Section 3.7 an example where, around
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any point in I'; p is not absolutely continuous with respect to the surface measure, and yet
the corresponding elliptic operator has well-behaved solutions. Secondly, one can encounter
a matrix of coefficients which is (also) degenerate at interior points of €.

1.2. Additional historical comments. Obviously this paper is not the first one where
degenerate elliptic operators were studied. Perhaps most closely related to our questions are
the works of Fabes, Jerison, Kenig, Serapioni, | , , |, Maz'ya | ], Heinonen,
Kipeldinen, Martio | |, Ammann, Bacuta, Mazzucato, Nistor, Zikatonov [AN, ],
and, as far as Sobolev-Poincaré inequalities and similar questions are concerned, Hajtasz and
Koskela | , ]. While different from the scope of this paper, in some respects they
guided our intuition, and there is even some overlap with our results. However, typically their
stress is rather on the singularities of the weight inside the domain; here we emphasize its
behavior near the boundary I'; and, respectively, the behavior of solutions near 02 depending
on the geometry and the underlying measure on 02 and on €. When the impact of the
boundary is considered, the aforementioned works concentrate on the Wiener criterion and
surrounding questions, often of a qualitative nature, while we aim at the uniform scale-
invariant quantitative results. And even more, the boundary results in | , , ]
are stated for 2-sided NTA domains, which forces the existence of a big portion of the
complement )¢ around any point of the boundary I',; a condition that we do not want to
impose when a part of " has codimension higher than 1 (like for instance when €2 is a ball
deprived of a diameter). Also, on a more technical side, the estimates of | , , ]
or | | would be hard to use here, because we need to be able to consider unbounded
domains and boundaries. Finally, once again, our coverage, including boundaries of mixed-
dimension equipped with possibly complicated doubling measures, and the overall point of
view of designing elliptic operators which respect the geometric and measure theoretic setting
of the problem, ends up in a different range of results.

It is interesting to point out that an alternative route to generalization of elliptic theory
to sets with lower dimensional boundaries consists of studying the p-Laplacian operator
for a suitable range of values of p. This approach has been developed by Lewis, Vogel,
Nystrom, and others — see, e.g., [.N] for boundary Harnack estimates; however, to the best
of our knowledge, it did not yield the absolute continuity results for the underlying elliptic
measure on uniformly rectifiable sets (not to mention that the role of the elliptic measure
for a non-linear PDE is quite different) and for that reason we pursue a different route.

1.3. A rough outline of the main assumptions and results. The general assumptions
of this paper will be described precisely in the next section, but let us give a first overview
right now. We are given a domain {2 C R", and a doubling measure p on its boundary I
We are also given a doubling measure m on €2, which is assumed to be absolutely continuous
with respect to the Lebesgue measure (that is, dm(X) = w(X)dX for some weight w). The
reader can think of w(X) = dist(X,I")™" with v € (n —d — 2,n — d), or even more general
weights. The key assumptions is a relation between our two doubling measures, that says
that on balls B(x,r) centered on I', one measure does not grow much faster than the other:

m(B(z,r) N Q) < (C>2—€ u(B(x,r))

mBle,sn0) =\ uBasy rreh0ss<r

(1.1)
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for suitable C, e > 0. This is the condition (H5) below (or rather (2.8)), and it is responsible
for our requirement that n —d — 2 < v < n — d above. It is somewhat surprising perhaps
that we only need an estimate from above.

We also have a requirement on w, related to its behavior far from I'; in the same spirit
as in | |, we demand a weak Poincaré estimate for the space (2,m) (with the usual
metric), which is explained below as (H6). If w is regular enough away from I, for instance
if supyepw(X) < Cinfxepw(X) for all balls B such that 2B C € and for some constant
C' that does not depend on B, then (H6) is automatically satisfied. This is the case in our
previous papers, and in the context of sawtooth domains which have been alluded to above.

With these preliminaries, the operator L = — div AV can be any elliptic operator as long
as the ellipticity condition is satisfied with respect to our measure m; that is, we simply
require that w(X)~' A(X) satisfy the standard boundedness and ellipticity conditions on 2.

The final set of assumptions pertains to connectivity. When I' is an Ahlfors regular
set of dimension d < n — 1, we do not need to add any topological conditions ensuring the
(quantitative) connectedness of €2, because they are automatically satisfied. Here our setting
allows boundaries of all dimensions, and in such a setting some topological restrictions are
necessary [BJ]. In line with many antecedents, we require that € satisfy the “one sided NTA
conditions”. That is, we demand the existence of corkscrew balls and Harnack chains in €;
see the conditions (H1) and (H2) in the next section, and the discussion that follows them.

All these assumptions will be described in detail in the next section, and we will then
give examples in Section 3. Under these assumptions, we will be able to define an elliptic
measure associated to L and establish the fundamental properties for solutions.

First of all, in Section 4, we will define an energy space W, the Hilbert space of functions
on  with a derivative in L?(m) = L*(w(X)dX). In this section, Q and " are unbounded, so
the space W is a homogeneous space. This is the most useful scenario for our applications
but we also treat the extension of all our results to the case where I' or {2 are bounded in
Section 13.

An important tool in our theory, which allows us to dispense with the existence of large
balls in the complement of €2, or barrier functions, is a Poincaré estimate at the boundary.
The next two sections aim for that result.

In Section 5, we introduce some technical material, such as the dyadic pseudocubes @),
@ € D, on I', an analogue of the Whitney cubes in € (the sets Wy of (5.6)), and some
non-tangential access regions () and their truncated versions vq(z); see near (5.8). The
sets v*(x) and 7 (z) are analogue to y(r) and yg(z), and are obtained from the latter by
fattening them a bit so that v*(x) and ~(z) are well connected sets. We rely on (H2)
for this procedure. The access cones 75 (x) are used to constructs well connected tent sets
T, which will advantageously substitute the sets B N2 where B C R" is a ball centered
on I' (indeed, the sets B N Q have no reason to be connected). We use those tent sets to
extend Poincaré inequalities given in (H6) to sets that actually get close to the boundary.
In particular, we prove in Theorem 5.24 that
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Theorem 1.2. There exists k > 1 such that for any u € W and any QQ € D,

1/2k 1/2
(f |u—uT2Q|2k) < C dian(Q) (f |w|2> |
Taq Taq

where ug,, = fTQQ wdm.

Our next goal is to obtain a variant of the above theorem, where ur,, is removed but we
assume that v = 0 on the boundary 2(). To this end, we need a notion of trace. We define
then a Sobolev space H as the set of u-measurable functions g on I' such that

ot = ([ [ 2 'x_y'u'f(yf);é))'zdu(y)dm)%

is finite. As the reader can see, H depends on both pu and m, and the dependence on m
is a bit surprising at first; but if one recalls that our objective is to construct a bounded
trace from W (that depends on m) and H, it makes sense. Here you can see p(x, |z — y|)
as a corrective term that takes into account how far m(B(z,r) N ) is from ru(B(x,r)). Of
course, if g and m are intertwined so that m(B(z,r) NQ) ~ ru(B(z,r)) forz € T'and r > 0
- which will be the most natural situation - then the strange term p(z, |z — y|) disappears
and the space H does not depend on m anymore.

With the space H at hand, we construct in Section 6 a bounded trace operator Tr from
W to H. We later build in Section 8 a nice extension operator Ext : H — W, such that
Tr o Ext = I. Those results are given in Theorem 6.6 and Theorem 8.5, which are summarized
below.

Theorem 1.3. There exists two bounded linear operators Tr : W — H and Ext : H — W
such that for w € W and p-almost every x € T,

Tru(x) = lim udm
Xey() JB(x,6(X)/2)
6(X)—0
and such that for g € H and p-almost every x € T,
Tro Ext g(x) = g(x).
By combining the trace which was just introduced with Theorem 1.2, we established that

Theorem 1.4. There exists k > 1 such that for Q € D and for u € W such that Tru = 0

[-a.e. on 2Q),
1/2k 1/2
(f \u|2k> < C diam(Q) (][ yvuﬁ) |
TQQ TQQ

The theorem above is a particular case of Theorem 7.1.

Our next big objective is to get estimates on solutions to appropriate degenerate elliptic
operator. To prepare for this, in Sections 8 and 9, we check some density and stability
results for our spaces; these should not be surprising but they are very useful for our later
arguments. In Section 10 we add one last bit of functional analysis, which is the definition
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of localized versions W,.(E) of our space W, and the way they co-operate with the trace
operator (Lemma 10.6).

We start the study of our degenerate operators L = div AV and their solutions in Sec-
tion 11. We require w(X) ' A(X) to satisfy the usual ellipticity conditions, so the bilinear
form naturally associated to L is coercive on W, and getting weak solutions in W with a
given trace on H is rather easy, with the help of the Lax-Milgram Theorem.

We define weak subsolutions, supersolutions, and solutions in our local W,.(I") spaces, and
start studying their regularity properties. We first prove an interior Caccioppoli inequality
(Lemma 11.12), then extend it to the boundary (Lemma 11.15), then prove interior Moser
estimates (Lemma 11.18), and extend them to the boundary (Lemma 11.20). The next step
is to prove interior Holder estimates (Lemma 11.30) and Harnack inequalities (Lemmas 11.35
and 11.46). Some of the proofs in this section are just sketched, since they use the same
arguments as, e.g., in | ]. The reader may be interested in some of the results and not
the others, and we do not want to state all of them here. The theory was developed with
boundary estimates in our mind, so they are the ones that we shall first present here.

Theorem 1.5 (Moser estimates on the boundary). Let B a ball centered on I' and u be a
non-negative subsolution to Lu = 0 in 2B N such that Tru = 0 p-a.e. on 2B. Then

supu < C |u| dm.
BNQ 2BNQ

Theorem 1.6 (Holder estimates on the boundary). Let x € I' and r > 0. Assume that u be
a solution to Lu =0 in B(xz,r) N Q. Then for 0 < s <r,

osc u<C(C <C) osc u+C osc Tru,
B(z,s)N2 S B(z,r)NQ B(z,y/sr)NT

where C' and a are positive constants independent of x, s, r, and u.

Of course, the Harnack inequality below, in particular when the weight is not bounded
from above or below by a positive constant, is interesting on its own right.

Theorem 1.7 (Harnack inequality). Let B be a ball such that 2B C Q and let u be a
non-negative solution to Lu =0 in 2B. Then

supu < C'inf u.
B B

We continue our article with a construction of the harmonic measure. The construction
is classical, and relies on the maximum principle (Lemma 12.8).
Theorem 1.8 (Maximum principle). Let u € W be a solution to Lu =0 in Q. Then

supu <supTru and infu > inf Tru.
Q r Q r
The maximum principle combined to the Lax-Milgram theorem allows us to solve the

Dirichlet problem for compactly supported continuous functions on I' (Lemma 12.13), and
thus define the desired harmonic measure w; with the Riesz representation theorem (Lemma 12.15).
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Theorem 1.9. For any X € 0, there exists a unique positive Borel measure w™ := w on

[’ such that for any continuous and compactly supported g € H, we have

ug(X) = /Fg(y)dwx(y),

where ug is the solution in W given by the Laz-Milgram theorem to Lu = 0 in Q and Tru = g.
Furthermore, w™ is a probability measure, that is w* (') = 1.

We end the article by building Green functions and using them to prove the non-degeneracy
and the doubling property of the harmonic measure, as well as a comparison principle (which,
applied to the harmonic measure, is also called change of pole property). The Green func-
tions and the comparison principle have been companions of the mathematicians for ages.
Maybe the first people to intensively study the Green functions in the case of general (non-
degenerated) elliptic operators are Littman, Stampacchia, and Weierberger | |. Griiter
and Widman deepened the analysis of Green functions and established a comparison princi-
ple [GW]. The comparison principle and the change of pole property for harmonic measure
were also studied in | ]. Fabes, Jerison, and Kenig worked with degenerate operators
in [FJK], | ], and some of their results are very similar to ours. However, those authors
worked with bounded and 2-sided Non Tangentially Accessible domains, while we are inter-
ested in unbounded and weaker 1-sided NTA domains. The Green functions were studied
for systems in | | and [DI] by assuming only De Giorgi-Nash-Moser estimates (and in
particular not the maximum principle). We do not follow this route since the maximum
principle is a prerequisite for the construction of the harmonic measure, which is the object
that we are particularly interested in.

The Green function g(z,y) is function on §2 x €2 such that

Lyg(.,y) =6, in Q
(1.10) { g(.,y) =0 on Q,
where J, is the delta distribution centered on y. We follow the strategy of | ], in particular,

we define the Green functions g(.,y) as a limit of solutions in W2(Q,m) given by the
Lax-Milgram theorem (and not by taking the inverse of the operator L on measures as in
['JIK]). The properties of the Green functions are given in Theorem 14.60, Lemma 14.78,
Lemma 14.83, Lemma 14.87 and Lemma 14.91. For instance we have the following pointwise
bounds.

Proposition 1.11. For z,y € Q such that |x — y| > dist(y,")/10,
=yl
m(B(y, |z —y[) N Q)’
and for x,y € Q such that |x — y| < dist(y,[)/2,
dist(y,I") 82 ds dist(y,I") 32 ds
0_1/ — - < g(z,y) < C/ N
|lz—y| m(B(y7 3)) S |lz—y| m(B(ya 3)) S

where the constant C is of course independent of x and y.

0<g(z,y) <C

The harmonic measure is non-degenerated, in the following sense.
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Theorem 1.12. Let B be a ball centered on I . Then
1
wX(BNT) >0t for X € BNQ.

We prove a comparison principle between harmonic measures and Green functions. We
need to define corkscrew points: X, € € is a Corkscrew point associated to a ball B = B(z, )
if

| Xo — x| <r and dist(Xo,T') > er,
for some € > 0 that depends only on 2. We will assume in (H1) that such points always
exists.

Theorem 1.13. Let B be a ball centered on I' and let Xy be a corkscrew point associated to
B. Then

(BNQ)

o1 (X, Xo) <w¥(BNT) < OWB—QOQ)

r2 r

9(X, Xy) for X € Q\ 2B.

With this comparison in hand, we show that the harmonic measure is doubling.

Theorem 1.14. Let B be a ball centered on I'. Then
wX(2BNT) < Cw®(BNT) for X € Q\ 4B.

The change of pole property comes next.

Theorem 1.15. Let B be a ball centered on I' and X, be a corkscrew point associated to B.
Let E,F C T'N B be two Borel subsets of T’ such that w*°(E) and w**(F) are positive. Then

Xo X Xo
wXo(F) = wX(F) wXo(F)
At last, we give properties on the harmonic measure analogous to Theorems 1.12, 1.13,

1.14 but for wX(T"\ B) instead. We use them to prove a comparison principle for positive
local solutions.

for X € Q\ 2B.

Theorem 1.16. There exists a large K > 2 that depends on how well Q is connected (if §)
is well connected, we can take K = 2) such that the following holds.

Let B be a ball centered on I', and let Xog € 2 be a corkscrew point associated to B. Let
u,v be two non-negative, not identically zero, solutions to Lu = Lv = 0 in KB N Q) which
are zero on the the large boundary ball KB NT'. Then

u(Xo) _ u(X) u(Xo)
o(Xo) = o) = Yoy

c! for X € QN B.

In this paper we only worry about the properties of wy in a general setting. Then one
may continue the study with more specific situations and carefully chosen operators. Some
of our earlier results, such as the extension of Dahlberg’s result in | |, namely the A
absolute continuity of wy when I' is a Lipschitz graph with small constant and L is well
chosen, also work when w(X) = dist(X,I")™7, v € (n—d—2,n—d). This too will be studied
more systematically in upcoming publications.
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2. OUR ASSUMPTIONS

We aim to develop an elliptic theory on an open domain 2, equipped with a measure m.
We are particularly interested in boundary estimates, and we want to be able to deal with
a large class of measures p (supported) on the boundary I' := 09).

Let us review previously known settings that we aim to generalize. Recall that a d-
dimensional Ahlfors regular set £ C R" - denoted d-AR for short - is a set for which there
exists a measure o supported on E and a constant C' > 0 such that

(2.1) C'r? < o(B(x,r)) < Cr forx € E, r > 0.

It is well known that if (2.1) holds for a measure o and a constant C, then (2.1) also holds
for o’ = ?—[‘dE - the d-dimensional Hausdorff measure restricted to E - and another constant
.

The “classical setting” consists in taking an open domain €2 C R" such that its boundary I"
is a (n —1)-AR set. The measure m is taken as the n-dimensional Lebesgue measure and we
choose 1 as the surface measure on I, or in fact any measure satisfying (2.1). The properties
of elliptic PDEs in this context on relatively nice (e.g., Lipschitz) domains have been studied
for 50 years; see [Sta, : | to cite a few, and [I<en] for a extended presentation of the
properties. A more challenging setting of domains with uniformly rectifiable or even general
AR boundaries came to the focus of development in the last 20 years. Unfortunately, there is
no good single reference reviewing the underlying elliptic theory, but we can generally point
the reader to recent works of Hofmann, Martell, Toro, Tolsa, and their collaborators. In
addition to boundary regularity, typically, some mild topological assumptions (such as one-
sided non-tangential accessibility or a weak local John condition) are needed for satisfactory
PDE results.

In | |, the authors developed an elliptic theory when I' C R™ is a d-AR set, d < n—1,
and Q := R"\ I'. When d < n — 2, the boundary is too thin to be seen by a solution
of an elliptic PDE in the classical sense (for instance by solutions of the Laplacian), and
the authors worked with degenerate elliptic operators —div AV, such that w(X) 'A(X)
satisfy the standard boundedness and ellipticity conditions on €2 with the weight w(X) =
dist(X, 0Q)~ (=41 This can be reformulated by saying that the underlying measure on
is given by dm(z) := w(x)dx, and the measure p on the boundary I" is given by (2.1).

In the present article, we give a very large range of choice for {2 C R", m, and pu, pushing the
limits of geometric and measure-theoretic assumptions as well as degeneracy of coefficients
of the operators. In the rest of the section, we introduce the hypotheses on 2, m, and pu,
that we shall use for most of the rest of our paper.

Let us denote

(2.2) §(X) := dist(X,T)

for X € Q. Since we allow (2 to have boundaries containing pieces of dimension n—1 and even
higher, we shall need to deal with connectedness issues that didn’t appear in | ]. To this
end, we start with standard quantitative connectedness assumptions on €2, the Corkscrew
and Harnack Chain conditions.



12 DAVID, FENEUIL, AND MAYBORODA

(H1) There exists for any x € I' = 0Q and any r > 0 — or r € (0,diam Q) if 2 is bounded
— we can find X € B(x,r) such that B(X,C;'r) C Q.

The assumption (H1) is widely known as the Corkscrew point condition, and can be seen
as quantitative openness. When we say that Y is a Corkscrew point associated to the couple
(y,s), we mean that Y is a point X given by (H1) with 2 = y and r = s.

(H2) There exists a positive integer Co = N + 1 such that if X,Y € Q satisfy 6(X) > r,
0(Y) >r,and | X —Y| < 7Cyr, then we can find N+1 points Zy := X, Zy,..., Zy =Y
such that for any i € {0,..., N — 1}, |Z; — Z;11| < 30(Z).

The assumption (H2) is a condition of quantitative connectedness, and is a slightly weaker
way to state the usual Harnack chain condition. We shall discuss (H2) more at the end of
the section, and in particular prove that together with (H1), it implies a stronger version of
(H2), but let us first describe the conditions on the two measures p (supported on I') and m
(supported on 2 C R™).

e support of p1s 1 anad p 1s doubling, 1.e., there exists Cs > 1 such that
H3) Th f pis I' and p is doubli i h ists C! 1 h th
w(B(z,2r)) < Csu(B(z,r)) forxel, r>0.

(H4) The measure m is mutually absolutely continuous with respect to the Lebesgue mea-
sure; that is, there exists a weight w € L} (Q) such that

loc

m(A) = / w(X)dX for any Borel set A C Q
A

and such that w(X) > 0 for (Lebesgue) almost every X € Q. In addition, m is
doubling, i.e. there exists Cy > 1 such that

(2.3) m(B(X,2r)NQ) < Cym(B(X,r)NN) for X € Q, r > 0.

We included also X € 02, because this is often easier to use, and anyway the version of
(H4) with X € Q follows easily from the version with X € Q.

In some cases, we can get (H4) as a consequence of the fact that m is the restriction to €2
of a doubling measure on R". That is, let us say that (H4’) holds when m = mq, for some

absolutely continuous measure m’ supported on R", and which is doubling, i.e.,
(2.4) m/(B(X,2r)) < Cym/(B(X,r)NQ) for X e R", r >0

and some Cy > 1. _
We claim that (H4’) and (H1) imply (H4). Indeed, take X € Q) and separate the two cases
d(X) >r/2and §(X) < r/2. In the first case,

m(B(X,2r)NQ) <m'(B(X,2r)) < Cim/(B(X,r/2)) = Cim(B(X,r)).

In the second case, take x such that 6(X) = |X — x|, and then let X’ be a Corkscrew point

associated to x and r/2. Thus B(X', 3&-) C B(X,r) C © and B(X',4r) D B(X, 2r), hence

if kK denotes the smaller integer such that 2% > 87,
m(B(X,2r) N Q) < m'(B(X',4r)) < C%m/(B(X, %)) < Ot m(B(X,1)).
1

The claim follows.
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It is classical (and easy to prove) that the condition (H4) is equivalent to the apparently
stronger following condition: there exists d,, > 0 and C' > 0, both depending only on CYy,
such that

(2.5) m(B(X, \r) N Q) < OXmm(B(X,r)NQ) for X € Q, A>1,7>0.
We now state a condition (H5) on the compared growths of m and pu.

(H5) The quantity p defined for = € I and r > 0 by

m(B(x,r) N Q)
r(B(z,r))

(2.6) plx,r) =

satisfies

)

1—e
(2.7) (z,7) < Cj <t> forzel, 0<s<r,

p(x,s) s

for some constants Cs > 0 and € := C; .

We like p(x,r) because it is a dimensionless quantity, but we may also write (2.7) as

m(B(z,7) N Q) e Bz, 1))
(2.8) m(B(x,5) N Q) < Cs (s) w(B(z,s))

with a slightly more surprising exponent 2 — e due to a different scaling.

The condition (H5) means that the two measures ;1 and m need to be intertwined, in a
more precise way that we would get from merely the doubling conditions. That is, we require
that m(B(z,r) N ) does not grow much faster than p(B(z,7)), with a precise limitation
on the exponent. It is not shocking that something like this is needed. Indeed we require
for our theory to have a trace theorem (see Section 6), that says that the functions in the
weighted Sobolev space W2(2,m) have a trace on (T', ). The function p is used in the
definition of the space of traces, and quantifies the “deviation” of the measure of tent sets
m(B(z,r) N Q) from the measure on B(x,r) N2 induced by p, which is ru(B(z,r)). It is
perhaps more surprising that we only need an upper bound in (2.7) and (2.8).

forrel,0<s<r,

Our last condition (H6) requires that the measure m be regular enough, and satisfy a weak
Poincaré inequality.

(H6) If D € Q is open and u; € C*(D) is a sequence of functions such that [, u;|dm — 0
and [, |Vu;—v|>dm — 0 as i — 400, where v is a vector-valued function in L*(D,m),
then v = 0.
In addition, there exists Cg such that for any ball B satisfying 2B C () and any
function u € C*°(B), one has

(2.9) ][ lu —up|dm < Cgr (][ |Vu|2dm) ,
B B

where up stands for fB udm and r is the radius of B.
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The first part of the condition is technical; it is here to make sure that when we define
an appropriate notion of gradient for functions that are not smooth, we still have that the
convergence in L' implies a convergence of the gradients. With this property, we shall be
able to show the completeness of the weighted Sobolev space we shall work with, which is
also essential to be able to get weak solutions. One can find the same condition in | ].

Using the theory of Hajtasz and Koskela [ : |, we will be able to improve the
second part of (H6) into a Sololev-Poincaré inequality. Furthermore, because we can prove
a trace theorem, we will also be able to get Poincaré inequalities on the sets B N {2, where
B is a ball centered on the boundary I'. This Poincaré inequality at the boundary will be
crucial for our proof of the boundary De Giorgi-Nash-Moser estimates in Section 11.

The condition (H6) will be sometimes replaced by the much stronger condition (H6),
defined as

(H6’) There exists Cg such that for any ball B C R satisfying 2B C (2, one has the following
condition on the weight w:

(2.10) supw < Cg inf w.
B B

The proof of the fact that (H6") implies (H6) goes as follows. The second part of (H6)
is a consequence of the classical Poincaré inequality (with the Lebesgue measure) and the
fact that w(Z) ~ m(B)/(diam B)" for all Z in a ball B such that 2B C 2, which is an easy
consequence of (H6"). We turn to the first part of (H6). Take D, u;, v as in (H6). We can
cover D by a finite number of balls B satisfying 2B C €2, so by (H6"), we can find a constant
Cp such that C’Bl < w(X) < Cp for any X € D. We have thus fD |u;|dz — 0, which
means that u; converges to 0 in Ll(D) and hence Vu; converges to 0 in the distributional
sense. Since we have also [, |Vu; —v[*dz — 0, which implies that Vu,; converges to v in the
distributional sense, we also have v = 0.

This completes our list of assumptions concerning the measures p and m. Once we have
them, the results of this paper hold for any divergence form operator L = div AV, where

(2.11)  w(X) TA(X) satisfies the standard boundedness and ellipticity conditions on €,

namely, there exists a constant C'y > 0 such that

(2.12) AX)E-€> C'w(x) € for X € Qand € € R™
and
(2.13) AX)E- ¢ < Caw(x)l€]|¢]  for X € Qand & ¢ € R™.

Of course in practice we may have L and A initially, and then this more or less forces the
definition of w and m.

We end this section with a further discussion of the Harnack chain condition (H2). In
the following arguments we shall write Z;[X,Y], 0 < ¢ < N, when we want to specify the
endpoints of the sequence given by (H2). The number N = Cy—1 is independent of X, Y € Q
as long as X, Y € Q satisfy §(X) > r, 6(Y) > r, and | X — Y| < 7Cyr; indeed, even if the
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sequence is shorter, we can repeat a point Z; as many times as we want to match the proper
length. At last, the “chain” in the Harnack chain condition (H2) is given by the balls
(2.14) B; = B[ X,Y]:= B(Z;|X,Y],0(Z;|X,Y])/2).

From (H2), we can easily see that By[X,Y] is B(X,d(X)/2), By[X,Y] is B(Y,d(Y)/2).
Moreover, Z;.1[X,Y] € B;[X,Y], from which we deduce that

(2.15) §(Z[X,Y]) > %6(Zi_1[X, Y]) >27V6(X) > 27,
(216) szxy) < Jozaix ) < (3) 60 < (3) aen),
and

(2.17) X-zxy) <) (g) 5(X) < (g) 5(X) < 2V5(X),

j=1
that is all the balls B;[X, Y] from the Harnack chain linking X to Y have equivalent radii,

don’t get close to the boundary, and are all included in B(X, 2V 1§(X)).
With the help of (H1), the condition (H2) self improves, as shown by the result below.

Proposition 2.18. Let Q satisfy (H1) and (H2). There exists C':= C(Cy,Cy) > 0 such that
if X,Y € Q satisfy min{§(X),5(Y)} > r and |X = Y| < Ar (for some choice of r > 0 and
A > 1), then we can find Np := [C'ln(1 + A)]| points Zy = X, Zy,...,Zn, = Y such that
for any i € {0,..., Ny — 1},

(i) 1Zi — Zia| < 56(Z),

(ii) 6(Z;) > 27N,

(Z’LZ) Z; € B(X, 012N+4A7”),
where N := Cy — 1 comes from (H2) and Cy comes from (H1).

Proof. Let X, Y € Q satisfy min{o(X),0(Y)} > r and |X — Y| < Ar. Observe first that if
Ar < 6(X) or Ar < §(Y) there is no need for (H2). Indeed, the segment [X, Y] is included
in €2, and one can construct the chain recursively as: Zy = X, Z; ;1 is either (if it exists) the
only point further from X than Z; at the intersection of [X, Y] and the sphere centered at
Z; and radius §(Z;), or simply Y if this point doesn’t exist.

In the remaining case where §(X),d(Y) < Ar (which forces A > 1), the idea is to use
the condition (H1) to find enough points between X and Y to be able to split the distance
| X — Y| into small jumps where we can use (H2).

Let z,y € T be such that | X —z| = 0(X) and |Y —y| = §(Y), so that X, Y are Corkscrew
points associated to respectively (z, C16(X)) and (z, C16(Y)). We define the points X, Y; as
follows: Xo = X, Yy =Y and, if j > 1, X, is a Corkscrew point associated to (z,C12/6(X))
and Y; is a Corkscrew point associated to (y,C1276(Y)). Then we set j, and j, as the
smallest values of j € N such that 27§(X) > Ar and 276(Y) > Ar respectively. It is easy to
check that by construction,

(2.19) Jordy < 1+ Iny(8) < Cln(1 + ),
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where C is a universal constant. We set My = j, +j, +1 < C'ln(1+ A), we and construct a
first sequence of points (Z7)o<j<n, as Z7 = X; when j < j, and Z7 = Y}, _; when j > j,.
We want to verify that two successive elements of (Z7) satisfy the assumptions for the use
of (H2). Indeed, X; and X are such that min{d(X;),8(X;41)) > 276(X) and

X5 — Xja| X5 — ] + | X — 2] < Cr2725(X);
the same kind of estimates holds between Y and Y, ; the points X; and Y}, are such that
min{8(X,,), 6(¥;,)} > Ar
and, since §(X),d(Y) < Ar,

X5, =Y, <X, —2[+ e - X|+| X -Y[+]Y —y[+ |y -7,
<2C1Ar +0(X)+ Ar+6(Y) +2C1Ar
S?ClAT.

The fact that two consecutive points of (Z7); satisfies the assumption of the Harnack chain
condition follows. Now, N stands for Cy — 1, and the sequence (Z;)o<i<n.nm, is built such
that Z; = Z;[Z7, 2’71 if jN < i < (j + 1)N. The conclusion (i) is given by the defini-
tion/construction of the points Z;[X’, Y’]; the conclusion (ii) is immediate from (2.15) since
all Z7 are such that §(Z;) > min{d(X),0(Y)} > r. As for (iii), we estimate the distance
between X and the Z7 rather brutally and we let the reader check that |X — Z7| < 14C) Ar
for any j € N, which, combined with (2.17), gives (iii). O

In the rest of the paper, the notation v < v means u < Cv, where C' > 0 is a constant
that depends on parameters which will be either obvious from the context or recalled. The
expression u ~ v is used when v < v and u 2 v.

3. SOME EXAMPLES WHERE OUR ASSUMPTIONS HOLD

The assumptions of the previous section may still look complicated to the reader, so let
us mention some situations where they are satisfied, and hence we can define an elliptic
measure wy, with the properties described in the introduction.

3.1. Classical elliptic operators. We start with the classical elliptic operators L = div AV,
where A(X) satisfies the standard boundedness and ellipticity conditions (2.13) and (2.12)
on §2. In view of (2.11), w = 1. We also require the one-sided NTA conditions (H1) and (H2),
which happen to hold automatically when I' = 0f2 is Ahlfors regular of dimension d < n —1,
but not in general. Then our additional assumptions are the existence of a doubling measure
pon I' (as in (H3)) that satisfies (H5); the other conditions, including (H6") are trivially
satisfied. In particular if I is Ahlfors regular of dimension d € (n — 2,n), it is easy to check
that p = H‘dF satisfies (H5).
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3.2. Ahlfors regular sets. Our next example is when I' = 0f) is an Ahlfors regular set of
dimension d. When n—1 < d < n, we also require one-sided NTA conditions (H1) and (H2).
The simplest option is to take w(X) = dist(X,I")™" for some v € (n—d—2,n—d). Then w is
locally integrable, by (2.1), because 7 < n—d, and by a simple estimate on the measure of the
e-neighborhoods of I'. The same estimates yield that m(B(X,r)) ~ "7 when §(X) < 4r
(with a lower bound that uses (H1)) and m(B(X,r)) ~ r"6(X )~ when §(X) > 2r. This
proves that m is doubling; then (2.8) holds as soon as 7 > n — d — 2. The other conditions,
including (HG6), are easy to check, and so our results apply to operators L = div AV, where
dist(X,)YA(X) satisfies the standard boundedness and ellipticity conditions (11.4) and
(11.3) on Q.

In this Ahlfors regular setting, we can also deal with more general weights w, that would
also have mild local singularities in the middle of €2, and then the corresponding classes of
degenerate elliptic operators L = div AV, where w(X) ' A(X) is bounded elliptic, but then
we have to check (H6) too, in addition to (H5).

3.3. Caffarelli and Sylvestre fractional operators. A special case of the weight w(X) =
dist(X, ")~ for an Ahlfors regular boundary was considered by L. Caffarelli and L. Sylvestre
(5], although in a very different context. Take n =d+1, Q2 = Rfl (the upper half space),
and I' = R%. Choose u to be the Lebesgue measure on R? and for m take the weight
w(X) = dist(X,T)™" = ¢, where we write (z,t) the coordinates of X in R¢*!. As before,
we restrict to v € (—1,1).

Caffarelli and Sylvestre considered the fractional operator T' = (—A)* on R?, with s =
1+77 € (0,1), and proved that for f defined on R?, in the appropriate space, T'f can also be
written as T f(x) = —C lim;_,o4 t‘“’%—;‘, where w is the solution of Lu = 0, with L = divt~7V,
whose trace on R% is f. This point of view turned out to be a very useful way to deal with
unpleasant aspects of the non-local character of T

We can generalize some of this to the context of Ahlfors regular sets, as above, with L =
—div dist(X, ')V (or a similar operator). When f lies in our Sobolev space H = H(I'),
the results of the present paper allow us to solve the Dirichlet problem for f, i.e., find a
function v € WH2(Q, wdX) = W12(Q, dist(X,T')"7dX) such that Lu = 0 and Tr(u) = f.
Then we can also define an operator T', that generalizes the fractional operator of [('S], by
saying that T'f is a distribution on I' (or a continuous linear operator on H), such that

(3.1) (Tf,0) = /Q dist(X, ) Vu(X) - VoF(X)dX

when F is a function of W = W12(Q, dm) such that Tr(F) = ¢. For example, we could take
for F the extension of f given in Section 8, but taking another extension F” should give the
same result, because F'— F” lies in the space W} of functions of W with a vanishing trace (see
Definition 9.16), and because u is a weak solution (see the definition (11.8) and the last item
of Lemma 11.10). Now T'f can be seen as a weak limit of normalized derivatives w(X)%%(X)
in the normal direction, as above: we can integrate by parts on a smaller domain 2. and
try to take a limit. Ultimately, it would be nice to have a more precise and constructive

definition of T', with estimates in a better space than H~/2 (the dual of H); however this
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will require a better analysis of L, and quite probably stronger assumptions on I'. Yet the
similarity with the situation in [('S] is intriguing.

3.4. Sawtooth domains. We now turn to Sawtooth domains. Let us first describe the
simpler case of Lipschitz graphs, and then later comment on Ahlfors regular boundaries. Let
us assume that 0 < d < n—1 (the case when d = n —1 is simpler, and well known) and that
I" is the graph of some Lipschitz function A : R? — R"¢ where we identify R? and R"~¢
to the obvious coordinate subspaces of R". Also let E' C R? be a given subset of R, for
which we want to hide F = {(:L’, Alz); x € E} We assume that F' = R?\ E is not empty

(otherwise, there is no point in the construction), and we set F' = {(z, A(z); z € F} = I'\E.

Let us define a sawtooth domain €, C Q such that F C 9§, and E C R™ \ Q,. We choose
M larger than the Lipschitz norm of A, and set

(3.2) Qs = {(z,t) e R" x R"¢; |t — A(z)| > M dist(z, F)}.

Thus we are removing from {2 some sort of a conical tube around E C I. In co-dimension
1, we would proceed similarly, but restrict to the part of Q that lies above I, for instance.
We can forget about this case because it is very classical anyway.

It is clear from the definition that €2, is an open set that does not meet I', and its boundary
consists in the closure of ﬁ, plus the conical piece

(3.3) Z={(z,t) e R" x R"*; |t — A(z)| = M dist(z, F) > 0},

which nicely surrounds E.

The verification that 4 contains Corkscrew balls and Harnack chains (as in (H1) and
(H2)) is rather easy, because we can always escape in a direction opposite from I' to find
extra room; we skip the verification. In this type of situation, we probably want to be able
to use the same operators L as we had on €2, so let us consider the restriction to 25 of our
earlier weight w(X) = dist(X,I")™7, with some v € (n —d —2,n —d). As usual, this defines
a class of matrices A.

We have to construct a new measure ug on I'y := 9€), and we choose

(3.4) e = s+ dist(X, D) A

where p is an Ahlfors regular measure on I' that we like, such as ’H‘dr or the image of HﬁRd

by the mapping * — (x, A(z)). There may be locally more subtle choices, but we do not
worry too much here because for our purpose ps only needs to be known within bounded
multiplicative errors. We mostly care that if 7 denotes the orthogonal projection on R% and
e lts 18 the push-forward image of p by 7, then

(3.5) C_lHﬁRd < Tapts < C’HﬁRd.

This last is easy to prove, because when x € E' is such that d = dist(z, F') > 0, and r > 0 is
much smaller than d, the surface measure of ZN7~!(B(z,r)) is comparable to r¢(Md)"~4-1
so ps(m"H(Z N B(x,7))) =~ r¢ (the dependence on M does not interest us).

As in the previous examples, w is essentially constant on the balls B such that 2B C €,
so (H6") and (H6) hold; the verification of the doubling property (H4) for m is the same as
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for the initial open set €2, and we could also use (H4’) directly; so we only need to check the
doubling property (H3) for us and the intertwining growth condition (H5).
To this effect, let us first show that

(3.6) C~'r? < py(B(z,7)) < Cr? for z € F and r > 0.

The second inequality, which incidentally holds when x € Z too, follows from (3.5) because
B(x,r) C 7Y (RY N B(rw(x),r)). For the first inequality, set r; = (1 + M)~lr. We claim
that Ty N 7Y (7(B(x,71))) C B(x,r); once we prove the claim, (3.6) will follow from (3.5)
because He(m(B(z,71))) > C~r{. Now let 2 € TyNw (7 (B(x,r))) be given. If z € T, then
|z—a| < (1+M)ry =r,soz € B(x,r). Otherwise z € Z, and let y € I" be such that 7(y) =
7(2). Notice that |7(y) — 7(z)| = |7(z) — 7n(z)| < 11, so dist(n(y), F) < |7(y) — 7(z)| <7y
and now (3.3) says that |z — y| < M dist(7(y), F) < Mry. Again z € B(x,r) and the claim
follows. This proves (3.6). Next we check that

(3.7) C™'r? < pg(B(z,1)) < Crt for z € Z and r > (24 2M) dist(7(z), F').

Recall that the second inequality always holds. For the first one, set r = (2 + 2M)"'r >
dist(m(z), F'), choose p € F such that |p — 7(z)| < re, and then let x € T' be such that
7(x) = p. Observe that z € F.

Also let y € T be such that w(y) = w(z). Then |y —z| < (1 + M)|r(y) — m(w)| = (1
M)|m(z)—p| < (14+M)ry, and now (3.3) yields |z—y| < M dist(n(y), F') = M dist(7(z), F)
Mry; altogehter |z —z| < |z —y|+ |y — x| < (1 + 2M)rq, so B(w,ry) C B(z,r), and (3.
follows from (3.6) because x € F.

We are left with the case when z € Z and r < (24 2M) dist(7(z2), F'); we claim that then

(3.8) Ol dist(n(2), F)™ " < pg(B(z, 7)) < O dist(m(2), )1,

Set d(z) = dist(n(2), F). When 1071d(2) < r < (2+2M)d(z), r"1d(z)? ! is roughly the
same as the 7¢ that we had before, so there is some continuity in our estimate. Also, the
upper bound stays true as before, and the lower bound will follow as soon as we prove it for
r = 107'd(z). Finally, the remaining case when r < 107'd(z) is easy, because in B(z,r), T
coincides with Z and looks like the product of R? (or T') with an (n — d — 1)-sphere, with
d(z)1" times the surface measure.

The doubling condition (H3) for 1z follows at once from the estimates above, so let us just

A+

check the intertwining growth condition (H5). We start with the case when x € F. Then
m(B(x,7)) ~ r"7 as in the standard Ahlfors regular case, u,(B(x,7)) ~ r¢ by (3.6), so
(2.7) also holds as in the Ahlfors regular case.

Next assume that z € Z. When r < 10~'d(z)
dist(X, ') =~ d(x)™7 in B(z,r), and pus(B(x,r))
m(B(z,r))r Lug(B(x, 7))t ~ d(z) 7 -d-tn,

When 107'd(x) < r < (2+2M)d(z), none of these number changes too much, so p(z,r) ~
d(x)™ 77417 as well.

Finally, when r > (2 4+ 2M)d(z), m(B(x,r)) ~ r" 7 as in the standard Ahlfors regular
case, pis(B(z,7)) ~ r? by (3.7), and so p(x,r) ~ r=7~4"1"  Now (2.7) and (H3) follow
because [n —d — 1 —~v] < 1.

, m(B(x,r)) ~ d(x)""r" because w(X) =
~ " 1d(x)? " by (3.8). Thus p(z,r) =



20 DAVID, FENEUIL, AND MAYBORODA

Thus, in the case of Lipschitz graphs, the sawtooth regions (2 that we constructed, to-
gether with the measures m on ) and us on 0€);, satisfy the requirements of Section 2.

There is a more general construction of sawtooth regions, adapted to the case when 2 is
a one-sided NTA domain (i.e., (H1) and (H2) hold) with an Ahlfors regular boundary I' —
see for instance [HM] for a first occurrence. It was used in quite a few papers later, at least
when I' is of co-dimension 1.

Before we start with a very rough description of a sawtooth construction, it is convenient
to take a collection of dyadic pseudocubes @), like the one that will be described in Propo-
sition 5.1 below. This is a collection of sets Q C I', ) € D, that have roughly the same
covering and inclusion properties as the usual dyadic cubes in R?.

Then, to each pseudocube @ € D, we can also associate a Whitney region W(Q) C £,
such that for some large C' > 1, C~! diam(Q) < dist(X,T') and dist(X, Q) < C diam(Q) for
X € W(Q). We make sure to take the W(Q) to be sufficiently large, so that they cover €.
And also, for the construction below to work, one should choose them carefully, so that they
have sufficiently simple boundaries (for instance, by requiring that each W(Q) is composed
of a finite union of cubes in a sufficiently sparse collection), and that they are well connected
with each other.

Then, we are given a one-sided NTA domain (i.e., with (H1) and (H2)), with an Ahlfors
regular boundary of any dimension d < n. We are also given a stopping time region, some
times also called regime, where one starts from a top cube )y, and one keeps a collection
S of subcubes of @)y, with some coherence conditions. For instance, if R € &, then all the
cubes S € D such that R C S C @ lie in S too. The set we want to keep access too is the
set F' of points of Qg such that all the cubes @ such that z € Q C @ lie in S. And the
corresponding sawtooth region is the union of all the Whitney sets W(Q), @ € S. We claim
that if the sets W(Q), @ € D, are carefully chosen, then the assumptions of the current
paper are satisfied. But we do not check this here, because we intend to do this in a next
paper, where this will be useful for a comparison of elliptic measures. The general idea of the
verification is the same as for Lipschitz graphs, but the details are a little more complicated.

3.5. Balls minus an Ahlfors regular set of low dimension. Let I' C R" be an Ahlfors
regular set of dimension d < n — 1, that is a set that satisfies (2.1). Consider any ball
B C R™. We want to show that the theory developed in this article applies to B\ I'. Of
course, by taking the particular case where I' = R and B C R3 centered on R, we see that
balls deprived of one diameter - as claimed in the abstract - are included in our theory.

First of all, by translation and scale invariance of the problem, we can assume that B is the
ball centered at 0 and of radius 1. In this subsection, we plan to give measures on 2 := B\ T’
and 02 = 0BU(I'N B), and establish (H1), (H2), (H3), (H4"), (H5), and (H6"). The weights
on 2 that we choose are the same as the ones in Subsection 3.2, that is w(X) = dist(X, ')~
for some v € (n —d — 2,n — d), which is natural because we expect the present domains
to appear when we want to localize problems and properties from the situation given in
Subsection 3.2. The boundary 0f2 is divided into I'y :=I'N B and I'y := 0B. And then in
the spirit of what we did in Subsection 3.4, the measure p on 0f2 is

(3.9) =+ o = oy + dist(X, D) HE
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where o is an Ahlfors regular measure that satisfies in (2.1) and ’H|"F’21 is the surface measure
on the sphere I';.

The conditions (H4’) and (H6') are the same as in Subsection 3.2. For (H3) and (H5),
we want to check that the transition between two parts of the boundary with different
dimensions goes smoothly. We only need to prove our hypotheses for r < 2, which is the
diameter of our domain, and so we assume r < 2 for the rest of the subsection. The proofs
of (H3) and (H5) works a bit like when we have sawtooth domains, in particular we have
the same type of estimates. First, for x € 02 and dist(z,I") > 2r > 0, we prove that

(3.10) O~ dist (z, T)+1=" < (B, r)) < Or" ' dist(z, [)+1",

Of course, our assumption on x and r forces py(B(x,r)) = o(B(z,r)) = 0. Moreover, the
weight dist(X, ')~ used to define ps is essentially constant on B(x,7), and added to the
facts that x has to belong to I's and ’H‘"F;l is an Ahlfors regular measure of dimension n — 1,
we deduce that po(B(x,7)) ~ r" ! dist(z, )17, The claim (3.10) follows.

Next, we want

(3.11) C~rd < p(B(x,r)) for x € 0Q and dist(z,I') < 2r.
We need to distinguish two cases. Either dist(x,T'y) > r/2, and then p(B(x,r)) > o(B(x,1/2)) >

C~'rd. Or dist(z,I'y) < /2 and we can find 2/ € T'y such that |x — 2'| < r/2, from which
we deduce

w(B(z, 7)) > po(B(2',7/2)) > C’_lrd+1_”7-l|7‘r_21(B(x’,r/2)) > C e

because H &;1 is a (n — 1)-Ahlfors regular measure.

The last inequality that we need is
(3.12) w(B(z,r)) < Ort for x € 9 and dist(z, ") < 2r.

We take a point 2’ € I" so that |x — 2| < 2r. The above claim will be a consequence of the
fact that p(B(z',3r)) < r¢. The inequality pui(B(2',3r)) < 7 is a free consequence of the
fact that T' is d-Ahlfors regular. As for uy, we divide B(2’,3r) into the strips

Sp = {y € B(«',3r), 227 Fr > dist(y, ') > 2'7*r}.

We use (2.1) to cover I' N B(a/, 10r) with less than C2%¢ balls { B;} of radius 27%r and S}, is
contains in the union of the 558;. We deduce that 'HEI(S;C) < O2k(27kp)n=1 and then

pa(B(x',3r) <Y pa(Se) < O )™ HE N (Sy) < O
keN
as desired. We let the reader check that the estimates (3.10), (3.11), and (3.12) easily imply
(H3) and (H5).

The last conditions are (H1) and (H2). The proof of Lemma 2.1 in | ] - which treats
the case R™ \ I" - can actually be repeated in our case without any changes. We obtain that
two points can be linked by 3 consecutive tubes that don’t intersect I' and stay in B. The
assumption (H2) follows by taking an appropriate sequence of points in those tubes.

(H1) is just a bit more complicated, because it requires to distinguish cases, and still relies
on what we did for R" \ T" in | . Take z € 02 and 0 < r < 2. We can find X’ such
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that B(X',r/2) C BN B(xz,r). Indeed, if x € I'y = J[B(0,1)], take X’ := (1 — r/2)z, and
if x € I'1, observe that we are further from the sphere 0B so it is easier to find such X’
(for instance X’ = s min{(1 —r/2), |z|}). We look then at I' inside B(X",r/2) C B. If
B(X',r/4)NT = 0, then X' is our point for (H1). Otherwise, we can find y € T'NB(X',r/4),
and Lemma 11.6 in | ] gives us X such that B(X,C~'r) C B(y,r/4)\T' € B\T = Q.

Maybe the reader will be interested to observe that we could replace the ball by other
sets, like cubes. We claim that we can replace B by any 1-sided NTA domain D - that is
D to satisfies (H1) and (H2) - such that 0D is a (n — 1)-Ahlfors regular set, and we let the
reader verify that all the computations above can be adapted.

3.6. Nearly t-independent A,-weights. The t-independent elliptic operators have a spe-
cial status among divergence form operators, in particular, because some control of behavior
of the coefficients in the direction transversal to the boundary is necessary for absolute
continuity of harmonic measure with respect to the Lebesgue measure — see | .

We start with the simplest case in co-dimension 1. Let w : R? — R, be any A,-weight
on R? (see [J¢, ] for details) and use it to define a weight w on RT™" = R? x R by
w(z,t) = w(zx). Then set dm(x,t) = w(z,t)drdt as usual. This is a doubling measure on 2
because w(z)dz is doubling on R? for any A, weight w.

On I' = R?, we simply put the measure du = w(z)dz. With the mere assumption that w
is doubling, we immediately get the one-sided NTA conditions (H1) and (H2), the doubling
conditions (H3) and (H4), and even the intertwining condition (H5), because u is doubling
and m(B(z,r)) ~ ru(B(x,r) NRY), so p ~ 1 in (2.6) and (H5).

We are left with the last condition (H6), and this is where we really use our assumption
that w € Ay(R9). It is easily checked that w € Ay(R") too, and now we can use Theorem
1.2 in [FIKS] to deduce the density and the Poincaré results of (HG). The reader may be
worried about a minor point. In the case of Ay weights, the authors of [F1{5] first claim the
first part of (HG) only when | I |u;|*dm — 0. This is then easy; one applies Cauchy-Schwarz
and uses the fact that 1/w is locally integrable. But then the slightly stronger version stated
in (H6), where we only assume the L' convergence, follows: by the discussion above (4.5),
our functions u; actually lie in W C L _ and their gradient of Definition 4.1 is also their

loc
distribution gradient; then the uniqueness of (H6) comes as in the case of (H6’) (see below

(H6)).

The previous verification of (H1)-(H2) can easily be extended to the case when I' C R%*!
is the graph of a Lipschitz function A : R? — R, and w € Ay(R%). We take w(x,t) = w(x)
as before, and for u the image of w(x)dx by the mapping x — (z, A(x) from R? to I'. Not
much changes, because our conditions are essentially invariant under bilipschitz mappings;
we only need to check that the Poincaré estimate (2.9) away from I' stays true, with merely
B in its right hand side, but this is all right.

Finally, we can further generalize all this to higher co-dimensions, except that we replace
t-invariance by a more reasonable homogeneity. Let us now take integers d < n — 1, I' =
R? C R™ and Q = R™\ T for simplicity, and as before w € Ay(R%). We keep du(z) = w(r)dx
on I'; but now use w(x,t) = |t|7w(z) on , with as usual v € (n —d — 2,n — d). Again
the results of this paper apply in this context, and the verification is the same as in the first
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case. In particular, observe that now m(B(z,r)) = ¥ u(B(z,r) NRY), so p ~ r*=d-177
in (2.6), with an exponent smaller than 1, and for (H6), that in a ball B such that 2B C €,
we multiply w(z) by a function [¢|~7 which is roughly constant.

Again, in such circumstances, the results of this paper are all valid, but more precise
results on the corresponding elliptic measures would need more precise assumptions on the
operators L = div AV.

3.7. Stranger measures pu. Even when I' = 0 is a nice hypersurface, the measure y on
I' does not need to be as simple as surface measure; the next example shows that it does
not need to be absolutely continuous with respect to surface measure. In dimension d = 1,
it could be given by a Riesz product, for instance, and hence one-dimensional yet singular
with respect to the Lebesgue measure.

Let Q satisfy (H1) and (H2); we need to ask this because the next assumption does not
really say anything nice on the geometry of €2. Then let u be any doubling measure whose
support is I' (so (H3) holds). We shall now define a measure m on €2 such that all the other
assumptions (H4)-(H6) are satisfied. In view of (2.6) and the intertwining condition, it is
reasonable to take

(3.13) w(X) = 5(X)""u(T' 1 B(X, 25(X))).
where we recall that §(X) = dist(X,I") for X € I'. Let us first show that

(3.14) m(B(z,r)) := / w(X)dX =~ ru(B(z,r)) for x € T and r > 0.
QNB(z,r)

To this effect, cover B(z,r) by the sets Ry, = {X € B(x,r); 278 1r <§(X) < 2_’“7“}, k>0,

and further cover each Ry by the balls By; = B(z1,,27""2r), where {2;;} is a maximal

collection of points of I' N B(x,4r) that lie at mutual distances larger than 27%~!r. Notice
that B(X, 25(X)) C B(Zk,l, 2_k+37”> for X € R, N BkJ, SO

m(Rk N Bk,l) é (27]6717’)17”,&(3(2]671, 27k+37’>> ‘Bk,l| S CQ*kru(B(sz, 27k+37’)).
For each k, the Bj; have bounded overlap, so

m(Rk) < Z m(Rk N BkJ) < C2 7k Z M(B(ZkJ, 2_k+37’)) < C27Fr ILL(F N B(Z’, 127’)).
l

We sum over k£ > 0 and get the upper bound in (3.14). For the lower bound, we use (H1)
to select a corkscrew ball B C QN B(z,r). Observe that w(X) > C~'r'="u(B(z,r)) for
X € B (because p is doubling), so m(B(x,7)) > m(B) > C~'ru(B(x,r)), which completes
the proof (3.14).

It follows from (3.14) that m is locally finite. The intertwining property (H5) follows at
once from (3.14), which says that p(x,r) ~ 1, and (H6) holds because of (H6"), by (3.13)
and because p is doubling. We are left with the doubling property (H4) for m.

So let X € Q be given, and choose x € I' such that | X — z| = §(X). For R < 6(X)/2,
m(B(X,R)) =~ §(X)u(B(X,20(X))) =~ §(X)u(B(z,0(X)) because p is doubling. For R
larger than 20(X), B(z,R/2) C B(X,R) C B(z,3R), so m(B(X,R)) ~ m(B(z,R) ~
Ru(B(x, R)) by (3.14). The doubling property follows easily.
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So in this setting too, our assumptions hold and the rest of the paper will show that there
is a well behaved elliptic measure associated to each operator L = div AV such that w(z)™'A
satisfies the usual boundedness and ellipticity properties.

4. THE DEFINITION OF THE SPACE W

We want to define the space W as the space of functions u such that Vu is in L*(Q, m),
and we wish to prove that this space is complete; more precisely that the quotient of W by
constants, equipped with the quotient of the semi-norm ||V - || 12(q,m), is complete.

However, W is not entirely defined by the fact that Vu is in L*(2,m), because we don’t
explain where the functions u are taken from. The first natural space where we could take
u from is Lj,.(2,m), but in this case recall that we do not assume enough regularity on w
to make sure that u € L} .(Q,dz), and then maybe u does not define a distribution and
we do not know the meaning of Vu. The second choice would be to take w is the space of
distributions, or in L}, (€2, dx), but nothing guarantees that the quotient of the constructed
space by constants will be complete.

To solve this problem, we use the strategy from | |, which consists in completing the
smooth functions with respect to an appropriate norm. Our spaces shall be homogeneous,
while the ones in [ | are inhomogeneous. Homogeneous spaces are slightly trickier,
because we need to quotient by constant functions to get a Hilbert space.

Definition 4.1. A function u belongs to W if u € L}, (2, m) and there exists a vector valued

function v € L?(Q, m) such that for some sequence {@;}ien € C®(Q), one has

(4.2) / IVil* dm < +oo for any i € N,
Q
(4.3) lim [ [p; —uldm =0 for any ball B satisfying 2B C 2
1—00 B
and
(4.4) lim / Vi — v|* dm = 0.
1— 00 QO

Observe that if w € W, then, assuming the first part of (H6), the vector v from the
definition is unique. In the rest of the article, if u € W, we use the notation Vu (or Vyyu
when the notion of derivative we are talking is not obvious) for the unique vector valued
function v given by Definition 4.1. In particular, we can equip W with the semi-norm

ullw = IVull L2@,m) for u e W.

We want to highlight that V- is a linear operator, but is not (necessarily) the gradient in the
sense of distribution. An example where the two notions of derivative are different is given
page 13 of | ].

Let us recall now some cases where the two notions of derivative actually coincide. First,
if L}, .(Q,dx) = L},.(2,dm) - which is the case for instance under the assumption (H6’) -

then (4.3) implies the convergence of the ¢; to w in L}, (€, dz), which in turn implies the
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convergence ¢; — u in the sense of distribution. So the only possible limit of Vi, is Vu,
where Vu is the derivative taken in the sense of distributions.

Let us present another case, given on page 14 of | ]. Let the measure m be absolutely
continuous with respect to the Lebesgue measure, so that there exists a weight w satisfying
dm(z) = w(z)dzx. Assume in addition that w belongs to the Muckenhoupt class As. Then the
measure m satisfies (H4) and Vyyu is the distribution gradient of u in Q. See Subsection 3.6
for a bit more information.

In general, Lemma 1.11 in | | shows that
(4.5)

if u is compactly supported and Lipschitz, then v € W and Vyu is the usual gradient.

The proof of (4.5) uses the fact that m is absolutely continuous with respect to the Lebesgue
measure.

We now show that the Poincaré inequality given as (H6) extends to all functions in W.

Lemma 4.6. Let (2,m) satisfy (HG). Then for any ball B such that 2B C Q and any

u e W, one has
1
3
][ |u —up|dm < Cgr <][ |Vul? dm> ,
B B

where ug stands for fB wdm and r is the radius of B.
Proof. By definition of W, we can find a sequence of functions o; € C*(Q) such that
1—>00

lim f |p; —uldm =0
B

and

>
lim (f Vi — Vul? dm) =0.
1—00 B

Let ¢; g stand for f, ; dm; then for i > 0

][\u—u3|dm§][ ]goi—goi,B]dm—l—][ loi —uldm + |vip — up
B B B

< Cer (][ ]Vgol-|2dm) —|—2][ loi —uldm
B B

< Cor (f rVuPdm)  Cor (f Vi - Vuwzdm) T 2f 01 — ul dm,
B B B

where we use (H6) in the second inequality. Taking the limit as ¢ — oo gives the desired
result. O

We have the following nice improvement of Lemma 4.6 by Keith and Zhong [I{”], where
it is enough to control |Vu| in some LP norm, p < 2.
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Lemma 4.7. Let (2, m) satisfy (H4) and (H6). There exists py € [1,2) such that for any
P € [po, 2], any ball B satisfying 2B C €, and any u € W,

(4.8) ][ |lu —up|dm < Cr (][ |Vu|pdm) ’ :
B B

where ug stands for fBudm and r 1s the radius of B. The parameter py and the constant
C depends only on Cy and Cy.

Remark 4.9. If (4.8) is true for some py < 2, then it holds for all p € [pg, 2], by Jensen’s
inequality.

Proof. The Poincaré inequality (2.9) holds for all locally Lipschitz functions according to
Lemma 4.6, (4.5), and the fact that (2.9) is a local property. We deduce that our metric
measured spaces (B, |.|,m) are doubling spaces that admit a (1,2)-Poincaré inequality in
the sense of [[{Z], and the doubling constant and the Poincaré constant are uniform on
the balls B. Theorem 1.0.1 in [I[X”] applies, so we have the existence of p € (1,2) and
C' > 0 independent of B such that our spaces (B, |.|,m) admit a (1, p)-Poincaré inequality
with constant C', which means in the terminology of [I{/] that (4.8) holds for any locally
Lipschitz function. The proof of (4.8) for all W then follows from the same density argument
as in the proof of Lemma 4.6. O

We end the section with a simple but useful lemma.

Lemma 4.10. Let (2, m) satisfy (H1), (H2), and (H6). Take w € W. Then ||ullw = 0 if
and only if u is m-almost everywhere equal to a constant function.

Proof. First, constant functions are in C*°(£2). So if u matches a constant function ¢ except
maybe on a set of m-measure 0, we can take v = 0 and ¢; = ¢ in the Definition 4.1. By the
uniqueness of v = Vu, we deduce that Vu = 0.

Conversely, let uw € W be such that ||u|lw = 0. By Lemma 4.6, for any ball B such that
2B C Q, we have that [, |u — up|dm = 0, which implies immediately that v = ug m-a.e.
on B. Yet, Q is connected (and can even be connected by a chain of balls {B;}; satisfying
2B; C Q, thanks to Proposition 2.18), so u is m-a.e. equal to a constant function. 0

5. THE ACCESS CONES AND THEIR PROPERTIES

In all this section, we assume that 2 satisfies (H1)-(H2) and that the measures p and m
satisfy (H3) and (H4). We also choose to take I' (and thus €2) to be infinite. This assumption
is not part of (H1)—(H4), and is not even necessary for our proofs to work. The proofs of the
bounded and unbounded cases only differ slightly, but will require us to separate cases. We
will present the infinite case - which we plan to use in future articles and which we believe
is less common - and we shall discuss the differences in Section 13. We first describe the
dyadic decomposition of (I', 1) of M. Christ (see [C'h, Theorem 11]).

Proposition 5.1. There exists a collection of measurable subsets - we call them cubes by
comparison with the FEuclidean case - {Qf, keZ,je Tk}, and some constants n, ag, C -
all of them depending only on C5 - such that

(i) T = U,y QF for all k € Z.
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(it) If £ > k, then either QF C Q% or Qi N Q% = 0.
(111) For each pair (k,j) and each < k, there exists a unique i such that Qf C Q.
(iv) diam Q% < 27,
(v) Q% contains some surface ball B(zF,ap27 ") NT.
(vi) p({z € QF, dist(z, T\ Q) < p27*}) < Cp"u(QF) for all k € Z, j € Ty, and some
constant p > 0.
We shall denote by Dy the collection

Dy, = {Q%, j € Ti}

D::U]Dk.

keZ

and by D the collection

Remark 5.2. An element of D is given by a subset @ of I' and a generation k. Indeed, if we
only know the set @), contrary to dyadic cubes in R", we cannot be sure of the generation.
Despite the above comment, we shall abuse notation and use the term ) for both an
element of D and the corresponding subset of I'. We write k(@) when we want to refer to
the “dyadic generation” of the cube ) € D, that is the only integer k such that @ € Dy.

The length of a dyadic cube is £(Q) = 27*@),

The conclusion (vi) will not be used in this article, but we wanted to state the complete
result of Christ nevertheless. Moreover, properties (iv) and (v) of the decomposition implies
the existence of zg € I' such that

(5.3) B(zg,mq) NT' C Q C B(zg, Rg), with rg = a¢l(Q) and Rg = ¢(Q).

When @ € D and A > 1, we also use the notation A\Q for the set {x € I' : dist(z,Q) <
(A=1)£(Q)}. As a consequence, if () and @’ are from the same generation, i.e., k(Q) = k(Q'),
and @ and Q' are adjacent, i.e., 0Q N Q' # 0, then Q' C 2Q.

Also, as in the first pages of [Ste], we can define a Whitney decomposition of 2 C R"
made by (true) dyadic cubes. To do this, take a dyadic decomposition of R™ by cubes
I, ordered by inclusion, and we define W as a the set of dyadic cubes I C € for which
4 diam I < dist(41,T") but the parent I’ of I - that is the only dyadic cube I’ D I satisfying
(1) = 20(I) - doesn’t satisfy 4 diam I' < dist(41',T"). It is easy to check that W is a
non-overlapping covering of 2, that for I € W

(5.4) 4 diam I < dist(47,T") < dist(Z,I") < 12diam(])
and if I, I € W are two adjacent cubes
diam I; 1
. -1, 2}.
(5:5) diam I € {2

Let us write X; for the center of I € W, ¢(I) for its side length (thus ¢(I) ~ diam I), and
k(I) for the integer k that satisfies £(I) = 27%.

Now, let us match the dyadic decomposition D of I" with the Whitney decomposition W
of Q2. For each ) € D, we define Wy, as

(5.6) Wo :={IeW, C;(Q) < ¢(I) and dist(I,Q) < 2(Q)},
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where C;! = C(Cy,n) > 1 is chosen in the following next lines. Set Xy as a Corkscrew
point associated to a point zg € 2@ and a distance £((Q)), that is Xo € B(zg,¢(Q)) and
B(Xg,0(Q)/Cy) C Q. The point Xg belongs to some I € WW. Observe that

dist(Ig, Q) < | Xg — zo| + dist(zg, Q) < 20(Q)

and

(1) > dist(Xq,T) >

1 1
677 Z 160, v Q)
we can pick the constant C, in (5.6) as for instance 1000C;+/n, so that I € Wy. But
the choice of C, doesn’t really matter (as long as it is big enough); we can choose it as
an additional parameter and make the future results depend on C, too. Now define the
associated Whitney region

(57) Ug=J 1.
IEWQ

which contains by construction of Wy all the Corkscrew points associated to a point z € 2¢Q)
and the distance £(Q)). We also define, for each x € T', the “dyadic access” cone

(5.8) y(x) = U Ug.

QeDh: Q3x

We also need cones with a “larger aperture”. We consider the collection Wg of dyadic
cubes that meet B(X,0(X)/2) for some X € Ug U Ug, where @) is the parent of ¢). Thus,
when I € Wy, 6(X;) =~ £(Q) with constants that depends only on C, (i.e., n and C1), so each
couple of centers X7, Xp, I, I' € Wg, can be linked by a Harnack chain (see Proposition 2.18).
We define W, as the collection of cubes in VW that meet at least one of those Harnack chains
from (2.14), and finally define

(5.9) Up=J 1

and, for z € I, the cone

(5.10) Y= | U

QeD: Q3
We shall also need the truncated cone
(5.11) o) = J Uy,
Qled: zeQ’
€QH<UQ)
and the “tent sets”
(5.12) Ty = U 1o(x) and  Thg := U 75().
z€Q r€2Q

The following standard properties of the sets above are easy to check. The cones v(z), v*(z)
are such that v(z) C v*(x) and

(5.13) (X)) >l X —x| for X € y"(x).
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The Whitney regions Ug and U, are such that Ug C Uf) and

(5.14) Q) < dist(Up, Q) < dist(Ug, Q) < diam Ug < diam Uy, < ¢(Q),
where the constants depends only on n, Ci, and Cy. The tent sets Ty and Thg satisfy
(515) B(ZQ,T,Q) NnQC TQ - TQQ C B(ZQ, R/Q),

where 2z is as in (5.3), and g, Ry ~ £(Q). Indeed, the second inclusion is easy; for the
first one, observe that if Z € B(zq,rq) with 7, small enough, then any point in I" such that
|z — Z| = 0(Z) lies in B(zg,rqg), where rg = apl(Q) as in (5.3). The point Z is a Corkscrew
point for 2z, so Z € (z), and as long as 7y, is small enough, it is also in v;(z) C T. The
measure of the various sets that we just introduced are given by the following lemma.

Lemma 5.16. Let Q € D and x € Q). Then
(i) 1(@Q) ~ (B, (@),
(ii) m(Ug) ~ m(Ué() %)m(B(x,E(Q)) neQ),
m(Ug
(iir) p(z, U(Q)) = Zama
In (i), the constants depends only on Cs, and in (ii) and (iii), the constants depend also on

n, Cl, CQ, and 04.
In particular, we can define p(Q) as

. m(Up)
47 D= LQQy
and if (H5) if satisfied, we have
p(Q") AN
15 <o)

where C' > 0 depends on n, C to Cs.
Proof. Let us prove (i). By (5.3) and (H3),

Q) < (B2, Rq)) < p(B(x,2Rq)) < n(B(x,£(Q)))
and

p(B(z, Q) < n(B(2q,2Rq)) S 1(B(2q,70)) < 1(Q).
The assertion (i) follows. As for (ii), since Ug, U are Whitney regions associated to @,
(5.14) shows that we can find K > 1 and X € Uy such that

B(X,K~Y(Q)) C Uy C U, C Bz, KI(Q)) NQ C B(X, K*(Q)).

The assertion (ii) is now an immediate consequence of (H4), the doubling measure property
for m. The conclusion (iii) is no difficulty from (i) and (ii). O

One can also easily check that the number of dyadic cubes in W is uniformly bounded.
Indeed, the cubes in W, are pairwise disjoint, and their diameters are all equivalent to the
diameter of Ug) - which is their union. One can also easily check that Up is connected (by
construction, we linked the points in Ugp U Ug by Harnack chains). So since W) is only
constituted of dyadic cubes, for any couple I, I' € W), we can find a sequence of cubes in
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W, linking I to I', where two consecutive cubes are adjacent; the sequence has uniformly
bounded length because there is a bounded number of cubes in Wy,. We summarize these
conclusions in the following lemma.

Lemma 5.19. There exists Ny := No(n,C1,Cs) € N such that for Q@ € D and I, 1" € W),
we can find a collection {I;}o<i<n, of cubes in W( such that

(i) Iy=1, Iy, =T,

(i1) for anyi € {1,...,No}, Ii—1 and I; are adjacent or equal.

As a corollary, we get the following result with balls instead of cubes.

Lemma 5.20. There exists Ny := No(n, C1, Cs) € N such that for Q € D and for I, 1" € Wy,
we can find a collection {B;}o<i<n, of balls such that
(’L) 2B; C Q and B; C Ué,
(i1) By is B(Xy,¢(I)/2) and By, is B(Xp,((1')/2),
(111) for any i € {1,..., No}, we have r; = ((I), where r; is the radius of B;,
() for anyi € {1,..., Ny — 1}, one has |X;41 — X;| < r;, where X; is the center of B;.

Proof. We construct the sequence of balls { B;} from the sequence of dyadic cubes {/; }o<i<n,
as follows. We replace each cube I;, i < Ny, by n + 2 balls {B’}o<j<ni1, according to the
following procedure:

e If [, is smaller than I;, then since I; and I;,; are adjacent, hence ¢(I;) = 20(1;.1)
by (5.5). So up to translation, rotation, and dilatation, I; is the cube [0,4]" and ;11
is the cube [—2,0] x [0,2]*"!. In this case, we take B° as the ball with center at
(2,...,2) - the center of I; - and radius 2, the balls B/, 1 < j < n, are centered on

(2,...,2,1,...,1)
n—j j
and are of radius 1, the ball B"*! is centered on (0,1,...,1) and again of radius 1.

o If [, .1 has the same size of I;, yet is different from I;, then up to rotation, translation
and dilatation, I; = [0,4]" and I;;; = [—4,0] x [0,4]""'. The B’ have the same radius
2, B is the ball centered on X7, = (2,...,2), and all the other balls B’ are equal
and centered on (0,2,...,2).

e If [;,; is bigger than I;, then as before we necessary have 2¢(1;) = ¢(I;41). So up to
translation, rotation, and dilatation, I; = [—2,0] x [0,2]""! and I,1; = [0,4]™. All the
balls have but the last one have radius 1 and B"*! has radius 2; B° is centered on
(—1,1...,1), Bt is centered on (0,1,...,1), and for 2 < j < n+1, B, is centered on

(1,...,1,2,...,2).
—— ——
nt2—j  j—1
o If I,y = I;, then B’ is always the same ball B(X7,, ((I;)/2).
We replace I, by the ball B(X7y ,{(In,)/2).

The balls that we constructed satisfy (i), because first B/ C I; U I;;; and second, the
Whitney cubes I; satisfy (5.4), which ensures that 2B7 C €; (ii) and (iv) are not hard to



ELLIPTIC THEORY IN DOMAINS WITH BOUNDARIES OF MIXED DIMENSION 31

check by construction, (iii) comes from the fact that all I; have similar radius (equivalent to
the diameter of Up). The lemma follows. O

We shall use the last lemma to prove quantitative connectedness on the sets U, 7(5(95),
and Tp. We start with a definition.

Definition 5.21. We say that a (bounded) set D C (2 satisfies the chain condition C(x, M),
where k € [1/2,1), if there exists a distinguished ball By C D such that for every z € D, there
exists an infinite sequence of balls By, By, ... (called chain) with the following properties:

(i) for i € N, we have B; C D and 2B; C Q;
(ii) for i > 0, z € M B;;
(iii) for ¢ > 0, one has

M~Y(diam D)’ < r; < M(diam D),

where r; is the radius of B;;
(iv) for ¢ > 0, if X denotes the center of B;, we have | X;11 — X;| <r;

Remark 5.22. The definition above is shamelessly inspired by the C(A, M) condition in
[ ]. Notice that x in our condition doesn’t correspond to A in the chain condition of
[ ]. Indeed, k is fixed equal to 1/2 in | |, while the X in | ] doesn’t really have
an equivalent in our condition. However, these technicalities don’t really change the core the
proofs.

Lemma 5.23. For every k € [1—n"'2 1), there exists M := M(x,n,C1, Cy) such that each
Whitney cube I € W, and each set U, Q) € D, satisfies the chain condition C(k,M).

There ezists k € [1/2,1) and M > 1 - both depending only on n, Cy, Cy, and Cy - such
that for any Q € D and any v € 2Q, the sets v;(x), Ty, and Taq, satisfy the chain condition
C(r, M).

Proof. We start with an (open) Whitney cube I € W. Take x € [1—n~'/2,1). We choose the
distinguish ball associated to I as By := B(Xy, £(I)/2). Then we take X € I and we construct
the chain of balls {B;};>o as follows. For i > 1, the ball B; has radius r; = k*¢()/2 and its
center X; is the closest point to X on the segment [ X, X| which satisfies | X; — X; 1| < r;4
and dist(X;,07) < r;. If M = /n, the points (iii) and (iv) of Definition 5.21 are true by
construction, as well as the fact that B; C I. The condition 2B; C (2 is true because we
have B; C I and (5.4). The condition (ii) of Definition 5.21 holds because we chose x large
enough to ensure that we can get (at least infinitely close) to X at some point.

Now let k € [I—n~"/2,1) and Q € D be given. We want to prove that the sets U¢, satisfy the
chain condition C'(, M) for some M. We choose I as any dyadic cube in W) (the choice is
not important here), and then we choose the distinguished ball By as B(X},, ¢(Iy)/2). Take
then X € Ué. There exists I € Wé such that X € I. The balls B; are constructed as
follows: {B;}o<i<n, is the collection of balls linking the center of Iy to the center of I given
by Lemma 5.20, and the balls {B;};~n, are the chain associated to the cube I and the point
x that we constructed above. We can check that the chain satisfies all the conditions of
Definition 5.21 when M is large enough.
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We turn to the proof of the chain condition for the sets 75 (x). For each j € N, we define Q;
as the dyadic cube in D;; () that contains z. Choose for X; a Corkscrew point associated
to x and £(Q;) = 2774(Q). By construction of Wg,, we can find a dyadic cube I/ € Wy,
that contains X;. We construct the chain {B;} as follows: for j € N, {B;};ny<i<(j+1)n, 18
the collection linking the center of I’ to the center of I?™! given by Lemma 5.20 (recall that
both I’ and I’*! are in W, ).

Now let us take X € ~. By construction, X lies in Ug?m for some j(X) € N. We
construct the chain {B; };>¢ as follows: if i < j Ny, then B; = B;; and then the chain {B; };>;n,
is the one used to prove that Up  satisfies the chain condition C(k, M) with r = 2~ 1/No,

At last, we shall prove that Ty and Thq satisfy the chain condition C'(k, M) for k := 2~ 1/No
and for some M independent of (). We only prove it for Tsg, since Ty is very similar. It is
actually an easy consequence of the chain condition of 4 () and of Ug. Indeed, we chose the
distinguish ball B of ya(x) as a ball centered on a dyadic cube I§ containing a Corkscrew
point associated to (z,¢((Q))). However, by construction of Wy, all the B C I are subsets
of the same Uy C Upj. So we take any Iy € Wy, we chose By := B(Xp,, ((lp)/2) as the
distinguish ball. Take then X € Ty, and pick x € 2Q) so that X € 75@) We construct the
chain between the distinguish cube By and X as the concatenation of the chain (of finite
length) linking By to B given by Lemma 5.19 and the one linking Bf to X given by the
fact that 75 (z) satisfies the C(x, M) chain condition. The lemma follows. O

We may now extend the Poincaré inequality given in (H6) to domains that are not balls.

Theorem 5.24. Assume that (2, m, p) satisfies (H1)-(H/) and (H6). Let py € (1,2) be as
in Lemma 4.7, and take p € [po,2].

Let M > 1 and k € (1/2,1). Assume that D C Q) satisfies the chain condition C(k,M).
Then there exists k > 1, that depends only on Cy, such that, for any u € W,

1/pk
(5.25) (][ lu — @|P* dm) < C'diam(D (][ |Vul? dm) :

where u is the average of u on any set E C D satisfying m(E) > c¢m(D), and where C' > 0
depends only on k, M, Cy, Cg, and c.

In particular, for any cube Q@ € D and any x € 2Q, (5.25) holds for D = U, v5(x), Ty,
or Ty, and the constant C' depends now (only) on n, Cy, Ca, Cy, Cg, and c.

Remark 5.26. The theorem gives in particular that any function v € W lies in L*(D), where
D is any domain that satisfies the C'(k, M) condition for some x and M. In particular D
can stand for 75 (), Ty, or Ty, despite the fact that none of these domains are relatively
compact in €.

Remark 5.27. We can apply the theorem when D = 2B, where B is a ball such that 2B C (),
and u € W vanishes a.e. on 2B \ B; then we can take £ = 2B\ B and (5.25) becomes

(5.28) (]i || dm> o < O diam(B) <]é |VulP dm)p,

because u = |Vu| =0 a.e. on D\ B = 2B\ B anyway.
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Proof. Let us not lie, our proof is the one of | | with very small modifications. But
we write it for completeness (and since it is quite short and fun). Also, in all the proof, if
S C D, then ug denotes fyudm.

Let By C D be the distinguished ball given by the C'(k, M) condition. Also write r for
the diameter of D. From (ii) of Definition 5.21, the radius 7 of By is equivalent to r, so we
deduce from (H4) that m(Iy) ~ m(D). As a consequence,

1/kp 1/kp
(][ |u—a|kpdm> < (][ |u—uB0|kpdm) 1 — us,|
D D
1/kp
< (][ |u—uB0|kpdm) —i—][ |u — up,| dm
D E

1 i 1/kp
< | ——_ _ P
~(m<D>/D|“ U m)

by the Holder inequality and the fact that m(E) ~ m(D).

So it is enough to prove the theorem when @ = up,. Besides, without loss of generality,
we can assume that up, = 0. Our goal is to establish a weak-type L?— L estimate for ¢ > p
that will be improved into a strong LY — LP estimate for ¢ € (p, ¢) by a standard argument.

Let Z € A; := {|u] > t} be a Lebesgue point for u, i.e., a point Z such that

r—0 By ball of radius r
and z€M By

lim sup ][ |u(X) —u(Z)]dm(X) =0.
By
It is well known that the Lebesgue points have full measure, i.e. m(A4;) = m({Z €
Ay, Z is a Lebesgue point}).

Let By, By, ... be the chain assigned to Z and given by Definition 5.21, and write r; for
the radius of B;. Pick a ball B! C B; N B;;; with radius comparable to r; (and r;41); it is
indeed possible since r; & 1;41 and, thanks to (iv) of Definition 5.21, the center X, 1 of B,y
belongs to B;. Since Z is a Lebesgue point of u and since the chain {B;};>¢ satisfies (ii) and
(iii) of Definition 5.21,

< |U(Z) - UBO| S Z |UBi - U’Bi+1| S Z (luBz - uB{l + |U’Bi+1 - uB;|)

1€N 1€EN

<3 lu-un|+ fu = s, dm

ieN
dm—l—][ \u—uBi+1|dm).
Bit1

sz(ﬁiru_m

€N
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Poincaré’s inequality (HG) implies that

t<TZ€ZNH K][ yvu|pdm> +(]£M !Vu!pdm>i]
<y e(f rVurpdm) >

€N

which can be written, when € > 0, as

(5.29) <][ |Vul? dm) >tz th“
i€EN

ieN

The estimate above proves that there exists 7, such that

'z

P

|VulP dm) > tr'ze
hence, taking the power p and writing the average explicitly,

(5.30) Kz (B, ) < (g)p / Vul? dm.
BiZ

Condition (ii) of Definition 5.21 gives that Z € M B;,. Another way to say this is that B;, C
By := B(Z,ry) for some rz ~ r;, ~ r'?r. Moreover, due to (H4), m(B;,) =~ m(BzN) and

—izd > <L>d L m(B(Z)NQ) o m(D)
~A\rz m(BzNQ)  ~ m(Bz;NQ)’

where d is the exponent d,, given in (2.5), and where we recall that r := diam D. We can
freely assume that € < 1, and (5.30) becomes

(5.31) m(By N Q)HE DR/, (py(i-op/d < (;)p / Vul? dm.

B;ND

The balls By, where Z € A, is a Lebesgue point, cover almost all of A;. Hence the Vitali
covering lemma entails that there exists a collection of pairwise disjoints balls Bz, j € J,
such that A, C QN (Ujej 5BZj) modulo a negligible set. We fix e such that 14 (e —1)p/d =
1—p/(d+p)=d/(d+p), that is (e — 1)p/d = —p/(d + p). Then

m( AP < [Zm(5BZj nQ) < Zm(sz N Q)4/(@+p)

jed jed

r\P
< m(Dy/e Z /B Vuldm < m(DY/ @ /D Vul? dm
Z

} d/(d+p)

by the covering property, because d/ (d+p) < 1, then by (5.31), our choice of €, because the
exponent for m(D) is (1 —€)p/d = —-1+[14+ (1 —¢)p/d] =1 —d/(d+p) = p/(d+ p), and
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finally because the By, are disjoint. Written differently, we proved that

m(Ay) 7\ Pld+p)/d p(d+p)/d
< z P
oy << (&) wuran}

or in other words u lies in the weak Lebesgue space e/ d(D). We can use this and the

Cavalieri formula to estimate ||u||zq(py for any ¢ < p(d 4 p)/d, and get that

(][ |u—uB0|qdm)q = <][ |u|qdm) ' <Cyr (][ |Vu|pdm>p;
D D D

Theorem 5.24 follows. 0]

Remark 5.32. A careful inspection on the proof would show that we can prove

1 1/q 1 1/p
<—D lu — u|qdm) < C,diam(D) (—/ |VulP dm) :
m(

for every ¢ < o0 if p > d and every q < 7= 1f p < d. So in Theorem 5.24, if 2 > d, we can
take for k every positive value, and if 2 < d k can take every value smaller than d/(d — 2).
6. THE TRACE THEOREM

As in the previous section, we assume that I" and €) are infinite, but the results of this
section, in particular Theorem 6.6, and Lemma 6.20, still hold when I' and/or € are finite.
We shall discuss this again in Section 13.

Let us first play a bit with the dyadic decomposition D, Holder, and Fubini.

Lemma 6.1. Assume that (Q, m, u) satisfies (H1)-(H3) and let ¢ > 1. For g € L1(Q2,m),

q
Zm(Ué)l’q (/ gdm) < C/ lg|? dm,
Uy Q

QeD

where C' depends only on constants C to Cs, n and q.

Proof. The Holder inequality implies that for every Q) € D,

(L) (1,

Q

Ig(Z)qum(Z)> m(Ug)"!

We sum over the dyadic cubes @) to get that

S im(U)! (/ gdm> <3 / 2)[dm(2)

QeD QeD

< / 9(2)'h(Z) dm(Z)

Z) = Z Ly (Z)

QeD

by Fubini’s lemma, and where
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The sets U, are Whitney regions associated to the cubes @, so Z € Uf, implies that 6(Z) ~
U(Q) = dist(Z,Q), and for each Z there can be only a bounded number of such dyadic cubes
in D (the number depends only on n, Cy, Cy, C3). Hence h(Z) < 1 and

S (U1 (/ gdm> / 19(2)]7 dm(2).

QeD
The lemma follows. 0

We also need the following Hardy inequality.
Lemma 6.2. Let ¢ > 1. Assume that {s;}icz is a weight on Z that satisfies

(6.3) <00 fori > j,

Sj
for some positive constants Cys and €. Then, for [g;|icz € (U2, s;),

q
> s (Z &m) <CY silgil,

keZ i>k i€Z
where C' depends only on q, € and Cs.

Remark 6.4. 1f g; = 0 for i > iy, then we only need to require (6.3) for ¢ < 4.
Proof. Let & = €¢/2 > 0. Then by Hoélder’s inequality

q q
(Z Sigi) = (Z 21&51'21'&91’)
i>k i~k

q—1
< (Z 2ia|8i2iagi’q> (Z 2ia>
>k i>k

5 2—ka(q—1) Z 2—ia’8i2iagi|q
i>k
because o > 0. We sum in k € Z and then apply Fubini’s lemma to get

q
D s (Z Sigi) S (@)Y 2 s 2|

keZ i>k keZ i>k
S E 27" 5,2 g, | E (2%sy) 2
i€z k<i

By (6.3), 2is; = 2ia=e)gie5, < gila—e)gheg, — gli=k)la—e)ghag, for k < i: then
Z(Zkask)l—q 5 Z(ziasi)1—q2(k—i)(e—a)(q—1) 5 (21‘0481‘)1—q7

k<i k<i
because ¢ > 1 and a < e. This yields

q
Z s ! (Z Sigz‘) S Z silgil?

keZ >k 1E€EL
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and the lemma follows. O

The aim of the section is to show that the functions in W have a trace, and that the traces
lie in the space H defined as
(6.5)

_ _ 2
H = {g I' - R; g is p-measurable and// |x yl*lg(x) — 9(y)|

(B(z,|x —y[) Q)

du(y)dp(z) < +OO},

where p is as in (2.6). The space H is equipped with the semi-norm

ol (// ‘5’3 1 y‘|w|g(y|)) ﬂig)yﬂz dﬂ(y)du(w));

(adding a constant to g keeps ¢ in H and does not change ||g||x)-
The existence of traces is given by the following result. Recall the nontangential cones
v(z), z € T, from (5.8).

Theorem 6.6. Assume that (2, m, ) satisfies (H1)-(H6). There exists a bounded linear
operator Tr : W — H (a trace operator) with the following properties. The trace of u € W
is such that, for p-almost every x € T,

(6.7) Tru(zx) = lim udm

X5@ I B(xs(x)/2)

and even, analogously to the Lebesque density property,

(6.8) lim |u(Z) — Tru(z)|dm(Z) = 0.

29 B s(x)/2)

Proof. For x € T" and k € Z, we write Try u(x) for any quantity
Tre u(z) = ][ W(Z) dm(2),
B(X,6(X)/2)

where X is picked in Ugr(,) and Q" (x) is the only set in Dy containing z. Keep in mind that
Tri u(x) is not uniquely defined, but the estimates on Try u that will be proven here hold
with a constant independent of the choice of X € Ugk(,y. For the rest of the proof, we also
write BY for B(X,0(X)/2) when X € Ugs(,). For any couple of integers k < j, one has

|Tr; u(x) — Trpu(z)| < Z |Tr; 1 u(z) — Tr; u(z)|

k<i<j
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and then for all ¢ € Z, since both B:~! and B! belong to U, hi(z) DY construction,

][ wdm — ][ udm| + ][ wdm — udm‘
i—1 i *
Be Q’( ) ® UQ’( )

- u(Z) - ]{B;_ludm’ +|u(z) - ][éude dm(2)

<o (][ * |Vu<Z>|pdm<Z>> R

Qi(x)

Trios u() — Tryu(a)]| <

where the last inequality and the parameter p € (1,2) are given by the Poincaré inequality
(Theorem 5.24). The combination of the two proves that

(6.9) |Tr; u(x) — Trpu(z)| S Z 27" < (0%, (x)/ |Vu|pdm> :

i=k+1 Vai)

Take @* € D and write k* for k(Q*). Let us prove that (Try u)g>g+ is a Cauchy sequence
in L?(Q*, u). We integrate in z to get

(6.10)

/ \Trju—TrkuIZdu,S/ Z 27" (U—*/ ]Vu|pdm> dx
* * Ql :L'))

=k+1 Qz(ac)
< / EJ: 27'p(x,27") / zj: 2 du(x)
e |, m(Uéi(x))Z/p U Z.:Hlp(%?_i) ’

i=k+1 Qi(=)

=

hSEIN]

|Vu(Z)|pdm(Z)>

where we use Cauchy-Schwarz’s inequality for the last line, and where p is the function
defined in (2.6).
From now on, let ¢ = C5* denote the same small constant as in (H5). Then (2.7) says
2—i(1—5) 2—k*(1—5)
that — < —, and hence
p(x,270) ™ p(x,27%7)

J —1 —k* J _EFN\ —€ R+
> S n S > <2 : ) 2 gt
S P27 7 pla, 278 L \ 2 p(z,27%")

AN

Moreover, thanks to (2.6) and Lemma 5.16,

m(B(z,27)N Q) mUb,)
2-iu(B(z,27%)  27iu(Qi(x))’

(6.11) p(x,27") =
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We deduce from (6.10) and the two last estimates (including (6.11) for k&* for the second
line) that

/ | Tr; u — Try ul*dp

k* Ux 1-2/p
S > Q“) (/ * |w<Z>|pdm<Z>) )

i=k+1 Qi(=)

w —(k—k*)e m(Uy; x))1*2/p
S m(Ué*) 2 /Q*Z;l 1(Q(z)) /U*

Q¥ (x)
27 27 Q") ek 1-2/
= U* p /
(Ug* 22 m .

>k QED Q

hSEIN]

AN

IVU(Z)Ipdm(Z)> dp(x)

P

|VulP dm) ,

where for the last line we decomposed Q* into cubes Q = Q'(x) for each i. We write €2, for

QQ*,k = U 722k(x) = U Ugga

* QCQ*
e RQ) <k

(see (5.11)), so that the difference of traces is bounded by

/ | Tr; u — Tryul dp < —2_2k*u(Q*)2_(’“_k*)€Zm(U*)l_Q/p / Lo,.
S ~ (U N vy Ot

QeD Q

SIS

VulP dm)

Now we use lemma 6.1 with ¢ = 2/p and g = Lo, , VulP to obtain that for j > k > k*

272k* * .
(6.12) / | Tr; u — Tryul? dp < ﬁ?*’k_k )E/ |Vul2dm.
The last result is pretty nice, and just keeping the information that for each Q*, || Tr; u —
Try, u||%2(Q*,du) < C(u,@Q*)27% for j > k > k*, we get that the series >, Tryqu — Tryu
converges normally in every L?(Q*,du), hence in L2 (T, ) and p-almost everywhere. That

loc
18,

Tru(zx) = lm Trpu(z) = lim u(Z)dm(Z)
Foee XS5 B0 /2)

exists for pu-almost every x € I" and by (6.12)

9-2k* (O )
(6.13) / | Trpu — Trul® dp < ¢2_(k_k )6/ |Vul2dm.
The estimate (6.13) is not strong enough to imply the Lebesgue density property (6.8).
However, observe that for £ < j and X € Ug, (),

][ |u — Trju(x)| dm < ][ lu — Trpu(z)| dm + | Trj u(x) — Trg u(z)|
BE BE

T
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and, thanks to Lemma 4.7 (improved Poincaré inequality) and the fact that m(Up,) ~ m(B¥)
(by (H4) and Lemma 5.16),

][ lu — Tryu(x)|dm < 27F (7[ |Vul? dm)
Bk -

QF (x)

P

Together with (6.9), this implies that

J
~ 1
lu — Trju(z)dn <y 27° —*/ |VulPdm
]i’é ’ Zk m(Ugiw) Ju,

Q*(z)

p

We integrate on x € I' and invoke Cauchy-Schwarz’s inequality and Lemma 6.1 to get,
analogously to (6.12),

2 —2k* *
2 .
/ (][ |u — Tr; u(x)| dm) du(x) < ¢2_(k_k )6/ |Vul2dm.
2E€Q* Bk m(UQ*) Qo* &

The right-hand side does not depend on j; we take the limit as j approaches +oco0 and obtain

2 _9L*
2 2k * .
/ (][ |u — Tru(x)| dm> du(x) < ﬁ?“ﬂfk )6/ |Vul*dm.
zeQ* \J Bk m(Ug.) Qo= k

It follows that © — f4. |[u — Tru(z)| dm converges to 0 in L7, (T, u) as k — 400, and this
implies the Lebesgue density property (6.8).
It remains to prove that Tr is a bounded operator from W to H. If x,y € I', we write

k(z,y) for the only integer k that satisfies 27571 < |z—y| < 27%. We use (6.5) and decompose
the integral as

| Tl = / / nlt = TR SO o) o

!:C - 3/!) naQ)
/ / |“7 - y| ‘Tik(zlfc —(y|));w§)k($’y) SO 4uty) duo)
=0 + 1)+ I5.

Let us first treat the term I3. More precisely, we start with the difference | Try(y ) u(z) —
Tri(a,y) u(y)|. To lighten the notation, write k for k(z,y). As before, denote by Bj and B
the balls used to define Trj, u(x) and Try u(y). That is, Bf and B} are such that

Tryu(z) = ]ék u and Trpu(y) = ]ék u.
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Since the balls B, B lie at distances at least ¢27% from the boundary T' and at most C27*
from each other, the Harnack chain condition (Proposition 2.18) says that we can find a
chain of balls joining B* to Bg, with uniformly bounded length, staying at a distance at

least c27% from the boundary and at distance at most C27* from both z and y. We define
ng”y as the union of the cubes in VW that meet one of the balls of the chain. From what we
just said, P}, is a Whitney region associated to both (z,27%) and (y,27"), and so it is the
union of a bounded number of adjacent cubes in V. Therefore, similarly to the sets Uf,
P}, satisfies the C(k, M) chain condition for some uniform #, M and is thus fitted for the
Pomcare inequality. These observations allow us to use Theorem 24 and write

][ udm — wdm 5][ u—][ udm’dm
Bk Bk Bk Bk

1
< _ d ‘d

< _27km(Pf7y)§ /
~ o m(Bg) P

| Trp u(z) — Trpu(y)| =

o=

z,y

|Vu|? dm)

Since both Pf’y and B* are Whitney region associated to y and 27% (i.e. there exists a
large constant C' such that both sets are contained in B(y, C27%), contain a ball B of radius
C~127% and are at distance at least C~127% of T'), the doubling measure condition (H4)
implies that m(Bj) = m(P},) =~ m(B(y,27%') N Q). Therefore,

2—2k:
14 T ~T 2< 2 dm.

We inject (6.14) in I3 and observe that m(B(z, |z — y|) N Q) ~ m(B(x,27*@¥)) N Q) and
pla, |z —yl) = plz, 27FE9)) & p(y, 27H#9)) by (H3)~(H4). Therefore,

k(zy) 9—k@y))  9—k(z.y) 5(q,. 2—F(.y)
plz, ) p(y, )/ )
L dm dp(z) d
(6.15) 3N//m M’“”‘)“Q) Bl 2 ) A0 g | A )

1 2
// (z, 2 Few))) p(B(y, 2-Fa)) /Pz’“,gf*w [ Vul™ dm dp(z) dp(y),

by the definition (2.6) of p. Since Px(y ") is a ‘Whitney region’ for both = and y, we have

that x,y € B(Z,C6(2)) for Z € Py, Fe9) where the constant C' > 2 depends only on 1, Cy, Cs,
and moreover 27%(#¥) ~ §(Z). Then by Fubini’s lemma

) du(x) du(y)
(6.16) I3 SJ/Q|VU(Z)| dm(Z) /g;eB(Z,CtS(Z)) 1(B(z,c5(2))) /yeB(Z’C(S(Z)) w(B(y,cd(2)))

Yet the doubling property (H3) implies that for z € I' "N B(Z,C4(%)),
w(B(2,¢6(2))) Z 1(B(2,C%3(2))) > w(B(Z,C8(Z2))),
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hence we can simply bound I3 by

(6.17) 135/ IVu(Z)]?dm(Z)
Q
as desired.

We turn now to the bound on I;. Notice that the estimate for I is the same as for Iy,
either by symmetry or since by (H3)-(H4), m(B(z, |z — y|) N Q) =~ u(B(y, |r —y|) N Q) and
px, [z —yl) = py, |z — yl).

Notice that I; depends on y only via |z — y|, so, by the doubling property (H3) again and
then (2.6)

I 5/z Zp(w,Q‘ )?| Tru(x) — Try u(z)| duly) dyu(z)

S m(B(z,27%) N Q) /yeB(x,zk)\B(z,zkl)

(6.18)
< /er Z 25 p(2,27")| Tru(x) — Try u(x)|? du(z).

The trace operator is defined for p-almost every x € I' by (6.7). For such z, one get by
letting j tend to 400 in (6.9) that

(6.19) e u(z) — Tru(z)| S 27 ( (Qz(z))/

>k

p

\Vu\pdm>

Ql(x)

We use the above estimate in (6.18) to obtain that

ws [ g (57 (G,

€l rez i>k

1\ 2
P

|Vu|pdm> du(z)

Ql( )

— /GFZQkp(:Eﬂk) (Z W%(@) dp(z),

- —1 ulPdm
ai(2) = .2 )(mw&w [ 1vupa )

Q' (@)

where

3 =

Thanks to (H5), the sequence {s;}i>k, defined as s; := [2'p(x,27")]7! satisfies (6.3). As a
consequence, Lemma 6.2 (with ¢ = 2) gives that for each z € T,

k 1 i 1 2
22 :1:'2 (ngi(ﬂﬁ)) Siezzm\gi(x)\.

keZ i>k
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Thus the bound on I; becomes

ﬁS/FiEZZm’%(%)FdM(@

/22 ip(x, 27 ( (U‘t )/* \vu|pdm> du(z).

i€EZ Qi (z)

SR

We use (6.11) to get rid of the function p, and then write the bound we obtained as a sum
over D, which gives

I N/Z Ui) " (/ Vu%m)idﬂ(x) = m(Ug) (/U

Qi (x) QeDb Q

LSEIN]

]Vu|pdm>

We can now apply Lemma 6.1 with ¢ = 2/p and g = |Vu|P. Recall recall that ¢ > 1 because
p comes from Theorem 5.24 and was chosen above (6.9), with 1 < p < 2. We get that

I §/ |Vu|2dm;
Q
Theorem 6.6 follows. U

We end this section with a useful result concerning the trace of a product.

Lemma 6.20. Let (2, m, u) satisfy (H1)-(HG). Suppose uw € W and ¢ € C§°(R™). Then
up € W, with the product rule

(6.21) V(up) = pVu +uVe

for the gradient, and

(6.22) Tr(up)(z) = @(x) Tru(x)  for every point x € I' satisfying (6.8).

Proof. This result is the analogue of | , Lemma 5.4]. The proof is similar, so we only
sketch it.

We start with the simplest case is when we can see u as a distribution on {2; this is the case
when the stronger form (H6) of our assumption (H6) holds. Then V(uy) = oVu +uVep in
the sense of distributions, and we are about to check that V(up) € L?(Q2,dm).

Choose @) € D so large that supp ¢ N2 C Tag. Then, setting v = JCUg) wdm,

1
2

_ 1.
(6.23) [[V(up)llz2@.am) < l@llocllullw + Vel (/T |u — U|2dm) +IVellem(Tag)?|ul-
2Q

All three terms in the right hand side are finite, since ¢ is smooth, u € W C Ll(Ué, m), and

by Theorem 5.24 (Poincaré’s inequality). Consequently, ue € W as desired.
As for the trace, observe that if x satisfies (6.8), and if B¥ denotes B(X,§(X)/2) for some
X € Ug,(z), where as usual Q(x) is the only cube of Dy, that contains x, then

} leu=ela) Tra@)ldm < ol f | Ju=Trata)|dm+ [Tu@)| £ 1o = pla)|dm
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The first term converges to 0 as k — +oo since x is a Lebesgue point for u, and the second
term also tends to 0 since |Tu(z)| < +oo (z is a Lebesgue point) and ¢ is continuous.
Therefore

lim ][ lou — p(z) Tru(x)| dm = 0,

§(X)—0, k
Xevy(z) By

which easily implies Tr(up)(x) = ¢(z) Tru(x) by the definition of Tr.

This takes care of the lemma when v and Vu are taken as distributions. In general, we
used Definition 4.1 to define the space W and the gradient Vu. Recall that we wrote u as a
limit in L},.(Q, m) of smooth functions ¢; € C=(Q), as in (4.3), and required that (4.2) and
(4.4) hold for a suitable v € L*(Q,dm) which is unique by (H6) and which we also called
Vu.

Now we want to show that up € W, so we approximate it by the smooth functions
pip. Tt is easy to see that the p;p converge to uy in L} (Q,m) as in (4.3), and that
Jo IV (0gi)]? < 400 for every i, as in (4.2) (recall that ¢ € C5°(R")). We try the gradient
w = pv +uVey = eVu+ uVyp in the definition (4.4). First observe that w € L*(€2, dm) by
the proof of (6.23) (and where Theorem 5.24 is applied in the general context of ). We
claim that

lim [ |V(ppi) — w|*dm = 0,
i—oo Jq

as needed for (4.4). The first part of V(py;) is oV, which converges to ¢v in L?(Q, dm),
by (4.4). Thus we are left with showing that ¢;V¢ converges to uVe in L*(Q,dm). Or,
since ¢ is bounded and supp ¢ N C Ty, that

(6.24) lim li — ul?*dm = 0.
1—00 Tag
Denote by ¢; the average of p; —u on 2Q). Then by Poincaré’ inequality (Theorem 5.24) and

(4.4), ngQ li —u — ¢;|*dm tends to 0. But also (4.3) says that [, |¢; — u|dm tends to 0 for

some small ball B C Tyq, so in fact ¢; tends to 0, (6.24) holds, and up € W with a derivative
equal to w. The remaining estimates are as in the easier case, and Lemma 6.20 follows. [

7. POINCARE INEQUALITIES ON THE BOUNDARY

We are interested in a version of the Poincaré inequality for functions that have a vanishing
trace at the boundary. The proofs shall use the tent sets Ty that were constructed in
Section 5, where we assumed I' and 2 unbounded. But as explained in Section 13, the
same construction works for bounded T" and/or 2 (with maybe a restriction on the size of
possible @)), and the proofs in the section are directly adaptable to this case. The Poincaré
inequalities that we prove here are a local results, so it makes sense anyway that they don’t
depend on the boundedness of €.

Theorem 7.1. Let (2, m, u) satisfy (H1)-(H6). There exists p; € [1,2) and k := k(Cy) > 1
such that for p € [p1,2], Q € D, and u € W such that Tru = 0 on a set E C 2Q such that
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w(E) > cu(2Q), we have

1/kp 1/p
! P dm ! ul? dm
(7.2) (m(TzQ) /TQQ ul™d > < olQ) (m(TzQ) /TZQ Vi ) 7

where Tag is the same tent set over 2Q) as in (5.12), and C > 0 depends only on n, the
constants C1-Cyg, and c.

Proof. Take z € 2Q). We start as in the proof of Lemma 5.23, and for each j € N we define
(7 as the dyadic cube in Dj, () that contains 2. Let X7 be a Corkscrew point associated
to z and the scale £(Q%) = 277((Q); by construction of Wz, we can find a cube = e Wa:

containing X7, and we denote by Y the center of [ 3% By construction of Wo-,
J

B; = B(Y},6(Y])/2) C Uj.
By Proposition 2.18, we can find a uniform integer N = N(n,C4, Cy) such that we can link
B} to B, by a Harnack chain of length N. We construct a chain of balls {B} as follows:
for j € N, {Bf}jn<i<(j+1n is the chain linking B to B, given by Proposition 2.18 and
used to built Wé;ﬂ. The collection of balls (B7);>o that we just constructed has bounded
overlap, is included in ~%(z), and is such that diam B} ~ 27/~¢(Q); observe also that by

construction of Wy, we can choose %% (and thus Bi = B;) independent of z, hence we write
B, for Bj.

For any subset S C Ty, we write as before ug for fs udm. Theorem 7.1 will follow from
Theorem 5.24 as soon as we prove that for some p; € [1,2),

1/p
(73) |U30’ 5 K(Q) (m(;‘éQ) /1: ’vu’p dm)

holds for all p € [py, 2].

Let q € [po, 2], where p is the value provided by Lemma 4.7. Thanks to Theorem 6.6, for
p-almost every z € E, we have

Jim Jugs, | =0.

In particular,

lup,| < jginoo {|UB;.N| + |up, — UB;.N\} < jli_)rgo ]uB;N\ + Z lup: — “35+1’ < Z lug: — upz, |-
0<i<jN ieN
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Since Bf N B;,,, B, and B}, have comparable sizes, the Poincaré inequality (Lemma 4.7)
gives that

lup: — UBfH‘ < |up: — UB;Hme! + ’UBfH — UB§+1mB§|

: ]izﬂﬂB% <|u —ur| +Ju = u’35+1|> dm

N |u — up: dm—l—][ lu —up:_|dm
57 1 Bi s "
1
< 27NY(Q) |Vul|? dm +][ |Vul|? dm
B? BF 4

So the last two computations yield that, for p-almost every z € E

|uBO|522—f/N£(Q)< |Vu|qdm> < UQ (Zz—wa/N |Vu|qdm>
B;

€N €N

q

where we applied Holder’s inequality for the last part, and the price to pay is that we need
to introduce « € (0,1), close to 1, that will be fixed later on. Now observe that, for Z € B?,
we have 6(Z) =~ 27/N¢(Q) and hence 274N ~ §(Z)1¢(Q)~9*. So, by (H4),

m(B;) ~m(B(Z,20(Z))) for Z € B;.

Hence

Q=

[usl S 0@ (Z VU s dm<Z>)

SUQ™ ( / TN dm<Z>>

since the balls B; have bounded overlap and are contained in 7§ (z) (see the beginning of
the proof, slightly above (7.3)) We average over z € E this estimate for |ug,|? to obtain

| = (][EE |u30|qdu(2)) |
(f/ )

5(2)"
(JZQ/ VA Bz T d‘““"))
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because we assume p(E) > cu(2Q)). Notice that Z € ~5(2) implies that 2 € B(Z,Cd(Z)).
Therefore, by Fubini’s lemma and (5.12),

Q=

e R (Cs LA Z
ol 219 (u(%?) Lena VO 5526525 " g™ >>

If Z € Q, we pick 2o € I such that |Z — 2| = dist(Z,T"), and define p(Z) by p(z0,(Z)). The
point zg, and then p(Z), are not uniquely defined, but it is easy to check that two choice of z,
will be equivalent (up to constants independent of Z), or if the reader prefers, the estimates
below do not depend on our choice of zy. The doubling conditions (H3) and (H4) and the
definition (2.6) imply that

m(B(x0,6(2)) Q) _ m(B(Z,26(2)))
0(2)p(20,0(Z)) (2)p(Z)

/ du(z) =~ u(B(z20,0(2))) ~
2€B(2,06(2))

and the estimate on up, becomes

_ 1 §(Z)11 g
SUQ)T | = Vu(Z)|" ———dm(Z) | .
By (5.3), (5.15), (2.6), and (H4), one can show that m(Tag) =~ (Q)p(2q, ¢(Q))1(2Q)), where
2 is a fixed point in Q). Therefore, for p € (g, 2],

ug| < Q) (6(@)1-qap<w<@>> / B |Vu<Z>|q%dm<Z>> q
5 lga—1]\ 7-a o
sw(f rwpdm)”([f<@>1—aqp<zQ,é(@))]*’“”‘” fo () dm<z>)

by the Holder inequality. The claim (7.3) will thus be proven if we can establish that, for
some « € (0,1) close to 1,

[ga—1]\ p—q
= (M) i) £ @ 1@

when p < 2 is close enough to 2.
By construction of T (see (5.12) and (5.11)),

TQQ C U U};
RC100Q

and the covering has a uniformly finite overlap. Notice also that

p(Z) = p(R) for Z € U}, and R € D,
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where p(R) is defined in (5.17) and where the constants are independent of Z and R. We
call p(R) the value of p(Z) for a Z € U},. The two last observation allow us to write

1 (R0 77
(75) bS T me)( o) > '

We let the reader check that by definition of p, and by arguments similar to the ones used
to prove Lemma 5.16,

m(Tag) = U(Q)p(Q)u(Q)

and
m(Ug) = ((R)p(R)p(R).

The bound (7.5) becomes
1

[ga—1] 2o +1 I

(7.6) S (RO Z ((R) p(R)' 71 pu(R).
By (H5), - .
o(R) 2 p(Q) (%) ~ p(Q) (%) ,

where € = C5 ! is the one given in (H5). We use this to replace p(R) in (7.6) by p(Q); notice
that the inequality goes in the right direction because the exponent 1 — p%q = ;qu is negative

(recall that p € (q,2]). We get that
(7.7) Iy S (@7 UQ Q)™ D0 UR)u(R),

ReD
RC100Q

with the exponents a = —1+ (¢ — 1)(1 — 1%1) and b = [ga — 1]1%(1 +14(1— 5)(1 _ p%q) _
lga =2+ € B +2—e
If 2 — p < min{e/2,(2 — py)/2}, we can pick o € (0,1) (small) and ¢ € [pog,2) such that

qa — 2+ ¢ > 0. With these values, we can still pick p € (¢, 2] as above, and since the power
for ¢(R) is b > 0, we can bound ¢(R) brutally by ¢(Q), which gives

(7.8) Iy S p(@) PP 20(Q) P u(@Q)" > w(R) S p(@Q) P 0U(Q) .

ReD

RC100Q
Notice that a + b = [ga — 1]-E; the claim (7.4) follows from the observation that p(Q) ~
p(zg,¢(Q)), and we have seen before that (7.3) and Theorem 7.1 follow. O

In the following corollary of Theorem 7.1 we replace the tents Tso by balls.

Corollary 7.9. Let (2, m, u) satisfy (H1)-(HG6). There exists py € [1,2] and k := k(Cy) > 1
such that the following happens for p € [p1,2]. Let A > 1 be given, and let x € T', r > 0, and
u € W be such that Tru =0 on B(x, A\r) NT'; then

1/kp 1/p
(7.10) (][ || P dm) < Oyr (][ |Vul? dm> ,
B(z,r)NQ B(z,Ar)NQ
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where C' > 0 depends only on n, Cy to Cs, and .

Proof. Let ' € T and 7’ > 0 be given. Let " € D be the only dyadic cube such that 2’ € Q'
and 7 < k(Q') < 2r'. Then B(2/,r") C 2Q)', and by Theorem 7.1 and (5.15), there exists
K > 1 that depends only on n, C7, and Cy such that

1/kp 1/p
(7.11) (][ 7k dm) < Cr' (][ |Vul? dm) :
B(z!,r")NQ B(z',Kr")NQ

provided that Tru =0 on Q' C B(«/, Kr')NT.

This looks like the desired estimate, but the constant K is too large; we will fix this with
a covering argument. Set 7 = (A — 1)r/100K, with A as in the statement and K as above.
Then let x € T" and r > 0 be given. Denote by (z;);c; a maximal collection of points of
I'N B(x, (1 + 27)r) such that |z; — x;| > 7r for ¢ # j. Thus the balls B; = B(x;, 27r), cover
I'N B(x, (14 27)r), and the sets D; = QN B(x;,477r) cover

H:={X eQ: dist(X,[' N Bz, (1 + 2r)r) < 27r}

Notice that I has at most C' elements, with a constant that depends also on A and K through
7, but this is all right. We can apply (7.11) to each B(xz;,47r), and we get that

1/kp 1/p
(7.12) (][ |ul|*P dm) <Crr (][ |VulP dm) )
D; B(z,Ar)NQ2

because B(z;,4K71r) C B(x, Ar) by choice of 7. We may sum over i and get that

1/kp 1/p
(7.13) <][ ks dm) <Crtr (][ |Vul? dm) ,
H B(x,Ar)NQ

and now we just need to take care of Hy = QN B(z,r) \ H. Let (y;)jes be a maximal

collection of points of Hy, with |y; —y;| > 7r for i # j. Thus J has at most C' = C(7) points,

and the set B; = B(y;, 27r), j € J, cover H. We want to control each f, |u|*” dm, and then
J

we’ll sum.

Fix j € J, and call z; the first point of [y;, z| (starting from y;) that lies within 77 from
I'. Obviously z; € B(xz,r), and B(z;,7r) C H because I' \ B(z, (1 4 27)r) is too far. Now
denote by W; the convex hull of B(y;,7r) and B(z;,7r) (a nice tube contained in €2) and

set /Wj = W, U B; (with a larger head around y;, and still contained in ). It is easy to see

that W, satisfies the chain condition C(k, M) of Definition 5.21, with any small x chosen
in advance, and with an M that depends only on x and 7; we can take B(z;,7r/2) as the
distinguished ball. This allows us to apply Theorem 5.24, and prove that

1/kp 1/kp 1/p
(7.14) (7[ u — @ dm> <c (f fu — u|kpdm> <Cr <][ Vuf? dm> ,
Bj W, W;

1
where @ denotes the average of u on B(z;,7r/2). Now |u| < C <fB(x AN |VulP dm) p’ by
(7.13) and because B(z;,7r) C H, and fVVJ C B(x, (14 27)r) C B(x, Ar) by definition of T,
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we we may sum (7.14) over j and get that

1/kp 1/p
(7.15) (][ |ul|*P dm) <Crr <][ |VulP dm) .
H; B(z,Ar)NQ

We combine this with (7.13) and get (7.11), as needed for Corollary 7.9. O

8. THE EXTENSION THEOREM

The aim of this section is the construction of an extension operator Ext : H — W such
that the composition Tr o Ext is the identity on H. The section can be seen as the dual of
Section 6. As in Section Section 6, the results will be only proven when assuming I" and €2
unbounded, and the proof in the bounded case is very similar and is discussed in Section 13.

We assume that I' and 2 are unbounded. The beginning of this section is similar to
[ , Section 7], but the proof of the density result Lemma 8.12 is different.

We shall construct Ext with the help of a Whitney extension. But first, it is crucial to
observe that for any g € Li. (T, u) and p-almost every x € ', one has

(8.1) lim 9(y) — g(2)] du(y) = 0.

r—0 B(I,T’)
This is a consequence of the Lebesgue differentiation theorem in doubling spaces (see for
instance [I'od, Sections 2.8-2.9]). It is easy to verify that H C Lj, (T, u) (see (6.5)) and so
(8.1) holds for any function g € H.

Our construction will rely on the family W of dyadic Whitney cubes already used in
Section 5. We associate to W a partition of unity {y;} ey where the ¢ are smooth functions
supported in 21 that satisfy 0 < ¢; <1, |Vor| < C/U(I) and ), @1 = La.

We record a few properties of W, that can be found in [Ste, Chapter VI|. If two dyadic
cubes I and I’ are such that 21 N 21" # (), then ¢(I)/¢(I") € {1/2,1,2}, and also I’ C 61.

Hence, for a given I,

(8.2) the number of cubes I’ € W such that 2I' N 21 # 0 is at most 2 - 12",

because each such I’ needs to be a dyadic cube in 6/ such that ¢(I) > ¢(I)/2.

For each I € W, we write 0(I) = dist(/,I"), pick a point &; € I" such that dist(&;, 1) <
26(1), and set By = B(&,0(1)).

We define the extension operator Ext on functions g € Li, (T, 1) by

loc
(8.3) Ext g(X) := Z o1(X)yr,
Iew

where
(8.4) yr == ]{3 9(2) dp(z).

If we wanted to have an extension operator on - for instance - Lipschitz function, we could
take y; = g(&;). However, since the function g is not smooth (and maybe not even defined
everywhere), we need this extra average; a good way to see this is to notice that otherwise
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we would only use the values of g on the countable set {{;} ¢y, which does not make sense
for functions in L}, (T, u).

Notice that Ext g lies in C*°(€2) because (8.2) yields that the sum in (8.3) is locally finite.
Moreover, if g is continuous on T, then Extg is continuous on Q (see [Ste, Proposition
VI.2.2]).

Theorem 8.5. Let (2, m, u) satisfies (H1)-(H6). For any g € L}, (T, )
(8.6) TroExtg=yg p-a.e. inT.

Moreover, Ext is a bounded linear operator from H to W, i.e. there ezists C' := C(Cs,Cy, Cs5) >
0 such that for any g € H,

81 [ VEstgPim < Clglfy =0 [ [AREMAAD IO g gy,

Proof. Let g € L. (T, u) be given. We write u for Ext g and we want to show that Tru = g,
in the sense that (6.7) holds with Tru(z) = g(x) for p-almost every x € I, regardless of
whether ¢ € H or u € W. We will actually prove the following stronger result, anlogous to
(6.8): for p-a.e. x € I, one has

(8.8) lim (w(Z) — g(x)| dm(Z) = 0.

X9 JB(x6(x)/2)

Since we only want to prove (8.8) for p-a.e. point, we can restrict to the case when z is a
Lebesgue point of g, that is, when (8.1) is satisfied.
Fix such an z € I and X € (). We write B for B(X,0(X)/2). Then

£ 1u(2) = g(a)| am(2) 5 | 1(2) = g(@)] dm(2)

Rew (B)

where W(B) is the set of dyadic cubes I’ € W that meet B. It is easy to check that W(B)
contains a finite number of cubes I’ (the number is bounded uniformly in X € ),

for which ¢(I') ~ §(X), and then, by (H4), m(I’) =~ m(B). So (8.8) will be proven if we
can establish that

(8.9) lu(Z) — g(x)|dm(Z) — 0 as 6(I') — 0,

]I

where we restrict to dyadic cubes I’ € W such that x € K I’ for some large enough constant
K := K(n). Recall from the definition (8.3) of v = Ext g that u(Z) = >, ¢1(Z2)yr. We
observed earlier that the sum is locally finite on I’; and the cubes I for which ¢; does not
vanish identically on I are such that I’ C 61 and ¢(I)/¢(I") € {1/2,1,2}. We deduce that
any such [ satisfies By C K'Byp C B(x, K"§(1")) and By C K'B; C B(x, K"§(1")), and then



52 DAVID, FENEUIL, AND MAYBORODA

by (H3) that u(Bj) ~ u(B(x, K"6(I"))). The conclusion is that

u(Z) - g(x)| dm(Z) = f 3 w(Z)]i 19(2) — 9(2)] du(z)| dm(2)

"V rew: 21210

> 19(2) — g(@)| dp(z)

Iew:2IN2I'#£0 B

< f 19(2) — g(@)] du(z)
B(z,K"5(I'))

because the number of I € W that verify 21 N 21" # ) is uniformly bounded. Thanks to
(8.1), the right-hand side above converges to 0 as §(I’) — 0. The claims (8.9), (8.8), and
then (8.6), follow.

Il

N

Now, we want to show that for ¢ € H, u € W and even |u|lw < ||g]|z. Recall that u is
smooth on Q because the sum in (8.3) is locally finite, so u is locally integrable in €2, and its
distribution derivative is locally integrable too, and given by

(8.10) =Y uVer(X) = lyr —yr]Ver(X),

Iew Iew

where I’ is any cube (that may depend on X but not on I), and the identity holds because
Y1 Vor =V, ¢r) = V1 = 0. So we only need to show that |lullw < C|lg|lg < +o0.
First decompose ||ul|%, as

(8.11) |ul)?, = Z/|Vu|2dm

I'ew

For the moment, we fix I’ € W and X € I’, and get a bound on |Vu(X)|. If W(I’) denotes
the sets of dyadic cubes I € W such that 2/ meets I’, then

Vu(X)I < Yy = wellVer (OIS €)™ Y lyr —yrl

Iew(I’) Iew(1’)

because Vo < §(1)~! ~ 6(I')~1. We use the definition of yr,yr, the facts that I C 61’ and
d(I) = §(I') to obtain that

-l < f f ) ldp(z) du(y)

(f | 7@ ﬂ ) P >du<y>>é
w(Br)” ( / /B ﬂ ) Pdu(s )du(y)>

N|=
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The combination of the last two computations gives

Vu(X)| < p(Br) (') ( /OOB /B v)2dp(z) M(y)>

since W(I') contains at most 2 - 12" elements, and then

[ 19uPdm < a2 B ) [ [ @) = o) Pdute) duto)
1008, J B,
We inject the above estimate in (8.11) and obtain that
lally < 3 60y By i) [ [ lgta) = g(0) (o) duty)
I/EW OOBI/ BI/
// |g(z Y)I*h(x, y)du(z) duy),
where
Z f B[/ ([/)]110031, ($)]IBI, (y)
I'ew

Fix z,y € I'. Observe that if I’ satisfies (z,y) € 100B; x By, then by (H3), u(Bp) ~
w(B(z, ¢ ( ")) and by (H4), m(I") = m(B(z,¢(I")) N Q). Hence by (2.6)
mI) _ pla. 1)
(2 u(Br)? L) u(B(x, (1))

Under the same assumption on I’, we also have |z — y| < 101¢(I"), so by (H4) again,
w(B(x, (1))~ < u(B(z, |z —y|))~!. In addition, (H5) gives that

ple, (1) S plx, |z = yl) (Ij(flil) _

where € := C5' > 0 (notice that if /(I') < |z —y| < 1014(I"), we don’t need to use (H5),
just the doubling properties). All this yields

pla e — ) -
M) S B e e 2y, W)

5(1")>|z—yl/101

Since By C kI’ for some constant x := k(n) > 1 that does not depend on I’, we see that
for each j € Z, the number of dyadic cubes I’ such that £(I') = 27 and y € By is uniformly
bounded. Together with the fact that §(1") ~ ¢(I'), this yields

Y. )T e, S (lr -y Sle -yl

I'ew keN
(I")>|z—yl/101

Altogether,
plle—yh) —  plfe—y)?
u(B(z, |z —y|))|lz—y|  m(B(z, |z —y|)NQ)

h(z,y) <
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by (2.6) and thus

\x—y\ *lg(x) — g(y)]? 2
HUHWN// z, |z —y[) NQ) dp(z) dp(y) = |lgll%

as desired (see the definition (65)) Theorem 8.5 follows. O

Lemma 8.12. For every g € H, we can find a sequence (gi)ren of functions in C°(R")
whose restrictions to I' (we still call them gi) belong to H and such that (g)r converges to
g in H, L. (T, 1) and p-a.e. pointwise.

Remark 8.13. The above density result (whose proof doesn’t use Theorem 8.5) actually
entails the Lebesgue density result given as (8.1). The proof of this implication uses maximal
functions, is classical, and is left to the reader.

Proof. For the density of smooth functions, we are given g € H and we want to approximate
it with smooth functions. The simplest way for us to construct functions g will be to use
our dyadic decompositions I, of I', but coverings of I' with balls of radius 2% would work
as well. We associate to Dy a collection of smooth functions {¢g}gen, such that ¢ is
supported in 2Q, Y ocp, Yo = 1 near I'; and [[Vpglleo < C2". Finally we set

(8.14) a(@) = > vol)yg
QEeDy,

for x € I', where we take ygo = f2Q g9(y)du(y). It is obvious that g is a smooth function on

R™ (the sum in (8.14) is locally finite). We shall prove now that
(8.15)

lg— gell% < CJI(k), where J(k // s pl@ |z =yll9(@) = 9WIE ) g,

m(B(z, |z —y[) N Q)

Notice that J; is a subintegral of ||g||%;, where the domain of integration decreases to the
empty set when k tends to +oo; thus limg, . J(k) = 0, and as soon as we prove (8.15),
we will get that g, € H and g tends to g in H; the density of smooth functions in H will
follow.

We need some notation. Set hy = g — g and for Q) € D
(8.16) Ro = {(z,y) € @ x 2Q;|x —y| > £(Q)/2}.

Every pair of points (z,y) € I'? lies in at least one Rg: choose j such that 27771 < |z —y| <
277, let @ = Q'(x) be the element of D;, and observe that y € B(z,277) C 2Q, hence
(z,y) € Rg. Because of this,

(8.17) lg — gell3 < T8,
QeD
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where
(8.18) = //R 'hk |x—y|)>|j (\Q‘f;‘y')du(w)du(y)
< //R D) =S e yaut)

because |z — y| ~ ¢(Q), and by (H3) (H4) and the deﬁmtlons(Z 6) and (5.17).
We start the estimate of T"“ with the large scales, where we shall merely estimate the size

of hy, on I'. Let us check that for any cube Q* such that £(Q*) > 27%,
1

190 [ P <0 [ cmtems [ o) o) Paute)ante)

We shall first estimate the contribution of a a given cube Qo € Dy(Q*), where

(8.20) Di(Q") == {Qo € Dy, 2Qo N 2Q" # 0},
and then sum. So let @y € Dy (Q*) be given. We estimate

o@) = [ im@ldn) = [ o) ou(@)Patr)
= 3 wolaolduta) = [ 'Y vol@lota) - vl dutz)

AG?QO QcDy €2Q0 QeDy,

(821) < / S volo)lo(x) — yolduz) < / S 19(@) - voldu(a)

€2Q0 Qeny, €2Q0 Qemy(Qo)

by (8.14), the fact that >, ¢g(z) = 1, Cauchy-Schwarz for a finite average, and the fact
that ¢g(z) = 0 outside of 2Q). Notice that when @) € Dy (Qo) and x € 2Q)y,

f l9(z) — g(Ndu(z)| < f 19(2) — 9(=)Pdu(2)
2€2Q z€2Q

(8.22) < C ][eFmB( - l9(x) = g(2)*dp(=)

because for z € 2Qy, the fact that 2Qy N 2Q # 0 implies that 2Q C B(x,227%), and pu is
doubling by (H3). Hence, since the number of element in Dy (Q) is bounded,

o) < cf > f 9(a) = 9(2)Fdu:)du(z)
z€2Qo Q€EDL(Qo) 26I'NB(z,22-F)

c / . ]fem(m“) 19(2) — 9(=) Pdu(=)dp(x)
9(2) — g(=) Pdu(=)du(a).

l9(z) —yol* =

IN

1
(8.23) < C / - /
ve2Q0 MB(2,2°7%)) J.crnp(e22+)
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Now, we sum on Qg € D(Q*) and get that

fomerne) < [ P < 3

Qo€Dyg( Qo€Dy

! 2

/MQO W(B(z, 22 7)) / gy 98 ~ 9Pz dn(z)
1 2

/xegQ* w(B(x,227F) /zeFmB(z,22k) l9(x) = g()["dp(2)dp(z)

because the 2Qy cover Q* (actually, they cover 2Q)*), are contained in 8Q*, and have bounded
covering; the estimate (8.19) follows.
Recall that since £(Q*) > 27% (H5) and Lemma 5.16 imply that

227k Q) (5(62*))6
p(x,2277) ™~ p(Q*) \ 2%

(with e = C5! as usual) and, for z € B(z,227%)NT,

N

QoD (Q*)
(8.24)

AN

plz, 227F) < Pz =) ( 27 >_€ < P fr=z)

22—k |z — 2| |z — z| |z — 2|

We return to (8.19), use the two estimates above and the fact that p(B(z,|z — z|)) <
Cu(B(z,2%7%)) when B(z,227%), and get that

(8.25)
2 pz,2*7F) 22k 2
/2 NIRTE / o P T ) / m(m N CRY CRICHTE

S oo (;) /Q/( o ﬁ_rj)lg;))ﬂx—(z)||2d“(z’d“(x)

Q) (6@ v, lo — 2])?lg(x) — g(2)
‘p@*)( ) /Q/ o mB(x,|x—z|>nﬂ> dul=)dp(z)

where the last estimate comes from the definition of p. The right-hand side tends to 0 (for
any fixed Q*) when k tends to +oco, so (8.25) means that (gx) converges to g in L2 (T, u).
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Let us return to T7., starting with the case when £(Q*) > 27%. Observe that by (8.18)
and (8.25)

s 5 e L g )
oA@) [ It |2+|hk< )
<ol o L du@)duty)

820 5 GO [ inoPane)

\SU—ZD l9(z) — g(2)*
) /$€8Q* /zeB;g22 k) ( ,|3;_ZD QQ) du(z)du(x)

We now sum this over Q* such that £(Q*) > 27*. Fix x, z € T'; for each generation j, j < k,
there are at most C' cubes Q*, Q* € I;, such that z € 8Q*. Therefore,

(8.27) DD TE S 2R S (k)

J<k Q*eDj j=>k

VAN
=

LA
~/~
o [ =
@

where J(k) is as in (8.15). This part fits with (8.15) (see (8.17)).

For the small scales we shall use the regularity of g,. That is, for £(Q) < 27, we recall
that hx = g — g, hence, by the first part of (8.18), Tj, < 2U§ + 2V, where

8.28) )

v, e =yl) |z =yl

and

(8.29) //R |g W ple ’|I_y|)du(x)du(y)

|w =)z =yl

are the analogues of T, 5 for g; and g.
We deduce from the definition (8.16) that £(Q)/2 < |z —y| < 2((Q) when (z,y) € Rg, so
a given pair (x,y) cannot lie in more than C' sets Rg, @ € D, so (8.29) yields

(8.30) S WES Ik

>k QeD;,

As for the Vc’j, we decide to estimate |gi(x) — gx(y)| rather brutally. Again we localize at the
scale 27%. Let Qo € Dy, be given, and then pick z € Qg and y € 2Q,. We want to estimate
|gk() — gr(y)| in terms of

(8.31) b(Qo) - f@ ][Q 9(2) Pdp(y)du(2).
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By (8.14),
gk(x) — gr(y)] = ‘ > lealx) = qly y@‘ —’ > lea(z) — vo®)llyve — va,)
QEDy QEDy
(8.32) < > lpgla W) ye — yo,|
QEDy

because Y, po(z) =D o ¢q(y) = 1. Notice that if |pqg(z) — po(y)| > 0, then x or y lies in
2@, hence @ lies in the collection D (Qy) of (8.20). For such balls,

wo-val = |f_ f @ —oearm|<f o) -l duty
< {f. ][Q 2du(y)d <>}”2

8339 < o] f@ f@ o Pduty)in(z) )" = Ob(Qo).

where b(Q)p) is as in (8.31), and because 2Q) C 4Q)y for @ € Dy(Qo), and by (H3). Recall
that |Veg| < C2*. Since there are no more than C' cubes @ € Dy (Qy), (8.32) yields

(8.34) 96(@) — gr(W)” S|z —yl2%* sup  |yg — vo,” S o — y[*2%"b(Qo).

QeDL(Qo)

We shall use this soon, but for the moment let us estimate a given Vé", 0(Q) < 27%. Observe
that by (H3)—(H4) and the definitions(2.6) and (5 17), and as in the last part of (8.18),

i s [ O ey

Then let Qo denote the cube of Dy that contains z, then x € Qg and y € 2()y when
(z,y) € Rg, so we can use (8.34) and get that

y’222kb )
(5.35) o " ) due).
Since |z — y| = ¢(Q) when (z,y) € Rg,
k< 2k
(8.36) S 22’“€(Q) Q)
(8.37) < 2%m(Ug)b (Qo) Nm(UQ) (Qo)?b(Qo)
by (5.17). We sum over the cubes @) C @)y to obtain
S VES 2 Y m(UzQ) & (T, Q) = MOy )

QCQo QCQo (Qo)
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because the Up are contained in Tg, (see (5.12) and (5.11)) and have bounded overlap. We
now use the definition (8.31) of b(Qy) and the doubling property (H3) to get

p(Qo)lg(y) — g(2)]?
QCQ / 2Q0 / 100 1(4Q0) (Qo) dp(y) dp(z).

Observe that u(B(y, |y — z|)) < Cu(4Qy). Besides, due to (H5),
P(Qo)  plyly = 2) (E(Qo) )_ <Pwly=2) g
{(Qo) ly—=2  \lz -2 ly — 2|

It follows that

y72) € QQO X 4@0

y, ly — 2Dlg(y) — g(2)I?
/Qo/ o MBy.ly— 2y — 2| dp(y) du(z)

/ / p(y, !y—ZI *lgly) —g(2) dp(y) dp(z)
2Qo 0

B(y,ly —z))n )

by (2.6). Notice that |y — z| < 84(Qy) = 23 ¥ when y € 2Q, and 2z € 4Qq. Also, for a given
pair (y,z) € I' x I', with y # z, the set of cubes Qg of generation k for which y € Qo and
z € 2Q)y has less than C elements; because of this,

2.2 V=2 2V

j>k QED; Qo€DL QCQo

< // o plocly —=210(0) —9) 40— g

QCQO

(8.38)

m(B(y, |y — z]) N Q)
The combination of (8.27), (8.30), and (8.38) gives that >_ ., TF < J(k), and hence by
(8.17) llg — gllZr = 22, Tf < CJ(k), as needed for (8.15).
This completes our proof of the density of smooth functions in H. The fact that g

converges to g in L? (T, u) has been shown in (8.25), and up to a subsequence, we can also
assume that gy also converges to g p-a.e. on I'. Lemma 8.12 follows. 0

9. COMPLETENESS OF W AND DENSITY OF SMOOTH FUNCTIONS
In all of this section, (2, m, u1) satisfies (H1)—(HG).

First we talk about completeness. In fact W cannot really be a Banach space, because
||l.]lw is not a norm on W, only a semi-norm. Thus we need to quotient W by the functions
u such that |lu|lw = 0, that is, thanks to Lemma 4.10, by the constant functions. So we
work with the homogeneous space W defined as the quotient space W/R - i.e. element of W
are classes 4 := {u + c}.cgr - and outfitted with the quotient norm that we still call ||.||w by
notation abuse.

Lemma 9.1. Then the quotient space W = W/R, equipped with the quotient norm || - ||lw,
18 complete.

Also, , if a sequence {ug}>, in W and a function ue, € W are such that limyg_, o ||ux —
Uso|lw = 0, then there exists constants ¢, € R such that uy — ¢ — w in L}, (Q,m).
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Remark 9.2. The measure p does not play any role in this lemma, and we might be able to
remove the assumption (H3). However, it will be convenient to use the dyadic decomposition
(and Theorem 5.24) given in Section 5.

Proof. We follow the arguments of | , Lemma 5.1]. Let {u}ren be a Cauchy sequence
in W. We need to show that

(i) for every sequence {uy}ren, With ug € 1y, there exists u € W and {c }ren such that
up — ¢, — win L (Q,m) and Vu = limy_,, o, Vuy, in L*(Q;m);
(ii) if oo, ul, € W are such that there exist {uy}reny and {u} }ren such that ug, u) € 4y for

all £ € N and
lim |Jug — uso|lw = lim |Juj, — ul |lw =0,
k—o0 k—o0
then iy = Ul
Proof. First we prove (ii). Let uoo, ul,, {ur}ren, and {u}}ren be as in (ii). Notice that
V (ur—uj) = 0 (in the sense of W) because uy and uj, represent the same class; by Lemma 4.10
this also means that u, —u}, is a constant. By assumption, u, € W and Vue, (in the sense of
H) is the limit of Vuy in L?(2;m). Similarly, Vu/_ is the limit of Vu,. Hence Vo, = Vul_
in L?, and again this means that u,, — u/_ is constant; (ii) follows.

Let us turn to the proof of (i). Pick a central point xy € I' and, for j € Z, denote by
@’ the only cube in D; that contains zy. Observe that when j tends to —oo, the sets T,
defined by (5.12) grow to €, i.e., eventually contain any compact subset of 2. Thus the
convergence in each L'(Tygs, m) implies the convergence in Lj, (€, m).

We shall restrict our attention to j < 0. Observe that because of Theorem 5.24 (Poincaré’s
inequality), applied with p = 2 and D = Ty, there exists constants C; := C(C, Cs, Cy, Cs, j)
such that for any f € W,

93 foAr=Plan s [ 19sFdm,

2QJ
where we can take f0 = fU* fdm, ie., take the fixed set ' = Uéo, which is contained in
QO

Tyqi because j > 0.
Now let u; € 1y be as in the statement, and set

(9.4) Cp = ][ uy dm.
Ul

By (9.3), (ux — )i is a Cauchy sequence in L'(Ty;) for each integer j < 0. Hence, there
exists u/ € L'(Tp;) such that uy, — ¢, converges to w/ in L'(T;). By uniqueness of the limit,
u! = u' almost everywhere on Tg; N Tgi, so we can define u € L}, (2, m) such that u = u/
a.e. on Tg;.

It remains to check that u € W and u, — u in W. Since u, — ¢ € W, Definition 4.1 gives

us a smooth function ¢, € C*°(2) N W such that

1
(9.5) ][ lu, — e, — pr] dm < —
U k
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and
1

(9.6) / |Vug — Vi|>dm < —.

Q k
Set dj, = f% ¢rdm. By (9.5) and (9.4),

1 1
(9.7) il < 7 + ]][ (v — ) dm| = 7.

Uz

We are now ready to prove that o, — w in Li (2, m). Write

loc
][ !U—wk!dmé][
T, i T.

2QJ 2Q7
=T+ T+ T;.

\u—(uk—ck)\dm+][ |(uk—g0k)—(ck—dk)\dm+|dk\

TQQ]-

The term 7 tends to 0 as k — oo because by construction uy — ¢y — u = w’ in LY(Tgy).
The term 75 tends also to 0, thanks to (9.3) and (9.6). The term T3 converges to 0 because
of (9.7). We conclude, since Trg; 1 2, that ¢, — u in L, (€, m); in particular

(9.8) klim / lor —u|dm =0 for any ball B satisfying 2B C .
—00 B

In addition, {dy}ren is a Cauchy sequence in W, and if we combine this fact with (9.6), we
get that {Vy }ren is a Cauchy sequence in L*(2,m). We conclude that there exists v such
that

(9.9) lim [ |Ver —v[*dm = 0.

k—oo fq
We may now use our smooth functions ¢, € C*°(Q) N W to check that v € W, as in
Definition 4.1, and with the gradient v; indeed (4.3) comes from (9.8), and (4.4) comes from
(9.9). Also, ur, — u in W because Vuy, — v in L*(m), by by (9.6) and (9.9). Lemma 9.1
follows. O

Lemma 9.10. Let {u;}ien be a Cauchy sequence in W, i.e., ||u; — uj|lw — 0 as i,j — oo.
If u; converges to w in L}, (Q,m), then w € W and ||Ju; — ullw — 0 as i — oo.

In connection with this result, we’ll say that {u;};en converges to v in W and L} (2, m)
if {u;}ien is a Cauchy sequence in W as above and u; — u in L} (2, m).

loc
Proof. Keep the same sets Q7 as in the proof of Lemma 9.1 and let {u;} be as in the statement.

As before, by Definition of u; € W, we can find ¢; € C*°(Q2) N W such that

o) £ - plans!

QO

S R

and
1
(9.12) / |Vu; — Vi|> dm < -
Q
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Set ¢; = fU* — i) dm; by (9.11), |¢;| < % For each fixed j > 0, and as in the proof of
Lemma 9.1,
][ \u—@i]dmgj[ ]u—ui|dm+][ |(u; — ;) — ¢l dm + ¢y,
TQQj T2QJ' TQQJ'

which tends to 0 as i — oo. This proves that ¢; — u in L}, (€2, m). Moreover, by (9.12) and
the fact that {Vu,}ien is a Cauchy sequence in L*(Q2,m), {V;}ien is a Cauchy sequence
in L?(Q,m), hence there exists v € L*(Q, m) such that Vi, — v in L?(Q,m). These two
convergences - the convergence in L}, (Q, m) and the convergence of the gradients in L(2, m)
- entail by definition of W that v € W, and by uniqueness of the gradient that v = Vu. The
lemma follows. UJ

Lemma 9.13. Let {u;}ien be a sequence of functions in W, and let u € W. If u; converges
to u in both W and Li, (2, m), then Tru; converges to Tru in H and L}, (T, ).

Proof. The convergence of the traces in H is a direct consequence of Theorem 6.6 and the
convergence of the initial sequence in W, and actually does not need the convergence in
L}OC(Q m)

The convergence of the traces in L2 (£2,m) is the analogue of (5.16) in | ]. Let us
write g for Tru and g; for Tru,. Since the operator Tr is linear, without loss of generality,
we can assume that « = 0 and thus g = 0. So we want to prove that {g;} converges to 0 in
LE (T, ). That is, if zo is a fixed point in I and Q; is the only set in D; containing zg, we
want to show that for 7 € N and € > 0, there exists ig € N such that

(9.14) |lgi|?dp < € for i > iy.
Qj
We introduce gl’-“ := Try u;, where Try, is defined in the proof of Theorem 6.6. Then

gilPdu <2 [ |g;i — g [Pdp + 2/ |g¥ [Pdp
Qj Qj 5

225 . )
5 :u(*Q])2—(k—])e/|vu1’2dm+/ f U
m(UQj) Q zeQ; |/ Bk

where we invoke (6.13) for the second line and B¥ is the ball used to define Trj u(x). The
values of [lu;|[5y = [, |Vus|* dm are uniformly bounded, since {u;} converges in W. So we
can fix k, so large that that 7} < €/2 uniformly in ¢ € N. As for T5, observe that

15 < Cj,k/ |
B

where E;; = UQeDk:QcQj U; is relatively compact in 2. Since the values of j, k are fixed

2

du(l’) = Tl + TQ.

and {u;} converges to u = 0 in L'(E;}), we can choose ig such that Ty < €/2 for i > .
Lemma 9.13 follows. O

Lemma 9.15. The space
(9.16) Wo:={ueW, Tru=0}
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equipped with the scalar product (u,v)y, == [, Vu-Vvdm (and the norm ||.|w) is a Hilbert
space.

Proof. Notice that ||.|| is indeed a norm for Wy, because the only constant that is allowed
in Wy is 0. The proof will be similar to | , Lemma 5.2|, and use Lemmas 9.1 and 9.13.
Let {u;}ien be a Cauchy sequence in Wy. By the proof of Lemma 9.1, there exists u € W
and a sequence of constants ¢; = f,,. u;dm (see (9.4)) such that
QO
(9.17) u—¢; —u in L

loc

(Q,m).

Let us prove that {¢;} is a Cauchy sequence in R. For i, j > 0,

1/2
lc; —¢j] < ][ |u; — ujldm < C{][ |Vu; — V| dm} < Cllu; — uj|lw,
Uso U
where the second inequality is due to the Poincaré inequality (Theorem 5.24). So {¢;}ien
is indeed a Cauchy sequence, and thus converges to a constant ¢ € R. Define u € W as
@ — ¢; then (9.17) says that u; — w in L, .(Q,m), but the convergence also holds in W by

loc

definition of 4. Lemma 9.13 implies now that Tru is the limit in L3 (T, u) of Tru; = 0, that

loc
is Tru = 0 and hence u € Wy. The lemma follows. O
Recall from Lemma 6.20 that up € W when v € W and ¢ € C§°(R"), and that we have
the product rule V(uyp) = oVu + uVp for its derivative. Also, the trace of up is pTru. We
can use this to prove that C3°(Q2) is dense in Wy, as in the following lemma.

Lemma 9.18. The completion of C§°(S2) for the norm ||.||w is Wp. B
Moreover, if E C R™ is an open set and w € W is compactly supported in E N €Y, then u
can be approvimated in the norm ||.|w by functions in C§°(E N Q).

Proof. This result is entirely similar to | , Lemma 5.5] and we refer to it for a complete
proof. The main steps are:

(i) we use cut-off functions ¢, to approach u € W, by functions that are equal to 0 on
[,={X e iX)<r}
(ii) we use cut-off functions ¢ to approach the functions uy, obtained in (i) by functions
compactly supported in €2,
(iii) we use a mollifier to smooth the functions ug,¢g.

And obviously, in order to deal with the functions uyp, or up,¢r, we use in a crucial manner
the aforementioned Lemma 6.20. 0

Lemma 9.19. The set C*(Q) N C°(Q) NW s dense in W. That is, for any u € W, there
exists a sequence {u; }ien in C®(Q)NCY(Q)NW such that {u;} converges to u pointwise a.e.

and in L} (Q,m), and

lu; — ullw — 0 as i — +o0.
Proof. In | |, the analogue of this result is given by [ , Lemma 5.3], but we cannot
follow the same approach here (in | ], the functions we considered were in L} (R"),

and thus allowed us to simply use a mollifier).
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However, most of the job is already done by Lemmas 8.12 and 9.18. We take u € W, and
we want to find a smooth approximating sequence {u;}. First write u = v + w where

w=ExtoTru and v=u—w.

Theorems 6.6 and 8.5 imply that w - and thus v - lies in W. Moreover, thanks to (8.6),
Trw = Tru and hence Trv = 0; that is, v € W,.

Thanks to Lemma 9.18, we can find a sequence {v;}i>o in C5°(Q2) € C=(Q) N C(Q)NW
such that [|v; — v||w tends to 0. And since Wy continuously injects in L} (€, m) ( by
Theorem 7.1), the sequence {v;} converges also in L; (£2,m) and, up to a subsequence,
pointwise a.e. This takes care of v.

We use Lemma 8.12 to approximate Tru by some functions (g;);>o in C*°(R™) N H. Then
we construct w; € C°(Q) as Ext g;. Thanks to Theorem 8.5, ||w; — w||w tends to 0 as i goes
to +00. Besides it is easy to check from the definition of the extension operator Ext that the
convergence of g; to Tru in L}, (T, i) (also given by Lemma 8.12) implies that w; converges

to w uniformly on an compact subsets of 2, and thus also pointwise a.e. and in L}, (2, m).

If we set u; = v; + w;, we showed above the right convergences (in W, Li, (), and a.e.
pointwise) of u; to u. The only unproved fact is that w; is continuous up to the boundary,
that is w; € C°(92). We skip this part because it is very classical (see for instance in Section

VL.2.2 of [Ste]). O

The next result states some basic properties of the derivative of f owu when u € W (chain
rule), and the fact that uv lies in W N L*>°(Q2) as soon as w and v both lie in W N L*>(Q).

Lemma 9.20. The following properties hold:
(1) Let f € CY(R) be such that f' is bounded, and let w € W. Then fou € W,

V(fou)=f(u)Vu, and Tr(fou)=fo(Tu),

where the last two equalities hold in the m-a.e. and j-a.e. sense, respectively.
(i1) Let u,v € W. Then max{u,v} and min{u,v} lie in W,

¥ max{u, v} (z) = { ggfg if u(x)
. Vu(x <
Vmin{u, vi(z) = { Vvéa:)) if v(z) < u(x),
Tr(max{w,v}) = max{Tru, Trv}, and Tr(min{u,v}) = min{Tru, Tro},

where the first two equalities hold m-a.e., and the last two p-a.e.
(111) If {ur}ren, {vk}ren are two sequences of functions in W that converge to u, v € W
both in L}, .(Q,m), pointwise a.e., and in W (that is, ||ux — ullw + |Jox — v|lw — 0
as k — o0), then max{uy, vy} and min{uy, vy} lie in W and converge to max{u,v}
and min{uy, v} in Li, (2, m), pointwise a.e., and in W. In addition, Tr max{uy, vy}
tends to max{Tru, Trov} and Tr min{ug, vy} tends to min{Tru, Trv}, in both case in

Ly, (T, ).

Proof. Point (i) and (ii) are the analogues of Lemmas 6.1 in | |. The proof is the same
as in | | (which is itself based on the proof of results 1.18 to 1.23 in | |), and



ELLIPTIC THEORY IN DOMAINS WITH BOUNDARIES OF MIXED DIMENSION 65

strongly relies on Lemma 9.19 (the approximation of elements in W by smooth functions)
and Lemma 9.13 (the convergence in W implies the convergence of traces). The conclusion
(iii) is an intermediate result for (ii), proved as (6.16) and (6.17) in | ]. O

Lemma 9.21. Let u,v € W N L®(Q). Then uv € W N L>®(Q), with V[uv] = vVu + uVu,
and Tr(uv) = Tru - Tro.

Proof. If u or v is the zero constant, there is nothing to prove. Otherwise, we can divide u
and v by their respective L> norm, and thus, without loss of generality, we can assume that
Julle = llolloc = 1. B

By Lemma 9.19, we can find two sequences {1t }reny and {03, € N} in C®(Q)NC(Q)NW
such that @ — w and 0y — v in W, L}, (2, m), and pointwise a.e. By (iii) of Lemma 9.20,
the truncated functions

up := max{—1,min{1, 4t }} and vy := max{—1, min{1, o4 }}

lie in C°(Q)NW, are locally Lipschitz, and converge to respectively u and v in W, L .(Q,m),
and pointwise a.e.

Since the derivative is a local object, we can use (4.5) and the classical product rule to
say that

Vugv] = up Vg + v Vug.

We conclude by showing, as in the proof of | , Lemma 6.3] that ugvx — wv in L, (2, m),
uprVug + vV, = uVo +ovVu in L2(Q,m), and ugvy, = Tr(ugvg) — Tru- Tro in L) (T, u).
The lemma follows then from Lemma 9.10 and Theorem 6.6. U

10. THE LOCALIZED VERSIONS W,.(E) OF OUR ENERGY SPACE W

The aim of this short section is to define local versions of W, which will be useful to study
local solutions to our degenerate elliptic equations. As in the previous section, we assume
throughout that (2, m, u) satisfies (H1)—(H6).

In general, we want to localize W with an open set E’ of R", we set

(10.1) E=FEnNQ,
and define the space of functions W, (E) by
(10.2) W (E) :={ue L, (ENQ,m): puec W for all p € C(E')}.

It is natural to call this space W,.(E), as opposed to W,.(E"), because it does not depend on
the part of E’ that leaves away from (). But there is an important special case, when E’ C
and so F = E’ is an open subset of 2. In this case, the information that f € W,.(E) does
not give any control on f at the boundary 0F (which may intersect I'), and W,.(E) will be
mainly used to give interior estimates for weak solutions (that will be defined soon). In the
general case, E/ may contain pieces of the boundary I', and then the fact that f € W,.(F)
gives some information on the behavior of f near £ NI, in the same way as the fact that
f € W gives a global information on f near I'. For instance, we can can take for E (the
interior in Q of) the set T U @, for some dyadic cube Q € D. Obviously W,.(E) C W,(F)

when F' C E, and in particular W, (T U Q) C W,.(Tg). In addition, if F* C E| it is not very
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hard to find a function u € W,.(F)\ W,.(E) - just make |Vu(X)| blows up when X gets close
to E'\ F' - and thus the local spaces W,.(F) are all different. Thus for instance

WS W, (@) S W(9),
smooth functions on {2 that possibly explode along I' lie in the last space, while they only lie

in W,(Q) when they are locally controlled near I', and they only lie in W when in addition
their gradient lies in L*(Q,m).

Functions in W,.(E) are not necessarily in L} (FE) (see Section 4 where we defined W).
They still have the a notion of gradient - that may be different from the distributional
gradient - inherited from W. Indeed, if £’ is an open subset of R™ such that £ = E' N,
consider K any compact subset of E’ and take @y € C*(E’) such that px = 1 on K, then
we construct the W-gradient of u € W,.(E) on K as the W-gradient of pxu. As an easy
consequence, for u € W,(E), we have Vu € L2 (E,m) (where in fact we just integrate on

ENQ, but local means in terms of the open set £', or E = E'N Q) and then u € L? (E,m)
by Theorem 5.24. These observations are summarized in the next lemma.

Lemma 10.3. Let E = E'NQ, for some open set E' C R™. Then every function u € W,(E)

lies in L} (E,m), and its gradient lies in L2 (E,m).

Remark 10.4. We don’t have many doubts that the reverse inclusion

(10.5) W,.(E)D> {uc L, (E,m): Vuec L (E,m)}.

loc loc

also holds. The idea of the proof of (10.5) would be to take u € L}, (FE) that satisfies
Vu € L (E,m), and p € Cg°(E’). We would set then K’ := supp ¢ which has a smooth
boundary, and we would say that u|xs can be extended to a function @ € W such that
u = u a.e. on K'. Then we would use Lemma 6.20 in order to show that pu = pu € W.
The problem with this proof is that we don’t know any reference for the extension theorem
needed to built @ in weighted Sobolev spaces (an analogue of | , Section 1.1.17] in the

unweighted case), and we do not want to spend time on something that we will not need.

The next lemma allows us to speak about traces for functions in the local Sobolev spaces
W,.(E).

Lemma 10.6. Let E' C R" be open, and set E = E'NQ as in (10.1). For every function
u € W,.(FE), we can define the trace of u on ' N E by

(10.7) Tru(z) = lim u for p-almost every x € I' N E,

2@ I B(x8(X)/2)

and Tru € L} (TN E', 1). Moreover, for every choice of f € W,.(E) and
p € C®(E), pu € W,.(E) and

(10.8) Tr(pu)(x) = @(x) Tru(x) for p-almost every x € T N E.
Proof. None of this is too surprising; the trace is a local notion, and W,(E) is designed to

ba a local space. Let E’', E, and f be as in the statement, and let B a compact ball in F’,
and choose 1 € C§°(F) such that ¢ = 1 near B. Then yu € W by (10.2), and the analogue
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of (10.7) for vu comes with the construction of the trace. This implies the existence of the
same limit for u, almost everywhere in I' N B.
In addition, since pu € W, Theorem 6.6 says that Tr(yu) € H, and then Tr(u) =
Tr(yu) € L*(B,du) (see the definition (6.5)). Therefore Tr(u) € L2 (E’,du), as announced.
The fact that pu € W, (E) when u € W,(E) and ¢ € C*®(E’) comes right from the
definition (10.2) and Lemma 6.20, and (10.8) is immediate because when B and 1 are as

above and p-almost everywhere on B,

Tr(pu) = Tr(yv*pu) = YpTr(Yu) = ¢T7(u)
by (10.7), the formula for the trace of a product of Yu € W and a ¥ € C§°(R"), and the
fact that in B, the formula (10.7) does not see the cut-off 4. O

11. DEFINITIONS OF SOLUTIONS AND THEIR PROPERTIES

We now have all the functional analysis needed to deal with the main goal of this section,
which is to define weak solutions to appropriate degenerate elliptic operators, and give their
first properties. We will follow Section 8 in | ] (which itself copies the frame of the first
sections of [lKen]), and we will refer to | | for most of the proofs. As in the previous
section, we systematically assume that (2, m, u) satisfies (H1)—(H6).

Recall that we intend to work with the degenerate elliptic operators L = — div AV, where
the matrix A : Q — M, (R) satisfies the following elliptic and boundedness conditions:

(11.1) AX)E-€ > O'w(o)|€) for X € Qand € € R™
and
(11.2) A(X)E- ¢ < Caw(2)|€][¢|  for X € Qand &,¢ € R™,

where w is the weight associated to the measure m given in as part of (H4). We shall
also use the “normalized” matrix A := w™'A which satisfies the unweighted ellipticity and
boundedness conditions

(11.3) AX)E-€>CMEPP for X € Qand € € R”
and
(11.4) A(X)E-C < Culéll¢]  for X € Q and &, € R™.

We introduce the bilinear form a defined by

a(u,v) := / AVu - Vv = / AVu - Vodm

(11.5) @ @

for any u,v that satisfies / |Vu||Vo|dm < +oo.
Q

The conditions (11.1)~(11.2) entail that a is bounded on W x W (the homogeneous quotient
space) and coercive on W i.e.,

(11.6) alu,u) > CMullfy,  and  a(u,v) < Cllullw|lv]lw for u,v € W.

It is also coercive on Wy (no need to take a quotient, because Wy does not contain nontrivial
constant functions).
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Definition 11.7. Let E C 2 be a open set. We say that u € W,.(F) is a (weak) solution to
Lu =0 in E when

(11.8) a(u, @) = / AVu -V = / AVu - Veodm =0 for any ¢ € C5°(Q).
Q 0

Similarly u € W,.(F) is a subsolution (respectively supersolution) to Lu = 0 in £ when
(11.9) a(u, ) <0 (resp. > 0) for any ¢ € C3°(£2) that satisfies ¢ > 0.

In the rest of the section, we present the analogues of the results in | , Section 8|,
and we discuss the differences in the proofs when needed.
The first result enlarges the class of possible test functions.

Lemma 11.10. Let E C Q) be an open set and let u € W,.(E) be a solution to Lu =0 in E.
We write E¥ for EU (I NOE), that is, E' is the union of E with the part of its boundary
that intersects I'. The identity (11.8) holds:

o when ¢ € Wy is compactly supported in E;

o when o € Wy is compactly supported in EY and u € W,(E);

o when E=Q, p € Wy, andu € W.
In addition, (11.9) holds when u is a subsolution (resp. supersolution) in E, ¢ is a non-
negative test function, and the couple (u, @) satisfies one of the above conditions.

Proof. See the proof of | , Lemma 8.3]. This lemma is a consequence of Lemma 9.18,
that gives that the functions in W, can be approximated by smooth functions. U

The next result proves the stability of subsolutions/supersolutions under max/min.

Lemma 11.11. Let E C ) be an open set.
o [fu,v € W,.(E) are subsolutions (to Lu = 0) in E, then t = max{u,v} is also a
subsolution in E.
o Ifu,v € W.(F) are supersolutions in E, then t = min{u, v} is also a supersolution
n E.
In particular if k € R, then (u — k)4 := max{u — k,0} is a subsolution in E whenever
u € W,.(E) is a subsolution in E and min{u, k} is a supersolution in E whenever u € W,.(E)
s a supersolution in E.

Proof. The proof is the same as the one of | , Lemma 8.23] and [Sta, Theorem 3.5].
Lemma 8.5 in | | shows that the result can be localized into a relatively compact open
subset F' of E. Theorem 3.5 in [Sta] relies on the fact the bilinear form a is coercive and
continuous (on appropriate local spaces) and on convex analysis. 0

In the sequel, the notation sup and inf are used for the essential supremum and essential
infimum, since they are the definitions that makes sense for the functions in W or in W,.(E),
for E=F' NQ and E' C R™ open.

In addition, the expression “Tru = 0 a.e. on B”, for a function v € W,(B N Q), means
that Tru, which is defined on I'N B and lies in L}, .(BNT, 1) thanks to Lemma 10.6, is equal
to 0 p-almost everywhere on I'N B. The expression “Tru > 0 a.e. on B” is defined similarly.

We now state some classical regularity results inside the domain and at the boundary.
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Lemma 11.12 (interior Caccioppoli inequality). Let E C € be an open set, and let u €
W,.(E) be a non-negative subsolution in E. Then for any o € C§°(FE),

(11.13) /a2|Vu|2dm§C/ |Va|*u*dm,
Q 0

where C' depends only upon the constant Cy.
In particular, if B is a ball of radius r such that 2B C Q and u € W,.(2B) is a non-negative
subsolution in 2B, then

(11.14) /|Vu|2dm < OT_2/ u?dm.
B 2B

Lemma 11.15 (Caccioppoli inequality on the boundary). Let B C R" be a ball of radius r
centered on I', and let u € W,.(2B N ) be a non-negative subsolution in 2B N Q) such that
Tru =0 a.e. on2B. Then for any o € C;°(2B),

(11.16) / o?|Vul2dm < C/ IVa|?udm,
2BNQ

2BNS2

where C' depends only on the constant Cy. In particular, we can take o = 1 on B and
IVa| < 2, which gives

(11.17) / |Vul2dm < CT_Q/ u?dm.
BNQ

2BNSQ2

Proof. The proofs of the two lemmas are similar to Lemma 8.6 and Lemma 8.11 in | ].
There is not any difficulty here, maybe it is worth saying that we use ¢ = ou, where « is
an appropriate cut-off function; and ¢ is a valid test function due to Lemma 11.10 and, for
the boundary version, Lemma 10.6. O

Let us turn to the statement of the Moser estimates.

Lemma 11.18 (interior Moser estimate). Let p > 0 and B be a ball such that 2B C Q. If
u € W,.(2B) is a non-negative subsolution in 2B, then

1 »
. < _— P
(11.19) sgpu_ C (m(?B) /2Bu dm) :

where C' depends on n, Cy, Cg, C4, and p.

Lemma 11.20 (Moser estimates on the boundary). Let p > 0, B be a ball centered on T,
and u € W,.(2BNK2) be a non-negative subsolution in 2B N such that Tru =0 a.e. on 2B.
Then

(11.21) supu < C), <m(23)1/ |u|pdm> ’ :
2BNQ

BN

where C, depends only on n, Cy to Cg, Cyu, and p.

Proof. The proofs for these two results are analogous to the ones of | , Lemmas 8.7 and
8.12], and relies on the so-called Moser iterations.
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What we need are Lemma 11.11, a Cacciopoli inequality (Lemma 11.12 or Lemma 11.15,
according to the version we want to prove), a Sobolev-Poincaré inequality (Theorem 5.24
or Corollary 7.9, the balls in the right-hand side of (7.10) are slightly bigger than the ones
in the left-hand side, but the argument can easily be adapted), and the doubling property
(H4). O

The next step is the Holder continuity of solutions. We shall give a few intermediate
results, starting by the density lemmas.

Lemma 11.22 (Density lemma inside the domain). Let B be a ball such that 4B C Q and
u € W,.(4B) be a non-negative supersolution in 4B such that

m({X € 2B, u(X) > 1}) > em(2B).
Then
(11.23) infu > c,

where C > 0 depends only on n, Cy, Cg, Cy, and e.

Lemma 11.24 (Density lemma on the boundary). Let B be a ball centered on I' and u €
W,.(4BN Q) be a non-negative supersolution in 4B NQ such that Tru =1 a.e. on 4B. Then

(11.25) inf u>C™,
BNQ

where C' > 0 depends only on n, Cy to Cg and C4.
Proof. The proof of Lemma 11.22 can be copied from the one of Density Theorem (Section 4.3,

Theorem 4.9) in [I1]. The proof of Lemma 11.24 is similar to the one Lemma 8.14 in | ]
(which is itself inspired from the Density Theorem in [I11]).
Formally, the ideas of the proof are to say that v = —Inwu is a subsolution that satis-

fies Tru = 0 a.e. on 4B (if needed), and then to use Moser estimates (Lemma 11.18 or
Lemma 11.20) and a Poincaré inequality (Theorem 5.24 or Corollary 7.9) in an appropriate
way.

Of course, we need to be very careful: for instance when constructing v, we want to use
Lemma 9.20 in order to verify that v is indeed in W,(2B), yet the function —In is not
Lipschitz... But the pitfalls are the same as in the proof of | , Lemma 8.14]. O

Next comes oscillation estimates.

Lemma 11.26 (interior Oscillation estimates). Let B be a ball such that 4B C Q and
u € W,.(4B) be a solution in 4B. Then, there exists n € (0,1) such that

. <
(11.27) oscu < 70oscu,

where the constant n depends only on on n, Cy, Cgs, and Cy4.

Lemma 11.28 (Oscillation estimates on the boundary). Let B be a ball centered on I' and
u € W.(4BN Q) be a solution in 4B N Q such that Tru is uniformly bounded on 4B N T .
Then, there exists n € (0,1) such that

. < — .
(11.29) 08C u <7 0S¢ U+ (1—mn) o8¢ Tru
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The constant 1 depends only on on n, Cy to Cg, and C4.

Proof. Lemma 11.26 and Lemma 11.28 can be proved respectively as Theorem 2.4 in [I],
Section 4.3] and as Lemma 8.15 in | ]. The proofs work as long as Lemma 11.22 or
Lemma 11.24 is true. ([l

We shall now present the Holder regularity of solutions.

Lemma 11.30 (interior Hélder continuity). Let z € Q and R > 0 be such that B(x,2R) C €,
and let w € W,.(B(z,2R)) be a solution to Lu = 0 in B(x,2R). Set

oscu := sup u — inf u.
B B

B
Then there exists a € (0,1] and C > 0 such that for any 0 <r < R,
(11.31) <O(T>a( ! / 24 )2
. 0sC U — — u dm |
B(z,r) R m(B(r, R)) B(z,R)

where a and C depend only on n, Cy, Cs, and Cs. Hence u is (possibly after modifying it
on a set of measure 0) locally Hélder continuous with exponent c.

Lemma 11.32. Let B = B(z,7) be a ball centered on T and u € W,.(B N Q) be a solution
i B NQ such that Tru is continuous and bounded on BN1'. There exists o > 0 such that
forO<s<r,

(11.33) osc u<C <f> osc u+C osc Tru
B(z,s)NQ r B(z,r)NQ B(z,\/sr)nl’

where the constants a,, C' depend only onn, Cy to Cg, and Cy. In particular, u (possibly after
modification on a set of measure 0) is continuous on B N, can be extended by continuity
on BNT, and the values of this extension on B NI are Tru.

If, in addition, Tru =0 on B, then for any 0 < s < r/2

1
5\ 1 2
11.34 osc u<C (—> (—/ U 2dm>
( ) B(z,s)N$2 r m(B) BNQ | |
Proof. The proof of the two last lemmas are the same as the ones of Theorem 2.5 in [I1],
Section 4.3] and Lemma 8.16 in | ]- O

It remains to treat the Harnack inequality.

Lemma 11.35 (Harnack Inequality ). Let B be a ball such that 2B C 2, and let u € W, (2B)
be a non-negative solution to Lu = 0 in 2B. Then

(11.36) supu < C'inf u,
B B

where C' depends only on n, Cy, Cg, and Cy.

Proof. The proof in | | uses, roughtly speaking, the condition (H6") to say that the
Harnack inequality can be proved using the classical theory of uniformly elliptic operators
in divergence form.

If we were to have (H6") instead of (H6), we could proceed in a similar manner. Fortunately
for us, the proof in the classical theory can easily adapted to our setting. This observation
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was already made in | |, but since our conditions are slightly weaker than | |, we
sketch the proof to check that we don’t have any extra difficulties.

Step 1: The John-Nirenberg lemma.
Let O be an open subset of Q. Suppose that w € L'(O,m) lies in BMO(O,m), in the
sense that that for every ball B C O

(11.37) ][ o — w| dm < Cyy
B

for a constant C;y independent of B, and where wp denotes f wdm. Then we claim that
for any B C O,

(11.38) ][ exp (ﬂ|w — w3|> dm < C,
B Cyn

where py and C' depend only on Cy (and n).
The claim is the John-Nirenberg lemma, whose proof uses only the Calderén-Zygmund
decomposition (see for instance [HI., Chapter 3, Theorem 1.5]).

Step 2: The weak Harnack inequality.
Suppose 2B C Q and let u € W(2B) be a non-negative supersolution to Lu = 0. Then
we claim that there exists p; > 0 such that

(11.39) infy > C! (][ P dm> "
B 2B

where C~! depends only on Cy, Cs C4, and n.

For any € > 0, we consider the supersolution % = u + ¢ > 0 and then v = @~ '. For
any ¢ € C5°(2B), the function v?p belongs to W, thanks to Lemmas 6.20 and 9.20, and is
compactly supported in €. So v?¢ can be used as a test function, by Lemma 11.10, hence

/ AV - V[v*eldm > 0,
2B

that is,
/ u *(AVa - Vi) dm > 2/ u 3 p(AVa - Vu) dm
2B

2B
hence, by the positivity of A

(11.40) / (AVv - Vo) dm < —2/ u 3 p(AVa - Vu) dm < 0.
2B

2B

We deduce that v is a non-negative subsolution in 2B, so using Moser’s estimate (Lemma
11.18), we get that for any p > 0

1

P
supv < C), (][ P dm)
B 3B
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where C, depends on Cy, Cq, Ca, n, and p. Using the fact that v = u~!, we deduce that

(11.41) infu > C, <][ T dm) .
B 3p

2
The claim (11.39) will be established as soon as we prove that for some p; > 0, one has

(11.42) (][ dm) (f dm) <0

2

with a bound C' independent of u and
the € used to define @, and we shall now prove (11.42) using the John-Nirenberg inequality.
Take w = log u; we want to check that w € BM O(%B). We test u against the test function
u'p?, where ¢ € C§°(2B) to obtain

2/ ot (AVU - Vi) dm — / ©*u?(AVa - V) dm > 0.
2B 2B
We use the fact that Vw = 4~ 'Vu and the ellipticity conditions (11.3)—(11.4) to obtain

/ ©*|Vw|? deC’/ o|Vw||Ve|dm,
2B 2B

which implies, by the Cauchy-Schwarz inequality, that
(11.43) / ©*|Vw|* dm < C/ IV|? dm.
2B 2B

For any ball B’ C 3B of radius r’, we can built a smooth function ¢ such that ¢ =1 on B’,
¢ =0on §B, and |[Vyp| < 10/r'. Using those test functions in (11.43) gives that for any
B' c 3B,

(11.44) IVw|?>dm < C(r') 72,
B/

where C' depends only on C4. The assumption (H6), i.e. the Poincaré inequality, infers now
that

|lw —wp|dm < C,
B/

as in (11.37). From step 1, the inequality (11.38) thus holds, that is we can find a p; > 0
such that

(11.45) ][ exp (pl\w — w;BD dm < C.
3B 2

2
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We are now ready for the proof of (11.42). Indeed, just observe that

(7[33 u dm> (7[33 uPt dm) = ( . exp(—p1w) dm) (][33 exp(prw) dm)
=7 exp(—p1[w — w%B]) dm . exp(pi[w — wgB]) dm
1, ). )

2

2
< (f exp(pllw—wSBl)dM) <,
15 :

o

by (11.45).

Step 3: Conclusion.
We combine (11.39) with Lemma 11.18 - the Moser inequality inside the domain, to get
the desired Harnack inequality
supu < C'inf u
B B

We should require B to satisfy 4B C €2, but we can easily solve this issue by covering B by
balls B’ of smaller radius that satisfy 4B’ C 2B C Q. ([

We shall also need the following version of the Harnack inequality, which will be useful to
define the harmonic measure.

Lemma 11.46. Let K be a compact subset of Q@ and let u € W,.(Q) be a non-negative solution
in Q. Then

(11.47) supu < Ck inf u,
K K

where C depends only on n, Cy, Cy, Cy, Cq, Ca, and diam K/ dist(K,T).

Proof. The proof is the same as the one of | , Lemma 8.10]. The topological conditions
(H1)-(H2) allow us to connect any couple of points in K by a chain of balls that says away
from the boundary (see Proposition 2.18). The length of the chain can be bounded by a
constant depending only on diam K/ dist(K, 9€2). We then use the Harnack inequality above
on those balls. OJ

12. CONSTRUCTION OF THE HARMONIC MEASURE

We follow Section 9 in | | and, as in the previous section, we will refer to | ]
when the proofs do not require any new argument.

The objective of the section is, as the title suggests, to construct a harmonic measure
associated to our degenerate operator L = —div AV that still satisfies (11.1)—(11.2). By
harmonic measure, we mean a family of measures wy, where X € Q is called pole of the
harmonic measure, such that for any Borel set E C T', the function ug defined as ug(X) = wy

solves the Dirichlet problem

(12.1) { Lug=0 1inQ

ug =1 onlT.
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But (12.1) does not make a lot of sense for the moment. The part “Lug = 0 in Q" is easy
to interpret: we want ug to lie in W,.(€2) and to be a solution to Lu = 0 in Q. The part
“ug = 1 on I'” is harder to understand: we could hope that the meaning is Trup = 1g
p-a.e. on I', but it is unclear that it is possible at this point.

Another issue is the uniqueness: just take Q@ = R} -ie. [ = R"!' - and E = 0 - i.e.
1g =0 - and we can find at least two solutions (u; = 0 and uy = 0) to Lu = 0 that satisfy
both Tru = 0. Imposing that u lies in W is not immediately possible, since characteristic
functions of non-trivial sets do not always lie in H.

Our salvation will come from the maximum principle. And instead of (12.1), we shall say
that the harmonic measure w3 is built such that for any g € Cg°(R"), the function defined
by

ux) = [ o)
r
lies in W, is a solution to Lu = 0, and satisfies Tru = ¢. Let us now give a full presentation.
We say that f € WLif f is a linear form on W, that satisfies

| <f7 ,U>W*17WO | < CfHUHI/Vv

where we anticipate slightly and denote by (f, U)W,l,WO the effect of f on v. The best
constant C'y in the inequality above is denoted || f ||y -1.

Let us give first the existence and uniqueness of solutions u € W to Lu = f and Tru = g,
where f € W1 and g € H are given.

Lemma 12.2. For any f € W~ and any g € H, there exists a unique u € W such that

(12.3) /QAVU -Vodm = (f,v)y-1w, for all v e Wy,

and

(12.4) Tru=g a.e. onT.

Moreover, there exists C' > 0, independent of f and g, such that

(12.5) lullw < Cllglle + 1 llw—)-

Proof. The lemma follows from the extension theorem (Theorem 8.5) and the Lax-Milgram
theorem. Details are given in the proof of | , Lemma 9.1]. O

The next result needed is a maximum principle. In its weak form, the maximum principle
is as follows.

Lemma 12.6. Let u € W be a supersolution in Q) satisfying Tru > 0 p-a.e. on I'. Then
u >0 a.e in €.

Proof. Take v := min{u, 0} < 0; we want to prove that v = 0. Lemma 9.20 allows us to say
that v € W, Vv = Vul gy, and Trv = 0 a.e. in I'. In particular v € Wy, which makes v a
valid test function to be tested against the supersolution u (see Lemma 11.10). This gives

(12.7) 0> / AVU-Vvdm:/ AVU-Vudm:/AVU-Vvdm > O Vol > 0.
Q {u<0} Q
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that is, ||Vov|lw = 0. Yet, [|.|[w is a norm on Wy 3 v, hence v = 0 a.e. in €. O

Here is a stronger form of the maximum principle.

Lemma 12.8 (Maximum principle). Let u € W be a solution to Lu =0 in 2. Then

(12.9) supu < sup Tru
Q r

and

(12.10) inf u > inf Tru,
Q r

where we recall that sup and inf actually essential supremum and infimum. In particular, if
Tru is essentially bounded (for the measure ), then

(12.11) sup |u| < sup | Trul.
Q r
Proof. Let us prove (12.9). Write M for the essential supremum of Tru on I'; we may assume

that M < +oo, because otherwise (12.9) is trivial. Then M —u € W and Tr(M —u) > 0
a.e. on I'. Lemma 12.6 yields M —u > 0 a.e. in €2, that is

(12.12) supu < sup Tu.
Q r
The lower bound (12.10) is similar and (12.11) follows. O

The harmonic measure will be defined with the help of the Riesz representation theorem
(for measures), so we need a linear form on CJ(T"), the space of compactly supported con-
tinuous functions on I'. We also write CP(Q) for the space of continuous bounded functions
on €.

Lemma 12.13. There exists a unique linear operator
(12.14) U: CHT) — CP(Q)
such that, for every every g € CQ(T),

(i) if g € CQ(T) N H, then Ug € W, and it is the solution of (12.3)—(12.4), with f = 0,

provided by Lemma 12.2;
(ii) supUg = sup g and inf Ug = inf g;
QO r Q r

In addition, U enjoys the following properties:

(111) the restriction of Ug to T is g;
(iv) Ug € W,.(Q) and is a solution to Lu =0 in €); B
(v) if B is a ball centered on T" and g =0 on B, then Ug lies in W,.(B N Q);

Proof. The proof of the existence of U and its properties is similar to the one of Lemma 9.4
in | |. Still, let us give a sketch of the proof of existence for U.

First, we use (i) to define U on CJ(T') N H. Lemma 12.8 proves that (ii) is satisfied for
any g € Co(T') N H, and in particular

U: CUT)N H — Q)
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is a continuous operator if we equip both CJ(I') N H and CP () with the norm ||.|| . Then,
observe that the space CJ(I') N H contains all the restrictions to I' of functions in C5°(R"),
and hence CJ(T') N H is dense in CJ(T") (equipped with the norm ||.|[.). We define U :
CY(T") — CP(Q) as the only bounded extension of U : CJ(T')NH — CP(Q), and in particular
(17) is preserved.

The property (#i4) is true when g € CJ(T') N H thanks to Lemma 11.32, and the property
is kept by the extension. The property (iv) is true when g € C§(I')N H by Lemma 12.2, and
can be extended for all g € CJ(T") with the help of Cacciopoli’s inequality (Lemma 11.12).
As for the property (v) - which is immediate by construction for any g € CJ(T') N H - we
prove it by approaching g € CJ(T') by functions in C3(I') N H and we use Lemma 11.15 to
control the estimate on the gradient when we take the limit.

The uniqueness of U is also immediate, since (i) forces U : CJ(T') — CP(Q) to be the
continuous extension of U : CY(T) N H — CY(Q) given by (7). O
Lemma 12.15. For any X € Q, there exists a unique positive reqular Borel measure w™ =
w on T such that

(12.16) Ug(X) = /Fg(y)dwx(y)

for any g € CJ(T"). Besides, for any Borel set E C T,

(12.17)  w™(E) =sup{w™(K) : E D K, K compact} = inf{w*(V): E CV, V open}.
In addition, the harmonic measure is a probability measure, that is

(12.18) wX(T) = 1.

Proof. The first part, that is the existence of a positive regular Borel measure satisfying
(12.16), and the property (12.17), is immediate by applying the Riesz representation theorem
(see for instance [Rud, Theorem 2.14]) to U. The positivity of the harmonic measure comes
from igf Ug = irrlfg given by Lemma 12.13 (i1).

The fact that w*(I") < 1 comes from the fact that supUg = supg. We can prove that
Q r

wX(T") > 1 by using the Hélder regularity at the boundary (Lemma 11.32). See the proof of
Lemma 9.6 in | | for details. O

Lemma 12.19. Let E C ' be a Borel set and define the function ug on Q by up(X) =
wX(E). Then
(i) if there exists X € Q such that ug(X) =0, then ug = 0;
(1) the function ug lies in W,.(2) and is a solution in §2; B
(iit) if B C R™ is a ball such that EN B =0, then ug € W,.(BN Q) and Trug =0 a.e. on
B.

Proof. The proof of this result is analogous to the one of Lemma 9.7 in | |. Here are
some of the main ideas. The proof of (i) is quite easy. We approach 1z by g € CJ(T'), and
compare ug with u, = Ug. We get that |ug(X) — up(X)| = uy(X) is as small as we want.
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Then we use Lemma 11.46 to say that 0 < ug(Y) < u,(Y) S uy(X) <¢, and we let € tend
to 0.

The proofs of (i7) and (zii) are longer. They consist in approaching ug by functions u, =
Ug that have all the desired properties by Lemma 12.13, then controlling Vu, uniformly with
the help of Lemma 11.12 and Lemma 11.15. We eventually use Lemma 11.30, Lemma 11.32,
and Lemma 12.8 to ensure that the u,’s are nice functions that satisfy g < h = vy, < wy. U

13. BOUNDED BOUNDARIES

So far, in Section 5 and hence in all the sections following it, we have been working with
a boundary set I" which is unbounded, and hence an unbounded domain 2 too. But it is
some times interesting, and not too difficult, to deal with bounded sets I'. In this section we
describe how to modify our assumptions, and some times the proofs, to extend the results
of this paper to the case of bounded I'. So let us assume now that I' = 9€) is bounded, and
(to normalize things) that

(13.1) 0el and diam(I') = Ry > 0.

There will be two slightly different cases to consider, Case 1 when  also is bounded (and
connected - due to (H1)), and Case 2 when (2 is the unbounded component of R \ I". When
the dimension of I' is smaller than n — 1, we are in Case 2, but Case 1 is interesting too,
especially in the context of mixed co-dimensions, where we may do it on purpose to add
pieces of boundary that isolate some parts of a domain. That is, even if we start with
the unbounded component of R™ \ I'; we could for instance add to I' a large sphere like
S = 0B(0,2Ry) to I', and restrict our attention to the bounded component of R™ \ (I" U S)
that touches S because this is simpler.

Most of the results above are local, in the sense that they rely on computations that do
not go too far. The only difference that it makes on our assumptions is that - if 2 is bounded
- we need to take the r in (H1) not too large, for instance not bigger than diam 2, while the
unbounded case will require that r to be taken in the full range (0, +00).

Observe also that in the case where I' is bounded, we just need the analogue of (H1)-(H6),
where we keep the same statement as before but only ask (H1) and (H3) to hold when
B(z,r) C By = B(0,2Ry), and (H2) to hold for points X,Y € By (the other case would
follow anyway). When (2 is also bounded, we can restrict to B(0,2Ry) in the definition of
(H4) (the absolute continuity and doubling property for m) and (H6) (the density and weak
Poicaré inequality for m). One could see such apparent weakening as an improvement, but
it is easy to check that the cases that we dropped are automatically true for bounded I’
and/or Q. However the truth is that we are not really interested in studying wild weights w
far from I', and a simple monomial equivalent at infinity would probably be enough.

With these assumptions, most of our local estimates still hold, with very little changes in
the proofs. Let us be a little more specific.

We keep the definition of W as it was. Notice that constant functions still lie in W (with
a vanishing norm); depending on the behavior of m far from I', the functions v € W may
have a more or less rich behavior near infinity, but let us not bother yet. Section 4 goes
through without modification (we kept the same assumptions on m alone).
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The definition of dyadic pseudocubes has to be changed a little bit: we only use the
partition I' = (J e Q? for k > kg, where kg is such that 27% ~ 4R, and also it is customary
to take for k = kg the trivial decomposition into a unique cube @)y = I'. Of course, all the
subsequent sums in k£ will be restricted to k > k.

Then, even in the definition of the access regions v(z) (as in (5.8)) for unbounded domains
), we will only consider cubes of size at most C' Ry, and so our access regions will be bounded.
We are not shocked because for many of our results we already considered the truncated
regions of (5.11). The results of Section 5, and in particular the improved Poincaré inequality
in Theorem 5.25, are local and stay the same, but we only consider sets that are contained
in C'By. Recall however that the case of balls B such that 2B C €2, even when B is large, is
taken care of in Lemma 4.7, so we will never be in real trouble anywhere.

Our definition (6.5) of the Hilbert space H on I stays the same; as before constants lie
in H, with a vanishing norm. Theorem 6.6 on the existence of a trace operator is still valid
with the same proof. The proof does not use the values of u € W at distance more than C'Ry
from I', so we may even forget the corresponding part of || f||w in the estimate for || Tr(f)||z.
That is,

(13.2) | Trull? < / \Vu(Z)|? dm(Z).
{ZeQnB(0,CRy)}

Another way (softer but just a bit more complicated technically) to check this is to notice
that, when 2 is unbounded, we may always truncate any u € W in the following way. We
select a smooth cut-off function ¢ such that ¢ = 1in By and ¢ = 0 outside of 2B, pick a ball
By of radius Ry such that By C 2By \ By and Bj touches 0By, let m; denote the average of u
on By, and consider the “truncated” function @ = pu+ (1 —p)m;. Obviously u has the same
trace, and is would be easy to see, using the extension of Lemma 4.7 to a (2,2)-Poincaré
inequality, as in Theorem 5.24 with p = 2, that f € W, with [|f[[;, < C [, |V f[?dm. Of
course all this is much easier if w is reasonably smooth on 2B, \ By.

The product rule for the trace and gradient (Lemma 6.20), as well as all the local algebraic
formulas, go through. Similarly, the Poincaré inequalities on the boundary (Theorem 7.1
and Corollary 7.9) stay the same, except that we restrict to balls of radius at most 10R,,
say.

Our extension theorem (Theorem 8.5) is still true; the construction also easily gives that
Ext(f) is constant on R™ \ C'By (when €2 is unbounded), and we can take the constant equal
to the average mg = fr fdu . The simplest way to see this is to consider f —mg and use the
formula (8.3), but restrict the sum to Whitney cubes of size at most C'Ry. Or said differently,
for the function f —mg we can use y; = 0 for all the large Whitney cubes.

There is no difficulty with the density or algebraic results of Section 9, and the local
spaces of Section 10 are (just a bit) simpler. The definition of solutions is local, and all the
regularity theorems for solutions found in Section 11 stay the same. This statement may look
obvious, we are saying since the beginning of the section that all the results are exactly the
same for bounded I' and unbounded I'; but let us observe the following interesting fact. The
boundary regularity results, such as Lemmas 11.20 and 11.32, hold for all balls B centered
at the boundary even when the radius of B is way bigger than the diameter of I', and so can
be applied for instance to the Green functions - that we shall introduce in a next paper.
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Let us now review the basic features of the harmonic measure. Its construction given
in Section 12 still goes through; that is, the existence of solutions as in Lemma 12.2 is still
valid, by Lax Milgram, and so is the maximum principle that allows one to solve the Dirichlet
problem for f € CJ(T') = C°(T"). Thus w¥ is defined (by the Riesz representation theorem),
and is again a probability measure because the best extension of the function 1 is 1.

If T' is bounded and € is the unbounded component of R™ \ I', then Brownian paths
leaving from X € (2 have a nonzero probability of never touching I' before going to infinity. It
means that the classical harmonic measure - defined from the Laplacian - is not a probability
measure. This simple case is however not included in our theory; indeed the assumption (H5)
fails for large » when we take p as the surface measure on the bounded set I' and m as the
Lebesgue measure on 2. On the contrary, our theory roughly says that a modified Brownian
motion, that imposes a drift in the direction of I' when we are far from it, is sufficient to
guarantee to touch I' with probability one.

For the two last sections, where we study the Green functions and the harmonic measure,
leading to a comparison principle, we do not assume that I' is unbounded anymore. So both
I' and Q can be bounded or unbounded, and we believe that the case where I' is bounded
and (2 is the unbounded component of R™ \ I' is the most tricky one.

14. GREEN FUNCTIONS

We associate Green functions to the degenerate elliptic operator L. A Green function is,
formally, a function g defined on Q x  and such that for any y € Q, the function g(.,y)
satisfies (12.3) and (12.4) with f = ¢, - the Dirac distribution at the point y - and g = 0.

The harmonic measure can be seen as a fundamental tool to solve the problem Lu = 0
in 2 with Tru = g on I', while the Green function is a key ingredient to be able to solve
Lu = f in Q with Tru = 0 on I'. Their properties are actually related, as we shall see in
Section 15.

Let us recall that, as in the previous sections, we assume (H1)-(H6), and (11.1)—(11.2).

In order to define the Green function in our context, we will follow closely the proof of
Griiter and Widman [GW] (as in | ]). In the article [G\W], the authors proved the
existence of the Green functions g(.,y) by taking a weak limit of some ¢”(.,y) that solves
Lu = f? and Tru = 0 for some f” that ‘approximates’ the delta distribution 9,.

Some difficulties appears when we try to get ‘local’ estimates, i.e. when the distance
between x and y is small compared to the distance of both points to the boundary. Those
estimates are needed to show that our ¢°(.,y) are uniformly bounded in some good space.
We solve those difficulties by using methods inspired from | |, where the authors deal
with degenerate elliptic operators but they define Green function via another method.

For short, we claim here that Griiter and Widman’s method can be applied - up to few
changes - to obtain Green functions in a large varieties of situations, and for instance doesn’t
require to have a global Sobolev inequality.

Instead of giving a big theorem for the start, as in | |, we choose here to divide the
work, and prove plenty of small lemmas, whose proofs are sometimes omitted because they
are the same as in | |. The important results are gathered at the end of the section, in
Theorem 14.60.
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Definition 14.1. Let y € Q and p > 0 satisfy 100p < 6(y). The function ¢”(.,y) is the
function in W, that satisfies

(14.2) / AVg(.,y) - Vodm = vdm for all v € W,
Q

B(y,p)

as given by Lemma 12.2.
Notice that the definition makes sense, because v — fB(y P dm is a bounded linear form

on Wy (and hence an element f? € W~! to which we apply the lemma), by the doubling
condition (H4) and the Poincaré¢ inequality Corollary 7.9. The norm of f* in W~! depends
on y and p, but it doesn’t matter.

Since y will be fixed for a long part of our section, we write in the sequel g” for ¢°(.,y)
and B, for B(y, p). Then the condition (14.2) in the definition becomes

(14.3) / AVg?-Vodm =1 vdm for all v € W,
Q

By
We deduce at once from the definition that
(14.4) g’ € W, is a solution to Lu = 0 in Q \ B,,.
In particular, by Lemmas 11.30 and 11.32, the function g” is continuous on Q \ E.
Lemma 14.5. For all y € Q, the function g° = ¢g°(.,y) is nonnegative.

Proof. The proof of this fact is identical to the one given for | , Lemma 10.1], and relies
only on the stability of W provided by Lemma 9.20. O

We now prove pointwise estimates on g” and start with the case when z is far from y.
Lemma 14.6. If x,y € Q are such that 10|z — y| > 6(y), then

|z —y|?
m(B(y, |z —y[) N )’
where C' depends on Cy to Cg, C4, and n.

¢’(x) <C

Proof. Let R > §(y) > 100p > 0, and write Bg for B(y, R). Let p be in the range given by
Corollary 7.9; that is, any p € [1,2k), where k is a constant that depends on the geometry,
will do. We want to prove that for all ¢ > 0,

m({x € Bg, g°(x) > t}) tm(BrRNQ)\
(14.7) =TT <C (—32 )

p
2

with a constant C' independent of p, t and R. The proof of the claim is analogous to the
one in | |, but we repeat it because we will use similar computations later on. We use
(14.3) with the test function

(14.8) pl2) = (% - gptz)y - {0’ % B gptz)}
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(and ¢(z) = 0 if g#(z) = 0), which lies in W, by Lemma 9.20. Set Q, := {z € Q, g*(z) > s}
and observe that ¢ is supported in €;/,. Hence

P .\ qP

2
14.9 a(g’,p) = -
(14.9) (") o, (2)? 5, t

and then, thanks to the ellipticity condition (11.3),

pl2
(14.10) / Ve l am < €.
Qs (9°) t

Pick a point yo € I' such that |y — yo| = d(y). Set Bg for B(yo,2R) D Bg. Define
v by v(z) := (In(g”(2)) — Int + In2)"; then v € Wy too, thanks to Lemma 9.20, and
Vo|? = |Vgr|?/(9°)*. Corollary 7.9 (the Sobolev-Poincaré inequality at the boundary)
implies that

/ [v|Pdm | < CRm(ERﬂQ)%*% / |Vo|? dm
(14.11) Q;/2NBp Q;/2N2BR

< CRm(BrNQ)r 7t 2

2

by (14.10) and (H4). Yet, v > In(2) on €2, and thus the above inequality gives that

D
2

(14.12) m(2NBr) < m(2NBr) $ Rm(BrN)]' 55 < m(Brna) <—m(BR - Q>t> 7

RZ

The claim (14.7) follows. We are now ready to establish pointwise estimates on g” when
x is far from y. We now aim to prove (14.7) with a constant independent of p. Set R =
10lz —y| > 6(y). By (14.4), g € W, is a solution to Lu = 0 in Q\ B, so we can use Moser’s
estimates; we claim that we get that

C
14.13 g’(x) < / g’ dm.
( ) (@) m(B(z, R/2) N Q) B(z,R/2)NQ

When 6(z) > R/50 we apply Lemma 11.18 in the ball B(x, R/100)), and when é(x) < R/50
we apply Lemma 11.20 in the ball B(zq, R/25), where ¢ is such that |z — 2| = d(z). We
can use (H4) to replace the measure of the ball by m(B(x, R/2) N Q).

We can use now the fact that B(z, R/2) C Br and Cavalieri’s formula (see for instance [Duo,
p. 28, Proposition 2.3]) to get that

(14.14) gp(x)§/0 m%dt.
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Take s > 0, to be chosen later. We bound the interior of the integral above by 1 when t < s,
and for ¢t > s we use (14.7), which we apply with some p > 2 (this is possible); we get that

mthBR dt /+Oom(thBR)
m(Q2 N Bg) s m(Q2N Bg)

BrnQN\ "2 [T ,
(14.15) 5/ Ldi + (%) / —
0 s

sm(BrNQ)\
Now we minimize the right-hand side in s. We find s ~ R?/m(Br N ) and then g°(z)
R?*/m(Br N Q). Since R = 10|z — y|, the lemma follows from (H4).

The next result deals with the case when z and y are close to each other.

dt

S
O

Lemma 14.16. If x,y € Q are such that 40p < 2|z — y| < §(y), then
o) r? dr

@< By T

where C' depends on Cy to Cg, C4, and n.

Proof. The proof of this result in the classical case, at least the one in [ |, uses a global
Sobolev equality. In our setting, we don’t have Sobolev embeddings, only a Sobolev-Poincaé
inequality (Theorem 4.7), and the LY norm given in the right-hand side of our Sobolev-
Poincaré inequality may just be L**¢. In particular, we have no reason to get close to the
desired L?/(=2),

Fortunately, the slight improvement in the exponent of the LP space given by Theorem 4.7
will be - as for Lemma 14.6 - sufficient. Even better, the proof will follow the same ideas as
Lemma 14.6.

Let jo > 0 be the biggest integer such that 20|z — y| < §(y). To lighten the notation,
we write B for B(y, 2’|z — y|). We shall prove that for any j between 0 and jo — 1,

2|z — y|)?
(14.17) sup g°— sup ¢’ <C M
Bi+1\Bij Bi+2\Bi+1 m(Bj)

We write g for g — suppgjs2\ g1 g°. We also write Q,; for {x € Q, g§ > s}. Notice that
Bit? C Q, and SUPpj+2\gi+1 = SUPg\pi+1 by the maximum principle. Hence, €2 ; C Bitl
when s > 0. Let ¢ > 0 be given; we use again (14.3), but with the test function

TN (@)
to get, as we did for (14.9),

AVg! - Vg
Qt/2j (g]) Bp t
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and by (11.3)

V|2
(14.18) / VI i
Qt/Q,j (g])

Set v;(z) := (ln(gf(z)) —Int+1In2)*; as before v; € W, it is supported in €5 ; C B/t and

Vui| = |Vg?|/g° on /5. Since v; = 0 on B2\ Bi*!t C ), we can apply Theorem 5.24 and
J j1/ 9] / J
Remark 5.27, and we get that

1 1
P 2
vlPdm | < CPz — y|m(BH)r 3 / Vo;|* dm
(14.19) (/t/w |vj] ) | | m( ) " Vv,

< C2|z — y|m(B)p 7t~

by (14.18) and (H4), where p € [k, 2k] plays the role of kp in Theorem 5.24 and Remark 5.27,
and we are mostly interested in p = 2 there which yields p = 2k here. Of course C' is
independent of j. Since |v;| > In2 on Q;; and € ; C Qy/9;, (14.19) implies that

(Qtj) M
(14.20) m(Bi+?) s¢ ((2ﬂ'lx - y|)2)

The rest of the proof of (14.17) is similar to what we did for Lemma 14.6. Since g/ is a
solution in B’*?\ B’~! we can use the Moser inequality inside B*2\ B’~! to get that for
z € BI*'\ B7, gf(z) is smaller - up to a constant - than its average on B(z,2/~ "%z — y|).

The measure of this last ball is equivalent, by (H4), to the measure of B;, and thus for any
z € BT\ BJ

—+o0
(14.21) gff(z><][ of dm = / @)
. ] ~ Bit? B]+2

(compare with (14.14)). Again we split the last integral into two pieces, and for the second
one we use (14.20); we obtain that for all z € B/*1\ BJ

o) S / Lt (ﬁ) / et

where we can choose p, which comes from Theorem 5.24 (for instance applied with the
exponent 2), strictly bigger than 2. We optimize in s and take the supremum in z to get the
desired estimate (14.17).

We can use (H4) to rewrite (14.17) as

IN

¢
—

NI

(14.22)

( ) 21+ |z —y| r2 dr
14.23 sup g°— sup ¢’ <C _
Bi+1\BJ Bi+2\ Bi+1 2 |z —y| m(B(y,r)) r
This was for j < jo, but for j = jp we will be able to apply Lemma 14.6. Recall that
20012z —y| > §(y) by definition of jo; hence for z € BT\ Bio |z —y| > 200|xz —y| > 6(y)/10
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and by Lemma 14.6 and the same trick as for (14.23),
20t eyl r? dr W) r? dr
sup g”SC’/ ——SC/ —_—
BJo+1\ BJo 2790 |z —y| m(B(y7 r)) r 270 |z—y| m(B(y7 r)) r
Now, since g, is continuous around z (by the interior Holder estimates and (14.4)),

Jo—1
g’(z) < sup g”< sup g+ [ sup g~ sup g
B1\BO Bio+1\ Bio “=o \BIHI\BI Bi+2\Bi+1

5(y) r2 dr ol p2itta—y| 2 d
< / AR - / o
270 |z —y| m(B(ya ’I")) r 27 |z —y| m(B(yv T)) r

j=0
- /5(y) r2 ﬁ .
~ lz—y| m(B(y,r)) r
Lemma 14.16 follows. O

Before we continue to prove estimate about Green functions, we take a little time to talk
about cut-off functions. Pick ¢ € C*°(R,) such that 0 < ¢ <1, ¢ =0on (2,+00), ¢ =1 on
[0,1), and |¢'| < 2. If we want a cut-off function adapted to the ball B(z,r), the first choice
will be

(14.24) ally) = ¢ (‘x_y‘).

r

If the above cut-off function fails to work, we might try to use a cut-off function that involves
logarithms, in the spirit of the one used by Sobolev. For instance, if we work on the Green
function for the unit disk (with the classical Lebesgue measure) on R?, the good cut-off may

be

s )/
(14.25) ly) =9 <1n<6<y>/|x - y|>) |

In the classical theory, where the domains are equipped with the usual Lebesgue measure,
we would use a' when n > 3 and a? when n = 2. In our article, o' or o may be needed, or
something different. The cut-off functions that we shall need depend on the measure m and
the purpose of the next lines is to define them.

We define the function v =, on (0,4d(y)) by

5(y) 2
(14.26) 2 (s) = / m%

The function v is well defined (because m(B(y,t)) > 0 since m is doubling on ), and
decreasing. In addition, ¢t — m(B(y,t)) is continuous, because m is absolutely continuous
with respect to the Lebesgue measure (and not because m is doubling), and so v is of class
C!, with a derivative equal to

(14.27) 7 (s) == —
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Next we use our function v and set

(14.28) a,(s) = ¢ (M) for 0 <7, s <7(y).
7(s)

By construction,
(14.29) a, =1on [0,7),

1
(14.30) a,(s) =0 when 7(s) < 57(7‘),
and «, is of class C* on (0,6(y)), with a derivative equal to —% ¢ (38) Thus

1
(14.31) . is supported on the interval where 57(7’) < (s) <v(r)
(recall that 7 is decreasing), and

/
(14.32) o (s)] < 8 12
7(r)

We shall also need a variation of the maximum principle (Lemma 12.6).

Lemma 14.33. Let F' C R" be a closed set and E C R™ an open set such that F' C E C R"
and dist(F,R"\ E) > 0. Let u € W,.(ENQ) be a supersolution for L in QN E such that

(i) |Vul? dm < +o0,
ENQ

(i1) Tru >0 a.e. on 'NE,
(117) uw >0 a.e. in (E\ F) NS

Then v >0 a.e. in ENK.
Proof. The proof of this result is the same as the one of | , Lemma 11.3]. O

We are now ready to establish a lower bound on g”(z) when = and y are close. Those
lower bounds are not necessary in our article to prove the existence of the Green function,
and a reader who is only interested in existence can skip the next lemma.

Lemma 14.34. If z,y € Q are such that 40p < 2|z — y| < d(y), then
5(y) t2 dt
vwzot [
|z—y| m(B(y7t)> l
where C' > 0 depends on Cy, Cg, Cy, and n.
Proof. The first point that we need to verify is that g”(x) is increasing when = — vy, at

least in a weak sense, and when |x — y| is way bigger than p. Pick r» > 10p. The function
vr = (supp,\p, , 8”) — " - when B denotes as usual B(y, s) - is a solution to Lu = 0 in

Q\ B,/2. Moreover we can easily observe that Trv, > 0 and v, > 0 on B, \ B, ;. We can
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apply Lemma 14.33 with £ = R"\ B, ; and F' = R™\ B,, and in particular (i) holds because
g” € Wo; we deduce that v, > 01in Q \ B, /s, that is,

(14.35) sup g’ < sup g¢”°.
Q\BT/Z BT\BT/Q

For the rest of the proof, we write r for |z — y|, and for i > 0, we set 7; as the only value
such that

(14.36) y(ri) = 27"(r).

Such a point exists, because 7 is a (strictly) decreasing continuous function with v((y)) = 0.
Notice that 7o = 7, and {r;} is an increasing sequence whoes limit is §(y) (but we won’t
go that far). First, we use the test function on n;(z) := «,, (| — y|) in (14.3). Thanks to
(14.31), Vny is supported in B,, \ B,, and one obtains

[ vl gl dm
Bry\Bry

1:/ AVgl - Vn dm <
Bry\Bry v(r1)
1

C P2 dm @ — yI” m
(14.37) < . </BT2\BT1 Vg’|*d ) (/BTQ\B” m(B(y, |z — y|))? d )

We now want to prove that

N|—=

|z — y|? < /’”2 52 ds<
Jys, 7T =€ [ iy = €10
The second part is just the definition of v(r;) (we integrate further); the first inequality will
be a little longer to prove, because we want to avoid the unpleasant situation where B,., \ B,
is a very thin annulus.

Let Cy denote the doubling constant for m, as in (2.3), then set C} = 2Cy + 4, and let
7 > 0 be small, to be chosen soon, depending on Cj.

First assume that (1 + 7)r; < ry < 2r;. Then the integrand on the left is comparable to
r?m(B(y,re)"% and m(B,, \ B,,) is comparable to m(B(y,7s); the desired inequality follows,
with a constant that depends on 7, because f:f % > C7~Y. When ry > 2r;, this is also easy:
cut B,, \ B, into annuli of modulus comparable to 1, and prove the inequality separately
on each one as we just did.

We may now assume that ro < (14 7)ry; our defense will be that this does not happen in
the present circumstances. We claim that if 7 is chosen so small that Cj7 < 1, 7y < (1+7)ry
implies that (14 Cj7)r1 > §(y).

Indeed, suppose instead that (1 4+ Cj7)ry < d(y). By definition, v(ry) = 2v(r1), hence by
(14.26)

2 t2 dt 8(v) t2 dt (A+C4m)m 12 dt
(14.39) / ——:/ ——2/ — =
r1 m(B(y7t)) t T2 m<B(y7t)) t (1+71)r1 m(B<y7t)) t

The left-hand side is at most (ry — ry)rom(B,,)"" < 27r?m(B,,)”! because 7 < 1, and
the left-hand side is at least [(C} — 1)7r] [(1 + Cy7)r1] m(Ba,,)~! because Cij7 < 1; since

(14.38)
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m(Bay,) < Cym(B,,) because m is doubling, this is at least C;*(C} — 1)7r2m(B,,)"'. We
chose ') = 2C + 4, and the ensuing contradiction proves the claim.

For the purposes of this lemma, we can take 7 = (100C})~!, and then we just proved that
(14.38) holds as soon as (1 + 107%)r; < §(y). Similarly,

|z — y|? /”“ s2  ds
dm < C ———— < C~(ry)

/B\ m(B(y, v — y))? . m(B) s
as long as (1 +1072)r; < 6(y). We want to show that this does not happen for i < 2, so we
need a control on the variations of §(y) — r; along our sequence. Let us check that

(14.40)

(14.41) 0(y) —r; < 3(d(y) — rip1) for i > 0 such that ;44 > gd(y)

Suppose not, set R = d(y) — 3(d(y) — ri+1) > 14, and observe that (as in (14.39))

Tit1 2 Tit1 2 3(y) 2
P Ay L
R m(B(y7t))t r; m(B(yat))t Tit1 m(B(yat))t

When we replace m(B(y,t)) by the larger number m(B(y, ;1)) on the left-hand side, we get
a smaller integral; similarly, when we replace m(B(y, t)) by the smaller number m(B(y, r;11))

on the right-hand side, we get a larger integral. Hence [, tdt < friiyl) tdt. Notice that

R > 6(y)/2 because 741 > 26(y) and the interval on the left is twice as long as on the right;
this gives a contradiction, and (14.41) follows.

We may now prove that in the present circumstances, (14.38) holds, and even (14.40) for
0 <i < 2. Indeed, we start from 7o = r = |z — y| < §(y)/2, so 0(y) —ro > d(y)/2, and it
follows from a short iteration of (14.41) that §(y) —ry > 6(y)/24, and so (14+1072)ry < §(y).

We may now return to (14.37). Since y(ry) = (1) = v(r) by (14.36), (14.37) and (14.38)
imply that

¢ 2
(14.43) 1< —/ [Va”[" dm.
V() J,\B,y

Next, since g” is a solution to Lu = 0 in B,, \ B,, we can use the Cacciopoli inequality
(Lemma 11.12) with the test function ny(x) := ay,(Jz — y|)[1 — a (| — y|)], which lies in
Cy°(By, \ B,) and satisfies 7o = 1 on B,, \ B,,. This yields

/ Vel?dm < C / PVl dm < C sup (") / Vol dm.
Brg\Brl & Br3\Br0

B S\BTO Br3 \BTO

We bound the gradient of 7y with the help of (14.32), (14.27), and (14.36). We find that

V()] < =5 m(‘;__;;{'yl). So by (14.40)

C |z — y|? C
i 2dm§—/ dm < ——.
/Brg\Bm Vil dm < 205 Ja . m(B e — D2 " S 30

As a consequence,

C
/ IVg’|?dm < —— sup (g”)°
Bry\Bry v(r) Br3\Br,
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and, together with (14.43),

(14.44) 1< sup (g”)*.

v(r)? By \Bry,

To conclude, we invoke (14.35) and then the interior Harnack inequality (Lemma 11.35),
to get (since 1o =)

sup g° < sup g’ < Cgl(x).

Bry\Brg BA\B, /s
We use the above estimate in (14.44) and notice y(r) is exactly the bound required for
Lemma 14.34 (see (14.26)); the lemma follows. O

Lemma 14.45. Suppose that p < 10726(y) and r < §(y)/2, and set B, = B(y,r) as usual.

Then 5 ,
y
/ |Vgp|2dm§(]/ S—ﬁy
Q\ B, r m(B(y7 S)) S

where C > 0 depends on Cy to Cg, C4, and n.

Proof. By (14.3) for the test function v := g” (and the elliptic condition (11.3)),
(14.46) / Vg’ |2dm < / AVg’ - Vgl dm = g dm.
Q Q By

Then cut the last integral in two; this yields

/ Vg |?dm < ][ g’ —][ g’dm | dm —i—][ g’ dm
Q B, Bsop\Ba2sp Bsop\B2sp

5][ gp—][ g’ dm dm—l—][ g’ dm.
Bsop Bsop\B2sp Bsop\Basp

We use the Poincaré inequality (Theorem 5.24) to bound the first integral, and Lemma 14.16
to bound the last one. Notice in particular that 40p < 2|z — y| < d(y) for & € Bsg, \ Bas,,
so the lemma applies. This gives

1
2 ) &2 g
[vwpingp(f [welam) + [
Q Bsop 25p m(B;) s

1
25p (/ 9 )2 /5(9) s?  ds
< — Vg°|" dm | + —.
m(BQ5p>1/2 Q‘ o 25p m(Bs) s

Since m is doubling, m(B;) < Cym(Bss,) for 25p <t < 50p, so
25p)? /509 2 dt
< — < Cyv(25
m(Bas,) — ! 95y M(By) t 1(250)

(because 50p < d(y) and by the definition (14.26)). So the above estimate can be written

%
[ 199 325 [ 1901 dm) 42250,
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or

(14.47) /Q\VgPPdm < ~(25p) ::/
2

5p

W) s2 (s
m(B,) s

The estimate (14.47) is already good, and it proves Lemma 14.45 for any r > 0 such
that y(r) > ~v(25p)/2. Assume now that v(r) < v(25p)/2. Since 7y is decreasing, there is a
unique R € [25p,r) such that v(R) = 2y(r). Then g” is a solution to Lu = 0 in 2\ Bg. By
Lemma 14.16 and the proof of (14.35), g*(z) < Cy(R) = 2Cy(|x — y|) for any = € Q \ Bg.
We claim that if n3 is a nonnegative smooth function that satisfies n3 = 0 on Bg, we have
the following Cacciopoli-type inequality:

(14.48) /IVg”!2|n3|2dm < C/(GP)QIVU3|2dm~
Q Q

The above bound is not an application of the Cacciopoli inequalities stated in Section 11,
because the test function n3 is not contained in a ball 2B such that g” is a solution in 2B.
However, the proof of (14.48) is very similar to the proof of the usual Cacciopoli inequality,
and we leave it to the reader. It relies on the fact that g’n3; € W, even though 73 is not
compactly supported.

We use (14.48) with n3(z) := 1 — ag(|z|), where ag is the function in (14.28). Notice that
n3(z) = 0 on Bg and n3(x) =1 on R™\ B, (because y(|z|) < vy(r) = v(R)/2). So we obtain

P12 dm ¢ K |x—y|2 m(x
(1445 ) LGl e

by (14.32) and (14.27). But for z € B, \ Bg, Lemma 14.16 says that g°(z) < Cy(R) =
2Cv(r); hence by the proof of (14.38),

|z —y|

w0 [ RS [ B g SS90

Lemma 14.45 follows. ([l

Lemma 14.51. There exists ¢ > 1, that depends only on Cy, such that for any y € Q and
any p < 6(y)/100,

/ (Vg?|?dm < C'm(Bsy)) <Ly)>q,
B(yo,26(y)) m(Bs(y))

where yo € T is such that |y — yo| = 0(y), and where C > 0 depends only on Cy to Cg, Ca,
and n.

s2

Remark 14.52. If y(r) = ff(y)més) % s uniformly bounded, or in other words if foé(y)m

is finite, then by (14.47) we can take ¢ = 2 in Lemma 14.51.

Proof. We first start by proving general results, which are only consequences of the doubling
property (H4). There exists « € (0,1) such that

(14.53) m(B) < am(2B)
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for every ball B C R"™ such that 2B C (). Indeed, if r denotes the radius of B, then we can

find a ball By of radius r/2 in 2B\ B. Then B C 3By, hence m(B) < C2m(By) by (H4),

and now m(2B) — m(B) > m(By) > C;?m(B), and (14.53) holds with a = (1 + C; %)~
Similarly to (2.5), the estimate (14.53) can be improved into

(14.54) m(B(y,7)) < C <£>26m(B(y, ) forr<s<dy)

where C, € > 0 depends only on C}, and we use 2¢ instead of € to simplify the later compu-
tations. Indeed, let k be the integer such that 27%~! < r/s < 27%. Then by (14.53)

m(B(y,r)) <m(B(y,27"s)) < o*'m(B(y, s)) < (27%)™m(B(y, 5))

1 /r\1n2(1/a)
<—(- B :
<=(2) 7 m(Bly.s)

The claim (14.54) follows by taking € = 1 Iny(1/ar) > 0.
Let us use again By for B(y, s). The inequality (14.54) implies in particular that
re r\—€¢ s°
A (A
m(B,) ~ s/ m(Bs)
which proves that the function r — 6(y)'~“r¢/m(B,) reaches all the values between §(y) /m(Bs(,))

and +oo. Moreover if ¢ is in the given range, the values of ¢ that satisfyt = §(y)'~r¢/m(B,)
are all the same up to a harmless constant.

for r < s <d(y),

For the next step we prove weak L? estimates on the gradient of g”. Set Q= {z €
Q, |Vg?(x)| > t}. Thanks to Lemma 14.45, for all r € (0,d(y)/2), we have

~ C W 2 (s

Then by (14.54)

~ c 1 5 /ey 2¢
< el - .
m(y) <m(B,) + 2 m(B,) /7~ (5) sds

Or, since we can always chose € < 1,

R 2(176)7,,26
(1455) m(Qt) < m(BT) + tg%

We aim to optimize the above expression in r. But we shall only care about big val-
ues of ¢, so let us only consider ¢t > 6(y)/m(Bsg,)) for the moment. First assume that
270(y)/m(Bsyy2) = t > 6(y)/m(Bsy)). Then we choose r = 6(y)/2 in (14.55), and it is
easy to see, using (H4) and (2.5) in particular, that

m(Q) < Cm(Bsg,)) <5(t—y))d :

where d = d,,, > 01is the (possibly large) exponent of (2.5). Notice that we may always replace
d,, with a larger exponent in (2.5), so we may assume that d > 2¢, and this way the exponent
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— 5= is rather small and negative. We strive for the same bound when ¢ > 270 (y)m(Bsy)/2)-
We then take r such that

(14.56) t=d(y)'~r/m(B,),

and we have seen in the previous paragraph that, even if we may have different choices for
r, they are all the same up to a constant. Using r as in (14.56) in (14.55), we obtain that

o(y)" r

(14.57) (@) S m(B,) =~

Yet, by (14.56) and (2.5),
n(B,) = 1 (L) ) ( m(B,) )2’

t m(Bs(y))

or equivalently

alm

e ) _
m(B,)% < 0 Wiyt
Using this bound on m(B,) in (14.57), we obtain that

(14.58) m($) < Om(B,) < C'm(Bs() "7 (@> h

as desired.
We are ready to conclude. We write ¢y for ﬁ > 1. The bound (14.58) becomes

(14.59) m(Q) < Cm(Bsy)' (@)q .

We take ¢ = (14 ¢qp)/2 > 1. Then
1

—/ \Vgp|qdm:/ tq’lm(ﬁtﬁB(yo,Qé(y)))dt
4 J B(yo,25(y)) 0

o0

3(y)/m(Bsy)) . .
smmmw@»/ tqﬁ+/ 1 ()t
0 3(y)/m(Bs(y))

Then by (H4) and (14.59),

o(y) \* oly) \* [ g1
]Vgp|q dm 5 m(B(;( )) <— —i—m(B(;( )) _ / $a—q0—1 74
/B<yo,26<y>> Y7 A\m(Bsy) NMU(Bsw) ) s mBa)

< m(Bsy) (%)q

since ¢ < qo. Lemma 14.51 follows. 0

We are now ready for the big theorem.

Theorem 14.60. There exists a non-negative function g :  x Q@ — R U {400} with the
following properties.



ELLIPTIC THEORY IN DOMAINS WITH BOUNDARIES OF MIXED DIMENSION 93

(i) For any y € Q and any function o € C§°(R™) such that o =1 in a neighborhood of y
(14.61) (1—a)g(.,y) € Wy.
In particular, g(.,y) € W,(Q\ {y}) C L} (2\ {y},dm) and Tr[g(.,y)] =0 on T.
(11) There exists ¢ > 1 that depends only on Cy such that for every choice of y € Q,
(14.62) Vy(.,y) € LY B(y,d(y)),dm).

(11i) Fory € Q and ¢ € C§° (),

(14.63) /Q AV,g(7,y) - Vo(r)dr = o(y).

In particular, g(.,y) is a solution of Lu =0 in Q\ {y}.

In addition, the following bounds hold.
(iv) For xz,y € Q such that |x —y| > §(y)/10,
|z — yl?
m(B(y, lx —y) N Q)’
where C' > 0 depends on Cy to Cg, Cy, and n.
(v) For x,y € Q such that |x —y| < (y)/2,

5(y) 52 ds 5(y) 52 ds
14.65 c/ 7 By gc/ s @
(14.69) L mB) s SEVSC ] B s

where C' > 0 depends on C} to Cg, Cyu, and n; and where ¢ > 0 depends on Cy, Cg,
Chy, andn.

(vi) Forr € (0,0(y)/2) and y € 2,

(14.64) 0<g(zy) <

3(v) 52 ds

where C' > 0 depends again on Cy to Cg, Cy, and n.
(vii) If ¢ > 1 is the exponent in (14.62)

im(e)) " < oW
(14.67) (]iwy)) IV.ag(z, y)|%dm( )) SCm(B(y,<5(y))’

where C' > 0 depends as usual on Cy to Cg, Cy, and n.

Proof. As we shall see, we already have all the desired estimates on the g := ¢?(z,y); the
proof will mainly consist in choosing a right limit to those g”.

We start with a standard exercise on compactness. For every compact set K in Q\ {y},
Lemmas 14.5, 14.6, and 14.16 prove that the set Fx := {gp(x), ;x € Kand 0 < p <
dist(y, K)/100} is bounded; then by Lemma 11.32 the functions g, p < dist(y, K)/100
are Holder continuous on K (on a slightly smaller compact set), with uniform bounds. In
particular, for every compact set K C Q\ {y} the set Ay := {g”, ; 0 < p < dist(y, K)/200}
- seen as a subset of the continuous functions on K - is equicontinuous. Ascoli’s theorem
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entails that A is relatively compact in C°(K), that is we can find a sequence of radii p,
that tends to 0, such that the corresponding g” converge, uniformly on K, to a (continuous)
function written gx . We take a sequence of compacts sets K; such that K; C K;;; and
U, K: = Q\ {y}, and by a diagonal process, we can find a sequence (p,),en and a continuous
function g on Q\ {y} such that p, — 0 and

(14.68) g’ converges to g uniformly on every compact set of Q\ {y}.

We shall use again the cut-off functions «, defined in (14.28) and their properties. Set
a,(z) = a,(Jz — y|); we want to prove that the {g”"(1 — &) },en form a Cauchy sequence in
Woy. For any r < d(y)/2, define r; € (r,0(y)) as the only value such that vy(ry) = v(r)/2;
then for n,v € N,

/Q IV[(g" — ¢”)(1 — &,)]]>dm
< 2/ Vg — g7 ] |1 —azr|2dm+2/ 7 — g2V, 2 dm
9] 9]

(14.69) < c/ g™ — g™ 2|V, |2 dm
Q

where, for the last line, we take 7, v big enough so that p,, p, are way smaller than r and we
use the Cacciopoli-type inequality (14.48). Since V@, is supported in B, \ B,, and the later
is a compact set in 2\ {y}, the convergence (14.68) forces the right-hand side of (14.69)
to tend to 0. In addition, all the gf have a vanishing trace, and so do the g"(1 — ;) (see
Lemma 6.20). We deduce that {g”"(1 — &;)},en is indeed a Cauchy sequence in Wy, so it
converges strongly in Wy to a function ¢). By uniqueness of the limit, g = g(1 — &,.).
In short, we proved that for 0 < r < d(y)/2

(14.70) g”"(1 — @) converges strongly to g(1 — a,) in W.
Notice that g has a gradient in L2 _(Q\ {y}, dm) defined as
(14.71) Vg(x) = V][g(l — a,)] if a,.(z) = 0.

We still need a last convergence, one that goes across the pole {y}. Lemma 14.51 provides

us with the uniform bound
‘ 5
][ Vg9 dm < Ci.
Bs(y) m(Bs(y))

So, up to a subsequence, the quantities Vg*" converges weakly to a function h € LI( By, dm).
But since Vg# already converges to Vg in L7 .(Bsw) \ {y}, dm), it forces Vg = h except

loc
maybe at the point y, but it has no importance because m({y}) = 0. To sum up,

(14.72) Vg’ converges weakly to Vg in LB, dm).

Now let us show (i)—(vii) of the theorem. For the first statement (i), let us start with the
more likely situation where lim,_,ov(r) = +00. Since @ = 1 near y, we can we can find s > 0
such that |y — 2| > s when a(x) # 1. Choose r so small that ~(r) > 27(s); then for x such
that a(z) # 1, y(|lz — y|) < ~(s) < 2v(r), so ar(z) = o (Jz — y|) = 0 by (14.30). Because
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of this, (1 —a)g = (1 — «)(1 — @,)g. This function lies in Wy, as needed, by (14.70) and
Lemma 6.20.

In the other case when lim,_,oy(r) < 400, we are in the happy situation where (14.47)
says that fQ |Vg?|?dm < C, with a constant that depends on y, but not on p; then the
almost everywhere pointwise limit g satisfies [, |Vg|*dm < C too, and its trace is still 0 on
[. Finally (1 — «)g does the same; see for instance the proof of Lemma 9.15 for the limit,
and Lemma 10.6 for the product. This takes care of (7).

The statement (i) is part of (14.72).

For the identity (iii), we take ro so that y(ro) = 37(6(y)/2). We then write ¢ = ¢1 + o
where ¢ = pa,, and vy = (1 — a,,). The functlon 1 is continuous and smooth enough
for Vi1 to lie in L7 (Bj(,), dm), and so by (14.72) and then definition (14.3),

(14.73) / AVg -V, dr = lim / AVgfn - Vi dm = lim w1 dm = p1(z) = ().
Q n—o Jo N—00 By,
When = € B,,, a,,(z) = ay(Jz — y|) = 1 by (14.29), and hence ¢y(x) = 0. But otherwise

Qs(y)/2(7) = asg)(|z —yl) = 0 because y(Jz — y|) < v(ro) = 37(3(y)/2), and by (14.30).
Hence g(1 — as()/2) = g on the support of Vs, and so

(14.74)
/ AVg - Vpodr = / AV[g(1 — asey)/2)] - Vo dr = lim [ AV[gP (1 — sy 2)] - Vipa dm
Q Q

n—oo QO

= lim AVg”" Vs dm = lim podm = @a(x) =0

—00 —00
n n By,

where we used (14.70) for the second equality and then returned by the same path. The
combination of (14.73) and (14.74) infers (ii7).

The estimates given in (iv) and (v) are direct consequences of Lemmas 14.5, 14.6, 14.16,
14.34, and the convergence (14.68). The bound found in (vi) is due to Lemma 14.45 and
(14.70), while (vii) comes from Lemma 14.51 and (14.72). Theorem 14.60 follows. O

Remark 14.75. Before stating the next result, let us comment a bit on Theorem 14.60. One
can easily see that g(.,y) lies in L} (2 \ {y},dm), since the latter is bigger than the space
of continuous functions on Q \ {y} (and g(.,y) is continuous on Q \ {y} thanks to (14.68)).
However, we said nothing about the integration of ¢(.,y) on a neighborhood of {y}. The fact
that ¢(.,y) can be integrated over a bounded region that covers {y} is a simple consequence
of (14.65). Indeed, if y € Q and r < §(y)/2, first observe that

oW m(B(y t dt
/ g(x,y)dm(x <C’/ / i —dm <C/ / sds—
B(y,r) By.r) Jjo—y TUB =0 Js=t ™( B

Let € € (0,1) be the constant in (14.54); then

T ro(y)
/ g(z,y)dm(z) < C’/ / s'72ds 7t < Co(y)? r*.
B(y,r) 0 Jt
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In addition, by (14.64)
g(z,y) dm < Cm(B(y,d(y)) sup g(z,y) < Co(y)>

/B(yﬁ(y))\B(yﬁ(y)/?) z€B(y,0(y)\B(v,6(y)/2)
The combination of the last two estimates implies that

(14.76) [ gtwydm < csy
B(y,6(y))

Due to (14.68), the functions g”7(.,y) converges pointwise a.e. to g(.,y) on B(y,d(y)). So
by the Lebesgue domination theorem (and the fact that bounds above are also valid for the
g°"), we even have

lim 9" (2, y) — g(x, y)| dm(z) = 0.

TS Bly.b(y))
Together with (14.68), we proved that

(14.77) the functions ¢”7(.,y) converge to g(.,y) in L;,.(Q).

For the next lemma, we need some additional notation. We write AT for the transpose
matrix of A, i.e. (AT);(z) = Aj(x) for all 1 < 4,5 < n and z € Q. Obviously, AT
satisfies the ellipticity and boundedness conditions (11.1)—(11.2) with the same constant as
A. The elliptic operator Ly := — div ATV enjoys the very same properties as L, in particular,
Theorem 14.60 yields the existence of g7 : QN Q — RU {400} with the same properties as
g (except for (14.63), where A is replaced by AT).

Lemma 14.78. With the notation abowve,

(14.79) 9(z,y) = gr(z,y) forz,y €.
In particular, the functions © — g(y,x) satisfy the estimates in Theorem 1/.60.

Proof. The result is the same as the one of [\W, Theorem 1.3] (or Lemma 10.6 in [ ).
Yet, the limits we took in the proof of Theorem 14.60 is a bit different to the one in [GWV]
and | |. So our result deserves a proof.

Actually, the convergence property (14.72) will make the proof very easy for us. Let
x,y € 2 be such that x # y. By our construction of the Green functions, there exist two
sequences (p,)yen and (o,)yen such that p,, o, — 0 and

(14.80) g’ converges to g uniformly on any compact set of Q\ {y}
and
(14.81) g5 converges to gr uniformly on any compact set of Q \ {z}.

Using (14.2) and (14.4) for both ¢(.,y) and gr(., x), we see that for any n,v € N
(14.82)

AV g (z,y) - Vg7t (z,x) dm(z) = 7 (z,x)dm(z) = Pz y) dm(z
[ AV ) - Vi o) () ]i(%pn)m Jdm(z) = g(ey)dm()

B(z,0.)

We use the uniform convergence of g7 on B(y, |x — y|/2) C Q\ {z} and the uniform conver-

gence of g(.,y)" on B(x,|x —y|/2) C Q\ {y} given by (14.80)—(14.81) in the last equality
of (14.82). We get that gr(y,z) = g(x,y) as desired. O
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Lemma 14.83. The Green function satisfies

v —y>
m(B(z,|r —yl))

(14.84) g(x,y) < Co(x)* for z,y € Q such that |x — y| > 46(x),

where C' > 0 and o > 0 depend only on Cy to Cg, C4, and n.

Proof. See the proof of | , Lemma 10.9]. The arguments are based on the pointwise
bounds (14.64) and the Holder regularity at the boundary (Lemma 11.32). Actually, the
coefficient « is the one of Lemma 11.32. O

The next result that we wanted is the representation of solutions by Green functions. More
precisely, we wanted to take a smooth function f € C§°(£2) and construct u(z) for x € 2 as

(14.85) u(z) = / 9, 9) f (g)dm(y).

We have seen in Remark 14.75 that g(., ) lies in L}, (Q2, dm). Moreover, due to Lemma 14.78,
we also have that g(z,.) is in L}, .(Q, dm). Yet, in the case of a general weights w, we do not
know if g(x,.) lies in the unweighted space L}, .(Q). That is why, in the definition (14.85),
the function u has to be defined as an integral over the measure m.

In doing so, the formal identity satisfied by u is not Lu = f but Lu = fw, where w is
the weight used to define the measure m. Another way to see it, maybe more relevant, is to
say that w™'Lu = f. That is, we are solving the Dirichlet problem Lu = f for an elliptic
operator £ = —w ™! div[AwV| where A satisfies the classical elliptic conditions (11.3)-(11.4).

At last, by using L instead of £ := w™!L, we are somehow linking the measure m to the
plain Lebesgue measure on R”. So some readers may want to use £ all the time. The theory
is identical to what we have done until now, since we only worked with solutions to Lu = 0
before the Green functions, and Lu = 0 is obviously equivalent to Lu = 0.

We expect from the Green representation of solutions that the function u = uy constructed
in (14.85) lies in W} and is a weak solution to Lu = fw in the sense that

(14.86) / AVu -V = / fow = / fedm for every ¢ € Cg°(R"™).
0 Q Q

Our assumptions (H1)—(H6) are enough to have (14.86) and the fact that Tru = 0 (for the
former, we still need to be careful about our weird definition of the gradient, and for the
later, just use Lemma 14.83). However, we did not succeed to prove that v € W. That is
why our next results will be restricted to the case where the weight w is nice enough, that

is when (HG6’) is satisfied instead of (H6)

Lemma 14.87. Assume that (2, m, p) satisfies (H1)-(H5) and (HG’). Let g : Q x  —
RU{+00} be the non-negative Green function constructed in Lemma 14.60. Take f € C§°(S2)
and construct u(zx) for x € Q as

(14.88) u(z) = /Qg(w, y)f (y)dm(y).
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Then u belongs to Wy and is the solution to Lu = fw (given by Lemma 12.2) in the sense
that

(14.89) / AVu -V = / fow = / fodm  for every ¢ € Wy.
Q Q Q

Remark 14.90. In (14.88) and (14.89), we can replace dm by the classical n-dimensional
Lebesgue measure dz.

Proof. The proof is the same as the one of Lemma 10.7 in | |. Tt relies on the fact that
the solutions to Lu = fw are continuous inside (), because as long as we consider inside
estimates, (H6") implies that the classical unweighted elliptic theory can be applied. See
Theorem 8.22 in [G'I] for the theorem in the classical case.

We also need the fact that the approximations g¢”(.,y) converges in L} () to g(.,v).
Under (H6), this result is a consequence of the weak L? convergence of the gradients and
the L'-Poincaré inequality for inside balls, the latter is true because inside estimates works
here exactly like the classical unweighted case. With only (H6), we can only use L? - or L*>~
- Poincaré inequalities. 0

Lemma 14.91. Assume that (2, m, u) satisfies (H1)—-(H5) and (HG’). There exists a unique
function g : AxQ — RU{+00} such that g(x, .) is continuous on Q\{z} and locally integrable
in Q for every x € Q, and such that for every f € C3°(§2) the function u given by

(14.92) ulw) i= [ gla)f(w)dm(y)
Q
belongs to Wy and is a solution of Lu = f in the sense that
(14.93) / AVu -V = / AVu-Veodm = / fipdm for every ¢ € Wy.
Q Q Q

Proof. See the proof of Lemma 10.8 in | ]. In short, the existence is due to Theo-
rem 14.60, and Lemmas 14.78 and 14.87, while the uniqueness of g comes from the uniqueness
of u € Wy satistying Lu = fw, and the latter is due to Lemma 12.2. ([l

15. COMPARISON PRINCIPLE

First, let us state the non-degeneracy of the harmonic measure.

Lemma 15.1. Let o > 1, B := B(xzo,7) be a ball. Take Xo € Q be any corkscrew point
associated to xo and r given by the assumption (H1). Then

(15.2) wX(BNT) >C' for X € éB

and

(15.3) wX(BNT) > O for X € B(Xo,0(Xo)/a),

(15.4) wX(F\B)+Mg(X,XO) > Ot for X € Q\ aB,

r2
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and
m(B N Q)

r2

(15.5) Ww¥(I'\ B) + g(X, Xo) > Ot for X € B(X,,6(Xp)/),

where in the four estimates, C, depends on Cy to Cg, Ca, n, and .

Remark 15.6. The estimates (15.2)—(15.3) are classical results about the non-degeneracy of
the harmonic measure. However, the reader can be at first surprised by the appearance of
the Green functions in (15.4)—(15.5). The terms that involves the Green functions are yet
necessary. Indeed, none of our assumptions stops the boundary I' to be a bounded and {2
to be still infinite. Simply take for instance 2 = R™ \ {0} and I' = {0} with appropriate
measure p and m. Under those conditions, we can actually have I' \ B = (), which leads to
wX(T'\ B) =0 for all X € Q.

We claim - without proof but we pretend that there are real difficulties to it - that the
estimates

(15.7) wX(C\B)>C,;' for X € Q\aB

holds whenever € is bounded (since the Q\ aB would be empty when I' \ B = )) or when
we can find a point in T" close to aB yet outside of aB, i.e. whenever [100B \ aB]NT # (.

At last, the estimate (15.5) is given to make it similar to (15.4). The harmonic measure
is actually unnecessary in (15.5).

Proof. The proof of (15.2)—(15.3) is the same as the one of | , Lemma 11.10], and relies
on the Holder continuity at the boundary (Lemma 11.32), the existence of Harnack chains
(Proposition 2.18), and the Harnack inequality (Lemma 11.35).

Rapidly, the Holder inequality at the boundary will imply that wX (B NT) is bigger than
1/2 for any points “close” to I"\ éB . Then we use Harnack chains of balls to link any point
in éB to one of the previous points, and the Harnack inequality repeatedly on the balls of
the Harnack chain.

Let us make the proof of (15.4)—(15.5). First, let us prove (15.5). Thanks to (14.65), we
have

§(Xo) 52 ds

159 axx e [ S

Using the doubling property, since §(Xy) &~ r, we have m(B(Xy,s))/s* ~ m(B N Q)/r? for
all s € (0(Xo)/2,0(X0)). The estimate (15.8) becomes

m(B N Q)

2

for all X € B(Xy,d(Xo)/2).

(15.9) g(X,Xo)>C™" forall X € B(Xo,6(Xo)/2).

”
We let the reader check that © \ {X,}, obtained from © by removing a single point, will
still satisfy (H1)—(H2), maybe with some constant C},C} smaller than Cy,Cy. Indeed, if
Xy is close to a Corkscrew point for €2 associated to (x,7), then the Corkscrew point for
Q) associated to (z,Cy'r) will be far from X, and so Corkscrew point for © \ {X,} with a
constant C] = (C1)?. The Harnack chains in  \ {X,} are the same as in ), except if they



100 DAVID, FENEUIL, AND MAYBORODA

got close to Xy. In this case, we consider smaller balls, and we avoid X, by taking balls in
B(Xo,0(X0)/2) \ B(Xo,d(X0)/4) C 2. As a consequence, we can link any point from

[{X € Q, dist(X,T) > gr} N4B]\ B(Xo,d(Xo)/4)

to a point in B(Xo,d(X0)/2) \ B(Xo,d(Xo)/4) by a Harnack chain of ball with uniformly
finite length (the length of the chain is bounded by a constant that depends only on 7 and
n). For the sequel, we write Q, for {X € Q, dist(X,I') > nr}. We use the fact that g(., Xo)
is a solution to Lu = 0 on 2\ { X} and the Harnack inequality (Lemma 11.35) on each balls
of those Harnack chain to improve (15.9) into

m(B N Q)

(15.10) (X, Xo) > C ! for all X € Q,N4B.

n

In particular, if n = (o — 1)/C4, we get (15.5) without the harmonic measure, so we get
(15.5) since w* is non-negative.

The proof of (15.4) needs additional computations. We write h for the smooth function
in C§°((a+ 1)B/2)) satisfying 0 < h <1 and h =1 on B. We set u;, € W for the solution
to Lup = 0 with Tru, = 1 — Tr h. By positivity of the harmonic measure,

(15.11) wX(T\ B) > up(X) > w*(T\ (e +1)B/2) >0 for X € Q.

We prefer uy, to w™ (T \ B) because uy, is in W, which makes him suitable for the use of
Lemma 14.33 (our maximum principle). The first estimate that we state comes from (15.10)
without difficulty:

m(BNK)

2

We want the estimate on the larger set QN [4B\ aB], so we need to prove that (15.12) is also
true when X is close to I'. Let > 0 be small and to be fixed. Let X € [Q\ Q,]N[4B\ aB].
Take x € I' so that |X — z| < nr, which is possible since X € Q\ Q,. Due to the fact that
X is also in 2B\ aB, it forces = to be in I'\ (o — n)B. We chose then n = (o — 1) /8, which
makes z € I'\ % B. Consequently, for X € [\ Q,] N 4B\ aB],

up(X) > wX(C\ (a +1)B/2) > w™(B(x,3nr) > C*

by (15.11), the construction of  and x, and (15.2). The combination of the last estimate
with (15.12) entails

(15.12) up(X) + 9(X, Xo) > C* for all X € Q, N[4B\ aB].

m(B N Q)

(15.13) up(X) + > g(X, Xo) > C! for all X € QN [4B\ aB]

since Green functions are non-negative. We finish the proof with the maximum principle
given by Lemma 14.33, which will become our favorite tool for the section. Indeed, we define

v as
m(BNK2

v = up(X) + 2 )g<X7XO>_C;1

where C;! is the constant in the right-hand side of (15.13), and we aim to apply Lemma
(14.33) for the solution v with the sets £ = R"\ @B and F' = 4B\ aB. Recall that the term
up(X) lies in W. Together with (14.67), we deduce that assumption (i) of Lemma 14.33 is
true. The other assumptions required by the lemma are given by (15.13) and the fact that
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Tro=1-C,;'>0on T\ aB. We deduce that v > 0 on E, which is exactly the desired
estimate (15.4). The lemma follows. O

If B is a ball centered on the boundary I', we bound the values in B N {2 of a solution
(to Lu =0 in KB NK) by the value of u at a Corkscrew point associated to the ball B.

Lemma 15.14. There ezists K := K(C1,C2,n) such that the following holds.
Let B = B(xo,7) be a ball centered on T and let X, be a Corkscrew point associated to x

and r given by (H1). Let u € W,,(KBNQ) be a non-negative, non identically zero, solution
of Lu =0 in KBNS, such that Tru =0 on KBNT. Then

(15.15) w(X) < Cu(Xy) for X € BNQ,
where C' > 0 depends on C; to Cg, Cy, and n.

Proof. We get inspiration from the proof of [I{.J, Lemma 4.4] (see also | , Lemma 11.8]).
Lemma 11.8 in | | deals with balls centered at the boundary, and K = 2. However, in
[ |, the connectedness is not a issue, while we need to be careful here. Indeed, taking
the universal constant K = 2 in Lemma 15.14 is not possible, since nothing garantees that
we can link 2 points in B N2 by a path that stays in 2B.

We solve this problem by taking the tent sets constructed in Section 5, which can be seen
as connected substitute of the sets B N 2. Then we use the property (5.15) to conclude.

First, let us recall the following fact. Let = € " and s > 0 such that Tru = 0 on B(z, s)NT.
Then the Holder continuity of solutions given by Lemma 11.31 proves the existence of € > 0
(that depends on Cy to Cg, C4, and n) such that

1
(15.16) sup u < = sup u.
B(z,es) B(z,s)

Without loss of generality, we can choose € < 1/1000C; < %

A rough idea of the proof of (15.15) is that u(X) should not be near the maximum of
u when X lies close to B N T, because of (15.16). Then we are left with points = that
lie far from the boundary, and we can use the Harnack inequality to control u(xz). The
difficulty is that when X € B N T lies close to I', u(x) can be bounded by values of u
inside the domain, and not by values of u near I' but from the exterior of B. We will prove
this latter fact by contradiction: we show that if supgz u exceeds a certain bound, then we can
construct a sequence of points X € %B , where K is large enough, such that §(X%) — 0 and
u(Xy) — +00, and hence we contradict the Holder continuity of solutions at the boundary.

As said in the beginning of the proof, the quantities ABN{2 lack connectedness, and it will
be more convenient to work with a tent set Thg-, which has all the desired connectedness
by Lemma 5.23. The cube Q* and the constant K are defined as follow. Let k € Z be such
that 27772 <y < 2751 and we write @ for the unique cube in D;, containing x. Notice that
2QQ O BNT, but Tyg is not necessarily bigger than B, and so we take * the first ancestor
of @ such that dist(T2q, T5-) > £(Q). Check that the difference of generations between @
and @Q* is uniformly finite, and so combined with (5.15), we obtain that we can find K that
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depends only on n, ¢;, and C5 such that

1 K
(15.17) 2BNQCTog C 5B = 3 B.

We can link any couple of points in T+ by a chain of balls B; that satisfies 2B; C 2B*N(.
The proof of this fact is similar to the proof of fact that Tho« satisfies the chain condition
C(k, M) for some k, M (see Lemma 5.23) and thus will be omitted. Therefore, the fact that
uw(X) > 0 somewhere, that Thg- is connected, and the Harnack inequality (Lemma 11.35),
maybe applied a few times, yield u(Xy) > 0. We can rescale v and assume that u(Xy,) = 1.

We claim that there exists M > 0 such that for any integer N > 1 and Y € Ty-,

(15.18) §(Y)>Nr = u(Y) < MY,

where € comes from (15.16) and the constant M depends only upon n, C; to Cg, and Cjy.
We will prove the claim by induction. The base case is given by the following. We want to
show the existence of M; > 1 such that

(15.19) u(Y) < M for every Y € Tyg- such that §(Y) > €*r.

Indeed, if Y € Tyg- satisfies 6(Y) > €*r, Proposition 2.18 implies that we can link Y to X
by a chain of balls that stay away from the boundary and with length uniformly bounded
by C(e). We can construct the chain such that it stays also far from the boundary of B*'.
Together with the Harnack inequality (Lemma 11.35), we obtain (15.19), and hence (15.18)
for N = 1,2 as long as M is chosen bigger than M;.

Now, let Y € Ty~ such that 6(Y) < €*r. By construction of Tho+, Y belongs to some
75+ (2) for some z € 2Q*. We take Z a Corkscrew point associated to z and C10(Y)/e. Since
e < C', Z € B(z,7), and so Z stays in Thg+. In addition, by construction, §(Z) > §(Y)/e
and |Z — Y| < §(Y)/€?; these two estimates can be combined to Proposition 2.18 (existence
of Harnack chains, as before the chain can stay far from 0B*) and Lemma 11.35 (Harnack
inequality) to get we the existence of My > 1 such that u(Y) < Myu(Z). So we just proved
that
for any Y € Ty« such that §(Y) < e ?r,

there exists Z € Ty« such that §(Z) > §(Y)/e and w(Y) < Mayu(Z).

We turn to the main induction step. Set M = max{M;, My} > 1 and let N > 2 be given.
Assume, by induction hypothesis, that for any Z € Tag- satisfying 6(Z) > €V¢(Q), we have
uw(Z) < MN. Let Y € Tyg- be such that §(Y) > ¥*1(Q) . The assertion (15.20) yields the
existence of Z € Thg- such that §(Z) > §(Y)/e > eV0(Q) and u(Y) < Myu(Z) < Mu(Z).
By the induction hypothesis, u(Y) < MN*1. This completes our induction step, and the
proof of (15.18) for every N > 1.

Choose an integer 7 such that 2° > M, where M is the constant of (15.18) that we just
found, and then set M’ = M**3. We want to prove by contradiction that

(15.21) w(X) < M'u(Xo) = M for every X € B(zo,r).

(15.20)

IThis fact is true because by construction of T5g+, one can see that the center of the balls constituting
the chain can be taken in Thg-, and (15.17) let us a bit of freedom, but if may be easier for the reader to
think that this statement would be also true by taking a larger K
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So we assume that

(15.22) there exists X; € B(xg,r) such that u(X;) > M’

and we want to prove by induction that for every integer k > 1,

(15.23) there exists X}, € Tho- such that u(X},) > M2 and dist(X}, B) < (1 —2"7"%)r.

The base step of the induction is given by (15.22) and we want to do the induction step.
Let k > 1 be given and assume that (15.23) holds. From the contraposition of (15.18), we
deduce that 6(X}) < €72*r. Choose x;, € T such that | X}, — x| = 6(X},) < €72 kr. By the
induction hypothesis,

(15.24) dist(xx, B) < |z, — Xi| + dist(Xy, B) < (1 — 287F)r 4 4240y,
and, since € < 1,

(15.25) |z — @o| < (1 — 2% — 2727k,

Now, due to (15.16), we can find X, € B(zg, ¢2*r) such that

(15.26) w(Xppp) > 2° sup u(X) > 2u(X,) > it k+1)

X EB(xy,eit2tky)

The induction step will be complete if we can prove that dist(Xj,1,7Tog) < (1 — 27%)r.
Indeed,

dist(Xpy1, B) < [ X1 — x| + dist(2p, B) < & 4+ (1 = 217F — 27270y

(15.27) < (1- 2

by (15.25) and because € < 3.

Let us sum up. We assumed the existence of X; € B such that u(X;) > M’ and we end
up with (15.23), that is a sequence X}, of values in 2B such that u(X}) increases to +oo.

Up to a subsequence, we can thus find a point in 2B C B* where u is not continuous, which
contradicts Lemma 11.32. Hence u(X) < M’ = M'u(X,) for X € B. Lemma 15.14 follows.
O

We can now compare the harmonic measure with the Green function, that can be seen as
a weak version of the comparison principle.

Lemma 15.28. Let B := B(xq,r) be a ball centered on I'. Let Xy is a corkscrew point
associated to xg and r. Then one has

Cflm(B neQ)

r2

BnNQ)

(15.29) g(X, Xo) <w(BNT) < Cm( 9(X, X)) for X € Q\ 2B,

r2
and
m(B N Q)

72

(15.30) WS\ ZB) <c 9(X,Xo) for X € [BNQ]\ B(Xo,8(Xo)/4),

where C' > 0 depends only upon n, Cy to Cg, and C4.
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Remark 15.31. The bound (15.30) may look a bit artificial. There is nothing deep about the
constant 2 in the left-hand side. We could have used 2 instead, and obtain a statement which
looks a little weaker but is actually equivalent (we leave the proof of this to the reader); we
simply reproduced % in the form given by our general comparison principle (Theorem 15.64).

Observe also that we do not necessarily have the lower bound in (15.30). See Remark
15.6.

Proof. This lemma is the analogue of | , Lemmas 11.9 and 11.11].

First, we quickly prove the first inequality in (15.29). The upper bound (14.64) for the
Green function, together with (H4), implies that
m(B N
2

As in the proof of Lemma 15.1, we take h € C{°(B) such that 0 < h < 1 and h = 1 on
%B. We set up, € W for the solution to Luj, = 0 with Tru, = Tr h. By the positivity of the
harmonic measure,

(1532) 0< g(X,Xo) <C  for X € B(Xy,5(X0)/2) \ B(Xo,8(Xo)/4).

1
(15.33) wX (TN 5 B) Sun(X) < wX(T'N B) for X € Q.

We combine (15.33) with the non-degeneracy of the harmonic measure (15.3) to get that

(15.34) up > O for X € B(Xy,8(X0)/2).

The estimates (15.32) and (15.34) easily infer the existence of a constant x such that

m(B N Q)
2z Y

The assumptions of Lemma 14.33 for the function v and the sets £ = R" \ B(Xy,0(Xy)/4)
and F' = B(Xo, d(Xo)/2) \ B(Xo,d(Xo)/4) are satisfied, which implies that v > 0 on E, i.e.,

m(B N Q)

r2

V(X)) == rup(X) — (X, Xo) >0  for X € B(Xo,8(X0)/2)\ B(Xo,8(Xo)/4).

(15.35) 9(X, Xo) < kup, <w*(I'N B) for X € Q\ B(Xy,0(Xo)/4).

This is stronger than the first inequality in (15.29).

We shall also use the following result on Green functions: for ¢ € C*(R") N W and
X & supp ¢,

(15.36) ug(X) = — /Q AV(Y) - V,g9(X,Y)dY,

where uy, € W is the solution ro Lu = 0, with the Dirichlet condition Trug = Tr¢ on I,
given by Lemma 12.2. The identity (15.36) is the same as (11.70) in | |, and its proof -
which only relies on the properties on the Green functions given in Section 14 - is the same
as in [ ].

We turn to the proof of the upper bound in (15.29), that is,
m(B N )

r2

(15.37) wX(B(zg,r)NT) < C g(X,Xy) for X € Q\ 2B.
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For the rest of the proof, K is the constant in Lemma 15.14. Let X € Q\ 2B be given,
and choose ¢ € C3°(R™) such that 0 < ¢ < 1, ¢ =1 on BNT, supp ¢ C Ep = {Y €
Q, dist(Y,BNT) > (100K)'r}, and |V¢| < 200K /r. We get that

(15.35) w(X) < 5 [ 19,000 )ldm(y)

by (15.36) and (11.2), and since w*(B NT) < uy(X) by the positivity of the harmonic
measure,

(15.39) wX(BNT) < g/E V,9(X,Y)|dm(Y).

We cover Ep by a finitely overlapping collection of balls (B;);er centered on BN T and of
radius (10K)~'r. Then

WX (BAT) <_Z/ IV,9(X, ) |dm(Y)

i€
m(B; N Q)2 2
(15.40) N Z (/ Vy9(X, Y)IQdm(Y)>
€L Bin
m(B; m Q)42 2
s MEEEE(] geeyitan))
e 2B,n0

where we use successively the Cauchy-Schwarz inequality and Cacciopoli’s inequality at
the boundary (Lemma 11.15); the use of Cacciopoli’s inequality is indeed allowed because
Y — ¢(X,Y) is a solution of Lyu := —div ATVu in 2B; N 2 by Lemmas 14.78 and 14.60
(iii). Observe that Y — ¢(X,Y) is more generally a solution of Lyu := — div AT Vu in each
set 2K B; N €, because the radius of 2K B; is less than r/2 and hence 2K B; C 2B # X. As
a consequence, Lemma 15.14 yields that

X m(B;)
(15.41) wH(BNT) S Z r—29(X’ Xi),
€T
where X is a corkscrew point associated to the ball B;. Hence
B
(15.42) WwX(BNT) < m(2 ) g(X, o)

because of the finite overlapping of the (B;);, the Harnack inequality, and the fact that we
can easily find Harnack chains of balls that link X; to Xy and that avoids X. The bounds
(15.37) and then (15.29) follow.

The proof of (15.30) can be treated in a similar manner, and we refer to | , Lemma 11.11]
for additional ideas on the proof. O

Lemma 15.43 (Doubling volume property for the harmonic measure). Let o > 1, and take
a ball B := B(xg,r) in R™ centered on I'. One has

(15.44) wX(2BNT) < Cuw™(BNT)  for X € Q\ 2aB,
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where C, > 0 depends only upon n, Cy to Cg, Cy, and a.

Proof. The proof is the same as the one of | , Lemma 11.102]. Here are some ideas.

When a = 2, we use Lemma 15.28, the doubling property (H4), the Harnack inequality,
and the existence of Harnack chains of balls to write

m(2B)
(2r)?
where X and X, are corkscrew points associated to respectively (zg,7) and (xq, 27).

When 1 < a < 2, we cover 2BNT by a collection of finitely overlapping balls 2B; of radius

2rq = (a — 1)r and centered on B(zo,2r — 3r,) NT. In this case, for any X € Q\ 2aB

B
1545 w¥eBnn) < 228 x ) < ™B)x x) <X BT,
T

1
(1546) w¥(2BNT) <Y w¥2B,NT) <> w¥(BiNT) S w™(Bxo,2r - Sra) NT),

where the second estimate is due to (15.45). We repeat the argument a finite number of
time (depending in v — 1 > 0) to get (15.44). The lemma follows. O

Lemma 15.47 (Comparison principle for global solutions). Let B := B(xzo,7) be a ball
centered on T, and let Xy € Q) be a corkscrew point associated to (xo,r). Let u,v € W be two

non-negative, non identically zero, solutions to Lu = Lv = 0 in Q such that Tru = Trv =0
on I'\ B(zo,7). Then

LX) u(X)  u(Xo)
(15.48) ) S o) = Cum)

where C' > 0 depends only on n, C to Cg, and Cy4.

Remark 15.49. We also have (15.48) for any X € Q\ B(xzg, ar), where o« > 1. In this case,
the constant C' depends also on a. We let the reader check that the proof below can be
easily adapted to prove this too.

for X € Q\ 2B,

Proof. The proof is very similar to the one of | , Lemma 11.14]. Let us recall the main
steps and show the differences.

By symmetry of the roles of u and v, we only need to show the upper bound
u(X) _ u(Xo)
v(X) T u(Xo)
Notice also that thanks to the Harnack inequality (Lemma 11.35), v(X) > 0 on the whole
2, so we we don’t need to be careful when we divide by v(X).

We introduce some notation for two boundary balls: set I'y :=T'N B and ', :=1'N %B )
The proof of the lemma is composed of three steps :

(15.50) for X € Q\ 2B.

(a) we prove the lower bound

(15.51) v(X) > C ' (T)v(X,)  for X € Q\ 2B;
(b) we prove the upper bound

(15.52) u(X) < Cu(Xo)w™(Ty) for X € Q\ 2B;
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(¢) we conclude by using the fact that the harmonic measure is doubling (Lemma 15.43).

The proof of (15.51) is can be done exactly as in | , Lemma 11.14]. Let us quickly
sketch it. By the Harnack inequality (Lemma 11.35), for all X € B(Xy,d(X()/2), we have
v(X) 2 v(Xp). Together with the upper bound (14.64), we get the existence of a constant
K such that the function

m(B N
n(x) = (%) - EID (x6)00x,x0)
satisfies all the assumption of the maximum principle (Lemma 14.33) with £ = R™\

B(Xo,0(X0)/4) and F = B(Xy,d(Xy)/2) \ B(Xo,d(Xo)/4). Indeed, since v is non-negative
everywhere, it forces Trv; = Trv > 0. We deduce that v1 > 0 on E, i.e.
m(B N Q)

2

v(X0)g(X, Xo) < Kio(X)  for X € Q\ B(Xo,5(Xo)/4).

r

The claim (15.51) is now an immediate consequence of Lemma 15.28.
We turn to the proof of (15.52). We first check that

13
(15.53) w(X) < Cu(Xy) for X € gB\ B
Let K as in Lemma 15.14. We want to establish (15.53) in the two sets:
13 11 1
(1554) Q=N {X € B(mo, ) \B(fﬂo, 3 ), 5(X) < 8—K7’}
and
13 11 1
(15.55) O :={X € B(:co, r)\ B(xg, — A r), 6(X) > S—Kr}

The proof of (15.53) on s is easy, it is only a consequence of the Harnack inequality (Lemma
11.35) and the existence of Harnack chains.

Then, we prove (15.53) for X € Q. Let thus X € ; be given. Take xz € T' such
that |X — 2| = 6(X); in particular, particular, |[X — z| < %, and hence z € IB. Now
let X; be a Corkscrew point for (z, ;%). Since u is a non-negative solution of Lu = 0 in
B(x,7) NQ satisfying Tru = 0 on B(z, ;) NI', Lemma 15.14 gives that u(Y") < Cu(X;) for
Y € B(z, {%) and thus u(X) < Cu(X;). By the existence of Harnack chains (Proposition
2.18) and the Harnack inequality (Lemma 11.35), u(X;) < Cu(Xy). Hence u(X) < u(Xy),

which completes the proof of (15.53) on €y

The end of the proof is as in in | , Lemma 11.117], but let us recall it. We proved
(15.53) and now we want to get (15.52). Recall from Lemma 15.1 that w*({BNT) > C~!
for X € %’B N 2. Hence, by (15.53),

(15.56) u(X) < Cu(XO)wX(ZB NI) for X € {133\ B] naQ.

Let h € Cg°(B(xo, 227)) be such that 0 < h <1 and h =1 on B(zg, £r). Then let u, € W
be the solution of Lu;, = 0 with the Dirichlet condition Tru, = Trh. By the positivity of
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the harmonic measure,

13 11
(15.57) w(X) < Cu(Xo)up(X) for X € {gB \ gB} N <.
The maximum principle given by Lemma 14.33 - where we take £ = R" \18—1_B and ' =
R™\ 2B - yields

1
(15.58) w(X) < Cu(Xo)up(X) for X € Q\ ;B
and hence

1
(15.59) uw(X) < Cu(Xo)w™(Iy)  for X € Q\ ;3,

where we use again the positivity of the harmonic measure. The assertion (15.52) is now
proven.

We conclude as follows. Because of (15.51) and (15.52),
u(X) < CU(XO) wX(I'y)
v(X) T u(Xo) wX(I)

The bound (15.50) - and thus the lemma - follows then from the fact that w™ (T'y) < wX(T'y),
which is given by Lemma 15.43. U

(15.60) for X € Q\ 2B.

Lemma 15.61 (Comparison principle for harmonic measures / Change of poles). Let B :=
B(xg,r) be a ball centered on T' and let Xy be a corkscrew point associated to (xo,7). Let
E,F C TN B be two Borel subsets of T’ such that w*°(E) and wX°(F) are positive. Then

g _wt(B) _ L wh(E)
15.62 12 < <

( ) wXo(F) = wX(F) =  wXo(F)
where C' > 0 depends only onn, Cy to Cg, and Cy4. In particular, with the choice F = BNT,

(15.63) C ' (E) < % < Cw™(E) for X € Q\ 2B,

where C > 0 depends on the same quantity as for (15.62).

for X € Q\ 2B,

Proof. This result can be deduced from Lemma 15.47 with the same proof we obtained
[ , Lemma 11.135] from | , Lemma 11.117]. It relies on approximations of X
w¥(E) and X — w®(F) by solutions in W to Lu = 0 in Q. O

Theorem 15.64 (Comparison principle for locally defined functions). There exists K > 2
depending only on n, Cy, and Cy such that the following holds.
Let B := B(xg,7) be a ball centered on ', and let Xy € Q be a corkscrew point associated

to (zo,r). Take u,v € W,(KBNQ) to be two non-negative, not identically zero, solutions to
Lu=Lv=01in KBNS, such that Tru =Trv =0 on KBNT. Then

u(Xo) < u(X) < Cu(XO)
v(Xo) ~ v(X) v(Xo)
where C > 0 depends only on depends only on n, Cy to Cg, and C4.

(15.65) c! for X € QN B,
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Proof. Two strategies can be used to prove this theorem:

(i) If we mimic the classical proof from the codimension 1 case, we need to find a (good
enough) domain D such that BNQ C D C KB N, and we work with the harmonic
measure on D of the operator L restricted to D. One might think that for instance
D = 2B N will work out, but this choice of D will not be “good enough” if it is not
connected (and it can easily happen).

The difficulty is first to construct such a D that satisfies the corkscrew point condition
and the Harnack chain condition, but this part could be possibly done by considering
the tents sets constructed in Section 5. Yet, even with such good D, we still need
to build a measure pup on 9D which is suitable, in particular satisfies (H5) for this
particular domain. Well, at the present moment, we don’t even know if building such
Wp is possible with our assumptions.

(ii) The second strategy, that we shall apply, is to follow the ideas used in | , Theorem
11.146]. In this strategy, we are not allowed to consider a harmonic measure different
from the one we defined on I'. The main pitfall in the present theory which did not
exist in | ] is the fact that w™(I'\ B) can be null because I' \ B is empty, and so
we do not necessary have the non-degeneracy of the harmonic measure, and we shall
use the estimate (15.4) involving the Green function instead.

We may have chosen to restrict our attention to the balls B that do not cover entirely
I'. Here we decided to allow more balls, but then when we take r large in our theorem
- when € is unbounded and I is bounded - we need to impose stronger conditions (and
we get a stronger conclusion).

Step 1: Construction of a function f, s.

Let yo € I" and s > 0. We write Yj for a corkscrew point associated to yo and s. Roughly
speaking, we would like to use the function f,, s(X) defined by

(15.66)
) = MG 0D o vy (¥ (0 By, K1) + ™

B(yo, K15) N Q)

(Ks)?
where Y, is a Corkscrew point associated to yo and K;s, and where K;, Ko > 0 are some
large constants that depend only on n, C; to (g, andC'y. We could show that with large
enough choices of K and K, f, s is positive in B(y, s) and negative outside of a big ball
B(yo,2K:s). However, we want to use the maximum principle to extend such inequalities
to larger regions, and with this definition involving the harmonic measure, our f,, s is not
smooth enough to be used in Lemma 14.33. So we shall first replace w™ (T \ B(yo, K15)) in
(15.66) by some solution of Lu = 0 with smooth Dirichlet condition.

Let h € C*°(R™) be such that 0 < h <1, h =0o0n B(0,1/2) and h = 1 on the complement
of B(0,1). For 8> 1 (which will be chosen large), we define hg by hg(z) = h(*52). Let ug
be the solution, given by Lemma 12.2, of Lug = 0 with the Dirichlet condition Trug = Tr hg.
Notice that ug € W because 1 — ug is the solution of L with the smooth and compactly

supported trace of 1 — hg. By the positivity of the harmonic measure, it holds that for any
X eQand v >0,

(15.67) W (T'\ B(yo, Bs)) < ug(X) < w™(I'\ B(yo, B5/2)),

g<X7 YKl)
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and we can see here that ug will be used as a smooth substitute of the harmonic measure.

Similarly to (15.32), using the Green function upper bounds and (H4), we have

m(B(yo, s) N )

(15.68)

gX, Vo) SO for X € B(Yo,0(¥s)/2) \ B(Yo, 6(Yo)/4).

s

Then by Lemma 14.33 with £ = R" \ B(Yy,d(Yp)/4) and F' = R"\ B(Y;,(Y)/2),

m(B(y07 S) N Q)
52

(15.69)

(X, Yy) SC for X € Q\ B(Y,6(¥)/4).
From this and the non-degeneracy of the harmonic measure (Lemma 15.1), we deduce that
for 5 € (1,00) and X € Q\ B(yo, 20s)

m(B(yo, 5) N )

s2

Yo, BS) n Q)

g(X.Y0) < K, {m \ Blyo, fs)) + ™

(Bs)?
m(B(?é%f)‘;) i Q)g(X7 YB))} ;

where Yj is a corkscrew point associated to (yo, 5s), and where the constant Ky > 0 depends
only on n, C to Cy, and CQy; in particular, K5 does not depend on f.

Our aim now is to find K; > 20C; such that, for X € QN [B(yo,s) \ B(Ys,0(Ys)/4)],

g(X, Yﬁ»]
(15.70)

< K, [uﬁ(X) +

m(B(yo, K1s) N ) 1 m(B(yo, s) N )
(15'71> Ky UK1<X) + (K18)2 g(X7 YKI) < 5 s2 g<X7Yb>'
According to the Holder continuity at the boundary (Lemma 11.32), we have
(15.72) sup ug < Cp°.
B(yo,10s)

Moreover, Lemma 14.83 applied to ¢(.,Y}s) implies, that

m(B(yo, Bs) N )
(8s)?
If both cases, we need [ to be big enough, for instance § > 20C}, and the constants C' and

a > 0 depend only on n, Cj to Cg, and C4. Due to the non-degeneracy of the harmonic
measure given by (15.4) - and (H4) - we have

m(B(y0> S) N Q)

(15.73)

9(X,Ys) <Cp™® for X € B(yo, 10s).

uy + g(X,Yy) > Ot for X € Q\ B(yo, 5s).

52
By the last estimate in (15.72)—(15.73), there exists K3 > 0 such that
m(B(yo, 8s) N u m(B(yp,s) N
(570 () + PEIEI O3, v2) < e [ugx) + PO, x v,

for X € QN [B(yo, 10s) \ B(yo,5s)]. In addition, by increasing K3 if needed, the estimates
(15.72)—(15.73) and the lower bound in (14.65) for the Green function imply that
m(B(yo, Bs) N ) m(B(yo, s) N Q)

(1575) U,g(X) + (ﬁs)Q 82

9(X,Yp) < K367

9(X,Y)
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when X € B(Yy,40(Y0)/2) \ B(Yy,0(Ys)/4). We invoke then Lemma 14.33, used on the
function

m(B(yo,s) N Q) m(B(yo, 5) N Q)
0, - s + SO g x|

and the sets £ = B(yo, 10s) \ B(Yy,8(Yp)/4) and F = B(yo, 5s) \ B(Ys,6(Y5)/2), to deduce

that for X € QN B(yo, 10s) \ B(Yy, 5(Yp)/4),

m(B(yo, Bs) N €Y)
(Bs)?

X — Kgﬂ_a U4(X) +

B(yo,s) N Q)

52

us(X) + 9(X,Y5) < Ky~ {u4<x> L g(X, m]

B(yOas) N Q)g(X,YE)):|

< Kygo [wX<B<yo,4s>> +

m(B(yo, s) N )

52 J
by Lemma 15.28. Therefore, (15.71) can be indeed achieved for some large K7, that depends
only on n, Cy to Cg, and C4 (recall that K, is already fixed, and depends on the same
parameters).

Define the function f,, s on Q\ {Yy} by
m(B(yo, s) N Q)
52

S

<Cp (X, Yo)

m(B(yo, K15) N Q)

(15.76) f(X) := Ton

g(X,Yb)—KQ uK1(X)+ g(X7YK1>> :

The inequality (15.70) gives
(15.77) fro.s(X) <0 for X € Q\ B(yo, 2K;5),
and the estimate (15.71) proves that

(15.78) Fros(X) > 1m(B(yo,s) N Q)

for X € QN [B(y(]? S) \ B(%v 5(}/0)/4)]
Step 2: End of the proof

9(X.,Yp)

52

Let us turn to the proof of the comparison principle. By symmetry and as in Lemma 15.47,
it suffices to prove the upper bound in (15.65), that is

u(X) u(Xo)
15.79 <C for X € QN B, wh B=B .
( ) o) = Yo or X € , where (xo,7)
We claim that
m(B)

(15.80) v(X)>C! v(Xo)g(X, Xo)  for X € [N B]\ B(X,8(Xo)/4),

r2
where C' > 0 depends only on n, C} to Cg, and Cy. So let X € QN B be given. Two
cases may happen. If §(X) > sic» where K comes from (15.71) and is the same as in
the definition of f,, s, the existence of Harnack chains (Proposition 2.18) and the Harnack
inequality (Lemma 11.35) give that

v(X) =~ v(Xp)
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For the above inequality to hold, we need the Harnack chains to stay in the area where v is
a solution; we take K big enough to make sure that it happens, and by Proposition 2.18, K
need to depend only on €} and Cs. Similarly, Proposition 2.18 and Lemma 11.35, together
with the bound (14.65) on the Green function, give that

m(B
752 )g(X, Xo) =1 on [Q N B(xg,7)] \ B(Xo,0(X0)/4).
We conclude that for all X € [N B]\ B(Xo,0(Xo)/4) satisfying 6(X) > g
m(B
(15.81) v(X) =~ v(Xp) £2 )g(X, Xo).
The more interesting remaining case is when (X)) < gz—. Take yo € I such that |[X —yo| =
6(X). Set s := g= and Y; a corkscrew point associated to (yo,s). The ball B(yo, ir) =

B(yo,8Ks) is contained in B(zg, £r). The following points hold :
s dEr S\ B(vo.6(vo)/4) | VU 7dm s finite because v € W,.(B(z,2r)). The
fact that [50, 1x o\ B00.00v0)/a) | V. fuos|dm is finite as well follows from the property

(14.61) of the Green function.
e There exists K, > 0 such that

(1582)  Kw(Y) = 0(Yo) fyos(Y) >0 for Y € B(Yo,8(¥5)/2) \ B(Ys,0(Yo)/4).

This latter inequality is due to the following two bounds: the fact that
m(B(yo, s) N )
D) g

e The quantity |, B(

(15.83) f0s(Y) < (V,Yo) SC  for Y € B(Yo,3(Y)/2)\ B(Yo, 3(Yo)/4).

s
which is a consequence of the definition (15.76) and (14.64), and the bound
(15.84) v(Y) > Cu(Yy)  for Y € B(Yq,0(Ys)/2),

which comes from the Harnack inequality (Lemma 11.35).
e The function Kqv — v(Yy)fy,.s is nonnegative on Q N [B(yo,4K15s) \ B(yo, 2K:59)].
Indeed, v > 0 on QN B(yo, 4K, ) and, thanks to (15.77), fy,s < 0on Q\ B(yo,2K;s).
e The trace of Kyv—v(Yp) fy, s Is non-negative on B(yo, 4K;s)NI" again because Trv = 0
on B(yo,4K1s) NI and Tr[f,,s] <0 on B(y,4K;15) NI by construction.
The previous points prove that K,uv—uv(Yp) f,,.s satisfies the assumptions of Lemma 14.33 with
E = B(yy,4K1s) \ B(Yy,0(Yp)/4) and F = B(yo,2K;5) \ B(Yp,(Y0)/2). As a consequence,
for any Y € B(yo,4K;s) \ B(Yo,d(Yy)/4)

(15.85) K (Y) = 0(Y0) fyo.s(Y) 2 0,
and hence, for any Y € B(yo, s) \ B(Ys,(Yo)/4)

(B(yo,s) N €Y)

52

(15.86) oY) = (K)) 0(Yo) fyns(Y) = €

v(Y0)g(Y, o)

by (15.78). The points Xy and Yj are both corkscrew points, and they can be linked by
a Harnack chain of balls whose length depends only on r/s = 8K, that is with uniformly
bounded length. So using the Harnack inequality on every ball of the chain, we deduce that
v(Yy) = v(Xp) and g(Y,Yy) = g(Y, Xo) whenever Y € B(yo, s) is far from Y, and X, (but it
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cannot be close to Xy since K; > 20C}). Moreover, s~ 2m(B(yo, s) N Q) ~ r2m(B N Q) by
(H4). Therefore (15.85) becomes

(BN Q)

v(Y) > o1z = v(Xo)g(Y, Xo) for Y € [2N B(yo, s)] \ B(Yo,0(Ys)/4).

Since the two functions of Y in the inequality above are solutions in N B(yo, 2s), the
Harnack inequality yields the following improvement:

BNQ)
2

o(v) > 1 v(Xo)g(Y,Xy)  for Y € QN By, s).

T

Recall that X € B(yo, s) by construction of yy and s. We conclude, at last, that even when
X € QN B is such that §(X) < o=, we still have

v(X) > 0—1@71()(0)9()(, Xo).

The claim (15.80) follows.
Now we want to prove that, for all X € [N B]\ B(Xo, §(Xo)/4),

(15.87) w(X) < Cu(Xo) |X(T\ ZB) + @g(.,)@) |

where the constant C' > 0 depends only on n, C to (g, and C'y. By Lemma 15.14,
7
(15.88) uw(X) < Cu(Xy) for X € Qn é_lB7

as long as K is large enough so that Lemma 15.14 can be applied. But again, K does not
need to depend on anything else than n, C; and Cy. Pick i’ € C*°(R™) such that 0 < b/ <1,
W =1 outside of 2B, and ¥’ = 0 on 2B. Let uy = U(h') be the solution of Luj, = 0 with the
data Trup = Trh’ (given by Lemma 12.2). As before, uy € W because 1 — uy = U(1 — h)
and 1 — h is a test function. Also, up (X) > w¥(T'\ £B) by monotonicity. So (15.4), which
states the non-degeneracy of the harmonic measure, gives

m(3BNQ)

3y

13
(1589) U,h/(X> + g(X, Xg/g) > Cil for X € Q \ gB,
where X3/, is a corkscrew point associated to (g, 3r). The doubling property (H4) and
Harnack inequality for the function ¢g(X,.) = gr(., X) entail now that

m(B N Q)

13
(15.90) u (X) + 9(X, X)) 2O for X € Q\ B

The combination of (15.88) and (15.90) yields the existence of K5 > 0 such that

m(BNQ)

7 13
2 g(, Xo)| —u>0 OHQO[ZB\gB]'

U= K5U(X0) Up +

Moreover, using the Harnack inequality and the Green function lower bounds, by increasing
slightly K3 if needed, we also have @ > 0 in B(Xo,d(X0)/2) \ B(Xo,d(Xo)/4). Now, it
is not very hard to see that u satisfies all the assumptions of Lemma 14.33, with the sets
E = IB\ B(Xy,0(Xy)/4) and F = 2B\ B(Xy,6(Xo)/2). Observe in particular that
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up € W, Tup > 0, and as long as we choose K > 2, u € W,(2B) and Tu = 0 on I' N 2B.
Then by Lemma 14.33,

(15.91)

(X) < K5u XD |:'LLh/ BTQQ Q> (X, X0>:| for X € [Q N EB] \B(Xo,d(Xo)/ZD,
and since uy (X) < w*(I'\ 2B) for all X € Q,
u(X) < Cu(Xy) {wX(F \ Z_IB) + @g()@ Xo)] for X € [N EB] \ B(Xy,0(X0)/4).

The claim (15.87) follows.

The bounds (15.80) and (15.87) imply that
u(X) < Ou(XO) { r’wX(T\ 2B)
v(X) T u(Xo) [m(BN2)g(X, X

The bound (15.79) in the set [2N B]\ B(Xo, d(X()/4) is now a consequence of the above in-
equality and (15.30). The bound (15.79) in the full domain QN B is then an easy consequence
of the Harnack inequality (Lemma 11.35). O

(15.92) o+ 1} for X € [N B\ B(Xo,6(Xo)/4).
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