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Abstract

Bowen’s formula relates the Hausdorff dimension of a conformal repeller to the zero of
a ‘pressure’ function. We present an elementary, self-contained proof to show that Bowen’s
formula holds for C' conformal repellers. We consider time-dependent conformal repellers
obtained as invariant subsets for sequences of conformally expanding maps within a suitable
class. We show that Bowen’s formula generalizes to such a repeller and that if the sequence
is picked at random then the Hausdorff dimension of the repeller almost surely agrees with
its upper and lower Box dimensions and is given by a natural generalization of Bowen’s
formula. For a random uniformly hyperbolic Julia set on the Riemann sphere we show that
if the family of maps and the probability law depend real-analytically on parameters then
so does its almost sure Hausdorff dimension.

1 Random Julia sets and their dimensions

Let (U,dy) be an open, connected subset of the Riemann sphere avoiding at least three points
and equipped with a hyperbolic metric. Let K C U be a compact subset. We denote by £(K,U)
the space of unramified conformal covering maps f : Dy — U with the requirement that the
covering domain Dy C K. Denote by Df : Dy — R, the conformal derivative of f, see equation
(2.4), and by ||Df|| = sup;-15 Df the maximal value of this derivative over the set f~'K. Let
F = (fn) C E(K,U) be a sequence of such maps. The intersection

JF)=()fite-of (V) (1.1)

n>1

defines a uniformly hyperbolic Julia set for the sequence F. Let (T, v) be a probability space and
letwe YT — f, € E(K,U) be a v-measurable map. Suppose that the elements in the sequence F
are picked independently, each according to the law v. Then J(F) becomes a random ‘variable’.
Our main objective is to establish the following

Theorem 1.1

I. Suppose that E(log ||Df,||) < co. Then almost surely, the Hausdorff dimension of J(F)
1s constant and equals its upper and lower box dimensions. The common value is given by a
generalization of Bowen’s formula.

11. Suppose in addition that there is a real parameter t having a complex extension so that :
(a) The family of maps (fiw)wer depends analytically upon t. (b) The probability measure vy
depends real-analytically on t. (c) Given any local inverse, ft;j, the log-derivative log th,woft;j
is (uniformly in w € Y) Lipschitz with respect to t. (d) For each t the condition number
IDfrwll - 11/D frwll is uniformly bounded in w € Y.



Then the almost sure Hausdorff dimension obtained in part I depends real-analytically on t.
[For a precise definition of the parameter t we refer to section 6.3, for conditions (a),(c) and
(d) see Definition 6.8 and Assumption 6.12, and for (b) see Definition 7.1 and Assumption 7.3.
We prove Theorem 1.1 in section 7].

Example 1.2 Let a € C and r > 0 be such that |a| +r < %. Suppose that ¢, € C, n € N are
i.i.d. random variables uniformly distributed in the closed disk B(a,r) and that N,, n € N are
i.4.d. random variables distributed according to a Poisson law of parameter X > 0. We consider
the sequence of maps F = (fn)nen given by

fa(z) = 2N 4c. (1.2)
An associated ‘random’ Julia set may be defined through
J(F)=0{2€C: fro---0 fi(z) = oo}. (1.3)

We show in section 6 that the family verifies all conditions of Theorem 1.1, part I and IT with
a 4-dimensional real parameter t = (rea,ima,r,\) in the domain determined by |a| +r < 1/4,
r >0, A\ > 0. For a given parameter the Hausdorff dimension of the random Julia set is
almost surely constant and equals the upper/lower box dimensions. The common value d(a,r, \)
depends real-analytically upon rea, ima, r and \. Note that the sequence of degrees (Ny)nen
almost surely is unbounded when A > 0.

Rufus Bowen, one of the founders of the Thermodynamic Formalism (henceforth abbreviated
TF), saw more than twenty years ago [Bow79] a natural connection between the geometric
properties of a conformal repeller and the TF for the map(s) generating this repeller. The
Hausdorff dimension dimp (A) of a smooth and compact conformal repeller (A, f) is precisely the
unique zero Seit of a ‘pressure’ function P(s, A, f) having its origin in the TF. This relationship
is now known as ‘Bowen’s formula’. The original proof by Bowen [Bow79] was in the context
of Kleinian groups and involved a finite Markov partition and uniformly expanding conformal
maps. Using TF he constructed a finite Gibbs measure of zero ‘conformal pressure’ and showed
that this measure is equivalent to the scit-dimensional Hausdorff measure of A. The conclusion
then follows.

Bowen’s formula apply in many other cases. For example, when dealing with expanding
‘Markov maps’ the Markov partition need not be finite and one may eventually have a neutral
fixed point in the repeller [Urb96, SSUO1]. One may also relax on smoothness of the maps
involved, C! being sufficient. McCluskey and Manning in [MMB83], were the first to note this for
horse-shoe type maps. Barreira [Bar96] and also Gatzouras and Peres [GP97] were also able to
demonstrate that Bowen’s formula holds for classes of C'! repellers. A priori, the classical TF
does not apply in this setup. McCluskey and Manning used non-unique Gibbs states to show
this. Gatzouras and Peres circumvene the problem by using an approximation argument and
then apply the classical theory. Barreira, following the approach of Pesin [Pes88|, defines the
Hausdorff dimension as a Caratheodory dimension characteristic. By extending the TF itself
Barreira goes closer to the core of the problem and may also consider maps somewhat beyond
the C' case mentioned. The proofs are, however, fairly involved and do not generalize easily
neither to a random set-up nor to a study of parameter-dependency.

In [Rue82], Ruelle showed that the Hausdorff dimension of the Julia set of a uniformly
hyperbolic rational map depends real-analytically on parameters. The original approach of
Ruelle was indirect, using dynamical zeta-functions, [Rue76]. Other later proofs are based on
holomorphic motions, (see [Zin99] as well as [UZ01] and [UZ04]). In another context, Furstenberg



and Kesten, [FK60], had shown, under a condition of log-integrability, that a random product
of matrices has a unique almost sure characteristic exponent. Ruelle, in [Rue79], required in
addition that the matrices contracted uniformly a positive cone and satisfied a compactness
and continuity condition with respect to the underlying propability space. He showed that
under these conditions if the family of postive random matrices depends real-analytically on
parameters then so does the almost sure characteristic exponent of their product. He did not,
however, allow the probability law to depend on parameters. We note here that if the matrices
contract uniformly a positive cone, the topological conditions in [Rue79] may be replaced by the
weaker condition of measurablity + log-integrability. We also mention the more recent paper,
[Rue97], of Ruelle. It is in spirit close to [Rue79] (not so obvious at first sight) but provides a
more global and far more elegant point of view to the question of parameter-dependency. It has
been an invaluable source of inspiration to our work.

In this article we depart from the traditional path stuck out by TF. In Part I we present
a proof of Bowen’s formula, Theorem 2.1, for a C'! conformal repeller which bypasses measure
theory and most of the TF. Measure theory can be avoided essentially because A is compact
and the only element remaining from TF is a family of transfer operators which encodes geo-
metric informations into analytic ones. Our proof is short and elementary and releases us from
some of the smoothness conditions imposed by TF. An elementary proof of Bowen’s formula
should be of interest in its own, at least in the author’s opinion. It generalizes, however, also to
situations where a ‘standard’ approach either fails or manages only with great difficulties. We
consider classes of time-dependent conformal repellers. By picking a sequence of maps within
a suitable equi-conformal class one may study the associated time-dependent repeller. Under
the assumption of uniform equi-expansion and equi-mixing and a technical assumption of sub-
exponential ‘growth’ of the involved sequences we show, Theorem 3.7, that the Hausdorff and
Box Dimensions are bounded within the unique zeros of a lower and an upper conformal pres-
sure. Similar results were found by Barreira [Bar96, Theorem 2.1 and 3.8]. When it comes
to random conformal repellers, however, the approach of Pesin and Barreira seems difficult to
generalize. Kifer [Kif96] and later, Crauel and Flandoni [CF98] and also Bogenshiitz and Ochs
[BO99], using time-dependent TF and Martingale arguments, considered random conformal re-
pellers for certain classes of transformations, but under the smoothness restriction imposed by
TF. In Theorem 4.4, a straight-forward application of Kingmans sub-ergodic Theorem, [King68],
allows us to deal with this case without such restrictions. In addition we obtain very general
formulae for the parameter-dependency of the Hausdorff dimension.

Part II is devoted to Random Julia sets on hyperbolic subsets of the Riemann sphere. Here
statements and hypotheses attain much more elegant forms, cf. Theorem 1.1 and Example 1.2
above. Straight-forward Koebe estimates enables us to apply Theorem 4.4 to deduce Theorem
5.3 which in turn yields Theorem 1.1, part (I)!. The parameter dependency is, however, more
subtle. The central ideas are then the following:

(1) We introduce a ‘mirror embedding’ of our hyperbolic subset and then a related family of
transfer operators and cones having a natural (real-)analytic structure.

(2) We compute the pressure function using a hyperbolic fixed point of a holomorphic map
acting upon cone-sections. When the family of maps depends real-analytically on parame-
ters, then the real-analytically dependency of the dimensions, Theorem 6.18, follows from
an implicit function theorem.

(3) The above mentioned fixed point is hyperbolic. This implies an exponential decay with

'Within the framework of TF, methods of [Kif96],[PW96],[CF98] or [BO99] can also be used to prove this part.



respect to ‘time’ and allows us in section 7.1 to treat a real-analytic parameter dependency
with respect to the underlying probability law. This concludes the proof of Theorem 1.1.

Acknowledgement: I am grateful to the anonymous referee for useful remarks and sugges-
tions, in particular for suggesting the use of Euclidean derivates rather than hyperbolic deriva-
tives in section 6.

2 Part I: C' conformal repellers and Bowen’s formula

Let (A, d) be a non-empty compact metric space without isolated points and let f : A — A be a
continuous surjective map. Throughout Part I we will write interchangeably f, or f(x) for the
map f applied to a point x. We say that f is C' conformal at x € A iff the following double

limit exists : 0o f2)
Df(x) = lim —==2= 2.4
1) u;élvn—l>:c d(u,v) (24)
The limit is called the conformal derivative of f at z. The map f is said to be C' conformal on
A if it is so at every point of A. A point x € A is said to be critical iff D f(x) = 0.

The product Df"(z) = Df(f" '(x))--- Df(x) along the orbit of z is the conformal deriva-
tive for the n’th iterate of f. The map is said to be uniformly expanding if there are constants
C > 0, 8> 1 for which Df"(z) > Cp" for all x € A and n € N. We say that (A, f) is a C*
conformal repeller if

(C1) fis C! conformal on A.
(C2) f is uniformly expanding.
(C3) f is an open mapping.

For s € R we define the dynamical pressure of the s-th power of the conformal derivative by
the formula :

P(s,Af)=lminf log sup 3 (Df"(x)". (2.5)
" yeA rzeEN: fr=y

We then have the following

Theorem 2.1 (Bowen’s formula) Let (A, f) be a C* conformal repeller. Then, the Hausdorff
dimension of A coincides with its upper and lower box dimensions and is given as the unique
zero of the pressure function P(s, A, f).

Many similar results, proved under various restrictions, appear in the literature, see e.g.
[Bow79, Rue82, Falg89, Bar96, GP97] and our introduction. It seems to be the first time that
it is stated in the above generality. For clarity of the proof we will here impose the additional
assumption of strong mixing. We have delegated to Appendix A a sketch of how to remove this
restriction. We have chosen to do so because (1) the proof is really much more elegant and (2)
there seems to be no natural generalisation when dealing with the time-dependent case (apart
from trivialities).

More precisely, to any given 6 > 0 we assume that there is an ng = ng(d) € N (denoted the
0-covering time for the repeller) such that for every x € A :

(C4)
F10B(z,6) = A. (2.6)



For the rest of this section (A, f) will be assumed to be a strongly mixing C! conformal repeller,
thus verifying (C1)-(C4).

Recall that a countable family {U, },en of open sets is a d-cover(A) if diam U,, < ¢ for all n
and their union contains (here equals) A. For s > 0 we set

Ms(s,A) = inf {Z(diam Un)® : {Up}nen is a (5—cover(A)} € [0, 400].
n

Then M(s,A) = lims_o Ms(s,A) € [0,+0o0] exists and is called the s-dimensional Hausdorff

measure of A. The Hausdorff dimension is the unique critical value s¢it = dimgA € [0, 0o such

that M(s,A) =0 for s > sqit and M(s,A) = oo for s < seit. The Hausdorff measure is said to

be finite if 0 < M (Sepig, A) < 00.

Alternatively we may replace the condition on the covering sets by considering finite covers
by open balls B(x,d) of fixed radii, § > 0. Then the limit as 6 — 0 of My(s,A) need not exist
so we replace it by taking lim sup and lim inf. We then obtain the upper, respectively the lower
s-dimensional Box ‘measure’. The upper and lower Box Dimensions, dim®A and dimpgA, are
the corresponding critical values. It is immediate that

0 < dimgA < dimgA < dimPA < +o0.

Remarks 2.2

1. Let J(f) denote the Julia set of a uniformly hyperbolic rational map f of the Riemann
sphere. There is an open (hyperbolic) neighborhood U of J(f) such that V = f~lU is
compactly contained in U and such that f has no critical points in V. Writing d for
the hyperbolic metric on U, (J(f),d|ss)) is a compact metric space and one verifies that
(J(f), f) is a C* conformal repeller.

2. Let X be a C' Riemannian manifold without boundaries and let f : X — X be a C' map.
It is an ezercise in Riemannian geometry to see that f is uniformly conformal at x € X iff
fax 1 TuX — Tt X is a conformal map of tangent spaces and in that case, D f(x) = || frz]|-
When dim X < oo condition (C3) follows from (C1)-(C2). We note also that being C*
(the double limit in equation 2.4) rather than just differentiable is important.

2.1 Geometric bounds

We will first establish sub-exponential geometric bounds for iterates of the map f. In the
following we say that a sequence (b, )nen of positive real numbers is sub-exponential or of sub-
exponential growth iff lim, /b, = 1. For notational convenience we will also assume that
Df(x) > > 1 for all z € A. This may always be achieved in the present set-up by considering
a high enough iterate of the map f possibly redefining S.

Define the divided difference,

(2.7)

d(fu,fv)
flu,v] = { d(u,v) u7veh,

Df(u) u=1v€A.

Our hypothesis on f implies that f[-,] is continuous on the compact set A x A, and not smaller
than 3 > 1 on the diagonal of the product set. We let | D f|| = sup,cp D f(u) < 400 denote the
maximal conformal derivative on the repeller.

Choose 1 < Ag < 3. Uniform continuity of f[-,-] and (uniform) openness of the map f show
that we may find 4y > 0 and then A\; = A(f) < 400 such that



(C2) Ao < flu,v] < Ay whenever u,v € A and d(u,v) < dy,
(C3)  B(fs,6¢) C fB(x,0f) forall x € A.

The constant 6 gives a scale below which f is injective, uniformly expanding and (locally)
onto. We note that A ¢ B(x,d¢) for any x € A (or else A would be reduced to a point). In the
following we will assume that values of 67 > 0, \g > 1 and A\; < 400 have been found so as to
satisfy conditions (C2’) and (C3’).

We define the distortion of f at x € A and for » > 0 as follows:

flut, us]
f[u?)) U4]

This quantity tends to zero as r — 0 uniformly in x € A (same compactness and continuity as
before). Thus,

ef(x,r) = sup{ log call w; € B(z,67) N fEB(fur 1)} (2.8)

(r) =supes(z,r)
zEA

tends to zero as r — 07. When x € A and the wu;’s are as in (2.8) then also:

Df(u1)
D f(u2)

log f[uhuQ]

D f(u3)

< e(r). (2.9)

<e€(r) and ‘log

For n € NU {0} we define the n-th ‘Bowen ball’ around =z € A
Bp(x) = By(x,6f, f) ={u € A: d(f:f,ff) <df, 0<Ek <n}.

We say that u is n-close to x € A if u € B, (x). The Bowen balls act as ‘reference’ balls, getting
uniformly smaller with increasing n. In particular, diam B,(xz) < 2 §¢ Ay", i.e. tends to zero
exponentially fast with n. We also see that for each x € A and n > 0 the map

[t Bnya(z) — B(fz)

is a uniformly expanding homeomorphism.

Expansiveness of f means that closeby points may follow very different future trajectories.
Our assumptions assure, however, that closeby points have very similar backwards histories.
The following two Lemmas emphasize this point :

Lemma 2.3 [Pairing] For each y,w € A with d(y,w) < ¢ and for every n € N the sets
fF ™y} and f~™{z} may be paired uniquely into pairs of n-close points.

Proof: Take z € f~"{y}. The map f" : By(x) — Bo(f}) = B(y,dy) is a homeomorphism.
Thus there is a unique point v € f~"{z} N By(z). By construction, z € B, (u) iff u € By, (x).
Therefore x € f~"{y} N B, (u) is the unique pre-image of y in the n-th Bowen ball around « and
we obtain the desired pairing. []

Lemma 2.4 [Sub-exponential Distortion] There is a sub-exponential sequence (¢, )nen Such
that given any two points z and u which are n-close to x € A (x # u) we have
L AU ) 1 _ D)

— < uwda) o ——
en = d(u,z) Dfr(z) ="

< cp.

Cn Df”(z) N



Proof: For all 1 < k < n we have that f* € B, 4(fF). Therefore, d(fF, f¥) < 6;\f™" and
the distortion bound (2.9) implies that

a(fut, f7')

T D S €D+ O+ + (™) = log en.

|log

Since lim,_,g €(r) = 0 it follows that %log ¢n — 0, whence that the sequence (¢, )nen is of sub-
exponential growth. This yields the first inequality and the second is proved e.g. by taking the
limit u — z. []

Remarks 2.5 When €(t)/t is integrable at t = 0" one verifies that the distortion stays uniformly

bounded, i.e. that ¢, < €(df) + foaf # lo‘ét)\ < o0. uniformly in n. This is the case, e.g. when €
is Holder continuous at zero.

2.2 Transfer operators

Let M(A) denote the Banach space of bounded real valued functions on A equipped with the
sup-norm. We denote by x,, the characteristic function of a subset U C A and we write 1 = x ,
for the constant function 1(z) = 1, Vo € A. For ¢ € M(A) and s > 0 we define the positive
linear transfer? operator,

(Lsd)y = (Lsgd)y = > (Df(2) " ¢er yEA

zeN: fz=y

Since A has a finite dy-cover and D f is bounded these operators are necessarily bounded. The
n’th iterate of the operator L; is given by

(Lig)y= > (Df'(x))”" bu

zeN: fi=y

It is of importance to obtain bounds for the action upon the constant function. More precisely,
for s > 0 and n € N, we denote

M, (s)=supLi1(y) and my,(s)= inf L71(y). (2.10)
yeEA yeEA

We then define the lower, respectively, the upper pressure through

1 1
—o00 < P(s) = liminf —logm,(s) < P(s) =limsup — log M,(s) < +oo.
non n o n

Lemma 2.6 [Operator bounds| For each s > 0 the upper and lower pressures agree and
are finite. We write P(s) = P(s) = P(s) € R. for the common value. The function P(s) is
continuous, strictly decreasing and has a unique zero, Serit > 0.

Proof: Fix s > 0. Since the operator is positive, the sequences M,, = M, (s) and m,, = mu(s),
n € N are sub-multiplicative and super-multiplicative, respectively. Thus,

MMyt <My, < My, < MpM,_, Y0O<k<n. (2.11)

2The ‘transfer’-terminology, inherited from statistical mechanics, refers here to the ‘transfer’ of the encoded
geometric information at a small scale to a larger scale, using the dynamics of the map, f.



This implies convergence of both {/M, and {/m,, the limit of the former sequence being the
spectral radius of L acting upon M(A). Let us sketch a standard proof for the first sequence:
Fixing k > 1 we write n = pk +r with 0 < r < k. Since k is fixed, lim sup,, maxg<, < VM, = 1.
But then limsup,, /M, = limsup, #/My, < /M. Taking lim inf (with respect to k) on
the right hand side we conclude that the limit exists. A similar proof works for the sequence
(mp)nen. Both limits are non-zero (> m; > 0) and finite (< M; < 00). We need to show that
the ratio M,,/m,, is of sub-exponential growth.

Consider w, z € A with d(w, z) < §¢ and n > 0. The Pairing Lemma shows that we may pair
the pre-images f~"{w} and f~"{z} into pairs of n-close points, say (wq, 2a)acr,, Over a finite
index set I,, which possibly depends on the pair (w,z). Applying the second distortion bound
in Lemma 2.4 to each pair yields

1 S
LY 1(z) > (—) L? 1(w). (2.12)
Cn
Choose w € A such that L7 1(w) > M, /2. Given an arbitrary y € A our strong mixing
assumption (C4), with ng = no(ds), implies that the set B(w,df) N f~"°{y} contains at least
one point. Using (2.12) we obtain

M,
Ly 1(y) = Y (Df"(2)"° LY 1(z) > (|Df]"0ca) ™ —
z: :O:y
Thus,
Mangng = (D" cn) ™" My /2 (2.13)

and since ¢y, is of sub-exponential growth then so is M,, /1,1y, and therefore also M, n/Mining <
Mno Mn/mn+n0 .

The functions, slog 8+ P(s) and slog || D f|| + P(s), are non-increasing and non-decreasing,
respectively. Also 0 < P(0) < +oo. It follows that s — P(s) is continuous and that P has a
unique zero Sepit > 0. []

Remarks 2.7 Super- and sub-multiplicativity (2.11) imply the bounds®
mp(s) < P < M, (s), neN.

Clearly, if the distortion constants ¢y, are uniformly bounded then so is the ratio My (s)/mn(s) <
K(s) < o0.

To prove Theorem 2.1 it suffices to show that seix < dimg(A) and dim® (A) < Scrit-

2.3 dimy(A)> sai

Let U C A be an open non-empty subset of diameter not exceeding d;. We will iterate U by f
until the size of f*U becomes ‘large’ compared to & ¢- Aslong as f* stays injective on U the set
{zeU: ff = y} contains at most one element for any y € A. Therefore, for such k-values

(Lix)) < sup (DF*()) Wy e (2.14)

Choose x = z(U) € U and let k = k(U) > 0 be the largest positive integer for which U C Bg(z).
In other words :

3Such bounds are useful in applications as they imply computable rigorous bounds for the dimensions.



(a) d(fL, fl)y<d;for0<l<kandallu€eU and
(b) d(fEFL, f-+1) > §4 for some u € U.

k(U) is finite because the open set U contains at least two distinct points which are going to be
separated when iterating. Because of (a) f* is injective on U so that (2.14) applies. On the other
hand, (a) and (b) imply that there is u € U for which &6, < d(f¥1, fF1) < Xy (f)d(fE, fF) where
A1(f) was the maximal dilation of f on ds-separated points. Our sub-exponential distortion
estimate shows that for any z € U

SN L _d g 1
diam U DfFz) = d(u,e) Dff(z) = *

Inserting this in (2.14) and using the definition of m,(s) we see that for any y € A,

A1 (f)er M(f)erys 1

LF1. 2.15
o 5 ) ) (215)

)* 1 < (diam U)* |(

(Lix)(y) < (diam U)® (

Choosing now 0 < s < Sqit, the sequence mg(s) tends exponentially fast to infinity [when
Sarit = 0 there is nothing to show]. Since the sequence ((cy)®),cy is sub-exponential the factor
in square-brackets is uniformly bounded in &, say by v1(s) < oo (independent of U). Positivity
of the operator implies that for any n > k(U) we have

Lix; <m(s) (diam U)® L1

If (Ua)aen is an open dg-cover of the compact set A then it has a finite sub-cover, say
A C Uy U...UU,,,. Taking now n =max{k(Uy,),...,k(U,,,)} we obtain

LM < ZL”XUa < 7yi(s) Y (diam Uy,)* L31 < yi(s) Y _(diam Uy)® LI1. (2.16)
=1 =1 [}

This equation shows that ) (diam U,)® is bounded uniformly from below by 1/+1(s) > 0.
The Hausdorff dimension of A is then not smaller than s, whence not smaller than s¢;.

2.4  dim®A < sai

Fix 0 <r <rg = 5 (f) and let x € A. This time we wish to iterate a ball U = B(z,r)
until it has a ‘large’ interior and contains a ball of size d;. This may, however, not be good
enough (cf. Figure 1). We also need to control the distortion. Again these two goals combine
nicely when considering the sequence of Bowen balls By = By(x), k > 0. It forms a sequence of
neighborhoods of z, shrinking to {x}. Hence, there is a smallest integer k = k(x,r) > 1 such that
By, C U. Note that k must be strictly positive, or else A = f" By C f"B(x,r9) C B(f™(x),d¢)
which is not possible. f¥ maps By homeomorphically onto By(f¥) = B(f¥, ;) and positivity of
L, shows that

L A . ko)
LsXU = LSXBk < zleank (Df (Z)> XB(fﬂlf’&f).

By assumption By_1 ¢ U so there must be a point y € By_1 with d(y,z) > r. As y is
(k — 1)-close to x our distortion estimate shows that for any z € By C By_1,
0 IS AUy 1
- > > .
r Df¥(z) d(y,x)  DfFl(z) 7 e

Therefore,
Llsng > rs(dfckflHDfH)ist(ff’gf)'



£u)

)

Figure 1: An iterate f*(U) which covers B = B(f*(z),d;) but not in the ‘right’ way.

If we iterate another ng = ng(df) times then f™B(f¥ &) covers all of A due to mixing and
using the definition of M,,(s) we have

IDfIHm0dpep—1)"*
MkJrno(S)
When s > Serit, Miino(S) tends expontially fast to zero. As the rest is sub-exponential, the

quantity in the square brackets is uniformly bounded from below by some 75(s) > 0. Using the
positivity of the operator we see that

L™y 2 (G per—1 [ DFTH0) 71 > (4r)° LEtrel.

Lix, = va2(s)(4r)*L21, (2.17)

whenever n > k(x,r) + ng.
Now, let 21, ...,z be a finite maximal 2r separated set in A. Thus, the balls { B(xz;, 2r)}i—1,...~
cover A whereas the balls {B(z;,7)}i=1,.. ~ are mutually disjoint. For n > max; k(x;, ) + no,

L' > ZLQXB(W) > ~y(s) N(4r)*L 1.

We have deduced the bound,

N

> (diam B(a;, 2r))* < 1/72(s).

=1

This shows that dim®A does not exceed s, whence not scit. We have proven Theorem 2.1 in
the case of a strongly mixing repeller and refer to Appendix A for the extension to the general
case. []

Corollary 2.8 If@ is integrable at t = 0" and the repeller is strongly mizing (cf. Remark A.1)
then the Hausdorff measure is finite and comprised between 1/v1(Scrit) > 0 and 1/v2(Serit) < +00.

Proof: The hypothesis implies that for fixed s the sequences (¢ (s)), and M, (s)/m,(s) in the
sub-exponential distortion and operator bounds, respectively, are both uniformly bounded in n
(Remarks 2.5 and 2.7). All the (finite) estimates may then be carried out at s = sqit and the
conclusion follows. (Note that no measure theory was used to reach this conclusion). []
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3 Time dependent conformal repellers

Let (K,d) denote a complete metric space without isolated points and let A > 0 be such that
K is covered by a finite number, say Na balls of size A. To avoid certain pathologies we will
also assume that (K, d) is A-homogeneous, i.e. that there is a constant 0 < § < A such that for
any y € K

By, A)\ B(y, ) # 0. (3.18)

For example, if K is connected or consists of a finite number of connected components then K
is A-homogeneous.

Let 8 > 1 and let € : [0,A] — [0,400[ be an e-function, i.e. a continuous function with
€(0) = 0. In the following we will consider C'!'-conformal unramified covering maps of the form

f:Qr =K

from a non-empty (not necessarily connected) domain Q; C K onto K and of finite maximal
degree d .. (f) = maxyck deg(f;y) € N. More precisely, we will consider the class £ = E(A, 3, €)
of such maps that in addition verify the following ‘equi-uniform’ requirements:

Assumption 3.1 There are constants 0 < 0(f) < A and A\ (f) < +00, and a function §¢ : x €
Qp — [0(f), A] such that :

(T0)  For all distinct z,2' € f~{y} (with y € K) the balls B(z,25¢(x)) and B(x',25¢(z"))
are disjoint (local injectivity).

(T1)  Forallxz € Qy : B(f(x),A) C f(B(x,0f(x)) NQy) (openness).

(T2)  For allu,x € Qf with d(u,z) < 0f(x) : B < flu,z] < A\ (f) (dilation).

(T3)  ForallxeQyf : ep(x,r) <e(r), VO<r <A (distortion).

Here, f[-,-] is the divided difference from equation (2.7) and the distortion, a restricted
version of equation (2.8), for x € Qf and r > 0 is given by

log f[ulv x]

Df(u2)
We tacitly understand by writing f~1{y} that we are looking at the pre-images of y € K within
Qf, i.e. where the map is defined. We also write ||Df| for the supremum of the conformal
derivative of f over its domain of definition Q. By (T2) and setting u = = we also see that

B <D< Aal(f) (3.20)

When f € E(A,B,¢) and f(z) = y € K then by A-homogeneity (3.18) and property (T1),
there must be u € B(x,d¢(x)) with f(u) € B(y,A)\ B(y,6) and 6 as in (3.18). By the definition
of the distortion, equation (3.19), it follows that

ef(x,r) = sup{ D ur,up € B(x,d(x)) N le(f(a:),r)}. (3.19)

0<k=de B <§p(x)Df(x), Vo€ (3.21)

In the following let F = (fi)ren C E(A, 5, €) be a fixed sequence of such mappings and let
us fix 0y, (x), 6(fk) = infocq,, 67, (x) > 0 and Ai(fi) so as to satisfy conditions (T0)-(T3). Let
Q(F) = K and for n > 1 define

Qu(F)=filo- o fr{(K)

11



and then
AF) = (] Q(F)-
n>0

Letting o(F) = (frt1)ken denote the shift of the sequence we set Ay = A(c(F)), t > 0. K
was assumed complete (though not necessarily compact) and each §(fx) is strictly positive. It
follows then that each A; is closed, whence complete. Each A; also has finite open covers of
arbitrarily small diameters (obtained by pulling back a finite A-cover of K ), whence each Ay is
compact and non-empty. Also f;(A;—1) = Ay so we have obtained a time-dependent sequence of
compact conformal repellers,

Ao LA, LAy

For t > 0, k > 0 we denote by ft(k) = fi4r 0 -+ 0 fryq the k’th iterated map from Q (o' (F))
onto K ( ft(o) is the identity map on K). We write simply f*) = fék) : Q(F) — K for the
iterated map starting at time zero and D f(*) (x) for the conformal derivative of this iterated map.

For n > 0, 2 € Q,(F) (and similarly for u € Q,(F)) we write z; = fU)(z), 0 < j < n for its
iterates. Using this notation we define for n > 0 the n’th Bowen ball around z:

Bp(z) = {u € Qu(F) : d(zj,uj) < (5f].+1(a:j),0 <j<n}.
and then for n > 1 also the (n — 1, A)-Bowen ball around z € Q,,(F):
Bp_1a(z) ={u € By—1(x) N Qp(F) : d(xn, upn) < A}.

Then f™ : B, 1 a(z) — B(f™(x),A), n > 1is a uniformly expanding homeomorphism for all
z € Q,(F). When u € By,_1 A(z) we say that u and x are (n—1, A)-close. Our hypotheses imply
that being (n — 1, A)-close is a reflexive relation (perhaps not so obvious since d¢(x) depends on
x) as is shown in the proof of the following

Lemma 3.2 [Pairing] For n € N, y,w € K with d(y,w) < A, the sets (f™) " {y} and
(fN = w} may be paired uniquely into pairs of (n — 1, A)-close points.

Proof: Fix f = f, and let z € f~'{y}. By (T1), f(B(x,ds(x)) N ) contains B(f(x),A) > w.
Let z € f~Yw} N B(x,0¢(x)) be at a distance d(z,z) < §¢(z) < A to . We claim that then
also z € B(z,0¢(z)). If not so there must be 2’ € B(z,d¢(z)) N f~ Yy} for which d(z/,z) <
d¢(2) < d(z,z) < df(z) so that d(x,z") < 20;(x) and this contradicts (70). But then also the
point z must be unique : If z,2/ € f~H{w} N B(xz,8¢(x)) then x € B(z,d¢(2)) N B(2',8¢(2))
implies z = 2’ by (T0). Returning to the sequence of mappings we obtain by recursion in n the
unique pairing. []

Lemma 3.3 [Sub-exponential Distortion]| There is a sub-exponential sequence (¢y)nen (de-
pending on the equi-distortion function € but not on the actual sequence of maps) such that the
following holds : Given n > 1 and points z and u that are (n — 1, A)-close to x € Qp(F), x # u

we have ) ) ™)
1Ay @) 1 DI

cn = d(u,x) DfM(2) — cn ~ Df(2) T

Proof: As in Lemma 2.4. More precisely, we have log ¢, = €(A) +€(A/B) +---+e(A/p" 1. [0

12



For s > 0, f € £(A, ,€) we define as before a transfer operator L, y : M(K) — M(K) by
setting:

(Les®)) = > (Df(@) " ¢er y€ K, ¢ M(K). (3.22)
zef~Hy}

We write L") = L 4,0---0Lg s for the n’th iterated operator from M(K) to M(K), n € N.
We denote by 1 = x,. the constant function which equals one on K. As in (2.10) we define for
n € N (omitting the dependency on F in the notation) :

M,(s) = sup L{1(y) and m,(s) = inf LMM1(y)
yeEA, yEAn

and then the lower and upper s-conformal pressures :

1 1
—o00 < P(s) = liminf —logm,(s) < P(s) =limsup — log M,(s) < +oo.
n n n

n
These limits need not be equal nor finite. Like in Lemma 2.6 one shows that both slog 3+ P(s)

and slog 3 + P(s) are non-increasing so the functions P(s) and P(s) are strictly decreasing
(when finite). Regarding explicit formulae, we have e.g. for the lower pressure, similar to (2.5) :

1 —s

— Vi 1 . (n)

P(s) hmnlnf - log ylenAfn E (Df (1:)) .
ze(fm) =y}

We define the following lower and upper critical exponents with values in [0, +00]:
Seit = Sup{s > 0: P(s) > 0} and Sui = inf{s > 0: P(s) < 0}.

It will be necessary to make some additional assumptions on mixing and growth rates. For
our purposes the following suffices:

Assumption 3.4
(T4) There is ng € N such that the sequence (fr)ren is (no, A)-mizing, i.e. for any t € NU{0}
and © € Ay :
t(no)(B(flf7 A)NAy) = Apyng-

(T5) The sequence (A1(fx))ken is sub-exponential, i.e.
lim = log Ay (fi) = 0
im — =0.
oz 108 AUk
Lemma 3.5 Assuming (T0)-(T5) we have (the limits need not be finite):
- . 1 . 1
P(s) = limsup —logm,(s) = limsup — log M, (s),
n noon

n

1 1
P(s) = liminf —logm,(s) = liminf — log M, (s).
n

n n n
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Proof: We proceed as in the last half of the proof of the Operator bounds, Lemma 2.6. Through
a small modification, notably replacing §; by A, and making use of mixing, condition (T4), and
the distortion bounds in Lemma 3.3 we deduce similarly to (2.13) that

Matng(8) 2 (1D frgall - - 1D frtnollen) > Mn(s) /2,

in which the sequence ¢, is sub-exponential. Due to (3.20), (T5) and as ny is fixed the sequence
M, (8)/Mpqno(8) is of sub-exponential growth. Whether finite or not, the above lim inf’s and
lim sup’s agree. []

Lemma 3.6 Assuming (T0)-(T5) we have the following dichotomy: FEither Ay is a finite set or
Ao is a perfect set.

Proof: Suppose that Ay is a singleton for some k € N. Then also A,, is a singleton for all n > k
and Ag is a finite set because all the (preceeding) maps are of finite degree. Suppose instead
that no Ay is reduced to a singleton and let us take x € Ag as well as n > 0. By (T4) there is
z e A, NB(fM™(x),A), z # f()(z). Because of Lemma 3.2, z must have an n’th pre-image in
Ag distinct from z and at a distance less than 57" A to . Thus, x is a point of accumulation of
other points in Ag. []

We have the following (see [Bar96, Theorem 2.1 and 3.8] for similar results) :

Theorem 3.7 Let Ay denote the time-zero conformal repeller for a sequence of E(A, 3, €)-maps,
(fr)ken, verifying conditions (T0) — (T'5). Then we have the following inequalities (note that
the first is actually an equality), regarding dimensions of Ag = A(F) :

Serit = dimgAg < dimgAg < dimBAo < Serit-

If, in addition, lim % log My, (Sepit) = 0 then Sqit = Serit and all the above dimensions agree.

Proof: When Ay is a finite set it is easily seen that P(0) = 0 and then that s, = St = 0
in agreement with our claim. In the following we assume that Ay has no isolated points.

(Sepit < dimpAp): Let U C Ap be a non-empty open subset (for the induced topology on
Ag) of diameter not exceeding 6(f1). Choose z = z(U) € U and take again k = k(U) > 0
to be the largest integer (finite as A is assumed to be without isolated points) such that
U C By(z). Then there is u € U \ Bgt1(z) C Bg(z) \ Brt1(x) for which we must have
0(frt2) < d(@ps1,uk+1) < M (frt1)d(zg, ug). The bound (2.15) is replaced by

/\l(fk—i—l)clc)s 1 } )
0(fr+2) my(s) b Xy

By hypothesis (T5), A\1(fx) is a sub-exponential sequence. Because of A-homogeneity, or more
precisely the bound (3.21) and (T2), we see that 0(fx) > x/A1(fx) is also sub-exponential. If
Serit = 0 there is nothing to show. If 0 < s < s, then mg(s) tends to infinity exponentially fast
(recall that P(s) is strictly decreasing in s) and the factor in the square bracket is uniformly

bounded from above by a constant 7 (s) < co. We thus arrive at

L¥y, < (diam U)* K

Lgk)XU <7 (s) (diam U)® Lgk)XAO.

We may proceed as in section 2.3 to conclude that dimpgAg > 5.4

14



(Sepit = dimpgAp): To obtain this converse inequality we will use a standard trick which
amounts to construct explicit covers of small diameter and give bounds for their Hausdorff
measure.

Let n > 1. By our initial assumption we may find a finite A-cover {Vi,...,Vn,} of
A, (because K has this property). Let ¢ € {1,...,Na} and pick z; € V; N A,, and write
(fN~ g} = Uaer, {%i,a} over a finite index set I;. By Lemma 3.2 we see that to each z;q
corresponds a pre-image V; o = (f ("))_IVi N By—1,A(xiqa) (the union over a yields a partition of
(f™)=1V;). Whence, by Lemma 3.3,

. 2¢, A
diam ‘/;‘70[ < m

Then
D (diam Vi 0)® < (2¢,4)° (L x, ) ()
(0%
and consequently
D (diam V; 4)* < [Na(2e,A)° My (s)).
(e
Let s > s.,4. Then P(s) < 0 and there is a sub-sequence ny, k € N, for which m,, (s) and, by
Lemma 3.5, also My, (s) tend exponentially fast to zero. For that sub-sequence the expression
in the square-brackets is uniformly bounded in ny. Since diam V; o, < 2¢, A 37" which tends to
zero with n the family {V; o}, exhibits covers of Ag of arbitrarily small diameter. This implies
that dimg(A) does not exceed s, whence not ..
(dimB Ag < Serit): For the upper bound on the box dimensions, consider for 0 < r < %
(with 6 > 0 as in (3.18)) and x € Ag the ball U = B(x,r). Let k = k(x,r) > 2 be the smallest
integer such that By_j A(z) C U. Note that A-homogeneity (3.18) shows that B(fi(x),A) ¢

B(fi(z),6). By (T1) and (T2), Boa(z) ¢ B(x, %), so a fortiori k > 2. We then have

L(k)XU > Lgk)

i ® ()"
s XBk—l,A(if) > zEB;clfllf,A(x) (Df (Z)> XB(f(k)(:B),A)'
By definition of k there is y € By_2 A(2) \ U, so in particular, d(y,x) > r. When z € Bj,_1 a(z),

Lemma 3.3 shows that

A DRI At D), @)
r DI®() = " dy,x) DIFI() e

and we deduce that
L®xy > 1 (er-1AID fil) "X (s @) )

Iterating another ny times we will by hypothesis (T4) cover all of Agy,,. Reasoning as in section
2.4, it follows that

1

I,(k+no)
Ming(s)| 7 X

no
L8, > () | (depa A TTID forsl)
j=0

Ao”

If s > Sqit the sequence, My(s), tends to zero exponentially fast (recall that P(s) is strictly
decreasing at S.it). The sub-exponential bounds in hypothesis (T5) imply that the factor in
the brackets remains uniformly bounded from below. We may proceed to conclude that dim®A
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does not exceed s, whence not Scyit.

Finally, for the last assertion suppose that + ~log mp(s.4,) = 0, i.e. the limit exists and equals
zero (cf. the Remark below). Lemma 3.5 shows that the lower and upper pressure agree so that
P(Suit) = P(Seic) = 0. Now, both pressure functions are strictly decreasing (because 5 > 1).

Therefore, Se¢it = 8.5 and the conclusion follows. []

Remarks 3.8 A Holder inequality (for fized n) shows that s — %log M, is convexr in s. The
property of being convex is preserved when taking limsup (but in general not when taking liminf)
s0 that s — P(s) is conver. Even when %log M, (Scrit) converges, however, it can happen that
lim sup - Llog M, (s) = +00 for s < Suit. In that case convergence of %log M,,(Serit) could be

towards a strictly negative number and sy, could turn out to be strictly smaller than Seit.

4 Random conformal maps and parameter-dependency

The distortion function e gives rise to a natural metric on & = £(A, 3,¢). We assume in the
following that € is extended to all of Ry and is a strictly increasing concave function (or else
replace it by an extension of its concave ‘hull’ and make it strictly increasing). For f,f € &
we set dg(f, f) +oo if there is y € K for which deg(f;y) # deg(f y). Note that by pairing,
deg(f;y) is locally constant. When the local degrees coincide everywhere we proceed as follows:

For y € K, we let 11, denote the family of bijections, 7 : Ly SN ffly, and for x € f~ly we
set _
Dfomr(x)

8 =D 1)

1) = e (Gt e ) + (423)

The distance between f and fis then defined as :

de(f.f)=sup inf sup pro(f,f) (4.24)
yeK welly, zef~1(y)

Let f1, fo, f3 be maps at a finite ‘distance’. Fixing y € K we pick corresponding bijections,

: ffly iR f;ly and 7o : f{ly 2N f;ly For xz € ffly our hypotheses on ¢ imply that
pmom, (f1, f3) < prya(f15 f2) + Py r1 (2) (f2, f3) from which we deduce that dg fulfills a triangular
inequality. It is then checked that 1ndeed dg defines a metric on £.

Lemma 4.1 Letu < A and dg(f, f) < e(u). Then for all y,§ € K with d(y,y) < u there erists
a pairing (Ta, To)acy (for some finite index set J) of f~1(y) and f~1(y) for which Ya € J,

D]i@‘@z)

< 2¢(u).
Df(za) ()

d(xa,To) <u and |log <

Proof: Let y € K and choose a bijection m : f~!(y) RN f_l(y) for which pr . (f, f) < e(u),
Vo € f~ly. For any fixed z € f~ly we then have : (a) e(%d(w,w(ac))) < €(u) and (b)

| log #| < €(u). As e is strictly increasing (a) implies d(z,n(z)) < (1 — %)u Since

d(y,7) < u < A we obtain from Lemma 3.2 a (unique) pairing j : fly L, f~1% for which
i(a') € B(a',05(2')) and d(a',j(x")) < d(y,§)/8 < u/B, 2’ € fly. But then jor: f-ly =

fly L, 717 vields a pairing (in general not unique) for which d(z,7) < u(1 — %) +5=
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T = jor(x) as wanted. By definition of the distortion we also have |log %\ <ed(y,y)) <
e(u). Setting 2’ = w(x), ¥ = j(w(z)) and combining with the bound from (b) the last claim

follows. []

Given two sequences, F = (fn)nen and F = (fp)nen, in € we define their distance (with
some further caution one could replace sup by lim-sup),

doo(F, F) = supdg (fu, fr)-
n
For compact sets, A and B, we write disty (A, B) for their Hausdorff distance.

Proposition 4.2 When dso(F,F) < r = e(u) < €(A) then :

disty (A(F), A(F)) < u,

‘B(s,f)—ﬂ(s,f)‘ﬁ?rs, s>0 and

2r - crlt(f) 2r
<1+ logﬂ> = e ® = T logs

Scrit

(If P(s,F) equals £00 then so does P(s, F). If soii(F) equals +00 then so does s.i(F)). We
have the same bounds for the upper pressures P and upper critical value Seyit .

Proof: Let z € A(F). Using the pairing in Lemma 4.1 one sees that the decreasing sequence,
A, = {F € Qu(F) : d(f9D(z), fO(F)) < u, 0 < j < n}, has a non-empty intersection (which
could contain more than one point): @ # (,~qA4n C A(F). A point in this intersection is at
a distance not exceeding u to z € A(F). Interchanging the roles of F and F we conclude that
dist g (A(F), A(F)) < u.
Given y € An(F) we may thus find § € A,(F) at a distance not exceeding u < A. We
perform a recursive pairing of their pre-images at distances less than v and with e(u) < r. Using
Lemma 4.1 for the bounds on the derivatives we obtain

1,k
log ?]:7(2/) < 2rs.

1(y)

1
z

The second claim then follows by taking suitable limits. For the last claim suppose e.g. that s. =
Sit(F) < 5o = 841 (F) < 400 and that P(s., F) = P(5.,F) = 0. Now, s — P(s, F) 4 slog 3
is non-increasing so (S, — s¢) log § < B(sc,ﬁ) — B(gc,f) = B(sc,f) — P(s¢, F) < 2rse. Thus,
Se/sc <1+ OQgT 5 and the last bound follows. []

Associated to the metric space (£,dg) there is a corresponding Borel o-algebra and this
allows us to construct measurable maps into €. In the following let (£2, ) be a probability space
and let 7: Q — Q be a p-ergodic transformation. We use E to denote an average with respect
to p.

Definition 4.3 We write Eq = Eq(A, B,¢€) for the space of measurable maps, f: w € (Q, ) —
f, € (€,dg), whose image is almost surely separable (i.e. the image of a subset of full measure
contains a countable dense set). Following standard conventions we say that the map is Bochner-
measurable.
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We write F,, = (f,n-1,,)nen for the sequence of maps fibered at the orbit of w € 2. Denote
by £ = fu1(y 0 0f,, n € N (and £” = id) the iterated map defined on the domain,
Qn(Fo) =f£10 f;(i) o---0 f;nl_l(w)(K) (and Qo(F,) = K). The ‘random’ Julia set is then the

compact, non-empty intersection

J(F)w = MF) = [ Q(Fo)- (4.25)

n>0

Lemma 4.1 implies that (f1,..., fn) € E" +— f{lo---of71(K) C K is continuous when K is
equipped with the Hausdorff topology for its non-empty subsets. It follows that w +— €, (F,) is
measurable. Uniform contraction implies that €2,,(F,,) convergences exponentially fast to A(F,)
in the Hausdorff topology, whence the ‘random’ conformal repeller, A(F,), is measurable for the
Hausdorff o-algebra.

Using the estimates from the previous Proposition, the function, (fi1,...,fn) € &" —
M, (s, (f1,.--, fn)), is continuous. Almost sure separability of {f, : w € Q} C & implies then that
w— Mpy(s,F,) is measurable (with the standard Borel o-algebra on the reals). For example, if
V1, Vi are open subsets of £, the pre-image of Vi x Vo by w — (£, f.,) is £=1(V1) n 7=~ 1(1%)
which is measurable. The function, P(s,F,), being a lim sup of measurable functions, is then
also measurable (and the same is true for m, and P). We define the distance between f ,f' € &n
to be B B

de o(f,f) = p-ess sup de (£, £,) € [0, +00]. (4.26)
w

Theorem 4.4 Let 7 be an ergodic transformation on (Q,u) and let f = (£,)uecq € Eq be
Bochner-measurable (Definition 4.3). We suppose that there is ng < oo such that almost surely
the sequence Fy, = (f.n-1,)nen is (no, A)-mizing (Condition (T4) in Assumption 3.4).

We suppose also that Elog || Df|| < 4+o00. [We say that the family is of bounded average loga-
rithmic dilation/. Then

(a) For any s > 0 and p-almost surely, the pressure functions, P(s,F,) and P(s,F,), are
independent of w and equal in value. We write P(s,f) for this almost sure common value.
The various dimensions of the random conformal repeller A(F,) agree (a.s.) in value.
Their common value is (a.s.) constant and given by

se(f) =sup{s > 0: P(s,f) > 0} € [0, +00].

(b) sc(f) is finite iff P(0,f) < 400 (this is the case, e.g. if Elogd? . (f) < oco) and

Elog %, (f) Elog dS, s (F)

o(f — et L
Elog |01 = *® = ZElog |1/Df]

(¢) If P(0,f) < 400 the map f € (Eq,ds o) — logs.(f) is @-Lz‘pschitz at distances < e(A).

Proof: Write ¢(w) = log|Df,|| > log8 > 0 and similarly ¢ (w) = log\|Df£n)||. Then
M (w) < ¢®)(w) + ¢ k) o 7F(w), 0 < k < n and since ¢ is integrable we get by Kingman’s
subergodic Theorem [King68| that the limit

1
logg < limﬁgb(”)(w) < 400

exists (and is constant) p-almost surely. As a consequence,

n+1 1
n n+1

1
lim —¢ o 7" (w) = lim
non

D @)~ 60(w) =0
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p-almost surely. Thus the sequence of maximal dilations is almost surely sub-exponential (Con-
dition (T5) of Assumption 3.4). Condition (T4) of that assumption is a.s. verified by the
hypotheses stated in our Theorem. It follows by Theorem 3.7 that the Hausdorff dimension of
the random repeller A(F,) a.s. is given by s, (F,). In order to prove (a) we must show that
(a.s.) the value is constant and equals Scit (Fo,)-

The family m,, (s, F,) is super-multiplicative, i.e. my(s, Fy) > Mp— (S, Frry,)mi(s, Fo), for
0 <k <nandw € Q. Writing log, = max{0,logz}, > 0, we have

1
El — _<sEl Df||.
Og+ ml(S,]:w) > S OgH ||

As the latter quantity is assumed finite we may for s fixed apply Kingman’s super-ergodic
Theorem to m,,, i.e. the sub-ergodic Theorem to the sequence 1/m,, to deduce that the limit

1
lim - log my, (s, Fu) € (—o0, +00]
n

exists (and is constant) p-almost surely. In view of Lemma 3.5 this implies (a.s.) that P(s, F,) =
P(s,F,) = const(s). We write P(s,f) for this a.s. limit.

From the expression for the operator and for fixed n and w € €2, we see that the sequence
HDfU(Jn) ||*m, (s, F.) is a non-decreasing function of s. The same is then true for

1 1
s—log || DE™ || + =log mu (s, Fo).
n n

Apply now Kingman’s sub-ergodic, respectively super-ergodic, Theorem to these two terms. We
are allowed to do so because the first (a.s.) has a finite limit, bounded by sE log || Df||. It
follows that

sE log ||Df|| + P(s,f) € (—o0,+o0]

is a non-decreasing function of s. Similarly, we see that
s log B+ P(s,f) € (—o0, +0]

is non-increasing. The latter bound shows that P(s,f) is strictly decreasing in s which implies
that s.(f) = Sait = Serir € [0, 4+00]. From the two bounds we also obtain the following di-
chotomy : Either (1) P(0,f) = oo, P(s,f) is infinite for all s > 0 and .4 = Serit = +00, or (2)
P(0,f) < 400 in which case the function s — P(s,f) is continuous, strictly decreasing and has
a unique zero Sqit = Serit € [0, +00). In either case, Theorem 3.7 shows that the common value
(a.s.) equals all of the various dimensions. This proves (a) and the also first part of (b).

We have the following bounds for the action of the transfer operator L, ; upon a positive
function ¢ > 0 :

diin (f)

1
I+
IDfI* Df
Here, df,,(f) and d2 . (f) denotes the maximal, respectively, the minimal pointwise degree of
the map, f. The estimate in (b) for the dimensions follows then by taking averages as above.

Finally, (c) is a consequence of Proposition 4.2 and the fact that scit a.s. equals the dimensions. []

I max ¢. (4.27)

max

ming < L ¢ ¢ < dj . (f)

Example 4.5 Let K = {¢ € (*(N) : ||¢|| < 1} and denote by e,, n € N the canonical basis for
(?(N). The domains Dy, = Cl B(3ey, %), n € N maps conformally onto K by x — 6(z — Ze,).
To each n € N we consider the conformal map f,, of degree n which maps D1 U...U D, onto K

19



by the above mappings. Finally let v be a probability measure on N. Picking an i.i.d. sequence
of the mappings f, according to the distribution v we obtain a conformal repeller for which all
dimensions almost surely agree. In this case we have equality in the estimates in Theorem 4.4
(b) so the a.s. common value for the dimensions is given by

2 v(n)
log6

Finiteness of the dimension thus depends on n having finite average or not (cf. also [DTO01,
Ezample 2.1]).

The Lipschitz continuity of the dimensions with respect to parameters is somewhat delu-
sive because it is with respect to our particular metric on £. In practice, when constructing
parametrized families of mappings it is really the modulus of continuity of D f, i.e. the e-function
in £(K, A, ) that comes into play :

Example 4.6 We consider here just the case of one stationary map f € €. Let Ty, t > 0 be
a Lipschitz motion of (¢, f) in E(K,A,€). By this we mean that thl Q> K, t>0,isa
family of conformal injective mappings with Ty(x) = x, d(ac,Tt_la:) < bt, |log DTt_l(a:)| < ct
(for t > 0) and such that f o Ty : T, 'Qp — K belongs to E(K, A, ¢€) fort > 0. One checks that
de(foTy, f) <€ (%bt) +ct (use f=foT, and 7 = T, Y in (4.28)). By Theorem 4.4 (c),
the map t — d(t) = dimgA(f o T}) for t small verifies :

\logj((é))\ < lozﬁ <e<ﬁ€1bt> —|—ct>.

When Thermodynamic Formalism applies, in particular when a bit more smoothness is imposed,
a similar result could be deduced within the framework (and restrictions) of TF. I am not aware,
however, of any results published on this.
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Figure 2: An example of a covering map of degree 2 and its ‘inverse’ in the universal cover.
Cuts along the dotted lines become arcs in the lift. One fundamental domain is sketched in each
cover.

5 Part II: Random Julia sets and parameter dependency

Let U C C be an open non-empty connected subset of the Riemann sphere omitting at least
three points. We denote by (U, dy) the set U equipped with a hyperbolic metric diy. As U will
be fixed throughout we will usually write d = dy for this hyperbolic metric. As normalisation
we use ds = 2|dz|/(1—|z|?) on the unit disk D and the hereby induced metric for the hyperbolic
Riemann surface U (cf. Remark 5.1 below). In particular, for the unit disk and z € D we have

dp(0, 2)

1
+ 121 |z| = tanh —

1— 1z’

dp(0,2) = log

We write B(u,r) = By(u,r) for the hyperbolic ball of radius r > 0 centered at u € (U,d),
Bp(u,r) for the similar hyperbolic ball in (D,dp), v € D and Bc(u,7) = {z € C: |z —u| < r}
for a standard Euclidean ball in C.

Recall that when K C U is a compact subset the inclusion mapping (IntK,dmx) —
(IntK, dy) is a strict contraction [CG93, Theorem 4.2, p.13] by some factor 5 = 3(K,U) > 1 de-
pending on K and U only. We consider the family £(K, U) of finite degree unramified conformal
covering maps

f:Dy—=U
for which the domain Dy is a subset of the compact set K. We may assume without loss of
generality that K is the closure of its own interior. Our first goal is to show that such maps a

fortiori verify conditions (T0)-(T3) from the previous section, in which the set K is the same as
here and the metric d on K is the restriction of the hyperbolic metric dyy to K.

Let ¢ = ¢(K,U) > 0 be the infimum length of closed non-contractible curves (some-
times called essential loops) intersecting K and let o = tanh(¢/4) (we set { = +oo and
a = tanh(+00) = 1 when U is simply connected). We define the constant

14+ /10

(5.28)
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and for 0 < r < ¢/2 the e-function

(5.29)

eo(r) = —6log (1 _ tanh(r/ 2)> .

tanh(¢/4)
One has : tanh% = 15, A < £/20 and ¢(A) < 1.

Remarks 5.1 We recall some facts about universal covering maps of Riemann surfaces: Let
¢ D — U be a universal conformal covering map of U. For x,y € U their hyperbolic distance
is defined as dy(w,y) = min{dp(Z,y)} where the minimum is taken over lifts T € ¢~ {x} and
v € o Yy} of v and y, respectively. Ifp, p' € ¢~ {y} are two disctinct lifts of a point y € K then
dp(p,p’) > L. Otherwise the geodesic connecting p and p’ projects to a closed non-contractible
curve in U intersecting K and of length < £, contradicting our definition of £. For the same
reason, the map ¢ : Bp(p,?/2) — B(y,¥/2) must be a conformal bijection which preserves dis-
tances to vy, i.e. if z € Bp(p,£/2) then dp(z,p) = du(é(z),y) Note, however, that ¢ need not be
an isometry on the full disc, since two points in B(y,€/2) \ K may have lifts closer than their

lifts in Bp(p,£/2).

We have the following

Lemma 5.2 (Local Koebe Distortion) Let f € £(K,U). Denote by ||[Df|| = [[Df|l;-1x
the mazimal conformal derivative of f on the set f1K. We define M\i(f) = 3||Df||. Let
x€DyrN 1K and set

8 Df(z) + «

d¢(x) = min{log SDf(z)—a’

A}. (5.30)

Let also 6(f) = min{log %,A} > 0 be the minimum value of §¢(x) over the compact set

Dy N f~LK. Then B(z,8¢(z)) C Dy and we have the following properties :
(0) If &’ # x is another pre-image of f(x) then B(x,207(x)) and B(z',20;(x")) are disjoint.
(1) [ is univalent on the hyperbolic disk B(xz,07(x)) and B(fz, A) C fB(z,05(z)).
(2) B < flua] < M(f) foru€ Bz, 5y(x)).
(3) Ifu,v e B(x,0f(x)) and fu, fo € B(fe,r) with 0 <r < A then

log (%)‘ < eg(r). (5.31)

Proof: Let C' be a connected component of Dy C K and fix an « € C for which y = f(x) €
K c U. Pick universal conformal covering maps, ¢, : D — U and ¢, : D — U, for which
¢2(0) = x and ¢,(0) = y. Let C = #;1C C D be the lift of the connected component C
containing x. The composed map, f o ¢, : C — U is a conformal covering map of U. Since

¢y : D — U is a universal covering there is a unique a fortiori conformal map, ¥ = 1, , : D — C,
such that ¢, ,(0) = 0 and (cf. Figure 2)

fo¢$oq/)$7yz¢y:ﬂ)—>U.

By definition of the hyperbolic metric the conformal derivative of f at x is given by
A= Df(x) = 1/]¢/ (0)].
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More generally, if u = ¢,(1(z)) € C, z € D then

11—
() 1=1=?

The value does not depend on the choices of covering maps because the conformal line element
ds = 2|dz|/(1 — |z|?) is invariant under conformal automorphisms of the unit disk (both in the
source and in the image).

The map ¢ : (D,dp) — (5, dg) is non-expanding [CG93, Theorem 4.1, p.12]. As C C K
the inclusion (C,d¢) — (U,dy) is S~ -Lipschitz. In the covering space also (5, dg) — (D, dp)
is 4~ !-Lipschitz so the composed map % : (D,dp) — (D,dp) must be 3~ !-Lipschitz. The map
1 need not, however, be univalent on all of D because a non-contractible loop in C' may be
contractible in U (as is the case in Figure 2). On the other hand, the map ¢, : Bp(0,¢/2) —
B(y,¢/2) = B(f(x),¢/2) is a conformal bijection (Remark 5.1). Writing j, for the inverse of
this map we see that

Df(u) =1/Di(z) =

he = ¢z o0 gy B(f(x),0/2) — B(z,£/(25)) (5.32)
defines a local inverse of f. The map ¢ is univalent on the disk Bp(0,¢/2) = Bc(0, a) so
Pt
: D
g:te Hal/)'(o) eC

is univalent and verifies g(0) = 0 and ¢'(0) = 1. The Koebe distortion Theorem [CG93, Theorem
1.6, p.3] applied to g shows that if |z| < « (recall that A = D f(z) = 1/|¢'(0)|) then

R S ‘W(Z) _
A+ 1el/a)? : (1= zl/e)* (5.33)
dolee ) < B
(I +1:/a) (= lelfed

With our definition of §¢(z) we have that Bp(0,d¢(z)) C Be(0,«/8)X). Using the first bound in
(5.33) for |z| = o we see that

BD(O,Qéf(:L‘)) C Be(0,a/4X) C ¢Bc(0, ) = 9 Bp(0,£/2). (5.34)
Since 1—10(171%0)2 30 <1/8 and 1 (1+ 7= = &% > 1/8 we also have :
o

Going back to hyperbolic distances and U, noting that also ¢ Bc(0,«/10) C Bc(0,a/10) (we
need this here because we want d;(x) < A, cf. Assumption 3.1 above), we obtain

haB(y, A) C B(z,0;(x)) C B(x,26¢(x)) C haB(y, (/2) (5.36)

with A and d¢(z) as in (5.28) and (5.30). In particular, B(xz,d¢(x)) C C C Dy.
Property (0): Let 2’ be another pre-image of y distinct from x. Suppose that B(z,207(x)) N
B(x',207(x")) # 0. By the last inclusion in (5.36) we may find a path v from x to 2’ whose

image f(7) is a loop of length < ¢/2 4 ¢/2 = {, contains y and is non-contractible in U. This
contradicts the definition of £.
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Property (1): The first inclusion in (5.36) implies that fB(z,d¢(x)) D B(f(x),A). Concern-
ing the local inverse we have h,B(y,£/2) D B(x,d¢(x)) so the map f is univalent on B(x,d¢(x)).

Property (2), flu,z] > B: For u € B(x,6¢(x)) C B(x,20¢(x)) C hoB(f(x),¢/2) we have :
d(u, z) = d(ha(f (), ha(f(2))) < B71d(f (w), f(2)).

Property (2), flu,z] < M(f): By Schwarz’ Lemma, [¢(2)] < |z|, z € D. Using also the
expression dp(z,0) = log el 2|z| fol Pl‘iﬁ it follows that

do(0) [G) _ 1
S dp((),0) TP

Now, let |z| < a and set u = ¢, (¢)(2)). Using also the first bound in (5.33) we obtain

—_

z € D.

< Jlwa] _ dp(2,0) (L+2l/a)?
Df(z)  dp(d(2),00x = 1|22

When u € B(z,07(z)) then |1(2)| < g and by (5.35) we must have |z| < a/5 < 1/5. Thus,

(1—|zl/e)? < (5.37)

(1+1/5)

e = e

Df(r) = SDf(x) < M(f), e Bla,dy(x).

Property (3): Let |z|, |lw| <7 <a and set u=¢,(¢(2)), v=0¢z(¢(w)). By (5.33), 2nd inequality,

Df(x) 1— |w|? < 1+7r/a
Df(v) L= [p(w)[* = (L =r/a)®

Multiplying this and the inequality in (5.37) we obtain

Flu, 2] (14 r/a)?
'log Df(v) ‘ =l T Jap (1 — )

i.e. (5.31) with the e, function defined in (5.29). []

1—r/a
(1+7r/a)

(1-r?)< = Ay (w)]

1
< 6log 1—r/a’

This hyperbolic Koebe Lemma implies that conditions (T0)-(T3) of the previous section are
verified for our class of maps (K, U) when setting Q2 = Dy N f~1K and looking at the metric
space (K, dy) the e-function €, and finally 8, A and 07(x) as defined above. We may also proceed
as in section 4 and consider £(K,U) as a metric space, whence also a Borel measurable space.

Theorem 5.3 Let 7 be an ergodic transformation on (Q,u). Let (f,)weq € Ea(K,U) be a
measurable family satisfying E(log ||Df,||) < 400. Then u-almost surely the various dimensions
of the random Julia set J(f),,, equation (4.25), agree and are given as the unique zero s.(f) of
the pressure function P(s,f) from Theorem 4.4 (a).

Proof: We will apply Theorem 4.4. The assumption of bounded average logarithmic dilation
is included in our hypothesis. We need to show that (ng, A)-mixing holds for some ng. This
follows, however, directly from connectivity of U and the properties of our conformal maps. The
diameter of K is finite within U. Given two points y and z in K, choose a geodesic between
them of length not greater than the diameter of K. By taking preimages we obtain paths of
exponentially shrinking lengths. It suffices to take ng such that diam K/8™ < A to assure
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that (T4) of Assumption 3.4 holds. An area estimate for f € E(K,U) yields : d°(f)Area(K) =
ff—lK |Df|2dArea < || Df||?Area(K), whence the degree of f verifies :

d°(f) < [|IDf*. (5.38)

Therefore, E(log d°(f,)) < +o0o0 and we may apply Theorem 4.4 (b) to obtain the desired con-
clusion. For ¢ > 0 we also have by change of variables,

[ Lsoaa= [ saas< [ oan
K 1K K
which incidently shows that 5. < 2 (as it should be !). []

6 Mirror embedding and real-analyticity of the Hausdorff di-
mension

The dependence of the Hausdorff dimension on parameters may be studied through the de-
pendence of the pressure function on those parameters. A complication arise, namely that our
transfer operators do not depend analytically on the expanding map. In [Rue82], Ruelle circum-
vented this problem in the case of a (non-random) hyperbolic Julia set by instead looking at an
associated dynamical zeta-function. Urbanski and Zdunik [UZ04] considered a holomorphic mo-
tion and constructed a family of operators that depends analytically on parameters, through a
conjugation with the holomorphic motion. Here, we tackle the problem differently and introduce
a marror embedding : We embed our function space into a larger space and semi-conjugate our
family of transfer operators to operators with an explicit real-analytic dependency on parameters
and mappings. We establish a Perron-Frobenius theorem through the contraction of cones of
‘real-analytic’ functions. The pressure function may then be calculated as the averaged action of
the operator on a hyperbolic fixed point (cf. [Rue79, Rue97]) which has the wanted dependence
on parameters. Finally as the pressure function cuts the horisontal axis transversally the result
will follow from another implicit function Theorem.

6.1 Mirror extension and mirror embedding

Possibly after conjugation with a Mobius transformation we may assume that U is a hyperbolic
subset of C, i.e. that U does not contain the point at infinity as well as (at least) two other
points. The compact subset K C U is then a bounded subset of the complex plane. We write
U = {z : z € U} for the complex conjugated domain (not the closure) and we define the
mirror extension of U as the product U=UxU c C2 Given two points £ = (&1,&2) and
¢ = (C1,¢2) in U we define their U-distance to be dg (&, ¢) = max{dy(&1,¢1), dg(€2,C2)}. The

map z € U — (2,Z) € U is then an isometric embedding of U onto the mirror diagonal,
diag U = {(2,2) : z€ U} C U.
The ‘exchange-conjugation’
c(u,v) = @,1), (u,v) €U xU

defines an involution on the mirror extension leaving invariant the mirror diagonal. Let X C U
be an open subset. We call X mirror symmetric iff ¢(X) = X. We say that X is connected
to the diagonal if any connected component of X has a non-empty intersection with diag U.
We write A(X) = C°(Cl X) N C¥(X) for the space of holomorphic functions on X, having a
continuous extension to Cl X.
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Lemma 6.1 Let X C U be an open, mirror symmetric subset, connected to the diagonal and
let A= A(X). Then

(1) A is a unital Banach algebra (in the sup-norm) with a complex involution,

*(u,v) = ¢(T,7) = p(v,u), (u,v) € X, ¢ € A.

(2) Denote Ar = {¢ € A: ¢* = ¢}, the space of self-adjoint elements in A. Such functions
are real-valued on the mirror diagonal and we have A = Ar @ iAr.

(8) A function ¢ € A is uniquely determined by its restriction to (diag U) N X. (For this,
mirror-symmetry of X is not needed).

Proof: (1) and (2) are clear. Suppose now that ¢ vanishes on the mirror diagonal. Because
any point in X is path-connected to the diagonal it suffices to show that ¢ vanishes on an
open neighborhood of a diagonal point (y,7) € X Ndiag U. For u,v small enough we have a
convergent power series expansion,

Oy +u,y+v) = Z ag juFol.
k,1>0

0

Setting u = 7€, v = u we obtain for 7 small enough :

m
0=0¢(y+uy+u) = Z ™ Z i€’ *F
k=0

m>0

which vanishes iff a;; = 0 for all £,/ > 0. []

Let G(K') denote the geodesic closure of K. This set is constructed as follows : For z,u € K
denote by {z € 7 | v :  — u} the set of points belonging to the shortest geodesic(s) connecting
z with win U. Then G(K) =Cl U {z€~v|v:2 — u, z,u € K}. With the constant A
as in (5.28) we write Ka C U for the open A neighborhood of the compact set K and Ga for
the closed A-neighborhood of G(K). The set Ga is contained in the diam Ka-neighborhood of
K, whence it is compact and by construction connected in (U,dy ). Since oo ¢ U, Ga is also a
compact subset of U in (C, dc) so there is a constant r. > 0 such that

Be(y,re) C U, Vy € Ga. (6.39)

The set Ga is compact both for the hyperbolic and the Euclidean metric so these two
metrics must be smoothly (in fact, real-analytically) equivalent when restricted to Ga. Writing
ds = py(z)|dz| for the hyperbolic metric it follows that there is C' < oo for which

1
ol <up(z) <C, VzeGa. (6.40)

The constants . and C will be used frequently in the following.
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6.2 Mirror extended transfer operators and cone contractions

Let Ka denote the open A-neighborhood of diag K in (ﬁ,dﬁ). Let f € E(K,U) and let
f= (f, f) be the mirror extended map. For § = (y,7) € diag (K), we write for its mirror-
preimages : N
Py) = [y} Ndiag K = {(25, 7))},

where f~y} = {x;}ics for some index set J. We wish to define an analytic continuation of
this ensemble to preimages of points in Cl Ka. Given £ € Cl KA we pick a point i € diag K
A-close to &, i.e. such that d(¥,§) = max{d(y,1),d(¥,§2)} < A. For each i € J, x; € Yy,
we write hy, : B(y,{/2) — B(z;,£/2() for the local inverse of f as defined in (5.32). We write
hz,(z) = hy,(Z) for the conjugated map. We claim that

Pf(g) = {(hxz(gl)aﬁfz(gﬂ)}lej C f?A/ﬁ

yields the desired analytic continuation and that this continuation is unique (up to a permutation
of J). Local analyticity is clear. To see that it is well-defined (and unique) suppose that
w = (w,w) € diag K is another point for which d(w,§) < A. Then d(y,w) < d(y,&)+d(w, &) <
2A < £/10 so that B(w,A) C B(y,¥/2). Setting z; = hy, (w) we see that

(ha)Bw.a) = (hz)|Bw,A)- (6.41)

But then h,,(£1) = hy,(€1) and hz, (&) = hz,(&2). Interchanging the roles of y and w we see that
Pf(ﬁ) is independent of the choices made (up to a permutation of J). In the following we will
denote by

Di={ve PH¢): & € Ka} (6.42)
the set of all pre-images of points in K A obtained this way. We have the inclusions,
fldiag K Ndiag K € D5 C f'Ka N Kap.
By construction, D 7 is connected to the diagonal diag K. It turns out to be convenient to define

a metric on the subset Cl1 K A C U , better tailored to suit our purposes than dg.

Definition 6.2 For £, € Cl IA(A we set

da(§,¢) = inf{d (&, Y) + d (¢, w) + di(y, w)} (6.43)
where the infimum is taken over all y,w € diag K for which dg(§,y) < A and dp (¢, w) < A.

Remarks 6.3 Thus, when measuring the distance da (€, () between points that are off-diagonal,
we first find A-close points on the diagonal and then consider the total length of the concatenated
path v : & — y — w — (. Compactness of diag K ensures that the infimum is actually realized
for some such admissible path . Note that a shortest geodesic from y to w may be realized by
(o, @) where «v is a shortest geodesic from y to w. In particular, and this is our motivation for
making the above definition, the path v may be chosen so that it stays within CA;A, the closed
A-neighborhood of diag G(K) (the mirror diagonal of the geodesic closure of K ).

Lemma 6.4 Define gz, =) = log |f'(z)|, z € f'K. Then
(1) g5 has a unique holomorphic extension, g5 € A(Df).

(2) For &, € Cl I?A, let v be a minimal admissible path as in the previous remark. Let
v E Pf(f) andw € Pf(() be connected by a f-preimage of v. We then have the following estimate
(with the constants r. and C' from (6.39) and (6.40)) :

g7(0) — 5| <2< da(e, ).

Te
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Proof:

(1) We will define the map g7 locally as (v1,v2) € Cl D %log(f’(vl)f/(vg)) for a suitable
choice of logarithmic branch. Analyticity, and by Lemma 6.1 then also uniqueness, follow if we
can show how to choose the branch globally. First, take § = (y,7) € diag K, z; € f~{y}, i€ J
and let hy, : B(y,¢/2) — B(x;,£/2[3) be a local inverse of f as above. We define

1 _
Gor + (21,72) € B3, 0/2) X B, €/2) — ga, (21, 2) = —5 logHy, (21T, (22)

with the normalization g,,(z,Z) = —log |k} (2)|, z € B(y,£/2). This is well-defined because of
simply connectedness of the product and because h,, has no critical points.

For £ = (&,&2) € Cl I?A, let y = (y,7y) € diag K be A-close to £. We claim that g, (£1,&2) is
independent of the choices made (i.e., y and z;). Suppose that W = (w,w) € diag K is another
point, A-close to &, and set z; = hg, (w). Since d(y,w) < 2A < £/2 — A we have

(he))|Bw,a) = (hz)|B(w,a)

so that A/, (u)ﬁ%l (w) = h, (u)ﬁ%l (@) > 0 for all u € B(w,A). By our choice of branches their
logarithms then agree (are real-valued) and for (£;,£2) € B(w,A) x B(w,A) we then have
log hl,, (51)5/@. (§2) =logh’, (51)E;i (&) € C, as claimed. (In fact, our proof shows that g; extends
to a holomorphic function on a neighborhood of Cl Df)-

(2) Given a point, (z1,22), on the path 7 there is a local inverse h with complex conjugate

h defined in a neighborhood of z; and zy, respectively. Calculating the differential we have
h(22)

h//
,(Zl) dz1 + = dzo
h (Zl h (ZQ

1

-2 dgf(zl,za) =

As 21,73 € Ga we see by (6.39) that h is extends to a univalent function on B(z1,7¢) so the
fundamental Koebe estimate shows that |h”(z1)|/|W/ (21)] < %. The same holds for h at 23 so
by integrating the above bound along v and using (6.40) we get

2 4C
l970) — g7()| < / L (da]+ i) < 72 da(e 0.1

[

__ Recall that A([? A) = CO(C1 K A)NC¥ (l? A) denotes the space of holomorphic functions on
K having a continuous extension to the boundary. We define for s € C the (bounded and
linear) operator, £ 7 A(Ka) — A(Ka) (with g7 from Lemma 6.4)

L;o&) = > o), ¢eA(Ka) ¢ € ClKa. (6.44)
veP3()

Remarks 6.5 When restricted to a diagonal point y = (y,y) € diag K we have ‘Cs,f o(y,y) =
Dozef-1(y) |/ ()| *p(x,T) (cf. Lemma 6.4). This restriced operator thus acts in the same way as
our usual transfer operator (8.22), L ¢, in the non-analytic setting except that we use here the
Euclidean derivate |f'(x)| instead of the hyperbolic derivative D f(x). Because of (6.40) this is,
however, irrelevant for the spectral properties, whence the way that we determine the Hausdorff
dimension (the two operators are conjugated through a multiplication by uy(z) which is smooth
and bounded from above and below on Ga ).
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Figure 3: The cone contraction. The sliced cone Cy y—; has an R-neighborhood which is con-
tained in C,.

For the moment let us fix a real value of s > 0. Then L_ 7 preserves Ag(Ka), the space of
self-adjoint elements. We define for ¢ > 0 a closed proper convex cone :

Co = {0 € AR(KA) : [6(€) — (@)] < p(@) (72D — 1), ¢ € CLKA, 77 € diag K}.  (6.45)

Given ¢1,¢2 € C, — {0}, we define 5(¢1,p2) = inf{A > 0 : A¢1 — ¢2 € C,} and write
de = log (B(d1, $2)B(d2,¢1)) € [0,+00] for the corresponding projective Hilbert metric (cf.
[Bir67, Liv95, Rugh02]). Fix a point yo = (yo,7y) € diag (K) and denote by £ € A(Ka) the
(real-analytic) linear functional

Up) = ¢(o), ¢ € A(Kp).

‘We use this to introduce the sliced cone

Cop=1={¢ €Cs: £(¢) =1}

Lemma 6.6 (Cone contraction) Let s > 0 and choose o = o(s) > 0 large enough so that

4C 1
o =0d(s)=—s+=-0<o.

Te B
Then there is 0 = 0(K,U,0,s) < 1 such that for every f € E(K,U) the operator L = L+ maps
Co into Cor and is a 6-Lipschitz contraction for the Hilbert metric de,. Furthermore,

(a) There is k = k(K,U,o0) > 0 such that V¢ € C, : L(¢p) > k|||
(b) There is R = R(K,U,0,s) > 0 such that V¢ € Cor y—1 : B(¢,R) C C,.

Proof: Fix £ = (£1,&2) € Cl Ka, 7= (n,7) € diag (K) and let v = (y1,72) be an admissible
path as in Remark 6.3 that minimizes d = da(&,7) and stays within GA. Taking pre-images by
f of the path v we obtain a pairing (i € J)of v; € Pf(ﬁ) and u; € PfA(ﬁ) C diag K (and also
with z; € Pf(g/j)) We then have

da(ui,v;) < B7Yd and  da(zi,v) < B7LA (6.46)
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because of contraction of the local inverse maps and because a path pre-image is again admissible
in the sense of Remark 6.3. By Lemma 6.4, we have |gf(ui) — gf(vi)\ < %d. Combining this
with the first bound in (6.46) and the definition of the cone we obtain:

|LA(E) — Lo(N)]
< Z ‘e*SQJ?(Ui)qb(,Ui) . e*SQf(ui)gb(ui)
ieJ

Z‘eisgf(vi)‘ 16(vs) — dlus)| + |efsgf(vi) _ e*sgf(ui)‘ d(u;)
e
4c 4C

(e (e’ — 1) + (e *! — 1)) Lo(7)
(e —1)Lo(®),

IN

VANV

with o/ = 4Cs + B7'o. Thus, £ : C, — C, and we get for the projective diameter (for this
standard caloulation we refer to e. g. [Liv95] or [Rugh02, Appendix A, eq. (A.148)])

/
diame, C,r < p = 2log 7t U/ +0'Da < o0, (6.47)
o—0o

with DA = diam K + A being an upper bound for the da distance of points £ € I?A and
n € diag K. By Birkhoft’s Theorem (see [Bir67],[Liv95] or [Rugh02, Lemma A.4]) this implies
a uniform contraction for the hyperbolic metric on C,. Writing 6 = tanh(p/4) < 1 we have for
b1, 02 € Co

de(Lo1, Lo2) < 0 de(¢1, P2).

Property (a) is clear from the definition of the cone which shows that

6(6)] < ¢(Fo) e72EP) < 4(¢) e7PA = ~U(p), ¢ € Co, € € R,

1
k
with k = exp(—oDa) > 0. To see (b) we set K = m and let ¢ € A(Ka). We claim that
for 77 = (n,7) € diag(K) and ¢ € Cl Ka:

6(6) — o(M)] < |10l K da (7, €)- (6.48)
For da(§,m) > A/2 this inequality is clear so assume that 0 < d = da(§,7) < A/2. Let

p: D — U be a universal coverlng map with p(0) = 7, p(21) = & and p(z2) = §». Denoting

=

B = Bp(0,A) = Bc(0,tanh £ ) and B = B x B, we see that ¢ o p is analytic on B. Then also
teD— a(t) = ¢op(4 tanh €) is analytic so by Schwarz’ Lemma, |a(t) — a(0)] < 2|¢| |||
Setting t = m we obtaln :

66) — 6] < oo a6

Consider h € Cyr =1 and ¢ € AR(IA(A). In order for h + ¢ to belong to C, we need that

‘ h(&) + o(£)
h() + o(1)

is verified for all £ € C1 Ka and 7 € diag (K). With d = da (&, 7) this is the case provided
P(€) = h(@)] + (&) — ¢ < (A7) — |l (e = 1)

- 1' < exp(oda(€.7)) ~ 1
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Using that h € Cyr, £(h) =1 < 1 h(7) and the above distortion estimate (6.48) for ¢ we obtain
as a sufficient condition that for all d > 0,

eod _ ecr/d

<k —°
Il < ks =1

Letting d — 0 the right hand side tends to k(c — ¢’)/(k + ¢) > 0 and in the d — oo limit it
tends to k > 0. It follows that it has a minimum R > 0 and we have shown property (b). []

Consider now a sequence L1, Lo, ... of operators as in the above Lemma. We write £ =
Ly,o0L, 10---0/Lq for the n’th iterated operator.

Lemma 6.7 There are constants c1,ca < 0o (and 0 <1 from Lemma 6.6) such that for h, IS
Co/ p=1, » € A(Ka) and n > 0:

LMh £y
1 _ < ogn
& f(ﬁ(”)h) g(g(n)h/) > ab,
LG L0 (LMg)
2 _ S
“ WLORY — (LOR) (LRy|| = P 1]l

Proof: Outer regularity, i.e. Property (a) of the above Lemma, and a computation* show that
(with k£ from Lemma 6.6 (a)) :

2
1 — ¢l < E(edwm —1), V1,02 € Copei.

When ¢y, py € LMC,y, U(p1) = £(¢o) = 1 and n > 0 we have that de, (¢1,d2) < 0"p, with p
from eq. (6.47). Therefore,

161~ 2]l < ("~ 1)

which is smaller that ¢10™ for a suitable choice of ¢;. This yields the first bound.
For the second bound note that B(h,R) C C,. For ¢ € Ar(Ka) (small), one has d¢(h +
¢, h) < %quH + o(||¢]]) and therefore

LOh+g) L)

(LM (h+ ) L(LM(R))

2 2
‘ < 20" 6]+ o]

By linearizing this bound (and loosing a factor of at most v/2) we may extend this bound to
any complex ¢ € A(KA) to obtain the second inequality with co = \/ilf—R. I

6.3 Analytic conformal families and mirror extensions

Let Oc C C" be an open non-empty ball, invariant under complex conjugation and denote by
Or = Oc NR" its real (non-empty) section. Also, let t € Oc € C" — f; € E(K,U) be a
continuous map. Recall that U C C so that Cl Ko C U is a compact subset of C. As in
the previous section we will work with the Euclidean derivative, f' = g—’;, of f rather than the
hyperbolic derivative D f.

4see e.g. [Rugh02, Appendix A, Lemma A.3] for this computation.
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Definition 6.8
1. (fi)teoe is called an analytic family if {(t,z) :t € Oc, z € Dy, } — fi(z) € C is analytic.

2. We say that the family f; verifies an L-Lipschitz condition (with 0 < L < 4o00) if for
any z € Ka and any local inverse f(2) (see Remark 6.9 below) the map t € O¢

log% o f71(z) € C is L-Lipschitz (for some, whence any, local choice of logarithmic

branch).
3. We define the condition number of f € E(K,U) to be
L) = 1= 1L/ £ N -1k

It is no lack of generality to assume that the parameters are one-dimensional (n=1). We may
also assume that Oc = D), i.e. is the unit-disk so that Or = DNR =] —1, 1] is its real section. In
the following let t € D — f; € E(K,U) be an analytic family, verifying an L-Lipschitz condition.

We obtain a conjugated analytic family if we set th = (Dy,) C U and for 2/ € Dﬂ,
fi(@') = fz(@"). Then f,(z') is analytic in t and 2’ on {(t,2) : t € D,z € D?t}. We also define
for t € D the product map F; : (z,2") € Dy, x Dy, (fi(x), fi(@") € U x U. Again, this
map is analytic in z,x’ and t on its domain of definition. Note that when ¢ € D N R then
Fyo=fi=(fv, fr)

Let y € Cl K and fix g € f5 ' {y}. Let hg, denote a local inverse of fy, equation (5.32),
for which hg 4, (y) = zo. By the implicit function theorem we may find an analytic continuation
z; € f7'{y} along any path in D emanating from ¢ = 0. Simply connectness of D and of
B(y, £/2) show that hg 4, extends to an analytic map

teD, z€ B(y,£/2) — hi(2) € f7 {2} C U (6.49)

In particular, for fixed z € B(y,¢/2) the map t € (D,dp) — 2t = hy2,(2) € (U,d) = (U,dy) is a
contraction, i.e.

d(ht gy (2), 2) = d(z¢,20) < dp(t,0), z€ B(y,{/2). (6.50)
Similarly, we see that the map
teD, we B, 0)2) — huz(w) € f, {whCU (6.51)
is well-defined, analytic and a contraction with respect to ¢.

Remarks 6.9

1. We may now give a more precise statement of the Lipschitz condition in 6.8 (2) : If hi z,(2)
is a local inverse of f as in (6.49) then (again for any branch of log)

0 1 8ht7$0 (Z)

— < . .
57 108 —5. <L, VteD, z € B(fo(zo),?/2) (6.52)

2. Suppose that ¢ € C¥(D) with ¢(0) = 1 and —L < log|p(t)| < L, t € D. If we choose a
logarithmic branch so that log(¢(0)) = 0 then

oL 1+t
log p(t)] < =1 .
[log $(t)| < — %% T 1

(Apply the Schwarz inequality to the holomorphic map t € D — tan ﬂ%f(t) eD). Asa
consequence, asking for a Lipschitz condition on log f', log|f'| or log(Df) are all equiva-

lent if we shrink the domain in t and allow for a larger Lipschitz constant L (cf. Remark
6.5).
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Figure 4: An inverse v; € F, '(€) obtained by lift and analytic continuation.

Let £ € C1 Ka be A-close toy = (y,y) € diag K. As above we associate to each zh € £yt (y),
i € J local inverses, hy ;i and h, 7. Then
B »Tg

Pr,(€) = {vities = {(hy (€0):hy 7 (€o)bies, tED (6.53)

yields a unique analytic continuation (a holomorphic motion) of the pre-images in Pfo (&). (see
Figure 4). Using (6.50) as well as its conjugated version we see for any i € J that

dg(vf, vh) < dp(t,0). (6.54)

For t real the second bound in (6.46) implies that v} € Cl K A/g- When making ¢ complex

we want to remain within Ka and by the above it suffices to have A/B + dp(t,0) < A or,

equivalently,

1] < tanh <%(1 _ %)) . (6.55)

When this condition is fulfilled we may analytically continue the transfer operator in ¢. For
t € D the domain of F; is given by Dg, = (J{Pr,(§) : £ € I?A}. We note that gz from Lemma 6.4
extends uniquely (same proof) to an analytic function g, on {(2,t) : 2 € Dp,,t € D}, with a con-
tinuous extension to {(z,t) : z € Cl Dp,, ¢t € D} (locally this is defined as — 3 log(hy 4, ({1)52@0 (&2))
for a suitable choice of g and logarithmic branch). For s € C and t verifying (6.55) we define
an operator L f, € L(A(Kn)) by setting :

Lopd€) = > e 9m0gw), ¢ AKa), &€ClEa. (6.56)
vEPE, (€)

Lemma 6.10 Let h € Cpr. Choose xg € fy 'K and set A\ = log|f'(z0)| > 0. Let £ € CI Ka,
n € diag K and let vy be a minimizing path for da(€,n) (cf. Remark 6.3). For dp(t,0) < A(l—%),
let v; € Pp,(€) and uy € Pr, (7)) be pre-images (analytic in t) that join a pre-image by F,™' of the
path v and for which uy € diag K. Then

h(vt)efs(gFt (Ut)f)‘)

— < Q(gvﬁvs’t)_
h(uo)e— G | =€ !

33



with
0(6:75.0) = Is = soltog T(o) + -+ 1515 ) dot0) + (5 + o2 ) dse. )

Proof: The defining equation for the cone, equation (6.45), shows that h € C, verifies

‘ h(vt) o 1‘ < ea'dA(Ut,uO) —1.
h(uo) -

The distance in the exponent may be bounded as follows, cf. (6.54) and (6.46) :

1 .
da (v, up) < da(ve, vo) + da(vo, uo) < dp(t,0) + BdA(fﬂ?)-

By Lemma 6.4,
4C e
|9, (v0) — 9ry (u0)| < — da(&,7).-
C
A small modification of the proof of that Lemma, taking a t-derivative rather than a z-derivative

and using (6.52), also shows that
%, Oy w(ey . Ohyzr)
5 108 ( 5. &5, (&)

with hy; 5y being a suitable inverse of f;. By definition 6.8 (3) of the condition number for f’
and writing ug = (20,%0) € diag K we also obtain

I L
or: 1) = gy (w0) < 5 [ @] < Ll < 5 do(t,0), (6.57)

|95, (u0) — A = [log | f(z0)| — log | f'(wo)|| < logI'(f).

The inequality
Te -1 et —a

is valid for any finite set of complex numbers, a1, ...,a,. Now, insert the 4 estimates above to
obtain the claimed inequality. []

We define
['s,Ft (b

f(ﬁ&thﬁ)’

for all ¢ for which the denominator does not vanish.

o,k (0) = ¢ € A(Ka) (6.58)

Lemma 6.11 Let f; € E(K,U), t € D verify an L-Lipschitz condition. Choose xy € fo_lK and
set X =log |f'(x0)| > 0. For sy > 0 we let W denote the open neighborhood of (so,0) C C x C
consisting of all (s,t) that verify

L 4 1
|s — so|log T'(fo) + <U + \8\§> dp(t,0) < log 3 and dp(t,0) < A(1 — B)

We also define p(s) = £exp (—o'(|s|)Da) > 0, with k and o'(|s|) = 7+ %|s| from Lemma 6.6
and Da = diam K + A. Let h € Cyr ¢=1 and denote B(r) = {¢ € A(KA) : lloll < r}.
Then for (s,t) € W* and ¢, 1 € B(p(s)) :

1
kp(s)

1 <|lms.r(h+ @) < +1, (6.59)
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‘€(€SA£S,Ft(h +9))

2
-1l < =, 6.60
A Loy 1o () ‘ =3 (6.60)

and

(6.61)

'bg ULori(h+0)) ‘ _le—aill

U(Ls,F,(h+ 1)) p(s)
Furthermore, the map, (s,t,¢) € W% x B(p(s)) — s, (h + ¢) is real-analytic. By real-

analyticity we here mean that it is analytic (in norm) and that for (t,s) € W* ﬁA]R2 and
¢ € Ar(Ka) N B(p(8)), i.e. a selfadjoint element in B(p(s)), the image is also in Ar(KAa).

Proof: Let n € diag K. We first use our previous Lemma for £ =n. We let ¢ = q(n, 7, s,t) and
ug, vi(= u;) be as in that Lemma. Our assumptions imply that e? — 1 < % and therefore

h(ut)efs(gFt(ut)*)\) _ h(uO)e*SO(gFo(uo)*)\)‘ < lh(uo)e*SO(gFo(uO)*)‘).
-3

Summing this inequality over all pairs of pre-images and then dividing by the right hand side
we obtain

€(€SA£3,Fth) 1

U5 Loy oh) 3
In particular, [((e* L, g, h)| > 2e50M(Lyy pyh), for all (s,t) € W#. Now, for general £ € Cl Ka
and when (s,t) € W we have that e? = 4615t < 3exp(o’(|s|)Da) = £ Thus,

IN

- 1‘ (6.62)

3p(s)
‘6—5(91«}(%)—)\)‘ < k e~ 50(9Fy (u0)=A) < 1 e—so(gFO(uo)—A)h(uO)’
~ 3p(s) ~ 3p(s)
Summing over pre-images,
1
SA SoA
Lsp| < —— (e’ Ly, p,h). 6.63
A (6.63)
When ||¢]| < p(s) we see that
\5(68)‘55 Ft¢)| 1
— < - 6.64
5(630)‘£307F0h) -3 ( )
Since also ||h|| < + we obtain the upper bound in (6.59) :

1
_ e eon(i+ )l _ melhtol

Ims.ri b+ O = ez T 9)

The lower bound is clear. The bound in (6.60) follows from (6.62) and (6.64). From (6.62) and
(6.63) we also obtain

Lsr¢) | o llol 3 _ ol 1
ULsph)| = 3p(s)2 ~ 2p(s) — 2

Using the inequality |log %‘g\ < 2|a — b|, valid when |a,|b| < %, we obtain (6.61). For the
real-analyticity of our map, 7, note that L, ,(h+ ¢) from equation (6.56) is real-analytic in the
sense described in the Lemma, because (Ls g, ,(h 4+ ¢))* = L, (h+ (¢)*), ¢ € A(Ka). The
linear form ¢ : A(Ka) — C is real-valued on Ar(Ka) and by (6.60) uniformly bounded away
from zero when acting upon Ly g, (h + ¢), (s,t) € W, ¢ € B(p(s)). Therefore, 75 g, (h + ¢) is
real-analytic on the stated domain. []
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6.4 Analytic measurable sections

Let us now return to the probability space (£, ) and an invertible® p-ergodic transformation
7:0 — Q.

We view the space 2 x A(Ka) as a (trivial) fiber bundle over © with each fiber being A(Kn).
We denote by A the set of essentially bounded measurable sections of this fiber bundle and write
|®|| for the p-essential sup of an element ® € A. A(Ka) is separable, so measurability and
Bochner-measurability is here the same. Also A is a unital Banach algebra when we define the
analytic operations to be performed fiber-wise. To see this note that measurability is preserved
under such operations and also by taking uniform limits. We write Ag for the subspace of
real-analytic sections. Let C,¢—=1(€2) denote the space of ‘sliced’ measurable sliced cone-sections
of Q x Cyy—1. This space is bounded in Agr. We define Oc C C" and Or = Oc NR" as in the

previous section and we recall that U C C so that K A is a compact subset of the complex plane.

Assumption 6.12 Lett € Oc — (fio)weca € Ea(K,U) be a continous map for which :

1. For each w € Q the map t € Oc — £, € E(K,U) is analytic in the sense of Definition
6.8. (Note that we are implicitly assuming that for each fixred t € O¢ the mapping w €
Q £, € E(K,U) is measurable as in Definition 4.3).

2. Forw € Q) the map t € D — f; ,, verifies an L-Lipschitz condition as in Definition 6.8 and
for the same number 0 < L < oo.

3. The condition numbers I'(fy ), w € Q are uniformly bounded by some I" < +o0.

4. E (log ||f67w||fO_1K) < 400 (c¢f. also Remark 6.5).

As before, it is no restriction to assume that the parameter space is one-dimensional and
that Oc = . In the following we will thus consider an analytic family ¢t € D — (f;,)wen €
Eq(K,U) verifying Assumption 6.12 above. Let F,, = (f;.,fi.) denote the (holomorphic)
mirror-extension of f; ,, and let sp = dimg(J(fy.)) € [0,2] be the (a.s.) Hausdorff dimension of
the random Julia set at t = 0 (Theorem 5.3). We choose o = o(sg) and ¢’ = ¢’(sp) so as to
verify the Cone contraction conditions in Lemma 6.6. Let WW* C C? and s — p(s) be chosen as
in Lemma 6.11 and let h € Cy/ y—1(2). By the very same Lemma we obtain for (s,t) € W*° that

Estt,w @T_lw

wtte @ ¢ e B(h Q
ULs,py , Pr-1,,) € B(h, p(s)), we

7Ts,t(q))w = Ws,Ft,w((I)T—lw) =

defines a map s, : B(h, p(s)) — A whose image is bounded in norm by ﬁ(s) + 1. It takes the

value of ® at the shifted fiber 7~ 'w, acts with the transfer operator, normalises according to ¢
and assigns it to the fiber at w. Note that we use 77! here because we iterate by composing with
the operator to the left. Measurability of the image is a consequence of the map (s, F}) — L F,

being continous and £ being non-zero on the image. We write ng,)o 1 Cor p=1(2) = Cor 4=1(Q) for
the n’th iterated map of 7y, o restricted to the sliced cone-section.

The reader may note that the (non-normalised) family (L £, )weq need not be uniformly
norm-bounded, whence need not even define a bounded linear operator when acting upon sec-

tions of A. This is the case e.g. for our example in the introduction.

Lemma 6.13 There are constants, c1,co < 400 such that

SInvertibility of 7 may be avoided. We have imposed it here in order to simplify the proofs.
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1. For h,h' € Cy 4—1(Q) we have:

7™ (h) — 70| < e 67,

2. Taking the derivative in A of ﬂgg?o at the point h € Cor y—1(Q2) we have

1Dl ()| < e 0.

50,0
3. Forh € Cyr p=1(2) the map
(s,t) e W, @ € B(h,p(s)) — ms(®) € A
1s real-analytic.

Proof: (1) and (2) are reformulations of the bounds already given in Lemma 6.7 (with the
constants from that lemma). By the last part of Lemma 6.11, each 7, (®),, is real-analytic in
(s,t) € W* and ® € B(h, p(s)) (for fixed w). The bound (6.59) shows that 7 ;(®),, is uniformly
bounded in w € Q. A Cauchy formula (choosing r > 0 small enough)

tH(f ww@ugv
! _ ; )
‘t,—t‘:T t t 27‘("& weQ

then enables us to recover a power series in the t-variable (similarly for s and ®) within .A. The
map is real-analytic in the sense that it maps (s,t) € W NR?, & € B(h, p(s)) N Ag into Ag. []

First, we consider the real case. So fix for the moment (s,t) € W NR? and let h®) =1 € Ag
be the unit section of our bundle. We define recursively iterates h:fl) = Ws,t(hg?) € Cor o=1(92),

n > 0. Lemma 6.13 shows that thz;—m) — hgnt)H < ¢10™ which tends exponentially fast to zero.
The sequence thus converges uniformly in Ag towards a fixed point

hi, = msi(hi,) € Co (), (s,t) € WO NR (6.65)
We are interested in the normalisation factor,
p87t7w = g(ﬁsyFt,wh:i,T_lw) (6'66)

at the fixed point. This function is real and strictly positive (recall that for the moment s and
t are real). By Theorem 5.3 and Theorem 4.4 (a) we know that p-a.s. the upper and lower
pressures agree and are independent of w. As om Theorem 4.4 we write P(s,f;.) for this (a.s.)
common value of the pressure.

Lemma 6.14 We have for (s,t) € W NR? the following formula for the pressure :
P(s,fi.) = / 1og ps. 1w dp(w).
Q

Proof: The embedding j : z € K — (2,%) € diag K C U induces a pull-back j* : Cpr —
M(K). On M(K) (before the mirror embedding) we act with the operator Ly, , from equation
(3.22) (except for the fact that we here use the Euclidean derivative, cf. Remark 6.5) and on
the cone with the mirror extended operator ES’E . (recall that t is real here so that F;, =
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/f\t,w)- Consider h € Cor p=1. Then Lgsg, ,j*h = j*L_ B h and the cone properties show that

k< hdiag x < < & (with k from Lemma 6.6 (a)). We write Lg t)w = Lsf, no, © -0 Lsy, and
similarly for Egnt)w As stated above the pressure may be calculated p-a.s. as an upper pressure

so for p-almost every w € €} we have :

.1 n
P(s, ) = lim —log | L0, | v (6.67)

It follows that for p-almost every w € 2 :

n—1

P(s,f.) = hm log ||LS thM(K = hm log f(ﬁg?w tr-lw) = h}lnz - log pg ¢ 7k (6.68)
k=0
Using (5.38) and noting also that 1 < I f{ o/ f00ll < L we see that for 0 < s <2:

E(LIfol) ™ < Potw < 1 (Hfo,wHL) (6.69)

By Assumption 6.12, E(log || f5 ,||) < +00 so also |logps 1| is p-integrable. By Birkhoff’s The-
orem, (6.68) converges p-almost surely towards the integral of logp as we wanted to show. []

Remarks 6.15

1. The pressure does not depend on the choice of € (of course, it should not). If one makes
another choice £ for the normalisation this simply introduces a co-cycle that vanishes upon
integration.

2. Equation (6.68) shows that the use of the fixed point, h, transforms the sub-additive (with

respect to n) quantity, log ||LS ‘ wH into an additive quantity. This is really the cruzx of the
matter of the proof and explams why we are so interested in the fized point of m (see also

[Rue97]).
We will use the following real-analytic version of the implicit function Theorem:

Theorem 6.16 (Implicit Function Theorem) . Let 7 : C* x A — A be a real-analytic map
defined on a neighborhood of (o, ¢0) € R? x Ar. We let Ty = Dyn(wg, ¢o) € L(A) denote the
¢-derivative of this map at (xg,dg). Suppose that ¢y = w(xo,do) € Ar and that the spectral
radius of the derwative, p(Ty), is strictly smaller than 1. Then there exists a neighborhood
U c C? of 29 and a real-analytic map (unique if U is small enough) z € U — ¢(z) € A for
which ¢o = ¢(xo) and ¢p(x) = w(x, p(x)) for all x € U.

Proof: The map
L(z,¢) = (1= To) " (n(z,6) — do — To(¢ — ¢o)) + do

is real-analytic and verifies I'(zo, o) = ¢¢ and DgI'(x, ¢o) = 0. We may therefore find a neigh-
borhood U of zg and a closed neighborhood W of ¢g such that I' is a uniform contraction on
the real-analytic sections, U — W. The fixed point ¢(x) = I'(x, ¢(x)), © € U is then itself a
real-analytic section and has the desired properties. []
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Lemma 6.17 The fized point hi, = ms.(hy,) from equation (6.65) and the logarithmic nor-
malisation from equation (6.66) with w fized, log psy., extend to real-analytic functions on an
open neighborhood U0 C C? of (s, 0).

Proof: Lemma 6.13 (2) shows that the spectral radius of Dpms,0(hy, o) does not exceed 6 < 1.
By the above implicit function Theorem there is a real-analytic map

(s,1) € U™ = hg, = mss(hi,) € B(hg, o, p(s)) C A

defined in a neighborhood U?®® C W*° of (sg,0) and extending the fixed point found previously
for real s and ¢t. On this complex neighborhood we define as before the function p,;. =
E(E&Fi,wh;m_lw) € C. For fixed w this function is analytic in (s,t) € U*0.

Set A, = log |y, (z0w)| With o, € f(;j)K. Lemma 6.11, equation (6.60), shows that the

function \
S
€ wps,t,w

Vs,tw =
. eso)‘“’pso,o,w

is analytic in (s,t) € W* and verifies |yss0 — 1| < 2/3. Therefore, v, has a well-defined
logarithm, log s ¢, analytic in (s,t) € W*° and bounded by log 3 in absolute value. We then
obtain the following very explicit formula for the analytic continuation of the logarithm of the
normalization factor :

logps,t,w = (50 - 5)/\w + logpso,o,w + lOg Vs, t,w- 0 (670)
In the case when the ergodic measure does not depend on parameters we obtain the following :

Theorem 6.18 Let T be an ergodic transformation on a fized measure space (S, ). Let (£ o)wen
Ea(K,U) be an analytic family verifying a uniform L-Lipschitz condition and with uniform
bounded condition numbers, i.e. Assumption 6.12 above. Then (a.s.) the Hausdorff dimension
of the random Julia set J(f}),,, equation (4.25), is independent of w and depends real-analytically
upon t.

Proof: Let U® be as in the previous Lemma. The pressure function in Lemma 6.14 then
has an analytic extension to that neighborhood. To see this note that all terms in (6.70) are
absolutely p-integrable so

Pls.0) = [ 108 pugo nldo), (5.0) €U
Q

is well-defined and yields a real-analytic extension of the pressure. Consider now ¢ € D N R.
Theorem 5.3 shows that (a.s.) d(t) = dimpyJ(f;.), is independent of w and that P(d(t),t) =
P(d(t),f;.) = 0 whenever (d(t),t) € U®°, t € R. Now P is real-analytic and %—E(d(t),t) =
%P(s, £i.)js=d(y < —log B < 0 for real t-values. We may then apply another implicit function
theorem to P and conclude that there is an open neighborhood Vy C C of 0 and a real-analytic
function t € Vp +— (d(t),t) € U*® such that P(d(t),t) = 0 for all t € V. The function d(t) yields
the desired real-analytic extension of the dimension. []

7 Proof of Theorem 1.1

We now consider the case when both the conformal maps and the ergodic measure depend on
parameters. When the ergodic measure i, itself depends real-analytically on t (Definition 7.1
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below) then Theorem 6.18 extends trivially to include this (we leave the details to the reader).
This situation occurs rarely in practice and is subsequently not of particular interest. We shall
here consider the case of i.i.d. random variables but refer to Remark 7.4 for an alternative
approach using Gibbs measures.

7.1 Parameter dependency of the measure

Let T be a measure space and consider M = M(Y), the Banach space of complex measures on
T in the variation norm, [|v||; = [y d|v| (see e.g. [Lang93, VII, section 3]). The set of probability
measures P = {v e M :v > 0,v(Y) = 1} forms a real affine subspace of M.

Let m : T — [1,4+00[ be measurable and not smaller than one. We define the stronger norm

on M1,
vl = [ div, (.1)
T
and we denote by M,, the Banach space of complex measures on Y for which ||v||,, is finite.

Definition 7.1 We say that a family of measures v, € M, t € D is a real-analytic family of
probability measures with respect to the weight m > 1 if v, € P whent € DNR =] —1,1] (i.e. is
a genuine probability measure for t real) and if

tE]D)HVtEMm

s norm-analytic. Since m > 1 such a family is also real-analytic with respect to the weight 1.

Example 7.2 The Poission law py(k) = e*)‘;;—];, k € N is real-analytic in A > 0 with respect to

the weight 1 + K (with K(k) = k). It has a complex extension to every A € C with variation
norms
HPAH1 = eW*re)\ and Hp)\Hl-l—K = (1 + ‘)\Del)\\fre)\‘

Theorem 1.1 is formulated in terms of independent random variables. We reformulate this
in terms of an ergodic transformation as follows: Let 14 be a real-analytic family of probability
measures on a measure space Y (Definition 7.1) depending on the complex parameter ¢ € D
(again it is no lack of generality to assume that the parameter is one-dimensional). When
t € DNR is real 14 is indeed a probability measure and we define

() = ([[ T, @,m)
Z

to be the (Kolmogorov extension of the) direct product of probability spaces. We let 7 be the
shift on this space, i.e. (T(w))n = (W)n+1, n € Z. Then 7 is an invertibel ergodic transformation
of (Q, /J,t)

Let the family f;,, (with t € D, w € T) be as in Theorem 1.1. We define f; o, = f; (w), on
the extended space, 0. Then (fn)n>1 = (frw, ftrw, fi 20, - .) corresponds to the sequence of
random conformal maps described in Theorem 1.1. As in the previous section we assume that
U C C so that K is compact in C. By Lemma 6.14 we obtain for ¢ real the pressure as an

integral:
P(s,ftv.):/logps,tvwdut(w).
Q

We encounter here the following problem : In general when ¢ is complex u; does not make
any sense (as a measure). Even when t # t’ are real, p; and py are in general mutually singular
measures. In spite of these caveats we will show that, nevertheless, the pressure P extends to
a real-analytic function in a neighborhood of (sg,0). This suffices to prove Theorem 1.1 by
repeating the last part of the proof of Theorem 6.18.
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Assumption 7.3 We consider the weight m(w) = 1+ |log HféwH‘ on Y. We will assume that
the family vy, t € D is real-analytic with respect to the weight m.

Let hj,, (s,t) € U™ be the fixed point obtained from Lemma 6.17. Recall that Dyms, o(hj, o)
has spectral radius not greater than 8 < 1. Possibly shrinking the neighborhood U; C U?° of
(50,0), continuity of the derivative, Dy, implies that we may find p; > 0, C < 00,0 <0 <1
such that for all ® € B(hj_ ,p1) and n > 0 we have

7l (@) — i, < Ciop  and  wl)(®) € B(hE, g, p(s))

Shrinking the neighborhood further, (sg,0) € Uy C Uy, mere continuity of m shows that we may
also find k; € N such that (1 being the constant unit-section of .A)

(1) € Bl g,p1),  V(s,t) € Us.
Since ||| = 1 and v is analytic,

Do = {(s,t) : (s,t) € Ua, ||e]|1 < 1/61}
defines a complex neighborhood of (sg,0). Given (s,t) € Uy we set hg t) = W(k)( 1), k € N. The
operator Ls f, ,, depends only on the first symbol wy = (w)o of w and since 2 is a direct product
we see that hg?wm 1) = hgft)w, n > 1 depends only on the n symbols (wo, . ..,w_(—1)) of

w. It follows that pgnt)w = E(L&Ft,wohgntl_lw) = K(LS,FWOhgbt),w_l,...,w_n% n € N only depends on

n + 1 symbols of w. Now, by the choice of k; we may proceed as in Lemma 6.17 to see that

log pgktlzd extends to a real-analytic function of (s,t) € Dy. Using (6.60) and (6.69) we see that

[1og P14y | < const(s)(1 + [10g 1 5.0, | )

and for m > k; we get because of (6.61) :

+1 (m+1) (m)
pg,?,w) Hhs,tﬂ'—lw - hstT—le m
1 < const(s) 07"
pSZLJ p(s)

Integrating with respect to the analytic continuation of our probability measure we see that

[ ol dbalwo) - dsnl(o-s) < const(s) sl ] (7.72)
and also that for m > k;
(m+1)
[ 1o B il - dinl (o) < const(s) 7" [+ (7.73)
ps,t,w

The sum of all these terms (the latter for all m > k;) is bounded by

const(s) | [vellmlvalli* + Y 67 w7
m>ky

which converges uniformly on compact subsets of Dy. The following function :

(m+1

P(s,t) = /logpgtzddut(wo) ~dvg(w_g,) Z/ S’t’ — 2 —dvy(wo) - - - A (W_(1m11))

m>k1 ps,t,w
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therefore defines an analytic function of (s,t) € Dy. For t real we have

/ log 1) vy (wo) -+ - dv(w_g,) = / log p®1) dpuy ()

and similarly for the integral in the sum, so the function reduces in this case to

(m+1)
y2
P(s,t) :/ log pﬁ’?ﬁd + Z log (fn‘;} dp(w) = /log Ps.twdpt(w) = P(s, f;.).

m>ky ps,t,w

In other words P(s,t), (s,t) € Dy provides us with the desired real-analytic continuation of the
pressure. As mentioned before we may proceed as in the proof of Theorem 6.18 to conclude the
proof of Theorem 1.1. []

Remarks 7.4 An alternative generalisation would be to pick the maps f; oy according to a Gibbs
measure on a shift space over a finite alphabet. The Hausdorff dimension also here depends real-
analytically (use the exponential decay of correlations to see this) upon the Holder potential
defining the Gibbs state. This result does not, however, cover example 1.2 in the introduction.

8 Proof of Example 1.2

We define for 0 < p < 1 the complex annulus A, = {z € C: p < |z| < 1/p} (= C* for p = 0).
The conditions on parameters may be written as

k2
< —
ol +7 <

where k is a constant 0 < k < 1. We set U = A2/, and K = Ay, /5 (a compact subset of U).

The maps under consideration, f = zN+2 4 ¢, then belongs to £(K,U). The neighborhood
KA may be written as A, for a suitable value of & €]k?/2,k/2[. For w = f(z) € Ka we have
w—c

fl(z) = (N 422N = (N +2) —

which is comparable to N (because both w and z belongs to Ka). The condition E(log ||Df||) <
+o0 is then equivalent to E(N) < +oo which is clearly verified for a Poisson distribution of
N. Also, the condition numbers ||f’||||1/f’|| are uniformly bounded (this is in fact true for the
family of all maps f € £(K,U) for which f~'U is connected). Writing f(z) = 2N*2 4+ a + r¢,
with ¢ a random variable uniformly distributed in ), we obtain an explicit (real-) analytic
parametrization of f in terms of a and r.

To see that a local inverse depends uniformly Lipshitz in parameters consider e.g. :

of 1 _ o orof 1 z
da  0a’ 0z  N+2w-—c
which is uniformly bounded on Ka. Similarly,
0 N +1 w—c N+1c—w
—log flof = — =
da ogfief z ( (N—i—?)z) N+2 227

which is again uniformly bounded, independent of the value of N (but only just so !). Finally,
the Poisson distribution is real-analytic in the parameter A > 0 and with respect to the weight
1+ N (Example 7.2). We are in a position where we may apply Theorem 1.1, thus proving our
claims in Example 1.2. []
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A Removing the mixing condition

Our mixing condition (C4) was convenient but not strictly necessary. For completeness we will
show how to get rid of this condition. In the following we write d = ¢ for the injectivity constant
associated with f (section 2.1). Our first reduction is to replace (C4) by topological transitivity.
This amounts to saying that there is ng = ng(d) such that

(C4) Cj fE(B(z,6) N A) = A.
k=0

Repeating the previous steps we see that (2.13) is replaced by the inequality

> (IDf]|" ) My/2
Jmax m > (1Df]"06) "M,/
from which the operator distortion bounds follow. The proof of the lower bounds for the Haus-
dorff dimension does not change and in the upper bounds for the Box dimension the left hand
side of the inequality (2.17) is replaced by >~ i<no Litnoy B(xz,r) Which leads to the bound

N

S (diam B(x;, 2r))° < 4(s) S L.

i=1 0<j<no

In the general situation we will replace A by a subset A’ of the same dimensions but which
is f-invariant and topologically transitive. First, define a local pressure at x € A within A:

— 1
P,(s,A) = limsup —log L7 1A (x).
noon

From the very definition it is clear that
P,(s,A) < Pyi(s,A). (A.74)

Also if x € A and y € A are at a distance less than § the ratio of L?1(z) and L71(y) are
sub-exponentially bounded in n. The local pressures at x and y are thus the same. Say that
two points z,y € A are J-connected iff there is a finite sequence of points

Lo =T, L1y Ty Tn+l =Y CA

for which d(z;,x;+1) < 6 for all 0 < ¢ < n. This partitions A into d-connected components
A=AU...UA,. Each A; is d-separated from its complement, whence open and compact
within A. Thus there is a uniform bound on the number Ny of intermediate points needed to
connect any x and y within the same component.

The partition is not Markovian. For example, for a connected hyperbolic Julia set there
is only one d-connected component. It does, however, enjoy some Markov like properties: If
FA;NA;j # 0 then fA; D Aj;. To see this note that if v € A;, y = f(z;) € Aj and v € B(y,d) C A
then there is (a unique) u € B(z,0) C A; for which f(u) = v and thus v € A;. This shows that
fA; is d-connected, whence contains A;. We may introduce a transition matrix, writing ¢;; = 1
when fA; D A; and zero otherwise. A partial ordering among the partition elements A; is then
given by

Ay < Aj iff In=mn(ij) 5 >1

and an equivalence relation

AZ'NA]' iff AZ'-<A]' and Aj-<AZ‘.
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The equivalence classes provides a new partition of A:
A=CiU...UC

which inherits the partial ordering from before. Each equivalence class is topologically transitive
and the local pressures are constant on each class (because of (A.74)). Writing P; for the pressure
on class 7 we also see that P; < P; for i < j.

Consider now the critical s-value sqit and let C;, be a class which is minimal for the inherited
partial ordering and such that the local pressure vanishes for some, whence every point in this
class Py (Scrit, A) = 0, x € C;,. We denote by

AN = ﬂjzof_jcio

the corresponding f invariant subset of the class. This subset is topologically transitive (clear)
and we claim that this set has Hausdorff and box dimensions that agree and equal s¢jt. For this
it suffices to show that the pressure of that subset P(seit, A’, f) vanishes.

For 1 <i <k, we define :

Nip(= Ns i) = XciLsﬁb = Ls((Xciof)Cb)'

If C; < C; and they are not equal then N;V; = 0 and the spectral radius, rg,(V;), of N; does not
exceed that of IV;. Similarly, if C; and C; are not related then NV;N; = N;N; = 0. In either case
we have (N;+N;)" = NI'+N;N/" 1 4. .. N;‘lei—FN;‘, which implies that rs,(/V; 4+ N;) does not
exceed max{rsp(N;), 7sp(Ni)}. Writing Ls = ;. c. - nr Nsi, it follows that rep(Ls,,,) = 7sp(Nig)-
But this implies precisely that P(seit, A, f) = 0.

Remarks A.1 We note that in this setting, even when distortions remain uniformly bounded
the Hausdorff measure need not be finite (essentially because the powers of a matrix of spectral
radius one need not be bounded when the eigenvalue one is not simple).
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