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Our aim is to analyze the various energy functionals appearing in
the physics literature and describing the behavior of a
Bose-Einstein condensate in an optical lattice.
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Our aim is to analyze the various energy functionals appearing in
the physics literature and describing the behavior of a
Bose-Einstein condensate in an optical lattice.

We want to justify the use of some reduced models.

For that purpose, we will use the semi-classical analysis developed
for linear problems related to the Schrodinger operator with
periodic potential or multiple wells potentials.
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Our aim is to analyze the various energy functionals appearing in
the physics literature and describing the behavior of a
Bose-Einstein condensate in an optical lattice.

We want to justify the use of some reduced models.

For that purpose, we will use the semi-classical analysis developed
for linear problems related to the Schrodinger operator with
periodic potential or multiple wells potentials.

In some asymptotic regimes, we justify the reduction to low
dimensional problems and in a second step start their study.
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Introduction

[Physical Motivation]

There is a large body of research, both experimental, theoretical
and mathematical on vortices in Bose-Einstein condensates

[PeSm, PiSt, Af, LSSY].

Current physical interest is in the investigation of very small atomic
assemblies, for which one would have one vortex per particle,
which is a challenge in terms of detection and signal analysis. An
appealing option consists in parallelizing the study, by producing
simultaneously a large number of micro-BECs rotating at the
various nodes of an optical lattice [Sn]. Experiments are under way.
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Introduction

Our aim, in this paper, is to address mathematical models that
describe a BEC in an optical lattice.

The theory is inspired by a series of physics papers

[Sn, SnSt, KMPS, STKB].
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We want to justify their reduction to simpler energy functionals in
certain regimes of parameters and in particular understand the
ground state energy.
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Introduction

The ground state energy of a rotating BEC is given by the
minimization of

QReea(V) =
fR3 (%‘V\U iQ X r\lJ\z — %Q2r2 ‘\U‘z (1)
+(V(r) + WE(Z))|W|2 +g!W\4) dxdydz ,

under the constraint
[, 1y 2)? drcydz = 1. 2)
R3

where

>r2

=x>+y?, r=(x,y,2),
» (2 is the rotational velocity along the z axis. For simplicity,

Q>0. (3)

> g is the scattering length.
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Introduction

A condensate is a trapped object and the potential V/(r) given by

V() = 5 (A +622) (4)

corresponds to the magnetic trap (= quadratic potential).

We assume that the radial trapping frequency is much larger than
the axial trapping frequency :

0<w, << w, . (5)

The experimental data are typically

wy/wi ~5% .
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Introduction

The presence of the one dimensional optical lattice in the z
direction is modelled by

where
> E% is the lattice depth,
» w is a positive T-periodic function which admits

non-degenerate minima at the points kT (k € Z) :

w(z+T)=w(z), w(0)=0, w’(0) >0, w(z) >0ifz¢ TZ.
(7)

An example is
27z

w(z) = Sin2(T) (8)

where X is the wavelength of the laser light.
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Introduction

We will assume that ¢ tends to 0 (this means deep lattice) and
that A is fixed.
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Introduction

We will assume that ¢ tends to 0 (this means deep lattice) and
that A is fixed.

Furthermore, we assume that the lattice is deep enough so that it
dominates over the magnetic trapping potential in the z direction
and that the number of sites is large. Thus we ignore the magnetic
trap in the z direction :

w,=0. 9)
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Introduction

We will assume that ¢ tends to 0 (this means deep lattice) and
that A is fixed.

Furthermore, we assume that the lattice is deep enough so that it
dominates over the magnetic trapping potential in the z direction
and that the number of sites is large. Thus we ignore the magnetic
trap in the z direction :

w,=0. 9)

Actually we mainly discuss, instead of a problem in R3,
» a periodic problem in the z direction, that is in
R>2<7y X [_%7 %)'
» or more generally in Riy x [~ NI %)
N > 1.

for a fixed integer
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Introduction

So we focus on the minimization of the functional
per,N -
Qpeq (V) =

' 1 1
/ (vw —iQx V2 - —Q2r%|v)?
R2, x]- 4, L[ \2 2
H(V(r) + We(2))|W|* + g|W|*) dxdydz , (10)

under the constraint

2 _
/R oy VO P iz =1 (11)

2
with 1
V(x,y.2) = 563 (2 + 7). (12)
and V satisfying
V(x,y,z+ NT) =V(x,y,z). (13)
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Introduction

This functional has a minimizer in its natural form domain

per,N, unit
DBE’Q and we call
per,N __ . per,N
Eg = inf Qe (v), (14)
werer N, unit
BE,Q
per,N

the groundstate energy of Q-7 .
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Introduction

This functional has a minimizer in its natural form domain

per,N, unit
DBE’Q and we call
per,N __ . per,N
Eg = inf QBEQ( ), (14)
\UE,Dper,N,umt
BE,Q

the groundstate energy of Q5.

In the case NV = 1, we write more simply

Qo = Q5gs . = £ (1)
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Introduction

Our aim is to justify that the ground state energy can be estimated
by the study of simpler models introduced in physics papers
[Sn, SnSt, KMPS].
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Introduction

Our aim is to justify that the ground state energy can be estimated
by the study of simpler models introduced in physics papers

[Sn, SnSt, KMPS].

For that purpose, we will describe how, in certain regimes, the
semi-classical analysis developed for linear problems related to the
Schrodinger operator with periodic potential or multiple wells
potentials is relevant: Outassourt [Ou], Helffer-Sjostrand

[He, DiSj] or for an alternative approach [Si].
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The linear model

The linear model which appears naturally is

H=H®+H,, (16)
with 1 1
HS = _EAX’y + Ewirz — iQ(x0, — yoy) , (17)
and 5
1d
z2= TH U2 «(2) (18)
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The linear model

The linear model which appears naturally is

H=HS+H,, (16)
with
HE =SBy 43R P—i000, 2, (17)
and .
H, = 542 + W(z) . (18)

In this situation with separate variables, we can split the spectral
analysis, the spectrum of H being the closed set

o(H) == o(H}) + o(H,) . (19)
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The linear model

The first operator Hf is an harmonic oscillator with discrete
spectrum. The bottom of its spectrum is given by

M o= inf(o(H?) =w, . (20)

A corresponding groundstate is a Gaussian

1 y
b, = (&)2 exp_ﬂﬂ )
™ 2

The gap between the ground state energy and the second
eigenvalue (which has multiplicity 1 or 2) is given by
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The linear model

The properties of the periodic Hamiltonian H, depend on the value
of N.

In the case N = 1, we call the groundstate ¢1(z) and the ground
energy A{. In the semi-classical regime ¢ — 0, \{ satisfies

X~ S (22)
for some ¢ > 0.

The splitting ¢, between the groundstate energy and the first
excited eigenvalue satisfies

0y ~

a | o

(23)

for some ¢ > 0.
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The linear model

For NV > 1, the groundstate energy is unchanged and the
corresponding groundstate (/)iv is the periodic extension of ¢
considered as an (NT)-periodic function.

The precise relation is

on the line.

But we have now /N exponentially close to A{ lying in the first band
of the spectrum of the spectral problem for H, on the whole line.
They are separated from the (N + 1)-th by 6%, with :

6N =6, 4+ O(exp—S/e)) . (25)

z

Here O(exp —S/¢)) means O(exp —57,) , VS' < S.
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The linear model

The corresponding eigenfunctions satisfy

2im(f —1 ;
oY (z + T):exp(%)gb?’(z) , fore=1,....,N, (26)
corresponding to the special values kK = % of is usually called

a k-Floquet condition.
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The linear model

The corresponding eigenfunctions satisfy

2im(f —1 ;
oY (z + T):exp(%)gb?’(z) , fore=1,....,N, (26)
corresponding to the special values kK = 2”,(5;1) of is usually called

a k-Floquet condition.

We will sometimes use another orthonormal basis (called
(NT)-periodic Wannier functions basis) (wJN) (=0,...,N—1)of
the spectral space attached to the N first eigenvalues.

Bernard Helffer ( Univ Paris-Sud et CNRS) Mathematical models for Bose-Einstein condensates in optical



The linear model

The corresponding eigenfunctions satisfy

2im(f —1)

Mzt T)=ep(*

Yo (z), for6=1,....N, (26)
corresponding to the special values kK = % of is usually called
a k-Floquet condition.

We will sometimes use another orthonormal basis (called
(NT)-periodic Wannier functions basis) (wJN) (=0,...,N—1)of
the spectral space attached to the N first eigenvalues.

Each of these (N T)-periodic functions have the advantage to be
localized (as ¢—0) in a specific well of W/, considered as defined on
R/(NT)Z.
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The reduced functionals

Using the spectral analysis of the linear problem, there are two
natural ideas to compute upper bounds :

> either use test functions of the type

W(x,y,2) = 6(2)01 (x,¥) (27)

where ¢ is the first normalized eigenfunction of Hiz and
minimize among all possible [?-normalized ¢(z) to obtain a
1D-longitudinal reduced problem,
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The reduced functionals

> or use
» in the case N =1,

\U(X,y,Z) - @1(2)@9(X:Y) (28)

where ¢ is the first eigenfunction of H, and minimize among
all possible L?-normalized v(x, y) to obtain a 2D-transverse
reduced problem,

» orinthe case N >1

N

Vioy,2) = )45 (2)9.1(x.y) (29)

-
Il
o

where z/;}"(z) is the orthonormal basis of Wannier functions
mentioned above, and minimize on the suitably normalized
;. 1's which provide N coupled problems.
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The reduced functionals

Computing the energy of a test function of type (27), we get
Qi (V) =w. +E4(9) (30)

where SAV is the functional on the NT-periodic functions in the z
direction, defined on H*(R/NTZ) by

o efo)= [ (F0@R + WP + 2101 ) oz
2 (31)
with ' )
g ([ Wabenftody) = aer G2

The functional £} was for example considered in [KMPS].
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The reduced functionals

For test functions of type (28), we get in the case N =1

Qg a(V) = A + Epa(¥) (33)
with
Epa(v)
= / l\vxlyw —iQ x rp)? — }er2w)\2
R2 2 ’ 2
X,y
1 ~
#3208 £+ Bl ) ey, (34
and

g:g</Twu)4w>. (35)
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The reduced functionals

In the case NV > 1, we define EQ{Q((Q/)LL)]:OV”’N,;[) by

QB (W) =X 3 [y I + N o((w,1)) (36)
J
with
N—1
V= M (2)d1(xy)
Jj=0
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The reduced functionals

Of course when minimizing over normalized W's, one gets more
simply
N N |
Qgeln (V) = A1 + Ega((¥),1)) -

This reduction (or more precisely a simplified approximation of this
functional) is proposed in [Sn] on the basis of formal computations.
The functional SQI_Q is somehow related to the Lawrence-Doniach
model for superconductors (see [ABB1, ABB2]).

Bernard Helffer ( Univ Paris-Sud et CNRS) Mathematical models for Bose-Einstein condensates in optical



Universal estimates and applications
Case (A) : the longitudinal model

Main results Case (B) : the transverse model

The analysis of the linear case leads immediately to the following
trivial and universal inequalities (which are valid for any N and any
Q such that [Q] < w))

Notw <ERN <N 1w 4y (37)
where .
gwl 2 4 /
Iy = dz | = —.
vt , n(a)ee ) = (38)

This universal estimate is obtained by considering as test function

WP (x y,z) = i (x,y)or' (2)

where ¢! is the N-th normalized ground state introduces in (24)
and 9| (x, y) is the ground state of H$, actually independent of Q.
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Universal estimates and applications
Case (A) : the lo udinal model

Main results Case (B) : the t verse model

A rather easy semi-classical analysis shows that A\{ + w is a good

asymptotic of 2" in the limit ¢—0 when g is sufficiently small
(what we can call the quasi-linear situation). More precisely, we

have
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Universal estimates and applications
Case (A) : the longitudinal model

Main results Case (B) : the transverse model

Theorem QL

Under the condition that either

(QLa) g<<ez, (39)
or 1
(QLb) gw? <<1, (40)
then we have
ESer,N _ ( E—FWL) (]_ + 0(1)) > (41)

as ¢—0.

Each of these conditions implies that / is small relatively to A, or
tow| .
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Universal estimates and applications

(A) : the longitudinal model

Main results (B) : the tr e model

So our goal is to analyze more interesting cases when no one of
these two conditions is satisfied. We justify the reductions to the

lower dimensional functionals

» when mQ\’ is much smaller than ¢ |, where

mj = g EA(9) (42)

(Case A)

» when m‘,’;"Q is much smaller than 1/¢, the gap between the
two first bands, where

N : N
mig=_ inf  ENa((¥1)) - 43
5o = o if . Eeal(t0) (43)

(Case B)

An independent difficulty is then to have more accurate estimates
mi\\’ and mgQ according to the regime of parameters.
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Universal estimates and applications

Main results Case (A) : the longitudinal model
Case (B) : the transverse model

We do not have universal estimates for this but have to separate
two cases:

» the weak interaction case, where the interaction term (L4

term) is at most of the same order as the ground state of the
linear problem in the same direction

» the Thomas Fermi case where the kinetic energy term is much
smaller than the potential and interaction terms.
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Universal estimates and applications
Case (A) : the longitudinal model

Main results =
Case (B) : the transverse model

In what follows, when /N is not mentioned in m’A}’, mg_Q, enN Eé"Q,
then the notations are for N = 1. Similarly, if Q is not mentioned,
this means that either the considered quantity is independent of Q2
or that we are treating the case {2 = 0. To mention the
dependence on other parameters, we will sometimes explicitly write
this dependence like for example mi\"(e,g) or mgﬂQ(e,g./wL).
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Universal estimates and applications
Case (A) : the longitudinal model

Main results Case (B) : the transverse model

We consider states which are of type (27) with
¢ € L?(R,/(NT)Z). The energy of such test functions provides
the upper bound

ERN <wi +mii(e,8) (44)
where m/) is given by (42).
In order to estimate mQ\’, we first address the “Weak Interaction”
case where .
(AWla) - << (wp —9Q). (45)
€
and, for a given ¢ > 0,
(AWIb) gwie<c. (46)
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Universal estimates and applications
Case (A) : the longitudinal model

Main results =
Case (B) : the transverse model

Assumption (45) implies that the lowest eigenvalue of the linear
problem in the z direction (\] ~ 1/¢) is much smaller than the gap
in the transverse direction 0| = w | — Q. This will allow the
projection onto the subspace 1| @ L?(R,/(NT)Z).
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Universal estimates and applications
Case (A) : the longitudinal model

Main results =
Case (B) : the transverse model

Assumption (45) implies that the lowest eigenvalue of the linear
problem in the z direction (\] ~ 1/¢) is much smaller than the gap
in the transverse direction 0| = w | — Q. This will allow the
projection onto the subspace 1| @ L?(R,/(NT)Z).

Assumption (46) implies that the nonlinear term (of order

gw /+/€) is of the same order as A\{. It implies using (22) that

1
mh ~ - (47)
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Universal estimates and applications
Case (A) : the longitudinal model

Main results =
Case (B) : the transverse model

Assumption (45) implies that the lowest eigenvalue of the linear
problem in the z direction (\] ~ 1/¢) is much smaller than the gap
in the transverse direction 0| = w | — Q. This will allow the
projection onto the subspace 1| @ L?(R,/(NT)Z).

Assumption (46) implies that the nonlinear term (of order

gw /+/€) is of the same order as A\{. It implies using (22) that

1
mh ~ = . (47)
€
All these estimates are obtained by rather elementary semi-classical

methods.
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Universal estimates and applications
Case (A) : the longitudinal model

Main results Case (B) : the transverse model

Thus, by (45), m} is much smaller than &, . We prove

Theorem AWI
When ¢—0, and under Conditions (45) and (46), we have

ERN = w) + mi(e,8) (1+0(1)) . (48)
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Universal estimates and applications
Case (A) : the longitudinal model
the transverse model

Main results Case (B)

We now describe the “Thomas-Fermi” regime. We assume

(ATFa) gwi ve>>1. (49)

(ATFb) guie® <<1. (50)

olw

5
(ATFc) g%eféwf << (wyp —9Q) (51)

Assumption (49) implies that the nonlinear term is much bigger

than J,. Together with (50), it permits also to estimate mi\\’ :
2
7\ 3
ml < C <g> . (52)
€
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Universal estimates and applications
Case (A) : the longitudinal model

Main results Case (B) : the transverse model

Theorem ATF

When ¢ tends to 0, and under Conditions (49), (50) and (51), we
have, as e—0,

BN = wi + m(,8) (1+0(1)) . (53)

The proofs give actually a much stronger result.
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Universal estimates and applications

Case (A) : the longitudinal model

Main results Case (B) : the transverse model

This corresponds to the idea of a reduction on the ground
eigenspace in the z variable, where the interaction term is kept in
the transverse problem. We recall that we denote by A] the ground
state energy of HZ" and by ¢! the normalized ground state. We
consider states which are of type (28), that is in L*(RZ ) @ ¢1(2).
The energy of such test functions provides the upper bound

EEN < Xf+ mY (e gowi) . (54)

Note the relevant parameter g satisfies

g’i(/ b1(2)%dz) ~ £~ . (55)
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Universal estimates and applications
Case (A) : the longitudinal model

Main results Case (B) : the transverse model

In the Weak Interaction case, we prove the following:

Theorem BWI

When ¢ tends to 0, and under the conditions

(BWIa) ge2<C, (56)
(BWIb) wie<<1, (57)

then
ERN = X+ mY g(e,g.wi)(1+o(1)) - (58)

Condition (BWIb) implies that the bottom of the spectrum of the
linear problem in the x — y direction is much smaller than ¢, the
gap in the z direction, which is of order 1/¢. In this case mg is of
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Universal estimates and applications
Case (A) : the longitudinal model

Main results Case (B) : the transverse model

In the Thomas-Fermi case, we prove

Theorem BTF

When ¢ tends to 0, and under the conditions

(BTFa) Ve<<g, (59)
(BTFb) wiyget <<1, (60)
and 3 1
(BTFc) g2eiw) <<1, (61)
then
ERe N = A2 4 mN(e, g w1 )(1 + o(1)) . (62)
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Universal estimates and applications
Case (A) : the longitudinal model

Main results Case (B) : the transverse model

One can show that, under these assumptions, the term mg is
bounded by w, \/g/¢'/* and thus is much smaller than &, which is
of order %

Our proofs are made up of two parts: a precise estimate of m% and
mg’ on the one hand, and a lower bound for Eger’N on the other
hand. The lower bound consists in showing that the upperbound
obtained by projecting on the special states introduced above in
(27), (28) or (29) is actually also asymptotically a good lower
bound.
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A key proposition

More on proofs

For simplicity, we look at Case A. Recalling that 6| = w, — Q:

Proposition A

3C > 0s. t. Ve €]0,1], Vw,,Qs.t. 6, > 1, Vg >0,

nf EBER (V) =wr+ mi(e @) (1 Ca(8) ,  (63)

with
0 < rA(f,E)
1
< g1/45*§ (fh;é) ml(e, ) (64)

Bl
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A key proposition

More on proofs

We describe the proof for N =1 and €2 = 0. We call m4 the
infimum instead of m%.
The proof is inspired by [AB].
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A key proposition

More on proofs

We describe the proof for N =1 and €2 = 0. We call m4 the
infimum instead of m%.

The proof is inspired by [AB].

We project a minimizer W onto ¢»; © L?(R/TZ), and call

1 (x,y)&(z) its projection :

W(X'/y:z) :Q/)L(X,y)g(z)—FW(X,y,Z) (65)

with i
/ Vi (x,y)w(x,y,z)dxdy =0. (66)
R2
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A key proposition

More on proofs

We describe the proof for N =1 and €2 = 0. We call m4 the
infimum instead of m%.

The proof is inspired by [AB].

We project a minimizer W onto ¢»; © L?(R/TZ), and call

1 (x,y)&(z) its projection :

W(X'/y:z) :Q/)L(X,y)g(Z)—FW(X,y,Z) (65)

with i
/ Vi (x,y)w(x,y,z)dxdy =0. (66)

R2

The orthogonality condition implies
3
1= [ @l + | W(x,y,2) dedydz  (67)
J- Jeex-LH

Bernard Helffer ( Univ Paris-Sud et CNRS) Mathematical models for Bose-Einstein condensates in optical



A key proposition

More on proofs

Now we have the lower bound

T
bW, 2) dz = () | w(x,y, 2)P? dxdydz ,
= Jeex1-1.31
(68)
with
/ [ (1 ) 2 ﬁ 2 24 |, 2
(1) = | (1Tt )P + 502 +y)) (x. )12 ) ey
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A key proposition

More on proofs

We compute the energy of W and use the orthogonality condition
so that

ew)=w1 [ @R dz + £4(©)

. T
+ | Enwlxy,) dxdy + [ Ep(w(- 2)) dz
.]R2 J—

SIE

! W(x, y,2)[* dxdydz , (69)
]R2><]—%%[

where

SIE

(316@P° + wi@of ) dz

G

wl~
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A key proposition

More on proofs

From (67) and (69), we find

T
&) zwitst— [ gplut D) des [ Ehwixy. ) drdy
0L +wi /-1 JR2

(70)
We use (70) together with the upper bound (44) and (68) to
derive that
/ w(x,y,2)P dudydz < TAEE) g
R2x]- I, I] o1
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A key proposition

More on proofs

Note that the righthand side in (71) is very small according to the

conditions of the theorem.
Note that (71) implies

T .
2 ma(e,
[ le@as > 1 - mAoE) (72)
I L
Then, we get also,
f[@x]—% I |V, w(x,y,z)|? dxdydz < QM %i’g), (73)
fR2x]f§ T |0,w(x,y,z)|? dxdydz < 2 mA(f g).
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A key proposition

More on proofs

The Sobolev embedding of H!(R?x] — L, Z[) in
LO(R%x] — L, L) gives

1/3 1/6
Iwlls < Cllaxw]y 310, wl¥> (lo.w|3 + [[w]R)Y®,  (74)

where || - ||, denotes the norm in LP(R  x] — . ZD.
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A key proposition

More on proofs

The Sobolev embedding of H!(R?x] — L, Z[) in
LO(R%x] — L, L) gives

1/3 1/3 1/6
lwlls < Cllaxwl|3 310, w3y (l0.wl3 + [Iw]3)"°,  (74)
where || - ||, denotes the norm in LP(Riﬁyx] - %, %[)
So we obtain :
> 1 (0L w3
Iwlls < Cma(e.8)? (| =5 - (75)

Mathematical models for Bose-Einstein condensates in optical

Bernard Helffer ( Univ Paris-Sud et CNRS)



A key proposition

More on proofs

Since by Holder's Inequality,

1/4 3/4
lwlla < [lwl3*|w]¥*,

we deduce that

1
o 1 (0 twi\*?
Il < € mate. @t (595) . (g
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A key proposition

More on proofs

We expand

W* = [y [HE* + 2|01 |2 |€2 wl?
FA(R(Y1LEW) + 3 w|?)? + 4|1 [2EPR(Y L EW)
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A key proposition

More on proofs

We expand

Wi =L [® \€|4+2\1M \5\ |wl?
+HA(R(VLEW) + 5|w?)? + 4w L PIEPR(vLEW) -

Since (69) implies that

E(W) > wi +Ea(€)—tg / 01 (%, y)PIE(2) Plw(x, v, 2)| dxdydz

R2x]-7,%

in order to get the lower bound, we just need to prove that the
last term is a perturbation to £4(¢).
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A key proposition

More on proofs

We can do the following estimates

gf\M(XJ)PL&(Z)PIW(X y.z)| dxdydz

< cogw (f [ (x, y)|* dxdy)7 ([ |6(2)[*dz)? |wla
by Holder,
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A key proposition

More on proofs

We can do the following estimates

& [ 101 )P )P .. )] e
< cogw (f [ (x, y)|* dxdy)7 ([ |6(2)[*dz)? |wla
by Holder,

< ag"*(€a(€))**lwla
using the control of the quartic term by the energy,
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A key proposition

More on proofs

We can do the following estimates

g | 10103 y)PE@)P w(x. . 2)] dxcdydz

< cogw? ([ [ (x, y)|* dxdy)? ([ |&(2)[*d2)7 [|wlls
by Holder,

< ag"*(€a(€))**lwla
using the control of the quartic term by the energy,

1
< ogl/ts, s (%) ma(e,8)7(Ea(€))%

using the control of ||w/||4 by the energy,
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A key proposition

More on proofs

We can do the following estimates

gf\%(xay)\z‘lf( z)Plw(x,y,z )Idxdydz

< cogw (f [ (x, y)|* dxdy)7 ([ |6(2)[*dz)? |wla
by Holder,

< ag"*(€a(€))**lwla
using the control of the quartic term by the energy,

1
1 .
< cag 40,78 (2520 )" ma(e,8)F(Ea()%/*
using the control of ||w/||4 by the energy,
1
1 /S5 tw
< csgllts, s (fﬂg‘%) ma(e, g) (1 + Cma(e,g)o,~ ) Ealg) .
Here to get the last line, we have used the lower bound

and (72).
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A key proposition

More on proofs

This leads to
g(\U) > wy
1
rea©) (1- a0, (%) mae @)} - Cn(e @07

and then to the proposition.
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DNLS
Case B : Snoek’s model

Analysis of reduced models

We just describe the reduced model occuring in the case AWI.
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DNLS
Case B : Snoek’s model

Analysis of reduced models

We just describe the reduced model occuring in the case AWI.
Using the basis (’(/JJN) of (NT)-periodic Wannier functions attached
to the N first eigenvalues, we consider, as an approximation, the
functional
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DNLS
Case B : Snoek’s model

Analysis of reduced models

We just describe the reduced model occuring in the case AWI.
Using the basis («(/;JN) of (NT)-periodic Wannier functions attached
to the N first eigenvalues, we consider, as an approximation, the
functional

Only nearby wells interact by tunneling and semi-classical analysis

leads to
N—1 N—1 N—1 NT
— | ,= N
i Slal |- [ X g |2 (X la ([, i@ &)
j=0 j=0 j=0 S5
(77)
where 7 ~ ce3/2e75/¢ and ¢y = o.
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DNLS
Case B : Snoek’s model

Analysis of reduced models

So we get the question of analyzing the Discrete Nonlinear
Schrédinger model :

N—-1 N—-1
D(c) = -7 > (GG +qg) +1 ) Igl*,
=0 =0

with two parameters / and 7.
This model is considered by Macholm, Nicholin, Pethick, Smith.
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DNLS
Case B : Snoek’s model

Analysis of reduced models

After some additional approximations the functional becomes

5 ((W5,0)) =550 Jae (I(Vy = 1 xr)wrs 2
+V 0%, y) [y, (x, y)I?) dxdy

+5 5 |1v 11

Yo (WL Gjg1L) + (W1, ¥j1,0))

+2 3 I

(78)

with V(x,y) = 3(w? — Q?)(x? + y?), which should be minimized
over the (1)j | ); such that

N—1
D llili?=1.
j=0

This is the model described by Snoek [Sn].
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