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Introduction

In the last decade, the specialists in semi-classical analysis get new
spectral questions for the Schrodinger operator with magnetic field
coming from Physics : more specifically from the theory of
superconductivity and from the theory of liquid crystals.

We would like to present some of these problems and their
solutions.

This involves mathematically a fine analysis of the bottom of the
spectrum for Schrodinger operators with magnetic fields.

The boundary condition (namely the Neumann condition) could
play a basic role.
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Introduction

The old results are presented in [FH4] or in [Hel]. The recent
results presented here are obtained in collaboration with

A. Morame, S. Fournais, Y. Kordyukov, X. Pan .. or by

N. Raymond, S. Fournais and M. Persson. Many are works in
progress.

This is also a subject in which M. Shubin has recent contributions
> in collaboration with Kordyukov and Mathai [KMS, MS] in
connection with K-theory and the question of existence of
gaps in the spectrum,
» and in collaboration with Maz'ya in connection with the

question of magnetic bottles but we will be more
semi-classical.

There is a huge litterature on the counting function and connected
spectral quantities. We only look in this talk at the bottom.
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Main goals

Our main object of interest is the Laplacian with magnetic field on
a complete manifold, but in this talk we will mainly consider,
except for specific toy models, a magnetic field

8= curl F

on a regular domain Q € R? (d = 2 or d = 3) associated with a
magnetic potental F (vector field on Q), which (for normalization)
satisfies :

divF=0, F-Ngg =0,

where N(x) is the unit interior normal vector to 0fQ.
We start from the closed quadratic form Qg

W2(Q) 3 u— Qp(u) := / |(—iV + BF)u(x)[?dx. (1)
JQ
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Main goals

Let H"N(BF, Q) be the self-adjoint operator associated to Qp.
HN(BF, Q) is the differential operator (—iV + BF)? with domain

{ue W?*(Q) : N-Vujyq =0} .

When Q is bounded, the operator H"(BF, Q) has compact
resolvent and we introduce

AMV(BF,Q) := inf Spec HV(BF,Q). (2)

One could also look at the Dirichlet realization +"(BF, Q) with

domain
{ue W?2(Q) : ujpa = 0} .

and to the corresponding groundstate energy AP (BF, Q).
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Main goals

Motivated by various questions we consider the two connected
problems in the asymptotic B — +o0.

Pb 1 Find an accurate estimate of the groundstate energy
B +— APoN(BF, Q).

Pb 2 Find where a corresponding ground state is living as B tends
to oo.

Pb 3 More generally determine the structure of the bottom of the
spectrum : gaps.
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Main goals

We will present results which are
> either rather generic

» or non generic but strongly motivated by physics.
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Rough results

The first results (Lu-Pan) are based on the old (for the case of RY)
analysis of models with constant magnetic field [ :
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Rough results

1. The case in R? (d = 2,3)

inf o(H(BF,R?)) = B3| .

2. The case in the half space R‘i
>

info (HY(BF,R%))) = ©,B

B
* )

inf o (HV(BF,RY)) = <(9)B|A] ,

where 1 is the angle between 5 and N,

info (HP(BF,RY)) = B|A| .
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Rough results

The main points are

>
0<©p<1. (3)

» For the case d = 3

> 1) — (1)) is decreasing on [0, 7].
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Rough results

From this, we get

1. The bottom of the spectrum for Neumann in the half space is
below the problem in R? .

2. In the 3D case, the bottom of the spectrum is minimal when
[ is tangent to the boundary.
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Rough results

We introduce

b= inf [B(x)|, (5)
xeQ
b = inf 6], (6)
and, for d = 2,
by = € inf [5(x)] . 7)
and, for d = 3,
by = inf [B(x)|s(0(x)) (8)

x€00
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Rough results

Theorem 1 : rough asymptotics
AY(BF,Q) = Bmin(b, b;) + o(B), (9)
AP(BF,Q) = Bb+ o(B) (10)

Particular case, if |3(x)| = 1, then

min(b, bl,) = b, = O . (11)
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Rough results

The consequences for Pb 2 are that a ground state is localized as
B — +o0,

» for Dirichlet, at the points of Q where |3(x)| is minimum,

» for Neumann,

» if b < b);, at the points of 2 where
(no difference with Dirichlet).
» if b > bl, at the points of 9Q where |3(x)[s(0(x) is minimum.

B(x)| is minimum
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Rough results

In particular, if |3(x)| = 1, we are, for Neumann, in the second
case, hence the groundstate is localized at the boundary.

Moreover, when d = 3, the groundstate is localized at the point
where [3(x) is tangent to the boundary.

All the results of localization are obtained through semi-classical
Agmon estimates (as Helffer-Sjostrand [HS1, HS2] or Simon [Si]
have done in the eighties for —h?A + V) .

The semi-classical parameter is h = B~ 1.
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The interior case

Two-terms asymptotics in the case of a variable magnetic field The boundary case.

b < inf_|B(x)| for Dirichlet

x€0N
or if
b < b' for Neumann,
the asymptotics are the same (modulo an exponentially small

error).
If we assume in addition

Assumption A

» There exists a unique point X, € Q such that b = |3(xmin)|-

» This minimum is non degenerate.
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The interior case

Two-terms asymptotics in the case of a variable magnetic field The boundary case.

We get in 2D (Helffer-Morame (2001), Helffer-Kordyukov [HK6]
(2009))

Theorem 2

AP (BF) = bB + 01 +0(1) . (12)

where ©1 is computed from the Hessian of 3 at the minimum.

The toy model is

2
D? + (Dy — bB(x + %X?) + Xy2)) .
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The interior case

Two-terms asymptotics in the case of a variable magnetic field The boundary case

The problem is still open (Helffer-Kordyukov [HK7], work in
preparation) in the 3D case. What we should call the generic
model is more delicate. The toy model is

D)% + (D, — BX)2 + (D, + B(azx — Pg(x,y)))2

with o # 0, P> homogeneous polynomial of degree 2 where we
assume that the linear forms (x, y, z) +— az — 9, P> and
(x,y,z) — 0, P> are linearly independent. We hope to prove :

AP(BF) = bB+©,B + 01 +o(1). (13)
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The interior case

Two-terms asymptotics in the case of a variable magnetic field The boundary case

The case of hypersurface wells

Here is the typical model on R x S
1 2
Dt2 + <D5 — B[al — bot — gﬁz(s)t?’] )) .

The magnetic field is by + 3 3(s)t>.

If we suppose [32(s) > 0 and by > 0, the magnetic field admits its
minimum on t = 0.
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The interior case

Two-terms asymptotics in the case of a variable magnetic field The boundary case

We have two extreme cases :

> [o(s) = Const. (circle action), which leads to the analysis of
the family of operators

1 2
Df + (n — B[al — bot — 2321'3]) .

The detailed analysis is open.

» 3> admits a unique minimum.
1 2
D? + (Ds ~ Blas — bot — a1+ sz)t3]>

This is considered in [HK6] (upper bounds). Two harmonic
oscillators are involved !
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The interior case

Two-terms asymptotics in the case of a variable magnetic field The boundary case

The case b =0

There are also many results for the case when b = 0 (Montgomery,
Helffer-Mohamed, Pan-Kwek, Helffer-Kordyukov ....).
Here is the typical model on R x S

2
D? + (Ds — Blay + ;/jl(s)t2]) .

The magpnetic field is 51(s)t and vanish on t = 0.
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The interior case

Two-terms asymptotics in the case of a variable magnetic field The boundary case.

Again, we have two extreme cases :

» [31(s) = Const. > 0 (circle action), which leads to the analysis
of the family of operators

1 2
D? + <n — Blay + 231152]) .

This is the Montgomery operator. A recent key result [He2]
is that the ground state energy v(p) of the Montgomery
operator D? + (t> — p)? admits a unique minimum 7 which is
non degenerate.

» 31 admits a unique minimum. This analyzed in
Helffer-Kordyukov [HK5].
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The interior case

Two-terms asymptotics in the case of a variable magnetic field The boundary case.

We describe recent results of N. Raymond in the 2D-case. This
time we assume that

Assumption B

> Ogb = by < b

> 00 > x — |3(x)| has a unique non degenerate minimum.
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The interior case

Two-terms asymptotics in the case of a variable magnetic field The boundary case.

Theorem 3
AN(BF) = b28+@182 +o(B?).
where
k k
9 =2 * foia e o 3G,
with
1o
“= P92

and kg is the curvature at the minimum and ki = kg —

derivatives being computed at the minimum..
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The interior case

Two-terms asymptotics in the case of a variable magnetic field The boundary case.

In particular cases, there were results by Aramaki.
Concerning Pb 2, the ground state is localized at the minimum.

In the constant magnetic field case, which plays a special role in
superconductivity, one needs to go further !
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2D Case
3D-case

Two-terms asymptotics in the case of a constant magnetic field

In the two dimensional case, it was proved by
DelPino-Felmer-Sternberg—Lu-Pan—Helffer-Morame the

Theorem 4

A1(B) = ©0B — koB? + o(B?) | (16)
where ;0 is proportional to the maximal curvature of the boundary.

Concerning Pb 2, we have localization at the point of maximal
curvature.

In the case of the disk (first considered by Bauman-Phillips-Tang,
then by Helffer-Morame (2001) and Fournais-Helffer (2009))
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Two-terms asymptotics in the case of a constant magnetic field

Let us consider the 3D-situation.

We assume
Assumption C1
The set of boundary points where /3 is tangent to 02, i.e.

M:={xedQ|p-N(x)=0}, (17)

is a regular submanifold of 02 :

dT(6-N)(x)#0, VxeT. (18)
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Two-terms asymptotics in the case of a constant magnetic field

We also assume that
Assumption C2

The set of points where [ is tangent to I is finite.

These assumptions are rather generic and for instance satisfied for
ellipsoids.
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Two-terms asymptotics in the case of a constant magnetic field

We have the following two-term asymptotics of A\1(B) (due to
Helffer-Morame- Pan).

Theorem 5
If Q and (3 satisfy C1-C2, then as B — 400

AN(B) = @B +7,B% + O(Bi ™),

for some 7 > 0.
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Two-terms asymptotics in the case of a constant magnetic field

In Formula

wIN

M(B) = ©9B +70B53 + o(B3) . (19)

©p €]0, 1], dp €]0, 1[ are spectral quantities and 7 is defined by
o = inf , 2
Y0 = inf Jo(x), (20)
where
~ /3~ 1/3
B0(x) = 2723008 k(P2 (1 (1= 60)| T() - 7). (21)

Here T(x) is the oriented, unit tangent vector to [ at the point x
and

k() = [0 (B N)()] -

Bernard Helffer (Univ Paris-Sud and CNRS) Semi-classical analysis for magnetic Schrodinger operators and af



Two-terms asymptotics in the case of a constant magnetic field

Quite recently, S. Fournais and M. Persson have obtained a rather
complete expansion in the case of the ball [FP] modulo o(1). The
next terms involve Zj23 @J-Blfjé and an explicit oscillatory term
of order O(1).

In the case when |B(x)| is constant, X. Pan gives a probably
accurate two terms upper bound like in the case when the
magnetic field is constant.

A more generic case which is considered by N. Raymond [Ray3] is
to consider the case when 9Q > x" +— o (¥(x'))|5(x")| admits a non
degenerate minimum. In this case, he obtains a (probably) optimal
upper bound and a candidate for the splitting given by an effective
harmonic oscillator corresponding to a quantization of the Hessian
of this function.

Bernard Helffer (Univ Paris-Sud and CNRS) Semi-classical analysis for magnetic Schrodinger operators and af



Two-terms asymptotics in the case of a constant magnetic field

De Gennes model

The spectral analysis is based in particular on the analysis of the
family
H(€) = D +(t+&)*, (22)

on the half-line (Neumann at 0) whose lowest eigenvalue /(&)
admits a unique minimum at &, < 0.
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Two-terms asymptotics in the case of a constant magnetic field

So our two universal constants attached to the problem on R can
be now defined by :
The first one is

©o = u(&o) - (23)

It corresponds to the bottom of the spectrum of the Neumann
realization in R? (with B = 1).

Note that
©p €]0,1] .
The second constant is
0o = L 24
0= HH (o) (24)
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