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Abstract

Since the work of Mikhail Kapranov in [Kap], it is known that the shifted tangent complex
Tx[—1] of a smooth algebraic variety X is endowed with a weak Lie structure. Moreover any
complex of quasi-coherent sheaves on X is endowed with a weak Lie action of this tangent Lie alge-
bra. We will generalize this result to (finite enough) derived Artin stacks, without any smoothness
assumption. This in particular applies to singular schemes. This work uses tools of both derived
algebraic geometry and oco-category theory.
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Introduction

It is a common knowledge that the shifted tangent complex Tx[—1] of a nice enough geometric stack
X in characteristic zero should be endowed with a Lie structure. Moreover any quasi-coherent sheaf
on X should admits an action of the Lie algebra Tx[—1] through its Atiyah class. In the article
[Kap|, Mikhail Kapranov proves the existence of such a structure in (the homotopy category of) the
derived category of quasi-coherent sheaves over X, when X is a complex manifold. The Lie bracket
is there given by the Atiyah class of the tangent complex. The Lie-algebra Tx[—1] should encode
the geometric structure of the formal neighbourhood of the diagonal X — X x X. Moreover, given
a k-point of X, the pullback of the tangent Lie algebra corresponds to a formal moduli problem as
Vladimir Hinich and later Jacob Lurie studied in [Hin| and in [DAG-X]. This formal moduli problem
is the formal neighbourhood of the point at hand. Let us also mention the work of Jonathan Pridham
in [Pri].



In this article we use the tools of derived algebraic geometry (see [TV] for a review) and the
machinery of co-categories (as in [HT'T]) to define formal stacks over a derived stack and to study the
link with Lie algebras over X. This leads to our main theorem.

Theorem 1. Let X be an algebraic derived stack locally of finite presentation over a field k of char-
acteristic zero.

e There is an oo-category dSth of formal stacks over X and an adjunction
Fx: dgLiey < dStY : £x

o Let £x denote the image of the formal completion of the diagonal of X by £x. The underlying
module of £x is quasi-isomorphic to the tangent complex of X shifted by —1 (theorem 2.0.1).

o The forgetful functor
dgRepy ((x) — Qcoh(X)

from representations of £x to the derived category of quasi-coherent sheaves over X admits a
colimit-preserving section
Repy: Qcoh(X) — dgRepx (¢x)

(theorem 2.3.1). Note that Repx (Tx[—1]) is nothing else than the adjoint representation of £x .

This result specializes to the case of a smooth algebraic variety X. It ensures Tx[—1] have a
weak Lie structure in the derived category of complexes of quasi-coherent sheaves over X. Another
consequence is a weak action of Tx[—1] over any complex of quasi-coherent sheaves over X, in the
sense of [Kap|. Let us also emphasize that the adjunction of the first item is usually not an equivalence.
It is when the base X is affine and noetherian.

In the first part of this article, we build an adjunction between formal stacks and dg-Lie algebras
when the base is a commutative differential graded algebra A over a field of characteristic zero. In the
second part, we define some notion of formal stacks over any derived stack X. Gluing the adjunction
of part 1, we obtain an adjunction between formal stacks over X and quasi-coherent Lie algebras over
X. We then prove the existence of the Lie structure £x on Tx[—1]. The last pages deal with the
action of £x on any quasi-coherent sheaf over X, and compare this action with the Atiyah class.

The author is grateful to Bertrand Toén, Damien Calaque and to Marco Robalo for the many
interesting discussions we had about this article. He would also like to thank Mathieu Anel and
Dimitri Ara.

A bit of conventions. Throughout this article k£ will be a field of characteristic zero. Let us also
fix two universes U € V. Every dg-module, algebra or so will be assumed U-small. We will use the
toolbox about co-categories from [HTT]. We will borrow a bunch of notations from loc. cit. : let
Cat]gO denote the (o0, 1)-category of U-small (o0, 1)-categories ; let PI‘IO‘O’[U denote the (o0, 1)-category of
U-presentable (hence V-small) (o0, 1)-categories with left adjoint functors as morphisms. Every time
a category is presentable, it will implicitly mean U-presentable. Given A € cdgafo, we will use the
following notations

e The (o0, 1)-category dgMod 4 of (unbounded) dg-modules over A ;
e The (o0, 1)-category cdga, of (unbounded) commutative dg-algebras over A ;

e The (o0, 1)-category cdgaflO of commutative dg-algebras over A cohomologically concentrated
in non positive degree ;

e The (o0, 1)-category dgAlg 4 of (neither bounded nor commutative) dg-algebras over A ;

e The (o0, 1)-category dgLie, of (unbounded) dg-Lie algebras over A.



Each one of those (00, 1)-categories appears as the underlying (oo, 1)-category of a model category.
We will denote by dgMod 4, cdga 4, cdgaio, dgAlg, and dgLie, the model categories. To any (0, 1)-
category C with finite coproducts, we will associate Px(C), the (o0, 1)-category of free sifted colimits
in C — see [HTT, 5.5.8.8]. Recall that it is the category of functors C°? — sSets which preserve finite
products.

We will also make use of the theory of symmetric monoidal (oo, 1)-categories as developed in
[HAlg]. Let us give a (very) quick review of those objects.

Definition 0.0.1. Let Fin™ denote the category of pointed finite sets. For any n € N, we will denote
by (n) the set {*,1,...,n} pointed at *. For any n and i < n, the Kronecker map &°: (n) — (1) is
defined by 6°(j) = 1 if j =i and §°(j) = * otherwise.

Definition 0.0.2. (see [HAlg, 2.0.0.7]) Let C be an (o, 1)-category. A symmetric monoidal structure
on C is the datum of a coCartesian fibration p: C® — Fin* such that

e The fibre category Cg% is equivalent to C and
e For any n, the Kronecker maps induce an equivalence C%O — (Cé%)" ~ C",

where CE?L> denote the fibre of p at (n). We will denote by Cat®" the (o0, 1)-category of V-small
symmetric monoidal (o0, 1)-categories — see [HAlg, 2.1.4.13].

Such a coCartesian fibration is classified by a functor ¢: Fin* — Cat., - see [HTT, 3.3.2.2] - such
that ¢({(n)) ~ C™. The tensor product on C is induced by the map of pointed finite sets p: (2) — (1)
mapping both 1 and 2 to 1

®=(n): C* —C

1 Lie algebras and formal stacks over a cdga

In this part we will mimic a construction found in Lurie’s [DAG-X]

Theorem 1.0.1 (Lurie). Let k be a field of characteristic zero. There is an adjunction of (0, 1)-
categories:

op
Cy: dgLie, 2 (cdgak/k) : Dg
Whenever L is a dg-Lie algebra:

(i) If L is freely generated by a dg-module V' then the algebra Cy (L) is equivalent to the trivial square
zero extension k@ VY [—1] - see [DAG-X, 2.2.7].

(ii) If L is concentrated in positive degree and every vector space L™ is finite dimensional, then the
adjunction morphism L — Dy, Cy, L is an equivalence — see [DAG-X, 2.8.5].

The goal is to extend this result to more general basis, namely a commutative dg-algebra over k
concentrated in non positive degree. The existence of the adjunction and the point (i) will be proved
over any basis, the analog of point (ii) will need the base dg-algebra to be noetherian.

Throughout this section, A will be a commutative dg-algebra concentrated in non-positive degree
over the base field k (still of characteristic zero).

1.1 Poincaré-Birkhoff-Witt over a cdga in characteristic zero

In this first part, we prove the PBW-theorem over a cdga of characteristic 0. The proof is a simple
generalisation of that of Paul M. Cohn over a algebra in characteristic 0 — see [Coh, theorem 2].



Theorem 1.1.1. Let A be a commutative dg-algebra over a field k of characteristic zero. For any
dg-Lie algebra L over A, there is a natural isomorphism of A-dg-modules

Symy L — Uy L

Proof. Recall that ¢4 L can be endowed with a bialgebra structure such that an element of L is
primitive in 4 L. The morphism L — U, L therefore induces a morphism of dg-bialgebras T4 L —
Ua L which can be composed with the symmetrization map Sym 4 L — T4 L given by

1
x1®...®xn»—>a £(0,2)To1) ® ... ® To(n)

where o varies in the permutation group &,, and where ¢(—, ) is a group morphism &,, — {—1,+1}
determined by the value on the permutations (i j)

e((i g),2) = (1)l
We finally get a morphism of A-dg-coalgebras ¢: Sym, L — Us L. Let us take n > 1 and let us
assume that the image of ¢ contains L{in_l L. The image of a symmetric tensor

S S

1 Q...0 T,
by ¢ is the class

1 _
ln!ZE(U, I’)l‘g(l) ® e ®xa(n)]

which can be rewritten

1 @ a

where yf* is either some of the x;’s or some bracket [z;,z]. This implies that L[j" L is in the image
of ¢ and we therefore show recursively that ¢ is surjective (the filtration of Uy L is exhaustive).
There is moreover a section
UaL — Symy L

for which a formula is given in [Coh| and which concludes the proof. O

1.2 Algebraic theory of dg-Lie algebras
Let us consider the adjunction Free,: dgLie,, & dgMod , : Forget 4 of (o0, 1)-categories.

Definition 1.2.1. Let dgModi;ft’21 denote the full sub-category of dgMod 4 spanned by the free

£.6t,>1
d;

dg-modules of finite type whose generators are in positive degree. An object of dgMo is thus

(equivalent to) the dg-module
@ APi[—i]
i=1

for some n > 1 and some family (p1,...,p,) of non negative integers.
£,ft,> £,f,>1

Let dgLie ! denote the essential image of dgMod ; in dgLie 4 by the functor Free.

Let us recall that Px(C) stands for the sifted completion of a category C with finite coproducts.
It is equivalent to the category of functors C°P — sSets mapping finite coproducts to products. If C
is pointed, we will denote by P5(C) the full subcategory of Py (C) spanned by those functors f which
also map suspensions which exist in C to loop spaces:

Houe) =+



Proposition 1.2.2. The Yoneda functors
dgMod  — Pszt(dgMOdiift’Zl)
dgLie, — ’Pszt(dgLieiift,zl)

are equivalences.

Remark 1.2.3. The above proposition implies that every dg-Lie algebra is colimit of a sifted diagram
of objects in dgLiei"ft’Bl.

Proof. Let us denote by C the category dgMod 4 and Cy = dgModiift’Zl. We consider the set S of
the canonical maps colim(Nerve(0 — E)) — E in Px(Co), where E varies in Cy. Let us define D as
the full subcategory of Px(Co) spanned by S-local objects. By construction, the category D is exactly
P (Co).

It then follows from [HTT, 5.5.7.3] that D is compactly generated and that any compact object
x is obtained as a sifted colimit of objects in

Cogn:{Ap[_i]’ peN, léién}CCo

for some n (depending on x).

We now consider the natural adjunction g: D 2 C : f where f is the Yoneda embedding followed
by the restriction to Cy. The functor f is obviously conservative (as we can functorially retrieve the
cohomology groups of a dg-module M out of f(M)). Let us hence prove that g is fully faithful. To
do so, we fix an object F' € D and study the adjunction map F' — fgF'. Since both f and g preserve
filtered colimits and since D is compactly generated, we may assume that F' is compact. In particular,
the functor F is determined by its restriction to C5" for some n. Moreover the image fgF is also

determined by its restriction to C5" (this follows from the fact that gF is bounded above) for some

n. We can hence test for any E € C5™:

F(E) = c]\cf)lirlglMapc(E7 N) ~ Map.(E,colim N) = Map.(E, gF) = fgF(FE)
where N € C5". This concludes the case of dgMod 4.
The forgetful functor Forget 4 : dgLie, — dgMod 4 is by definition conservative. Moreover, the
Poincaré-Birkhoff-Witt theorem 1.1.1 implies that Forget 4 is a retract of the composite functor
dgLie,, —2> dgAlg , — dgMod ,

Since the latter preserves sifted colimits (the functor U4 is a left adjoint and then use [HAlg, 3.2.3.1]),
so does Forget 4. We deduce using the Barr-Beck theorem (see [HAlg, 6.2.0.6]) that Forget 4 is monadic.
Every dg-Lie algebra can thus be obtained as a colimit of a simplicial diagram with values in the
(o0, 1)-category of free dg-Lie algebras (see [HAlg, 6.2.2.12]). We then deduce the result from what
precedes. O

Remark 1.2.4. The equivalence dgMod 4 ~ P (dgModeft’gl) is given by the Yoneda embedding. It
follows that for any n, the shift functor [n]: dgMod, — dgMod 4 corresponds to the composition
with the left adjoint [—n] to [n]

[-n]*: P3(dgMod{">!) — P (dgMod};">")

As another example, the forgetful functor dgLie, — dgMod, is given by the composition with
Free4 and the following diagram commutes

. o . f.ft,>1
dgLie, —— P5(dgLie};"")
Forget \LFree*
A A

dgMod , —— P (dgMod’;">1)



Remark 1.2.5. Whenever A — B is a morphism in cdga,fo, the following square of (0, 1)-categories
commutes:

dgLie , —— P (dgLie;">")

B®A—l (B®A_)1l

dgLie, —— 'pszt(dgLie%ft,zl)
The following proposition actually proves that this comes from a natural transformation between

functors cdga,f0 — Cat,.

Proposition 1.2.6. There are (o0, 1)-categories § dgLie and | Py (dgLie"™>"), each endowed with
a coCartesian fibration to cdgafo, respectively representing the functors A — dgLiey, and A —
Pszt(dgLieiift’Zl). There is an equivalence over cdgay®:

Spsg(dgLief’ft’Zl) {dgLie

~

<
cdgas’

.. . < .
This induces an equivalence of functors cdga,;o — Pr{;c’[U which moreover descend to a natural trans-

formation
— X\

cdga,f\l0 HN ProLo’[U
~_'

Remark 1.2.7. This proposition establishes an equivalence of functors cdga/fo — PrI:CTU between
A — dgLie, and A — P%(dgLiei’ft’Bl).

Proof. Let us define {dgLie as the following category.
e An object is couple (A, L) where A € cdga;s’ and L € dgLie ,.

e A morphism (A,L) — (B,L’) is a morphism A — B and a morphism of A-dg-Lie algebras
L— L

It comes with a natural functor 7: §dgLie — cdgafo. For any morphism A — B € cdga,fo7 there is a
strict base change functor —®4 B: dglie, — dgLieg, left adjoint to the forgetful functor. It follows
that 7 is a coCartesian fibration. Let us call a quasi-isomorphism in {dgLie any map (A, L) — (B, L)
of which the underlying map A — B is an identity and the map L — L’ is a quasi-isomorphism. We
define {dgLie to be the (00, 1)-categorical localization of {dgLie along quasi-isomorphisms. Using
[DAG-X, 2.4.19], we get a coCartesian fibration of (o0, 1)-categories p: {dgLie — cdgag".

This coCartesian fibration p defines a functor dgLie: cdgalfo — Catyo mapping a cdga A to
dgLie, and a morphism A — B to the corresponding (derived) base change functor. It comes with
a subfunctor

dgLief’&’Zl: cdga,fo — Catg)

Let us denote by P5(dgLie"™>1) its composite functor with
Py Catl — Cat),

Let us denote by SdgLief’ft’Z1 — cdga,fo the coCartesian fibration given by the functor dgLie™">1

and by SP’Zt (dgLief’ft’gl) that classified by Pszt(dgLief’ft’Zl).



We get a diagram
{P5(dgLie"™>1)
F -7 G
g \ \

§dgLie § dgLie"™>"

Fo

cdgas”

The functor Fy has a relative left Kan extension F' along G (see [HTT, 4.3.2.14]). From proposi-
tion 1.2.2 we get that F' is a fibrewise equivalence. It now suffices to prove that F' preserves coCartesian
morphisms. This is a consequence of remark 1.2.5.We get the announced equivalence of functors

X\
cdga;? ﬂ~ |
~__ 7
We now observe that both the involved functors map quasi-isomorphisms of cdgalfo to equivalences

of categories. It follows that this natural transformation factors through the localisation cdgal,f0 of
cdgai’. O

Remark 1.2.8. In the above proof, we used a general method we will use again later on. Starting with
a coCartesian fibration of strict categories C' — D, we want to localise it along some classes of weak
equivalences W and W’. The goal is to get a relevant functor

D = D[W'] — Cat},

under the right assumptions. For any object d € D, assume we are given a set of weak equivalences W
in the fibre C,; such that for any d — d’, the induced functor Cy — Cy preserves weak equivalences.
Using [DAG-X, 2.4.19], we localise C' along W = [JW, and get a coCartesian fibration of (o0, 1)-
categories

C=C[W1'—-D

This fibration is classified by a functor F': D — Catg’c, mapping d € D to Cg ~ Cd[Wd_l]. If D has
a class of weak equivalence W’ and if F' maps morphisms in W’ to equivalences of (o0, 1)-categories,
we get the announced functor D = D[W’] — Cat), This procedure will be used extensively in the
second part of this work.

1.3 Almost finite cellular objects
Let A be a commutative dg-algebra over k.
Definition 1.3.1. Let M be an A-dg-module.
e We will denote by M€(M) the mapping cone of the identity of M.
e We will say that M is an almost finite cellular object if there is a diagram
0 — AP = My — M — ...

whose colimit is M and such that for any n, the morphism M, — M, fits into a cocartesian
diagram
APri1[p] —— M,

L

ME(APr [n]) ——= My



Remark 1.3.2. We choose here to use an explicit model, so that any almost finite cellular object is
cofibrant (see lemma below). This will allow us to compute explicitly the dual of an almost finite
cellular object (see the proof of lemma 1.4.12). The definition above states that a dg-module M is an
almost finite cellular object if it is obtained from 0 by gluing a finite number of cells in each degree
(although the total number of cells is not necessarily finite).

Lemma 1.3.3. Let ¢: M — N be a morphism of A-dg-modules.
e If M is an almost finite cellular object then it is cofibrant.

o Assume both M and N are almost finite cellular objects. The morphism ¢ is a quasi-isomorphism
if and only if for any field I and any morphism A — [ the induced map ¢p: M @41 — N ®4l
18 a quasi-isomorphism.

Remark 1.3.4. The second point in the above lemma is an analogue to the usual Nakayama lemma.

Proof. Assume M is an almost finite cellular object. Let us consider a diagram M — ) < P where
the map P — @ is a trivial fibration. Each morphism M,, — M, is a cofibration and there thus is
a compatible family of lifts (M,, — P). This gives us a liftt M — P. The A-dg-module M is cofibrant.

Let now ¢ be a morphism M — N between almost finite cellular objects and that the morphism
@1 is a quasi-isomorphism for any field [ under A. Replacing M with the cone of ¢ (which is also an
almost finite cellular object) we may assume that N is trivial. Notice first that an almost finite cellular
object is concentrated in non positive degree. Notice also that for any n the truncation morphism
a®™": MZ7" — M>"" is a quasi-isomorphism. We then have

n+1
0~HJ’<M®1) ~Hj<Mn®l>
A A

whenever —n < j < 0 and for any A — [. Since H/(M,, ®4 1) ~ 0 if j < —n — 2 the A-dg-module M,,
is perfect and of amplitude [—n — 1, —n]. This implies the existence of two projective modules P and
Q (ie retracts of some power of A) fitting in a cofibre sequence (see [TV])

P[n] - M,, - Q[n + 1]

The dg-module M,, is then cohomologically concentrated in degree | — oo, —n], and so is M. This
being true for any n we deduce that M is contractible. O

The next lemma requires the base A € cdga,f0 to be noetherian. Recall that A is noetherian if
HY(A) is noetherian and if H="(A) is trivial when n is big enough and of finite type over H°(A) for
any n. Note that since A € cdga,fo7 we always have H"(A) = 0 for n > 0.

Lemma 1.3.5. Assume A is noetherian. If B is an object of cdgajo/A such that:
e The H°(A)-algebra H(B) is finitely presented,
e For any n = 1 the H°(B)-module H="(B) is of finite type,

then the A-dg-module Lg/4 ®p A is an almost finite cellular object.

Remark 1.3.6. The lemma above is closely related to [HAlg, 8.4.3.18].

Proof. Because the functor (A — B — A) — Lp 4 ®p A preserves colimits, it suffices to prove that
B is an almost finite cellular object in cdga$ /A. This means we have to build a diagram

By —> By — ...



whose colimit is equivalent to B and such that for any n > 1 the morphism B,,_; — B, fits into a
cocartesian diagram

_ _ n—1_
ARy, .. RpTHMRT 0 —— B,
Rp—»dUil

|

AlUp,... Ur, X2, X% =0 —— B,

where R~ is a variable in degree —(n — 1) and X 7 and U]" are variables in degree —n.
We build such a diagram recursively. Let

H(B) =~ HO(A)[X?,...,XZ(,’O]/(R% RY)

be a presentation of H(B) as a H°(A)-algebra. Let By be A[XY,..., X) ] equipped with a morphism
¢o: By — B given by a choice of coset representatives of X?,..., X in B. The induced morphism
HY(By) — H°(B) is surjective and its kernel is of finite type (as a H°(A)-module).
Let n > 1. Assume ¢,,_1: B,_1 — B has been defined and satisfies the properties:

e If n = 1 then the induced morphism of H°(A)-modules H°(By) — H%(B) is surjective and its
kernel K is a HY(A)-module of finite type.

e If n > 2, then the morphism ¢, _; induces isomorphisms H~¢(B,,_;) — H~{(B) of H(A)-
modules if i = 0 and of H°(B)-modules for 1 <i <n — 2.

e If n > 2 then the induced morphism of H(B)-modules H="*}(B,,_1) — H™""1(B) is surjective
and its kernel K,,_; is a H°(B)-module of finite type.

Let n > 1. Let X7,..., X be generators of H™"(B) as a H%(B)-module and Ry, Ry~ be
generators of K,,_1. Let B, be the pushout:

A[RPY,.. RPIARITIS0 o B
RinUli l

axp -
AlUg,... U XY, .. XPXE=0 —— B,

Let 7771 ..., i~ be the images of Ry .., R}~ (respectively) by the composite morphism

A[RPY, . RIVARTS0 LB, B

There exist uf, ..., uy; € B such that du;j" = rf“l for all i. Those uf, ..., uy together with a choice of
coset representatives of X7',..., X' in B induce a morphism

AU, Ur X7, X E=0 » B
which induces a morphism ¢,,: B,, — B.
If n = 1 then a quick computation proves the isomorphism of H(A)-modules

HO(B,) = HO(BO)/(R(I)7 R = H'(B)

If n > 2 then the truncated morphism BZ?~" 5 B2?]™ is a quasi-isomorphism and the induced

morphisms H~*(B,,) > H™*(B) are thus isomorphisms of H(B)-modules for i < n—2. We then
get the isomorphism of H°(B)-modules

H*n+1(Bn) >~ H*n+1(Bn_1)/(R£L—1’ o 7R2_1) ~ an+1(B)



The natural morphism 6: H="(B,,) — H="(B) is surjective. The H°(B)-module H="(B,,) is of finite
type and because H°(B) is noetherian, the kernel K,, of  is also of finite type. The recursivity is
proven and it now follows that the morphism colim,, B,, — B is a quasi-isomorphism. ]

Definition 1.3.7. Let L be a dg-Lie algebra over A.

e We will say that L is very good if there exists a finite sequence
0=Ly—>Li—>...—>L,=1L
such that each morphism L; — L;,1 fits into a cocartesian square

Free(A[—p;]) —— L;

"

Free(M¢(A[=pi])) — Lita

where p; > 2.
e We will say that L is good if it is quasi-isomorphic to a very good dg-Lie algebra.
e We will say that L is almost finite if it is cofibrant and if its underlying graded module is

isomorphic to
@ A" [—1]
i>1
Remark 1.3.8. The notions of almost finite dg-Lie algebras and of almost finite cellular objects are

closely related. We will see in the proof of lemma 1.4.12 that the dual LV of an almost finite dg-Lie
algebra is an almost finite cellular dg-module.

Lemma 1.3.9. The following assertions are true.
e Any very good dg-Lie algebra is almost finite.
o The underlying dg-module of a cofibrant dg-Lie algebra is cofibrant.

Proof. Any free dg-Lie algebra generated by some A[—p] with p > 2 is almost finite (it is actually
obtained by base change from an almost finite dg-Lie algebra on k). Considering a pushout diagram

Free(A[—p]) —— L

"

Free(MC(A[—p])) — L'

Whenever L is almost finite, so is L’. This proves the first item.

Let now L be a dg-Lie algebra over A. There is a morphism of dg-modules L. — U4 L. The
Poincaré-Birkhoff-Witt theorem states that the dg-module Uy L is isomorphic to Sym 4 L. There is
therefore a retract 4 L — L of the universal morphism L — U4 L. The functor U, : dglie, — dgAlg,
preserves cofibrant objects and using a result of [SS], so does the forgetful functor dgAlg , — dgMod 4.
We therefore deduce that if L is cofibrant in dgLie 4 it is also cofibrant in dgMod 4. O

Definition 1.3.10. Let dgLie‘%:‘OOG1 denote the sub-(c0, 1)-category of dgLie 4 spanned by good dg-Lie
algebras.

Remark 1.3.11. We naturally have an inclusion dgLiei"ft’Zl — dgLieiOOd.

10



1.4 Homology and cohomology of dg-Lie algebras

The content of this section can be found in [DAG-X] when the base is a field. Proofs are simple
avatars of Lurie’s on a more general base A. Let then A be a commutative dg-algebra concentrated
in non-positive degree over a field k of characteristic zero.

Definition 1.4.1. Let A[n] denote the (contractible) commutative A-dg-algebra generated by one
element 1 of degree -1 such that n2 = 0 and dn = 1. For any A-dg-Lie algebra L, the tensor product
A[n] ®a L is still an A-dg-Lie algebra and we can thus define the homological Chevalley-Eilenberg
complex of L:

HA() = s (D@ L) @ A

Ua L

where Uy : dglie, — dgAlg, is the functor sending a Lie algebra to its enveloping algebra. This
construction defines a strict functor:

Ha: dgliey, — A/dgModA

Remark 1.4.2. The complex H4 (L) is isomorphic as a graded module to Sym 4(L[1]), the symmetric
algebra built on L[1]. The differentials do not coincide though. The one on H,(L) is given on
homogenous objects by the following formula:

dnx1 ®...0n.x,) = Z(—I)Tijn.[zi,zj]®n.x1®...®@®...®@®...®n.xn

1<j

—Z(—l)sin.xl ®...0Nndx;,)®...®n.x,

where 7.z denotes the point in L[1] corresponding to x € L.

Si=i—1+|.’171|+"'+|1‘i,1|
Ty = (= )8+l = )8, + (fed )1z - 1)

The coalgebra structure on Sym 4 (L[1]) is compatible with this differential and the isomorphism above
induces a coalgebra structure on H, (L) given for x € L homogenous by:

Anz)=nz@Rl+1®nx

Proposition 1.4.3. The functor H4 preserves quasi-isomorphisms. It induces a functor between the
corresponding (0, 1)-categories, which we will denote the same way:

Hyu: dglie, — “/dgMod ,

Proof. Let L — L' be a quasi-isomorphism of A-dg-Lie algebras. Both H4(L) and H4(L’) are
endowed with a natural filtration denoted H5"(L) (resp L') induced by the canonical filtration of
Sym 4 (L[1]). Because quasi-isomorphisms are stable by filtered colimits, it is enough to prove that
each morphism H$"(L) — HS"(L’) is a quasi-isomorphism. The case n = 0 is trivial. Let us assume
HS" (L) — H§" (L) to be a quasi-isomorphism. There are short exact sequences:

0 ——H3"""(L) — H3"(L) — Sym}(L[1]) —=0

| | )

0 —H3""(L) —= H3" (L) — Sym} (L'[1]) —=0

The base dg-algebra A is of characteristic zero and the morphism @ is thus a retract of the quasi-
isomorphism L[1]®" — L/[1]®" (where the tensor product is taken over A). O
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Proposition 1.4.4. Let A — B be a morphism in cdga,fo. The following square is commutative:

dgLie,, —2= A/dgMod ,

B@Al J{B®A
Hp

dgLiey —— B/dgModp

Proof. This follows directly from the definition. O

Corollary 1.4.5. Let L be in dglie, freely generated by some free dg-module M. The homological
Chevalley-FEilenberg complex Ha (L) of L is quasi-isomorphic to the pointed dg-module A — A@® M|[1].

Proof. This a consequence of the previous proposition and the corresponding result over a field in
Lurie’s theorem 1.0.1. O

Definition 1.4.6. Let L be an object of dgLie,. We define the cohomological Chevalley-Eilenberg
complex of L as the dual of its homological:

Ca(L) =Ha(L)" = Hom 4 (Ha(L), A)

It is equipped with a commutative algebra structure (see remark 1.4.2). This defines a functor:

C4: dgLliey — (cdgaA/A)op

between (o, 1)-categories.

Remark 1.4.7. The Chevalley-Eilenberg cohomology of an object L of dgLiefﬁift’Z1 is concentrated in

non positive degree. It indeed suffices to dualise the quasi-isomorphism from corollary 1.4.5. The
following proposition proves the cohomology of a good dg-Lie algebra is also concentrated in non-
positive degree.

Proposition 1.4.8. The functor C4 of (00, 1)-categories maps colimit diagrams in dgLie, to limit
diagrams of cdga,/A.

Proof (sketch of a). For a complete proof, the author refers to the proof of proposition 2.2.12 in
[DAG-X]. We will only transcript here the main arguments.

A commutative A-dg-algebra B is the limit of a diagram B, if and only if the underlying dg-
module is the limit of the underlying diagram of dg-modules. It is thus enough to consider the
composite oo-functor dgLie, — (cdga A/ A)Op — (dgMod A/A)Op. This functor is equivalent to
(H4(—))". It is then enough to prove H: dgLie, — A/dgMod 4 to preserve colimits.

To do so, we will first focus on the case of sifted colimits, which need only to be preserved by the
composite functor dgLie, — 4/dgMod, — dgMod ,. This last functor is the (filtered) colimits
of the functors Hfl” as introduced in the proof of proposition 1.4.3. We now have to prove that
Hj": dgLie, — dgMod 4 preserves sifted colimits, for any n. There is a fiber sequence

HE™! = HE" — Sym3((-)[1])

The functor Sym 4 ((—)[1]) preserves sifted colimits in characteristic zero and an inductive process
proves that H,4 preserves sifted colimits too.

We now have to treat the case of finite coproducts. The initial object is obviously preserved.
Let L = L'11L" be a coproduct of dg-Lie algebras. We proved in remark 1.2.3 that L’ an L” can be

written as sifted colimits of objects of dgLiertgl. It is thus enough to prove that H4 preserve the
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coproduct L = L’ 11 L” when L’ and L” (and thus L too) are in dngeilft’/l. This corresponds to the
following cocartesian diagram

A Ao M[1]

| |

A M"[1]] —= AD (M & M")[1]

where M’ and M" are objects of dgModf&fm?l generating L' and L” respectively. O

Definition 1.4.9. The colimit-preserving functor C 4 between presentable (oo, 1)-categories admits a
right adjoint which we will denote by D 4.

<0

Lemma 1.4.10. Let B — A be a morphism of cdgay . The following diagram of (o0, 1)-categories

commutes:
Cp
dngegOOd —— (cdgaj /B)

A@B—l \LA®B_

dgLie%*! —*~ 4 —> (cdga3’/4)”

Proof. The proposition 1.4.4 gives birth to a natural transformation A ® 5 Cg(—) — C4(A®p —).
Let L e dngegOOd The B-dg-module C4(A ®p L) is equivalent to

Ca (A(?L) ~ Homy(Hp(L), A)

We thus study the natural morphism
61+ AQ Ca(L) > Homy(Ha(L), 4)

Let us consider the case of the free dg-Lie algebra L = Free(B[—p]) with p = 1. If B is the base
field k then Hy(L) is perfect (corollary 1.4.5) and the morphism ¢, is an equivalence. If B is any
k-dg-algebra then L is equivalent to B ®j Free(k[—p]) and we conclude using proposition 1.4.4 that
¢, is an equivalence.

To prove the general case of any good dg-Lie algebra it is now enough to ensure that if L; <
Lo — Ly is a diagram of good dg-Lie algebras such that ¢r,, ¢r, and ¢r, are equivalences then so is
¢r, with L = L; 111, Ly. Using proposition 1.4.8, we see it can be tested in dgMod 4 in which tensor
product and fibre product commute. O

Corollary 1.4.11. The composite functor C 4 Free,: dgMod , — dgLie, — (cdgaA/A)Op S equiv-
alent to the functor M — A® MY [-1].

Proof. The (oo, 1)-category dgMod 4 is generated under (sifted) colimits by dgModf&ft)l. The

functors at hand coincide on dgModfﬁift’21 and both preserve colimits. O

Lemma 1.4.12. Assume A is noetherian. Let L be a good dg-Lie algebra over A. Recall D from
definition 1.4.9. The adjunction unit L — Dy Ca L is a quasi-isomorphism.

Proof. Let us first proves that the morphism at hand is equivalent, as a morphism of dg-modules,
to the natural morphism L — LY Y. The composite functor Forget , D 4: (cdgaA/A)op — dgLie, —
dgMod 4 is right adjoint to C4 Free4. Using corollary 1.4.11, we see that Forget 4, D 4 is right adjoint
to the composite functor

dgMod , =" dgMod?? 2> (cdga,/4)”™
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The functor (—)"[—1] admits a right adjoint, namely (—[1])" while A @® — is left adjoint (beware of
the op’s) to
(A>B— A)— A%)]LB/A

It follows that Forget 4 D4 is equivalent to the functor :

\%

(A>B—->A)— <A§>§)]LB/A[1])
The adjunction unit L — D4 C4 L is thus dual to a map
L A—- LY[-1
fiLc,r/a C(?L [—1]

As soon as L is good and A noetherian, the complex C,4 L satisfies the finiteness conditions of
lemma 1.3.5. We can safely assume that L is very good. Because L is almost finite (as a dg-Lie
algebra), there is a family (n;) of integers and an isomorphism of graded modules
L= A" [-i]
i1
The dual LY of L can be computed naively (since the underlying dg-module of L is cofibrant). The
dual LY is then isomorphic to [],5; A™[i] with an extra differential. Because A in concentrated in
non positive degree, only a finite number of terms contribute to a fixed degree in this product. The
dual LY is hence equivalent to ;. A™[i] (with the extra differential). The dg-module LY[-1] is
hence an almost finite cellular object. Both domain and codomain of the morphism f are thus almost
finite cellular A-dg-modules. It is then enough to consider f ®4 [ for any field [ and any morphism
A1
FOU (Loamya®A) @1 - (Lel) [-1]

The lemma 1.4.10 gives us the equivalence C4(L) ®4 ! ~ C;(L®4 1) and the morphism f ®4 ! is thus
equivalent to the morphism
Leyreann ®1— (L) [-1]

This case is equivalent to Lurie’s result 1.0.1 (ii). We get that f is an equivalence and that the
adjunction morphism L — D4 C4 L is equivalent to the canonical map L — LV ".

We now prove that L — LY " is an equivalence. We saw above the equivalence LY ~ (P, A™[i].
The natural morphism L — LY " therefore corresponds to the morphism

@ av -] — [[4" (-

=1 =1

Since A is noetherian, it is cohomologically bounded. Once more, only a finite number of terms
actually contribute to a fixed degree and the map above is a quasi-isomorphism. O

Remark 1.4.13. The base dg-algebra A needs to be cohomologically bounded for that lemma to be
true. Taking HY(A) noetherian and L = Free(A%[—1]), the adjunction morphism is equivalent to

L*)LV\/

which is not a quasi-isomorphism if A is not cohomologically bounded.

1.5 Formal stack over a dg-algebra
Throughout this section A will denote an object of cdga,fo.

Definition 1.5.1. Let dgExt, denote the full sub-category of cdgajO/A spanned be the trivial
square zero extensions A @ M, where M is a free A-dg-module of finite type concentrated in non
positive degree.
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Definition 1.5.2. A formal stack over A is a functor dgExt, — sSets preserving finite products
and loop spaces. We will denote by dSthl the (o0, 1)-category of such formal stacks:

dSt', = P (dgExt?)
Remark 1.5.3. The (o0, 1)-category dSt', is U-presentable.
Let A€ cdga,fo. For any formal stack X over A we can consider the functor
op
(dgModi;ft’Zl) —  sSets
—X(A@ M)

From X being a formal stack, the functor above belong to P%(dgModi&fh?l) and is hence (see

proposition 1.2.2) represented by an A-dg-module: the tangent of X at its canonical point.

Definition 1.5.4. Let A € cdga,f0 and let S = Spec A. The tangent complex of a formal stack X
over A at the canonical point z is the A-dg-module Tx /s , representing the product-preserving functor

M- XA®MY)
Remark 1.5.5. We will link this tangent with the usual tangent of derived Artin stacks in remark 2.2.9.
Proposition 1.5.6. Let A be in cdgalfo and let S = Spec A. There is an adjunction
Fa: dglie, = dStf, : £4
such that

o The functor Forget,  £a4: dSth — dgLie, — dgMod, is equivalent to the functor X —
Tx/s,o[—1] where Tx ;g is the tangent complex of X over S at the natural point x of X.

e The functor £4 is conservative. Its restriction to dAgExtS’ is canonically equivalent to D 4.
e If moreover A is noetherian then the functors £4 and Fa are equivalences of (o0, 1)-categories.

Definition 1.5.7. Let X be a formal stack over A. The Lie algebra £4X will be called the tangent
Lie algebra of X (over A).

Proof (of proposition 1.5.6). Let us prove the first item. The functor C4 restricts to a functor
Ca: dgLie';">" - dgExt%

which composed with the Yoneda embedding defines a functor ¢: dgLiefL’lft’21 — dSth. This last
functor extends by colimits to

Fa: dglie, ~ P$(dgLie}">") - dSt!,

Because C 4 preserves coproducts and suspensions, the functor F4 admits a right adjoint £4 given by
right-composing by C4. The composite functor

dSt!, —> Pyl (dgLie’;>!) — P3i(dgMod’;"*!) ~ dgMod,,
then corresponds to the functor
X — X(Ca(Free(—))) =~ X(A® (=) "[-1])
The use of remark 1.2.4 proves the first item. The functor

op
Ca: (dgLieift’>1> . dgExt ,
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is essentially surjective. This implies that £ 4 is conservative. We now focus on the third item. Because

£ 4 is conservative, it suffices to prove that the unit id — £4.F 4 is an equivalence. Let us consider L €
dgLie, and study the map L — £4F4L. There exists a sifted diagram (L) of objects in dgLief;lft’21

such that L ~ colim L, in Pg(dgLieift’Zl) (and thus also in P%(dgLiei{ft’Zl) ~ dgLie,). This

colimit is preserved by both F4 and £4 and we cna therefore restrict to the case L € dgLiefA&’Zl.

The morphism L — £4F 4L is then equivalent to the adjunction unit L — D4 C4 L. We conclude
with lemma 1.4.12 using the noetherian assumption. O

Until the end of this section, we will focus on proving that the definition we give of a formal
stack is equivalent to Lurie’s definition of a formal moduli problem in [DAG-X], as soon as the base
dg-algebra A is noetherian.

Definition 1.5.8. An augmented A-dg-algebra B € cdgajo/ 'A is called artinian if there is sequence
B=By—...—»B,=A
and for 0 < i < n an integer p; > 1 such that

Bi ~ Bi+1 x A

[Epi]

where Alep, | denote the trivial square zero extension A @ A[p;].
We denote by dgArt 4 the full subcategory of cdgajo/ 'A spanned by the artinian dg-algebras.

Definition 1.5.9. A formal moduli problem over A is a functor
X :dgArt, — sSets

satisfying the conditions:

(F1) For n >1 and B € dgArt 4/A[¢,] the following natural morphism is an equivalence:

X|BxA| > X(B)x X(A)
Alen] X (Alen])

(F2) The simplicial set X (A) is contractible.

Let dSt’; denote the full subcategory of P(dgArt%) spanned by the formal moduli problems. This is
an accessible localization of the presentable (0, 1)-category P(dgArt’) of simplicial presheaves over
dgArto’.

Proposition 1.5.10. Let A€ cdgak<0 be noetherian. The left Kan extension of the inclusion functor
i: dgExt, — dgArt, induces an equivalence of (00, 1)-categories

j: dStf, — dstf,

Proof. We will actually prove that the composed functor

f: dgLie, — dStf, — dSt!,
is an equivalence. The functor f admits a right adjoint g = £43*.

Given n > 1 and a diagram B — Ale,] < A in dgArt,, lemma 1.4.12 implies that the natural
morphism

DA(B) I DA(A):»DA Bx A
A[En]
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is an equivalence. For any B € dgArt, the adjunction morphism C4 D4 B — B € (cdgaflo/A)Op
is then an equivalence. Note that it is actually a map of augmented cdga’s B — C4 D4 B. Given
L € dgLie, the functor D* L: dgArt, — sSets defined by D*(B) = Map(Da(B), L) is a formal
moduli problem (we use here the above equivalence). The natural morphism id — D* g of co-functors
from dSthx to itself is therefore an equivalence. The same goes for the morphism gD* — id of
co-functors from dgLie 4 to itself. The functor g is an equivalence, so is f and hence so is j. O

2 Tangent Lie algebra

We now focus on gluing the functors built in the previous section, proving the following statement.

Theorem 2.0.1. Let X be a derived Artin stack locally of finite presentation. Then there is a Lie
algebra Lx over X whose underlying module is equivalent to the shifted tangent complex Tx[—1] of
X.

Moreover if f: X — Y is a morphism between algebraic stacks locally of finite presentation then
there is a tangent Lie morphism £x — f*0y. More precisely, there is a functor

X/aseie _, £x /dgLie

sending a map f: X —Y to a morphism £x — f*fy. The underlying map of quasi-coherent sheaves
is indeed the tangent map (shifted by —1).

2.1 Formal stacks and Lie algebras over a derived Artin stack

Let A — B be a morphism in cdga,fo. There is an ezact scalar extension functor B&4 — : dgExt, —
dgExt ;. Composing by this functor induces a restriction functor (B ®4 —)*: dSt%; — dSt',. More-
over, the composite functor dgExt? — dgExt® — dSt}; admits a left Kan extension (see [HTT,
5.5.8.15]) (B®a —),: dSt%, — dSt';. We actually get an adjunction

*
<B ® ) : dstf, =—=dst’; : <B ® >
!
We will now prove the stronger result (recall that PI'IO“O’[U denotes the category of presentable categories

with left adjoints as morphisms between them):

Proposition 2.1.1. There is a natural functor dst!: cdga,fO — Pr%.gU mapping A to dStil. There
moreover ezists a natural transformation

dgLie
A,

cdga,f0 ﬂf Pr{;c’[U
~—"' 7

dstf

such that for any A € cdga,fo, the induced functor dgLie, — dStf4 is equivalent to F4 as defined in
proposition 1.5.6.

Proof. Let us recall the category {dgLie defined in the proof of proposition 1.2.6. Its objects are
pairs (A, L) where A € cdga,fo and L € dglie,.
We define S(cdga/,)()p to be the following (1-)category.

e An object is a pair (A, B) where A € cdga,fo and B € cdga,/A.
e A morphism (A, B) — (A,B’) is a map A — A’ together with a map B’ — B ®Y4 A’ of
A’-dg-algebras.

17



From definition 1.4.6, we get a functor C: {dgLie — S(cdga/_)()p preserving quasi-isomorphisms.
This induces a diagram of (o0, 1)-categories

C

{dgLie

.

cdgafo

{(cdga/—)™

Restricting to the full subcategory spanned by pairs (A, L) where L € dgLiefLift’Zl7 we get a functor

{dgLie" ™1 — ¢ § dgExt°?

Using lemma 1.4.10, we see that this last functor preserves coCartesian morphisms over cdgafo. It
defines a natural transformation between functors cdgas’ — Caty,. Since both the functors at hand

.. . . . . . . <0
map quasi-isomorphisms to categorical equivalences, it factors through the localisation cdga;~ of
cdgas. We now have a natural transformation

dgLief"tt>1
/X

cdga;’ ﬂ Cat>
~ "
dgExt°P

Composing with the functor P%;: Cat[go — Calt\og7 we get a natural transformation F: dgLie ~

PS5t (dgLie"™>1) — dSt’. Moreover, for any A € cdga;’, both dgLie, and dSt! are presentable
and the induced functor F4: dgLie, — dStf4 admits a right adjoint (see proposition 1.5.6). O

Remark 2.1.2. The Grothendieck construction defines a functor
F: {dgLie — {dSt
over cdga,fo. Note that we also have a composite functor
G: {dgLie — = {(cdga/_ )" —" {dSt

where h is deduced from the Yoneda functor. The functor F is by definition the relative left Kan
extension of the restriction of G to SdgLief’&‘zl. It follows that we have a natural transformation
F — G. We will use that fact a few pages below.

Proposition 2.1.3. The functor

<0

dgLie: cdga;” — Pr{:o’tU
1s a stack for the fpqc topology.

Proof. The functor dgLie is endowed with a forgetful natural transformation to dgMod, the stack
of dg-modules. This forgetful transformation is pointwise conservative and preserves limits. This
implies that dgLie is also a stack. O

Definition 2.1.4. Let X be an algebraic derived stack. The (00, 1)-category dSt'y of formal stacks
over X is the limit of the diagram

f
(dAf,/x)” — dARP = cdgas® = prLY
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Similarly, the (o0, 1)-category dgLiey of dg-Lie algebras over X is the limit of

i
(dAfE,/x)" — dAFFP = cdgas? 255 pyLY

The natural transformation F: dgLie — dst induces a functor
Fx : dgLiey — dSt',
By definition, it admits a right adjoint which we will denote by £x.
Remark 2.1.5. Of course, for any A € cdgaj’ we get dStgpeCA ~ dSt, and dgLieg,,. 4 ~ dgLie,

since the above diagrams have an initial object.

Remark 2.1.6. The functor £x may not commute with base change.

2.2 Tangent Lie algebra of a derived Artin stack locally of finite presenta-
tion

We start be using the construction we described in remark 1.2.8. Let us consider C the following
category.

e An object is a pair (A, F' — G) where A is in cdga,fo and F' — G is a morphism in the model

category of simplicial presheaves over (cdgajo)of’.

e A morphism (A, F — G) — (B, F’ — G’) is the datum of a morphism A — B together with a
commutative square

<
of presheaves over (cdgaf”)oP

A map in C as above is a weak equivalence if the morphism A — B is an identity and if the maps f
1
and g are weak equivalences in the model category of simplicial presheaves. We set { P(dAff )A to
1
be the (00, 1)-localization of C along weak equivalences. The natural functor S?’(dAﬂ')A — cdgag’

is a coCartesian fibration classified by the functor A — P(dAfF4)A".
Let D denote the following category.

e An object is a pair (A, F') where F' is a simplicial presheaf over the opposite category of mor-
phisms in cdgajo.

e A morphism (4, F) — (B, G) is a morphism A — B and a map F — G as simplicial presheaves
<OvopA'
over (cdgay )P

A map in D as above is a weak equivalence if the morphism A — B is an identity and if F — G is
a weak equivalence in the model category of simplicial presheaves. We will denote by SP(dAff Al)
the (oo, 1)-category obtained from D by localizing along weak equivalences. The natural functor
SP(dAffAl> — cdgafo is a coCartesian fibration.

Lemma 2.2.1. There is a relative adjunction
f: JP(dAffN) = JP(dAﬁ‘)Al g
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<0

over cdga; . They can be described on the fibers as follows. Let A € cdga,fo. The left adjoint f4 is
given on morphisms between affine schemes to the corresponding morphism of representable functors.
The right adjoint ga maps a morphism F — G to the representable simplicial presheaf

Map(—, F — G)
Proof. Let us define a functor C — D mapping (A, F — G) to the functor
(8§ >T)— Map(S > T,F - G)

We can now derive this functor (replacing therefore F — G with a fibrant replacement). We get a

functor
g: JP(dAﬂ")A HJP(dAffAI)

which commutes with the projections to cdga,fo. Let A be in cdga,fo and let g4 be the induced functor
PAAF )2 & P(dAffﬁl)
It naturally admits a left adjoint. Namely the left Kan extension f4 to the Yoneda embedding
dAff} — P(dAFF )Y

For any morphism A — B in cdga,fo, there is a canonical morphism

(559 (o5 ) 0

which is an equivalence. [When X = Spec A’ — Spec A” is representable then both left and right hand
sides are equivalent to Spec B’ — Spec B” where B’ = B®4 A’ and B” = B®y4 A”]. We complete
the proof using [HAlg, 8.2.3.11]. O

Let now {*/P(dAff) — cdga,f0 denote the coCartesian fibration classified by the subfunctor

A s Spec(A)/P(AAFF 4) of P(AAF)A". Let also § P(dAfF*) be defined similarly to S’P(dAﬁ'Al). It
is classified by a functor

As P (Spec A/dAffA>

Proposition 2.2.2. The adjunction of lemma 2.2.1 induces a relative adjunction
f P(dAfF*) 2 f*/P(dAff)

over cdga,fo. It moreover induces a natural transformation
P(dAFF*)
/X
cdga;’ ﬂ Cat,
~_ 7
*/P(dAfF)
Proof. We define the restriction functor

JP(dAffAI) - JP(dAﬂ‘*)

It admits a fiberwise left adjoint, namely the left Kan extension, which commutes with base change.
This defines — using [HAlg, 8.3.2.11] — a relative left adjoint

JP(dAﬁ‘*) - fP(dAﬂ‘Al)
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Composing with the relative adjunction of lemma 2.2.1, we get a relative adjunction
fP(dAff*) 2 JP(dAff)N
The left adjoint factors through {*/P(dAff) and the composed functor
f */P(dAFF) — f??(dAff)Al - fP(dAﬂ-‘*)

is its relative right adjoint. It follows that the functor {P(dAff*) — {*/P(dAff) preserves coCarte-
sian morphisms over cdga,fo. We get a natural transformation

P(AAFF*)
— 0

cdgai’ ﬂ Cat,
~_ "
*/P(dAFF)

As both functors at hand map quasi-isomorphisms of cdga’s to equivalences of categories, it factors
through the localisation (:dga,f0 of cdga,fo. O

Proposition 2.2.3. Let X be an algebraic derived stack. There are functors

o XIpaattyy = i SoeeApaaty)

and

. : Spec A _ . *
0:  Jim /P(AAFE ) gl P(AAFFS)

Proof. The functor ¢ is given by the following construction:

K/pamy ~  lim  SPCNPUAR) e 4 = o Jim SO /PaAR)

The second functor is constructed as follows. From proposition 2.2.2 we get a functor

. *) . Spec A
Spelclgl_)X”P(dAﬁ'A) Gl /P(AASE )

It preserves colimits and both left and right hand sides are presentable. It thus admits a right adjoint
0. O

Remark 2.2.4. The functor 6 is the limit of the functors
(Spec A — F) — MapSPecA/P(dAfrA)(*v Spec A — F))

This construction commutes with base change. We can indeed draw the commutative diagram (where
S — T is a morphism between affine derived schemes)

T/p(dAft,)r — P(T/P(dAfE,)/ 1) — P(T/dAfE /1)

! | l

S/P(dAfF,)/s — P(S/P(dAfF,)/s) — P(5/dAfE/s)

The left hand side square commutes by definition of base change. The right hand side square also
commutes as the restriction along a fully faithful functor preserves base change.
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Definition 2.2.5. Let X be a derived stack. Let us define the formal completion functor

() X/P(AAfE,)/x — o Jm P((dgExt))

as the composed functor

X/paafty) y — Gim Spec A/p(dAfE,)

. *
- Spel:lngX ’P(dAﬁ.A)

— 1 op
o P((dEEE)”)

Remark 2.2.6. Let u: S = Spec A — X be a point. The functor u”‘(—)f maps a pointed stack Y over
X to the functor dgExt , — sSets

B — Mapg,_,x(Spec B,Y)
Definition 2.2.7. Let X be a derived stack. Let dSté}’Art denote the full sub-category of X/P(dAff)/X
spanned by those X — Y — X such that Y is a derived Artin stack over X.

Lemma 2.2.8. The restriction of (—) to dSt;‘gArt has image in dSt’ .

Proof. We have to prove that whenever X Ly 5 Xisa pointed algebraic stack over X then Y is
formal over X. Because of remark 2.2.4, it suffices to treat the case of an affine base. Let us assume
X = Spec A. The result follows from the existence of a relative cotangent complex Ly /x:

Yf((A®M) x (A@N)) ~Y(A®(M@®N)) ~Mapy, /x(Spec(A® (M@ N)),Y)
~ Map(f*Ly,x, M ® N) =~ Map(f*Lyx, M) x Map(f*Ly,x, N)
~YH A M) xYi(A@ M)
O

Remark 2.2.9. Let X = SpecA and let X 5V — X € dSt’;(’Art. Let us assume that Y is locally of
finite presentation over A. The tangent Ty« x , of the formal stack Y over X (see definition 1.5.4) is
equivalent to the tangent Ty x , of Y at y over X. By definition (see [HAG2, 1.4.1.14]), the tangent
complex Ty x , corepresents the functor

vy dgMode — sSets
Deryx (X, (=) "): M —Mapy, x(X[MV],Y)

where X[M V] is the trivial square zero extension Spec(A @ MY). Using proposition 1.2.2, we know
it is actually determined by the restriction of Deryx (X, (—)") to (dgModi{ft’Bl)Op. On the other
hand, the formal stack YT is the functor

dgExt, — sSets
B +—Mapy,_,x(SpecB,Y)

Our claim follows from definition 1.5.4.

Definition 2.2.10. Let X be an algebraic stack locally of finite presentation. We define its tangent
Lie algebra as the X-dg-Lie algebra

Iy = zx((x x X)f)

where the product X x X is a pointed stack over X through the diagonal A: X — X x X and the
first projection.
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Proof (of theorem 2.0.1). Since X has a perfect tangent complex, for any u: S = SpecA — X,
the canonical map I} Tgy x/s — u*A*Tx, x/x is an equivalence (here I'y: S — S x X denotes the

graph of u). We study the underlying X-dg-module of £x((X x X )f) It represents the functor
dgModY — sSets

M — Map(fX(FreeX M), (X x X)f) > lim  Map(Fa(Freea(u* M), (Spec A x X)f)
w: pec —

u: Spec A—>X

0

Map (u* M, T¥T
w: SpecA—>X plu SpecAXX/SpecA)

= S;}glAﬁxMap "M, utAY TXXX/X[ ])

(7

~  lim Map( *M, Forget 4 QA((SPGCA x X)f))
(u
(u

12

Let us precise that the equivalence between the second and the third line is obtained using propo-
sition 1.5.6 and remark 2.2.9. We conclude that the underlying X-dg-module of £x((X x X)) is
Let us now consider the functor

X/dStArt’lfp N dSt;Art

mapping a morphism X — Z to the stack X x Z pointed by the graph map X — X x Z and endowed
with the projection morphism to X. Composing this functor with (7)f and £x we finally get the
wanted functor

X/dstArie _, X /dgLie

Let f: X — Z bein X /dStA™P | Since Z is locally of finite presentation, its tangent is perfect and
the canonical map

B:TiTxwzx — f*ALTzy2/2

is an equivalence. At the level of Lie algebras, we have a canonical map

a:u*ly —> Lx ((X X Z)f)
The map of X-dg-modules underlying « is equivalent to S[—1]. Since the forgetful functor dgLie, —
dgMod y is conservative, we deduce that « is an equivalence. O

Remark 2.2.11. We also proved above that for any map u: X — Z between locally finitely presented
derived Artin stacks, the canonical map

Wy — Ly ((X x Z)f)

is an equivalence.

2.3 Derived categories of formal stacks

The goal of this subsection is to prove the following

Theorem 2.3.1. Let X be an algebraic stack locally of finite presentation. There is a colimit pre-
serving monoidal functor
Repx: Qcoh(X) — dgRepx ({x)

where dgRep x ({x) is the (0, 1)-category of representations of £x. Moreover, the functor Repy is a
retract of the forgetful functor.
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We will prove this theorem at the end of the subsection. For now, let us state and prove a few
intermediate results. Let A be any cdga,fo and L € dglie,. The category dgRep4(L) of represen-
tations of L is endowed with a combinatorial model structure for which equivalences are exactly the
L-equivariant quasi-isomorphisms and for which the fibrations are those maps sent onto fibrations by
the forgetful functor to dgMod 4.

Definition 2.3.2. Let us denote by dgRep 4 (L) the underlying (oo, 1)-category of the model category
dgRep4(L).

Lemma 2.3.3. Let L be an A-dg-Lie algebra. There is a Quillen adjunction
fit: dgMod, 1, 2 dgRep4(L) : g7

Given by

A VHZ/{A<A[77]®L> ® V
A Ca L

S

g :MHHan(uA<A[n]<§L),M>

where A[n]®a L is as in subsection 1.4 and Hom, denotes the mapping complex of dg-representations
of L.

Remark 2.3.4. The image g(M) is a model for the cohomology RHom; (A, M) of L with values in
M. We can give an explicit description of g7'(M) as a graded module, similarly to remark 1.4.2:

97, (M) ~ Hom, (Sym(L[1]), M)
The differentials differ though. As the one on g7*(M) encodes part of the action of L on M.

Proof. The fact that ff and gf are adjoint functors is immediate. The functor ff‘ preserves quasi-
isomorphisms (see the proof of proposition 1.4.3) and fibrations. This is therefore a Quillen adjunction.
O

Remark 2.3.5. The category dgRep 4 (L) is endowed with a symmetric tensor product. If M and N
are two dg-representations of L, then M ® 4 IV is endowed with the diagonal action of L. The category
dgModg, ;, is also symmetric monoidal. Moreover, for any pair of L-dg-representations M and N,
there is a natural morphism
A A
M N) — M®N
s£01) © au(8) ~ i (@)
This makes g7 into a weak monoidal functor. In particular, the functor g7 defines a functor dgLie;, —
dgLiec , (), also denoted gp.

Proposition 2.3.6. Let L be a good dg-Lie algebra over A. The induced functor
ffi dgMod, | — dgRep,(L)
of (00, 1)-categories is fully faithful.

Remark 2.3.7. The above proposition can be seen as a consequence of some general Morita the-
ory statement. The adjunction at hand is induced by the Uy L ® C 4 L-bimodule A where C4 L =
Hom,,, 1 (A, A). In such a case, the left adjoint f# is fully faithful is and only if A is a perfect U4 L-
dg-module. The assumption that L is good ensures the perfection of A as a left i/4 L-dg-module.

More generally, let C' be an associative A-dg-algebra. Let us assume C' is a finite cellular object
in the category of A-dg-algebras: there is a finite sequence

A~Cy—->Cy— ... C,~C
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such that for any 1 < i < n, the map C;_; — C; fits into a coCartesian square

TAM*>A

|l

Cioi —>C;

where T4 M is the tensor algebra generated by a free A-dg-module M of finite type. If moreover C is
equipped with an augmentation C' — A then the left C-dg-module A is perfect. To prove this, let us
assume A is perfect as a left C;_;-dg-module: A is a finite colimit of free C;_;-dg-modules. It follows
that Ta(M[1]) ~ C; ®c¢,_, A is a finite colimit of free C;-dg-modules. We then obtain A by moding
out the generators of T 4(M[1]), again a finite colimit.

Proof (of proposition 2.3.6). This proof is very similar to that of [DAG-X, 2.4.12]. In this proof, we
will write f instead of fii. Let B denote C4 L. We first prove that the restriction fipere(m) is fully
faithful. Let V and W be two B-dg-modules. There is a map Map(V, W) — Map(fV, fW). Fixing V
(resp. W), the set of W’s (resp. V’s) such that this map is an equivalence is stable under extensions,
shifts and retracts. It is therefore sufficient to prove that the map Map(B, B) — Map(fB, fB) is an
equivalence, which follows from the definition (if we look at the dg-modules of morphisms, then both
domain and codomain are quasi-isomorphic to B = C4 L).

To prove that f: dgMod — dgRep 4 (L) is fully faithful, we only need to prove that f preserves
compact objects. It suffices to prove that fB ~ A is compact in dgRep 4(L). The (non commutative)
A-dg-algebra U4 (L) is a finite cellular object (because L is good) and is endowed with an augmentation
morphism to A. It follows that A, seen as a left U4 (L)-dg-module through the augmentation, is a
finite cellular object (see remark 2.3.7) and hence is compact. The forgetful functor dgMod, —
dgMod%jf‘t( L) therefore preserves compact objects. O

Let us now study the behaviour of the adjunction (f7, g#') with respect to change of base A and
of Lie algebra L. We will as the same time consider the compatibility with the monoidal structures.
Once more, we will use the procedure of remark 1.2.8.. Let us consider the category SdgLieOp such
that:

e An object is a pair (A, L) with A € cdga,fo and with L € dgLie, and

e A morphism (4, L) — (B,L') is a map A — B together with a map L' — L ®% B in dgLieg.

It is endowed with a functor {dgLie®® — cdgas’. We will say that a map in §dgLie®® is a weak

equivalence if the map of cdga’s is an identity and the map of dg-Lie algebras is a quasi-ismorphism.
Localising along weak equivalences, we obtain a coCartesian fibration of (o0, 1)-categories

JdgLieolD — cdgay’

classified by the functor A — dgLie?} (see the proof of proposition 1.2.6).
Let Fin* denote the category of pointed finite sets — see definition 0.0.1. For n € N, we will denote
by (n) the finite set {,1,...,n} pointed at *. Let Sngep® be the following category.

e An object is a family (A, L, My,...,M,,) with A € cdga,fo, with L € dglie, and with M; €
dgRep 4 (L).
e A morphism (A, L, My, ..., M,,) — (B,L',Ny,...,N,) is the datum of a map (4, L) — (B,L’) €

{ dgLie°?, of a map ¢: (m) — (n) of pointed finite sets and for every 1 < j < n of a morphism
®i€t,1(j) M; ®4 B — N; of L'-modules.
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It comes with a projection functor {dgRep® — {dgLie® x Fin*. We will say that a morphism in
Sngep® is a weak equivalence if the underlying maps of pointed finite sets, of cdga’s and of dg-Lie
algebras are identities and if the map dg-representations it contains is a quasi-isomorphism. Let us
denote by Sngep® the localisation of Sngep® along weak equivalences. This defines a coCartesian
fibration p: {dgRep® — {dgLie®® x Fin* (using once again [DAG-X, 2.4.19)]).

Let now SdgMod%)(f) be the following category

e An object is a family (A,L,Vi,...,V,,) with A € cdgafo, with L € dglie, and with V; €
dgModg, .

e A morphism (A, L,Vi,...,V,,) = (B, L', Wq,...,W,) is the datum of a map (4,L) — (B,L’) €
§ dgLie°?, of a map of pointed finite sets ¢: {m) — (n) and for every 1 < j < n of a morphism
of Cp L’-dg-modules (X) ) Vi®c, 1 Cg L — W;.

et 1(j

We will say that a morphism in Sngep® is a weak equivalence if the underlying maps of pointed finite
sets, of cdga’s and of dg-Lie algebras are identities and if the map of dg-modules it contains is a quasi-
isomorphism. Localising along weak equivalences, we get a coCartesian fibration of (oo, 1)-categories
q: SdgMod%(f) — {dgLie? x Fin*.

Lemma 2.3.8. The above coCartesian fibrations p and q define functors
dgRep, dgMod¢_y: JdgLieolD — Cat?o’V
Proof. For any object (4, L) € {dgLie?, the pulled back coCartesian fibration

Jngep® X {(A,L)} x Fin* — Fin*
{dgLie°P x Fin*

defines a symmetric monoidal structure on the (00, 1)-category dgRep 4 (L) — see definition 0.0.2. The
coCartesian fibration p is therefore classified by a functor

-0 A%
Jdnge P Cat®

Moreover, this functor maps quasi-isomorphisms of dg-Lie algebras to equivalences. Hence it factors
through a functor

dgRep: JdgLieOp — Cat®V
The case of dgMod_) is isomorphic. O

We will now focus on building a natural transformation between those two functors. Let us build
a functor g: {dgRep® — SdgMod(g(_)

e The image of an object (A,L,M,...,M,,) is the family (A,L,Vi,...,V,,) where V; is the
C 4 L-dg-module

g7 (M;) = Homy, (uA (A[n] ® L) : Mz)

e The image of an arrow (X) ) M; ®4 B — Nj is the composition

et—1(j
®9f(Mz') C(?L CpL —g} (X M;) C(?L CglL
—gr (® M; (§3>

—gp(N)
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where the second map sends a tensor A ® p to (A ®1id).p with
A®id: Up <B[n] %L’) — UB(B[n] ch) = uA<A[n] <§>L> ch - (R M;) <§>B
The functor g induces a functor of (oo, 1)-categories
g: Jngep® — fdgModg(_)

which commutes with the coCartesian fibrations to {dgLie®® x Fin*.

Proposition 2.3.9. The functor g admits a left adjoint f relative to {dgLie®® x Fin*. There is
therefore a commutative diagram of (00, 1)-categories

§ dgMod(g(_) {dgRep®

v

{ dgLie®” x Fin*

f
P

where [ preserves coCartesian morphisms. It follows that f is classified by a (monoidal) natural
transformation
dgModc(f)
o
jdgLie” |7 Cat®”
-~ 7

dgRep

Proof. Whenever we fix (4, L, (m)) in { dgLie®® x Fin*, the functor g restricted to the fibre categories
admits a left adjoint (see lemma 2.3.3). Moreover when (A, L) — (B, L’) is a morphism in {dgLie®?,
the following squares of monoidal functors commutes up to a canonical equivalence induced by the

adjunctions

I

dgModg,

dgRep, (L)

—Q®c, LCB(L®AB)l l@uA LUB(L®AB)

ff@AB
dgModc, (1g,5 — > dgRepy(L ®4 B)
_®CB(L®AB)CB(L/)i lForget
B

for
dgMod,, ;/ ———— dgRepy(L)

For any family (V1,...,V,,) of C4 L-dg-modules, the canonical morphism

(®1AV) ® Cal ~ ff ((@ V) §B>

is hence an equivalence. This proves that g satisfies the requirements of [HAlg, 8.3.2.11], admits a
relative left adjoint f which preserves coCartesian morphisms. O

Let us denote by SdgMod® the category

e an object is a family (4, My,..., M,,) where A € cdga,fo and M; € dgMod 4
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e a morphism (A, Mi,..., M) — (B, Ny,...,N,) is the datum of a morphism A — B, of a map
t: {(m)y — {n) of pointed finite sets and for any 1 < j < n of morphism of A-dg-modules

® M; — N;

iet=1(j)

There is a natural projection {dgMod® — cdga;® x Fin*. We have three functors

s

{ dgRep® § dgMod® x

Sl

SdgModC( )

<o {dgLie?

cdga;;

compatible with the projections to §dgLie®® x Fin*. The functor 7 is defined by forgetting the Lie
action, while p maps an A-dg-module M and an A-dg-Lie algebra L to the C4 L-dg-module M, where
C4 L acts through the augmentation map C4 L — A. The above triangle does not commute, but we
have a natural transformation g — pm, defined on a triple (A, L, V') by

9(A, L, V) = Hom (Ua(A[n] ®4 L), V) —=V = pr(A,L,V)

We check that this map indeed commutes with the C4 L-action. We say that a map in SdgMod® isa
weak equivalence if the underlying maps of cdga’s and of pointed sets are identities, and if the maps
of dg-modules are quasi-isomorphisms. Localising the above diagram along weak equivalences, we get
a tetrahedron

§ dgMod® x Cdga<o SdngeOp
fdgModg _, fdgRep®

\/

{dgLie°® x Fin*

where p, ¢ and r are coCartesian fibrations — see [DAG-X, 2.4.19] — where the upper face is filled with
the natural transformation g — pm and where the other faces are commutative.

Lemma 2.3.10. The functor p admits a relative left adjoint T and the functor m preserves coCartesian
maps. Moreover, the natural transformation T — wf — induced by g — pm and by the adjunctions —
18 an equivalence.

Remark 2.3.11. It follows from the above lemma the existence of natural transformations

dgMod¢_,

e T

{ dgLie®® —dgRep—> Cat®"

b

dgMod

This lemma also describes the composite 7 f as the base change functor along the augmentation maps
CaL — A

Proof. Let us first prove that p admits a relative left adjoint 7. For any pair (A, L) € {dgLie®?, the
forgetful functor dgMod 4 — dgMod, ;, admits a left adjoint, namely the base change functor along
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the augmentation map C4 L — A. This left adjoint is monoidal and commutes with base change. It
therefore fulfil the assumptions of [HAlg, 8.3.2.11]. The induced natural transformation 7 — 7 f maps
a triple (4, L,V) € {dgMod_, to the canonical map

A A A
Vy=V A-V Usa| LB A = \%4
B0 =V © A=V © us(L@All) - A i)
which is an equivalence of A-dg-modules. O
Let us consider the functor of (o0, 1)-categories
op
dAfFA” - (Cat?o’v)

mapping a sequence X — Y — Z of derived affine schemes to the monoidal (o0, 1)-category Qcoh(Y).
We form the fibre product

c I dAf2
|

dAff, — dAf

where p is induced by the inclusion (0 — 2) — (0 - 1 — 2). Finaly, we define D as the full
subcategory of C spanned by those triangles Spec A — Spec B — Spec A where B € dgExt ,. We get
a functor op
F:D— (Cat?o’v>
mapping a trivial square-zero extension B of A to dgMody. Note that the functor D — dAff; is a
Cartesian fibration classified by the functor A — dgExt9’.
Let us denote by §3dStf — dAff; the Cartesian fibration classified by the functor Spec A —

dstf, = Py (dgExt%). The Yoneda natural transformation dgExt®® — dSt’ defines a functor
D — §dSt’. We define

Lacon 3€ dst’ — (cat®")"

as the left Kan extension of F' along D — §dStf.
Let now X be a derived stack. The category dStgg defined in definition 2.1.4 is equivalent to the
category of Cartesian sections ¢ as below — see [HTT, 3.3.3.2]

§dst’
e

Definition 2.3.12. Let X be a derived stack. We define the functor of derived category of formal
stacks over X:

Lofan: dSth ~ Fet§yk, (AR, /x, §dst’) — Feo(dAffy/x, (Cat2") ™) <% (Cat®¥)”

Ity e dStg( then L2, (Y) is called the derived category of the formal stack Y over X. We can

qcoh
describe it more intuitively as the limit of symmetric monoidal (oo, 1)-categories

. Spec A . .
LX (Y)~ lim L®*°YYV,)~ lim lim dgMod 1
qCOh( ) Spec A—>X qcoh ( ) Spec A»X BedgExt , g B ()
Spec B—>Y
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where Y4 € dStf4 is the pullback of Y along the morphism Spec A — X. Remark that if X = Spec A
and Y = Spec B with B € dgExt ,, then L., (Y) is nothing but dgMod .

qcoh

The same way, the opposite category of dg-Lie algebras over X is equivalent to that of coCartesian
section

dgLie? ~ FcteoC dAf/y ), | deLie®
gliey ~ Cledgaso kx| glie
We can thus define

Definition 2.3.13. Let X be a derived stack. We define the functor of Lie representations over X
to be the composite functor dgRepy : dgLie¥ — Cat?o’V

lim

dgLie} — Fet((dAMy/x)”, { dgLie’) “=F Fet( (dAfy/x)™, Cat3”) Cat®”

In particular for any L € dgLiey, this defines a symmetric monoidal (o0, 1)-category

dgRepy (L) = lim dgRep,(L.)

where L4 € dgLie, is the dg-Lie algebra over A obtained by pulling back L.

Proposition 2.3.14. Let X be a derived stack. There is a natural transformation

Licon (Fx (=)
o
dgLie$? ﬂ\lf Cat®"
~ 7
dgRepx

Moreover, for any L € dgLiey, the induced monoidal functor Lé{coh(}"XL) — dgRepx (L) is fully
faithful and preserves colimits.
To prove this proposition, we will need the following

Lemma 2.3.15. The natural transformation F: dgLie — dst’ and the functor Lgcon : §3dS’cf —
op
(Cat%v) define a composite functor

qcoh

F o
¢ {dgLie® 7~ (ast’) Pl Cat®Y

There is a pointwise fully faithful and colimit preserving natural transformation ¢ — dgRep.
Proof. Let £ denote the full subcategory of §{dgLie® such that the induced coCartesian fibration
- cdgafo is classified by the subfunctor
. £,68,>1)°P : op
A— (dngeA ) c dgLiej
The functor ¢ is by construction the right Kan extension of its restriction ¢ to £. Moreover, the
restriction ¢ is by definition equivalent to the composite functor

£ [dgLie™ 0%

v
Cat®
Using the natural transformation dgModC(_) — dgRep from proposition 2.3.9, we get
a: 1 — dgRep|¢ € Fct (5, Cat%"v)

We will prove the following sufficient conditions.
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(i) The functor dgRep: {dgLie®® — Cat®" is the right Kan extension of its restriction dgRep¢
(i4) The natural transformation « is pointwise fully faithful and preserves finite colimits.

Condition (%) simply follows from proposition 2.3.6. To prove condition (i), it suffices to see that
when A is fixed, the functor
dgRep : dgLie? — Cat®"

commutes with sifted limits. This follows from [DAG-X, 2.4.32]. O

Proof (of proposition 2.3.14). Let X be a derived stack and L be a dg-Lie algebra over X. Recall
that we can see L as a functor

L: (aAfryy) " - JdgLieOP

By definition, we have Lffcoh(]-' x L) is the limit of the diagram

OP Lgcon

o F
(dAfE,/x)™ —“> {dgLie® 7~ (§ast’) ~ —* cat},
while dgRep (L) is the limit of

o dgR
(dAfE/x)” — [dgLie® "% Cat,

We then deduce the result from lemma 2.3.15, since a limit of fully faithful (resp. colimit preserving)
functor is so. O

We can now prove the promised theorem 2.3.1.

Proof (of theorem 2.3.1). Let us first build a functor

vx : Qeoh(X) — Lgioh((X x X)f)

Let us denote by C the (o0, 1)-category of diagrams
Spec A —— Spec B —— Spec A

X

where A € cdga,f0 and B € dgExt 4. There is a natural functor C°? — Cat%V mapping a diagram
as above to the monoidal (o0, 1)-category dgMod . Unwinding the definitions, we contemplate an
equivalence of monoidal categories (recall (1) from definition 2.3.12)

LqXCOh ((X X X)f) ~ lién dgMody

The maps « as above induce (obviously compatible) pullback functors a*: Qcoh(X) — dgModg.
This construction defines the announced monoidal functor
vx: Qeoh(X) — LX ((X x X)f)

qcoh

Going back to definition 2.2.10 and definition 2.1.4, we have an adjunction co-unit

0: Fx(lx) = FxLx ((X x X)f) S (X x X)f
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Now using the functor from proposition 2.3.14, we get a composite functor
vx X £ 0* X v
Repy: Qeoh(X) > Ly, (X x X)) ==L, (Fx (£x) — > dgRepx ((x)

As every one of those functors is both monoidal and colimit preserving, so is Repy. We still have to
prove that Repy is a retract of the forgetful functor Ox: dgRepx(¢{x) — Qcoh(X). We consider
the composite functor © x Repx

Qeoh(X) —2= L, (X x X))~ L¥,,(Fx (¢x)) —> dgRepy (£x) —= Qeoh(X)

qcoh

Unwinding the definitions, we see that OV is the following limit

X -~ . .
Licon(Fx (lx)) = s sglefan_»X Lilﬁlg}( dgMod, ;,

o L, >1
LedgLie

!
dgRepy(fx) = =~ lm  lim — dgRep,(L)
LedgLie’;™>!

s

.. SgganeX dgMod , = Qcoh(X)

where f and 7 are induced by the natural transformation of remark 2.3.11. The composite functor
7w f is equivalent to the pullback

Lajeon (Fx (£x)) = Ligon(X) ~ Qeoh(X)
along the unique morphism X — Fx (¢x) of formal stacks over X (seen as a formal stack, X is initial
in dStg(. This map can be described as a colimit of augmentation maps C4 L — A). It follows that
Ox Repy is equivalent to the composite functor

v a*
Qcoh(X) 2~ Lchoh((X x X)f) ", Qcoh(X)
where « is the morphism X — (X x X )f. Unwinding the definition of vx, we see that this composite
functor is equivalent to the identity functor of Qcoh(X). O

2.4 Atiyah class, modules and tangent maps

Definition 2.4.1. Let Perf denote the derived stack of perfect complexes. It is defined as the stack
mapping a cdga A to the maximal co-groupoid in the (o0, 1)-category Perf(A). For any derived stack
X, we set Perf(X) to be the maximal groupoid in Perf(X). It is equivalent to space of morphisms
from X to Perf in dSt,.

Definition 2.4.2. Let X be a derived Artin stack locally of finite presentation. Any perfect module
E over X is classified by a map ¢g: X — Perf. Following [STV], we define the Atiyah class of E as
the tangent morphism of ¢g

atp: Tx — o5 Tpert
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Remark 2.4.3. We will provide an equivalence ¢% Tpers ~ End(£)[1] in the proof of proposition 2.4.4.
The Atiyah class of E should be thought as the composition

atE: TX[fl] g gf)ng[fl] ~ End(E)

We will, at the end of this section, compare this definition of the Atiyah class with the usual one —
see proposition 2.4.7.

Proposition 2.4.4. Let X be an algebraic stack locally of finite presentation. When E is a perfect
module over X, then the {x-action on E given by the theorem 2.3.1 is induced by the Atiyah class of
E.

Lemma 2.4.5. Let A€ cdga,fO and L € dgLiei;ft’gl. The functor
f': dgModc, (1) — dgRep (L)
defined in lemma 2.3.3 induces an equivalence

Perf(C4 L) > dgRep 4 (L) x Perf(A)
dgMod 4

Proof. We proved in proposition 2.3.6 the functor ff to be fully faithful. Let us denote by C the
image category

C = f{(Perf(C4(L)))

Since ff is exact, the category C is stable by shifts in dgRep 4(L). Let us first prove that C contains
any representation whose underlying dg-module is projective of finite type (ie a retract of some A™).
Let P be a projective of finite type dg-module over A. An action of L on P amounts a morphism
k: M — End(P), where M € dgModiift’;1 such that L = Freeq M. Such a map corresponds to
a choice of finitely many elements in End(P) of positive cohomological degree. The cdga A is by
assumption cohomologically concentrated in non-positive degree. So is End(P), as a projective dg-
module over A. The map k is hence (non canonically) homotopic to 0. Every L-action on P is trivial.
Moreover, the trivial action on P is given by f{(Ca L ®4 P).

Let now d € N. Let us assume that any F € dgRep 4(L) whose underlying dg-module is perfect
and of tor-amplitude contained in [—d, 0] belongs to C. Recall that the case d = 0 is the projective
case (see [TV, 2.22]). Let E € dgRep4(L) be a representation. We assume its underlying dg-module
E is perfect of tor-amplitude contained in [—d — 1,0]. Using loc. cit. , there exists an exact sequence
N — E — F where N is a projective A-dg-module of finite type and @ is a perfect complex of
tor-amplitude contained in [—d — 1,—1]. We will build a lift N — F in dgRep4(L) of the map
N — E. The L-action on E is given by a morphism M — End(E) where M € dgModiift’21 such
that L = Freea(M). A lift N —» E of N — E is equivalent to an homotopy « making the following
diagram commutative

End(E)

| A |

End(N) — Hom(N, E)

The module N is a retract of A™ for some n. It follows that Hom(N, E) is a retract of E" ~
Hom(A™, E). The dg-module Hom(N, E) is thus cohomologically concentrated in non-positive degree.
Since M is generated by objects in positive degree, the mapping space Map 4, (M,Hom(N, E)) is
connected and an homotopy « as above exists (but is not uniquely determined). We obtain from
what precedes a map 8: N — E in dgRep (L) lifting N — E. Let F denote the cofibre of § in
dgRep 4(L). Since the forgetful functor dgRep 4(L) — dgMod 4 is exact, the underline dg-module
of F is equivalent to @ and hence of tor-amplitude contained in [—d — 1,—1]. By assumption, the
representation Q[—1] belongs to C. Since C is stable by shifts, we have ) € C. The category C is
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also stable by extensions and we have E € C. By induction, we get that every representation of L
whose underlying module is perfect belongs to C. Reciprocally, any representation of C has a perfect
underlying complex. O

Definition 2.4.6. Let X be a derived stack and let Y be a formal stack over X. We define the full
subcategory L. (V) of LY L (Y)

qcoh
LX(Y)= lim lim Perfzg ——> lim lim dgMody ~ LY (V)
p Spec A»X DBedgExt , Spec A»>X DBedgExt , a
Spec B—>Ya Spec B—>Y4

Proof (of proposition 2.4.4). The sheaf E corresponds to a morphism ¢g: X — Perf. Its Atiyah
class is the tangent morphism

atp: Tx[—1] — ¢5Tpers[—1]

In our setting, we get a Lie tangent map (theorem 2.0.1)
atp: {x — Onlpers

Using remark 2.2.11, we get an equivalence ¢%fpers >~ £x (X x Perf)f). The dg-Lie algebra ¢%lpere
hence represents the presheaf on dgLiex

Map(—,sx ((X x M)f» ~ Map(fx(—), (X x M)f)

. . f

~ S;Lleran—»X LedglLliIgAft’Zl Map (Spec(CA L), (Spec A x Perf) )
Lou*(-)

~ lim lim Perf(CaL) x {u*E}

u: Spec A—>X LGdgLiefA'ft’Zl Perf(A)

Lou*(-)

~ Gpd (Léi(fx(—» x E})

Perf(X)

where Gpd associates to any (o0, 1)-category its maximal groupoid. Note that the equivalence between
the second and third lines follows from remark 2.2.6. On the other hand gl(E) — the dg-Lie algebra
of endomorphisms of F — represents the functor

Gpd (ngepx() X {E}>
Qcoh(X)

We get from proposition 2.3.14 a morphism ¢ lpers — gl(E) of dg-Lie algebras over X. Restricting to
an affine derived scheme s: Spec A — X, we get that s*¢%/pers and s*gl(E) ~ gl(s*E) respectively

represent the functors (dgLiei;ft)l)Op — sSets
L% — Perf(C4 L") x {E} and L°+— Gpd (ngepA(LO) x {E})
Perf(A) dgMod 4

The natural transformation induced between those functors is the one of lemma 2.4.5 and is thus an
equivalence. We therefore have
atE: EX - g[(E)

and hence an action of £x on E. This construction corresponds to the one of theorem 2.3.1 through
the equivalence Perf(X) ~ Map(X, Perf). O
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We will now focus on comparing our definition 2.4.2 of the Atiyah class with a more usual one.
Let X be a smooth variety. Let us denote by X(® the infinitesimal neighbourhood of X in X x X
through the diagonal embedding. We will also denote by i the diagonal embedding X — X® and by
p and ¢ the two projections X(® — X. We have an exact sequence

i*LX — OX(z) s i*OX (2)

classified by a morphism «: i,Ox — i.Lx[1]. The Atiyah class of a quasi-coherent sheaf E is usually
obtained from this extension class by considering the induced map — see for instance [KM]

E >~ p,(ixOx ®q*E) — Py (isLx[1] ®q*E) ~Lx[l]®FE (3)
From the map «, we get a morphism i*i,Ox — Lx[1]. Dualising we get
ﬁ: TX [—1] — HOInOX (i*i*OX, Ox) st p*i* HOHlOX (i*i*(/)X7 Ox) >~ Dy HOI’HOX(Z) (i*OX, Z*Ox)

The right hand side naturally acts on the functor i* ~ p, (—®0X(2) 1+ Ox) and hence on i*¢* ~ id. This
action, together with the map 3, associates to any perfect module F a morphism Tx[-1]® E — E.
It corresponds to a map E — F ® Lx[1] which is equivalent to the Atiyah class in the sense of (3).

Proposition 2.4.7. Let X be a smooth algebraic variety and let E be a perfect complex on X. The
Atiyah class of E in the sense of definition 2.4.2 and the construction (8) are equivalent to one another.

f
Proof. We first observe that (X(?) is locally a trivial square zero extension: there exists a covering

a: Spec A — X such that u”‘(X(z))f ~ Spec(A@®Lx ,) with A a noetherian ring. As consequences

e The derived category Léioh((X(z))f) is equivalent to Qcoh(X ().

e The tangent Lie algebra £x ((X (2))f) is locally equivalent to the free Lie algebra generated by
Tx[—1] (see corollary 1.4.11 and lemma 1.4.12).

We moreover have a commutative diagram:

Repx

qcoh

. |

Qcoh(X () dgRepy (EX ((X(Q))f)> — Qcoh(X)

//_\
Qcoh(X) —>1.X ((X x X)f) — ~dgRepy(lx)

¥

f
where i: X — X2 is the inclusion and u is the natural morphism (X®) — (X x X)".
From what precedes, the Atiyah class arises from an action on ¢*, and we can thus focus on the
composite

Qcoh(X®) —> dgRepy, (QX ((X<2>)f)) —> Qcoh(X)

which can be studied locally. Let thus a: Spec A — X be as above. Let us denote by L the A-dg-Lie
algebra Freeq (Tx o[—1]) ~ a*SX((X(Q))f). Pulling back on A the functors above, we get

A

f
dgMod, , —> dgRep (L) —> dgMod ,
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where f7 is given by the action of L on Ua(L ®4 A[n]) through the natural inclusion. On the other
hand, the universal Atiyah class « defined above can be computed as follows

Ca L ——— Hom 4 (Ua(L ®4 A[n]), A)

Nl lw

APLx, —>AD (Lx.®a Aln]) ~ A

i N l“*(“)

0 Lx,q[1]

The universal Atiyah class is thus dual to the inclusion Tx o[—1] — Ua(L ®4 A[n]). It follows that
the action defined by the functor f;' is indeed given by the Atiyah class. We now conclude using
proposition 2.4.4. O

2.5 Adjoint represention

In this subsection, we will focus on the following statement.

Proposition 2.5.1. Let X be a derived Artin stack. The {x-module Repx (Tx[—1]) is equivalent to
the adjoint representation of £x .

The above proposition, coupled with proposition 2.4.4, implies that the bracket of £x is as ex-
pected given by the Atiyah class of the tangent complex. To prove it, we will need a few constructions.

Lemma 2.5.2. Let A € cdga,fo and L € dglie,. To any A-dg-Lie algebra L' with a morphism
a: L — L' we associate the underlying representation wf(L’) of L - ie the A-dg-module L' with the
action of L through the morphism «. The functor ’L/Jf preserves quast-isomorphisms. It induces a
functor between the localised (00, 1)-categories, which admits a left adjoint ¢f :

¢ dgRep, (L) = L/dgLie, : v

Proof. The functor wf preserves small limits and both its ends are presentable (oo, 1)-categories.
Since both dgRep 4(L) and dgLie, are monadic over dgMod 4, the functor ¥# is accessible for the
cardinal w. The result follows from [HTT, 5.5.2.9] O

Lemma 2.5.3. Let A be a cdga and Lo be a dg-Lie algebra over A. There is a natural transformation

Ca

Lo /dgLie 4 (cdgan/C 4 Lo)”"
k %)[u
dgRep 4(Lo) 92 (=)) (dgMoch Lo)op
Lo

where gfo was defined in lemma 2.3.3 and where C4 Lo ® (—)[—1] is a trivial square zero extension
functor.

Proof. Let a: Ly — L be a morphism of A-dg-Lie algebras. The composite morphism
Syma(Lo[1]) ® L[1] = Sym(L[1]) @ L[1] — Sym, (L[1])
induces a morphism

Hom , (Sym 4 (L[1]), A) — Hom 4 (Sym(Lo[1]) ® L[1], A) ~ Hom 4 (Sym 4 (Lo[1]), L*[-1])
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Using remark 2.3.4, this defines a map of graded modules d;,: C4 L — 9240 (LY)[—1]. Let us prove that
it commutes with the differentials. Recall the notations S; and T;; from remark 1.4.2. We compute
on one hand

8(dE) (a1 ® ... @n.aa)(Nynsrr) = Y, (DM ®...@N.dYi ® ... @1.Yns1)

i<n+1

+ Y D)y y ] @1 @ RTH® . @Y ® - - ® 1Y)

i<j<n+1

FAdENN ... @ NYns1))

where y; denotes az;, for any ¢ < n. On the other hand, we have

d(5)) N ® ... n.xy,) = Z ()50t ®...Qndr; ® ... Q1n.zy,)

i<n

+ > (DT ] @ ® . QTE® ... QN ® ... @ Ty)
1<j<n

+ D () DS 0 5 (.1 @ @ TT ® .. ®11.)

1<n

+d(6(n.o1 @ ... @ n.xy))

where e denotes the action of Ly on LY. We thus have

() (21 ® .. @nan)Nynsr) = Y (D5 My © ... @y ® ... @ 0.y @N.Yns1)

<n
+ > (D)) @ @ @NTG® .. @ NG ® ... ®N.Yn ®NYns1)
<j<n
+ (=) EDSHly = S il () @ L QNG ® -0y @ 1. [Yn41, i)
i<n

+d(0(mx1 ® ... ®N.70))(NYnt1)

Now computing the difference 6(d€)(n.21®...®n.2,)(NYn+1) — (d(0E)) (N1 ®...®N.2n) (N-Ynt1) We
get

(=D @ ... @ N.yn @ 1-dyni1)
+dEMy ®...®NYnt1)) — d(0EM21 ® ... ®@N.2p))(N-Ynt1) =0

It follows that 6, is indeed a morphism of complexes C4 L — g7t (LY)[—1]. It is moreover A-lincar.
One checks with great enthusiasm that it is a derivation. This construction is moreover functorial in
L and we get the announced natural transformation. O

Let us define the category S*/dgLie as follows
e An object is a triple (A, L,L — Lq) where A € cdga,f0 and L — Ly € dglie,.
e A morphism (A,L,L — L;) —» (B,L', L' — L)) is the data of

— A morphism A — B in cdga,fo,
— A commutative diagram
L' ——L®sB

Li<=—1L,®4B
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This category comes with a coCartesian projection to { */dgLie — § dgLie°?. The forgetful functor
L/dgLie , — dgRep 4(L) define a functor Ad such that the following triangle commutes

Ad

§ */dgLie §{ dgRep

>~ 7

§ dgLie®?
Let us define the category S(cdga/(j(_))‘)p as follows

e An object is a triple (A, L, B) where (A4, L) € {dgLie® and B is a cdga over A with a map
B—->CusL;

e A morphism (A, L, B) — (A’, L', B') is a commutative diagram
A——B——C4L
Al ——B ——Cu I’

where C4 L — C 4/ L’ is induced by a given morphism L' — L ®% A’.
Let us remark here that C induces a functor y: {*/dgLie — S(Cdga/c(_))OP which commutes with
the projections to {dgLie®. The construction dgRep (L) — (cdga,/C 4 1)
Vi CaL@gr (V)]
defines a functor

0: fngep — J(cdga/c(i))op

and lemma 2.5.3 gives a natural transformation #Ad — x. Localising along quasi-isomorphisms, we
get a thetaedron

S */dgLie

<\

S(cdga/c S dgRep

Y

§ dgLie®?

where the upper face is filled with the natural transformation 6Ad — x and the other faces are
commutative.

Lemma 2.5.4. The functor Ad admits a relative left adjoint ¢ over § dgLie®. Moreover, the induced
natural transformation 6 — 0Ade — x¢ is an equivalence.

Proof. The first statement is a consequence of lemma 2.5.2 and [HAlg, 8.3.2.11]. To prove the second
one, we fix a pair (A4, L) € {dgLie®” and study the induced natural transformation

dgRep, (L) “ (cdgan/C, L) Op

~ 1

L/agLie 4
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The category dgRep 4(L) is generated under colimits of the free representations Uy L ® N, where
N € dgMod 4. Both the upper and the lower functors map colimits to limits. Since qbf (Us LQN) ~

L11Frees(N), we can restrict to proving that the induced morphism
CaL®NY[-1] > CaL® gy (Us LR N)"[-1])

is an equivalence. We have the following morphism between exact sequences

CALONV[-1] ———>C4 L

NY[-1]
I l |
92 (UAL®N)"[-1]) —> Ca L@ g (Us L®N)'[-1]) —=Ca L
Since the functors (—)" and g ((Ua L ® —)"[—1]) from dgMod 4 to dgMod} are both left adjoint
O

to the same functor, the morphism ( is an equivalence.

Let us now consider the functor
f
gdgModgf(tjl —— {dgMod_, —— {dgRep

Remark 2.5.5. Duality and proposition 2.3.6 make the composite functor

ahfe=1 o Sngep _0. S(cdga/c(f))cm

{dgMo &
equivalent to the functor (A, L, M) — C4 L@ MY [-1].

Remark 2.5.6. The composite functor
fr.21 o J(dg;Lief’ft’Zl)Op — Jngep X f(dg;Lief’ft’zl)Op
SdgLieOp
J(dgLief,ft,Zl)op

dgMod®"
J & =) { dgLiecP
HJ*/dgLie X
{ dgLieoP

has values in the full subcategory of good dg-Lie algebras S*/dgLiegOOd. Using lemma 1.4.10, we see

% J(dgLief,ft,Zl)op

that the functor
dgLielft:=1)yop _, J cdga °p
s 1 (edgo )

£,86,>1
d.” X

dgMo
.[ =) § dgLieoP
preserves coCartesian morphisms. We finally get a natural transformation

dgModgfi’?l

H Cat}.’O

{(dgLie"">1yep
\_/

(cdga/c(,))"p
There is also a Yoneda natural transformation (cdga/c(,))ol[’ — Spec(C(—))/dst! and we get

) £,ft,>1 _ Spec(C(— f
¢: dgMod'f"> (C()/ast

Let us recall remark 2.1.2. It defines a natural transformation
) £,6t,>1 1 S C(— f
¢: dgModf{ =" x Al — Spec(C(=))/gst

such that ((—,0) ~ Fof and ¢(—,1) ~ & ~ hbf.
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We are at last ready to prove proposition 2.5.1.

Proof (of proposition 2.5.1). Extending the preceding construction by sifted colimits, we get a nat-
ural transformation 8: Leon(F(—)) x At — F(=)/dSt" of functors {dgLie® — Cat).. Let now X
denote an Artin derived stack locally of finite presentation. We get a functor

By LE o (Fxtx) x A — Fx(lx)/gsef,

On the one hand, the functor Sx(—,0) admits a right adjoint, namely the functor

Fx(£x)/dStl —> (x /dgLiex —> dgRepx (£x) —2> LY, (Flx)
On the other hand, using remark 2.5.5 and remark 2.2.6, we have an equivalence of functors

Map(Bx(—,1), (X x X)f) ~ lim lim Mapgee ¢, L/f(Spec(CAL @u*(—)"[-1]), X)

u: Spec A>X  Lou¥lx
. fft,>1
LedgLie ;4
~ lim lim Ma, — viTx[-1
wr SpeeAX  Louttx pdgModCAL( YV X[ ])
o f =1
LedgLie ;

where vy, is the map Spec(Cy L) ~ Fa(L) — X induced by L — u*fx ~ £4((Spec A x X)f). We get
Map(Bx (—,1), (X x X)) ~ Map(—, vxTx[—1]) where vx is the functor

vx: Qeoh(X) — LY (X x X))

qcoh

defined in the proof of theorem 2.3.1. The natural transformation Sx: Sx(—,0) — Bx(—,1) therefore
induces a morphism

vx(Tx[-1]) = gxAdx Lx (X x X)) ~ gxAdx (¢x)

and hence, by adjunction, a morphism Repy (Tx[—1]) = fxvx(Tx[—1]) = Adx(£x). It now suffices
to test on the underlying quasi-coherent sheaves on X, that it is an equivalence. Both the left and
right hand sides are equivalent to Tx[—1]. O
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