FROM ALE TO ALF GRAVITATIONAL INSTANTONS

Hucues AUVRAY

Abstract

In this article, we give an analytic construction of ALF hyperkihler met-
rics on smooth deformations of the Kleinian singularity C? /Dy, with Dy, the
binary dihedral group of order 4k, k > 2. More precisely, we start from the
ALE hyperkédhler metrics constructed on these spaces by P.B. Kronheimer,
and use analytic methods, e.g. resolution of a Monge-Ampére equation, to
produce ALF hyperkéhler metrics with the same associated Kéahler classes.

INTRODUCTION

This article deals with an analytic construction of a certain class of examples
of four dimensional non-compact, complete, Ricci-flat manifolds. One prominent
feature of such spaces lies in their appearance as limit spaces, after rescaling, of
families of compact Einstein 4-manifolds; this, among others, illustrates the inter-
esting role played by non-compact complete Ricci-flat manifolds in Riemannian
geometry in dimension 4.

Now, dimension 4 moreover allows one to specialise the question to Ricci-flat
Kihler, and even to hyperkdhler, non-compact, complete manifolds. If one adds
furthermore a decay condition on the Riemannian curvature tensor, this leads to:

Definition 0.1 (Gravitational instantons) Let (X, g, I, J, K) be a non-compact,
complete, hyperkdhler manifold of real dimension 4, and denote by p the distance
to some fized point o € X. Then X is called gravitational instanton if its Rie-
mannian curvature tensor Rm? satisfies the following L? condition.:

volY .

4
1 / Rm? |du s finite, where dp = S —
v X‘ | Voly(By(0, p))
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One can observe that this definition does not depend on the choice 0 € X, as this
choice does not affect the asymptotic behaviour of dpu.

Besides this differential-geometric definition, gravitational instantons also ap-
pear as fundamental objects in theoretical physics — where Condition (1) is thought
of as a "finite type action" assumption —, in fields such as Quantum Gravity [Haw]|
or String and M-Theories, see [CH, CK2| and references within.

Recall that hyperkdhler metrics are Ricci-flat. The fundamental Bishop-Gromov
theorem |GLP] thus implies that on gravitational instantons, ball volume grows at
most with euclidean rate. In other words, the "ball volume growth ratio measure"
dp in Definition 0.1 is at least positively bounded below by vol?.

If a bound du < CwvolY, C' > 0, also holds, one deals with Asymptotically
Locally Euclidean ("ALE") instantons. These hyperkihler manifolds are very well
understood: they are completely classified, after [BKN] and [Kro2| (with recent
extension [Suv] and [Wri] to the Ké&hler Ricci-flat case), and their classification
corresponds to an exhaustive construction by Kronheimer [Krol| — we shall often
refer to these spaces as Kronheimer’s instantons for this reason. In a nutshell, the
hyperkithler structures of these spaces are asymptotic to that of a quotient R*/T’,
with I" a finite subgroup of SU(2) = Sp(1); when moreover I' is fixed, these spaces
are all diffeomorphic to the minimal resolution of the Kleinian singularity C*/T.

Now, a result by Minerbe [Minl] — see also [CC| — states the following quantisa-
tion on gravitational instantons: if the asymptotic ball volume growth is less than
euclidean, i.e. quartic, it is at most cubic; one jumps from a bound du > cvol?
to a bound du > ¢(p + 1) vol?. If an analogous reverse upper bound holds, one
then speaks about Asymptotically Locally Flat, or ALF, gravitational instantons.
Roughly speaking, half of these spaces are classified, by Minerbe again [Min3|; their
geometry at infinity is that of a circle fibration over R?, and they are explicitly
described by the so-called Gibbons-Hawking ansatz. This includes the prototypical
Taub-NUT metric, living on R* itself [EGH].

Results. — The only possibility left for the asymptotic geometry of the ALF
gravitational instantons is that of a circle fibration over R3/4 [Min2|. This sec-
ond family, not classified yet, includes Atiyah-Hitchin’s "Dy-instanton" [AH]|, as
well as the "Dj-families", k > 2, produced by Cherkis-Kapustin [CK1, CK2| and
made more precise by Cherkis-Hitchin [CH]. To this regard, our main result con-
sists in a construction of such spaces with independent methods (see Paragraph
"Comments" below), and states as:

Theorem 0.2 Let (X, 9,1, I3, 1) be an ALE gravitational instanton modelled
on R* /Dy, with Dy, the binary dihedral group of order 4k, k > 2, in the sense that
the infinities of X and R*/Dy, are diffeomorphic, and that the hyperkihler structure
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of X is asymptotic to that of R*/Dy, via the diffeomorphism in play. Then there
exists on X a family of ALF hyperkihler structures (gm, Jffm, me, me)me(om),
such that, for any fired m € (0,00):

1. one can choose the diffeomorphism above so that g,, is asymptotic to the
Dy-quotient of the Taub-NUT metric f,, with fibres of length 7(2/m)Y? at
nfinity;

2. the Kdihler classes [gm(J},,-)], J = 1,2,3, are the same as those of the

initial ALE hyperkdhler structure, and moreover vol!™ = vol?* ;
3. the curvature tensor Rm?™ has cubic decay.

As is understood here, the Taub-NUT metric f,, is invariant under Dy, and
thus makes perfect sense on R*/D,. The asymptotics between the ALF metric
gm and f,, — a by-product of our construction — are as follows: if R = dg, (0, ")
(0 € R*/Dy,), then (g,, — f,,) and Vi (g, — £,,) are O(R~2%) for all € > 0.

Before discussing in more details on how Theorem 0.2 is proved, we shall under-
line that our construction heavily relies on the computation of the asymptotics of
the ALE instantons modelled on R*/Dj. More precisely, the construction of these
spaces by Kronheimer allows one to write down these asymptotics as power series,
the main term of which is the euclidean model (e, I3, I5, I3), and this actually holds
for any finite subgroup I' of SU(2) alluded above. We describe in this article the
first non-vanishing terms of those expansions:

Theorem 0.3 Let (X,g, LY, X I be an ALE gravitational instanton modelled
on R*/T. Then one can choose a diffeomorphism ® between X minus a compact
subset and R* /T minus a ball such that:

1. . gx—e=hx+0(r %), &, X -1, = £ +0(r=%) and if v = gx(;*-,") and
w$ =e(I;-,), then ®,w¥ —ws = @y +O(r~9), where hx, 1 and @i admit
explicit formulas and are O(r=*); for instance wy = — 22:1 c;(X)ddy, (r=2)

for some explicit constants c;(X).

2. when T is not a cyclic subgroup of SU(2), the O(r=%) of the previous point
can be replaced by O(r~°).

Here the O are understood in an asymptotically euclidean context: € is O(r~?) if
for any ¢ > 0, (Ve)ze‘e = O(r~**) near infinity.

Another crucial analytic tool in our construction is a Calabi- Yau type theorem,
adapted to ALF geometry:
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Theorem 0.4 Let o, € (0,1) and let (Y, gy, Jy,wy) be an ALF Kdihler }-
manifold of dihedral type of order (3, i, 3). Let f a smooth function in Cgf;(Y, gy)-

Then there exists a smooth function ¢ € C’g’a(Y, gy) such that wy +dd5 o is Kih-
ler, and verifying the Monge-Ampére equation:

(2) (wy + ddi}ycp)Q = efwl.

Let us say at this stage that an ALF Ké&hler 4-manifold of dihedral type of order
(3, a, B) is a complete non-compact Kéahler manifold of real dimension 4, agreeing
at infinity with a dihedral quotient of C? = (R*, I}) with Taub-NUT metric, "up
to order (3,a,3)". The precise meaning of this assertion, and the definition of
weighted Holder spaces C§f2 and C2, are given below, when using Theorem 0.4.

Comments. — We should start with some words on previous constructions of
ALF dihedral gravitational instantons. As mentioned above, D, ALF instantons
are known to exist since the works [CK1,CK2|, where such spaces are produced as
moduli spaces of solutions to Nahm’s equations or of singular monopoles; they have
moreover been described in an explicit manner in [CH|, via generalised Legendre
transform and twistor theory. Despite of this, and the fact that in both cases the
underlying spaces are Kronheimer’s instantons, due to the difference in the meth-
ods of construction, we were not able to show that these previous examples and our
examples coincide. However, it seems highly probable that in fact, both construc-
tions produce the same families of ALF hyperkdhler metrics; more precisely, we
believe that these constructions are (almost) exhaustive, in the sense that any ALF
dihedral gravitational instanton, except Atiyah-Hitchin’s Dy-instanton, fits into the
produced examples (up to a tri-holomorphic isometry): this folklore conjecture, es-
tablishing a strong link between ALE and ALF instantons, is the analogue of the
classification of [Min3|. Such a classification seems nonetheless delicate to avoid
in affirming that both constructions actually coincide, and we hope that some of
the analytic aspects of our construction, and especially the ALF Calabi-Yau type
theorem, could be of some help on that matter.

More closely to the statement of Theorem 0.2, notice that it is not of a per-
turbative nature: this corresponds to taking the parameter m in the whole range
(0, +00). The price to pay is somehow that so far, we do not control what happens
when m goes to 0. We conjecture that the ALF hyperkéhler structure converges
back, in C2-topology, to the initial ALE one, as is the case on C?; this question
will be handled in a future article.

Now in Theorem 0.3, the existence of the first order variation terms hyx, ¢;* and
@i is of course not new, as they already appear along Kronheimer’s construction
[Krol]. What is new though is their explicit determination, which we could only
find in the simplest case of the Eguchi-Hanson space (see e.g. [Joy, p.153|), i.e.
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when I' = Ay = {£idc2}. Notice at this point that as suggested by the statement
of Theorem 0.3, the shapes of hx, ¢ and w:* follow a general pattern which is
only slightly affected by the order of the group I'; up to a multiplicative constant,
we can indeed compute them on the explicit Eguchi-Hanson example. We think
moreover that Theorem 0.3 is of further interest; for instance, the order of precision
it brings could be useful in more general gluing constructions.

To conclude, we comment briefly Theorem 0.4. This result comes within the
general scope of generalising the celebrated Calabi-Yau theorem [Yau| to non-
compact manifolds, initiated by Tian and Yau [TY1,TY2|. A statement similar to
ours can be found in [Hei, Prop. 4.1], in a more general and abstract framework.
One interest of our result, nonetheless, simply lies in the fact that although we
ask more precise asymptotics on our data than Hein does, we get in compensation
sharper asymptotics on our solution ¢, which echo in the asymptotics of Theorem
0.2.

Organisation of the article. — This paper is divided into three parts, correspond-
ing respectively to Theorems 0.2, 0.3 and 0.4, plus an appendix. Part 1 is devoted
to the proof of Theorem 0.2. We first draw in section 1.1 a detailed program of
construction of our hyperkihler ALF metrics, leading us to the expected result
(Theorem 1.3). In section 1.2 are recalled essential facts on the Taub-NUT metric,
seen as a Kihler metric on C2. The construction itself occupies section 1.3 and
1.4; it consists into a gluing of the "non-compact part" of the Taub-NUT metric
with the "compact part" of the ALE metric of some ALE instanton, which we sub-
sequently correct into a Ricci-flat metric thanks to Theorem 0.4. The concluding
section 1.5, mainly computational, deals with the proof of two technical lemmas
useful to our construction.

In Part 2, which is mostly independent of Part 1, after recalling some basic facts
about Kronheimer’s construction of ALE instantons, we state Theorem 2.1, which
is a specified version of Theorem 0.3 — in particular we give the promised explicit
formulas (section 2.1). We give further details on Kronheimer’s construction and
classification in section 2.2, where we also fix the diffeomorphism of Theorem 0.3.
Then we compute the tensors hy, ¢f and @ in section 2.3; using similar tech-
niques, we show in the following section 2.4 that the precision of the asymptotics
is automatically improved when I' is binary dihedral, tetrahedral, octahedral or
icosahedral. We develop in the last section 2.5 few informal digressive consider-
ations on the approximation of complex structures of certain ALE instantons by
the standard I, relied on links observed in the construction of Part 1.

Part 3 is devoted to the proof of Theorem 0.4, which uses a continuity method.
The method is explained in section 3.1; the required analysis is done in the follow-
ing section, and the conclusion is given in the last section.
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Finally, the appendix gives a short account of a description of the Taub-NUT
metric on C? suggested by C. LeBrun [LeB].

Throughout all the article, C? stands for (R, I;) with I; the standard complex
structure given by the coordinates z; = x; + ixo, 20 = x3 + 224; We denote by I
and I3 the other two standard complex structures on R* = H, given respectively
by the coordinates (z1 + ix3, x4 + iz2) and (z1 + ixy, o + i73).

1  CONSTRUCTION OF ALF HYPERKAHLER METRICS

1.1 Strategy of construction

Outline of the strategy. — As described in [LeB| and as we shall see in next section,
one can describe the Taub-NUT metric on R* as a Dy-invariant hyperkihler metric
with volume form the standard euclidean one ()., Kéhler for the standard complex
structure 7, and compute a somehow explicit potential, ¢ say, for it.

Now, given one of Kronheimer ALE gravitational instantons (X L gx, IS 5 I )
modelled on R*/Dy, we have a diffeomorphism ®y between infinities of X and
R*/Dy, such that ®x,gx is asymptotic to the standard euclidean metric e, and
Oy I¥ is asymptotic to I;. It is this way quite natural to try and take dI;*d(®% )
glued with gx as an ALF metric on X, before we correct it into a hyperkéhler met-
ric. This naive idea works in a straightforward manner when (X wEs ) is @ minimal
resolution of (C?/Dy,, I,) and ®x the associated map. However this fails in the
general case, where (X X ) is a deformation of (C*/Dy, I ), without further pre-
cautions: the size of the Taub-NUT potential ¢, roughly of order r* as well as
its euclidean derivatives, together with the error term ®x, ;¥ — I on the complex
structure, even make wrong the assertion that the rough candidate dI;{¥d(®% ) is
positive — in the sense that dI;¥d(®% ) (-, I;X-) is a metric — near the infinity of X.

Fortunately, up to choosing a different complex structure on X to work with,
we can make the appropriate corrections on ¢ so as to get a good enough ALF
metric on X to start with, and then run the same machinery as in the minimal
resolution case, up to minor but yet technical adjustments, so as to end up with
Theorem 0.2.

Detailed strategy, and involvements of Kronheimer’s instantons asymptotics. —
We shall now be more specific about the different steps involved in the program
we are following throughout this part.
1. Let SO(3) act on the complex structures of X as follows: for A = (aj) €
SO(3), define the triple (AIY). as

(A[X>- = ((A[X)j)jzlg,g = (aﬂ[lX + aj2[2X + aj3]§()j:1,2,3;

6
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then (X, gx, (AI¥)1, (AIX)y, (AIY)3) is again hyperkihler, and is therefore
an ALE gravitational instanton modelled on R*/Dj.

. With the model R*/Dj, at infinity fixed, Kronheimer’s instantons are parame-
trised |Krol] by a triple ¢ = (¢1,(2,¢(3) € h @ R3 — D, where b is a (k + 2)-
dimensional real vector space endowed with some scalar product (-,-), and
D is a finite union of spaces H ® R? with H a hyperplane in h (as notation
suggests, b is a Lie algebra; we will be more specific about its interpretation
in part 2). This parametrisation is compatible with the SO(3)-action of Point
1. in the sense that if  is the parameter associated to (X, gx, I{\, I3, I3),
and if (Y, gy, IV, 1Y, Ig) is the instanton associated to A(, defined by:

(3) AC = ((AC)j)jzl,Z,B = (aﬂCi + ajoC + aj3C3)j:172737

then there is a tri-holomorphic isometry between (Y, gy, IV, 1Y, 1Y ) and
(X, gx, (AIY)1, (AI%)y, (AI*)3): this is Lemma 2.3, stated and proved in
Part 2. Defined this way, A( is of course still in h ® R® — D; otherwise
A( € H ® R3 for one of the hyperplanes H mentioned above, and thus
¢ = A'(A¢) € H ® R?, which would be absurd.

. In general, one can take the diffeomorphism ®x between infinities of X and
R*/Dy, so that ®x,I;* — I; = O(r~*) with according decay on derivatives,
which is not good enough for the construction we foresee. We can nonetheless
improve the precision thanks to the following two lemmas:

Lemma 1.1 If £ € h @ R® — D is such that |&)* — |&]° = (&2,&) = 0, and
(Y, gy, IV, 1Y, Igy) is the associated ALE instanton, then one can choose Py
such that there exists a diffeomorphism 3 = J¢ of R* commuting with the
action of Dy, and such that:

(Vo) (Py. I} — 3*—71)‘ = O forall £ >0.

Moreover, the shape of 3 is given by: J(z1,2) = (1 + ﬁ)(zl,@), where
k,a € R, and (21, 29) are the standard complex coordinates on (C? 1), and
[(VO) (e — T Q) |, = O™ for all £ > 0.

Lemma 1.2 For any ¢ € hR3, there exists A € SO(3) such that |(AC)s|? —
[(AQ)3[* = ((AQ)2, (AC)s) = 0.

Lemma 1.1, which relies on our analysis of the asymptotics of Kronheimer’s
instantons, is proved in section 1.3, assuming a general statement for these
asymptotics that is seen in Part 2; Lemma 1.2, which is elementary, is proved
at the end of this section.
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4. Recall that ( is the parameter of our given instanton X. We choose A as in
Lemma 1.2, consider the instanton Y associated to € = AC € h @ R3 — D,
and perform the gluing of the Kéhler forms and correct a prototypical ALF
metric into a hyperkdhler metric, with the potential ¢’ := J*¢ instead of
. Thanks to the better coincidence of the complex structures, the rough
candidate dI} d(®% ") is now positive at infinity, and actually also rather
close to f* := J*f, with f the Taub-NUT metric on R*, Kahler for I;.

We should moreover specify here that the gluing also requires a precise de-
scription of the Kéhler form w} := gy (IY-,-), which is again part of the
analysis of the asymptotics of Kronheimer’s ALE instantons.

We get this way after corrections a Ricci-flat, actually a hyperkdhler, mani-
fold (Y, gg/,fly,J%/,Jg/), with ®y g} asymptotic to f’, and [gg/(fly,)] =
lgy (I} -, )]; the construction also gives [gy (Y-, -)] = [gy(I)-,-)], j = 2,3.

5. We let A* = A~! act back on the previous data to come back to X, and end
up with a hyperkdhler manifold (X, g, JiX, J55 J?f(), with [g’X(JjX-, )] =
lgx (1)), 7 = 1,2,3, and ®x g asymptotic to f*. provided that ®y is the
composite of &y and the tri-holomorphic isometry of Point 2 .

We shall also add that we can play on the metric f in this construction. Indeed,

f is invariant under some fixed circle action on R*, and the length for f of the fibres
of this action tends to some constant L > 0 at infinity. We can make this length
vary in the whole (0, 00) and keep the same volume form for f; given m € (0, c0)
that we call the “mass parameter”, we then denote by f,, the Taub-NUT metric
giving length L(m) = 71'\/% to the fibres at infinity, and of volume form Q. (the

choice of the parameter m instead of L will become clear in next section).
We can then sum our construction up by the following statement, which is the
main result of this part, and is a specified version of Theorem 0.2:

Theorem 1.3 Consider an ALE gravitational instanton (X, gx, I, I, Igf) mod-
elled on R*/Dy,. Then there exists a one-parameter family (g . Jiom: Joom: J5om)
of smooth hyperkihler metrics on X such that, for any fized m € (0, 00):

e the equality [g’Xm(JJXm,)} = [gX([]X-, )} of Kdihler classes holds for j =
1,2,3;

® g, and gx have the same volume form;

® g%, is ALF in the sense that one has the asymptotics
£2\¢ b _ —1-4 _
‘(V ) ((I)X*g;(,m_fm)‘f%_O(R )7 6_0717
for any § € (0,1), and that Rm?m has cubic decay at infinity.

8
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Here R is a distance function for £2,, and ®x is an ALE diffeomorphism between
infinities of X and R*/Dy, in the sense that |Px.gx — ele and |®x, I\ — Ij|e are
O(r=%), with according decay on derivatives.

In this statement, 2, = J*f,,, where J = J4; is given by Lemma 1.1, ¢ €
b ® R® — D is the parameter associated to (X, gx, I\, I3, I3), and A is chosen
as in Lemma 1.2. There might a slight ambiguity here, since different A € SO(3)
could do — namely, given ( as in Lemma 1.2, there may be many A satisfying its
conclusions; we will see however in Remarks 1.4 and 1.9 that 3 as we construct it
is not affected by this choice.

Points 1. and 5. above do not need further developments. We postpone the tri-
holomorphic isometry of Point 2. to Part 2, paragraph 2.2.1, as it is easier to tackle
with a few further notions on Kronheimer’s classification of ALE gravitational
instantons. As for Point 3., as mentioned already, the proof of 1.1 is given in
section 1.3 assuming results from Part 2; apart from the proof of Lemma 1.2
which we shall settle now, our main task in the current part is thus the gluing
and the subsequent corrections stated in Point 4., to which we devote sections 1.3
and 1.4 below, after recalling a few useful facts on the Taub-NUT metric seen as
a Kihler metric on (C?, ;) in next section.

Proof of Lemma 1.2. For ¢ € h ® R?, define the matrix Z(() = ((Cj,@>)1<ﬂ<3
of its scalar products. It is elementary matrix calculus to check that the S(_)<3_)—
action defined by (3), and referred to in the statement of the lemma, translates
into: Z(AC) = AZ(()A".

Fixing ¢, we thus want to find A € SO(3) such that AZ(¢)A" has shape:

(4)

* ¥ =
I
> O %

Since Z = Z(() is symmetric, there exists O € SO(3) such that OZO" =
diag(A1, A2, A3), and we now look for @ € SO(3) such that @ diag(A1, A2, \3)Q"
has shape (4); setting then A = QO leads us to the conclusion. If two of the \;
are the same then we are done, up to letting act one of the permutation matrices

100 010 001 . . .
00 0] (oo and 0.10). Up to this action again, we can therefore assume

)\1>>\2>)\3.
Setting
w172 v 1/2
(322" 0 (=)
Q= 0 1 0 :
aan1/2 v 1/2
-G 0 (=)
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. . . . A1+A3—A2 0 —A
a direct computation gives: @ diag(A;, A2, A3)Q" = ( 0 )E)Q K >, where A =
- 2

(A1 — A) 2 (A — A3) /2. O

Remark 1.4 Our choice for Q) is a little arbitrary; however,one can show that the

only possibilities for writing Q diag(A1, A2, A\3)Q", that is, AZ A", under shape (4)
A1+A3—A2 Acos¢p Asing
are the ( 1fkc935£ ’ >(\)z )EJ >, ¢ € R, and again \y > Ay > As.
sin 2

1.2 The Taub-NUT metric as a Kiahler metric on (C?, I;)

Before we proceed to the gluing of the Taub-NUT metric with the ALE metric of
one of Kronheimer’s instantons, we recall a few facts about this very Taub-NUT
metric on C2, that will be used in the analytic upcoming sections 1.3 and 1.4. Our
main reference here are |GH, LeB].

1.2.1 Gibbons-Hawking versus LeBrun ansatze

Gibbons-Hawking ansatz. — As recalled in the Introduction, the Taub-NUT metric
on R* is often described via the Gibbons-Hawking ansatz as follows: given m €
(0,00), set

£ = V(dyi + dy; + dys) + Vi,

where (y1,y2,ys3) is a circle fibration of R*\{0} over R3\{0}, V is the function
Ll (harmonic in the y; coordinates) with R?* = yi + y3 + 3, and where 7 is
a connection 1-form for this fibration such that dn = %gsdV. Thus defined, the
metric f,,, confers length 71/2/m to the fibres at infinity, and is hermitian for the
almost-complex structures

7 Vdy, — n,
“r dy, — dy,,

with (a,b,c) € {(1, 2,3),(2,3,1),(3,1, 2)} These are in fact complex structures,
verifying the quaternionic relations J,J,J. = —1, for which f,,, is Kéahler, thanks
to the harmonicity of V: f,, is thus hyperkihler. One checks moreover that this
way, the metric f,, and the complex structures extend as such through 0 € R*.

We now switch point of view to a description better adapted to our construc-
tion.

LeBrun’s potential. — As depicted in [LeB] and reviewed in detail in Appendix A,

one can give a somehow more concrete support of the description of f,,, through
which the complex structure .JJ; mentioned above is the standard I; on C2, and

10
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vol'™ = (), the standard euclidean volume form. One starts with the following

implicit formulas:
2_
’21 | em(u v

() >

’22| _ em(v —u

2)u’

2)’[)7

defining functions u,v : C* — R, invariant under the circle action € - (2, 29) =
(€?2,e ®2) which makes S! as a subgroup of SU(2); notice the role of m in

these formulas, which enlightens our choice of taking it as the parameter of the
2

upcoming construction. One then sets y; = %(u — %), Yo +iys = —iz129, R =

T+ = (yvi+y3+ y§)1/2; these are S'-invariant functions, making (y1, 2, y3)
as a principal-S* fibration C? — R?® away from the origins. One finally defines:

(6) o = (i 0 o)) =

I (R+m(R*+y})).

DN | —

One can then check — see Appendix A — that ddf ¢,, is positive is the sense
of I -hermitian 2-forms, and that (ddf, ©Om)? = 2Q. If one sets moreover V =
H;;”R, and n = [V dy,, noticing by passing that 7 is then a connection 1-form
for the fibration with dn = *gsdV, one has: f,, := V(dy? + dy3 + dy3) + V"'n* =
(dd§ ) (-, I1-). This metric is well-defined at 0 € C?, as (dd§ ¢,,) (-, I1-) = e at
that point.

The metric f,, is therefore Kéhler for I; with volume form vol'™ = Q. on the
whole C?; by the standard properties of Kéhler metrics, it is thus Ricci-flat. One

recovers a complete hyperkihler data after checking that the defining equations

(7) £ (Jje50) = wf, where  w§ =e(l;,), Jj=2,3,
with Iy, I3 the other two standard complex structures on R* = H, give rise to
integrable complex structures, verifying respectively J; : Vdy; — 7, dyi, — dy, for
(7,k,0) = (2,3,1),(3,1,2), as well as the quaternionic relations together with I.

Let us now give a look at the length of the S'-fibres at infinity. Consider the
vector field & := i(zl% - 2_18%7 — 223%2 + Z_Q%) giving the infinitesimal action of
S'. Onme has dy;(—1,€) = V71, thus n(§) = 1, and dy;(¢) = 0, j = 1,2, 3; since R

is S'-invariant, the length of the fibres is just 27V /2, which tends to 7+/2/m.

Remark 1.5 FEven if we can let m vary, this description actually leads to essen-
tially one metric; indeed, if k¢ is the dilation of factor s > 0 of R*, one gets with
help of formulas (5) and (6) the following homogeneity property: rif,, = s*f,2,
which is offcourse coherent with the length of the fibres at infinity and the fact that
vol'™ = vol'ms? = ().

11
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From now on, we see the mass parameter m as fized, and we drop
the indices m when there is no risk of confusion.

The Taub-NUT metric and the action of the binary dihedral group on C?. — For
k > 2, which we fix until the end of this part, the action of the binary dihedral
group Dy of order 4k seen as a subgroup of SU(2) = Sp(1) is generated by the
matrices (; = (eig/k eﬂ.o,r/k> and 7 = ((1)_01). One has: Gy; = y;, j = 1,2,3,
and thus ({R = R, and (/1 = n, whereas: 7*y; = —y;, j = 1,2,3, thus 7" R = R,
and 7*n = —n. The Taub-NUT metric f is therefore Dj-invariant, and descends
smoothly to (R*\{0})/D;.: this is the metric we are going to glue at infinity of Dy-
ALE instantons in the next section. Before though, we need a few more analytical

tools for the Taub-NUT metric as we describe it here.

1.2.2  Orthonormal frames, covariant derivatives and curvature

In addition to the above relations between the vector field £, and the 1-forms
n and dy;, j = 1,2, 3, one has that the data

(8) (607 €1, €2, 63) = (V1/2§7 _Ilv1/2€7 V71/2<7 Vﬁl/QIIC)7
is the dual frame of the orthonormal frame of 1-forms
9) (eg, €5, enex) = (V7120 VI2dy, , V' 2dys, V' 2dys)
on C?\{0}, provided that the vector field ¢ is defined by:
1 0 0 0 0
0 ok (L om0yt Dz )
(10) ¢ 57\ (22 o= 073 821) +e (=1 = 071 9%

see Appendix A; we keep the notations (e;);—o,..,
part. An explicit computation made in Appendix A then gives the estimates

.....

‘(Vf)éej{f =O(R™"") near infinity for all £ > 1 and j =0,...,3.

Consequently, for all £ > 0, |(VF)*Rm" |, = O(R™**) - this justifies the termi-
nology "Asymptotically Locally Flat" for f; this estimate, done using the Gibbons-
Hawking ansatz, can also be found e.g. in [Minl, §1.0.3].

We close this section by two further useful estimates, giving an idea of the
geometric gap between e and f: first, at the level of distance functions, rearranging
formulas (5) gives: R < 2r%, which is sharp is general; second, there exists C' =
C(m) > 0 such that outside the unit ball of C?, C~'r~2e < f < Cr?e, which,
again, is sharp in general. Details are given in Section A.2, in Appendix A.

12
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1.3 Gluing the Taub-NUT metric to an ALE metric

As is usual when gluing Kéahler metrics, we shall work on potentials to glue the
ALF model-metric to an ALE one. The previous section gives us the potential ¢
for the ALF metric (equation (6)); the following paragraph provides us a sharp
enough potential for the ALE metric.

1.3.1 Approximation of the ALE Kahler form as a complex hessian

Asymptotics of the Kdhler form and the complex structure. — In view of Step 3.
and 4. of the program developed in section 1.1, since we are performing our gluing
on some specific ALE instantons, we fix for the rest of this part

(11) §eh—D, such that: [&[* — |&]° = (€2, &) =0,

and consider the associated ALE instanton (Y, gy, 17, I3, I3). Lemma 1.1 gives an
ALE diffeomorphism ®y : Y\K — (R*\ B)/D;,, where K is some compact subset
of Y and B a ball in R* centred at the origin; recall that by “ALE diffeomorphism”
we mean that for all £ > 0,

(Vo) (Py.gy —e)|, = O,

and likewise on the complex structures. Before using the more specific properties
of ®y at the level of complex structures, let us mention the following: we want to
proceed to a gluing of Kéhler metrics, and the convenient way of doing so is to
glue the Kdahler forms, via their potentials. We already have a candidate for the
potential of an ALF metric at infinity at hand: as evoked, this would be ®y ¢
(see Point 4. in section 1.1). Conversely, we need to kill the ALE metric near
infinity, and for this we want a sharp enough potential, in a sense that we make
clear below, see Proposition 1.10. We thus need for this a sharp knowledge of
the Kihler form wl = gy (IY-,-), and since we are about to compute I -complex
hessians as well, we also need a precise description of the complex structure I} .
These are given by the following, from which Lemma 1.1 actually follows as we
shall see at the end of this section, with the same ®y:

Lemma 1.6 One can choose the ALE diffeomorphism ®y such that
(12) Dy w) = w — c(|& 20 + (&1, &)05 + (&1,&5)03) + O(r ™)

where ¢ > 0 is some universal constant, §; = iddf,j (r*2), 7 =1,2,3, on the one
hand, and if 1Y denotes ®y IV — Iy, then it is given by:
rdr - o

ety ) = —c(l&f + 167 G +0(r™®)

where ¢ is the same constant as above and oy = Iyrdr, on the other hand.
We can moreover assume that @y ,Qy = Qe, where Qy = volI¥.

13



From ALE to ALF gravitational instantons

In this statement the error terms O(r~8) are understood in the “euclidean way”,
namely for any ¢ > 0, the fth Ve-derivatives of these tensors are O(r=87*). This
lemma requires further notions on Kronheimer’s construction, and is more precisely
a direct application of Theorem 2.1 of Part 2 to Y = X, with & verifying (11).
Notice however the error term order -8, whereas one would expect —6, if one thinks
for instance about the Eguchi-Hanson metric ( [Joy, Ex. 7.2.2]); this estimate
is crucial in proving Lemma 1.1, and is specific to (groups containing) dihedral
binary groups. Besides, the assertion on the volume forms is only needed in next
paragraph.

Approzimating wi as an I -complex hessian. — We shall see for now how Lemma
1.6 allows us to approximate the Kihler form w} as an I} -complex hessian, with

respect to the Taub-NUT metric pushed-forward to Y:

Proposition 1.7 Take ®y as in Lemmas 1.1 and 1.6, and denote byf a smooth
extension of ®y*f on Y. Then there exists a function W on Y such that near

nfinity,

(13) |(VH (W) - ddsy U)|; = O(R™),  (=0,1,2

.

More precisely, ¥ can be decomposed as a sum Py Vo + Py VW, q, where on the
one hand, Vo, = O(1?), \I/euc‘e = O(r), and

(14) (Vo) (wf = cl&]*61 — dd;y*q\l/euc) ‘e =0(r %" for all £ > 0,

and on the other hand, V4,

d\Imed|f =O(R™), and

(15) (VO (= e((€r, &)0a+ (&1, E3)05) —ddg,, pyVimxa) )|, = O(R™?), €=0,1,2.

Proof. Notice that once the statement on We,. (the “euclidean component” of W)
and V.4 (the “mixed component”) are known, estimates (13) follow at once by
transposition to Y of estimates (14) and (15) and of the expansion of w] stated
in Lemma 1.6, keeping the following fact in mind:

Fact 1 If a is a tensor of type (2,0), (1,1) or (0,2) such that ’(Ve)za|e =
O(r=227%, a>1,0=0,1,2, on R*, then |(Vf)‘/a’f =O(R'"™),£=0,1,2.

This fact takes into account estimates such as R = O(r?) and C~'r~%e < f <
Cr?e of Proposition A.9 at level ¢ = 0, and follows from explcit computations
using the formulas of Lemma A.11; these are given in Appendix A.

We hence come to the statements on V., and ¥,.9. We consider before
starting a large constant K such that the image of ®y is contained in both {r >

14
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K} C RY/Dy, and {R > K} C R'/Dy, and define a cut-off function y : R — [0, 1]
such that:

x(t) =

which will be useful when defining functions to be pulled-back to Y via ®y-.

0 if t<K-—1,
1 if t>K,

The euclidean component Vq,.. In an asymptotically euclidean setting, a natural
first candidate for the potential of a Kahler form is }17“2. Now remember we are
working with I} — or more exactly with ®y,IY, but we forget about the push-
forward here for simplicity of notation; following Lemma 1.6, a straightforward

computation gives, near infinity in R*:
1 1 1
ddjy (ZTQ) — 5d[([l + o) Jrdr] = §d[a1 + c(|& + &) rtan + O]

= wf — c(|&]* + |&11)6: + O(r ™),

where the O are understood in the euclidean way. On the other hand observe that
Lid(r=%) = —2r~%ay, and thus

ddsy (™) = d[(1 4+ ))d(r)] = d[ = 2~ 'n + O] = 461 + O().
Now define

Ve = XV + cal? + Il — 61 P)r2);

on R*/Dy, (it is Dy-invariant); it has support in the image of ®y, has the growth
stated in the lemma as well as its differential, and by the previous two estimates
we get that w$ — ¢|&]%0; — dd%Y*I},\IIeUC = O(r~®) for e with according decay on
the derivatives, as wanted.

The mixzed component ¥ q. The main reason why we could construct W, such
as to reach estimates (14) is essentially that 6, can be realised as an [;-complex
hessian, at least away from 0. Now realising 65 and 03 as I;-complex hessians as
well does not seem possible: see [Joy, p.202| on that matter. Nonetheless, 6, and
03 may not be so problematic when looked at via f. We can indeed approximate
them precisely enough with respect to this metric by the I; or I} -complex hessians
of some well-chosen Dj-invariant functions, provided that we partially leave the
euclidean world and use also functions coming from Taub-NUT geometry, e.g. y;
and R (hence the previous dichotomy “euclidean/mixed”):

Lemma 1.8 Consider the complex valued function

(yo + dys) sinh(4my;)
2R

wc =2
on RN\{0}. Then near infinity:

15
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1 |(V |, = O(R™Y) for £ =0,...4;

2. }(Vf)z(ddflzﬂc — (0 + i@g))|f = O(R™2) for £ = 0,1,2, and these estimates
hold for IY as well.

The proof of this crucial lemma is essentially computational, which is why we
postpone it to section 1.5. For now set 1 = Re(v).) and 13 = Im(?).), and define

Ui i= =X (R)((&1, §2)02 + (&1, €3)03).

In view of Lemma 1.8, such a function, defined on the image of ®y, verifies the
growth assertions of Proposition 1.7, as well as the estimates (15): Proposition 1.7
is proved. 0

We are now in position to perform the gluing advertised in Point 4. of the
program of section 1.1. This is done in next paragraph to which the reader may
jump directly, since we conclude the current paragraph by the proof of Lemma 1.1,
assuming Lemma 1.6 (and more precisely the assertion on I} in that statement).

Proof of Lemma 1.1 following Lemma 1.6. We fix ®y as in Lemma 1.6; we work
on R*, and to simplify notations we forget about the push-forwards by ®y-.

We are thus looking for a diffeomorphism 3 of R* such that |I}" — 3*1 1|e =
O(r™8), with according decay on euclidean derivatives — until the end of this proof
we forget about ALF geometry and stick to the euclidean setting; we will thus
content ourselves with using O in this euclidean meaning. An explicit formula is
given for Jin the statement of Lemma 1.1, which is: 3(z1, 22) = (14 —%7) (21, 22)
with (21, 22) the standard complex Coordlnates on (C?, I,); since the value of x does
not affect asymptotic considerations — changing x only contributes as a O(r=3%) —,
we could thus, up to determining the value of the constant a, simply check that
such a J meets our requirement, in light of the asymptotics for I} stated in Lemma
1.6.

We prefer nonetheless the following more constructive approach. If we are
to look for some 3 as in the statement, we should certainly take it with shape
(21,22) = (214¢1, 22 +e2), with e; = O(r™*), j = 1,2. The condition I} —2*[; =
O(r~®) can be rewritten as a condition on €;: I} 3*dz; = 3*(I1dz) + O(r™8) =
2*(—idz)+O0O(r78), i.e. IY (dz;+dey) = —i(dz; +de;) +O(r~®). Recall the writing
IIY = ]1+L}/; the previous condition hence gives us: I1dz; +]1d51+L}/dzl = —i(dz+
de1)+O(r=®). Since I ,dz; = —idz, and I de; = I,(0e1+0s1) = i(—0e,+0¢e1) (with
0 and 0 those attached to I;), the final condition is: 2i0s; = —1Ydz, + O(r=8) =
dz1(ey ) + O(r™).

Set a; = Iyrdr, j = 2,3; from Lemma 1.6, rdr(:}-) = wM +O(r™7),
al(vV) = C(Mi—j'&ﬂrdr + O(r™), as(ty+),as3(t)) = O(r~"). Hence from the
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equality
1 —
dz, = ) [zl(rd'r’ +io) — Z3(ag + Z'Oé3)}a

we have: dz (1)) = wa(al + irdr) + O(r=%) = icﬂ&'i—:'éﬁ(z%dz_l +
z122dz_2) + O(r78). At last we must thus solve

c(|&)” + |§3\2)(

r

20e, = Z1dZT + 2120d%) + O(r™°).

One easily checks that £, = —w

4r
leads us to g9 = —W, and one checks easily that this way, one has indeed

—2*I; = O(r~®). The last point to be dealt with is the singularity of the ¢; at 0;
_c(l&lP+1E12)z; c(|é22+1€312) 25

1+4r4 A(krh)
with x > 1 large enough so that J = id¢2 +(1, £2) is a diffeomorphism of C?; we
leave it to the reader as an exercise to check that £ = 20c(|&|? + [£3|?) is sufficient.

The estimate J*Q, — Qo = O(r~8) amounts to seeing that %e(g—z + 2_2) =

O(r=8): extend id(z;+&1) Ad(Z1+27) ANid(22+€2) Ad(Z2+E3), and look at the linear
_ cll&2*+1gsl?)
K

is an exact solution. A similar analysis

one can nonetheless take instead ¢; = , or, better, ¢; =

terms in €1, £9. Since after multiplication by a := the error would
again be O(r~%), we can do this computation with % and % playing the respective

roles of €1 and 5. Now i(Z—J) = %4 — 2'%' , 7 =1, 2. Slnce these are real, we only

9z; \rt
need to compute the sum 3o (T4) + 3., (T4) which is 5 — Q‘j—gf — 2‘j§|2 =0.
The Dj-invariance of 3 thus constltuted is clear. ]

Remark 1.9 According to the preceding proof, 3 as we construct it depends only
on c(|&|? + &)%), If now & is chosen as an A, A € SO(3), ¢ € h— D, s0 as to
satisfy condition (11) as is evoked in Point 3. in the program of section 1.1, by
Remark 1.4, |&]? = |&|? does not depend on A, and has to be the middle eigenvalue
of the matriz (((;, (s)). Consequently, 3 = ¢ does not depend on A € SO(3).

1.3.2 The gluing

We keep the notations of the previous paragraph: (Y, Jy, (IJY) j:17273) is a Dy-
ALE instanton with parameter ¢ verifying (11), ®y an asymptotic isometry be-
tween infinities of Y and R*/D,, fixed by Lemma 1.6, and 3 is given by Lemma
1.1 which we may also see as as diffeomorphism of (R*\{0})/Dx.

As alluded above, the form we want to glue w) = gy (I -,-) with at infinity is
dIY dy’, where o’ = J*p, with ¢ = ¢,, is LeBrun’s I -potential for f given by (6).
We set likewise £> = J*f, both on R* and its quotient. Recall that ¥ = \I/euC—I—\Imed
is defined in Proposition 1.7 as an approxunate IY -complex potential of wY. Next

proposition explains how to glue dI Ydap to w!’, so as to obtain an ALF metric on
Y at the end:
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Proposition 1.10 Take K > 0 so that the identification ®y between infinities of
R*/Dy and Y is defined on o > K. Consider ro > 1, 5 € (0,1] and set

(IDEn =KO (tpl’ + Vixd — K) - X((T - T0)6>{f’eum

where kK : R — R is a convex function vanishing on (—00,0] and equal to idg
on [1,00), x is the cut-off function Z—’;, and Veye := X(r — 170)Weuc. Then if the
parameters K and ro (resp. ) are chosen large enough (resp. small enough), the

symmetric 2-tensor g,, associated via I} to the IY -(1,1)-form
Wi 1= WY + dd;ly .

is well-defined on the whole Y, is a Kdhler metric for I, is ALF in the sense that
}(Vfb)f(gm - f")|f,, = O(R™?) for £ =0,1,2, and its volume form Q,, verifies

(16) (V) — )|, = O(R?)
for £ =0,1,2, where Q is the volume form of the ALE metric gy .

Proof. To begin with, we mention the following comparison between f and its
correction f> = J*f, that we will keep in mind:

Lemma 1.11 For{=0,1,2, we have: }(Vf)g(fb—f)‘f = O(R™) onR*. Moreover
FR=R+O(R™M).

The proof of this lemma is postponed to Section 1.5 (§1.5.2). For now, we first
consider the closed [ f -hermitian form ddiquo (gpb F+Wa— K ) on Y. Even though
1
K is not fixed yet, this form is equal to ddfy (gpb + \Ifmxd) on {¢@’ + Wpq > K +1}
1

seen on Y via ®y — this is possible for K large enough since ¢ + W, 4 is proper on
R* as ¢’ > J*R ~ R (by Lemma 1.11) and ¥,y = O(R™'). Moreover  is convex,
and thus dd;y [FL o) (gob 4+ Wwa — K )} is non-negative wherever ddiy (gpb + ‘Ilmxd) is,
1 1
which we claim is the case near infinity. Since indeed }ddiy \I/mxd‘f = O(R™), our
1
claim will be checked if we prove the estimate:

£b

(17) (dd%@b—%[fb(f}’-,-) — (1 )]

as wep 1= %[fb(lly-, ) —f (-, Iy )} is nothing but the I -hermitian form associated
to the I{ -hermitian metric 3 [£*+£ (I} -, I} -)] — notice @y is not closed in general.
Pushing-forward by 3, proving estimate (17) amounts to seeing that:

= O(R™).

£b

1
dds, o =S[00 ) — £, 30 )]
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Now ddg*lfgo = d3, I} dp = we + dydp, where we = f(I;-,+) and y = 3,17 — 1.
Let us estimate djdyp; by Lemma 1.1 and by the analogue Fact 1 in the proof
of Proposition 1.7 for (1, 1)-tensors, for all ¢ > 0, |(Vf>£j|f = O(R™3), whereas
|(VF) |, = O(R*™); therefore |dydp|, = O(R™2). On the other hand, still from
Y =L+ £(3.07,) —£(, 3.0 - ) = 2w + £(5-,-) — £(-,7-). The error term
£(y,-)—£(-, ) is controlled by |y|¢, which is O(R~%). We have thus proved estimate
(17). Thanks to the general formal formula

(18) VIt = V9T + (g + h) ™« VIh x T,

(see e.g. |GV, p.21]) for any metrics g and g+ h (h is thus seen here as a perturba-
tion) and any tensor 7', with Lemma 1.11 take g = f, g+ h = f* and T the tensor
in play, we prove with the same techniques an estimate similar to (17) up to order
2, that is:
b c _
(V™) (ddS, ¢ — )|, = O(R2),

for £ = 1,2. If therefore K is chosen large enough, and taking moreover the
contribution of ¥4 into account, w}/ + ddf.Y (cp" + WU — K ) is well-defined and
1

is an I} -Kihler form, and is equal to (w] — ddSy Wyia) 4+ @op up to a O(R™?) error
1

at orders 0,1 and 2 for f*; we fir such a K once for all.

We now deal with the summand —x ((r — ro)” )\T/euc of ® . which is meant to

kill the ALE part the Kéhler form we reached, or equivalently of the I -hermitian
form (wf — dd;Y\Imed) + we. As before, there are two issues here: the positivity
1

of the resulting I7-(1,1) form on Y, and its asymptotics.

About the latter, since we are only looking at what happens near infinity, notice
they are independent of ry and . Indeed, for any value of these parameters, and
provided that r( is chosen much larger than K, we have on r > o+ 1, by definition
of ®

wy + ddsy P = (w — ddiy U) +ddS v,
with W that of Proposition 1.7; the parenthesis in the right-hand side is thus

O(R™?) for f by this proposition, and again this holds for £ by Lemma 1.11. We
have already dealt with the asymptotics of dd< ;¢ in the previous step, and know
*1

they verify the announced estimates, i.e. the metric associated to this Kéhler form
via I} differs from f* up to order 2 by a O(R~?) error.

We are therefore left with the positivity assertion, which has to be proved
carefully since we essentially have to subtract a metric to another one, hence our
use of the two parameters rq and 5. This boils down to the following:

e take ry so that on r > rg, dd;ly (gob 4+ Uonxd — K) > %wfb,
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e consider the remaining part wf—ddﬁy [X((T—TO)’B ) \Tleuc] , which can be rewrit-
1
ten as

x((r = 10)°) (] = ddgy D) + (1= x((r = 10)")) + Rs.

where R vanishes outside of {rg < r < 1y + 1}, and |Rsle < Cp for some
constant C' = C(rg) independent of j;

e consider x((r—7o)°) (w} — ddiy\fleuc): it is O(r~*) for e, that is O(r=?2) thus

O(R™Y) for f or f*, and vanishes outside {r > ry}; one can thus fix r large
enough so that this 2-form is > _%Wfb everywhere on Y';

e fix finally 3 so that|Rsle is small enough to say that |Rg|p < gy where
it may not vanish, i.e. on {ro < r < ro+1}. This way w} — ddSy [x((r —
- 1
ro)ﬁ)\lfeuc} > _%wfb - %Wfb = _%Wfb, and therefore w! + ddIIYCD?n > %Wfb —
3Tp = 3
Woid — K ) >0 on Y\{r > ¢}, hence the desired positivity assertion.

1@ — 3p on {r > ro}, whereas it is equal to wy + ddy (" +
1

The last part of the statements concerns volume forms, and is a direct con-
sequence of the estimates on the metrics, after observing that (on R*, say; recall
that ®y,Qy = Q): vol’ —Qy = J*volf —Q = J*Qp — Qe, Which can be writ-
ten as Qe with ‘(Ve)fa‘e = O(r™®), £ > 0, by Lemma 1.1. This converts into
}(Vfb)fg‘fb = O(R™), £ > 0, which is better than wanted. O

1.4 Corrections on the glued metric

1.4.1 A Calabi-Yau type theorem

We want to correct our I -Kéhler metric g, from Proposition 1.10 into a Ricci-
flat Kéhler metric. For this it is sufficient to correct it into an I} -Kéhler metric
with volume form €y, since this is the volume of the I-Kéhler metric gy — and,
as is well-known, once the complex structure is fixed, the Ricci tensor of a Kéhler
metric depends only on its volume form. As suggested by the program ending to
Theorem 1.3, at the level of I -Kéhler forms, we want to stay in the same class;
in other words, we are looking for the I} -complex hessian of some function to be
the desired correction.

The tool we are willing to use to determine this function is the ALF Calabi-Yau
type theorem of the Introducion, which we recall now (we call the manifold in play
Y for more genericity):

Theorem 1.12 Let o, 5 € (0,1) and let (Y, gy, Jy,wy) an ALF Kdihler 4-manifold
of dihedral type of order (3,c,3). Let f a smooth function in CEfQ(H,gg). Then
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there exists a smooth function ¢ € C’g’a(%, gy) such that wy +ddj, s Kahler, and
(wy + dd,p)* = el wj.

The weighted Holder spaces of this statement follow a classical definition, and are
the analogues of those defined in next paragraph for g,, on Y. Let us now make
the following remark: since we want to construct a metric with volume form Qy,
this is tempting to take f = log (V(g;m) to apply Theorem 1.12. But so far we only
control such an f up to two derivatives (see Proposition 1.10, estimates (16)).

The other issue is that Y being a “ALF Kéahler manifold of dihedral type” means
that outside a compact subset, Y is diffeomorphic to the complement of a ball in
R*/Dy, and that one can choose the diffeomorphism ®y between infinities of Y
and R*/D, such that for all £ = 0,...,3, |(V9)"(Py.gy — f)‘gy = O(p~P7%), in
addition with a similar statement of the a-Hélder derivative of (V9)3(®y, gy —f),
and analogous statements on the complex structures ®y,J? and I, up to order
(4, ). Here again, a reading of Proposition 1.10 indicates us that the asymptotics
at our disposal do not allow us to take &y = Py

We remedy to these technical problems as follows. First we correct g, into an
IY-Kihler metric with volume form €y — which is nothing but a Ricci-flat I7 -
Kéhler metric — outside a compact subset of Y, which gives us an f with compact
support; then we put this corrected metric into so-called Bianchi gauge with re-
spect to @y *f?, which corresponds to correct ®y itself so as to fit into the definition
of an ALF Kahler manifold of dihedral type up to the desired order.

We conclude this paragraph by stressing that the proof of Theorem 1.12 requires
a full part on its own; we thus refer the reader to Part 3 below for this.

1.4.2 Ricci-flatness outside a compact subset

To correct g,, into an I} -Kihler metric with volume form Qy outside a compact
subset of Y, we use the inverse function theorem on Monge-Ampére operators,
between relevant Holder spaces. Namely, we define on Y the following weighted
Holder spaces:

(19) CE(V.gn) = {1 € O floge < o0},
for £ € N, « € (0,1], 6 € R, and where

I lege = 1R fllo -+ RV o + suplR(V) S,
with

(00 Q= sup  [max(R(x)*, Ry*t) S L
(z,y)€Y, dgm(x,y)a gm
dgpm, (T,y)<injg,.
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for u a C% tensor (u(z)—wu(y) interpreted via parallel transport), with R a smooth

positive extension of ®y*R on Y, and C%norms of the tensors computed with g,),.
We then state the following, indicating the type of functions which can help

correcting wy, in the sense raised above:

Proposition 1.13 Fiz (ay,61) € (0,1)® such that oy + & < 1, 6; > L. There

exists a smooth function 1 € C’gﬁll N C(?ﬁg such that wy == wp, + ddzyw is Kdhler

for IY | and such that %wi = Qy outside a compact set.

Proof. Taking y a cut-off function as in Proposition 1.10 and setting xg, = x(R —
Ry), we are done if we solve the problem (w,, + ddﬁyzﬁ)Q = (1= xg, w2 + 2xRr,Qy
1

for R; large enough. This is manageable, with help of the inverse function theorem,
since:

w2, —2Qy
Y

o wh — ((1 = xr)wph + 2R, Qy) = X (W2, — 2Qy), and HXR1 a

k,aq
C’é1

tends to 0 as Ry goes to oo thanks to estimates (16) for k =0, 1;

: N . 2
e the linearisation of the Monge-Ampére operators C’afﬁls — G54 ., e =

0,1, ¥ = (W + ddSy1p)?/w?,, at ¢ = 0, are the scalar Laplacians Ay
1

C(?:r_aﬁls — ;f;l_g. These are surjective, with kernel reduced to constant

functions, according to the appendix of [BM]|, and using that (Y, g,,) is

asymptotically a circle fibration over R? /4.

Once R; is chosen large enough to apply the inverse function theorem simultane-
ously, and once ® is fixed in C'(?l"fll N C’?l’g so that (wy, + dd?ﬂ/})Q = (1—xg,)w2 +
1
2xr,y, the last point to be checked is the positivity of wy := wy, + ddfy1. Since
1

ddzy@D = O(R™), wy, is asymptotic to w,,, hence positive near infinity. Since its

_ 2
determinant XRl)wu’j;HXRlQY relatively to w,, never vanishes, it is positive on the
whole Y. The smoothness of 1 is local. U

1.4.3 Bianchi gauge for wy,

Motivation. — We are now willing to deduce regularity statements on gy, using
its Ricci-flatness near infinity. However this cannot be done immediately. The
reason is that the Ricci-flatness condition is invariant under diffeomorphisms, and
consequently the linearisation of the Ricci tensor seen as an operator on metrics
15 not elliptic, which is problematic when looking for regularity:.

One can however bypass this difficulty by fixing a gauge, which infinitesimally
corresponds to looking at metrics with good diffeomorphisms. We introduce the
diffeomorphisms we shall work with in next paragraph; then the gauge is fixed, and
regularity is deduced from this process (Propositions 1.16 and 1.17). Notice that
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the Ricci-flatness of g, is an indispensable prerequisite in this procedure, since the
gauge alone is not enough in general to obtain the regularity statement we are
seeking here.

ALF diffeomorphisms of C?>. — The class of diffeomorphisms we work with to
perform our gauge enters into the following definition; we define the dual frames
(€),...,€3) and ((e})’, ..., (e3)") as the pull-backs by 3 of the frames (e;) and (e])
defined in section 1.2.2 by formulas (8), (9).

Definition 1.14 Let (¢,a) € N* x (0,1), and let v > —1. We denote by Diff5*
the class of diffeomorphisms ¢ of C? such that:

e ¢ has reqularity ({,a);

e there exists a constant C' such that for any x € C?, dp (a:,¢(x)) < C(l +
R(x))™";

e let Ry > 1 such that for any * € {R > Ry}, dp(0,6(x)) > 1. Denote by
Y, : [0,1] = C? a minimising geodesic for £ joining ¢(z) to x and by p.,, the
parallel transport along .. Consider the maps ¢;; : {R > Ro} — R given by

6ij(x) = ()" (Tup 0 py, (1) —ide2)(e})), 4,5 =0,...,3,

and extend them smoothly in {R < Ry}. We then ask: ¢;; € C’eﬁ’a(((?7 £2).

1%

We endow Diff5® with the natural topology.

We moreover denote by (Diﬁ‘f’a)pk the set of diffeomorphisms of Diﬂ'i’o‘ com-
muting with the action of Dy.

The Holder spaces are those defined for £ on C2, in the same way as those of
defining equation (19). Notice that we authorise the distance between a point and
its image to go to 0o; nonetheless, the sub-linear rate of blow-up we allow makes
clear the existence of the Ry of the third item .

Diffeomorphisms as Riemannian exponential maps. — We now “parametrise” our
diffeomorphisms via vector fields:

Lemma 1.15 There exists a neighbourhood ¥.%* of 0 in C%*(C?,£*) such that for
any Z in that neighbourhood, the map ¢z : x — expngb (Z(x)) is in Diff5®,

The weighted spaces of vector fields are defined analogously to that of the pre-
vious paragraph, or equivalently: Z € C%*(C?,f") if and only if Z € C5* and

loc

X(R)(e2)*(Z) € C4*(C2%,£°), i = 1,...,3 (with x a cut-off function as in 1.10). A

7
similar statement with Dy-invariant vector fields, and diffeomorphisms commuting
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with the action of Dy of course holds. We simply call (”I/f"“)D’c the neighbourhood
of 0in (C5(C?, fb))Dk, the Dy-invariant vector fields of C%*(C?, f*). Notice finally
that for a genuine parametrisation, we would also need the surjectivity and the
injectivity of Z — ¢z from ¥5* onto its image. We do not need however this
degree of precision, since as seen in Proposition 1.16 below, it is enough for us to
realise sufficiently many diffeomorphisms of Diﬁ"f’“ under the shape ¢.

Proof. The regularity assertions are rather standard. We shall nonetheless pay
a particular attention to the fact that we authorise vector fields blowing up at
infinity, when verifying the injectivity of ¢, for a given Z close to 0 in C*®; the
key is the decay of the derivatives of Z at infinity. Suppose (¢,a) = (1,0) to fix
ideas. For the injectivity of ¢ with fixed Z € C}" and || Z]| ;1.0 < 1 say, we claim
that there exists a constant C' independent of Z such that for any triple (z,y, 2)
such that ¢z(x) = ¢z (y) =: z,

—4—3v
dfb(x7 y) < C(l + R(Z)) HZHC},’Odfb(x? y),

from which the injectivity of ¢z follows at once provided || Z|| 10 is small enough.
We reach this claim thanks to the estimate | Rm’ | = O(R™®), as follows. For z,y
as in the claim, call respectively 7, and v, the geodesics t — expgb (tZ(z)) and t
expzb (tZ (y)), and denote by p,,, p,, the attached parallel transports. Using [BK,

Prop. 6.6], control first dg (,y) by |p,, (1) (Z(2)) —p-, (1) (Z(¥)) ] (1+R(z))7372y,

—1-v
Then control |p., (1)(Z(x)) — py,(1)(Z(y))|p by dp(2,y)(1 + R(2)) 1 Z]| co;
for this interpolate between ~, and v, by v(t) := exp!’ ) [tZ(a(s))], where a is

als
a minimising geodesic for f* joining = and y. This is where one uses the estimates

on the derivatives of Z. O

The gauge. — Denote by B" = 6" + %trh the Bianchi operator associated to any
smooth metric h on R*. The gauge process now states as:

Proposition 1.16 Let (as,d;) € (0,1)? such that as < ay, % < 0y < 01, with

(av1,01) fized in Proposition 1.13. There ezists a smooth diffeomorphism ¢ €
(Diﬂ'}s;ofl)pk hence descending to R4/Dk such that

BT ((Py)ugy) =0

near infinity on C?, where g, stands for the I} -Kihler metric associated to the
Kihler form wy of Proposition 1.13. As a consequence, > — (¢ o Dy ).igy €
C5% (X, ).

2
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Proof. Fix (aw,d9) as in the statement, and consider the map

(11

L (75208)PE x Mety ™ (£)PF — Cpo? (T°C2, £) P
(Z,9) — BY"(g),

where Mety**(f*)Px denotes the set of Dj-invariant metrics g on R* such that
g—f e Csy (X ) fb) — we shall see further why we anticipate the action of D, at
this point of our discussion.

We would like to solve the equation

* £b . —_
1) B () =0, e E(Zgs) =0,

and for this use the implicit function theorem near (0,f"), since the differential
of = with respect to its first argument is (Vfb)*Vfb, which as we shall see enjoys
isomorphism properties. Forgetting that g, may not be defined via ®y on the
whole C?, if we are to do so nonetheless, we need to make g, arbitrarily close to f
in C§? (X, fb). Since we only want equation (21) to be solved near infinity, instead
of gy we consider, for x a cut-off function as in Proposition 1.10, the metric

JRry, ‘= X(R - RQ)gi,lJ + (1 - X(R - RQ))be

which makes sense via ®y on the whole C? provided R is large enough; since gy
is C’;l’al close to £’ at infinity, we have that || gg, — fb||C1,a2 (f*) goes to 0 when R,
52

goes to co. We are thus left with checking the isomorphism assertion on
o=

£ o
(Vv YA (0,£7)

(0% (0% ~ (6% * D
(OR3P — (C)Pr = (CRia (T e?) ™
where the isomorphism on the right hand side is just the duality for f*. We shall
moreover replace f> by f (and the weighted spaces subsequently) since these are dif-
feomorphic to each other. Now surjectivity follows from that of (V)*V! between
C2%% (TC?,f) and Cy%% (TC2, f), which amounts by the theory of self-adjoint op-

0 az

Zat) = Cal
This injectivity is proved as follows: if w € C5 2 is in the kernel of (VF)* Vf,
we get first by weighted elliptic estimates (see the techniques of [BM, App.|) that
w e CyF : 2 . Then, an integration by parts yields:

{R=t} {R<t} {t=R}

and the boundary term is O(t2~(2792)=6=%)) = O(¢2%273) (spheres of radius ¢ have
volume in #? in Taub-NUT geometry). Letting ¢ go to oo, we get Viw = 0, hence

erators on weighted spaces to the injectivity of this operator on C
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w = 0 as w decays at infinity. Notice that this argument gives the injectivity of
(VEVE 03 — O for § > L, hence for § > 0, as (Vf)*V* has no critical
weight in (0,1)

Now we are interested in the injectivity of (V)*VF : (C5%%)Pr — (C3:53)Px;
this is where the invariance under the action of D; is needed. Let thus v €
(C’i’cfl)pk such that (V!)*Vfv = 0. Forget momentarily about the Dj-invariance
of v, and write it 37  v'e;, on {R > 1}, say, with (e;) the frame defined by (8);
each v’ is thus in C5*% near infinity. Now since (Vf)%e; = O(R™17Y), £ = 1,2,3
and because (VI)*Vi(vie;) is equal to (Agv)e; plus a linear combination of the
VE 0V e and the v'(VF)Z  e;, we get that each v* is the solution of a Dirichlet
problem

Ap' = w' € C’gﬁg on {R > 1},
Ui|{R:1} S 02’a2.

Recall that Ag : C’gﬁzl — ng’?fl is surjective, with kernel reduced to the constants

(see the proof of Proposition 1.13), and that Ag : Ci’a? — C’gﬁé is an isomorphism
(see e.g. |BM, App.]); those properties transfer to Dirichlet problems to tell us
that each v’ can be written as ¢; + u;, with ¢; a constant and u; € 032’0‘2. Thus v
is asymptotic to Y . ¢;e;; but v is Dy-invariant, whereas 7*e; = —e; for any 7. This
forces the ¢; to be 0, and as a result v € C’iaz. Finally, we know that (Vf)*Vf is
injective on this latter space, so v = 0; in other words, the action of D;, allows us
to say that 0 is no more a critical weight for (V¥)*V* on vector fields.

The smoothness of Z, and therefore that of ¢z, is purely local. U

Regularity of g,. — We conclude this paragraph by the following statement, which
finally allows us to apply Theorem 1.12:

Proposition 1.17 With the same notation as in Proposition 1.16, £’ —(¢o®y ).g, €
0;15(212_7 (X, fb) near infinity, and in particular, | Rm9% ‘gw = O(R™2-(8%2-7)),

Proof. The assertion on the curvature of g, directly follows from the estimate
stated on ¢ := g, — ¢*f> (or ¢.c), and the fact that ’Rmfb ’fb = O(R™3). For
the regularity statement on e, proceed as follows: set F = ¢*f’, and define the
operator ®F by:

®F(h) = Ric(h) + (6")*BFh

on Cf_ metrics. This way, ®F(F) = ®F(g,) = 0 near infinity. New ®F is of order

ocC
2, hence schematically,

0= 0" (F) — ®"(gy) = (dp®")(e) + P(c, 0, 0%),
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with P(g,de, 0%) an at-least-quadratic combination of ¢, its first and its second
derivatives, with coefficients depending on F. Now, in local coordinates,

(22)
(@"(h)),; = —%F’“"(aijhm — Oyrhji — Ojihiy + Orhiy)
+ (F* — 1) (Oi5har — 5(0irhje — Ojihir) + Opehiy)
+ %[(ajh’ﬂ")(aihm + Ophir — Ovhir) — (O:h*") (Ol + Okl — Oihiji)]
— (D5 (MTH(h) = T4 ()T (h))
+ Symy; [hse(;h%) (Okhrp + Ophit — Ophote) + hie(Oih™) (O hry + Orhjpy — Ophiy)]
— [F* (10chwy — Okher) + Sy OF* + F* hyn I (R) + F¥ hyn T2 (R)].

The interest of this formula lies in the following: in P(e, Oe, 825),

1. the only occurrence of the second derivatives of € = g, —F, which we denote
by 0%, in (22), is via a tensor of type € ® 0%, where ® is some algebraic
operation with coefficients depending only on g, and F;

2. terms of type € ® ¢ do not appear in (22), unless through a term of type
£@e® 0

3. the algebraic coefficients are controlled (for F say) in C'h*2.

We sum these three points up by writing:
1
(23) §$¢*pe + e % 0% = Q(e, 0¢)

where L = dp®F is the Lichnerowicz laplacian of F = ¢*f’, the symbols *
denote algebraic operations, and @) is at least quadratic in its arguments, and can
be factorised by € x Je. Since ¢ € C’;Z)’O‘z — computed with respect to ¢*f” or gy,
which does not matter because of the size of the error term ¢ itself —, the right-
hand-side of (23) is in CSQ’QQ (X , f"). Again since ¢ € C;;gil, the linear operator
n — %$¢*fm + & % 0%n is elliptic and one can draw for this operator weighted
estimates similar to those for Z.p. From this we deduce that ¢ € 022(’;2‘2_1; we
conclude by repeating this argument twice, giving us first € € C’S&gé_l)_l = 0252‘33,
and then ¢ € 0355273)71 = ngi? O

1.4.4 Conclusion: proof of Theorem 1.3

We have proved that f> and (¢ o Dy ).gy are C’g’a, hence C’g’o‘, close, provided
that we take & = ag and § = 83y — 7 (which is positive since dy > %), to fulfil
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completely the requirements of Theorem 1.12, we are only left with checking that
(¢ o Dy), I} is also CE’O‘ close to the complex structure I; := J*I; .

The estimate (¢ o ®y), [} — I} € C} follows easily form the decomposition
(Py). LY — ¢*L = (Py) Y — L) + (I — I3) + (I — ¢*13), from the estimates
[(®y). Ly — I, = O(r™) and |I; — }|_ = O(r~*) converted into |(®y).[{ —
Lilg |L= 13|, = O(R™Y), and |I; — ¢* 13|, = O(R™%) following from ¢ € Diff ;.

For higher order estimates, remember that g, is Kihler for I}, and f* for .

It is thus enough for instance to evaluate the successive (Vfb)e((qb o Oy ), IY ) In
view of formula (18), we thus write formally for ¢ =1

VE ((pody).I)) = Y¢*gw((¢o ‘I’Y)*Ily)ff(fb)_l*V¢*gw(fb—¢*9¢)* ((po®y).I}),

~
=0 since g, is I%/-Kéihler

which easily gives V' ((po®y). L)) € C§,, in view of (£ — ¢.gy) € C}. For £ > 2,
simply use inductively formula (18), and the estimate (f* — ¢.gy) € C’é’a — when
reaching ¢ = 4, we also get the right Holder estimate from the iterated formula,
and estimates such as (V%9 )4’ ¢ C’g’a.

As sketched in the introduction of this section, we now apply Theorem 1.12,
with (H, gy, Jy, wld) = (Y, gy, I} ,wy), and f = log (Vgl}iw ), which is smooth and has
compact support. This gives us an I} -metric ggrg, on Y, with volume form Qy
and which is thus Ricci-flat, and with Kéhler form wy, + ddiffgo for some smooth

Y e CE’Q(Y, gy) with g close to 1.

We need two more complex structures for Theorem 1.3. Recall we have two
more symplectic forms coming with the ALE hyperkéhler structure (Y, gy, IV, 1Y, IY ) ,
namely w} := gy (I3-,-) and wi := gy (13-,-). We simply define J}" and J} as
the endomorphisms verifying grpm (J3 -, -) = w3 and grpm(Js -, -) = wi ; one then
checks these are almost complex structures, satisfying the quaternionic relations
with I}, using (wd)? = (wd)? = 2vol?"" and that the I — (1,1) part of w) and
wi is 0. To check J) and J) are integrable, use moreover that the holomorphic
symplectic 2-form w%/ + iw%f , whose grpm,-norm is constant, is grgm,-parallel.

The cubic decay of Rm?%##™ comes as follows: first, an over-quadratic decay is
easily deduced from (gy — grrm) € C3.5(Y, gy) and Rm? = O(R~277) (Proposi-
tion 1.17). Then a result of Minerbe [Min2, Cor. A.2| (see also [CC]) asserts that
we automatically end up with a cubic rate decay of the curvature. O

1.5 Verification of the technical Lemmas 1.8 and 1.11

We conclude this part by the left-over proofs of Lemmas 1.8 and 1.11, both useful
in the gluing performed in section 1.3. Recall that on the one hand, Lemma 1.8 is
about verifying the asymptotics at different orders of a function 1., the hessian of
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which is meant to approximate the 2-form 65 + 63 in the Taub-NUT framework,
although such an approximation is likely to be vain in the euclidean setting; and
that on the other hand, Lemma 1.11 consists in saying that even though f* = J*f,
with 3 a diffeomorphism of R* better adapted to the euclidean scope, the transition
between f and f* is relatively harmless.

1.5.1 Proof of Lemma 1.8

Asymptotics of 1. and its successive derivatives. We first look at the first point
of the statement of Lemma 1.8. Since v, is S'-invariant when looked at on C?
(recall that the S'-action on C? is given by a- (21, 29) = (€'21, e ®25)), or in other
words is a function of yy, y2, ys (recall in particular that 2r* = Rcosh(4my,) +
yp sinh(4my, ), following formulas (5) and the definitions of y; and R given in

paragraph 1.2.2), we have: di). = 887510 dy, + g—;ﬁ;dyg + glybg dys, and one can see as

well the partial derivatives g—d’; as functions of the y; only. If we thus prove here
that for any p, ¢, s > 0 such that p+ g+ s <4,

(9p+q+s1/)c

24 g " Y _
(24) 1 0y30y3

O(R™1-07%),

we will get the desired estimates, since we moreover know that ‘(Vf)édyj
OR* Y forall ¢ >1and j=1,2,3.

The estimate (24) at order 0 is immediate, since sinh(4my;) = O(R™'r?) — this
follows from the identity 2r* = R cosh(4my,)+y; sinh(4my;). What is thus clearly
to be seen is that each time we differentiate with respect to ys or ys3, we win an
R, and each time we differentiate with respect to y;, we lose nothing. Let us see
how it goes at order 1, that is when p+¢q¢+s=1. If p=1and ¢ = s = 0, then
(near infinity, where x(R) = 1):

20 _ .
5y, = A+ i)

h

4mcosh(4myy)  yisinh(dmy;)  sinh(dmy;) 8(2r2)>
2Rr? 2r2R3 4riR o)

and %Tf) = 2V (y1 cosh(4myy) + Rsinh(4my,)) (recall that V = 1) "so that,
after simplifying:

O . 11 1
3y, — 10+ i) (5~ 5+ )
and this is O(R™1), since 772 = O(R™!) (as R = O(r?)).
Ifg=1and p=s=0, then
O, 5 sinh(4my; )

o — R — 2(y2 + 1y3) sinh(4my1)(

Y2 Y2 cosh(dmy, ) )
r2R3 2riR2 ’
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since 8592;2) = 2 cosh(4my;). As sinh(4my,) and cosh(4my,) are O(r*R™"), we end

up with g—;f; =O0(r?/(R*?*) +O(R-7*/R-(r 2R +7r*/R-r*R™")) = O(R™?).

Oe
Jys”’

The case s =1 and p = s = 0, i.e. the estimate on is done by substituting y;

to ys.

In a nutshell, we win one order each time we differentiate s, y3, R and r? with
respect to y, or ys, which moreover kills functions of y; such as sinh(4my;); we
win one order as well when differentiating ys, y3 and R with respect to y;, but this

does not hold any more for 2 or functions like sinh(4mgy,;). More formally, using
a(2r?)

oy; ’
for any p, ¢, s there exists a polynomial @), , s of total degree < (14+p+ ¢+ s) in
its first two variables, and 2 4 3p + 2(q + s) in total, such that:

explicit formulas for the 7 =1,2,3, we can easily prove by induction that

OPHITse), B @p.q.s (Rezl:4my17y1€:|:4my1’ R, ylvy%yi’*)
Oyrdysdy; (2r2)tprats R2prar)

— for instance, Q1,00 (Re=", y1 ™1 R y1, 42, y3) = 4(yo-+iys) [ (R cosh(4my; )+
o sinh(4my1))2 — R? —4R%]. If now P(&, &,y ... ma) = E11E5%00 -+ -y is one
of the monomials appearing in @, ,s and a := a; + az, b := by + - -+ + by so that
a<2(1+p+q+s)and a+b < 2+3p+2(q+s), since Re™1 g etmi = O(r?),
we get that:

P(Re:l:4my1 » Y1 e:l:4my1 ) Ra Y1, Y2, 93) -0 (7,2)(1Rb
(r2)1+p+q+s R2+2(p+q+s) - (T2)1+p+q+s R2(1+pt+g+s) )’

and this is O(r2e-2Fptats) Rh=2014p+ats)): gince ¢ < 1+ p+ g+ s and r 2 =
O(R™'), this is finally O(R*T=30+PF4+9)) " which in turn is O(R~F79)) since
a+b<2+3p+2(q+s). Therefore % = O(R~(1+4+5)) " and this settles the
proof of point 1. of the statement.

Asymptotics of 0y + 103, and comparison with ddj . and ddﬁfz/)c. We thus come
now to point 2. of this statement. We do it for ¢ = 0; it will become clear from
this that the subsequent estimates could be dealt with in an analogous way. Our
strategy for proving the desired estimate is the following: first we restrict ourselves
to ddj 1).; next we decompose dd§, 1. — (02 + i63) into its dy; A n-component and
its dy; A n-free component; we then observe that the dy; A n-free components of
both dd§ 1. and (0, +1if3) have already the size we want, whereas we need to look
at the dy; A n-component of the very difference [ddfl@/)c — (62 + 1'93)] to reach the
desired estimate. We conclude by collecting together these estimates, and settling
the case of the error term d(IY — I)dw,.
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Since 1), is S'-invariant,

(0% OV o 9. 0% OV o
dd; c=V1< -Vl — c)d A +(—C+—C+V1— C)d Ad
n¥ oy? oy oy )T oz T a2 ay, oy, ) 2

9% OV O

+V‘1( c _yil=—_— ) dy, A — Vdys Nd
8y18y2 6y2 ayl ( Y2 n Y3 yl)
9% OV O

+V‘1( < _yl— C)d An—Vdy Adys),
0y, 0y O0ys Oy (dys A\ yi A\ dye)

and since (£, —1V¢,(, [1¢) is the dual frame of (1, dy, dys, dys) and (0s + if3) is
(1, ].) for ]1,

Oy + 103 =V (05 +i65)(§, [L1E)dyr A+ (02 + 103)(C, [1Q)dy2 A dys
(25) + (02 +i03) (&, L) (Vdyr A dya — dys A m)
+ (02 4 i05) (&, Q) (Vdys A dyy — dyz A 1).

We already know that (on R > K), 2% = —4(y, +iys) (% — 35+ ), thus (recall

)
that a@2r?) _ V 2 AR "
abt =5 = (Iz1]* = |22[*)):

0% 2mV (21> — [22*) | 3 (7 V(|21 — |22]?)
P yvig - o )
ay% (Y2 + iys) 76 + R5 4r4 R3 47 R

the main term of which is va(””yi)@('zlp*'z?l%, in the sense that it is O(R™),
whereas the other summands are O(R™?). Moreover, from the estimates of Point
1. and the fact that g—; =O0(R™?), j=1,2,3, we get that:

J

8mV (y2 + iys)(|z1]* — |22]?)
7n6

dd§ ¢, = dy; A+ O(R™?).

when estimated with respect to f.
Now recall that a; = Ijrdr, j = 1,2,3, and observe that:

rdr A ag —ag Aoy +irdr Aag —iag Aag  (rdr —iaq) A (g + iag)

r r
. (zldz_l + szz_z) A (—22d21 + ZleQ)
= -
_ nz(da ANdzy — dzy ANdz) + 22dz Ndzg — 23dz N\ dz; _UAG
o 76 T 67
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if we set ¥ = 21dz; + 20dZ; and ¢ = —29dz; + z1dze. Direct computations — use
e.g. (10) — give:

9O) = ~(Ial = |=aP), 9(0) = 22 cosh(my).
0(8) = ~2iz12, 6(() = —5=

%R

In particular, ¥(¢) = O(r?), 9(() = O(*R™), 6(¢) = O(R) and 6(¢) = O(1).
Moreover, since ¢ (resp. ¢) is (0,1) (resp. (1,0)) for Iy, (02 + i03)(&, LE) =
—29(§)9(€) = 8mzlz2(|j§‘2_|zz‘2). Therefore, from (25) and since ¥ (resp. ¢) has

type (0,1) (resp. (1,0)) for I, using r—2 = O(R™') when necessary, we get:

8sz122(|Z1|2 - |22‘2>

(92 +Z(93 == 7”6

dyl AN+ O(RiQ)

with respect to f. Since yo + iys = —i2122, we thus have ‘ddﬁlwc — (0 + i03)|f =
O(R™?).

We set Ll = [Y I;, and conclude with an estimate on ‘d([y L) dwc|f
|duY d1/16|f, which is controlled by [¢] |¢|Vidi.|e + [V |¢|dibe]e. But [¢f ¢ and
|VEY ¢ are O(r~2) hence O(R™1) (see e.g. the proof of Proposition 1.10), and |d.|¢
and |Vfdz/zc|f arc O(R™!) as well from Point 1., and as a result |d(1} — I)dv.|, =
O(R™2).

This settles the case ¢ = 0 of the statement. Cases £ = 1 and 2 are done in the
same way, noticing in particular that when letting V¥ act on the (Vf)/1), or the
(VF)71Y ) we keep the same order of precision. O

Remark 1.18 The function 1. is not so small with respect to e, at least at positive
orders; for instance, the best we seem able to do on its differential is |di.le =

O(rR™1).

1.5.2 Comparison between f and f”: proof of Lemma 1.11
Before comparing the metrics, and for this the 1-forms dy'; =*dy;, 7 =1,2,3,

and 7° := J*n to their natural (“unflat”) analogues, we shall compare the y]b =%y,
to the y;, j = 1,2,3:

Lemma 1.19 We have: y?—yj =O(R™Y), j =1,2,3. Consequently if R* := J*R,
then: R — R = O(R™').

Proof of Lemma 1.19 — estimates on (y3 —y2) and (y} — ys). Since yo = 5 (2122 —
m), and 3J(z1, 29) = (az1, aze) with Lemma 1.1, it is clear that
Yy = a?ys = yo + O(yor™), that is: 35—y, = O(Rr—*), and this is O(R™") - recall
that R = O(r?).
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(2122 + M), thus 3 — y3 = y3(a? — 1), which is O(R™).

Similarly, y3 = —%

Estimate on (y; — y1). The case of 1 is slightly more subtle, and for this we shall
use the very definition of y;. We fix (21, 25) € C% Since J*z; = az;, J*20 = azo,
if one sets u’ = J*u and v’ = J*v, LeBrun’s formulas (5) become:

Oé2|21|2 _ €2m[(ub)2—(vb)2}(ub>27
(26) 21 |2 2m[(v?)2—(u)?] 7, b\ 2
alznlt=e (v”)

which we rewrite as:
|21|2 — €2ma2[(ub/a)27(vb/a)2](ub/a)Q’

|22|2 _ €2ma2[(vb/oc)2—(u"/a)2](Ub/a)2'

These are precisely the equations verified by u,,,2 and v,,,2 instead of “Eb and %; by

. . b b
uniqueness of the solutions when |z;| and |25| are fixed, % = Upq2 and % = Va2,

that is: @ = Qupa2 and v* = avye2, and consequently yj = $[(v’)* — (v*)%] =
2
%(ufnoﬂ - /07271012) = CKlem’Lon-

Now still with (21, 22) fixed, differentiating LeBrun’s equations with respect to
the mass parameter, p say, since we also see m as fixed, and rearranging them
gives:

O ARy

op 1+ 4pR,’
in particular y; , is a non-increasing (resp. non-decreasing) function of p on {|z;| <

|22/} (vesp. on {[zo] <[a[}).
Since a > 1, we have for instance on {|z1| < |23|} the estimate:

2 2
me” AR n /ma d,u
0< m ma? — #d < m — =2 mlO a,
= Y1, Y1,ma2 /m T+ 4,UR;L U= Y, . y Y1, g

and similarly 0 < ¥ a2 — Y1.m < —2y1,m loga on {|23] < |z1]}. Since in both cases

logar = O(r~*) = O(R™?), we have:
Y1,ma2 — Y1im = O(yl,mR_2) - O(R_l)

Therefore ¥} — y1 = A®(Y1maz — y1) + (@? — 1)y; = O(R™!) as claimed, since
a—1=0(r"") = O(R™?) and in particular o ~ 1 near infinity.

The estimate R — R = O(R™') comes as follows: (R’ — R)(R* + R) = (R’)? —
R = ()% — 2 + (13)® — v2 + (15)* — 2 = O(1) from the previous estimates, and

thus R — R = O(ﬁ%), which in particular is O(R™!). [ |
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Estimates on the dy; —dyj, 7 =1,2,3, and 7" —n. We come back to the proof
of Lemma 1.11 itself, and start with analysing the transition involved by 3 at the
level of 1-forms. We adopt by places the following elementary strategy to evaluate
the gap between our fundamental 1-forms and their pull-backs by 3: for v one of
the dy; or n, we write

Y =+ VY (=LE)dy + 7 (O)dya + 7 (1¢)dys,

and then evaluate the difference 7°(¢) — v(€), and the subsequent ones. We start
with the easy cases of dy, and dys; for more concision, we use the complex expres-
sion v = dys + 1dys.

Keep the notation J(z1, 22) = (@z1,@z); then J*(dys + idys) = d(a?(y2 +
iy3)) = a*(dyz + idys) + (y2 + iys)d(a?). Since a = 1+ O(r~*), we focus on d(a?),
or rather on da. As « is invariant under the usual action of S!, we already know

that da(§) = 0. Moreover,
r2d(r?)
2 doo = —2a——5

which we keep under this shape since d(r?) = z1dz; + 21dz1 + Zadzs + 22d7; is easy
to evaluate against [1£, ¢ and I1¢. As a matter of fact, all computations done:

|21]* — |22 |* —8ar? yy cosh(4myy)
do(—1:§) = —4a—(ﬁ I do(() = CERDE - 7
28
(28) —8ar? ys cosh(4myy)
da(I;¢) = (it )2 = :

In particular, da(—I1,€) = O(r=*) = O(R™?), and da(¢) = O(R™'r™*) and da(1,() =
O(R™'r=*), which are O(R™3). Since a ~ 1 and ¥y + iyz = O(R), we end up with
(dyh+idy3) (—11¢) = O(R™2), (dyh+idy3)(¢) = 1+ O(R™") and (dy} +idys"”)(¢) =
i+ O(R™1). In other words,

|(dys + idy3) — (dys + idys)|, = O(R™).

In a way similar to what is done above on 3’ — y;, the estimate on dy} — dy;
requires little extra care. First, likewise y;, ¢} is invariant under the action of S*,
since J commutes to this action; therefore dy}(¢) = 0. Next, pulling-back Formula
52 for dy; (proof of Proposition A.9 below) by 3 gives:

1

4—}%b(€_4my5d(0¢2|zl|2) — e™id(0?|[?))
m

dy; =
When evaluating dy!, we decompose the term e 4™id(a2||?) — e id(a2|z]?)
into o := a? (e*4my5d(|zl|2)—e4m95d(|22|2) and p 1= (6*4’”3’? |2y |2—etmvi |20]?)d(a?) =

a2 ((w)? = (v*)})d(a?) = 4o~ yldo.
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Now o(—I;§) = 2a”(|z1|%e —tmyh |2 4my§) = 4R’, and by (28), p(—L&) =

4oV yida(—1€) = —16aa~? "‘?}lﬂ this way:

29 A1) = (V) —saa Pl 2l
L+4mR (k+rt)? "’

where V° = 2V = %. Since the last summand is O(r™*) and thus O(R™?),

by—1 -1 _ _ 2R 2R _ R'—R _ -3
and (V)™ = V™ = o505 — e = 2 B (ramR) O(R™), we have

dy,(—6LE) =V + O(R7?).

Moreover o(() = C?—Q(64’”(3’1_95)(2122—21,22)—6_4“(?/1_3/5)(zlzg—zlzg)) = o2 sinh[4m(y; —

2iR 7
y?)]? and p(() = 406_13/56104(() = —32aa‘1(,€$4)2 y?yg COS}}%(M”ZJI) by (28) Thus
(30)
2 b h(4
() = 0?2 sinh4m(y, — 42)] — 16aa ——_ Yidzcoshtimy,).

2R(1+ 4mR’) (k+7r%)? R(1+4mR%) "’

since y; — 15 = O(R™!), the first summand is O(R~2), whereas since cosh(4my,) =
O(r*R™1), the second summand is O(R™! _4) that is O(R™3), and as a result
dy? (¢) = O(R™2). Similarly dy}(1,¢{) = O(R™2) (just replace y, by 3 in the last
equality above).

Estimate on n°. We conclude our estimate of |f> — f|¢ by the estimate on 7°. We
:l z1) _ d3'a) _ d(e?z1)  d(a?z1) _

*Z1 ¥z a?z] a2z

start with a formula for 7’; since on {z # 0}, &

C%I %_%__d(;z) Z%—dz—?, and sumlaurlyj"(22 d;;) :%_%On
{2y # 0}, we have on {22 # 0}, according to the identity 1> = = [u2(dzé?1 — dZ_le) _

UQ(dz—i?—dZQ)} ( [Auv, Lemma 1.6]):
v L [oe(dE _da o (dZ dz
77_4Rb[(u)<z_1 21> (v )<22 22”

From this we compute 7°(£) = 1 and 7°(—L&) = 0. We also compute 7°(¢) as
follows:

b :LL[ b\2 4my1 <22 _ §> _ b\2 —4my1 (Zl . §>:|
() AR’ 2iR (w)e Zi & W')e 2
:LQ_Q[( b)2e4my1 F1%2 T 172 _ ( b)2€74my1 2122 _%]
4R’ 2iR 02|z |2 2|22
/L.Oé2y2

=SB R sinh [4m(y1 - ?JD} )
I7)2 b)2 .

since from the pulled-back LeBrun’s equations (26), I = = e~4m¥i and

e*myi | Similarly 7’ (I;¢) = 2 sinh[4m(yy — y7)], and since (y1 — ;) = O(R™),

Oé2|22|2 =
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both 1°(¢) and 7°(1,¢) are O(R~?). Gathering those estimates, we get that

7" —nle = O(R™?),
which is better than needed.
Recall that £ = V(dy? + dy? + dy?) + V~1n; since V= — (V*)~! and similarly
V =V’ are O(R™%), in view on the estimates we have just proved on the dy; — dy;

and 1> — 1, we have: b X
£ —fle =O(R™).

Estimate on V'(f — £?). We now prove that |Vf(f — fb)‘f = O(R™'), which is
the same as proving that ‘fob ’f = O(R™1). In view of the previous estimates on
V=V’ V=1 —(V*)7!, on the dy; — dy} and on n—1’, and since the V'dy; and V'p
are O(R™?) for £, it will be sufficient for our purpose to see that the V(dy; — dy;)
and VE(n —n’) are O(R™!) for f.

We start with V(dy, — dyb) and VT (dys — dy3). We have d(ys + iys) — d(y5 +
iy3) = (o —1)d(ya+iys) +2(ya +iys)ada, we know that a—1 = O(r~*) = O(R™?),
and we actually proved that |dals = O(r*4) = O(R™?). Similarly, we will be done
if we prove that |[Vfdals is still O( 4.

Since av is S-invariant, da = dy + a; dys+ 2> dyg, the 2% are S'-invariant as

well, and thus Vida = Z;’ 11 ay ayz dy, Qdy+ 32 =1 a Vfdyj The last summand

is O(R~2r=1), since the 2% are O(r~*) and the |Vfdy]|f are O(R~ ) we thus focus
=O(r™)

on the hessian Z =1 ay By[ dy] ® dy,, and all we need to prove is a

(actually, O(R™?)) for all j,¢. Now in terms of the y; variables,
a

a=1+
5+ ((y3 + y3 + y3)Y/? cosh(4my;) + vy sinh(4my;))

2

and using that e*™l = O(Rr—?), proving that 35-252[ = O((Rcosh(4my;) +
J

y1 sinh(4my;))~2) = O(r~*) for all j,¢ amounts to an easy exercise. This set-
tles the cases of VE(dy, — dy3) and VE(dys — dy3).

Since our treatment of dy; —dy’ is a little less conventional, we shall see now how
goes that of V¥(dy, — dy}). According to formulas (29) and (30) and the previous
estimates on the derivatives of 2, it is enough to see that dy? = O(1) and dR’ =
O(1), which are known for the previous step, giving in particular dsinh[4m(y; —
y2)] = cosh[dm(y; — v2)]d(y1 — v3), which is O(R™!) (actually O(R~?)) for f since
cosh[4m(y1 — y1)] ~ 1 and |d(y; — y7)|e = O(R™?).

The treatment of 7)° is similar.

We prove finally that |(VF)?(f — )|, = O(R™") with the same techniques. [
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2  ASYMPTOTICS OF ALE HYPERKAHLER METRICS

We prove in this part an explicit version of Theorem 0.3; we indeed compute
explicitly the first non-vanishing perturbative terms of the hyperkéhler data of the
ALE gravitational instantons seen as deformations of Kleinian singularities. This
gives in particular the asymptotics stated in the previous part, Lemma 1.6, which
are crucial in our construction of ALF metrics, as mentioned already.

2.1 Kronheimer’s ALE instantons

2.1.1 Basic facts and notations

We introduce a few notions about the ALE gravitational instantons constructed
by Kronheimer in [Krol] — and which is exhaustive in the sense that any ALE
gravitational instanton is isomorphic to one of Kronheimer’s list —, so as to state
properly the main result of this part, i.e. Theorem 2.1 of next paragraph, dealing
with precise asymptotics of those asymptotically euclidean spaces.

Finite subgroups of SU(2), and McKay correspondence. — The classification of
the finite subgroup of SU(2) is well-known: up to conjugacy, in addition to the
binary dihedral groups D, used in Part 1, one has the cyclic groups of order

k > 2, generated by <€2ig/ § . ), on the one hand, and the binary tetrahedral,

octahedral and icosahedral groups of respective orders 24, 48 and 120, which admit
more complicated generators — all we need to notice for further purpose is that
they respectively contain Dy, D3 and D5 (among others) as subgroups. When no
specification is needed, we shall adopt the notation I' for any fixed group among
these finite subgroups of SU(2).

ALE instantons modelled on R*/T'. — Kronheimer’s construction now consists in
producing asymptotically euclidean hyperkéhler metrics on smooth deformations
of the Kleinian singularity C?/T’, which are diffeomorphic to the minimal resolu-
tion of C%/T". More precisely, the hyperkiihler manifolds Kronheimer produces are
parametrised as follow: since I is a finite subgroup of SU(2), McKay’s correspon-
dence [McK] associates a simple Lie algebra, gr say, to this group; for instance,
the Lie algebra associated to Dy is so(2k + 4) , (also referred to as Dj.o — we
prefer the so notation which is less confusing when working with binary dihedral
groups!). Pick a (real) Cartan subalgebra b of gr. Then:

For any ¢ € b ® R?® outside a codimension 3 set D, there exists an ALE
gravitational instanton (XC, 9c, If, 124, Ig) modelled on R*/T at infinity in the sense
that there exists a diffeomorphisms ®; between infinities of X, and R* /T such that:
Pr.gc—e=0(r1), @C*[f —I;=0(r%), j=1,2,3.
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The O are here understood in the asymptotically euclidean setting, i.e. ¢ =
O(r=®) means: for all £ > 0, |(V®)‘e| = O(r~"*); since we remain in this setting
until the end of this part, we shall keep this convention throughout the following
sections 2.3 and 2.4.

2.1.2 Asymptotics of ALE instantons: statement of the theorem

Up to a judicious choice of the ALE diffeomorphism @, which actually is part
of Kronheimer’s construction, one can be more accurate about the O(r~*)-error
term evoked above. This is the purpose of the main result of this part:

Theorem 2.1 Given ( € h ® R* — D, one can choose the diffeomorphism @
between infinities of X¢ and R*/T" such that @, g; —e = he +O(r~°), (IDC*If - =
§ 4+ 0 and if w5 = ge(I5-,-), then O w§ — w$ = w$ + O(r~%), where:

(31)

(rdr)* + a2 — a2 — aF ag - g —rdr - o
he=—1T1 D 1¢GP° - — [ITI{¢1, G2) :
(jvkve)eng
a1 - ag+rdr-as Qo - g — rdr - oy

— IT11{¢1. G3) G — [IT1{¢2: G3) p :

where L§ s gwen via the coupling:

dr -
e(S-,-) =TI (G = 16[?) A

= TGP + 16—

(8%

6
(32) 2 o 2 2
rdr)* +a; —af — «
— DG, gy O — 0 — 03
r

and
(33) @t = —[IT)1G P01 = 7111, G2) b — [IT11{Cr, Ga)bs,
with |I'|| = c|I'| for a universal constant ¢ > 0. Moreover, @, vol* = Q, and if

I' is binary dihedral, tetrahedral, octahedral or icosahedral, the error term can be
taken of size O(r™8).

Recall the notations «; = Iyrdr, j = 1,2,3, and 0, = W—g%m, (a,b,c) €
{(1, 2,3),(2,3,1),(3,1, 2)} The scalar product on § used in this statement is the
one induced by the Killing form.

The rest of this part is devoted to the proof of this result. In next section we
specify the meaning of the space of parameters h — D; in particular we see how b is
identified to the degree 2 homology of our Kronheimer’s instantons, which is helpful
in computing the constant c of the statement, as well as the coefficients appearing
in formulas (31)-(33). We also fix the choice of the diffeomorphisms ®., and check
their properties on volume forms (Lemma 2.5). The explicit determination of k¢,

L§ and wf is the purpose of sections 2.3 and 2.4.
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2.2 Precisions on Kronheimer’s construction

2.2.1 The degree 2 homology/cohomology

The “forbidden set” D. — We keep the notation I" for one of the subgroups of SU(2)
mentioned in the previous section. We saw that Kronheimer’s ALE instantons
asymptotic to R*/T" are parametrised by a triple ¢ = (¢1, (s, (3) € h@R? — D, with
bh a real Cartan subalgebra of the Lie algebra associated to I' by McKay correspon-
dence; for instance, if I' = Dy, k > 2, then one can take h as the Cartan subalgebra
of s0(2k 4 4) constituted by matrices of shape diag(A1, ..., Agra, — A1, ..o, —Api2).
We shall first be more specific about the “forbidden set” D; according to [Krol, Cor.
2.10], it is the union of codimension 3 subspaces Dy @R3 over a positive root system

of b, with Dy the kernels of the concerned roots; as such, it thus has codimension
3in b.

Topology of X¢. — Recall the notation (Xc,gg,ff,fé,lg) for the hyperkahler
manifold of admissible parameter ¢ — this is actually also defined as a hyperkéhler
orbifold if ( € D. Those spaces are diffeomorphic to the minimal resolution of
C?/T (for I, say) |[Krol, Cor. 3.12[; as such they are simply connected and, again
when I' = Dy, their rank 2 topology is given by the diagram:

k vertices

(which is nothing but the Dynkin diagram associated to so(2k + 4)), where each
vertex represents the class of a sphere of —2 self-intersection, and where two ver-
tices are linked by an edge if and only if the corresponding spheres intersect, in
which case they intersect normally at one point.

Furthermore, there is an identification between H?(X.,R) and b such that:

e the cohomology class of the Kédhler form w§ = gc (If, ) is (5, 7 =1,2,3;

o Hy(X¢,Z) is identified with the root lattice of h; more precisely, given simple
roots of b and the corresponding basis of Hy(X,,Z), the intersection matrix
of this basis is exactly the opposite of the Cartan matrix of the simple roots,
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see [Krol, p.678]; in the case I' = Dy, k > 2, this matrix is thus:

2 0 -1 0 - 0
0 2 -1 0 :
e | | -1 -1 2 -1
0 0 -1 . . 0
: — L
0 0 -1 2
- k+2 !

From the latter, we deduce the following lemma, identifying cup-product on H?
and the scalar product on h induced by the Killing form, up to signs:

Lemma 2.2 Consider o, 8 € H*(X¢,R), such that  or B has compact support.
Then aU S = ch aAp = —(a, ), where the latter is computed with seeing o and

B in b via the above identification between H*(X:,R) and b.

Proof. We do it for I' = Dy, k > 2. By Poincaré duality, the computation of
a U f amounts to that of intersection numbers for a basis of Hy(X¢,Z). But
through the identification between Hy(X,,Z) and the root lattice of h above, the
matrix of intersection numbers on the one hand and that of scalar products of the
corresponding basis (or dually, of the simple roots) are the same up to signs. [

Period matriz. — For ( € h — D, consider as above a basis X;, j = 1,...,r say, of
Hy(X¢,Z); from the previous paragraph, the period matriz

can be computed thanks to the identities [ch] = (j. One easily sees that these
P(¢) = P(¢) if and only if ¢ = £ With this formalism Kronheimer’s classi-
fication |[Kro2, Thm. 1.3] can be stated as : two ALE gravitational instantons
are isomorphic as hyperkdhler manifolds if and only if they have the same period
matriz. From this we deduce (see also [BR, p.8, (4)]):

Lemma 2.3 Let ( € h — D, and let A € SO(3) act on ¢ and the complex struc-
tures _]J? as in section 1.1. Then there exists a tri-holomorphic isometry between

(XCa g¢, (Ajc)la (AIC)Qa (A]<)3) and (XAQ JAC¢, ]{4<7 [;Ca ]§4C) .

Proof.  Just check that in both cases, the period matrix is AP({), and apply
Kronheimer’s classification theorem. O
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2.2.2  Analytic expansions.

Choice of the chart at infinity. — Consider a parameter ( = ({1, (,(3) € h @ R3
and set

CI = (07C27C3>7 CII = (0707C3)

— we will keep these notations below. As described in [Krol, p.677], there exist
proper continuous maps:

A (Xe, g6, 15, 15, 15) — (Xenge, I3, 15,15,
)‘g : (XC’ugC’allcvfgalg) — (XC”7gC”7‘[1< 7I2C ,Ig )7
Nyt (Xen,gen, Iy 15 I3 ) —  (RYT,e, 11, I, I),

which are diffeomorphisms (at least) on (A o AS 0 A)"1({0}), (AS o AS)~L({0}),
and ()\gﬁ)’l({()}) respectively. As soon as (" ¢ D (resp. (',( ¢ D), )\g, (resp.
A, X$) is a resolution of singularities for the third (resp. the second, the first) pair
of complex structures; in particular, if ¢ ¢ D (resp. if ¢ ¢ D), then AS (resp. A$)
is smooth, and holomorphic for the appropriate pair of complex structures.

To get a “coordinate chart” on X, (or rather, to view objects on R*/T), one
sets:

Feo (A 0X5 oA ™ (R[0T — X,

(beware this is not exactly the same order of composition as Kronheimer’s “coor-
dinate chart”, but this is not a problem by symmetry).

“Homogeneity” and consequences. — We shall see that the F are going be the @,
of Theorem 2.1. For now, according to Proposition 3.14 in [Krol| and its proof,
we have for any ( the converging expansion

Flge=e+y b,

Jj=2

with héj ) a homogeneous polynomial of degree j in { with coefficients homogeneous
symmetric 2-tensors on R*/T" — more precisely, if & is the dilation x +— sz for any
positive s, théj ) = S_Q(j_l)héj ). We will thus be concerned with determining ex-
plicitly the term h?), and moreover show that when I' is binary dihedral then

hé?’) = (0. For now, observe that Kronheimer’s arguments, consisting in analyticity
and homogeneity properties of his construction, can also be used to give the exis-
tence of analogous expansions of other tensors such as the complex structures, and
therefore the Kéhler forms, or the volume forms as well. We can write for example

(34) FoIf =T+ i,

Jj=1
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where Lij is a homogeneous polynomial of degree j in ( with coefficients (1,1)-
tensors, satisfying Iizbij =5 Lij (and again, the lower-order term Lil vanishes,

but we will find this fact again below).

2.2.3  Minimal resolutions, invariance of the holomorphic symplectic structure.

We know that as soon as ¢ ¢ D, A : (XC,IIC) — (XC/,IICI) is a minimal
resolution, and a similar statement holds for /\g/ : (XCI,]gl) — (XQ//,IQCN) and
X (Xen, IS) — (RY/T, I;) whenever ¢ ¢ D or ¢" ¢ D, respectively ( [Krol,
p.675]).

As seen already, those maps can happen to be smooth — for instance A§ is, when
(,¢" ¢ D; we are then only left with their holomorphicity property. This can be
used nevertheless with their asymptotic preserving of the hyperkéhler structure,
to see that they do preserve the appropriate holomorphic symplectic structure:

Lemma 2.4 Fiz ( € h®@R3, and assume that (" ¢ D. Then the map )xgﬁ verifies:
(A5 ) (wf +iws) =i +iwg .

Similarly, if ¢',¢" ¢ D, then (AS)*(wS +iw$ ) = w§ +iwS ; if ¢,¢' ¢ D, then
(A" (w§ + iw§ ) = w§ + i,

Proof. The assertion on )\gn is actually classical, and can be settled in the following
clementary way. Call 8 the 2-form (A§ ), (w$ +iw$ ), well-defined on (R*\{0})/T,
pulled-back to R*\{0}. Since /\g// is holomorphic for the pair (I g", I3) and w$ +iws”
is a holomorphic (2,0)-form for [gu, 0 is a holomorphic (2,0)-form for I3, and can
thus be written as f(w® + iw§), where f is thus holomorphic for I3 on R*\{0}. By

Hartogs’ lemma it can be extended to the whole R*; however, since ()\g/)*w?// =

Fcu*wjg” ~ wj§ near infinity on R*/T", j = 1,2, which can be seen as a consequence
of the power series expansions analogous to (34) for Kdhler forms, we get that f
tends to 1 at infinity. It is therefore constant, equal to 1, which exactly means
that (S )*(w® + iws) = wS + iws .

We deal with the assertion on )\g in a somehow similar way. Since (', (" ¢ D, )\g,
is a global diffeomorphism between the smooth X and X¢~, holomorphic for the
pair (Ig, ]24//); since wgl —i—iwf/ trivialises K

X S and is a (2,0)-holomorphic form
¢/r72

for I, (AS)*(w$ + iwS”) can be written as f(w$ + iwé) with f a holomorphic
function on (XC/,IQC/). Again f tends to 1 near the infinity of X, since there
()\g)*wf” ~ wJC-/, j = 1,3. Moreover wgu + w8 never vanishes on X¢r, and so
neither does f on Xc. We collect those observations by saying that log(|f]?)
is a go-harmonic function on X tending to zero at infinity, and thus identically
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vanishing. Since f is holomorphic, it is not hard seeing that it is therefore constant,
thus f = 1, or in other words: (XS )*(w§ +iw$ ) = w§ + iw’ .
The assertion on )\g is done in the exact same way:. U

An easy but fundamental consequence of the construction of Fi via the )\§ and
the previous lemma is the invariance of the volume form, which we state for ¢
corresponding to smooth X, so as to avoid useless technicalities:

Lemma 2.5 The volume form F:*vol% does not depend on ( € h @ R* — D, and
1s equal to the standard €.

Proof. Notice first that once we know that F¢*vol’ does not depend on (, the
equality F,* vol% = Q is a direct consequence of the expansion of F¢*vol% as a
power series of (, the constant term of which is .. To prove that F.*vol’ is
independent of ¢, we proceed within three steps, considering first ¢”, and then (’
and (. Even if ( ¢ D, ¢’ or (" might lie in D; we can however assume this is
not the case without loss of generality, since F¢* vol% can be written as a power
series of (. Now from the hyperkéhler data (Xgu, gen s Ifu, [24”’ Igﬁ), we know that
vol9e” = %(wfﬁ)Q. Since F:*(w$") = w® (the standard Kihler form on C2), we get
that FC”* vol%” = Q).
Consider now X¢; we know that wgl is “preserved” by )\gl, and therefore:

1 / 1 ’ / 1
FC/*VOlgc/ = §F</*(CL)§ )2 = EFC//*<)\5 )*<W§ )2 = §F§”*(w§ )2 = FCH* VOlgCH,

the last equality coming from the fact that wgn is one of the Kéhler forms of the
hyperkéhler structure (ger, IS, IS, 15 ).
To conclude, we notice that w§ is preserved by )\f ie. wg = (Af)*wg , and thus

1 1 1 /
F¢"vol = §Fc*(w§)2 = §Fc'*()\§)*(w§)2 = §FC’*(W§ )? = Fo™ vol#e';

here we could also have used the forms wg and wgl. To make a long story short,
the reason for the volume form invariance is that at each step of the composition
of the )\5, at least one Kéhler form is preserved. O

2.3 Explicit determination of h¢
2.3.1 \Verifying a gauge

We shall now work more precisely on the first possibly non-vanishing term of
the expansion of Fi"gic, t € R, ( fixed; this allows us to redefine h?) as follows:
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Definition 2.6 Fiz ( € h ® R3, and set on R*\{0}:

1 d?
(35) he=Ss—5|  Ficgic
2d2|,_,

which is then O(r=4), with Ve-(th derivatives O(r=*=%), near both 0 and infinity,
and verifies:
FC*QC =e+ h( + €¢y

with (V®)'ec = O(r=%7%). More precisely, h¢ is a homogeneous polynomial of degree
2in C, with coefficients symmetric 2-tensors homogeneous of degree 2 in the sense
that kthe = s 2h¢, where ks is the dilation x v+ sz of R*\{0} for any s > 0; as
for e, it is a sum of terms of degree at least 3 in (.

As indicated by the title of this section, given an admissible (, we want to anal-
yse h¢, which is the first (a priori, possibly) non-vanishing term in the expansion
of g¢ (from now on, for the sake of simplicity, we forget about the F, — we will
be more accurate about this abuse of notation whenever needed). There already
exists a rather powerful theory of deformations of Kéhler-Einstein metrics; see
in particular [Bes, ch.12] for an overview on that subject. Nonetheless, because
of the diffeomorphisms action in general, much of the theory is configured so as
to work once a gauge is fixed, precisely killing the ambiguity coming from the
diffeomorphisms.

The following proposition asserts that the h¢ are indeed in some gauge, making
us able of further considerations — just as is done in paragraph 1.4.3. Let us specify
though that in determining explicitly h¢, we will be more concerned with other
specific properties of that tensor, namely with its inductive decomposition into
hermitian and skew-hermitian parts with respect to I;, I and I5. As we shall see
though, the gauge and the decomposition are rather intricate with one another;
seeing the verification of the gauge as a guiding thread, we state:

Proposition 2.7 Fiz ¢ € hR>. Then the lower order term he of the deformation
gc of € on R\{0} is in Bianchi gauge with respect to e, and more precisely:

tr®(he) =0 and 0¢he = 0.
Moreover, the I-skew-hermitian part of h¢ is her, the Iy-skew-hermitian part of her

is hen, and hen is Is-hermitian, while the Ir-hermitian part of he, the Io-hermitian
part of her and hen give rise to closed forms, that is:

d(hg(]y, ) — hc(-, ]1)) = d(hcl(]g', ) — hC’(" ]2)) = d(hg//(]g)', )) = O on R4\{O}
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Remark 2.8 We took the liberty of possibly having ¢ in D since these statements
are made on R\{0}. More precisely, even if X; is not smooth, its orbifold singu-

larities lie above 0 € R* via Fy, and h is smooth on the regular part of X, i.e.
(F¢)*h¢ is smooth on R*\{0}.

Proof. Let us deal first with the assertion on tr®(h¢). At any point of (R*\{0})/T,
for any t:

VOlgtC — dete(gtC)Qe — dete (e 4 t2h< + O(t3))Qe = (1 + t2 tre(hc) -+ O(t3))Qe

But we saw in Lemma 2.5 that for all £, vol?* = Q,; consequently, tr®(h¢) = 0.

We now deal with the divergence assertion. As for the previous lemma, we pro-
ceed inductively on the shape of (; the hermitian/skew-hermitian decomposition
as well as the closedness property will come out along the different steps of the
induction. For this we assume that ¢’ = (0, (s, (3) and ¢" = (0,0, (3) are as well
out of the “forbidden set” D. Again, since h¢ can be written as a sum of quadratic
polynomials of ¢ times symmetric 2-forms independent of (, this assumption does
not actually lead to a loss of generality.

Step 1: 6°her = 0. We hence start with ¢ = (0,0, (3). Since I3 is parallel for e,
we have that d*[hen (-, I3-)] = (6%h¢r)(I3-); indeed, given any local e-orthonormal

e

(36)

4

d*°lhen (-, Zea o (hen(Is))] and  8%hen = = (VS hen)(ej,-),

Jj=1

see for instance |Biq, 1.2.11] for the first equality, and |Biq, 1.2.13] for the second
one. Moreover her is clearly Is-hermitian, since the g are, Which is straight-

forward from the holomorphicity of the /\?f" for the pairs (I ]3) hen(-, I3) is
therefore a (1,1)-form for I3. It is furthermore closed, since the gt<n( I3-) are. We
can now use the Kéhler identity “d* = [A, d°]” with the structure (e, I3) and write:

& (e 1)) = g (e (1),

But Aue(her (-, I5-)) = —3 tr(her) = 0, and since hen (-, Is+) is Iy-hermitian and
closed, d§, (hev(+,I5-)) = d(hen(+, I3-)) = 0, hence the result.

Step 2: 0°he = 0. We go on our induction and analyse he, where we recall the
notation ¢’ = (0, (2, (3). We proceed through the following lines:

(i) we come back momentarily to he» and prove it is Ir-skew-hermitian;
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(ii) we prove that the I5-skew-hermitian part of h¢s is her, which is known to be
divergence-free for e;

(iii) we conclude by proving that the I5-hermitian part of he is e-divergence-free
as well.

We tackle Point (i). Recall that the map AS : X¢ — X¢r is holomorphic for
the pair (]26”_]5”); since we forget about Fy and Fpv, this amounts to writing

IQC/ = IQC". Recall that in the same way as for the metric, the complex structures
admit an analytic expansion, which can be written as a power series of ( with
coefficients homogeneous (1,1)-tensors on (R*\{0})/T. We assume momentarily

that the first order variation vanishes, and we thus write I§” = Iy + L2H + 62”,
where 1§ = %%} t:o[;C , is O(r™*) (with according decay on derivatives), and

(Ve)eS" = O(r=5-*) for all £ > 0.

Now Lg splits into an e-symmetric part and an e-anti-symmetric part. But

according to [Bes, 12.96], to the anti-symmetric part, (5 )
Iy-holomorphic (2,0)-form 6 via the coupling e(-, (Lg ) - ) = 0; this we get by con-

say, corresponds an

sidering the second order variation of the Kéhler-Einstein deformation (gtg“”, I;C”),
satisfying the gauge tr®(h¢v) = d®hen = 0, and observing that all the statements
are local. We can lift § on R*\{0}, and then write = fdw; A dw,, where w; and
wy are the standard I>-holomorphic coordinates x; + ix3 and x4 + ixs, and f is
thus Io-holomorphic with decay r—* at infinity. By Hartogs’ lemma we can extend
f through 0; we thus have an entire function on (R*, I,), decaying at infinity: the
only possibility is f = 0, and therefore (:5")* =0, or: 1§ is e-symmetric.

Here we would like to follow [Bes, 12.96] again, to see for example that Lg” then
corresponds to the I5-skew-hermitian part of h¢r, via the coupling w$(-, Lgl-) — this
latter (2,0)-tensor being clearly Io-skew-hermitian, because w§ is I>-hermitian, and
since for all t, —1 = (I")2 = 12 + 2(I,8" + 5 L) + O(#3), thus L = =i I,
Since in our situation, wgﬂ does not vary, we could also expect from |Bes, 12.95] that
the I>-hermitian part of h¢» vanishes. Nonetheless some of the quoted arguments
are of global nature, and one should check they can be adapted to our framework.
This can be bypassed however by a rather simple computation, which we quote

here: for any t,

Gien = Wi (I = WS (-, L) + PS8 ) + OF)  since wl = w$
‘ e+ t*her + O(t%),

and thus her = ws(, Lg”-) which is [o-skew-hermitian, as announced.
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We now claim that the I-skew-hermitian part of he is nothing but her, which
is Point (i) of the current step. Indeed, since for all ¢, I = 1" (consider %),

0 :gtC’(ISC g 154 ) = G = gt{’(ISC K Iéc ) = i
=e(Iy"" Iy ) + Pho (I3 1)) — e — 2he + O(t?)
:e<]2'7 IQ) +t29<]2', Lg//') + tze(é”-, ]2) + t2hCI(IQ', _[2) — e — t2h</ + O(ts),
-

and thus he — he(Lo-, Ir) = eIy, Lgﬂ-) + e(LgN-,IQ-). We know that e(/ls-, Lg-) =

w18 ) = hen. To conclude, use that e and e(:, i{") are both symmetric, that
IQLQI = —Lg I5, and that e is I,-hermitian to see that for all X, Y,

e(lS X, LY) =e(LY, S X) = —e(Y, 1§ X) =e(Y,§ LX) =e(l,X,5Y),

1

ie. el L) =e(ly, ) = her. We have proved that

(her = he! (I, I)) = hen,

N | —

as claimed. Since 0°h¢r = 0, to see that °ho = 0, we are only left with checking
this identity on the I>-hermitian part of h¢, which is Point (iii) of the current
induction step.

For this, let us call ¢ this tensor twisted by I, namely ¢ = %(hC/(IQ', ) =
he(+, I>)). As above, we want to see that d*°p = 0. This is clearly an I,-hermitian
2-form, that is an I>-(1,1)-form. It is moreover trace-free with respect to e, since
h¢ is. If we check it is closed then we are done, using the Kéahler identity [A.,,df,].

U

For this, we use an expansion of wg . for all ¢,

!

C o ! 1 t”
CUZ —

(915 +) = g (- 137)) = 5 (e (057 ) = gne (- 15°)
(e(Io-, ) + t2e(1§ -, ) + ther (I, -)
—e(-, L) — te(-, 15" ) — t2he (-, L) + O(t%)
—w$ + 20 + O(t%), since e(ly-,-) = —e(-, ) = w$ and e(-, 1§ ) = e(i$ -, -);

NN =

this expansion can be differentiated term by term, so that t2dy + O(t3) = 0, hence
de = 0, as wanted.

Step 3: 6°h¢ = 0. We now analyse he. All the techniques to pass from h¢r to he
can actually be used again, and bring us to the desired conclusion:
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1. we first observe that _71C = ]f,, and we define Lf = dt2 ]tC which we

assume again to be the possibly lower-order non-vanishing Varlatlon of 11
then (:5)* = 0, since otherwise we would have a non-trivial entire function
on C? going to 0 at infinity;

2. since wf/ = wf” = wf, we get that h¢e is [i-skew-hermitian, given by Lf via
the identity he = wi(-, L§'-), and that the I;-skew-hermitian component of
h¢ coincides with her, the 0° of which vanishes; we are thus left with the

I-hermitian component of h¢;

3. this component is e-trace-free (h¢ is), and gives rises to an I;-hermitian 2-
form v, which is closed since the w!® are; the Kéhler identity [Aue,df ] = d*
then leads us to d*ey = 0, which is equivalent to:

0°¢ (]1—hermitian component of hc) =0.

To finish this proof, we justify our assumption of the vanishing of the first order
variation of the complex structures. For instance, let us not assume that . :=
= ‘t ol2 " is a priori vanishing. Then it is defined on R*\{0}, and is O(r~2). Now
as above, since 0 = %| .ot has vanishing trace and divergence for e, the e-anti-
symmetric part of + has to vanish since it gives rise to a holomorphic function on
(R*, I,) decaying at infinity. And we see as above that wg( L) = 4 — ogtC” =0,
and thus ¢ = 0. Slmﬂarly, the arguments for Ll apply to < 3t lmoli i with 2 5 ‘ ot =

0 instead of h¢r, so that < il OItC =0. O

Remark 2.9 By contrast with what is usually done, we used properties already
known of h¢r and hen, conjugated to properties of mappings between X, X and
X to show that indeed, our first order deformations were in gauge, which is also

retroactively used in some places, e.g. in killing tensors like (Lg )e.

2.3.2  Lower order variation of the Kahler forms: general shape

As seen when proving that the gauge was verified, given ¢ € h ® R?, hen is
Is-hermitian, the Iy-skew-hermitian part of he is her, and the [;-skew-hermitian
part of he is her. In order to determine he completely, we are thus left with
working on the respective I3, Iy and I;-hermitian components of h¢v, he and he,
or equivalently on the respectively I3, Iy and I;-(1,1) forms

wg = hC”(I3"')7 < : (hC’(]Qv ) hC'(U]?'))

(hC(Il'a ) - h(('a ]1'))'

N | —

and wg =
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We interpret these forms as the first (possibly) non-vanishing variation term of
wg , wg and wf; as such and as seen above, these are closed forms. More precisely,

they follow a general common pattern:

Proposition 2.10 There exist real numbers ay1;(C), ag;(¢’), as;(¢"), 7 = 1,2,3,
such that:

1"

wé = a31(<//)91 + G32(C”)92 + CL33(§”)837 ng = a21(</)91 + a22(</)92 + a23(C/)937
and @5 = a11(O)01 + a12(C)02 + a13(¢)0s,

where we recall the notations:

rdr N ag — ag A as rdr Aoy —as A\ ag
91: ) 92: ; 93:

rdr A ag — aq A ag
6 76 )

76
Proof. We do it for w%, as it will be clear that the arguments would apply similarly
to ws and @} ; we work on R\ {0}. As @$ is of type (1,1) for Iy, it is at any point
a linear combination of rdr A aq, as A as, rdr Aas —ag Aaq and rdr Aas —aq A as.

The symmetric tensor %(hg + h(([l',fl')) corresponding to w$ is moreover

trace-free for e, which translates into w{ A w§ = 0. Since w; = rdricifotas
we have (rdr A ag —ag A ag) ANw§ = (rdr A ag — ag A az) Awf = 0, whereas
rdr AN ag ANw§ = as A az A wf. As a consequence, the pointwise coefficient of
ag A aig is the opposite of that of ay A as. To sum up, since the §; are O(r=*) with
corresponding decay (or growth, near 0) of their derivatives, which are precisely

the orders of @, we know that:
@i = fO + gba + hbs,

for three bounded functions f, g, h, with euclidean ¢-th order derivatives of order
O(r~*), near 0 and infinity. We can be more precise here: from the properties of

analytic expansions in play discussed in paragraph 2.2.2, we have that m;‘wg =

s*2w§, where r; is the dilation of factor s > 0 on R*. But we exactly have
ki0; = s720;, j = 1,2, 3; therefore, f, g, h are functions on the sphere S*. Notice
that from this point, we also know that wg is anti-self-dual (for e), since the ;s are.
Therefore @ is e-harmonic on R*\{0}, which is the same as: (V®)*(V®)w$ = 0.
On the other hand, the 6; are harmonic as well: they are anti-self-dual, and closed,
since

1. /1 .
(37) 9]‘ = delj (70—2), ] = 1,2,3.

Putting those facts together and setting e; = Ij%xiﬁ, j =1,2,3 — forget about
formulas (8) — so that rdr(e;) = 0 and ay(e;) = rd;x, Jj, k = 1,2,3, we get that:

3

Aol f0) = ~5(Ber ) 23 (ex VS by
k=1

49



From ALE to ALF gravitational instantons

The V¢ 0; are easy to compute: since e; -7 =0, V¢ 0 = T%V‘gk (rdr A aq — ag A
a3). Moreover since the I; are parallel, we just have to compute V¢ rdr; since
Ve(rdr) = e, V¢ (rdr) = e(ex,-) = +ay. Therefore VE 6 = 0, V€6, = 263 and
Ve 0y = —20,. Thus A(f01) = 5(Assf)01 — 2(es - f)03 + 2(es - f)f2. A circular
permutation on the indices gives as well A(gf) = & (Agzg)fa—2(e5-9)0142(e1-9)05
and A(hfs) = 5(Agsh)03 — 2(ey - h)bs + 2(es - h)0;. Since the 6; are linearly
independent, Awg = 0 translates into:

(38) Ag3f—4(€3'g—€2'h) = Agsg—4(61'h—€3'f) = A§3h—4(62'f—€1'g) = 0.

On the other hand, dwg = (0 isequivalent toe; - f+es-g+es-h=ey-f—e1-g=
es-g—eg-h=-e-h—es-f=0;the latter three equalities, plugged into equations
(38), exactly give Agsf = Agsg = Agsh = 0, hence: f, g and h are constant.  [J

Remark 2.11 We have not used the I'-invariance of the tensors here; nonetheless,
since the 0; are SU(2)-invariant, which comes from the identities 6; = ddfj(r%),
this does not give us any further information.

2.3.3 Lower order variation of the Kahler forms: determination of the coefficients

We know form the formal expansion of g¢ (or those of g and g¢~) that the ajx
coefficients of Proposition 2.10 are quadratic homogeneous polynomials in their
arguments. Their explicit form is given as follows.

Proposition 2.12 With the same notations as in Proposition 2.10,

az (¢") =0, az(¢") =0, ass(¢") = — TG,
axn (¢) =0, as(¢) = — TGP, az3(¢) = = [IT1[{¢2, C3),
an(€) = =TGP, () = =TI, &), as(¢) = = [ID[{¢, Gs)-
where ||| := 2\/5(‘134) = ?

Proof. We shall first prove the assertion on the as;(¢"”), and then apply the same
techniques to determine the ay;(¢’") — the a1;(¢) being dealt with in a similar way.
One more time we can assume that ¢ is chosen in h — D, and so that (', (" ¢ D.

The coefficient as3(¢"”). To begin with, set a = a31(¢"), b = az2(¢”) and ¢ = az3(¢").
We consider on X¢» (which is smooth by our assumption ¢” ¢ D) a closed form
A with compact support representing (3 by Poincaré duality; this is possible since
minimal resolutions of C?/T" have compactly supported cohomology [Joy, Thm
8.4.3], and X is diffeomorphic to such a resolution (this is actually a minimal
resolution of (C%/T, I), but we will not use this fact). Next, consider a smooth
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cut-off function y, vanishing on (—oc, 1], equal to 1 on [2, +00). From the equality
w§ = +dd§ (r?), and from formulas (37), we have that

" 1 1
er=wi —A—d Z[gd(X(T)?"Q) + Z(ah + bl + cl3)d(x(r)r—?)

is well-defined on X, has cohomology class 0, and is O(r~°) at infinity, with
appropriate decay on its derivatives; here we write r instead of ()\gn)*r. As we
need it further, we shall also see now that ¢ admits a primitive which decays at
infinity.

From [Joy, Thm 8.4.1], ¢ can indeed be written as h + dfS + d "% v, where h is
in C5°(X¢, A?) and is gev-harmonic, and 3 and 7 are in C5°(X¢, A?); we used here
classical notations for weighted spaces: for example, 8 = O(r=2), V¢ = O(r=3),
and so on. The harmonic form A is actually decaying fast enough so that we can
say it is closed and co-closed: write (all the operations and tensors are computed
with respect to gc») for all r

0:/ (h,Ah)vol:/ (|dh?+|d*h[) Vol—l—/ (h®dh+hd*h) vol,
IBXC// (7") ]BXC// (T)

SXC// (r)

where By, (1) = ()\gﬂ)*l (B*(r)/T), and Sx,,(r) is its boundary. From what pre-
cedes, the boundary integral is easily seen to be O(r3=371) = O(r~*), and thus
dh = d*h = 0. Hence 0 = de = dd*v; an integration by parts similar to the pre-
vious one, but with boundary term of size O(r~?), leads us to d*y = 0, and thus
e = h+df. According to [Joy, thm 8.4.1] again, H*(X») — H*(Xen), h — [h] is
an isomorphism; now here [h] = [¢ — df] = 0. Therefore h = 0, and ¢ = df, with
B =0(r2).

Write B(r) for By, (r) to simplify notations; we shall now compute the integrals
fIEB(T)(wg”)2 in two different ways. First, recall that (wgu)2 = 2vol®, and thus'

fB(r)(wgﬁf = %Vol (]B4). On the other hand, since W= A + dy + ¢, with

¢ = 1Ld(x(r)r?) + Y(aly + bIs + cl3)d(x(r)r=?), we have:

/ (wg”f:/ )\2+2/ >\/\dg0+2/ ANe
B(r) B(r) BA(r) /T B(r)

—i—/ (dcp)2+2/ 5/\dg0—|—/ 2.
B(r) B(r) B4(r)/T

1"

ndeed, fB(T) (w§,,)2 is ”the limit as s goes to 0 of fB(T)_B(S)(wg )2, since as an s-tubular
neighbourhood of E := ()\g )~1({0}) which is of real dimension 2, B(s) has its volume tending to

0 when s goes to 0. Now we can also see fB(T)_B(S) (wg”)2 on R*/T via /\g// which is diffeomorphic

(39)

away from E, and since ()\gl/)*(wc//)2 = 2Q,, fB(T)_B(S) (w§//)2 is twice the euclidean volume of

the annulus of radii s and r in R*/T, hence the result when s — 0.
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Let us analyse those summands separately.

For r large enough, fB(T) A2 = fx A2 = AU\ = —|¢3/% by Lemma 2.2, and the
fact that [A] = [w$'] = (¢")s = (5.

The integral fB(T) A A dy equals fg(r) A A ¢ by Stokes’ theorem, where S(r)
stands for SXC,,(T), and this vanishes for r large enough; similarly, fB(T) ANe =
fB(T) ANdS = fS(T) AN B =0 for r large enough.

We now come to fB(r) (dp)?. By Stokes, this is equal to fS(T) dp N p, which we
view back on RY/T via A§ . For r > 2, the integrand is

1 1 (05] 9 (6%
(WS + aby + bOy + cbs) A [Ea?’_i(aﬁ + bﬁ + C?"_4)}
1 c _7
=ﬁ<1—r—4>a1/\a2/\o¢3+0(r ),
since w§ N az = T%ozl/\og/\ozg, ws Aoy = 127’dr/\oz3/\oz1 =0 and w§ A ay =
Lrdr ANag Aag =0 on S*(r)/T; 05 A g = —210%209 g, A g = trAGias — ()
02 A g = "rhazhas — (g on S*(r)/T; and 6; A a, = O(r™7) for j k = 1,2,3.
Observe that fS3( yron Aaz Aag = 4r? Vol (B*(r))/|l'| - for instance, compute
fB4(T =3z fB4 w$ A daz by Stokes; we thus end up with:

4
/ (g =21 — ) YUE) ey 200 0) vy oy 4 oy,
B(r) r ‘F’

We conclude by the last two summands of (39). On the one hand, fB(T) eNdp =
fS(T eENp = O( 376+1) = O(r=2), since € = O(r%) and » = O(r). On the other
hand, [5, &° = Jg, e NdB = [g, €A B thisis O(r*~°7%) = O(r™°) (and this is
actually the only place where we need an estimate on the decay of a primitive of

£).

Collecting the different estimates, for r going to co we have:

2rt

4 2 2(T4_C) 4 —2
m\/o1(133):_|43| + ——— Vol (B') + O(r™?),

I

hence: ¢ = —g5; ]B4)|C3|2

The coefficients az(¢") and az;(¢"). We use the same techniques to see that

a31(C” ) and a32(¢"), used above as a and b in ¢, vanish. Recall for example that
f = w§; therefore, b= =wi — d[lfld(x('r)rQﬂ has compact support in X, and

cohomology class [w1 ] (" =
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We can compute fB(T) wgu A wfu in two different ways. First, this is 0 for all

r, since wfﬂ and wgu are Kahler forms for the same hyperkahler metric and anti-
Commutmg complex structures and thus wg A w = 0. Secondly, using the sums

wg =A+dp+e amdu}1 =+ dip, with ¢ = 111 (x(r)r?), we write for all r:

/ W AwS” :/ A/\u+/ dgo/\,u—f-/ AL
B(r) B(r) B(r) B(r)

+/ >\/\dz/1+/ d(p/\dw—i—/ e A dip.
B(r) B(r) B(r)

We briefly examine each summand. The first integral, fB(T) A A p, is equal to

(40)

S X A A p for r large enough, and this is 0, since [u] = 0. The second integral can

be rewritten as fso«) de A A, which vanishes for r large enough; the same is true for
the third (since ¢ = df) and fourth integrals. As for the sixth integral, it can be
written as [g,, € A1, and this is O(r*~*) = O(r~?).

We are left with the fifth summand of (40), which we rewrite as fS(r) dp N,
and view back on R*/I". For r > 2, the integrand is

CY1/\O£2/\OZ3

1
(ws 4+ aby + bOs + cbs) A J=—a 576

on S3(r), since there w$ Ay = 0, Aoy = 03 Aa; = 0. As a consequence,
fB(r) do A dip = —a'Vol(B*)/|T.

This tells us that the right-hand-side of (40) is —a Vol(B*)/|T'| when we let
r go to oo; as the left-hand-side is always 0, a31(¢"”) = @ = 0. One proves that
a32(¢") = 0 in the same way.

The azj(¢") coefficients. Let us come now to the coeficients involved by w2 Smce
IS = IS and since we have the equality of IS -holomorphic (2,0)-forms w; iwd =
w§ + iwf , we have the writing:

wf/:,u+dz/1 and w§/:/\+d<p+£;

taking v a compactly supported closed 2-form representing (s = [w$ ] (since (¢')y =
(2), we can write, for the same reasons as those invoked when proving the analogous

1

formula for wj :
Wy =vHdE+

with & = 1[I d(X( )7%) + (aly + bl + cl3)d(x(r)r~?)] where this time, a = a({'),
b = axn((’), ¢ = ax(¢’), and with n € Cg°(Xe, A?) of the form dy for some
v € C(Xer, A?).
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Exactly as in what precedes, we get from computing respectively fB(T) (wgl)2

and [g . w$ AwS, where now B(r) = (A o /\g/)_l(IB%“(r)/F), that axn (') =b =

_$(‘]B4JCQ|2 and a9 (¢') = a = 0. Now though it goes through similar lines, the
e

computation of fB(r) w2, A wgl is slightly new. Indeed, wgl A wgl = 0 identically,

whereas:
/ wgl/\wglz/ 1//\/\—1—/ 1//\d<,0—|—/ vAe
B(r) B(r) B(r) B(r)
(41) +/ d£/\A+/ dﬁ/\dg&—i—/ dé N e
B(r) B(r) B(r)

—I—/ 77/\)\—|—/ 77/\d<,0—|—/ nAEe.
B(r) B(r) B(r)

The first integral of the right-hand-side equals ch’ vAXN=—([V],[A]) = —((2, (3)

for r large enough. For r large enough again, the second, the third, the fourth
and the seventh integrals vanish (use Stokes’ theorem). Further uses of Stokes’
theorem and the estimates ¢, & = O(r), e,n = O(r=°%) and 3,7 = O(r—2) (with
e = df, n = dvy) give us that fm(r) dé A e and fB(r)n A dp are O(r=2), and that
JospynNe=0(77).

We hence are left with computing the contribution of the fifth summand,
namely fB(T) d¢ A dp, in the right-hand-side of (41). This can be rewritten as

Js € A dip; seen on RY/T', the integrand is:

1[ 1
2

Qg — F(am(c,)cw + CO{3)i| A (w§ + a33(<"’)03)-

All computations done, this can be rewritten on $*(r)/T" as: —c®42229  Thus

¢ Vol(B*4 _ 6 Vol (B4
Jo dE N dp = — 2eVlE) L O(r—4) (recall that Jisiyyp 01 Ao Nag = ArOVoI(BY) )

I’ I
Collecting the estimates of the last two paragraphs and letting r go to oo, from
C VO 4 .
(41) we get: 0 = — (G, Gs) — 2V, that is: ¢ = — 5l (G, G).

The ay;(C) coefficients. After noticing that w$ + iw§ = w$ + iwgl, and that w$ can
be written as a sum
p+dy +q,

where p still has compact support but this time has class [wf] = (1, ¥ is the 1-form
}l[lld(X(T)’l"z) + (an(C)Il + alz(C)IQ + Clm,(C)]g)d(X(T)’f’iQ)], and S € Cgo(XC,AQ)
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can be written do with o € C5°(X,, A?), we get that

I ) B _ T
a11(C) = — 55 IVol(BY) (GIF a(€) = — 55 TVol(BY) PETATTI(SHICY,
and CL13(C) = QV’I;(|B4) <C17 C3>

from respective computations of fB(r) (wfl)Q, fB(T) w%l /\wgl and fB(T) w%l /\wg, where
here B(r) is seen in X, following the same lines as above. 4

2.3.4  Conclusion: proof of Theorem 2.1 (general I)

Let us sum the situation up. If we take & = F." : X \F ' ({0}) — (R*\{0})/T
and keep the notations introduced in this section, we have ®¢_g: = e+he+O0(r~%),
O I =1+ 45+ O( —6) and ®¢,w§ = w$ + @§ + O(r~5). The I,-hermitian com-
ponent of h¢ is wl( I1-), which we know, and its Il skew-hermitian component
is h¢r. Now the Ir-hermitian component of her is w2 ( I5+), which we also know,
and 1ts I>-skew-hermitian component is hev. Finally, her is I3-hermitian, equal

to @ (-, I5-), which we know as well. In a nutshell, we are able to write down
explicitly h¢ from Propositions 2.10 and 2.12:

he =5 (L) + @ (-, Ir) + w$ (-, I)

—||P\|(Z|(j|29j(wfj')+ > <Cj7Cj>9j('7fj')),

1<j<k<3

which gives exactly formula (31), with ¢ = 2V+(JB4) =72

From this and the formula for w$ proved in 2.12 — which gives formula (33)

of Theorem 2.1 —, we deduce the expected formula for 5. We know indeed that

$ =48, and that her = w (-, i) and ¢ is e-symmetric, hence:

e(if,) =e(~ 1§ ") = —w§(Li 1§ +) = —he (L)
=TI (I¢s1* 0311+, Is-) + [Ga*b2( L1+, o) + (Ga, C)B5( 11+, 1))
—||F||(|C3| 93( ) |C2| 92( )— <C27C3>‘93(‘a13')>

Qg - g — rdr - o Qg - a3+ rdr - oy
=Tl ¢s]? 5 — ITIl1¢2l? 5
r r
(rdr)* + a2 — a? — o2
- ||F||<C27C3> T6 )

of which formula (32) is just a rewriting.
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2.4 Vanishing of the third order terms when I' is not cyclic

We shall see in this section that in the expansion g; = e + h¢ + Z;ig héj ), if T
1s one of the Dy, k > 2, or contains one of these as is the case when I' is binary
tetrahedral, octahedral or icosahedral, then the third order term hé?’) vanishes, and
that this holds as well for complex structures and Kéahler forms. Keeping working
with the diffeomorphisms F¢ of the previous section even if we omit them to
simplify notations, we claim:

Proposition 2.13 Suppose I' contains Dy, k > 2, as a subgroup. Then g =
e+he+ 00 ®), It = [ + 5+ O(r%), w$ = wy + @ +OF?), where by O(r8)
we mean tensors whose (th-order derivatives (for V°) are O(r=87°).

Proof. We shall first see that, for a general T', the crucial considerations made in
section 2.3 on the second order term h, of the expansion of g, still hold for hég);

first recall that h?) is a homogeneous polynomial of { of order 3, with coefficients
O(r=5) symmetric 2-tensors, with according decay on the derivatives, and those
coefficients are independent of (. We start with claiming that:

tre(hés)) =0 and (5%23) = 0.

Indeed, for the trace assertion, once ¢ € h ® R? — D is fixed, one has for all ¢:

Qe = volc = det® (e + t2he + 20 + O(t1)) Qe
= (1 + £ t°(he) + £ 11°(h) + O(t1)) e,

since the higher order contributions of ¢*h; are included in the O(t*), hence
(3
tre(h) = 0.
We thus notice that h?) shares this property with hs because the non-linear
contributions of the Ay, which are of order at least 4 in ¢, do not interfere with the
linear contribution of hi’). We thus generalize this observation to prove that hf’)

shares other properties with h¢, and to start with, that 6ehé3) = 0, as promised.
Again we proceed within three steps, considering first ¢ = (0,0,(3), and then

C/ = (07 <27 C3) and g = (Clv C27 C3>
The case of hg’,) is immediate, and merely amounts to the fact that it is an
I3-hermitian tensor (the g are) with vanishing trace for e, used with the Kéahler

identity [A,,,dS,] = d* applied to hg/s/)([g', ).
For the case of hg’), remember the following: we first saw that the second order

variation of Igl = IQCN was e-symmetric; this still holds for the third order term,
since the only I-entire function on C? decaying (like r=%) at infinity is trivial.
Then we identified the Io-skew-hermitian part of h¢ with h¢r; again, this holds
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for hg’) with hg’,) (and the latter is indeed Iy-skew-hermitian). This amounts to
looking at the term of order 3 in ¢ of:

e the expansion of g = w§<//(~,]£§“~) to see that h?,) is indeed I»-skew-

hermitian (recall w = w, for all ¢);

e the expansion of gtcl(gg/-, I — gy to see that %(hé‘?) —|—h(§)(lg-, L)) = hé?,).
We concluded by using the usual Kéhler identity (for I5) on the e-trace-free Io-
(1,1) form % (he/(Iy-,-) — hei (-, Io)), after seeing it was closed; we can do the same
on its analogue %(h?)(lg-, ) = hg)(-,lg-)), which is also an e-trace-free Io-(1,1)
form, and is closed as seen when looking at the third order in t of the expansion
of w;@“ = %(gtC’([;C " ) - gtC’(ISC " 12))

One deals with h¢ in analogous way. In particular, we get in passing that the
third order variation of If = ]1(/, j§ say, is e-symmetric and anti-commutes to Iy,
that the I;-skew-hermitian part of hé?’) is hg’), related to 5% by h® = ws (s, j§~), and

¢
that its /;-hermitian part gives rise to an e-trace-free closed I;-(1,1) form.

Running backward this description, we will thus be done if we show that the
third order variations of the Kéhler forms vanish when I" contains a binary dihedral
group. In general though, we know these are O(r~%) near 0 and infinity with
corresponding decay on their derivatives, that they are of type (1,1) for one of the
I; and trace-free; they are thus *e-anti-self-dual, and therefore can be written as
O, + g0y + hs, where this time, 72f, g and r2h depend only of the spherical
coordinate of their argument. Our form are moreover closed, hence in particular
harmonic; using again that the Laplace-Beltrami operator and the rough laplacian
coincide on (R?*, e), and that the 6; are harmonic, we have this time:

3

Ae(f01) = (Aef)01 =2 (ex- [)VE 00,
k=0

with e = 2252, We set f =r2f; this is a function on S®, and ey - f = eq- (r2f) =
~ J ~

eo- (r2)f =—2r3f=—2r"1f. Since on functions, A, = —Tisar (7’3@ . ) + T%Ass,

one has:

Aef = Ae(r_2f) — _Tl?’ar (7’3@T(r_2))f+ T%Agsf = %Agsf,

since 0, (r30,(r~2)) = 0 (r~2 is the Green function on R*).

Moreover, V& 61 = 9,(r=°)(rdr A ay — ag Aag) + 17V (rdr Aoy —ag Aag) =
—261 + %91 = —%91. We recall that Vg 6, = 0, Vg, 0, = %93 and V¢ 0, = —%62,
therefore:

Aolf0) = 5 (B~ 167)61 — 5 ((e2 s — (es- F)62).
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Writing the analogous equations on g = 72g, h = r?h, the equation A¢(f0; + g6+
hés) = 0 is equivalent to the system:

Agsf —16f —4(es - §) +4(ey - h) = 0,
(42) Ags§ — 16§ — 4(ey - h) +4(es - f) =0,
ASBFL — 16iL — 4(61 : f~> + 4(63 : g) =0.

Now the closure assertion on f6,+g6,+h0; is equivalent to (e;-f)+(eq-g)+(es-h) =
(o F) = (e3-9)+(e2-h) = (0-9) — (e1-h)+ (s~ f) = (eg-h) — (€2 )+ (e1-9) = 0.

Since ey - u = —r%& and e - u = T%ek-ﬂ foru = f,g,h and k = 1,2,3, we
deduce from the latter equalities and the system (42) the equations:

Agif —8f = Ags§ — 8§ = Agsh — 8h = 0.

Setting f =r? f and likewise for ¢ and iL, we get that f . 7, h are harmonic (on
the whole R*) and homogeneous of degree 2. This is not hard seeing that they are
thus linear combinations of the 23 — 23, j = 2,3, 4, and the z;z;, 1 < j <k < 4.
The 60; are I'-invariant; f, g and h, and consequently f , g and iL, must thus be
as well. But of I contains a binary dihedral group as a subgroup, then there is no
non-trivial linear combination of the above polynomials which is I'-invariant. We
use first the 7-invariance; if indeed Dy, < I' for some k£ > 2 and u = Z?Zl aj(z? —
T5) D01 <jepes @jeTe s T-invariant, then 2u = u+7%u = ay(a} — 23 + a3 —x7) +
az(z? — 23 + 22 — 22) + aq(2? — 22 + 23 — 22) + app(rv179 + T374) + a13(T173 —
.%'3.%’1) + CL14(1’1£C4 — .%'31'2) + agg(mgl'g — .1'41'1) + a24(:c291:4 — iL'4£C2) + 6134(1’3.1'4 + 1'11'2),
that is: u has shape a(z} — 23 + 2% — 23) + 2b(x122 + T374) + 2¢(T124 — T3T2), i.c.
aRe(z? + 23) + bIm(2? + 22) + cIm(Z122), a,b,c € R, in complex notations. We

now use the (;-action and write:
k k

bu=) Gu= a(()Re(s +23) + () Im(} + 23) + e(G) Im(z122)

=0 =0

k
:%e(za(eﬂﬁﬂ/kz% + eQifw/kZ§)>

=0

[}

i m(zb(ezwﬂ/sz i e—2i€7r/kZ22) + Ce—mﬂ/kz—122>

=0
=0,

since e*™/* £ 1 (k > 2). In particular, the third order variation term of w$
vanishes; in other words, w$ = w; + @S + O(r~%).
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Since moreover jf is determined by hg’) which is also 0, this third order variation
of the first complex structure vanishes as well, or: I¢ = I + 1§ 4+ O(r™8). O

This completes the proof of Theorem 2.1. Notice however that in view of the
previous two sections, we could also have given similar statements on the second
and third complex structures and Kahler forms of X.. We chose to focus and the
first ones since this is what is needed in our construction of Part 1, see in particular
Lemma 1.6, which is just a specialization of Theorem 2.1: take ( = ¢ verifying
condition (11), and ®y = .

Nonetheless, the asymptotics of the second and third complex Kéhler forms are
available via Proposition 2.12, from which the asymptotics of the corresponding
complex structures easily follow, since the asymptotics of the metric are known.

2.5 Comments on Lemma 1.1

2.5.1 The condition (11)

The first comment we want to make about Lemma 1.1 concerns the reason
why we state it under the condition (11), which we can recall as (|(2]* — |G]?) +
2i(C2, ¢3) = 0 (if one takes ¢ instead of ¢ as parameter).

One could instead try to generalize the proof we give in section 1.3 with help
of the asymptotics given by Theorem 2.1, with ¢ a generic element of h @ R3 — D.
This is formally possible, but leads to include terms such as %, %, %, %
in the correction terms e; and €, of that proof, which is obviously not compatible
with the requirement that J is a diffeomorphism of R*.

In others words, (|G|*> — |s|?) + 2i(C,, Cs) appears as an obstruction for It to
be approximated to higher orders by Iy, even with some liberty on the diffeomor-
phism between infinities of X, and R*/T', which reveals some link between the
parametrisation of the X and the general problem of the approximation of their

complex structures.

2.5.2 Links with the parametrisation

Conversely we interpret of Lemma 1.1 as follows: when I' = Dy, — this would be
true also in the tetrahedral, octahedral and icosahedral cases — and (|Co|* — |G3)%) +
2i((2,¢3) = 0, then the complex structure [1C can be viewed as approximating
the standard complex structure I; with precision twice that of the general case,
i.e. with an error O(r=®) instead of O(r™*), up to an adjustment of the ALE
diffeomorphism given in Kronheimer’s contruction. Now (|(o|? —|C3]?) +2i(Cs, (3) =
(C2 4+ iC3, (2 + 1(3), and this precisely the coefficient a; in the equation of X, seen
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as a submanifold of C?, which is
(43) u? + w4+ w = ap + ayw + -+ apw 4 by

(a; being given by symmetric functions of the (k + 2) first diagonal values of
(2 + (3 € b or he/(Weyl group) of degree (k + 2 — j), and b by their Pfaffian).
Denote by Xp, the orbifold defined in C? by the equation u? + v?w +wk+! = 0,

i.e. equation (43) with ap = --- = a; = b = 0. This is identified to C?/Dj, via
the map (z1,22) = (u,v,w) = (2P 2y — 235412)), L(2 + 23%),2222). This

suggests that (u,v,w) in equation (43) should somehow have respective degrees
2k + 2, 2k and 4 in the z1, 2o variables, and this equation remains homogeneous if
we give formal degree 2 to (. When a; = 0, the right-hand-side member of (43) is
therefore formally conferred “pure” degree at most 4k — 4, instead of 4k.

We suspect that this corresponds to the improvement by four orders in the
approximation of I f by I; in the sense of Lemma 1.1. It would thus be of interest
to draw a rigorous picture out of these informal considerations, establishing a more
direct link of the kind suggested here between the parameter ¢ and the associated
complex structures, without passing by the analysis of g¢, which we unfortunately
have not been able to so far.

3 PROOF OF THEOREM 0.4

We shall use for proving Theorem 0.4 a classical method in the study of Monge-
Ampére equations: the continuity method. This method was suggested by E.
Calabi for the solution of the complex Monge-Ampére equation on compact Kéhler
manifolds. Since the successful use by Yau [Yau| of this method, it has been
adapted to different non-compact settings; let us quote here the version by Joyce
[Joy, ch. 8] for ALE manifolds, which greatly inspired ours. We also refer the
reader to Tian and Yau’s seminal works [TY1,TY2|, which pioneered the research
on generalising Calabi-Yau theorem to non-compact manifolds. We shall mention
a result by Hein [Hei, Prop. 4.1] too, very similar to ours if taking Hein’s parameter
B equal to 3, but dealing with less precise asymptotics.

We hence start this part by describing the method, and follow by the analytic
work (in particular, a priori estimates) it requires.

3.1 The continuity method.

The principle of this method is not to solve directly the Monge-Ampére equation
(2), but to solve a one-parameter family of such equations in which the right-hand
side term interpolates between w2 to e/w?. Concretely, we consider the equations

(Ey) (wy +00p,)™ = e wi
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for t € [0,1]. Now set S := {t € [0,1]| (E;) has a unique solution ¢; € C’g’a}; the
weighted space involved in this definition is defined on Y in total analogy with
those of §1.4.2 (replace g,, by gy, R by p, and so on).

Up to the uniqueness of the solution 0 of (Ey), it is obvious that 0 € S. We
shall then prove:

1. the set S is closed (section 3.2);
2. the set S is open (section 3.3).

Theorem 0.4 then follows from an immediate connectedness argument.

In order to prove the openness of S, one observes that the linearisation of the
Monge-Ampére operator is (nearly) a Laplacian, close enough to A, ; this allows
one to use the isomorphisms induced between some Holder spaces, plus ellipticity
of such an operator. This is done in section 3.3.

On the other hand, in order to prove the closedness of S (the hard part), we
need some compactness properties for solutions of a family of (F};), and this we
get by establishing a priori estimates on such solutions. This is done in paragraph
3.2.5.

The easiest part is the uniqueness of the solution of any (E;), and we shall deal

with it now as a warm-up.

Lemma 3.1 Let t € [0,1], and let @1, @2 be two solutions of (E;). Assume that
p1 and o2 € CF°. Then o1 = pa.

Proof. This is essentially the same argument as that used to prove the uniqueness
of grr above, namely if for some ¢, ¢, and ¢, are Cé solutions of (E;), then
Wy, = Wy + i85<p1 is a Kahler form equivalent to wy, and denoting by A; the
Laplacian of its associated metric, one gets that Aj(p; — ¢9) has constant sign.
Since ¢ — @9 tends to 0 at infinity, we thus have ¢ = @s. U

3.2 Closedness of S: a priori estimates.

3.2.1 (9 estimates.

We are proving in this paragraph an a priori estimate on the C° norm of a
solution of a Monge-Ampére equation on Y.

The estimates can already be deduced from [Hei, Prop. 4.1]; we give our own
proof though, because weighted C° estimates will be established below (§3.2.3) in
a very similar but slightly more complicated way.

The techniques used here are quite close to the ones used by Yau in the compact
case, namely a recursive use of integration by parts giving a variation of Moser’s
iteration adapted to the Monge-Ampére equation, and their adaptation by Joyce
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for his version of the Calabi-Yau theorem on ALE manifolds. Nonetheless, be-
cause ALF geometry is quite different from ALE geometry, we write in detail the
manipulations that need to be adapted to our framework. In particular, because
of different measures on both sides of a Sobolev inequality (Lemma 3.3) we make
a crucial use of, our system of weights in the following integrals is not the same as
Joyce’s.
We start with the following :
Lemma 3.2 Let f € Cj,, § € (0,1), and ¢ € C3, 0 < v < 8, such that

(WY 4 2‘8590)2 = efw%. Then for any p >~y L, p> 2,

2
D -2 2
ool < 5 s [ el ol - Dk,
Joler < 5 v

where both integrals are finite.

Notice that in this lemma f plays the role of ¢f in our problem; this is not an
issue, as a Cg 4o bound on f gives uniform Cg 4o bounds on the ¢f.

Proof of Lemma 3.2. First, we set T = wy + w,, with w, = wy + i0Jp. Picking
p >~ and p > 2, we claim that

/d(g0|g0|p_2dcap/\T) =0.
Y

Indeed, for any real number R big enough, if B denotes the set {p < R} and Sg
its boundary, Stokes’ theorem asserts that

/ d(wlwlp‘QdCW\T)z/ elelP2do A T.
Br SR

Now since the volume of Sy according to g is O(R?), since T is bounded with
respect to gy and since ¢|p|P2dp = O(R™™~') on Sg, we get that the right-
hand-side term is O(R'™P7), and hence goes to 0 as R goes to oo by our choice of
p >~ L. A little computation yields
1 _ _
APl d° AT) = @lpl%i0dp AT + (p = D]l ?i0p A dp AT

because T is closed. But on the one hand, i00p NT = (wp —wy ) AT = (ef —1)wd
and on the other hand |p[P~2idp A Dp = Z%i@(|g0|p/2) A 9(|¢[P/?), hence

2
i0(|o|P?) A O(||P? /\T:p—/ P=2(1 — e,
[ i0oP) £8P AT = 5 [ o1 - et
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Finally, observe that 22%/“e — %ef|a|iv > 0, and that ia A @ A wy = ]af? w2
Y

for any (1,0)-form «, and conclude by setting o = 3(|gp]1’/ 2). The finiteness of the
integrals in play merely comes from our choice of p. U

Next, we want to use the inequality we have just proved with some Sobolev
embedding to estimate recursively [[p||zzs in terms of [[p||z» , with some fixed
€ > 1, and some positive measure d\. The Sobolev embedding states as :

Lemma 3.3 There exists a constant Cs such that for any u € H
such that the [, [u|*p~! vol¥ is finite, one has

1/4 1/2
(44) (/ lul*p~! vong) < C’éﬂ(/ |du|3volg‘/>
Y Y

This inequality can be compared to [Hei, Prop. 3.2]; we postpone its proof at the
end of the present paragraph.
First we initiate the induction by estimating |||z (or ||| Lzo<) for some po

(hence in L)

loc

independent of . It will be relevant to take ¢ = 2, and d\ = p~!'vol?” in the
following. Our initial estimation states:

Lemma 3.4 Fiz some py > 2, po > v L. Then under the assumptions of Lemma
3.2 there exists C' only depending on [3, HfHCgH, po and g such that H(pHLng <C.

Proof. Apply inequality (44) to u = |p[P/? to get:
2 1 1/2 212
(/ o[ *0p™ volg) SCs/ |d] o™/ vol”.
1% 1% g

By Lemma 3.2, we have

1/2 20
(/ |g0|2p°p*1 volgy> < _Pors / |g0]p°*1‘ef — 1‘ vol9¥ .
Y 2(]70 - 1) Y

Write |ef — 1‘ = |ef — 1‘a+b with a = Q(gjr;;po and b = 1 — a, and apply Holder
inequality to the right-hand-side term of the inequality above with exponents s =

-1 L
p2p° and t = (1 — %) = 11%' This yields:

1/2 :C l/s 1/t
|p|20 p=L vol#Y < _Pos , stro=D)|ef — }ef _ 1|bt
Y 2(po — 1)
= pUCS /\90|2p°’€ 5+2 /| f_ bt l/t
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Noticing that |ef — 1| = O(p~¥+?)) (and more precisely that at any point, e/ —
1
1] < Mooy, o~F+2), we get that f, [o[[e/ — [T < C f, [pfp for

342
some C' depending only on the parameters announced. Moreover, we have that

(B+2)bt = %((B—FQ) B 1) > 3 because pg > v~ > 371, so that fX|ef—1‘bt

is finite and equal to some constant K say, also mdependent of . So far, we
obtain that:

el < HECC g

LZZ;\O — 2(]70 . 1) Liz;o ’
and the conclusion follows. |
We fix now py = 2. Using the same techniques, we can prove a recursive control

on [[¢]] ,, from HsOHLSA-

Lemma 3.5 Under the assumptions of Lemma 3.2, there exists a constant C; only
depending on 5, 7, || fllcg,, and gy such that for any p 2 po, ||ell2 < Cipllellz;

Proof. The idea is the same as for the previous lemma: apply inequality (44) to
u = |p|P?, Lemma 3.2 and Hélder inequality (with well-chosen exponents). The
first two give, for p >y~ p > 2:

1/2 20
</|g0|2pp_1volgy> < 2p 5 /| P~ 1’6 —1‘V019Y.
%

Apply now Holder inequality with exponents s = p%l, t = p and weights a =

(=) _ _1
(B+2)p — (B+2)s

2p —1 gy 12
|| Pp~ vol
Y

2C 1 (p—1)/p 1/p
g—p 5 (/ ]gp\p|ef — 1| (B+2) VOng> </ |ef — 1’bpvolgy> .
20 -1\ Jy Y

and b =1 — a to write:

1
But |ef — 1](5+2) < Cp~! for some constant depending only on f. Moreover,
(B+2)pb = p(8+ 1)+ 1, which is > 3 as soon as p > 6+1’ this is actually
automatic since p > y~! > 871 and 8 € (0,1). Since furthermore b = b(p) tends

gi; := bos > 0 when p goes to oo, ( [, [ef —1]"vol? )1/p tends to supy |ef — 1|7

when p goes to 0o, so we can claim: for all p > py, (fY lef —1]% vol9¥ )1/p < K for

some K depending only on f (and which we could evaluate in terms of || f ||Cg+2

to
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only). Finally, we get that for all p > py:

1/2 20.CP=1/P [ (r—1)/p
([ 1otz vo ) < 2 ([ 1etovor)
Y 2(p—1) Y

(p—1)/p
< o / ol vol )
Y

with C7 = (1+C)KCg say, which only depends on the parameters announced. [J

1

We fix now py = 27~ in Lemma 3.4.

Lemma 3.6 Under the assumptions of Lemma 3.2, there exist two constants Qg
and Cy depending only on [, -, HfHCg+2 and gy such that for any q > 2po,

lellzs, < Qo(Cag)~2/.

Letting ¢ go to oo, we get the C° a priori estimate for ¢ we are seeking :

Proposition 3.7 Under the assumptions of Lemma 3.2, there exists a constant
Qo = Qo(B, 7, 1flley,,» 9v) such that |l[co < Qo.

B+2

We conclude this paragraph by the proof of Lemma 3.3:

Proof of Lemma 3.3: We shall prove that there exist two constants C; and C5 such
that for any u as in the statement of the lemma,

1/4 1/2
(45) (/ |U|4p_lvolgy> < C’1</ |dul? vol? —I—/ lu|?p~2 vong>
Y Y Y

and
2 2 2
=~ V2 Y7
/ [ul“p~= vol?" < (! / |dul, vol?;
Y Y

the Lemma will then follow at once. Let us start by the latter inequality. We
prove it first for u with have compact support in {p > po}, where py is chosen
so that we are in the part of Y diffeomorphic to a neighbourhood of infinity in
R*/Dy. This way, we can replace Y by a two-sheeted cover Y that is the total
space of a circle fibration @ over R minus a ball, and replace gy and h and u by
there pull-backs. Decompose u as u; + ug, with ug(z) the mean value of u along
the fibre of w passing by x. This makes uy a compactly supported function on
R3\ B (B the unit ball). Take spherical coordinates (p, 6, ¢) on R3. Then

O:/ Gp(ugp)dpvols2 :2/ uoép(uo)pdpvols2+/ u?)dpvols2
p=1 p=1

p>1
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which we rewrite as

/ ugp? vol® = —2/ o0, (ug)p ™! vol®®
p>1

p>1

1/2 1/2
<2 (/ ugp? vol® ) (/ 9, (up)? vol® )
p=>1 p>1

(Cauchy-Schwarz inequality), i.e. fpoil udp—? vol® < 4 fpoil |dug|* vol®.
Now for the component u |, after pulling it back on Y, one has [, u2 p=2 vol* =

3
fp>p0 p~2vol® fﬁbre u? . Since u,; has zero mean along the fibres, fﬁbre u? p

IA A

¢ fipe dlur|}p for some c independent of the fibre, and thus [; u?p~2vol”
¢ [3 |duy|}p~?vol"; we even have a p~2 factor in the RHS, which we can loosely get
rid of. Adding these estimations on separate components, we get that [, u?p~2vol" <
C f? |dul? vol”, which easily transposes on Y with gy. Now, to extend this Hardy
type inequality to a general u as in the statement, one may proceed as in [Auv,
§1.4.1]; the only point to be noticed is that the only integrable constant on Y for
p~tvol? is 0 (this replaces a zero mean assumption).

We now prove the Sobolev type inequality (45). Since such an inequality is
known on compact manifolds, we can assume that u has compact support on {p >
po}. We pull-back u to Y once more, and split it again into ug+wu, . We easily get
the inequality on u, (and even a much better one) by using the standard Sobolev
embedding on the circle. Now for the component u,, we write R*\ B = (-, Ar,
where Ay is the annulus {2 < p < 241}, Denote by x, : A; — A, the homothety
of factor 2¢, and write:

o0 o0

/ el vol® =3 [ Juoftvol® ~ 3 (202 / ka4 voI®’
R3A\B =0 A =0 A
> 2 2
< 2(26)20[(/ |d(/£Zu0)\2volR3> + (/ \/iZu0|2volR3> }
=0 A1 A1
- 2 &’ \? 2 o m3)?
ch [( |dug|” vol > —1—( |uo|“p~* vol ) }
=0 Ae Ae

2 2
c[(/ \u0]2V01R3> + (/ \du0|2p’2volR3> ]
R3\B R3\B

The norms here are taken for grs. We used the Sobolev embedding L'?(A;) —
L*(A;) between the first and the second lines, and denoted its norm (to the power
4) by c. O
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3.2.2  Unweighted second order and third order estimates.

The technique we use here is really the same as that used by Joyce in the ALE

case, which is essentially the same as in the compact case. It is based on the
following observation.
Proposition 3.8 Let f € C3,,NC? e (0,1), and p € C3NCy, 0 <y < j,
such that (wy + 2'85@)2 = efwi. Denote by F the function log(4 — Ap) — kp on
Y where k is any constant and A the Laplacian of gy, and by A’ the Laplacian
operator with respect to w,. Then there exists a constant C depending only on
| Rm“Y ||co such that

ANF < (4—Ap) HAflco + k(2 — tr¥° w) + C tr*° wy.

We do not prove this proposition, because (up to some minor changes, like 4,
which is the real dimension of Y, instead of its complex dimension because we use
i00 instead of dd®) it all comes from a local formula, which is proved in [Yau]|, [Aub]
or [Joy|. Nevertheless, because the computation of this formula can be considered
as a tour-de-force, we quote it now: in the conditions of the proposition, if ¢’ is the
metric wy(-, Jy+), in local holomorphic coordinates and with Einstein’s summation
convention, one has

A'(Ap) = = 2Af + 46°2 "2 67V 5. OV 5,000

(46> /ozB ] w 3 w g

+ 49797’ (Rm™)%5 5Vaep — (Rm™ )75 5V ,20).

Here and in what follows, V is the Levi-Civita connection of gy. We bring also

the precision that 4 — Ay is always positive: take the trace with respect to wy of

w,, which is automatically positive as we saw when proving the uniqueness of the

solution of (E})), and even > 4ef/2 so that its inverse is a priori bounded above.
Furthermore, it is not hard to deduce from Proposition 3.8 a second order

estimate on ¢:

Corollary 3.9 Under the assumptions of Proposition 3.8, there exists a constant
Q > 0 depending only on 8, v, |[flica,,. IAfllco, g. m and || Ru [|co such that
Ap > —Q.

Proof. Fix kK = C' 4+ 1 in Proposition 3.8. Two situations can occur: the function
I of this proposition achieves its supremum or not. If not, since decay conditions
imply that it tends to 2log 2 at infinity, we get that 4 — Ay < 4e"¥, and conclude
with Proposition 3.7.

If now F' achieves its supremum, at a point p say, we have that A’F'(p) > 0,
and a little computation using this inequality shows that at p, tr* wy < C’ :=
4k + telfleo/2[|Af||co. From this we get F(p) < || fllco + log(2C") + &, and
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since ' < F(p) on Y, the conclusion follows, noticing that C" and |[|¢||c, only
depend on the parameters announced in Propositions 3.7 and 3.8. Details can be
found in [Joy]. O

Using now the positivity condition on w, and the upper and lower estimates
on Ay, one gets :

Proposition 3.10 Let f € C3,,NC? B € (0,1), and p € C3NCY,, 0 <y < 3,

loc»
such that (wY + i8590)2 = efw%. Then there exist some constants Q1 and Q2
depending only on 3, v, |fllco , |Afllco, gy, and || Rm*Y ||co such that

B+2

[100¢]| o < Q1 and Q' wy < w, < Qowy.

Finally, we give a third order estimate :

Proposition 3.11 Let f € C3,,NC?% B € (0,1), and p € C3NCY,, 0 <y < 3,

loc
such that (wy + 28590)2 = efwk. Then there exists a constant Q3 depending only
on B, v, Ifllco 5 Iflles, g, and || Rm*Y ||cr such that HV@'@&OHCQ < Q5.

B+2
Proof. Here again we do not give the complete proof because it is very similar
to the one in [Joy]. We only say a few words about the main ingredients. Set
S so that 45% = ||Vi85g0H2co, with V the Levi-Civita connection of gy. Formula
(46) tells us that A'(Ay) > ¢S? — C for some constants ¢ > 0 and C' depending
only on the parameters announced. Moreover, a hard but local computation shows
that A’(S?) is equal to a nonpositive quantity plus a linear term (with coefficients
that are polynomials in e/, w,, V2f, Rm*") in Vid0y and a quadratic term (with
coefficients that are polynomials in e/, w,, V3f, VR) in Viddyp. This we can
sum up by saying there exists a constant C’ depending only on the parameters
announced such that A’(S?) < C’(S*+.5). Now those considerations give A’(S?% —
2c71CC' Ap) < —C(S — %)2 + 2¢7'CC" + 1C; one concludes according to (S? —
2¢71CC"'Ayp) achieves its supremum at some point (and using its A’ is > 0 at this
point) or not (and using decay conditions). O

3.2.3 (Y estimates.

We now prove an estimate on a weighted C%-norm of a solution of a complex
Monge-Ampére equation on Y.

For this, we take a point of view close to that of paragraph 3.2.1 but we esti-
mate ||¢p’||co (i.e. léllco), 6 € (0,7), instead of [|¢f|co with the same iteration.
Of course, putting a weight p” makes the integrations by parts a bit more com-
plicated, but the whole spirit of the proof remains the same. Here again we write
the computations in detail since they differ at some points from Joyce’s.
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To begin with, we state the weighted integration by parts formula we are using
in our iteration scheme:
Lemma 3.12 Let [ € C’g+2, g € (0,1), and ¢ € Cg, 0 < v < B, such that
(wy + i@&o)Q = elwy. Set T = wy + w,. Then for any p > 2, q such that
py—q>1,

2
p —2 m
O(|p[P/2pir? 202 < /pqgop ole! — Dw

+ ot / lp|Pp?*[(p+ q — 2)idp A Dp — (p — 2)piddp| AT,
20-1) Jy

where those integrals are finite.

Proof. As in [Joy|, we say that [, d[p*p|p|P2p?d°p AT+ (p—2)qlp[Ppt AT] =0,
because of the same Stokes” argument as in the proof of Lemma 3.2. Now, a direct
computation yields

d[p*elelP?pld°o AT + (p — 2)qlel’p? ' AT
=p*(p — 1)@l pldep A d°p AT + p*|p|P">plddo N T
+ 2pq(p — D)gplplP 2p? ' d°o AT + qlqg — 1)(p — 2)|[Pp? 2dp ANd°p AT
+ (p = 2)qlplPp? ddp AT

(notice that dp A dp AT = dp N d°p AT since T is of bidegree (1,1)). On the
other hand,

d(|eP?p??) N (@ p") AT =p£|sol”‘2pquo Adp + %QIsolpr‘de Adp
+ %I@I”‘Qwﬂ‘ld/} NdpAT.
Comparing those identities one can write
d[p*oleP2pde AT + (p — 2)qlPp" ™ AT
=4(p — D)d(lo[Pp"?) Nd(|oPp?) AT + pPplpP?p%dd AT
+qlelPp" 2 [(p— 2)pdd°p NT — (p+q—2)dp ANdp AT,

Then conclude after dividing this by 2, integrating both sides over Y and noticing
that i00¢p AT = (e/ — 1)w? and T > wy. Checking that all resulting integrals are
finite is straightforward with the assumption py — ¢ > 1. U

Now fix § € (0,7); we take ¢ in the latter lemma as pd, so the condition
pYy —q > 1 becomes p > ﬁ. The following lemma initiates our sequence of

recursive controls:
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Lemma 3.13 Fiz py; > 2, p; > L;, Py > po = % Under the assumptions of
Proposition 3.10, there exists a constant Co depending only on py, B, v, 6, || flco

1fllc2. g, and || Rm™ ||co such that ||gp’|| 4, < Co.
dX

p+2’

We recall that d) is the measure p~* vol?".

Proof. From Lemma 3.12 and Proposition 3.10, and also the facts that dp = O(1)
and dd°p = O(p~'), we get two constants ¢, ¢, depending only on the parameters
announced such that for every p >

(47)
/ |a(|¢|p/2pq/2)|2volgy < C1p/ |¢’p71pp67(6+2) vol9¥ +02p/ |S0’ppp6—2 vol?
Y Y Y

1
y=0’

We now play the same game of Holder inequalities as in paragraph 3.2.1 for the
first summand of the right-hand side. Indeed,

1/t (r—1)/2p
/ [P~ PP volor < ( / P volgy) ( / (lep‘s)%p‘lvolgy) :
Y Y Y

with ¢ = (1 — p;pl) t= prl and b = > L 1§ — (B +2). Notice that the condition

bt < —3, which ensures the convergence of [, PP vol? | is equivalent to p > 5 55
and is thus automatically verified for the p we work with. Furthermore, when p
goes to 0o, bt tends to —3+2(6 — ), which is < —3; the quantity ([, p vol?” )l/t
is thus bounded above by some constant C; depending only on our parameters
for the considered p, if we choose them away from py, = %; the choice p > pj is
convenient.

On the other hand, we have to argue in a slightly different way for the summand
Jy lePpP =2 vol?" of (47). Let us write

1/t 1/s
/ |olPpP 2 ol < ( / !@\’"/flvolgy) ( / (Iw!p‘s)m’p’lvdg) ,
Y Y Y

where * + 1 =1, 21’6 L —1—ps—2and 2+ 9 = p. This gives s = %p‘sl = s(p)
(well-defined and > 2 as soon as p > %, and tends to 2 as p goes to 00), t = p%fl

(which tends to 2) and r = £ = p(?_f-l (which tends to 2). Now the condition

ry > 2 ensures the convergence of fY lo"p~t vol?”, and this condition turns out
to be equivalent to p > ﬁ, which we assume.

Moreover, when p ranges over [pj, o) for p, > =5 (e g ph = 2 —==), T ranges over
[ro, 2), with ry = p{iSL—,?-l > 2. From Lemma 3.6, (fy lo|"p~ Vol ) e (converges
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and) is bounded by some constant C3. This constant Cy depends only on the
parameters announced. Finally, we can sum all this up saying that for p > pf,

[ 106l 202) ot < caupllon ) + eCapllon 24

Take p = p)), and apply inequality (44) to the LHS, with u = |¢[P/2p?/2; this

yields :

2 s
lor' I, < CserCugllen’ [, + CseaCanplion |75,

d)\ d)\ d)\

and one concludes noticing that pj, > pj — 1 and pjy > 2p;/s(pg), as s(py) > 2. O

5
in paragraph 3.2.1, the last step makes the transition from Hs0,06HL5A to ||9005||L3§

We fix pf, = 7%, so that it verifies all the assumptions of the latter lemma. As

for big enough p:

Lemma 3.14 Under the assumptions of Proposition 3.10, there exists constants
C1 and Cy only dependmg on B, v, 6, |fllce ., I fllczs g, m and ||R¥||co such that

B+2

for all p > py = 25, [lgp’ 172 < Cipller’ 7" + Copllor®l -

Proof. We saw in the beginning of the proof of Lemma 3.13 that there exist ¢; and
co depending only on the parameters announced such that for all p > ﬁ

/ |a(|90|p/2pq/2)|2volgy < C1p/ |¢|P—1pp5—(ﬁ+2) vol9¥ +02p/ |S0|ppp§—2vong.
Y Y Y

We deal again with the two summands of the right-hand side separately. For the
concerned p, [, |@P7 pP "D vol? = [ (|¢|p°)P~ p? P2 vol? and by Hélder
inequality this is bounded above by

1/ (r—1)/
G A K
Y

The first integral converges for p >
5—B—1

- +Zu 5, which is automatic if p > 15, and its

%—th power tends to supy p as p goes to infinity, so we get the constant C} of
the statement (after multiplying by ¢;), if we restrict to p € [%, 00).
Let us deal next with the summand [, [o[PpP° 2 vol?"; we can take Cp =

cy supy p~ ! without more efforts, and the lemma is proved. U

Under the assumptions of Proposition 3.10 and the condition § € (0,7), it is
again an easy exercise, in view of Lemmas 3.13 and 3.14, to get two constants Qs
and C5 depending only on the same parameters as those announced in Lemma
3.14 such that for every p > pj,, we have ||pp° HLSA < Qs(C3p)~%/P. Letting p go to
oo, we can conclude:
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Proposition 3.15 Under the assumptions of Proposition 3.10 and assuming 6 €
(0,7), there exists a constant Qs depending only on B, v, &, || fllce ., I1fllcz, gy,

B+2
and || Rm*” [|co such that [|¢flco < Qs.

3.24 C%* and O estimates.

We shall now state (unweighted) higher order a priori estimate:

Proposition 3.16 Let f € Cj,,NC**, € (0,1), « € (0,1) and p € C3 N},

0 < v < B, such that (wy + 2'8590)2 = elw?. Then o € O and there exists a
constant Qo depending only on 3, v, o, |[fllco . [Ifllcae and |gy[lcse such that

842
[ellcse < Qa-

Proof. The proposition follows from an inductive use of the crucial Aubin-Yau
formula (46), which we recall here:

N (Ap) = = 2Af + 463297 477V 45,0V 5,08
+ 497 g7 (Rm™)%5,5Vaew — (Rm™) 5,5V ,20)

(A’ stands for the scalar Laplacian with respect to w,).

According to the assumptions on f and the conclusions of Propositions 3.10 and
3.11, we have for the moment a C° estimate in terms of the parameters announced
on the right-hand side.

Now the geometry of Y and the asymptotics of gy allow us to take an atlas
of Y of holomorphic balls with uniform radius, such that the pull-backs of gy to
these balls are uniformly bounded above and below, and so are the pull-backs of
g'. As a consequence the Laplacian operators associated to these latter Kéahler
metrics are uniformly elliptic in CY sense. We can ask furthermore that the family
of those balls with the half radius still gives an atlas.

To say this more precisely, we have a family of holomorphic charts 7; : B(0,1) —
Y, i € Z, such that Y = (J;.; m(B(0,1)) = U;ez m(B(0,3)) and such that there
exist constants ¢ > 0 and C' depending on the parameters announced such that for
alli € Z, ce < 7f¢g’ < Ce. Then the 7} A’ are uniformly elliptic, in the C° sense.

Pulling back the formula above by any m;, the right-hand side is bounded in-
dependently of i, and so is 7(Ap). The standard Morrey-Schauder’s for mfA’
theorem tells us that the 7} (Ag) is bounded in C* on B(0,2), again indepen-
dently of 7; a careful reading shows quickly that this uniform bound depends only
on the parameters of the statement. We can reformulate all this saying that Ay
is in C1%, and the corresponding norm is controlled in terms of the parameters.

On the other hand, 77 (Ay) = (77 A) (7 ¢). We can also suppose our covering is
taken so that there exist constants ¢ > 0 and C' depending only on the parameters

72



From ALE to ALF gravitational instantons

announced such that for all i € Z, ce < 7fgy and ||gy | cre < C. This allows us to
apply again a Schauder estimate, and conclude that we have a uniform bound on
the 77 in C**(B(0, 5)), that is: ¢ € C** and the corresponding norm is again
controlled in terms of the parameters announced.

Now observe that a C** bound on ¢ together with the assumptions on f (at
least, a C** bound) give a C%* bound on the right-hand side of (46). Applying
again twice the Schauder estimates (once with A’ which is uniformly elliptic in
the C%“ sense from the previous case, and once to A which is uniformly elliptic
in the C*“ sense) after refining the covering if needed so, one gets the announced
C*® estimate on . A final extra application of this technique — using now the
C3* bound on f and the C*“ estimate on ¢ we just proved — provides a bound
|lel|lese < @, with @ as announced. O

We state a similar result for the weighted higher order estimate:

Proposition 3.17 Let f ¢ C’;fQ NC, B €(0,1), a€(0,1) and ¢ € C3NCY,

0 < v < B, such that (wy + 2'8590)2 = elw}. Then ¢ € C2*. Moreover, there
exists a constant Q. depending on only B, 7, a, ||l¢llcs and ||f||Cgo¢ such that

l¢llse < Qo

Proof. We use a technical lemma from [Joy|, (Proposition 8.6.12, case k = 3),
which remains true in our ALF setting; its utility lies in the rescaling process used
in establishing elliptic weighted estimates. The lemma states, with our notations:

Lemma 3.18 Let Ky, Ky > 0, and A\ € [0,1]. Then there exists K3 depending
only on «, 3, v, ||go||Cg and Ky, Ky, X such that the following holds:

Under the assumptions of Proposition 3.17 and if||f||02f2 < Ky, dec’“””osm
Ky, £=0,...,3 and [V2ddpl, 1), S Ko, then: ||[Viddopy, < K,

«

(=0,...,3 and [V3dd“yp] < K.

THIAFA—1)at2 =
The Holder moduli [-]* are analogous to those defined by (20), with Y, gy and p
instead of X, ¢,, and R.

Proof of Lemma 3.18. The major change here is that the injectivity radius does not
grow as fast as p, but instead remains bounded, essentially by half the length of the
fibres. But this is not an issue. Indeed, the Riemannian exponential map is still
well defined, and authorises the following manipulations. Given x € {p > 2po}
(po determined later), identify (7,Y,Jy,gy) with and (C? I;,e). Take R > 0,
and denote by mg, the map Be(0,1) — By, (z,R), y — exp? (Ry); it is not
a diffeomorphism in general, since large balls wrap following asymptotically the
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fibers of @w. We can nonetheless define the operator P, p : C*2 (Be((), 1)) —
C*(Be(0,1)) by

R? (7TR:w*(i85>) (V) AR (Wy +wy) .

Px,R(U) = WRx*(w?/)

Then one can take R = Lp(z)* with L = L(pg, ), gy) small enough so that
By, (z,R) C {p > po}; this way one has

R rer =l < 5 forall € o> 20, and

HR_Qﬂx,R*wY —w for all z € {p > 2po},

ollcse
if pg is chosen big enough, thanks to the asymptotic geometry of gy. Now the rest of
Joyce’s proof applies unchanged (in particular, one is brought to using Schauder
estimates between the fized balls Be(0,2) and B.(0,1), with a C** uniformly
elliptic family of operators), since the identity

Px,R((vaR) ) RQ( (72,R) f_1>

is again just a rewriting of the pulled-back Monge-Ampére equation verified by .

To complete the present proof though, one has to deal with the compact sub-
set {p < 2po}; in that case, the estimates of the statement are an immediate
consequence of the unweighted estimates of Proposition 3.16. |

Now Proposition 3.17 follows from a repeated use of Lemma 3.18, as in [Joy, p
195]. At the end of the argument, we pass to A = 1 in this lemma, which precisely

gives estimates on the Hveddc@HCO , £ =0,...,3, and on {V?’ddc } i i.e. on
!

HddcgoHCsf , hence on ||Ag|| e, Conclusion follows from the assumption ¢ € C?
y+2
and the isomorphism A : C’g’a — C22, (see [BM, App. Al). O

~

3.2.5 Closedness of S

We conclude this section by the proof of the closedness of S. Take a sequence
(t;) of elements of S, converging to some ., € [0, 1]; in particular, each ¢, € C’; /‘;
Pick a € (0,1). From Proposition 3.17, since the ¢; f now play the role of the f of
that Proposition, we have a bound on ||¢;, || e Which depends only on || f|| oo and

the [/, Hcg But from Proposition 3.15, we also have a bound on the ngt llco

/2’
which depends only on || f]| e, In other words, (¢y,) is bounded in ok /‘;, and
thus converges weakly to some ¢, € CB 5~ Now the inclusion Cﬁ’/ N 05 a/2 »
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compact; we can thus assume that (¢;;) converges strongly to ¢ in C;’/i/ >, In
particular the (Ey;) pass to the limit to give:

(wy + iagcpoo)Q = elelwl.

Developing this latter equation yields: w? + 2wy A i00¢s + (i00¢s)? = eftew?,
that is:

1 1000 )2 N
—58¢00 = (e = 1) + 8 ¢ geps
Wy

On the other hand, A : C2*/? — C’,?Y”Jfé/2 is an isomorphism for any v € (0, 1);
this follows from [BM, App. A]. In view of the latter equation, we hence get

Voo € C’g’a/ 2, Apply Proposition 3.17 to conclude that v € C5*, and thus that
loo €5. O

3.3 Openness of S

The only point we are left with is the openness of S; we settle it now. Let t € S
write w; for wy + 100p;. We already know that w, is Kéhler. Moreover, the
linearisation of the Monge-Ampére operator

Co™ — Oy

(wy + 1851#)2

Y

(wy)

with a € (0,1), at point ¢y, is —%At, where A; is the Laplacian of w;. Now
wy is Cg5, close to wy; it follows that A, and hence —%At, are isomorphisms
Cg’o‘ — Cgf;. Consequently, (F;) has a (necessarily unique) solution ¢, € C’E’O‘
for all s close to t. At last, we apply Proposition 3.17 to get that those ¢, are in
Cg°, which ends the proof of the openness of S, and that of Theorem 0.4. O

A THE TAUB-NUT METRIC ON C?
A.1 A potential for the Taub-NUT metric on C?

In [LeB| C. LeBrun leaves the following exercise to his reader: let m be a positive
parameter, and u and v implicitly defined on C? by formulas:

__m(u?—v?)
2zl =¢e u,
(9 e

29| = ey
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(we do not make the dependence on m appearent here, since for now we see this
parameter as fixed; we shall only add m as an index by places to emphasise this
dependence). One has:

Proposition A.1 (LeBrun) The metric £ associated to the form
Loer 2, o 4, .4
= de (u® +v* + m(u* + v*))

for the standard complex structure I, on C? is the Taub-NUT metric.

We shall give our own, direct proof here. Before this, we shall mention that
LeBrun’s potential may be obtained by hyperkdhler quotient considerations; we
chose to give a less conceptual proof though since it exhibits several objects we
use back in this article.

Lemma A.2 The metric f is Ricci-flat; more precisely, wi = 20, where we recall
that Qe is the standard volume form Gaidzihidzndz

’U

Proof. We start by the computation of we, which goes through that of 2%

zj’ 8z ’
7 =1,2. One has:
ou 1+ 2mo? ou muv?
—_—= U, - )
Oz1 (221)(1 + 2m(u? + v?)) 0zy  zo(1+2m(u® + 0?))
(49) 2 2
v mu-v v 14 2mu
_— s _— v
Oz1 2z (14 2m(u? +v?)) 0zy  (222) (1 + 2m(u® + 0v?))
Indeed, differentiating the relation |z | = ™ =)y, with 5> ylelds
1@ [ (2 2 0u QUU@> 8“} emu?—v?)
2 2 2 0z 0z
hence, writing e™®*~v*) = |’2|, u = 2z [(1 + 2mu? )d 2muv§”}. Similarly,
applying 5 d to the relation |z| = e vy one gets 0 = (1+2mu? ) —2muv ad“
that is g—;’l = 1172’?;”;2 %. Substituting in the previous equality, one gets formulas
(49) for 2 o ,...,68;;
Set now ¢ = 1 (u? 4+ v? + m(u* + v*)). According to formulas (49),
Dy ou v (14 2mo?)u?
2— =u(1+2 — 142 =
82’1 U( +emu )82’1 + U( +amu )621 221
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and 2890 = %, ie. 37‘” = % and g—i; = % by conjugation.
Apply again - and 3~ to those equahtles as well as the relation uv = |21 25| and

formulas (49) then Settlng R=1(u®+v?):

—dd°p
_( u?(1 + 2mo?)
T \2|z2(1 + 4mR)

)z’dzz Adz

1
2\ . — —
dzy N d (1 T ——
+ m|z,| )l 21 21+t mzz | 1+ L= amR

1 v*(1 + 2mu?)
zizg(1+ T Jidz A dz + )idz A dz.
+m212’2< + T amR) 4 Zy + o2 (1 + Am ) + m|z1|7 )idze A dZ
A direct computation of w2, using again uv = |21 2,|, brings the conclusion. U

Remark A.3 With the above definition of R and formulas (48), one gets:
(50) 2R < r? < 2Re*™%,

(with equality along {|z1| = |22|} and {z122 = 0}, respectively); this implies that R
is proper on C2.

Recall S! acts on C? by a- (21, 22) = (€'*21, e "“23); the associated infinitesimal
action is generated by the vector field £ = z(zl 5. T 22 8‘22 22% — Z%). By
invariance of u and v under this circle action, Clearly, Eu=E&-v=¢6-p=0, and
similarly Lewe = 0. This holds as well fo the holomorphic symplectic (2, 0)-form
O := dz; Adzy, — notice that O AO = 4Q, = 2w? —, thus: L0 = 0. More precisely,
Le© = (z1dzy + 22dz1) = d(iz122); a complex hamiltonian H = y, + iys for the
St action on (C? ©) is thus given by: yy := Jm(z122) and y3 := —Re(2129).

In the same way, Ldp = 0; as Ledp = 1edd®p + d(1ed®p) (Cartan’s formula),
ie. tews = —d(d°p()), we are led to setting y; = d°p(£). All computations done:

Lemma A.4 One has y; = 3(u® —v?), and thus R indeed equals (y} +y3 +y3)"/>.

Proof. To see that, y; = 3(u* —v?), write, according to the proof of Lemma (A.2),

. 21 le dZ_2 ng
& = i(1 + 2mo? 2<—d ) 142 <———)
© =i(1+2mv°)u S +i(1 + 2mu®)v % 2,

0

hence the result, from the identity £ = i(zl 88 + Zo = aﬁ — Z1 = o= ) Noticing

20z
that y5 + y3 = |2122|* = u?v? suffices to get y3 +y35 + y3 = %(u + v?)2 d

Lemma A.5 SetV = ‘g’f—?, Then |€|2 = 1&%, and hence V = 2m(1 + ﬁ).
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Proof. One has I,¢ = _Zlaizl —2_18%1 +z_28%2 +228%2; the easy but tedious calculation
of |€|2 = we(&, I1€) then follows, which can be made easier by noticing that idz; A
dz1(&, 1,E) = 2|z |, idz A dz (€, [1€) = —22175, and so on. O

To get the Taub-NUT metric back under its classical form, we need finally a
1-form 7, which is also a connection 1-form for the circle fibration @ : C*\{0} —
R3\{0}, (21, 22) ~ (Y1, Y2, y3). The natural candidate is given by: 1 := VI;dy;.

Lemma A.6 On C?\{z120 =0}, one has

I R

and n(§) = 1 outside of 0.

Proof. By definition, n = Vd°y; = iV (2u(du — du) — 2v(dv — dv)). We then
apply formula (49), which we rewrite as:

ou 1+ 2mv? ou  muv? ov mu?v ov 1+ 2mu?

8_21 N 42’1R U, 8_22 N ZZQR’ 8_21 N 221R, 8_22 N 422R

hence the component of 7 in the dz; direction is —iu%u + w gzz’ = —%7
and so on. A straightforward computation suffices to see that n(§) = 1. U

We shall now recover the Taub-NUT metric under a more familiar shape:

Lemma A.7 On C\{0}, wr = dy; A+ Vdys A dys, hence £ = V(dy? + dyz +
dy3) + V= in?.

Proof. Clearly, {dys,dys} is linearly independent at all points of C?\{0}, and
those forms vanish against ¢ by S'-invariance. They vanish as well against I,£, as
Lidys = dys. Since dy,(§) = 0 (y; is S'-invariant) and dy,(I,6 = =V~ # 0 as
Iidy, = V™', and since n(I,¢) = 0 and n(€) = 1, we deduce that {dy;, dys, dys, n}
is linearly independent outside {0}. Consequently, on C*\{0}, one has can write:

wg = ady; An+ Bdys An+ydys An+ ddyr A dys + edys A dys + Cdyz A dys

for some functions «,...,(. Now ady, + Bdys + vdys = —tewe = dyy, thus a =1
and 5=~ =0; as wy is of type I — (1, 1), one also has § =& = 0.

To determine (, one evaluates (dy; An A dys A dys = %w? = Q¢ on (=1, ();
this gives: V'(dys A dys = Qe(—1&, &, -, +) = (|22]%idz1 A dz1 + |21]%id2s A dZ3 +
Ziz0idzy N\ dZg + 21Z9idz N\ dZ7) = dys A dys, hence ( = V. O
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One easily checks that n is a connection 1-form away from 0 for the fibra-
tion @ = (y1,¥y2,¥y3): it is S'-invariant, and at any point p but 0 € C?, as
{n, dy1,dys, dys} is a basis of T;‘(C2, necessarily, 7,C? = kern + ker Tw. Finally,
dn has the expected shape:

Lemma A.8 The differential of n is given on C*\{0} by:
dT/ = *RBdV

Proof. The 1-form 7 is S'-invariant and n(¢) is constant; by Cartan’s formula,
0= Len = tedn+d(Len) = tedn, i.e.: the components of dn in the dy; A n-directions
vanish. Moreover dwg = 0 thus according to Lemma A.7, dn = %dyg A dys +
asdys A dyy + asdy; A dy,. For the computation of ap and a3, observe that:

4dn = (1 + %)dclog (|zl|2) — (1 — %)dclog (|22|2),

as u> = R+y; and v* = R —y;. Since dd®log(|z|?) = dd°log(|z2|?) = 0 outside of
{z122 = 0}, we thus have dn = 1d(%L) A d°log(|z122]*) = 1d (L) A d°log(y3 + v3).
Now 1

d(‘%) = ﬁ(@g +y3)dy1 — y1yadyz — ylyzdy3>
and

¢ Y2dys — ysdys
d°log(ys +y3) = hidlog(ys + v3) = 25—

v+ 43
this clearly provides a;; = —2‘% = g—;?_, 7 = 2,3. The lemma is proved, outside of
{2122 = 0}, and the formula extends at once to C*\{0} by continuity. O

A.2 Comparison of the Euclidean and the Taub-NUT met-
rics
A.2.1 Mutual control

The metrics e and f are far from being globally mutually bounded; an example
of this geometric gap can be read in the scale of the ball volume growth: 7% in
the euclidean regime, but R? for Taub-NUT - notice that R plays the role of the
distance to 0 on (C? f). Another example of the geometric gap is given by the
length of the orbit of the S'-action on C* used above: the orbit of x € C*\{0}
has length 27|z, under e, and length 27V (z)~'/? when measured by f; this latter
length tends to m4/2/m when x goes oo — which gives us a geometric interpretation
of the parameter m. We can nonetheless still compare e and f as follows:

Proposition A.9 There exists some constant C > 0 such that on C? minus its
unit ball,
Clr2e < f < Crle.
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Proof. As £ =V (dy? + dy3 + dy2) + V~'n?, with n = [[Vdy, and dys = I dys, we
evaluate |dy|e and |dys|e first; since dys = %(ZleQ + z9dzy — Z1dZ3 — ZadZzy), we
readily get |dys|e = cr. Now, we rearrange formulas (48) to write

1

(52) dy, = m(e

—4dmy (Z—ldzl + Zldz_l) — etmu (Z_QdZQ + ZQdZ_2)> .

|21 267891 | 29|2e8™Y1). But |2 [2e=*™ = u? and
|Z2 _ U2, S0 |dy1|‘23 _ m(674my1u2+64my1v2) — m(}{ Cosh(4my1)—
y1sinh(4my,)). Now R cosh(4my;)—y; sinh(4my,) < R cosh(4my;)+y; sinh(4my;)
is obvious, and rearranging formulas (48) gives also

This provides Idy1|§ = (1+4fnR)2(

|2€4my1

(53) 2(R cosh(4my;) + 1 sinh(dmyy)) = r?,

so finally |dy:|2 < ¢y Those estimates give us the bound f < Cr2e.
The reverse bound e < Cr?f follows at once, as e and f are hermitian, have
the same volume form, and as we are in complex dimension 2. U

A.2.2 Expressing euclidean objects in Taub-NUT vocabulary

We give here some further material useful in the comparison between e and
f on C2. In Lemma A.10 we introduce a vector field ¢ helping to complete the
dual frame of (V =125, V1/2dy,, V1/2dy,, V/2dys) for f. Then in Lemma A.11,
we express the canonical frames of 1-forms and vector fields of e, i.e. the dx;
and the %, in terms of those of f. The essential point in those expressions lies
in their computational consequences; indeed, they allow to compute objects like
Vfdxj, and estimate quantities like }Vfdxj ‘ ¢ — which is required when manipulating
euclidean objects in the Taub-NUT setting; see e.g. the proof of Proposition 1.7.

In Section A.1, we used the vector field & on C?, which verified n(§) = 1,
dy;(§) =0, j =1,2,3, and dy;([;§) = —%, n(h§) = dya(5L§) = dys(11§) = 0. We
shall complete our dual frame with the help of another vector field:

Lemma A.10 Define on C*\{0} the vector field

Then dys(¢) = 1 whereas n(¢) = dy1(¢) = dys(¢) = 0, and dys([;¢) = 1 whereas
n(1i¢) = dy1(11¢) = dya(11¢) = 0. Moreover, [£,(] = 0.

Proof. We only need to check the first list of equalities, as dy; = I;dy, and
n = 1Vdy,. Since dy; = %(zld@ + 29dz) — Z1dZ; — Z2dZ7), we get

1
i (e4my1 |22’2 + e—4my1 |Z1‘2)7

dyz(o = R
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now e[ z|? = v?, e 1|22 = 2, and R = 1(u*+v?), hence dys(¢) = 1. Using
that dy; = _%(Z1d22 + 29dz1 + 21d22 + Z2dz1) readlly gives dy3(¢) = 0. Now for
the equality dy;(¢) = 0, we use formula (52) to write dy;(¢) = m(zlzg —
Z1Zs — 2122 + Z122) = 0; likewise, equality 7(¢) = 0 follows from formula (51).
Finally, the S'-invariance of ¢ provides [¢,(] = 0. O

Lemma A.11 One has the following formulas for 1-forms:

€4my1

2R

dili'l = V.Y?ldyl — XN —+ (x4dy2 — l’gdyg),

dmyr

dwy = Vasdy, + w10 + — 5 (wadys + 2adys),
e~ 4my1

dxs = —Vasdy, + x4 + oR (w2dyz — w1dys),
e~ 4my1

dry = —Vaxudy, — x3n + (z1dys + w2dy3);

2R
and for vector fields:

o e 4dmy1
5 =~ gp (@8 T hE) + (1l = 23h0),
1
0 e~ 4my
% = IF (16 — 22 [1E) + (3¢ + x411Q),
2
o edmyt
87 = 2R (.1'45 + 1'3[15) + (l‘ZC - x1[1C)7
3
0 edmu
5 = g (as€ + 2§ + (218 + 22 1iC).
4
Proof.  We shall only see how those formulas arise for dr; and 5-; the other
identities are then easily deduced with the relations dzy = Iidxq, dl"z = 7'dxy,
dxy = Lidxs, etc., on the euclidean side, and 7y; = —y;, 7'n = —n, 7" = =€,

7*C = —d(, etc., on the Taub-NUT side.

Write dzy = ady, + n + ydys + ddys. By duality between (&, —V 1€, (, [1()
and (1, dy1, dys, dys), dv1(§) = B, dvi(11€) = —17, dv1(¢) = v and dz([1¢) = 4.
On the other hand, dz;(¢) = %i(zl —Z1) = —@g, da1 (L&) = —1(21 +7Z1) = —xy,
dz1(¢) = 55 (20 — Z3+) +0) = ;ﬂ x4 and day (I,€) = 55(e*™ L (2 + %) +

0) = -S4

x3, hence the result.
o) ) —_ _674my1x_2

Similarly, if 8 = af + BLE + v + 61¢, then a = n(a—ml o
p= _del(axl) R 2,y =dya(3%) = x4 and 6 = dys(3%) = —x. O
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A.2.3 Derivatives

Consider the f-orthonormal frame (e;);—o. 3 of vector fields given by

(607 €1, €2, 63) = (Vl/Qfa _V1/2[1£> V_1/2<7 V_1/211C)
away from 0. In Part 1, we have to estimate the V; e;. This we do in the following:
Lemma A.12 One has [eg, €] = jiameo fori=1,2,3, and

1
= v

for any triple (i,j,k) € T = {(1, 2,3),(2,3,1),(3,1, 2)} As a consequence,

le;, €] vie; — yje; + 2yxeo)

1 * * *
1RV Z e ® (yk€j — Y€ — ¥i€o)
(i,5,k)€L

ero =

with (687 eTa 6;, 6;) = (V_I/Zna V1/2dyla V1/2dy27 V1/2dy3) .

Remark A.13 Defining J; by f(J;-,-) = w$, j = 2,3, we get two complex struc-
tures verifying with Jy := I, the quaternionic relations, just as we did for Jy and
JY at the end of §1.4.4. By Lemma A.11, we see moreover that wy is exactly
dys AN n+ Vdy, N\ dys — and likewise for ws — so that, for instance, eg = Jiey =
J2€2 = J363.

Proof of Lemma A.12. Once the statement on the Lie brackets is proved, the
formula for Ve, follows from Koszul formula for the Levi-Civita connection V£
and the orthonormality of the frame (e;). Moreover, because of the symmetric
roles of ey, es, e3, we shall only see how to compute [eg, e1] and [eq, e].

e [eg,e1]: this bracket is rather easy to compute. Recall that eg = V1/2¢,
e1 = —VY2[¢, and € is holomorphic for I;, so that [£, ;¢] = 0. Moreover,
as V is Sl-invariant, £ -V =0, and (L,£) -V = —V‘lg—;/l. Thus:

[0, €1] =Ley (~V2LE) = (—eo - VIALE = V2L (1) = 0+ V2L ee

=VI2((1€) - VV2))E + VLieeo = %(([15) V)E+0= —%g—; :

oV _ ORd4V _
dy1 ~ Oy dR

1
hence the result, as — e ops
o [e1,e]: as e; = —VV2[1€ and ey = V~/2(, by Leibniz rule,

le1, 0] = (e2 - V)& + V2L, (11€)

(54) — _V*l(g . V1/2)€1 — V(([lf) . V71/2)€2 — ﬁhgf-
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We already know ([,&) - V12 = 21/;5/23_; = —mpe; similarly, - V2 =
%V‘lmg—y‘; = — 5. We are thus left with £,¢¢. Now e18(zy, 25) =
(e7'z1,€'29), hence wy = dxy A drs + dxy A dxo is invariant under this flow:

L ews = 0. Besides, wy = dya A+ dys A dyy, so that wy((, -) =7, hence:

(dn) (1€, ) = Lnen = Lie(wa(C, ) = walLpeC, ),

the first equality coming from Cartan’s formula and the identity n(/;£) = 0.
Now by Lemma A.8, (dn)([;&,-) = V‘l(a—vdyg — g—;;dyg), and thus

Oy2
1 1
LreC = —m(y?,{f +y211§) = —W(yseo — Yae1).
The conclusion follows from plugging this back into (54). U
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