ASYMPTOTIC PROPERTIES OF EXTREMAL KAHLER
METRICS OF POINCARE TYPE

HuGgues AUVRAY*

Abstract

Consider a compact Kéahler manifold X with a simple normal crossing
divisor D, and define Poincaré type metrics on X\ D as Kéhler metrics on
X\D with cusp singularities along D. We prove that the existence of a
constant scalar curvature (resp. an extremal) Poincaré type Kahler metric on
X\ D implies the existence of a constant scalar curvature (resp. an extremal)
Ka&hler metric, possibly of Poincaré type, on every component of D. We also
show that when the divisor is smooth, the constant scalar curvature /extremal
metric on X'\ D is asymptotically a product near the divisor.

INTRODUCTION

In his search for canonical representants of Kéhler classes on compact Kéh-
ler manifolds, generalising the Kéahler-Einstein problem, E. Calabi introduced ez-
tremal Kdhler metrics, defined as the minimisers of the L2-norm of the Ricci tensor
among a fixed class [Cal82].

Extremal metrics turn out to satisfy rich geometric properties, e.g. maximality
of the group of isometric automorphisms among connected compact Lie groups
of automorphisms [Cal85]. Conversely though, these properties may be viewed
as obstructions to the existence of extremal metrics; see for instance the example
produced by M. Levine |Lev85| of a complex Kéhler surface admitting no extremal
metric. The subsequent (counter)examples produced by D. Burns and P. de Bar-
tolomeis [BDB88| revealed moreover deeper links between the (non-)existence of
extremal metrics, and algebro-geometric conditions on the manifold.

*This work was started during the author’s stay at the MPIM Bonn (EPDI post-doc, 2013),
and completed at his arrival at ENS Cachan.
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In this direction, the so-called Yau-Tian-Donaldson conjecture predicts that
in the algebraic case, the existence of extremal Kéhler metrics is equivalent to
a stability condition, close to the Geometric Invariant Theory, on the polarised
manifold:

Conjecture 1 Let (X, L) be a compact polarised manifold. Then there exists an
extremal Kdhler metric in ¢i(L) if and only if (X, L) is K-stable relatively to a
mazimal torus of Aut’(X, L).

This conjecture, first designed for Ké&hler-Einstein metrics on Fano manifolds
[Yau93, Tia97|, was reformulated |[Don01| for constant scalar curvature Kéhler
metrics (an important special case of extremal metrics), and finally adapted to
extremal Kéhler metrics [Mab04,Sz¢07|. This problem is still widely open in the
“if” direction, except for the notable case of its specialisation to Kéahler-Einstein
metrics on Fano manifolds, see [CDS12a, CDS12b, CDS13| and [Tial2].

Within the scope of finding necessary conditions for the existence of extremal
metrics, this article provides constraints to the existence of extremal Kéhler met-
rics with cusp singularities along a divisor in a compact Kéhler manifold. Cusp
singularities are compatible with the extremal condition, in the sense that such
singular canonical metrics have already been produced [Szé06[; they appear more
specifically along a continuity path between stable and unstable polarisations, when
following smooth extremal metrics. We believe in this respect that extremal Kah-
ler metrics with cusp singularities might be of crucial interest in the study of
Conjecture 1, as particular degenerations of smooth extremal metrics.

Following [Auv1l, Auv13| for the definition of the class of metrics we are in-
vestigating, fix a simple normal crossing divisor D in a compact Kéahler mani-
fold (X, Jywy), dim¢ X = m, of X of polydiscs U of holomorphic coordinates
(z',...,2™) of radius 1, such that UN D = {z'--- 2% = 0} for some k = k(U) €
{0,...,m}.

Definition 2 Let w be a smooth (1,1)-form on X\D. We say that w is a Poincaré
type Kéhler metric if for all U and k as above, w is quasi-isometric to the product
Z?:l % + 21 1d2? N d21, and has bounded derivatives at any order
with respect to this model on U\D.

We say moreover that w has class [wx| if w = wx + dd°p, where ¢ is smooth
on X\D, ¢ =0(1+ Z;?:l log[—log(|27|)]), and ¢ has bounded derivatives at any
positive order for the model metric, in the above charts.

Notice that this definition allows a rather loose behaviour near the divisor,
in the sense that one can easily produce Poincaré type metrics such that their
restrictions to directions parallel to the divisor does not converge near the divisor.
Our first main result states nonetheless that such a convergence does occur for
extremal Poincaré type Kahler metrics, when D C X is smooth:



Asymptotic properties of extremal Kdihler metrics of Poincaré type

Theorem 3 Assume that w is an extremal Kdhler Poincaré type metric of class
lwx| on the complement of a smooth divisor D = Zjvzl D; in a compact Kihler
manifold (X,wx). Then for all j there exist a; > 0, § > 0, and a metric w; €
lwx|p,] such that on any open subset U of coordinates (z',2°...,2™) such that

UND;={z' =0}, then w = _ajidsl ndaT_ +prw;+ O 10g(|21])‘_6) as zt — 0.

|21[2log?(|21])

Here p(z',2%,...,2™) = (2%,...,2™) in U, and the O is understood at any
order with respect to MJT/\;%; + p*wj.

One easily sees from this that the induced metrics w; are extremal, and even
have constant scalar curvature if w does; in particular, the existence of a canoni-
cal Poincaré type metric on X'\ D implies the existence of a canonical metric on
the components of D, canonical meaning either extremal or with constant scalar

curvature. This implication actually holds when D is no longer assumed smooth:

Theorem 4 Assume that there exists an extremal (resp. a constant scalar curva-
ture) Poincaré type Kdahler metric w of class [wx] on the complement of a simple
normal crossing divisor D = Z;VZI D; in a compact Kdihler manifold (X, wx).
Then for all j, there exists an extremal (resp. a constant scalar curvature) Kdhler
metric on D;\ Zé# Dy of class [wx|p,|, of Poincaré type if D; N ZK# D, #+ @.

Theorem 3 states that extremal Kéhler metrics of Poincaré type are asymptot-
tcally products near the divisor. Similar results for Kéhler-Einstein metrics were
already known [Sch02, Wu06]; these previous approaches differ fundamentally to
ours though. Indeed, in that case, the Ké&hler-Einstein analogue of Theorem 4
follows from topological reasons and Tian-Yau’s extension [TY90| of Aubin-Yau
theorem. Hence, starting with a Poincaré type metric with asymptotically prod-
uct behaviour, inducing on the divisor the Kdhler-FEinstein metrics, and running
Tian-Yau’s continuity method towards the Ké&hler-Einstein metric on X\ D, G.
Schumacher and D. Wu prove, roughly speaking, that the asymptotics of the met-
rics are preserved under the continuity path. In the wider extremal case, the
schematic implication “existence of a canonical metric on X\ D = existence of a
canonical metric on D” must be proven by different means, as there is no such
construction as Tian-Yau’s for extremal metrics. This illustrates the interest of
Theorem 4; this also suggests why our proof of Theorem 3, based on a good under-
standing of a model (divisor) x (punctured unit disc in C), and a weighted analysis
of a Lichnerowicz fourth-order operator near the divisor, is essentially different
from Schumacher and Wu’s proofs. Let us specify also here that Theorem 3 is lim-
ited to the smooth divisor case so far, due to the weighted analysis not transposing
clearly to the normal crossing case.

One can interpret Theorems 3 and 4 as giving constraints on extremal Kéhler
metrics of Poincaré type; in this way, a conjecture analogous to Conjecture 1 on
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Poincaré type metrics should keep track of this heredity property in the stability
conditions; see nonetheless the conjecture in [Sz€06, §3.2| in the constant scalar
curvature case. Still in this particular case, in view of Theorem 4, the topologi-
cal constraint obtained in [Auv13| propagates to higher codimensional crossings,
giving further obstructions to the existence of constant scalar curvature Kéhler
metrics of Poincaré type. Finally, Theorem 3 provides sharp asymptotic analytic
properties of extremal Poincaré type metrics; besides indicating what is the “right”
class of “metrics with cusp singularities” in the extremal case, this analytic pre-
requisite leads one to try and transpose analytic constructions of extremal metrics
such as that of [APS11|, crucial in the treatment of the “only if” direction of
Conjecture 1, to the Poincaré framework; this will be addressed in a future paper.

Organisation of the article. — This paper is composed of four parts. In the first
three parts, we focus on the constant scalar curvature case, which already requires
most of the techniques used in proving Theorems 3 and 4. More specifically, we
analyse in Part 1 the model for Poincaré type Kéhler metrics, i.e. Sl-invariant
Kéhler metrics on products (punctured unit disc) X (complement of a divisor), and
prove for such metrics, with constant scalar curvature, a splitting theorem (Theo-
rem 1.1).

In Part 2, we introduce the notion of a family of Kdhler metrics of almost
constant scalar curvature on a compact manifold, and construct a parametrisation
in terms of automorphisms of the manifolds for such families (Proposition 2.2).

Coming back to the complement of a simple normal crossing divisor in Part 3,
we use the results of Parts 1 and 2 to prove the constant scalar curvature cases
of Theorems 3 and 4 (Theorems 3.1 and 3.2). For this we recall in Section 3.1
fibrations used in [Auv13]; the link with the model of Part 1 and the families of
almost constant scalar curvature is made in Section 3.2, where is proved Theorem
3.2, and the last three sections of Part 3 are devoted to the weighted analysis
needed for Theorem 3.1.

In Part 4 we generalise what precedes to extremal Kéahler metrics, first on the
product model in Section 4.1 where is proven the splitting theorem 4.1, then on
the complement of a simple normal crossing divisor in Section 4.2.

1 CONSTANT SCALAR CURVATURE KAHLER METRICS OF
POINCARE TYPE: THE MODEL CASE

Set-up and splitting theorem. — As a model of Poincaré type metrics near a divi-
sor, we consider a compact Kéahler manifold (Y, Jy,wy) together with a (possibly
empty) simple normal crossing divisor £ = Zjvzl E; C Y, and take its product
with the punctured unit disc A* C C endowed with the standard complex struc-
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ture Je. The product A* x (Y'\E) inherits the natural holomorphic S'-action on
A* if one merely declares that S' acts trivially on Y\ E.

We see A* with its hyperbolic geometry: the reference metric (or, more exactly,
Kihler form — we shall exchange them often without more specification when there
is no risk of confusion) is the Poincaré metric

2idz N dz
was = —ddlog ( —log(|z|*)) = ——5——
( ) [2[2log?(|2[?)

— notice that this equation makes it explicit that wa« is Einstein with negative
scalar curvature -2. It is convenient to describe wa+ with help of “logarihtmic polar
coordinates” (t,9) € R x S defined via the writing z = exp ( — 3¢’ — i) € A*,
that is: 1 is the opposite of the standard angular coordinate 6 on S!, and

t :=log (—log(]z]*)).

This way Jedt = 2e7'dV, and thus wa- = —ddt = —d(2e7'dV)) = dt A 2e~'dd.

On the factor Y\ E, we fix a Poincaré type Kéhler metric wy\p of class [wy]
according to Definition 2 — such an wy\g always exists, take for instance wy\g =
wy — dduy, where uy = Zjvzl log ( — log(loy|?)), with o; a section of &'([E}])
canonically associated to F;, and | - |; a well-chosen smooth hermitian metric on
[E;] such that |oj]? < e™' on Y see [Auvll, §1.1] for precisions.

We now endow A* x (Y\E) with wy := wa+ + wy\g, and consider the set of
S'-invariant potentials of Kéhler metrics on A* x (Y'\ E') quasi-isometric to wy, and
whose derivatives at any order with respect to this model metric are bounded; we
restrict more specifically to those potentials uniformly dominated by 1 + uy (uy
extended constantly along A*), with bounded derivatives of positive order for wy.
In a nutshell, we look at the space:

H (wo) = {gp € é"O(A*X(Y\E)H
Ctwy < Wy = wo + dd“p < Cwy for some constant C' > O},

with & (A* x (Y\E)) the set of S'-invariant — emphasised through the 0 index —
smooth functions v on A* x (Y'\ E) such that |v| < C(1+uy) for some constant C,
and for all k,¢ > 0 such that k + ¢ > 1, |V*0{v|,, < Cry, with V the Levi-Civita
connexion of wy\ g, for some constant Cj .

For ¢ € J# — from now on, the reference metric, fixed, is omitted —, we use as
above and along all this part the notation w, = wy+dd‘p; we refer to the resulting
metrics as Poincaré type Kahler metrics on A* x (Y\E), by analogy with Poincaré
type Kéhler metrics on complements of divisors in compact Kéahler manifolds. The
main result of this part deals with those w, with constant scalar curvature:
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Theorem 1.1 Assume that there exists ¢ € & such that w, has constant scalar
curvature. Then ¢ does not depend on t, and is a Poincaré type potential ¢ for
wy\g; therefore, w, splits as a product wa- + w%ﬁ, with w$ = wy\g + ddyY a
constant scalar curvature metric, of Poincaré type if E # &, and of class [wy].

Recall that given any Kéahler metric w on an m-complex dimensional manifold,
its scalar curvature s(w) is given by the formula

"= s(w)w™,

2mo(w) Aw
In the situation of Theorem 1.1, if m = dim¢(Y') + 1 and g, is the Ricci form of
w,, one thus has o, A w:;‘_l = ﬁ&u;j‘ for some constant S.

Theorem 1.1 states a splitting principle for constant scalar curvature metrics
on products A* x (Y\FE), with Poincaré behaviour in the A* direction, as well
as in the (Y'\E) direction when E is non-trivial, and can thus be viewed in the
same scope as the main results of [AH12, Hual2|. Notice that no existence of
constant scalar curvature Kéhler metrics (of Poincaré type) of class [wy] on Y\E
is a priori assumed in the statement; notice also that we make an implicit use of
the general equivalence “a product metric has constant scalar curvature if and only
if its components do”, automatic in Riemannian geometry.

Moreover, if one thinks to Y as some component, D; say, of a simple normal
crossing divisor D = Z;VZI D; in a compact Kahler manifold X, and £ as the

induced divisor E; := Z?;(Dj N Dy), then Poincaré type Kéhler metrics on
A* x (Y\FE) are roughly speaking asymptotic models for Poincaré type Kéahler
metrics on X\ D near D;. Heuristically, constant scalar curvature Poincaré type
metrics on X\ D are thus modelled on products near the D;, which thus admit
constant scalar curvature metrics; as is seen in Part 3, the first property indeed
holds if D is smooth, and the second one holds in general (Theorems 3.1 and 3.2).

Our last comment concerns the class of potentials .#"; we could have chosen,
in order to respect more closely the analogy with Definition 2, a similar definition
but with a C%-bound of type |p| < C(|t| +uy). However, starting with an w,, with
constant scalar curvature s and using the same integral techniques as in [Auv13|,
we would have ended up with ¢ — at| < C(|t| + uy) for some a < 1, completely
determined by the data: = = Sy\p — 8, with Sy\g the mean scalar curvature
attached to Poincaré type Kéhler metrics of class [wy] on Y\E. Up to a replacing
wy by ﬁwo, there is thus no loss of generality with our choice for J#. In the
extremal case, one has to establish such a priori asymptotics for the potential,
which is thus taken in a larger space as sketched above, see Section 4.1.

The rest of this part is devoted to the proof of Theorem 1.1.

A fourth order equation on 0;p. — The first step towards Theorem 1.1 is:
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Lemma 1.2 For ¢ as in Theorem 1.1, denote by L, the Lichnerowicz operator of
order 4 associated to w,, and set v, = ¢ — 1. Then:

(1) L,(v,) = 0.

We use here the notation " for the ¢ derivative; we use it again frequently, as well
as its twice iterated version ", in what follows. Besides, (1) is of course equivalent
to L,(¢) = 0, but the “v,-shape” is more convenient, as we shall see below.

Proof of Lemma 1.2. — For any ¢ € &, since w, has constant scalar curvature,
the Lichnerowicz operator describes the variation of scalar curvature along a de-
formation of the metric in the dd°¢ direction: for e small, S(C% + ddc(sgb)) =
s(w,) + €Ly () + O(g?), where s(w,) = § is constant; more generally, if (¢.) is a
path in . with ¢y = ¢ and ¢ = %=|__  then ds(;;s) __, = Ly(¢). Notice that
this holds locally if ¢ is only locally defined.

Recall the complex coordinate z = exp ( — %et — i19) on A*, and consider the

(locally defined) real holomorphic vector field

0
Z = 9%[ (logz)a—}
then Z = Re(log 2)Re(2£) — Tm(log z)Im(z 5) Re(logz) = logl|z| = —3¢,
Jm(logz) = =V up to 27, and z& = —e 'L + L2 thus:
10 1,0

In particular, Z - f makes global sense as % f for any S'-invariant f. Now as
Wy = wy\g + dd°(¢ — t), Lzw, = Lzwy\p + ddC(Z (p—1) = ddC(Z (o — 1)),
as Z is normal to Y. Moreover (p —t) is St-invariant, and Z - (p — t), globally
defined, equals —( —-1)= ‘% Therefore by the preliminary remark, denoting by
®Z the flow of Z, one has, for & small:

S = (Cbez)*s(ww) = S((CDEZ)*MP) = S(wcp + %ddcvcp + 0(52)) =8+ §L¢(v@) + 0(52)a
and thus L, (v,) vanishes identically. O

A wuseful holomorphic gradient. — Recall that the Lichnerowicz operator is self-
adjoint by construction, as it can be defined — independently of w, having con-
stant scalar curvature — as DD, with D, = (V¥)~d, where (V¥)~ is the J-anti-
invariant part of the Levi-Civita connection of w,, and Dy, the formal adjoint of
D, for w,. On compact manifolds, I. and D thus have the same kernel; this comes
at once from an integration by parts, and cannot therefore be applied directly
on A* x (Y\E) in general. Our aim is to prove, however, after Lemma 1.2, that
indeed, D,(v,) = 0. An important intermediate step for this is:

7
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Lemma 1.3 For ¢ € X, set u, = e '(p — 1) = e v,. Then:
(2) Dy(uy) = 0;
in particular, L,(u,) = 0, and Dy(v,) = 1 (duy, - de' — d°uy, - d°e’) + uy,Dy(e).

In this statement and from now on, we adopt the convention that o = a® S+ R«
for any 1-forms o and 3; o? always means o ® a though.

Proof of Lemma 1.3. — When s(w,) is constant, the equation LL,(u,) = 0 can be
obtained in the same way as the equation L (v,) = 0 of Lemma 1.2, using the real
holomorphic vector field Re(z-2) instead of Re(zlog(z)L). Now in our context
L,(u,) = 0 is not enough to deduce D, (u,) = 0, as for instance u, a priori has
size e~! for t going to —oo, which brings up problematic boundary terms if one
tries and performs the usual integrations by parts. Equation (2) actually comes
from a more direct computation, and holds in general, i.e. independently of w,
having constant scalar curvature.

For any (twice differentiable, say) function f, the equation D,(f) = 0 is indeed
equivalent to V¥ f being a real holomorphic vector field, where V¥?f denotes the
gradient of f computed with respect to g, = wy(+,J-) — there should be no con-
fusion between our two different uses of V¥, as it refers to a gradient only when
used with functions, and as we always denote differentials by d. So if we check the
structural equation

0
—t
(3) VSDUSD =e€ a,
then we are done, since e‘t% = —NRe (2%), as seen in the previous proof.

According to the splitting J = Jc @ Jy and the rule Jedt = 2e~'dy, and since
¢ is S'-invariant, we have:

(4) we= 14 @—@)dt AN2e"dY + dt ANd5 + dyp A 2e™"dd + (wy\p + dd5 @),

where dy, df, and ddS are respectively the operators d, d° and dd° acting on
functions on Y — or, for instance: (dy f)(¢,9,) = d(f(¢,9,-)), and so on.
Given any 1-form « and any function f, one has:

m m m—1

w w
AV )5 = (o, df)y,~5 = a Ad“f A

(m—1)"

Now observe that if one takes f = e (¢ — 1) =: u,, giving thus

du, = %26—% Fdiu, = et (14 ¢ — @)2e'dd + d5.¢),
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one has, in view of (4) and using S'-invariance to set wf = (wy\g + dd§ )]s

s n = ot [(1 45— B2t A A dE A—(ww)m_z
©\ym—1

1 "_'2—t (wt)
+(1+¢—¢)2e d19/\—<m_1)!

90 m—2

e B

+dSp Adyp A2e dd A
( éo)m—l
(m—1)!

—2e7'dY Ndyp Ad5p A

=e '|(1+@—¢)2e " dI A

(wf )’H}

(m —2)11

since the first and third lines of the right-hand side of the first equality cancel each

other. Therefore, for any 1-form a on A* x (Y'\E) written as audt + aydd + avy,
© wm —t ( w)m_l

a(V u¢)m! =etapdt A |(1+ ¢ — ¢)2e dﬁ/\ﬁ

—2e~tdY Ndyp N d§ o N

cal

On the other hand, a direct computation yields

wm . ] a w‘P)m—l U)@ m—2
W@! =(1+@—¢)dtA2e tdﬁ/\ﬁ—dm% tdﬁ/\dygo/\dygo/\ﬁ,

hence a(V¥u,) = e ‘ay = a(e™*2) for any 1-form a: equation is (3) verified.
Knowing that D, (u,) = 0, the assertion on D,(v,) now directly comes from
the definitions of D, = (V¥)~d and v, = e'u,, and Leibniz rule. 4

Finiteness of a weighted L* norm of Dy(v,). For general ¢ € %, we only know
that Dy(¢) is bounded on A* x (Y\E) since e —! is mutually bounded with the
Y\E

Tm—1)1" fA* x(Y\E) € |D¢ }qﬁm'
be finite — here | - |, denotes the norm computed with gs. Combining equalities (1)
and (2), we claim that this is indeed the case for ¢ such that s(w,,) is constant:

cylindrical volume form dt A dd A has no reason to

Lemma 1.4 For ¢ as in Theorem 1.1,

/ 6t|D¢(U¢)}iV01¢ < 00,
A*X(Y\E)

9
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m!’

where vol? = 2 and where we recall the notation: v, =@ — 1.

Proof of Lemma 1.4. — For s > 0, set A, := {|t| < s} C A*. First we relate

2 wit .
Jaro\m) et‘Dw(v@)‘wvolw t0 [, (v € Vellp(vy) vOl?, where vol? = £ notice
though that the latter integral is always 0, by Lemma 1.2. Assume momentarily
that E is empty, so that we work on Ay x Y. From (1) and as L, = §¥6¥D,,, one
has:

0 :/ e'v, Ly, (v,) vol? :/ e'v,6969D,,(v,) vol?
AsxY AgxY
:/ <d(€tvw),5¢D¢(U@)>¢V01¢
AsXY

+ / DN 2e*d — e DY A 2e°dd,
{t=s} {t=—s}

where
(W)™t (wf)m?
(m —1)! (m —2)I’

with w? = wy\g + dd§ (¢(s,-)). Here we use Stokes’ theorem, and the Kéhler
identities (v, 8),“r o =aANJBA w 11)! and (da)<r = —d°a A oy for 1-forms,
as well as w, = wi, + dy@ A 26:F5d19 on slices {t = is}, to compute the boundary
integrals. Observe that the e® and e™® cancel each other in these terms, and there-
fore the integrands are bounded — for the metric gy\g + d¥?, say — independently
of s. Consequently the boundary integrals are O(1), that is:

(5) 0= /A y e'v,Ly(v,) vol? = /A y (d(e'vy), 5“"D¢,(v¥,)>‘p vol¥ +0O(1),

D7 = 6Dy (v,)(0) = 6Dy (v )|y A dy vy A

the O(1) being understood with respect to the variable s.

We proceed to a further integration by parts, using that by definition the §%
in the second integral of the right-hand side of (5) is the adjoint of the projection
of the Levi-Civita connexion V¥ from 1-forms and to symmetric 2-forms:

(6) 0:/A Yetzap]l,,%,(?)@)vol“”:/A Y<V¢d(etv¢),D¢(v¢)>‘pV01¢+O(1);

here we have included the boundary in the O(1), since they are bounded indepen-
dently of s for the same reasons as for the first integration by parts above.

As D,(v,) is J-anti-invariant by construction, V¥d(e'v,,) can be replaced by is
J-anti-invariant part D, (e’v,) in the inner product in the right-hand side of (6):

(1) 0= /A » e'v, Ly, (v,) vol? = /A » <D¢(etv¢),D@(v¢)>¢V01“’ +0O(1);

10
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Expand now D, (e*v,,) with Leibniz rule, using that v, = e'u,, and that D, (u,) = 0:
D,(ev,) = Dy(e*u,) = 2e* (dt - duy)™ + u,D,(e*);

here and further on, h~ denotes the J-anti-invariant part of any symmetric 2-
form h. Moreover, D,(e*) = 2e?(dt?)~ + 2¢'D,(€'), and D,(v,) = D,(etu,) =
e'(dt - duy,)™ 4+ uy,Dy(e') by Lemma 1.3, hence:

D, (e'v,) = 2e'D,(v,) + 2v,(dt?) ™.
From this and (7) we thus infer:

1 _
(8) / et\Dw(vw)\ivol“’ = _5/ vpe' ((dt?) aIDso(Uso»WVOl(P +0(1)
AsxY AsxY

We shall make explicit the computations involved in the right-hand side of this

estimate, replacing the D, (v,) there by its expansion given in Lemma 1.3, that is:

(de" - duy)™ + u,Dy(e'). We also replace (dt?)~ by dt* in the inner product.
First, (dt?, (de' - du<p)_><p is merely equal to Sdt(V¢t)du,(V¥t) - 2 = |dt|?,

as du,(V?t) = dt(V¥u,) = e, and d¢(V¥t) = d°u,(V¥t) = 0; to see these

vanishings, write for example dct(V“"t)% = (dt, dct>¢% =dt N\ (—dt) A % for

the first one, and d°u,,(V¥9t) = dt(V¥u,) = 2e~'dd(e'2) = 0 for the second one.
Now D, (e") = e'(dt*)~ + e'D,(t), thus

et .
(dt*, Dy(e")), ) (dt(V71)* + d°t(V¥1)?) + €' Dy (t)(V¥t, V¥1)
t
:%ydﬂfp + 6D, (1)(V¥, V7o),

we are left with the computation of Dy, (¢)(V#t, V¥t), hence those of (V&,,dt)(V#t)
and (Vg dt) (JV#t).
Lemma 1.5 One has: (V&,,dt)(V¥¢t) = 3(V¥t) - |dt]2, and: (Vg dt)(JVet) =
—|dt|} — 3(Vet) - |dt]2.

Proof of Lemma 1.5. — Rewrite the first quantity to compute as <V§¢tdt, dt>¢,
to see that it is indeed nothing but (V#t) - |dt[2. For the second quantity we
proceed as follows: (Vg dt)(JVt) = (JV21)- (dt(JV?t)) —dt(Vige,(JV?E)) =
—({V?t, Ve (JV#t)) , since dt(JV#t) = 0. Now by Koszul formula,
%)
2(V¥t, Vth(JV“Dt)><p =2(JV¥t) - (V¥1, JV?t), — (VL) - | IVt
+ ([JV¥t, IV, V“’t}w +2([V¥t, JV*], JV*%}@
= — (V1) - |dt|2 + 2([V¥#t, JV¥], JV“’t}@,

11
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since (V¥t, JV¥9t), = 0, [JV#t]? = [V?t[2 = |dt|? (and of course [JV?t, JV¥t] =
0). Now

(VP IV#L), JVP)  =dt([V¥t, TV?t]) = 2¢7'd0([V*t, JV¥1])
=2 [(V?t) - ((JV¥1) - 9) — (JV¥L) - ((V¥1) - 9)]
_ 1
=2¢7"[(V*1) - (§€t|dt|i) - 0],
since (JV?t)-9 = di(JVet) = Jetdt(V¥t) = e'|dt|2, and (V#t)-0 = dO(V¥t) = 0
as already seen. So finally ([V¥¢, JV¥#t], JVS"t>¢ = |dt|}, + (V¥#t) - |dt|2, and thus

(p?

(Viwerdt) (JV#1) = —(V, Vg, (JVP)) = —|dt], — 5(V7t) - |dt[2. u
We deduce from Lemma 1.5 that:
1 1 1
D(t)(V¥t, V¥t) = 5 [(VE,,dt) (V1) — (Vigedt) (JV#E)] = 5(Wt) - ydt|3+§|dtyj

This yields (dt?, Dw(et)>@ =< (V¥t) - |dt|2 + €'|dt|},, and therefore

_ 1
9) v¢<(dt2) ,Dw(%)% = vw\dt@ + vfp|dtlﬁ, + §vi(th) : ]dt|fo.
Do not use (9) with (8) yet; instead, focus on its last summand, and notice that:
wmfl
/ v} (V#t) - |dt|2 vol? = / vZd(|dt|2) A de(e') A @—'
AgxY AgXY (m - 1)'
wm—l
=— dt|2d(v2) A d°(e') N —F— 4+ O(1
[ ) A A e 00)

by Stokes, since dd®(e') = 0 — here again, the boundary terms are bounded inde-
pendently of s. This we rewrite as

/ vl (V¥t) - |dt|? vol? = —2/ v, |dt|2dt(VPu,) vol? +O(1),
AsXY AsXY

and as V¥v, = V¥(e'u,) = e'VPu, + e'u, V9t = & + 0, V?t, we get
/ €02 (V¥t) - |dt|2 vol? = —2/ e'vg|dit]? (1 4 v,|dt|2) vol? +O(1).
ASXY AS XY

From this latter equality and (9), we thus exactly end up with

/ v¢et<(dt2)_, D@(vw)%volw
AsXY

1
- /A  vpldtlp (1 vpldt]p) vol” +§/ 2 (V1) - |dt]2 vol? = O(1),

AsxY

12
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that is, coming back now to (8),

/ e'|Dy(v,)|2 vol? = O(1).
AsxY

As the integrand is nonnegative, this implies that the integral converges as s goes
to 0o; in other words, [y, €'|Dy(v,)]7% vol? is finite.

When the divisor E in Y is not a priori empty, the same arguments apply, by
replacing Ag X Y by Ay x (Y'\E) in the integrals above. One just has to check that
the integrations by parts still provide bounded boundary terms, which is indeed
the case thanks to the Poincaré assumption on w,. (l

Vanishing of the weighted L* norm of Dy,(v,). — We strengthen Lemma 1.4 as:

Lemma 1.6 For ¢ as in Theorem 1.1, [;. 3\ gy [Dp(ve)[5 € vol? = 0, and thus
D, (v,) = 0.

Proof of Lemma 1.6. — Denote by F, the function

5 — Ulpgf/\ZdﬁZZlﬂ'/ v, D7
{t=s} {s}x(Y\E)

(this holds by S'-invariance under the first integral); one moment’s thought — use
the flow along Z = 0, + 90y — gives: Fy(qq.) = Fu(- + a) for all a € R. Now
formula (5) — or rather its analogue on A; x (Y'\E) — can then be rewritten as:

0 z/ e'v, Ly, (v,) vol?
Asx(Y\E)
= / <d(etv¢), 5”D@(v¢)> vol? +F,(s) — F(—s).
Asx(Y\E) v
Similarly,
/ (d(e'v,),6?Dy(vy,)) _vol?
Asx(Y\E) ks
= / <D¢(etvw), D@(U¢)>¢ vol” "‘gso(s) - gw(_5)7
Asx(Y\E)
if G, denotes on R the function

s —> Df/\2d192477/ 0¥

(=5 (s)x(V\B)

13
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where
P ._ —t P (et w
0; :=e [Dw(%) (V (€"vp), at) (m —1)!
= D) (V) Ao, A o

()
(m—1)!

w? m—2
— Dy (vy) (v, V¥t + V¥, )|y A d§v, A ﬁ on Y\FE.

This way G satisfies the translation property Gy(4q4,) = G,(- + a), and the exact
formulation of (8) is:

=Dy (v )((Usoth + V¥P0,), at)

1
/ et‘IDw(Uso)@VOl@ -5 </ vpe'((dt*)7, Dy(vy))  vol?
Asx(Y\E) 2\ Ja,x(\B) ¢

£ F () 4 Gols) — Ful—s) - g¢<—s>).

Next, in our explicit computation of | A, x <(dt2) Dw(vcp)% vol?, the only

x("\E) Y

integration by parts occurs when transformmg 3 Jauxy €05(VP1) - |dt]? vol? into
— Ja.xy €0pldt|2dt(V#v,) vol?; the resulting boundary term is H,(s) — Hy,(—s),
where H,(s) 1= =47 [ 3\ g VZldE i(ﬁf Sl) — again, Hy = H,(-+a) -, and
thus

[ Dol = K(s) - Kls),
sX(Y\E)

with K, = —1(F, + G, + H,), and more generally fA (\E) et|D<p(vw)|?pvol¢’ -
Ko(a) —Ky(b) forall a > b, if Ayp :={b <t <a}; K, i is thus non-decreasing, and
has limits at +=00. We will thus be done if we prove that these limits are identical.

Let us consider any increasing sequence (tj)j>0 going to 400; we also assume
that (t;41—1;);50 increases to +00. Set a; = Y14 "and denote by ¢, the function

2
¢( - +tjr1 — a;). Then s(w,,) is constant, equal to S(ww) and thus

/ 1D, (0,2, VOl = Ko (07) — Koy (—3) = Konlty1) — Kolty)
Aa, x(Y\E)

Up to considering a subsequence, one can assume that (¢;), which is uniformly
dominated by uy, and has uniformly bounded derivatives at any positive order on
A* x (Y\E) as ¢ does, converges to some g € % (wp) in C* on every compact
subset of A*x(Y'\E). And as for ¢, as s(w,,. ) =5, fA* < (V\E) et|'D%o (Vgoo )|, vOI#>

14
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is then finite, and given some compact exhaustive sequence (K;);>o of Y\ E, is thus
equal to imj o0 [y . € Dou. (Vo) |5, vOIZ.
aj j oo

Now, an]. wi; € Do (Vo) [, vl = limy o0 anj «x; € Dg, (Vg |2, vol?* for

any fixed j. But anijj ¢'| Dy, (v,,)]7, vol?* < ankx(Y\E) ¢'| Dy, (v, )[2, vOI#* =

Ky(tii1) — Ky(ty) for k > j, and therefore anijj et D, (v, )2 vol?™ = 0, as
IC,(tr) tends to lim, o K, as k goes to oo.

We can thus conclude that [ Arx(V\B) e'|D,.. (vp.. )|? vol?> = 0, which is equiv-
alent to: D, (v, ) vanishes identically, or: V¥~v,_ is real holomorphic. Since

V¥eeu, = 24 V¥t it has shape y2 + Z with Z tangent to Y\ E, as dJ(V¥#=t) =

(dt,dV),., = 0. Moreover v = dt(V¥=uv,, ) = 1+wv,,|dt|5_; furthermore, one has:

Lemma 1.7 Let Z be a real holomorphic vector field on A* x (Y\E), bounded up
to order 1 for wy. Then Z is tangent to Y\FE, and constant along A*.

The proof of this lemma is postponed after the current proof. For now we get, as
V¥#>=u, is bounded at any order with respect to wy, that v =0, i.e. oo —1 =

Vg, = —dt];2 = —(14 G — oo — ldy ¥is|2 ), 01 oo = |dy |2, > 0. Since
Yoo+, y) is bounded for all y € Y\ E, this implies that ¢, is constant in the A*-
direction, thus ¢ = 0, and in particular g5, = |dyg0'oo|go¢ = 0. In other words,

Yoo 18 a function on (Y'\E), ¥, say, independent of t.
We interpret this by saying that v, converges to —1, and that w,. converges

to wy = dt A 2e”'dd + w;@“, w$°° = wy\g + dd§ U, in CF topology. Hence by

loc
dominated convergence, ICQP(tj“Q—Hj) = Ky, (0) tends to ICy,(0), and, as v, = —1,

()

K,.(0)= —27r/ Voo DE= + 08 — 02 |dt|2 X
’ {0}x(Y\E) 70 0 oo = (m—1)!

iy

= —27r/ 04+0— (=112 =27 Vol(Y\E),
{0}x(V\E) (m—1)!

as |dt|2_ =1, since w,, = dt A2e~"dV) + wy™. We recall that the volume of Y\ E,

even if computed with respect to wgﬁ‘”, depends only on [wy]. On the other hand,
IC@(”L;“) converges to lim ., Ky; we hence get: lim  IC, = 27 Vol(Y'\ E).
These arguments apply symmetrically, and thus lim_., K, = 27 Vol(Y'\E).

Therefore lim_, K, = lim Ky, and finally fA*X(Y\E) e'[Dy(v,)[5vol? =0. O

End of proof of Theorem 1.1. — We have: D,(v,) = 0; as seen in the above proof
for ¢, this implies that ¢ does not depend on t: Theorem 1.1 is proved. O

Proof of Lemma 1.7. — Any holomorphic function f on A* which is O(1 — |z|)
near A, and O(|z||log(|z])|) near 0, vanishes identically on A*. Indeed, extend
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f through 0, and for € (0,1), e > 0, pick 6 € (0,1 —7) so that |f] <& on 0A;_s.

By the maximum principle, |f| < e on A,; since r and ¢ are arbitrary, f = 0.
Now given Z as in the statement, take a open subset U of holomorphic coor-

dinates (22,...,2™) on Y\E, and write Z'0 = f2 + > i fiz%. Fixz € U. As

Z is bounded, f(-,x) : A* — C, which is holomorphic, is O(|z||log(|z])|) near 0,

and O(1 — |z|) near OA, and thus f(-, ) = 0. The same holds for the W, and
af; ()

as TI = 0, the f; are constant along A*. O

2  PARAMETRISATION OF KAHLER METRICS OF ALMOST
CONSTANT SCALAR CURVATURE

2.1 Family of Kahler metrics of almost constant scalar cur-
vature

Definition. — We consider a compact Kéhler manifold (Y,wy, Jy) of dimension
n > 1, and define:

Definition 2.1 Let (wt)i>0 be a smooth family of Kdhler metrics in [wy] such that:

c1 (Ky)-lwy ™!
[wy ]

s(w;) — Sy and for any positive €, Ofs(w;) — 0, in C*(Y), as t goes to 0o;

1. s(wy) converges at any order to Sy := —4mn , i.e. for any k >0,

2. (wi)eso is bounded in C* for any k, and there is some positive constant ¢
such that for allt > 0, w; > cwy;

we then say that (wi)i>o is a family of Kéhler metrics of almost constant scalar
curvature.

We say moreover that such a family has extinguishing variation if for all posi-
tive £, O (w;) tends to 0 in all C*(Y) as t goes to oo.

In this definition, we assume of course that all the metrics are Kéhler with
respect to the fized complex structure Jy. Notice moreover the existence of a
family (w;) of almost constant scalar curvature in |wy], implies that of a constant
scalar curvature metric in this class: take any C'*°-limit point of (w;).

Basic example. — Assuming that wy has constant scalar curvature, and is the
unique such metric in its Kéhler class (as is the case when for instance Y has no
non-trivial holomorphic vector fields [CT08|), it is rather straightforward to see
that a family of almost constant scalar curvature tends to wy in C'*°-topology.
When there exist several constant scalar curvature metrics in a same Kéhler class,
the situation might be more delicate, even with extinguishing variation, as the
following example illustrates: consider a smooth family of holomorphic vector fields
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(Z;) such that for all £ > 0, ‘Z; tends to 0 in C*-topology. Assume moreover
that the family of automorphisms o; of Y such that 0,0, = Z, for all t is bounded,
in the sense that ojwy stays bounded below, and bounded in C* for all k. Then
(wy) := (ofwy) is clearly a family of metrics of (almost) constant scalar curvature,
since for all ¢, s(w;) = Sy. On the other hand, we arrange easily so that (w;) does
not converge: take Z a vector field such that Lzwy # 0 — this exists as soon as
the uniqueness for constant scalar curvature metrics fails —, and set Z, = f(¢)Z

with f a smooth function of ¢ tending to 0 at any order, but with fstzo f keeping
cos[log(1+t)]

oscillating between two fixed values, e.g. f(t) = o

2.2 Parametrisation

The following proposition, which is the technical core of this part, tells us that the
previous example is asymptotically the only possible type of situation for a family
of almost constant scalar curvature with extinguishing variation:

Proposition 2.2 Let (w;) be a family of almost constant scalar curvature in [wy|,
with extinguishing variation. Then there exists a smooth family of constant scalar
curvature Kahler metrics (wwy) in [wy] such that:

o w,—wy =o0(l) in C*"(Y) as t goes to oo, for all k > 0; in particular, (w)i>o0
1s uniformly bounded below, i.e. w; > ciwy for some positive ¢ ;

e there exists a smooth family of holomorphic vector fields (Z;) such that if
(01); is the associated flow, then w, = ofwq for all t, and for all £ > 0,
O'Z, = o(1) in C5(Y) as t goes to oo, for all k > 0;

e wy can be taken as any limit point of (w;) in C(Y).

In other terms, a family of almost constant scalar curvature with extinguishing
variation can be parametrised, up to a small error in C'"*°-topology, as the pull-
back of a fized constant scalar curvature metric by some automorphism flow with
asymptotically vanishing time derivatives of positive order.

Proof of Proposition 2.2. — We consider a family (w;) as in the statement of the
proposition. The following strategy will guide us:

1. we fix k > 2 and a € (0,1), call .Z the set of limit points of (w;) in C**-
topology, show that . is a nonempty set of smooth metrics with constant
scalar curvature, and is actually the set of C'°-limit points of (w;); in par-
ticular, .Z does not depend on x nor on «, hence is bounded at any order;

17
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2. similarly, we see that .Z is connected in C"“, hence in C'*°, topologies;

3. we use a result due to Calabi to parametrise a well-chosen sequence of met-
rics in .Z as inductive pull-backs of some arbitrary fixed metric by “small”
reduced automorphisms of Y, interpolate this sequence into a family of con-
stant scalar curvature metrics, and compare it to (w).

Points 1 and 2 require very usual arguments, which we include for the sake of
completeness; Point 3, less standard, needs a little more care.

Point 1: Regularity of elements of £, and independence from (k,a). The family
(w¢) is bounded in, say, C** with 3 € (a, 1), and therefore admits a subsequence
converging in C"**: £ # &.

Let us consider some @y, € £, which is the C"™-limit of a subsequence (w;,)
where we can assume that (f;) increases to co. As w;, > cwy for all j, @y is
positively bounded below, and is therefore a metric; it moreover has constant
scalar curvature, since along our subsequence, the scalar curvatures converge to
s(wso) in C* 2P while s(w;) converges to Sy as t goes to 00: $(ws) = Sy

Given moreover any A > & + 1, (w,) is bounded in C**, and thus admits a
subsequence (wtje) converging in C*, necessarily to .., as C*-convergence implies
C"-convergence. Hence w,,, which is thus indeed C?, is a C*-limit point of
(w¢), and this holds for all A > k + 1: @, is smooth (this is also deducible from
s(Ws) = Sy), and is a C™-limit point of (w;). This settles Point 1.

Point 2: Connectedness of . The connectedness assertion on . endowed with
the induced C*"“-topology can be viewed as the analogue of the similar statement
on the set of limit points of a sequence in a compact metric space such that the
distance between two consecutive terms goes to 0. Now the bound on (w;) in C*
does not provide compactness in general; we nonetheless bypass this lack thanks
to higher order bounds, and to the (almost) constant scalar curvature property.
Let us thus assume that . = % L7, with the .Z; non-empty closed subsets
of £, for the C"™*-distance dcx.«; notice that as a set of limit points, .Z is closed
for this distance in the set of C*® metrics, hence so are the .%;. And as .Z is
bounded at any higher order, so are the .%;. We claim that there exist @’ € .%,
i = 0,1, such that € := dgra (L, ZA) = dere (@, wl)), distance which is thus
> (. Consider indeed two sequences (w;-)jzo of elements of .Z;, i« = 0,1, such
that deee (@), @) — € as j — oo. Then as the (@});> are bounded in C** for
any (3 € (a, 1), they admit subsequences (@’ )r>0, (ji) independent of i € {0,1},
converging in C*® to respective limits w’_; moreover, w! € .Z; closed in C**
0 1

topology, and € = lim; dgr.a (W) ,w;, ) = dere (@, @)
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We consider now an increasing sequence of “times” (¢;) admitting two disjoint
subsequences (¢;0) and (¢;1) such that We = w! as k — oo in C™*. Up to
adding intermediate times, we can furthermore assume that [jwy,,, —wy,|lcxe — 0
as j — 00, since ||0jw;||cx.« is bounded. Let us show that an infinite number of wy,
are a distance at least €/3 from both %, and .%,.

Take J large enough so that ||w;,,, —wy,|lcre < 5; take also k, £ large enough so
that, if jo := j) <j; =: j1, then [Jwy, — @oeolloma, [lwi;, — @1 lloma < §. Define
72 to be the smallest integer > 7, so that wr;, is ab distance > £ from Lo; Jo is well-
defined, and js € {jo+1,..., 1}, since w;; is at least at distance %5 from %). One
also has dgw.a (Wi, , £1) > dowa (Lo, £1) —deome (Wi, , wey, o) —dore(wr,, ,, 1) > 5.

We can repeat this argument with j, and j; as large as wanted, and thus end
up with a sequence (¢;, )x>0 going to oo such that for any k, wy;, 1s at distance at
least £ from both .£;. Now (wtjk) is bounded in C*?, hence admits a subsequence
converging in C™“ to some wy,, necessarily at distance at least § from the .£;. But
by definition, w,, € £, hence a contradiction with the assumption . = £ U.Z4.

We are left with the connectedness assertion in C'*°-topology. We actually
settle this by the more general statement that the induced C** and C'*°-topologies
coincide on .Z. As the elements of .# are smooth constant scalar curvature metrics
with uniform lower bound and bounds at any order (coming from such bounds on
(wy)), this statement merely comes from the iterated observation that given smooth
w and @, then ||@—| g is bounded by Cy o (|[@—& ||cra+|s(@) —s(@) || cr-2.),
where C, , depends only on lower bounds and C**bounds on w and . Let us
detail how this goes for A = k + 1. Let 1 so that @ = w + dd, normalized by
[y ¥ @™ = 0; this way [|¢||crs2e < C||@—w| e with C' as announced. Moreover,
in local coordinates, if ¢ is the metric w(-, Jy-) and ¢ is @(-, Jy),

s(@) — s(@) = — ¢" (9" 0p04(Grs + 0,05) + (9pg"*)Ig(Grs + 0,05%)))
+ gpq( "0,04(Grs) + (apgrs)a’(grg)
= — "9 Opgrst — 9""(0p9") O
— (0pq0rs) (979" — §"G") — (0a9r5) (9" 0pg™* — §710,5")
We rewrite the latter equation as:
(10) 91" Opgrsty = 1 — (s(@) — 5(@))

with 1 = — g7 (8,9")4rst) — (Opadins) (97167 — GP957%) — (Oufes) (600" — §790,57).

A local C*~ L bound on 71 now easily follows from a C**2“bound on 1, lower
bounds plus C**1*-bounds on w and @, and a C**bound on @ — @; more
precisely, [|n||cr-1.a < Ci]|Y0]|ori2a + Co|lw — @||ere with Cp, Cy as announced,
hence [|n||cr-1.0 < Cllw —@||ore with C as announced, by the previous control on
|¥||gr+2.a. The conclusion follows from Schauder elliptic estimates applied to (10),
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together with [|¢||co < Cljw — @||cra: as gP19"*Opgrs is elliptic in the open subset
Q of work, with lower bounds and C*~%* bounds on (g?2g"*),4rs coming from such
bounds on @, one has ||| criseq) < C (|| —@||cre@) + [|s(@) — (@) | cr-1a@))
thus || — @ crrre@) < C(||w — @lemea@) + [I8(@) — (@) [|cr-10(0) ), with C as
announced, on a slightly smaller open subset €', hence the desired estimate as Y
is compact.

Point 3: Interpolation of a sample of limit points. We proceed to the sampling
mentioned above according to the following principle: given € > 0, there exists
J = J(e) > 0 such that for any j > J, there exists w; € £ such that ||w;—; —
wjllera < €. Indeed, assume this does not hold, and pick ¢ > 0 and a sequence
(jx) of nonnegative integers going to oo, such that for all & and all w € &2,
|wi=j, — @|lcma > €. As (w;,)r is bounded in C*° (8 € (a,1)), it admits a
subsequence converging in C"™* to some w.,. Hence for all w € 2, ||weo —@||cra >
€; this contradicts the assertion w,, € -Z given by the definition of .Z.

We fix now a positive sequence (g )x>0 going to 0, and set ji = J(ex) for k > 0,
according to our principle; we can assume that for all k, J(ex41) > J(eg). This
enables us, for all k£ and all j € {ji, ..., jr+1 — 1}, to pick some w; € £ such that
|lwi—; — ;|| < er. We thus constitute a sequence (w;) in £ which is asymptotic
to (w=;) (in C™*, thus in all C*, by the estimate of the previous point).

In order to interpolate between the w;, we use the following result due to Calabi
[Cal85], see also [Gau, Prop. 3.3.4]: the space of extremal Kéhler metrics among
[wy| is a submanifold of the space of Kéhler metrics in [wy], and each connected
component of this submanifold is an orbit of the reduced automorphism group
H,ea(Y, Jy). More precisely, the tangent space of this submanifold at each point
coincides with the tangent space of the orbit. Here extremal metrics are constant
scalar curvature metrics: indeed as seen above, for any w € £ C [wy], s(w) =
Sy, which makes the Futaki character of [wy] vanish, and forces any extremal
metric in [wy] to have constant scalar curvature. Moreover . is connected, and is
thus contained in one connected component of the space .7, of constant scalar
curvature metrics of [wy]; its elements can thus all be written as o*wy, up to
choosing wy in .Z, say. Here we can be more precise: the above statement tells
us that given any w of constant scalar curvature, all the constant scalar curvature
metrics of its neighbourhood (for any C** topology, or even for C* topology, as
the submanifold has finite dimension) can be written as oc*w with o a reduced
automorphism close to identity; up to reducing the neighbourhood, these metrics
can thus all be written (®Z)*w with Z a small (real) holomorphic vector field in
Jto(w) where €(w) is the set of Hamiltonian Killing fields for w, as in the constant
scalar curvature case, by := Lie(Hred(Y7 Jy)) splits as &y(w) & JE(w).
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Now .2 is closed and bounded in .#,, ], hence compact, and therefore there
exists a function n = n(e) which is o(1) such that any ball of radius € € (0, &y) and
centre w € £ is covered by the (0z)*w with Z € J¥y(w), |Z| < n(e), where oy
denotes the flow at time 1 of Z.

Without loss of generality, assume (gy) is decreasing and takes value in (0, &y /3);
Assume likewise that (t) := ||Opw;||ore < % for all z. Then for all k, and all j > ji,

j+1
@541 = Bllome < l@jin = wisillona + s = wyllone + / Ouidt|
t=j ’

< 2e + 5j < &p,
t]:;.l v(t) dt. Hence for all k, and all j € {j, ..., jrt1 — 1}, there exists
a holomorphic vector field Z;, |Z;| < n(2ey, + d;), such that ;1 = 07 @;.

We conclude as follows: let y be a nonnegative smooth function with compact
support in (0,1) and with integral 1. We define the time-dependent holomorphic
vector field Z;, := 7. x(t — j)Z;, and the associated flow 0. We set w; =
oy, @j, for all ¢; these are metrics of constant scalar curvature, in some fixed
neighbourhood of .. One easily checks that indeed w;—; = w; for all j > jo,
as well as the claimed asymptotic properties of (w;),. For instance, for t > jo,
Oy = Lz, = x(t — [t])ﬁz[t]wt = x(t — [t])d(wt(Z[t], )), since o, is bounded at
any order, ||0,w;||cr.« is controlled by |Zp|, which is controlled by 1(2exy) + djy)
(where k(-) is defined by ¢ € {jk@),-- -, Jr@e-1}), hence goes to 0 as ¢ goes to oo.
Finally, as Z, = 0 for ¢t € [0, jo|, wo = wj, € -Z; now w,, was arbitrarily chosen
in £ so that ||wi—j, — @j,||cxe < €. But given w € £, there exists ¢, so that
|wty, — @i llome < go, and for all ¢ > tg, dera(wr, Z) < €o; the assertion on the
geniricity of wy follows by applying the previous construction to (wys,—j,) for
which one can keep the same j. U

where §; =

3 (CONSTANT SCALAR CURVATURE POINCARE TYPE KAHLER
METRICS ON THE COMPLEMENT OF A DIVISOR

We fix in this part a compact Kéhler manifold (X,wy), and a simple normal
crossing divisor D = Zjvzl D; (the D, are the smooth irreducible components).

3.1 Basic tools and statements of the results

Reminder: fibration near the divisor, and previous results. — The details concern-
ing following material, necessary for what follows, can be found in [Auvll, Auv13].
To fix ideas, assume first that D is smooth, and even reduced to one component.
One can endow a tubular neighbourhood N4 of D with an S'-action and an S'-
invariant projection p : Ny — D, and construct an S'-invariant function ¢ such
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that ¢t = log ( — log(|o|?)) + O(e™") at any order for Poincaré type metrics on
X\D, where 0 € 0([D]) is such that D = {¢ = 0}, and |- | any smooth hermitian
metric on [D]. Up to adjusting N4 and A € R, we get this way a circle fibration
q=(t,p) : Na\D — [A,+00) x D, for which we construct a connexion 1-form 7,
such that d°t = 2e7'n+ O(e™") at any order — notice the analogy with the formula
Jedt = 2e~'dY on the model A*. Setting moreover w := wyx — dd°log ( —log(|o|?))
with a good choice of |- | — which does not affect what precedes — we have that w
is of Poincaré type, and near D,

(11) w=dt A2 'n+pwp+ O™

at any order, where wp = wx|p. This can be generalised when the divisor has
several components, and the fibrations respect the crossings when they exist; we
simply add j indices to specify the component D; near which we work.

In [Auv13|, it is proven, using these fibrations, that if a metric of Poincaré type
W, = w + dd°p has constant scalar curvature, then ¢ — Zjvzl a;t; is in C*°(X\D),
i.e. is bounded at any order with respect to the model Poincaré type metric w,
where the a; are < 1, and given by ﬁ = Sp, — §; here § (resp. 5p,) denotes
the mean scalar curvature of Poincaré type metrics of class wx (resp. wp,) on
X\D (resp. on D;\ > ,,; Dy) — recall the formulae § = —47TmC1(KX[[f£jL°fX]mfl and
c1(Dj)-c1(Kx[D])-[wx]™ 2

c1(Dj) fwx]m1

Considering again a fixed D; and given (k,a) € Nx 0, 1), one can use the circle
action on its neighbourhood to decompose functions f € C**(X\D) (“bounded
functions at order (k, ) for w on X\ D” —see [Auvll, §1.2| for the exact definition)
as an S'-invariant part Il ;f and a part IT, ;f with null mean against ;. Of
course Il ; f and I1, ; f remain in C°°(X\D) — in particular, seen as a function on
[A, 00) % (D;\ " Dy), I f is bounded up to order (k, ) for dt? +w|p, (-, Jp,");
moreover, as the fibres have length in e™% near D;, if T; denotes the infinitesimal
circle-action vector field, (e 7%T};)*I1, ; f € C* % near D; for all k < k. Thus for
instance, if f € C*°(X\D), then

Sp, = —4mm , typical of the Poincaré setting.

(12) df = 0, Ilof + pid(Io; fi,) + Ole™™)

and A, f = (0 — 9} )Mo f + pj (Aw|Dj (Ilo; f:,)) + O(e™) near D; at any order
with respect to w, and where Ig; f;, = (Ilo; f)(t;, ).

Two theorems on Poincaré type Kahler metrics with constant scalar curvature. —
We can now state the main results of this part:

Theorem 3.1 Assume that D is smooth. Let w, be a constant scalar curvature
metric of Poincaré type on X\D, of class [wx]. Then at the level of Riemannian
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metrics, one has near all component D; of D the asymptotics:
g, = a; (dt? + (26_tj77j)2) + pih; + O(e‘étj)

at any order, with 0 > 0, h; a Kdhler metric on (Dj, Jp,) such that [h;(Jp,-,-)] =
lwx|p,] and with constant scalar curvature, and where a; = 2(5p, —s)~" > 0.

and:

Theorem 3.2 Assume that there exists a Poincaré type Kahler metric of class
lwx] on X\D. Then for all components D; of D there exists a (Poincaré type)
Kdhler metric on D\ 3, Ds.

The rest of this part is mainly devoted to the proof of Theorem 3.1. The first
step is the construction of a family of almost constant scalar curvature metrics
on a fixed Dj, along which a proof of Theorem 3.2 with D smooth is provided;
this is done in next section, as well as the generalisation of Theorem 3.2 to the
general case. In the analytical subsequent sections, we use the produced family
and Proposition 2.2 to end the proof of Theorem 3.1.

3.2 A family of almost constant scalar curvature on D

Assuming D reduced to one component — hence smooth — and starting with a
constant scalar curvature w, on X\D, we use the results of Part 1 us to identify
a specific family of almost constant scalar curvature as defined in Part 2:

Proposition 3.3 Assume that D is reduced to one component and that s(w,) =8
on X\D, with w, = w+ dd°p of Poincaré type of class [wx]. Then for T large
enough, (wf)i>r = (wp+ddiIlgp(t, ). ,» withwp = wx|p, is a family of Kihler
metrics on D of almost constant curvature, with extinguishing variation. Moreover,
for any (k, ), and any positive (, (01yp); — 0 in C**(D) as t goes to cc.

Proof. — Observe first that we can assume ¢ € C*(X\D); for this, just replace
wx by fwy, with a = (Sp —§) ™!, which imposes Sp = §+ 2 (see previous section).
Now the principle of the proof goes as follows: to check convergences, we pro-
ceed by contradiction: assuming the desired convergences do not hold, we use the
boundedness of ¢ at any order as well as its almost S'-invariance to identify some
subsequence of TIpp on compact subsets of [A, 00) x D converging to a limit fitting
in the framework of Section 1, and use Theorem 1.1 to contradict the assumption.

We thus set on D, for t > A, wf = wp + dd,(Ilpp);; up to increasing A, these
are indeed metrics, uniformly bounded below, and uniformly bounded in C**(D)
for all (k, a); more precisely, ¢ — w{ is bounded in C**([A, 00) x D) for all (k, ).
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Let us assume that there exist ¢ > 0, a sequence (¢;), lim;_,o t; = 0o, and (z;)
in D such that [s(wf)(2;) — Sp| = sup,ep [s(wf)(w) —Sp| > e. We consider a
subsequence of (z;), still denoted (z;), converging to some z € D. Similarly, we
pick any (k,a) € N x (0,1); as IIpe is bounded in C’W([A, 00) X D), we have for
any N a sequence (Ilop)(- +1;, ) j>j,(n) uniformly bounded in C**([—-N, N] x D).
A diagonal argument thus gives us o, € C"™*(R x D) and a fixed subsequence (t;)
such that (Iop)(- +¢;,-) converges in C**/2 on every compact subset of R x D
t0 poo; an extra diagonal argument gives the C22-convergence (of a subsequence),
hence ¢, € C°(R x D), i.e. is bounded at any order for dt* + h for any h on D.
Now we see R x D as a factor of A* x D, endowed with the complex structure
Jc @ Jp; we claim:

The (1,1)-form w,_ = wp+dd°(pe —t) is a Poincaré type metric on A* x D (in
the sense of Part 1), of constant scalar curvature, equal to S.

This claim decomposes into several assertions: one has to check that w,_ > cwo,
with wy := wp —dd°t, that w,_ is bounded with respect to this model at any order
and that s(w,.) = § (by construction, ¢ is S'-invariant). We start by the
positivity assertion; it is actually an easy exercise to prove that it is enough to
check it on vectors £ of type &p + 0y, with £p € T'D independent of ¢ and 9 —
use the J-invariance, and the writing w,.. = (92 — 9;) (oo — t)dt A 2e™td0 + dt A
d% 0100 + dpOypos A 2e71dY + (wp + ddhH P ).

For ¢ as above, consider ¢ := (g (§ﬁW0))b“ so that (Tq) o€ — &y o = O(e7H),
and in particular |(T,p)¢: — (€0)g@)lwo = O(e7®)). Then for x close to D in X\D,
8s w, = (02 — Op) (Mg — t)dt A Qe_tn + dt A p*d®(OIlypy) + p*dowpr A 2e~d0 +
p*wi + O(e™) (at any order),

K2, . = (02 = 00)(Tlog — 1) + 20" (d04Tlo)u () + g1 (Gor o) + (1)
with g7 = w/ (-, Jp-) on T D, thus:
€12, 0 = (7 = 01)(Tow — )a +2(Ep - Do) g(a) + 65 (D1 ED)g() + O(e7'),

whereas for any (tg, %y, wp) € A* x D,

|€|w%o, (to,%0,w0) (8152 - 81?)(9000 - t)(to,wo) + 2(SD ) 8t9000)(t0,w0) + g;/;oo (€D7 gD)(tmwo)v

with g7~ = (wp + dd$[pes(to,*)]) (-, Jp-) on TD. Choosing now z; in ¢~ (to +
tj,Wo), @S Poo i the C2-limit of (Ilge)(- +t;, ) on every compact subset of R x D,
we have by the latter two formulae that |¢|? tends to |§|% (towg)-  On the
other hand since w, > cw on X\D for some ¢ > 0, for all « close to D one

Wep,Tj
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has [C|2_, > ¢|(|2 ,; reasoning as above, one sees moreover that |C|? . tends to
|€ |w07 to.90.0)» ETICE the positivity assertion.

Bounds on w,,__ at any order being an immediate consequence of ¢, € C*(R x
D), we are therefore left with the constant scalar curvature assertion. For this we
use the asymptotic decomposition w,, as above together with that of w (11), and the
formula s(wy,) = 2/, [o(w) — $dd"log (z—‘}:)} of Kéhler geometry. All computations
done and dropping the p* for simplicity, one has:

w{)™ 2 A o(wp)

s(wy) =e 17 [2(m - 1)(

—(m—1)(m— >dD8t(inL> A dpatg;)sonz 1 (wf)™ A o(wp)

- (1 @ - 00 ) L o - ) RO A0 A )
(- ) MRIEALD)

4 (m— 1)(m — 2) BN dDat(HO(? L:\Dc)lflai(ﬂogo) (wf)™ —3} v

near D on X\D, with % = IIjlog (:’—5) log (== ) +0O(e™), as :’—’Z € C*(X\D);

more explicitly, f¥ = p*log [(1 + (02 — 0y — ]dDHOgo\iw) (wfﬂ)ﬁl_l] + O(e™).
t wWp

Similarly, setting f> =

wm
Poo
log ((dmze—tdﬁerD)m ):

(wf>)™2 A o(wp)

S(wpy ) =e 17 [Z(m —1)

(wD)m—l
o oo A diipm A ()" A eliop)
(m —1)(m —2) (wp)™1
Poo\m—1 c Poo\m—2
D D
b A )
(m 1) (wD)mfl
ddS, f2° N dpOipos N d50spo0 A (wi™)™ 2

+(m—1)(m —
(m = 1)(m —2) o
on A*x D. Hence for (to, o, wo) and (z;) as above, s(w,, )., tends to s(wy.. ) (to,90,w0)}
since s(wy),; = 8 for all j, s(Wy.. ) (to,00,we) = 8, and this holds for any (to, Vo, wo) €
A* x D: w,_ has constant scalar curvature, equal to .

Now Theorem 1.1 says that ¢, does not depend on ¢, and w,, _ is thus a product

dt A 2e~tdd + W, with w¥) = wp + ddSe, 1 € C®(D), and with s(w?) constant,
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equal to § — 2 = §p. As w? is the C*limit of (wf), we have a contradiction with
the preliminary assumption sup, |s(w2i,) —Sp| > ¢ for all j large enough.
Similarly, starting with an assumption such as supy, [(V?)"(9{Toe);,| > € > 0
for j > jo, with (¢;) tending to oo and x > 0, £ > 1, we similarly pass to a diagonal
subsequence of the (Ilyp)(- + t;,-) converging in C'™ on every compact subset of
R x D to a function ¢, € C®(R x D). As above, ¢, is associated to a Poincaré
type metric with constant scalar curvature on A* x D, and by Theorem 1.1, ¢
is independent of ¢, with contradicts the assumption. O

Proof of Theorem 3.2. — Notice that the construction of the function(s) ¢ in
the above proof does not require any of the contradictory assumptions, hence the
result when the divisor is reduced to one component, which readily generalises
to the smooth divisor case. In the simple normal case, one still works near one
component, but far from the other ones in the sense that the functions ¢, are
considered on sets of type [N, N| x K,, with (K,) an exhausting sequence of
compact subsets of D;\ >, 2 De, before the use of the diagonal arguments. Notice
that in this case, the uniform C° bound is of type |p;| < C(1 437, [te]). O

For simplicity, we assume from now on and until the end of this part
that D is reduced to one component, and thus drop the j indexes; we indeed
work around one fixed component in the subsequent sections, so that all what
is done below readily generalizes to the smooth N > 2 case. We also keep
the normalisation sp = s + 2, and fix the Poincaré type Kdahler metric
w, = w+dd°p of constant scalar curvature, all along the rest of this part.

3.3 A fifth order equation on the potential ¢ near the divisor

Localisation. — Choose a polydisc (z',...,2™) of holomorphic coordinates near
any point in D, such that 2! is a local equation of D. Set Z := Re[z!(log z') 52 |
locally; notice that Z is bounded with bounded derivatives at any order, with
respect to any Poincaré type metric. Then we claim that for all f in C*(X\D)
near D,

1
Z-f= Qatﬂof + O(e™),

where the O(e™") is understood at any order in Poincaré type metric. This follows
easily from decomposition (12), and the estimates

p*dp(Iof):(Z) = O(e™) and dt(7) = % + O(e™)

at any order. For the first one, use that (Ilyf); has bounds at any order on
D, uniform in ¢, and that in our open subset of work, 27 = p*(z%|p) + O(e™)
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for j = 2,...,N, at any order. Now ¢ = log ( — log(|o|?)) + O(e™") where o is
some (global) section associated to D; again, the error term is understood at any
order, and since log ( — log(|o|?)) = log ( — log(|z'[?)) + O(e™) with this O(e™)
understood likewise (see e.g. [Auvll|, proof of Prop. 1.2), and Z is bounded at
any order, we are done with the following elementary computation:

dlog ( — log(\zlﬁ))}
0zt

Z -log ( —log(|z'%)) = Re [zl(log 2Y)

1 log 2* 1
ot ] -]
1o e e T2
The equation. — Mimicking what is done is Section 1, we differentiate the equation

s(w,) = 8 with respect to Z, and use w = wy — ddt + O(e™") at any order near D:
0=127" s(w,) = A@<w¢, Ly(w+ ddcgo)><p — 2<g¢, Ly(w+ ddcgo)><p
= _2L¢(Z (e — t)) + Ag(wg, Lawx)p — 2(0p: Lzwx)p + Ole™),

with L, the Lichnerowicz associated to w, (see e.g. [AP06, p.192] — recall that
w, has constant scalar curvature). One checks moreover that in Poincaré type
metrics, Lzwyxy = O(e™") at any order, and thus A, (w,, Lzwx), and (04, Lzwx)
are O(e™") at any order near D. Furthermore as Z- (o —t) = 30;(Ilop) — 2 +O(e ™)
with the O understood at any order, we get:

(13) L, (0:(Iop)) = O(e™)

near D at any order. Observe that (13) makes sense globally near D, and since
D is compact we can indeed patch together the local equations, and sum them up
into this single equation.

We now analyse the operator IL, in more detail, in order to deduce asymptotics
on Oy(Ilpp) from (13).

3.4 Asymptotics of the Lichnerowicz operator of w,
Recall that near the divisor,

Wy = (1 + (83—8,5)1_[090) dt A 2e"'n
+ dt A d0,(Top) + dpdy(Top) A 2¢™"n + p'wf + O(e™),

where w; = wp + dd§,(Ilpp):, and with the O(e™") at any order with respect to w.
Now according to Proposition 3.3, d;(Ilpp) = o(1) at any order with respect to w,
thus if we use less precise asymptotics, we can simplify the previous formula into

(14) wy, = dt A2e”'n+p'wf + o(1),
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at any order with respect to w, and with |0/wf|,,, = o(1) for all £ > 0. In other
words, though the component of w, which is parallel to D is not constant, its
derivatives in t of positive order tend to 0 near D, and likewise, the mixed terms
and their time derivatives at any order tend to 0 near D. Consequently, at the
level of Ricci forms, one has:

(15) 0, = —dt A 2e 'y + p*o(wf) + o(1),
with the o(1) understood as above. From these asymptotics we deduce on L:

Proposition 3.4 Denote by L,y the Lichnerowicz operator associated to wi on
D for allt > A. For any k, one has on LY ;= IgoL,0q* : Crtte([A, 00) X R) —
C””’a([A, o0) X ]R) the asymptotics

1,0 0%\2 o 0 o 02

R S W TRRON A K B}
2o o) (g~ am) + e +Bure (5~ g) +o0)
Here the Holder spaces are defined with respect to dt? 4+ h, with h fixed on D.

(16) L=

Proof. — We do it for the map: C** — C%. Let f € C**([A, 00) x D), seen
as ¢* f near D. As w, has constant scalar curvature, L, f = %Ai [+ (04, dd°f).,.

By formula (14) and the identity A, f = —A,dd°f = —mM, we can write

Apf = (00=07) f+p*Aye fHe(f), with [e(f)|czep-1(too)xp)) < [IfllcaeE(t), Where
g(t) = o(1) at any order is independent of f. One more application of A, yields
ALf = (0, —9F)>°f + p*Aiff + (0 — R Dup [+ " Dup (8 — 07) f + e(f) where
this time, |e(f)|co.0p-1(jt,00)xD)) < || fllca«E(t). Moreover as the time derivatives of
w; are o(1) at any order, we replace (0; — af)p*Awff by another p*A ¢ (9; — 2 f,
for the price of adding to £(f) a comparable error term.

Likewise, on the curvature term, formulae (14) and (15), the pointwise in-

ner product identity (o,,dd°f), = (Apo,)(Apdd®f) —m(m — 1)%, its
analogues for the wy , and the differentiation formula dd°f = (07 - Oy) fdt A
2e7'n + ddS, f + dt N d50uf + dpoif A 2e'n + O(|| fllcaee™) give: (04, dd°f), =
(0 = ) + (o), ddp fi) o + (f), with [e(f)]coa(rooxp) < [[fllcaad(?).

Sum these expansions; as Ly = %Aif + {o(wf), dds, - >w¢ + {dps(wf),dp- >w¢,
as dps(wy) = o(1) on D at any order as well as all its time dérivatives, and denotirtlg
by LL; the operator in the right-hand side of (16), one has: L, f = LL; f +¢(f) with
e(f) € C**([A,00) x D), and |e(f)|lcoa(poco)xn) < || fllcte2(t). Now conclusion
follows by applying Il to the latter equality, and from the fact that [IlL, f = L, f,
as f is Sl-invariant. .

These asymptotics are not sufficient to conclude however, as the w; may vary;
we hence slightly change our point of view in next section to address this difficulty.
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3.5 Twisting the equation near the divisor

Conjugated Lichnerowicz operator. — By definition, wp = wx|p, and w induces
wp on D. It is more useful for what follows to choose first wp as a limit point
of (wf); there might be no smooth @wx in [wy| with restriction wp on D, but we
can still construct a Poincaré-type w of class [wx]|, and such that w = dt A 2e~'n+
p*wp + O(e™") at any order near D, see [Auvll, §3.2.1]; of course, this does not
affect what precedes. From now on, we keep these wp and w.

According to Propositions 2.2 and 3.3, we can write w{ = ojwp + o(1) for
t > A, with this o(1) understood at any order in ¢ and D, and dfo; = o(1) in
C>°(D) for all £ > 0. Consider the following diffeomorphism of [A, c0) x D:

a(t,w) := (t, o¢(w)),

where w is the variable on D. We let ¢ act on functions on [A, 00) x D by pull-back,
with inverse action by push-forward. Recall that ]L?D =Ilp oL, o ¢*, and define:

L7 :=(6"")* oLy 05", ie. Lou := (6). [oLy (¢ (5) u)],

so that L7 ((6).v) = (6)(HoLy,v) — here we omit ¢*. According to (13), we thus
have at any order, as t goes to oo:

(17) LZ((9):(0Iop)) = O(e™).

Asymptotic mapping properties of ILZ. — Observe the following, which follows
from the properties of &, and a verification similar to that of Proposition 3.4:

Proposition 3.5 Denote by L., the operator
1 < a0 )2 < g 0
2\0t 0Ot? ot ot?
on [0,00) X D. Then

o 0
o~ op)

0 —
La«xp =

>—|—LWD—|—AWDO<

Lg — L% p = o(1),

that is, the coefficients of this difference tend to 0 in C*°(D) at any order in t, as
t — 00.

Remark 3.6 As notation suggests, L., is nothing by the Lichnerowicz operator
of dt A 2e7tdY + wp on A* x D, restricted to S'-invariant functions.

The interest of Proposition 3.5 lies in the following technical result, which
results from the study of L., p, and is the analytical key-step in our study of the
asymptotics of 9;(Ilpe), and thus of those of p; let x be a smooth cut-off function

1 2

on R, with x =0 on (—o0, 3] and x = 1 on [, 00).
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Proposition 3.7 For any k >0, a« € (0,1) and § € R, define
05;4@([14’ 00) X D) = {e‘s(t’A)u € C”H’O‘([A, 00) X D)|u(0, ) = 0wu(0,-) = O},

and C5*([A,00) x D) = e 2" ([A,00) x D). Then there exist & € (0,1],
and functions Un, ..., 1, € C®([Ag,00) x D), where r = dim(kerL,,), such that
for all 6 € (0,60) and all A > Ay large enough, the v; are linearly independent on
[A+1,00) X D, and

(18) LZ: C’&#’a([A,oo) x D) @span (x(- — A);)._,  — C5*([A,00) x D)

18 an isomorphism.

Moreover, for any non-trivial r-tuple (A, ..., \.), Z;Zl A, does not tend to
0 as t goes to infinity.

One also has an isomorphism

(19) L7 : Lg" ™ ([A, 00) x D) — L**([A, 00) x D),

where L*([A,00) x D) = {u € LE| [[7e*~tdt [, |ul*vol” < oo}, L** is the

subspace of functions in u € Li;;\ with u, ..., V™ € L?, and Lg”\ the subspace of

functions u such that u(A,-) = (0wu)(A,-) = 0.

We devote next section to the proof of this result. For now, we use it to
establish the desired asymptotics on .

Proof of Theorem 3.1 from Proposition 3.7. — As observed above in equation (17),
if one sets v := ¢*(9Ilop), then LI (v) € C5* for any 0 < 1, (k,a) € N x (0,1).
Taking now A and Jy as in the statement of Proposition 3.7, one has ]L:Z (X(t —
A)) € C5*([A,00) x D) C L**([A,00)x D), and x(t—A)v € Lg""*([A, 00) x D).

Pick 6 € (0,1], 0 < d9. According to isomorphisms (18) and (19) in Proposition
3.7, there exist w € C’&}L4’O‘([A, 00) X D), and Aq, ..., )\, such that

X({t—A=w+ Z ;.
j=1

But 0,11y tends to 0 as t goes to oo (Proposition 3.5), hence v = 6*(9,11p)
does so. Since this holds as well for w, we get that Z;Zl Aj1; tends to 0 as ¢
goes to co. By Proposition 3.7, this implies A\ = --- = A\, = 0, that is: v €
C§+4’a([A, 00) X D). Such a statement is stable by pushing forward with &, so

that 9,(Iye) is O3 near D. This holds for all £ > 0; after integrating along t,
and adding the 11, component, we get the final statement:

@ =pYp + O(e™),
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for some ¥p € C*°(D), with the O understood at any order near the divisor. We
easily see that the metric g%D , of Kahler form w%D = wp + dd}HYp, has constant
scalar curvature on D (see [Auv13, §2.2]), and that

gp = dt* +4e7 70’ + p’ gy, + O(e™)

near D at any order. 0

3.6 Proof of Proposition 3.7

We subdivide this proof into three steps. We first prove an analogous statement
(Lemma 3.8) for the model operator L., ,. We then come back to L7, and ex-
ploit its asymptotic convergence to 4. ;, to deal with its Fredholm properties and
compute its index between relevant spaces (Lemma 3.10). By contrast, its geomet-
ric origin — recall we came to Lg from the study of the constant scalar curvature
Poincaré type Kahler metric w, — is also used to analyse its kernel in conclusion,
where we exhibit the functions ¢, ..., 1, of the statement of Proposition 3.7, and
deal with their asymptotic linear independence (Lemma 3.11).

3.6.1 Mapping properties of L.,

We first state the following, on which Proposition 3.7 is partly modelled:

Lemma 3.8 1. The map L. : Ly"([0,00) x D) — L**([0,00) x D) is
an isomorphism for any k > 0.

2. There exists € > 0 such that
L-wp : Coz ([0, 00) x D) — C5*([0,00) x D)
is an isomorphism for all § € (—3 —¢€,0) for any (k,a) € N x (0,1,).

3.6 =0 is a critical weight for L., p, and if (fi,...,f;) denotes a basis of
ker L, , then there exists g > 0 such that

(20) Liuyp: ng}‘*"’([o, 00) x D) @ span (x(t) f;) — C5*([0,00) x D)
is an isomorphism for all § € (0,0y) and any (k,a) € N x (0,1).

Remark 3.9 1. Observe that as L. is invariant by translation in the t direc-
tion, we can translate these statements on [A,00) X D for any A.

2. The map (20) is well-defined, as L., (x()f;) = Lo, (f;) =0 on {t > 1}
forg=1,...,r.
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Proof of Lemma 3.8. — We start by points 1. and 2. We will use several times
the following inequality: if f(0) =0 and [;~ |f[?e*"dt < oo, then

(21) / |atf|2625tdt252/ | f|2e®dt

0 0
(see [Biq97, Lemme 6.1]); this follows from Cauchy-Schwarz inequality applied to

/ O,(f2e2t)dt = /0 (fO.f)e®tdt + /0 FreBt it

where f is smooth with compact support and vanishes at ¢ = 0, plus a density
argument. Now, to simplify expressions, we denote L., by LL; we recall that

= 1(0, — 82)° + (0t — 82) + Ly, + A 0 (9t — 82), 50 that
/ uLLue®* dt volp =
[0,00)xD
1
= / u(0, — 9%)*ue®'dt volp +/ u(0, — %) u e*tdt volp
2 J0,00)xD [0,00)x D
+ / ull,,u e?tdt volp +/ u(0; — 02)Apu et dt volp .
[0,00)x D [0,00)xD

We deal successively with the different summands to estimate the positivity of
Jio.00yp Ul e?tdt volp. We assume from now on that u € Lg'; ([0, 0c] x D).

First summand: | u(0; — 02)%u e®'dtvolp. We claim that:

[0,00)xD

/ w(0, — 9?2)*ue®'dt volp = / e (02u)? dt volp
[0,00)x D

[0,00)x D

(14 26)(1 + 49) / 2 (9,2 dt vol

[0,00)x D

+26%(1 4 26)? / u?e® dt volp

[0,00)x D

Indeed (we assume u smooth, and vanishing near infinity for convenience), if
we notice that 9y — 1 = —e' 0 9, 0 e, we get:

/ u(0, — 02)*ue®dt
0
- / u[at(l - (9t)} (at - atg)u etdt = —/ ue(H%)tat [G_t(at - atz)atu] dt
0 0

= /oo e* (Opu) [(0, — OF)Opu] dt + (1 + 25) /Oo e*'u (8, — 97)0u] dt
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by integration by parts, after using that u(0) = 0 to get rid of the boundary term
at t = 0. Now:

[ e @l o] dr =~ [ e 0, o) e
0 0
= / X (92u)? dt + (1 + 26) / e?! (D) (0Pu) dt
0 0

after another integration by parts and using that dyul,—¢ = 0 to get rid of the
boundary term at ¢ = 0, hence

/ w(0y — 02)?ue®'dt

0

= / Xt (Opu)? dt + (1 4 26) [/ e [(8, — 97)0pu] dt —I—/ X (Oyu) (02u) dt
0 0 0

J/

-~ -~

::A =B

Then

A= —/ e 20, (e7"0fu)dt = B+ (1+ 25)/ X udPu dt
0 0

J/

-~

=C
(again, no boundary terms in the integration by parts),

B = %/ eZJtat((atu)Z) dt = _5/ eZJt(atu)2 dt
0 0

(no boundary term, dyul;—o = 0), and
C=- / O (e*'u)Opudt = / e?!(Oyu)? dt — 25/ e* udyu dt
0 0 0
=— / X! (Oyu)? dt + 267 / 2002 dt,

0 0

as 20 [° e®ududt =6 [[° e*0,(u?) = —26% [[° e*'u? dt. The claim now readily
follows from gathering these expressions for A, B and C', and integrating along D.

Second summand: [, ., u(0; — OF)u e®tdt volp. We now see that
/ w(0, — 0} u e*'dt volp
[0,00)xD

:/ e®!(9yu)? dt volp —6(1 + 26)/ ety dt volp
[0,00)xD

[0,00)x D
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We proceed exactly as above; assuming again that u is smooth and vanishes for
large t, we have

/ (0, — O udt = — / e(1+25)tu8t(e_tatu) dt
0 0

/ e?!(Qyu)? dt + (1 + 20) / eXludyu dt

0 0

:/ M (Opu)* dt + %(1 + 26) / 00, (u?) dt
0

0

:/ Xt (Opu)? dt — 5(1 + 26) / e®ty? dt,
0 0

where we only used that u(0,-) = 0 to get rid of boundary terms. We conclude as
above.

Third summand: f[o s0)x D ulL,,,u e?tdt volp. We only prove that this summand is
nonnegative, independently of 0. Integrating first along D, as L,,, = (Dp)*?Dp,
this is straightforward:

/ uLwDue%tdtvolD :/ et dt volp </ u(DD)*DDDuVOID)
[0,00)xD 0 D

—/ e?tdtvolp </ ‘DDuvaolD).
0 D

Last summand: [, ., u(0 — 07)Apu e?tdtvolp. We use now a different ap-
proach to see that, for all 4,

/ u(9;, — 02)Apu e®'dt volp > —6(1 + 5)/ |dpul? e*tdt volp .
[0,00)xD

[0,00)xD

Consider for this an L? orthonormal basis (¢;) >0 of eigenfunctions of Ap, and
call 11; the nonnegative eigenvalue attached to ¢;, i.e. Apyp; = pjp;. Set moreover
u = Y7 ujp;; the u; are thus functions of ¢, and as ul—g = (Ju)|i=0 = 0, we
have u;(0) = 0yu;(0) = 0 for all j > 0. This decomposition yields

/ u(9, — 02)Apu e®'dt volp = Z ;i Vol(D) / (0, — O )u; dt
[0,00)xD 0

J=0

= Z’uj Vol(D) (/ e (Opuj)* dt — 6(1 + 20) / emu? dt) :
=0 0 0
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since for all j, [ e*'u;(0, — 07 )u; dt = [° € (Opu;)? dt — 6(1 + 26) [ w3 dt,
see the paragraph “second summand” above. Now the introductory inequality (21)
gives us fooo e®!(Opu;)? dt > 62 fooo emu? dt for all j > 0, so that:

/ w(9, — 0F)Apue®'dtvolp > (6% — §(1 + 26)) Z pj Vol(D) / e25tu? dt
[0,00)xD

=0 0

= —6(1+90) / |dpul?, e*tdtvolp .
[0,00)x D

Recapitulation. According to the previous four paragraphs, we have for all ) € R

1
/[0 | Dez‘StuLudtvolD 25/ e (92u)? dt volp
,00) X

[0,00)x D

+ %(1 — 60 — 867) / e (9yu)? dt volp

[0,00)xD

+0(14+20)(20 —1)(0 + 1)/ u?e® dt volp

[0,00)x D

— (1 +5)/ |dpu|? e dt volp,
[0,00)x D

hence

1
/ e? ulla dt volp >=(1 — 76)(1 + 0) / e®!(9yu)? dt volp
[0,00)x D 2

[0,00)x D

+ (1 +26)(20 — 1)(d + 1)/ u*e®" dt volp

[0,00)x D

—(5(1+5)/ |dpul?, e*tdt volp,
[0,00)xD

where we get to the second inequality after applying the version of (21) inte-

grated along D to the summand f[o 00D e (92u)? dt volp; this is justified since
(Oyu)]—o = 0. Since (1 —78)(148) > 0 for 6 € (—1,1), and in particular for § €
(—1,0), we can apply (21) to the summand $(1—76)(140) ooy e?t(9u)? dt volp,
and get for those d:

1
/ Xyl dt volp >=6(1 +6)(6 — 1)(6 + 2) / u?e®* dt volp
[0,00)xD 2 [0,00)x D

—5(1—1—(5)/ |dpul? etdt volp,
[0,00)x D
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It readily follows that LL is an isomorphism Lgf) — L% for all § € (—1,0). Now
as ker L, is never trivial (it contains al least constants on D), § = 0 is clearly a
critical value. To see what its index becomes for small § > 0, consider functions
uj, j =0,...N on D, such that ]L( Zj-v:o tjuj) =0, with upy # 0. The Nth degree
term in ]L(Zévzo t'u;) is Ly, un, hence Ly, uy = 0. Now if N > 0, the (N — 1)th
degree term is N(uny + A, un) + Ly, un—1, which thus vanishes; integrating it
against uy vol?, we get: 0 = NfD(u?V + |duN|%)VolD—|—fDuN]LwDuN_1 volp =
NfD(u?V+|duN|%)v01D +fD un—1Ly,un volp = NfD(u?V—l—|duN|%)volD, SO Uy =
0. Hence N =0, and Lug = L, uo: up € kerL,,,. Since L is elliptic and invariant
by translation, its index thus becomes —dimkerL,, for 6 > 0 small, § € (0, dp)
say (see [LM85, Theorem 1.2]). We hence get an operator

L: L3)([0,00) x D) & xkerL,,, — L3([0,00) x D)

of 0 index, which is an isomorphism as its domain lies inside Lz_’zl1 12,07 for § € (0, do).

The analogous statements with Holder spaces instead of Sobolev spaces are
deduced from these statements. [ |

3.6.2  Asymptotic kernel and Fredholm properties of L7,

We keep the notation L for L., ,, and take &y as in Lemma 3.8, which we
assume < 1.

Lemma 3.10 For all § € (—1,6), d # 0, and large A, the operator
L7 : Cyit®([A, 00) x D) — C§([A, 00) x D)

1s Fredholm, with the same index as LL; in particular, it has index —dimker L,
for 6 € (0,00). Moreover, I, has zero kernel for § > —1.

Proof. — Since the coefficients of L7 and L differ by some o(1) at any order, we
know that LY is Fredholm for the same 4 as I, and that the difference between
their indices does not depend on ¢, see [LM85, Thm. 6.1]. Now, for instance,
L: C’&#’O‘([A,oo) x D) — C5*([A,00) x D) is an isomorphism for § € (—1,0),
independently of A. Therefore, up to increasing A, the same assertion holds for
LL7; fixing such an A, L7 and L have same index, 0, for § = 3, and hence for all 4.
From this and the Fredholm assertion we deduce that:

. LZ has no critical weight in (—1,0), and as a result has constant kernel and
cokernel for § in this range; it is thus an isomorphism for § € (0, 1);

e L7 has index —dimkerL,,, for § € (0,d), and this corresponds to (minus)
a cokernel dimension, since Cy #’a cCy Jj/oé for such §. [
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3.6.3 Making explicitly LZ into an isomorphism for small positive weights

According to the latter lemma, if » denotes dim ker LL,,,,, there exist r linearly
independent functions ¢, ..., 9? (resp. ¢, ..., 1), which are in (.., Cf:é’o‘ such

-----

.....

Now as seen at the end of the proof of Lemma 3.8, the w? are easy to determine:
one can take 1/1? =x(t)f;,7=1,...,r, where (fi,..., f,) denotes a basis of ker L., .

On the other hand, we have to look for other candidates for the v;, since in
general, LZ(f;) is only o(1), and not O(e~*") with § > 0 — unless one of those f;
is a constant, which only settles the case when ker L, is reduced to R. The good
candidates involve the f; however:

Lemma 3.11 Forj=1,...,r, set Z; := V“(p*f;). Then
(22) L) (0" f; + To(Z; - 9))] = O(e™)

at any order for j =1,...,r. Moreover, the (5).(f; + o(Z; - ¢)) remain asymp-
totically linearly independent, in the sense that 77_, A, [(6)«(f;+o(Z;-0))] = 0
as t goes to oo implies \y = -+ =\, = 0.

Proof. — Let us settle the linear independence assertion. We chose wp as a
limit point of w|p + dd},(Ilpp), and built w so that w|p = wp, which means that
there exists (t;) going to oo so that (dpIlpp)|fit,} tends to 0 in C°(D). Moreover
Ho(Z; - ) = Z; - (Uop) + Z; - (L) =1 (Z; - ) = Z; - (o) + O(e™") at any
order, for j = 1,...,r. Consequently, for any ()\;)i1<;j<,, as the Z; are tangent to
D, (6)" > 75, N1E)(f; +o(Z; - 9))] ‘t:u — D51 Ajfj as £ goes to co. Now if
Z;:l )‘j [(5')*(f] +H0(ZJ (,0))} — 0, then Z;:l )‘jfj = 0, hence /\1 == >\r =0.

Notice that (22) is equivalent to Ly (f; + Io(Z; - ¢)) = O(e™"). We get these
latter equations in a way similar to the starting point of this part, L, (6t(H0go)) =
O(e™"). Namely, j being fixed, we choose in X a neighbourhood U of coordinates
(2%,...,2™) around some point of D where D is given by z! = 0, we extend
Zilp = V*? f; in U independently of z! and denote this holomorphic extension by
Z;; we have: Z; = Z; + O(e™") at any order. Since s(w,) is constant,

0=27;s(w,) =4, (Awﬁzjww) — 2(£ij¢, g(w@))w.

We will thus be done if we prove that Eijso = dd° (p*fj + Ho(Zj . gp)) on U up to
some O(e™") at any order, as L, = %Afo + (0,4,dd"),, and as replacing Zj by Z;
(which is globally defined around D) in the expression L, (HO(Z]- . cp)) only gives
rise to an error term which is O(e™") at any order.

Now w, = wp + dd°(p — t) + O(e™") near D, where wp extends wp in U inde-
pendently of z!, and with the O at any order. Thus by Cartan’s formula, £ 7,We =
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d((DD(Zj, ) + Lz dd*(p—1t) +O(e™"). Observe that wp(Z;,-) = gp(JpV*2 f;,) =
dhf; on D by definition of Z;, and that d°(p*f;) = d%f; + O(e™") near D.
Moreover Lz dd*(p — t) = dd°(Z; - (¢ — t)) = dd*(Ilo(Z; - ¢)), as dt(Z;) and
I1,(Z; - ) are O(e~*) at any order. Summing these estimates thus gives Lz w,=
dde(p* f; + y(Z; - ¢)) + O(e™") near D on U, as wanted. [ |

To complete the proof of Proposition 3.7, just set ¢, := x(A — t)(&)*(fj +
Io(Zj - ), for j=1,...,r. O

4 THE EXTREMAL CASE
4.1 Extremal K&hler metrics on the model A* x (Y\F)

4.1.1 Potentials of extremal Kahler metrics of Poincaré type on A* x (Y\E)

We come back in this section to the point of view of Part 1, and recall that
wax = —dd°t = dt A\ 2e”'dV, that wy\g is a fixed Kéhler metric of Poincaré type
of class [wy] on Y\E, and that wy = wa+ + wy\g on A* x (Y\E).

As we will see below, the following class of potentials on A* x (Y\E) is useful
when working on extremal metrics: we say that ¢ € #"(wg) if dyp = 0, |p| <
C(uy + [t]), dy is bounded at any order with respect to wy, and w, = wg + dd°p >
cwp for some ¢ > 0. We say that w,, is extremal if K, := V¥s(w,) is holomorphic
on A* x (Y\FE).

Observe now that if one takes ¢ € #’(wp) instead of ¢ € H# (wy), and if
L,(¢ — 1) = 0, without assuming that w, has constant scalar curvature, as ¢ is
bounded at any order for wy and Dyle (¢ — 1)] = 0 is automatic as underlined in
the proof of Lemma 1.3, then the proof of Lemma 1.4, which is the major step in
the proof of Theorem 1.1, remains valid. In this regard, the aim of this section is:

Theorem 4.1 Let ¢ € %" (wy) such that w, is extremal. Then ¢ = at + 1, with
a < 1and € E(Y\E). Therefore, w, = (1—a)wa-+w}., where wy = wy\ gtdds )
is thus extremal on Y\E, of class [wy]|, and of Poincaré type if E # &.

The assertion “ip € &(Y\E)” means: ¢ € C22(Y\E), [¢| < C(1+uy), and dy
is bounded at any order with respect to wy\g.

Next paragraph is devoted to the proof; for now, as evoked above, another
elementary but crucial step in proving Theorem 4.1 similarly to Theorem 1.1 is:

Lemma 4.2 Let ¢ € " (wy) such that w, is extremal. Then L,(¢ — 1) = 0.

Proof. — Let ¢ be a potential as in the statement. Then K, is holomorphic and
bounded at any order, so by Lemma 1.7 is tangent to D and constant along A*:
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K, = Kp for a fixed (holomorphic) Kp € C®°(TD). Asin Part 1, let Z be the
locally defined Re(z (log z)Z) with z the coordinate on A*. Then as dys(w,) = 0,
(Kpy Z)p = Z - s(wy,) = ats(%) Now Lzw, = 3dd°(¢ — 1), and the infinitesimal
variation of the scalar curvature along a deformation ¢ of the potential ¢ is given
by —2Lg¢ + (ds(w,), d),, hence Z - s(w,) = —Ly(p — 1) + 5{ds(w,), d(¢ — 1)),_.
Therefore L,(¢ — 1) = 0 is equivalent to (ds(w,),d(¢ — 1)>w = Os(wy), and
this latter follows from (ds(w,),d( — 1)>@ = e'(ds(w,),dle™ (¢ — 1)]><p + (¢ —
1)(ds(wy), dty, = €' - e 'Os(wy,) + (¢ — 1)dt(K,), and dt(K,) = 0, as K, is tangent
to D. Here we used identity (3): V¥ (e‘t(<p — 1)) = ¢7'0,, holding in general, see
the proof of Lemma 1.3. U

4.1.2 Proof of the splitting theorem for extremal metrics on A* x (Y'\E)

Fix ¢ € J'(wp) such that w, is extremal. So far one has all the required
ingredients to reach the statement : [\. . ) €'[Dy( — 1)[Z vol” < 0o. To pass
from this to the statement [, "\B) € 1Dy (¢ — 1)]2 vol? = 0, we use a subsequence

similar to that of the proof of Lemma 1.6, adapted as follows:

1. to have a subsequence bounded at any order on compact subsets, replace
(¢;) by (p; — ¢;(0,-)) (this does not affect the attached metrics); without
loss of generality, we assume it converges at any order on compact subsets;

2. call o the CP2-limit; it verifies || < C(uy + |t|), dpoo is bounded at any
order for wy, and wy + dd°p., > cwy, as uniform local bounds pass to the
limit. One gets by dominated convergence D, (po —1) = 0. Again, ¢oo =0
follows from this, which in the current situation provides ¢, = ot + 94
with 11,19 functions on Y\E. As dp. is bounded, this implies diyy = 0,
and finally ¢ = at + 1, with ¢, a function on Y\ E and a a constant,

necessarily < 1, since then, w,_ = (1 — a)wa- + (wy + dd§ ¢ );

3. compute lim, o Ky = Ko (0) = 27 [1 p(0e — 1)?]d2[7 % = 2m(1 —
a) Vol(Y'\E). Symmetrically, lim_., %, = 27(1 — b) Vol(Y'\ E) for some b <
1. Hence we are done if we prove that a = b, since as for ¢, we then deduce
that o = at + 1, Y € E(Y\E), from D,(¢ — 1) = 0.

One proves that a = b as follows. Considering the sequence of times ¢; along which
¥oo arises, one has w, = (1 —a)wa- +wi> +¢; at t = t;, with £; uniformly bounded
at any order for wy, and €; = 0 in CL(Y'\E) as j — 0o. As a result, s(w,)(t;, ),
which is uniformly bounded along Y\E, tends to % + s(w Y=Y in C0 (Y\E);
(Y\E). Thus, if

loc

likewise, w/, uniformly bounded along Y\ E, tends to ww"" in CP_
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Ngs ={0<t<s}CA*for s >0, as K, is tangent to D:

m—1

w
0= / e'dt(K,) vol? = / ds(w,) A de’ A ‘P—'
Do, x(Y\E) Ao, x(Y\E) (m —1)!

wf m-1 P\m—1
= 27T</ s(wcp)L' - / S(“%)M,) as dd' =0
{1, 1x(V\B) (m =1 Jiopxr\p (m —1)!

EimiN 27r<Vol(Y\E)(—2 +5y\) —/ s(w )—<w§)m1>
l—a {0}x(Y\E) m =17
by dominated convergence, i.e. & = m f{O}x(Y\E) s(w@% —58y\g. The
same holds symmetrically for ﬁ, and thus a = b, which ends this proof. O

4.2 Applications to extremal Poincaré type metrics on X\ D

On a compact Kéhler manifold (X, wx) with a simple normal crossing divisor D =
Z;yzl D;, we say that a Poincaré type Kahler metric is extremal if the gradient of
its scalar curvature is real holomorphic. As in the compact case, one can check that
this corresponds to being a critical point of the Calabi functional, i.e. the squared
L? norm of the scalar curvature. We set, for j = 1,...,N, E; = Zz# D; N Dy,
and use below the fibrations introduced in Section 3.1.

421 Existence of extremal metrics on the divisor

We start exploiting Theorem 4.1 with a statement analogous to Theorem 3.2:

Proposition 4.3 Assume that there exists an extremal Poincaré type Kdhler met-
ric of class [wx| on X\D. Then for any j, there exists an extremal (Poincaré type)
Kdhler metric of class [wx/|p,] on D;\E;.

Proof. — Proceeding as in the proof of Proposition 3.3, after fixing j, we construct
a sequence (t;) going to oo such that ¢y, := ((Ilo;¢)(- + tr, ) — (o) (tk, 20)),
with zg € D;\Ej, converges at any order on compact subsets of R x (D;\E;) to
some Sl-invariant ¢., € #”(wa+ + wp;\x;) — the normalisation is required for the
C%bound. As in the constant scalar curvature case, equations pass to the limit
and the resulting w,_ is extremal on A* x (D;\E;). Then Theorem 4.1 tells us
that o splits as at +, ¢ € &(D;\Ej), and w%j = wp,\g; +ddp ¥ is an extremal
metric, of Poincaré type if E; # @, and of class [wx|p,]. O

Remark 4.4 A by-product of this proof is: under the same assumptions as in
Proposition 4.3, fix j € {1,...,N}, and xg € D;\E;. Then for any (t;) going
to 0o, any subsequence of ((Io;)(- + tr,-) — (Lo )(- + tr, x0)), converging in
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00 (R X (Dj\Ej)) has limit of shape at+1, with ¢ € &(D;\E;), |al, |d¢|ij\Ej <

loc
supx\p |dp|w, w%j = wpj;\g; + ddp 1) an extremal Poincaré type metric on D;\Ej,
and 1 —a < ¢, wlw)j > ¢, where w, > cw on X\D. Therefore any subsequence
o

of t = Oy Ily p(t,-) converging in Ci.(D;\E;) tends to a constant a as above,
whereas for any all £ > 2, t — 8fjH0,j<p(t, -) tends to 0 in C.(D;\E;) ast — oo.

422 A numerical constraint

Here we use notations of Part 3: for fixed j € {1,..., N}, the volume Vol(D),)
is computed with respect to the (Poincaré) class induced on D;, as well as the
mean scalar curvature Sp,. We use the content of previous paragraph to prove a
constraint on extremal Poincaré type metrics on X'\ D, generalizing the constraint
“Sp, > 8" of the constant scalar curvature case [Auv13]. Notice that in this special
case though, the analytical background was less involved; in particular, the analysis
of the model case was not required. The extremal constraint states as:

Proposition 4.5 Assume that w, is an extremal Kdhler metric of Poincaré type
of class [wx|, Then for all j =1,..., N indexing a component of D, one has:

C I — —/ K -etfﬁ+/ N el Y
7 4 Vol(D;) o m! xo O oml ’

where we set s, = s(w,), and recall that K, = V¥s,,.

Remark 4.6 When s, =8, one recovers the obstruction Sp;, > s in this way: if
s, =8, K, =0, and fX\D SSDAwetj%g; =8 [xw Awetﬂ'% = —4xwsVol(D;). One
can moreover rewrite constraint (23) as: fX\D Lw(etﬂ')% < 0.

Proof of Proposition 4.5. — We first make an easy but crucial observation about
the statement. If indeed dde’ is bounded for Poincaré type metrics (see [Auvl3,
Part 5]), making A e' integrable for the volume form w7, the analogue about
K, - e deserves a slight explanation. Now, as an L? holomorphic vector field on
X\D, K, extends smoothly through D, and its normal component vanishes along
the divisor ( [Auvll]|, proof of Lemma 5.2). In other words, in an open set U of
local coordinates (z!,...,2™) centred at some point of D; such that D, is given by
2! =0, K, can be written as D‘ie(zlf1% + fga%z +-+ fm%), with f1,..., fm
holomorphic on U. Moreover in U, e = —log(|z'|*) + f;uv with f; a smooth
function by construction, and therefore, K, - ¢ = —Re(f1) + K, - f; . From this
we get that K, - €% is bounded near Dj, hence on X\D, and is thus L' for w'.

This being said, let us come to the proof of the proposition itself. By Remark
4.4, on p; ' ({tr} x (D;\E;)), one has:

(24) wy, = apdt; A 2" ; + piwf + ety 2),
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where: ay > ¢ (c such that w, > 2ew), the wi = wp, + ddj, [l j(tk, )] are
uniformly bounded on (D;\E;) at any order in the Poincaré sense and positively
bounded below on compact subsets, and all the 0fj5, ¢ >0, tend to 0in Cp2(D;\ E;)

as k goes to co. Consequently, a direct computation yields, on pj_1 ({te} X (D,\E})):
(25) S, = —2aydt; N 2e7Yn; + pio(wf,) + e1(ty, 2),

with €; tending to 0 in the same sense as £ above. We can now write, for s large
and seeing {t; < s} as a subset of X\D:

m—1

/ S ddcetj /\ w@—
(t<sy | (m —1)!
wm 1 wm—l
- d( de tﬂ/\—>—/ ds, A doels N —2
/{ths} (m—1)! st (m —1)!

wm 1 wm
[ meen T
{ty=s) (m=1V Ju<q m!

where we used Stokes’ theorem to pass from the integral of shape [ (t,<s) da in the

second line to the integral of shape |, (ty=s) in the third line (there is no interference

with the other D, here, as the « in play, and its dlfferentlal are Ll) and apphed

by K, - €'

the last summand. Now f{t - }sg,ddce A ( 11), = - f{tjgs} s, €l vol? tends to
fX\D s,A €' vol? as s goes to oo; likewise, f{tjgs} K, - etﬂ'% tends to fX\D K

a hermitian identity to K, = V¥s,, to replace ds, A d°" A D

elivol? as s goes to co. Finally, taking s = ¢, and using the asymptotics (24)
wm—l

and (25) with the evoked unlformwbounds, we get that [ (1t} Sed°€ N iy =

47sp, Vol(Dy) — 4x ij\Ej a;, ' vol“k +0(1) as k goes to oo, and the last integral is

> ¢~ Vol(D;), hence the result. O

Remark 4.7 We also get from this proof that (ay) tends to the inverse of the
left-hand-side of (23), a; say, that depends only on wy,, this for all sequence (ty).
We hence sharpen Remark 4.4 by saying that: t — 0,11y ;0(t, ) tends to (1 — a;)
in Ciz(D,\E)

4.2.3 Asymptotics of extremal Kahler metrics of Poincaré type (smooth divisor)

When D is smooth, we have a perfect analogue of Theorem 3.1:

Theorem 4.8 Assuming D smooth, let w, be an extremal metric of Poincaré type
on X\D, of class [wx]. One has near D; the asymptotics of Riemannian metrics:

Gy = a; (dt? + (26’”7})2) +p*gp, + O(e™%)
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with gp, an extremal Kdhler metric on (Dj, Jp,), such that [gp,(Jp,-,-)] = [w|p,],
and where a; > 0 is the inverse of the left-hand side of (23); this holds for all j.

Proof. — The ingredients are the same as in the constant scalar curvature case.
Namely, 1. starting from an equation analogous to (13), 2. we twist it after
parametrising judiciously the “family of almost extremal metrics” (wy);, and then
3. lead the appropriate asymptotic analysis of the arising Lichnerowicz-modelled
operator. Before examining those three points, and more precisely why they adapt
to the extremal situation, we assume that the divisor is reduced to one component,
and we proceed to the following normalisation: call ap = ap(w,) the inverse of
the left hand-side of (23); up to working with az)lwcp, which near D can be written
as ap'w — dd°t + dd°(ap'¢ — (ap" — 1)t) — recall that w, = w + dd*(p — t) —, we
can assume that ap = 1, as ap(Aw,) = Aap(w,) for all A > 0, by (23). We then
recover, by Remarks 4.4 and 4.7, the extremal analogue of Proposition 3.3.

The first point goes as follows. Again we work on an open subset U of coordi-
nates (z!,...,2™) centred at some point of D, such that z' is the local equation of
D, and use the holomorphic local vector field Z = E}{e(zl(log 2 %) to differentiate
s,. On the one hand, Z -s, = ds,(Z); on the other hand,

Z-s,=—2(202(Z (0 - 1) + (0012 - (o — 1))
+ Ay (ApLzwx) — 2(04, Lzwx )y + Oe™)
= =2y [Z - (o= )] + (ds,, d(Z - (0 — 1)), + O(e™),

as L, = A2 + (0,,dd"), + 3(ds,,d - >¢, and Lywy = O(.e_t) at any order.
Now ds,(Z) = dscp(%pl(logpl)aipl) + O(e™?) with 2! = p1e?, and thus Z =
%(pl(logpl)a%1 + 818%1). Set Kp = Ky|p. Then K, = Kp + O(e") in U, and
therefore ds,(Z) = %<K¢,p1(logp1)a%l>w + O(e™") = 1dpdi(Ilpp)(Kp) + O(e™),
as dt(pl(logpl)%) =1+ O(e™") and 77(P1(10gp1)3%1) = O(e™), whereas d(Z -
(¢ — 1)) = 2d0y(Ilpp) + O(e™), hence:

(s, d(Z (5= 1)), = 5K, - Alllo0) + Oe™) = 20, Tlog) (Kp) + O(e™)

Conclude that L,[Z-(¢—t)] = O(e™"); as above, rewrite the latter as L, [0, (ITyp)] =
O(e™"), which makes sense globally near D.

For second point, we mostly have to see that the extremal condition can replace
the constant scalar curvature condition in the construction of Part 2. Observe that:

¢ on a compact manifold, the extremal condition is a non-linear 6th order
elliptic equation on the Kéhler potential, with C*°-bounded coefficients as
soon as the metrics are bounded in C*°, and bounded below;
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¢ Calabi’s theorem is stated on extremal Kédhler metrics.

Consequently, one recovers by the same methods the exact analogues of the results
of Part 2, with the vectors Z of this part in the Jyty(w) & (P,.,HhW) for w
extremal, where Z; holomorphic is in [)(A) iff L, vesw)Z1 = Ay 2.

In passing, we fix wp = gp(Jp-,+) a limit point of (w;), which is extremal by
Remark 4.4; this way, V9s(wp) = Kp := K,|p. We assume also that w|p = wp.

Now for the third and last point, the splitting formula (16) is still valid (since
wy, = dtA2e 'n+p*wf +o(1), ds, = p*ds(wf)+o(1), which is parallel to D up to an
0(1)). Lemmas 3.8 (dealing with the model operator) and 3.10 (on the conjugated
geometric operator) thus remain valid. To recover the full analogue of Proposition
3.7, we need to identify the non-asymptotically small functions whose image by ILZ
are exponentially small; in other words, we need the analogue of equations (22).
We can actually use the same candidates as those of Lemma 3.11, with the same
notations as in this lemma; similar computations yield:

Zj -8, = =2L,|f; + Io(Z; - )] + (d(f; + o(Z; - ¢)), ds,), + O(e™);

if we prove that ds,(Z;) = (d(f; + o(Z; - ¢)), ds@>¢ + O(e™"), which is somehow
the most delicate point of our argument, we will thus be done in the same way as
in the constant scalar curvature case.

Fix in X an open neighbourhood U of holomorphic coordinates of any point in
D, and extend vector fields on U N D, such as Z,|p, to U, in the natural way. Set
also a ~ g if a = f+ O(e™") at any order for w in U.

Observe now that on the one hand, ds,(Z;) = (K,, Zj), ~ (Kp, Zj|p)gs, as
K@ ~ KD, Zj ~ Zj|D and 9o = (1 + (83 — 80110(,0)((#2 + 46_2t772) + dt - dDH()(,O +
2¢7'n - d$Ilop + p*gf + O(e™"), with gf = wf (-, Jp-). On the other hand, (d(f; +
o(Z; - ¢)),ds(wy)), = Ky« (fi + To(Z; - 9)) ~ Kp - f; + Ky - To(Z; - ) ~
(Kp, Zj|p)wp + Ky - o(Z; - ¢). Comparing those two expressions, our next task is
to show that K<p : Ho(Zj : (p) ~ dd%(HgQO)(KD, JDZj|D)'

By deﬁnition, dd%(no@)(KD7JDZ]|D) = KD : [chH()gD(JDZJ|D)] - (JDZj|D) :
[d5Iop(Kp)] — dpIloe([Kp, JpZj|p]) on D. But as K, ~ K, and Z; ~ Zj|p,
Kp - [d5Iloe(IpZ;|p)] = Kp - [dpllow(Z;|p)] ~ Ky - (dllpp(Z;)); moreover, as
KD = VgDs(wD) and Zj|D € JDEO(UJD), [KD7 JDZj‘D] = 0. Finally, d%Hogo(KD) ~
—(JK,) - ¢, and on X\D, Lk, w, = 0, whereas near D, w, ~ p*wp + dd°(¢ —t),
JKSO ~ JDKD and £JDKDWD = 0, so that ﬁJwaw ~ ddc((JKw) . (QO — t)), and
dd((JK,) - @) ~ dd*((JK,) - (p — t)) ~ 0. According to the weighted d0-lemma
of [Auv11]| (or more precisely to the proof of [Auvll, Lemma 3.10], which is a local
version near the divisor), this implies that (JK,) - ¢ ~ ¢ for some constant ¢, so
that (JZ;) - [(JK,) - ¢] ~ 0, hence (JpZ;|p) - [dpHop(Kp)] ~ 0. O
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