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Abstract

A Poincaré type Kéahler metric on the complement X\D of a simple
normal crossing divisor D, in a compact Kéhler manifold X, is a Kéhler
metric on X\ D with cusp singularity along D. We relate the Futaki character
for holomorphic vector fields parallel to the divisor, defined for any fixed
Poincaré type Kéhler class, to the classical Futaki character for the relative
smooth class. As an application we express a numerical obstruction to the
existence of extremal Poincaré type Kéhler metrics, in terms of mean scalar
curvatures and Futaki characters.

INTRODUCTION

A basic fact in Kéhler geometry is the independence of the de Rham class of the
Ricci form from the background metric on a compact Kéhler manifold: it is always
—2mey (K), with ¢;(K) the first Chern class of the canonical line bundle. This
topological invariance constitutes the first obstacle for a compact Kéhler manifold
to admit a Ké&hler-Einstein metric: the Chern class in question must then have
a sign, which, if definite, forces Kéhler-Einstein metrics to lie in a consequently
fixed Kéhler class.

When ¢ (K) > 0, a (unique) Ké&hler-Einstein metric was obtained by Aubin
and Yau, and Bochner’s technique then rules out the existence of non-trivial holo-
morphic vector fields . Conversely, in the opposite case ¢;(K) < 0, the so-called
“Fano case”, non-trivial holomorphic vector fields may exist, and the existence of
a Kéhler-Einstein metric, which does not always hold, is noticeably more involved.
More precisely, in this case — and, respectively, on any compact Kéhler manifold
— non-trivial holomorphic vector fields bring a constraint to the existence of a
Kahler-Einstein metric — respectively, of a constant scalar curvature metric Kéhler
metric in a fixed Kéhler class. If indeed such a canonical metric exists, a numerical
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function, the Futaki character |[Fut88|, defined on the Lie algebra of holomorphic
vector fields — and depending only on the Kéahler class under study —, has to vanish
identically .

The Futaki character was later generalised by Donaldson to polarised mani-
folds, into an numerical function defined on test-configurations, which generalise
the concept of (the action of) holomorphic vector fields [Don02]. In the lines of
suggestions by Yau [Yau93|, and after Tian’s special degenerations [Tia97|, test-
configurations and their Donaldson-Futaki invariants are meant to reveal the link
between algebro-geometric stability of the manifold, and existence of a Kéhler-
Einstein/constant scalar curvature Kéhler metric:

Conjecture 1 (Yau-Tian-Donaldson) A polarised manifold (X, L) admits a
constant scalar Kdihler curvature metric in 2meq (L) if, and only if, (X, L) is “K-
stable”, that is: the Donaldson-Futaki invariant is nonpositive (negative) for any
(non-trivial) test-configuration.

The “only if” direction is now established [Mab04, Sto09]; the “if” direction is still
a very active area of research, and has recently been solved for Kéhler-Einstein
metrics in the Fano case, i.e. when L = —Kx is ample, see [CDS12b, CDS12c,
CDS13] and [Tial2).

In a related scope, the aim of this note is, after restriction to the relevant
set of holomorphic vector fields, to generalise the Futaki character to a certain
class of singular metrics on a compact manifold. Namely, fixing a simple normal
crossing divisor D in a compact Kéhler manifold (X, J, wyx), we recall the definition
Poincaré type Kahler metrics on X\ D, following [TY87, Wu08, Auv11]:

Definition 2 A smooth positive (1,1)-form w on X\D is called a Poincaré type
Kihler metric on X\D if: on every open subset U of coordinates (2',...,2™)
in X, in which D is given by {z'---27 = 0}, w is mutually bounded with
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and has bounded derivatives at any order for this model metric.

We say moreover that w is of class [wx] if w = wx +dd°p for some ¢ smooth
on X\D, with ¢ = O(Y_;_,log[—log(|2*[*)]) in the above coordinates and dy
bounded at any order for wB. We then set: w € e///[D

wX]'

Metrics of E//l[fx} are complete, with finite volume (equal to that of X for smooth
Kéhler metrics of class [wy]); they also share a common mean scalar curvature,
which differs from that attached to smooth Kéahler metrics of class [wx].

Restricting our attention to the set [)f of holomorphic vector fields with their
normal component vanishing along D — these are the holomorphic vector fields

2
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bounded (at any order) for any Poincaré type Kahler metric on X\ D —, we define
in a way similar to the compact case a Poincaré type Futaki character J[w D

computed with metrics of //[IEX], and depending only on this Poincaré class.

Results. — This Poincaré type Futaki character differs generally from the restric-
tion of the usual smooth Futaki character .Z, ) to h/’/:’ . More precisely, our first
main result is a formula giving the precise relation between these two invariants:

Theorem 3 Let Z € h/’/j, with Riemannian gradient potential f for wx(-,J-).
(wx|p;)™ !
Then ‘jozw ](Z) = <g?["-’x] + Z] 1 fD )((r: 1H!

The gradient potential refers to that of the Hodge decomposition of (the dual
1-form) of Z.

As an application of Poincaré type Futaki character, in the framework of finding
necessary conditions on canonical Kahler metrics, we provide the following numer-
ical constraint on the existence of extremal metrics of Poincaré type on X \D:

Theorem 4 Assume that there exists an extremal metric in ,///[BX], and denote by

K the Riemannian gradient of its scalar curvature. Then for all j € {1,...,N}
indexing an irreducible component of D, one has:

_D] 1 D-D; o D

where ﬁ[f;]Dj (K) is the Futaki character for Poincaré type metrics on X\(D —
D;) = X\ Ze;&; Dg of class [wx], sP is the mean scalar curvature attached to
f[gx](K), and 5B’ that attached to F f[gJ o, (K), the class of Poincaré type metrics
on D;\(D — Dj)|Dj of class [wx]|p,-

An extremal metrics is a Kéhler metrics such that the Riemannian gradient
of its scalar curvature is holomorphic. Constraint (1) is a reformulation of that
of [Auv14, Prop.4.5], and as such, extends that on the existence of Constant scalar
curvature metrics in //Z[QX} of [Auv13], which states as: s” < sD for all j =
1,...,N. As in the compact case moreover, by construction and invariance on
,///[fx], gﬂfx} vanishes identically if there exists a constant scalar curvature metric
in ,///[gx], and conversely, its vanishing forces possible extremal metrics of ,///[fx]
to have constant scalar curvature. By contrast, the interest of Theorem 4 is to
provide constraints on extremal metrics independently of such a vanishing.

Finally, Donaldson-Futaki invariants are already considered in [CDS12a| which
take into account the contribution of a divisor. These are used in the context of
Kidhler metrics with conical singularities on polarised manifolds, and the divisor
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term of the invariant comes with coefficient (1 — (), with 273 the angle of the
cone singularity. In view of Theorem 3, the Poincaré type Futaki invariant might
thus be viewed — at the level of holomorphic vector fields rather than at that of
test-configurations — as the limit when the conical singularity angle goes to 0, that
is, roughly speaking, when cones become cusps.

Organisation of the article. — This note is divided into three parts. In the
first part, we analyse holomorphic vector fields parallel to a divisor, with respect
to Poincaré type Kéhler metrics on the complement of this divisor. We see in
particular that a Hodge decomposition analogous to that of the compact case still
holds for such metrics and such vector fields. This allows us in Section 1.2 to
define the Poincaré type Futaki character, as an invariant of a given Poincaré
type Kahler class.

Theorem 3, under a slightly more general version, is stated in Section 2.1
(Proposition 2.1); it is proven in Section 2.2, and the final section 2.3 of Part 2 is
devoted to a key technical lemma (Lemma 2.2) used in Section 2.2.

In Part 3 we state and prove Theorem 4: a useful extension (Proposition 3.1)
of 3 (to asymptotically product Poincaré type metrics when the divisor is smooth)
is given in Section 3.1; Theorem 4 is then proven in Section 3.2 (Theorem 3.2),
first in the smooth divisor case using Proposition 3.1, then in the simple normal
crossing case. Notice that both steps use the asymptotic properties of extremal
Poincaré type metrics obtained in [Auv14].
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In all this note, X is a compact Kdahler manifold, and D C X a sim-
ple normal crossing divisor, the decomposition into irreducible smooth
. . N
components of which we write as ) ;_, D;.

1 THE FUTAKI CHARACTER OF A POINCARE CLASS

1.1 Hodge decomposition of vector fields parallel to the di-
visor
Reminder: the compact case. — Fix a smooth Kéhler form wy on X, of associated

Riemannian metric gx. Given any real holomorphic vector field Z — “Z € " —,
it is well-known that its gx-dual 1-form &4, that is, Z%x, enjoys the following
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decomposition:
(2) éz = ggarm + dffx + dchf}x?

into harmonic, d- and d°parts; these are uniquely determined, provided that fx
and h _ are taken with null mean against w.

Decomposition (2) is called the (dual) Hodge decomposition of Z. Given more-
over any other smooth metric @ = wx + dd°p of 4|, ], and setting &2 for the dual
1-form of Z with respect to (-, J-), its Hodge decomposition is:

= +d(fE +Z-¢) +a(hE, — (JZ) - p)

see |Gau, Lemma 4.5.1]- notice in particular that the harmonic part remains un-
changed at the level of 1-forms; recall that on compact Kahler manifolds, the space
of harmonic 1-forms is independent of the Kdhler metric.

Ezxtension to Poincaré type Kdhler metrics for vector fields parallel to a divisor.
— Consider now the simple normal crossing divisor D = Zjvzl D; in X. The
normal crossing assumption can be expressed as follows: given any p € (D;, N---N
Di;)\(Dg U---U Dy, ), with {j1, ..., et U{l1...,¢n_} ={1,..., N}, one can
find in X an open neighbourhood U of p, of holomorphic coordinates (2!, ..., z™)
such that U N D;, = {z° =0} for s =1,...,k (in particular, k < m).

We define a restricted class of holomorphic vector fields on X, the use of which
is natural when working with Poincaré type Kéhler metrics on X\ D:

Definition 1.1 Let Z € h. We say that Z is parallel to D, denoted Z € b/f), if:

writing Z as Re (f1% + e+ fmazim) in local holomorphic coordinates as abowve,
one has fi=---=fs =0 on D.

Given j € {1,...,N}, we then define the restriction Z|p, of Z to D; by
setting locally Zp, = U{e(fgbj% +-+ fm]Djazim), whenever j; = j in the above
coordinates.

One checks in particular that the definition of Zp, is independent of the choice
of holomorphic coordinates, as long as the first coordinate is a local equation of
Dj; one also checks easily that ij is a Lie subalgebra of b.

Holomorphic vector fields parallel to D are relevant when working with Poincaré
type Kéhler metrics on D for the following reason (see the proof of Lemma 5.2 in
[Auvll]): any holomorphic vector field on X\ D which is bounded — or actually, L?
— with respect to a Poincaré type Kdhler metric on X\ D extends to a holomorphic
vector field on X, parallel to D. Conversely, any holomorphic vector field on X
parallel to D gives on X\ D a vector field bounded at any order for any Poincaré
type metric on X\ D.
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We now provide a Hodge decomposition of holomorphic vector fields parallel
to D with respect to Poincaré type Kdihler metrics on X\D, analogous to the
decomposition of the compact setting:

Proposition 1.2 Let Z € f)/?, and let w = wx + dd°p € //l[gx]. Let §£ be the dual
1-form of Z with respect to w(-,J-). Then

(3) & =am+d(f2, +Z-¢) +d°(hs, — (JZ)- @)

on X\D, with the same harmonic part &, as in the compact case, and this
decomposition is unique. Moreover,

/X\D (fo +Z-p)u™ = / (he = (J2) - p)w™ =0.

X\D

The uniqueness we state here is understood as follows: if fé = a+dpf+d°y with
« harmonic on X\ D, and «, 3, v bounded for w of Poincaré type, then o = &7,
and = fx +Z-pand vy = hf,X — (JZ) - ¢ up to a constant. This justifies:

Notation 1.3 With the notations of Proposition 1.2, we set

fr=f +Z-9 and RE=h:_ —(JZ)-p.

w

Proof of Proposition 1.2. — With the notations of the statement, we first prove
that equality (3) holds on X\ D. This identity is purely local; it is thus sufficient
to establish it for any Kéhler metric equal to w in the neighbourhood of any given
point of X\D. More concretely, as w = wx + dd°p is of Poincaré type, local
analysis provides that ¢ — —oo near D. Consider a convex function y : R — R,
with x(t) =0if t < —1, x(¢) =t if t > 1 — and thus 0 < x/(t) <1 for all t. Given
K € R, one now easily checks that

wi = wy + dd°(x o (p + K))

is a smooth metric on X, equal to w on {¢ > 1 — K} (compact in X\ D), and to
wyx on {¢ < —(K +1)}. Now (3) follows on {¢ > 1 — K} by the smooth case of
Hodge decomposition applied to wg, thus on all X\ D by letting K — oc.
Observe that &£, is still harmonic with respect to w; again, this condition
is local, implied, thanks to the Kahler identities, by the closedness and the d°-
closedness of &7, . These latter conditions are independent of the Kéhler metric,
and indeed implied by the harmonicity of ¢Z, . for the smooth wx, as X is compact.
As &, is bounded for wy, it is so for w, which dominates wy. Similarly, ffX
and hoZJX are bounded at any order for wx hence for w, and as Z is parallel to D, it

6
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is bounded at any order for w, as well as dy by definition; consequently, f% and h%
are bounded at any order for w. From this the uniqueness of Hodge decomposition
easily follows. Write fé = a+df+dy with «, 5, v as above. As da = d°a =0 («ais
bounded and harmonic for w hence bounded at any order by uniform ellipticity in
quasi-coordinates, and one can thus integrate by parts without boundary terms),
one gets dd°(f% — 8) = dd°(h% —~) = 0 on X\ D. Therefore f%— 3 and hZ — are
constant (use e.g. Yau’s maximum principle [Wu08, p.406]) as wanted, and thus
o = f}%arm‘

We are left with the mean assertion on f% and hZ. For t € [0,1], set w; =
wx +tddep, fy = fZ_ +t(Z-¢), and consider the function ¢ — fX\D frw;™. Thanks
to the growths near D, this function is smooth, with derivative [ X\ p(Z-p)w +

me\D fidd®p A W™t Now,

m [ pddon = —m [ diAdonwpt = - / (dfe, dip)u "
X\D X\D X\D

(no boundary terms). On the other hand, we now know that for all ¢, ftzw =
fgarm + d( 5}( + t(z ) 90)) + dc(huz.ix o t(JZ) ) 90) - Notice that fX\D <§I€arm7 dgp)“’t wgn =
| X\D (00, EE ) W = 0 (&F,,,, is co-closed for wy, as d,, = A,,d° on 1-forms),
and fX\D<dC(hf,X —t(JZ) - @), dp), W™ = —me\Dd(hix —t(JZ) - ) Adp A
w1 = 0 (the integrand is closed, and there are no boundary terms). This way
Jin (e d0) " = [ p €2 d)u 7 = [y p(Z - @) ", hemce: [y fref™ s
constant, which gives (take t = 0,1): fX\D fEwm = fX\D 2 wi =0. The mean

of h% against w™ is seen to vanish likewise. O

1.2 The Poincaré type Futaki character

Definition. — We can now generalise to Poincaré type Kéahler metrics/classes,
and holomorphic vector fields parallel to the divisor, a well-known invariant [Fut8§|
of compact Kéhler manifolds:

Definition 1.4 For Z € b/’/j and w € ///[BX], we call Poincaré type Futak:
character of Z with respect to D the quantity

m
zY

(4) Fo(2) = /X\D s o T

Here, s(w) denotes the (Riemannian) scalar curvature of w, that one can compute

for instance via: s(w)“7 = 20(w) A %, with o(w) the Ricci-form of w.
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Independence from the reference metric. — As terminology and notation suggest,
this Poincaré type Futaki character does not depend on w of class [wx]|, provided
it 1s of Poincaré type:

Proposition 1.5 Let W be any Poincaré type metric in ///[gx], and Z € f)/]/). Then

D zZ o™
g[[wX] fX\D O ml-

Observe nonetheless that we take @ of Poincaré type in this proposition; the
relation between the usual smooth Futaki character, and our Poincaré type Futaki
character, is the purpose of next part. For now, let us address the proof.

Proof of Proposition 1.5. — Take Z € h/]/D. Fix w = wx +dd°p and © = wyx +dd°p
in //l[gx], and for t € [0,1], set wy = (1 —t)w+1tw = wx +ddps, @ = (1 —t)p+1p;
the w; are metrics of Poincaré type, uniformly bounded below by cw, say. As

a consequence, the s(w;) are uniformly bounded, at any order for w, and for all
to < [0, 1], s(wt) = S(wt()) + (t — to)sto -+ (t — t0>2wt07t, with Sto = 1A2 (@ — QD) —

(o(we), dd(p — ), and wy, 4 (uniformly) bounded at any order. Unlfo(irm bounds
at any order hold as well for the 2oy = fEHtZ-(p—p); these growth

conditions near D thus ensure us that
wm
t»—h%::/ sw)f2, 20
X\D

is a smooth function of ¢, with derivative

m—1
Wy

t— Fy = /X . (stf5t+s<wt)[2-(sé—so)])m, + /X \Ds(wt)fft A (PPN

just as in the compact case. And as in the compact case, integrations by parts
can be performed without boundary terms, again thanks to the bounds mentioned
above; one thus ends with .%; = 0 for all ¢ € [0,1] (see e.g. [Gau, Prop. 4.12.1]),
hence the result. O

Remark 1.6 The word “character” for the function g"D f)// — R might ap-
pear slightly abusive, as long as we have not checked that Fi }([Zl, Z5]) =0 for
all Z1,Z5 € f)/’/j. As in the compact case, this identity however follows at once

from the invariance of cg"[i’x] along //l[gx], and the stability of this class under
automorphisms of X parallel to D and homotopic to idx.
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2 LINK BETWEEN SMOOTH AND POINCARE TYPE FUTAKI
CHARACTERS

2.1 Statement

We keep the notations of the previous part; in particular, wx is a smooth Kéhler
metric on X compact, and ﬁ[gx] : f)//D — R denotes the Futaki character associated
to the space //l[gx] of Poincaré type Kéhler metrics on X\ D of class [wx].

Recall moreover that if Z € b, we set ffx for the normalised potential of its
(Riemannian) gradient part, relatively to wx. The purpose of this part is to state
and prove an explicit relation between smooth and Poincaré type Futaki characters
on h/? ; this is the main result of this note. We use for this, as intermediates,

Futaki characters with respect to sub-divisors of D, e.g. D — D; = Zé\;l 0z De it
D= Zévz 1 Dy; the Futaki character is denoted by ﬁ[f;]Dj in this case, and is still

defined on h/? . We denote by .#|, ] the usual Futaki character on X:

Proposition 2.1 For all Z € b/f) and for all j =1,..., N, one has:

5 Foa2) = FL @ o | R
Consequently, for all Z € f)f,

5 al 7 (wxlp,)™!
(6) éﬂMﬁD==9@AQ)+4W;;%;ﬁM—@;jjﬁ‘

2.2 Proof of Proposition 2.1

Identity (6) clearly follows from an inductive use of identity (5), the proof of which
we focus on for the rest of this part.

Fix Z € b/’/j . To compute ﬁ[gx](Z ), we first fix a Poincaré type Kéhler metric
w € M. as follows. We take w = wx — dd° 2;\;1 log ( —log(|o;]?)), with o; €
O([D,]) such that D; = {o; = 0}, and the | - |; smooth hermitian metrics on the
[D;], chosen so that w is indeed a (Poincaré type) metric on X\D — see [Auvll,
§1.1.1] for details.

Fix now j € {1,..., N}, set p; = —log (= log(|o,[?)), ¢; = = >, log (-
log(|o;[3)), and define w; = wx + dd®(1); + te;) for t € [0,1]. Notice that these are
metrics of Poincaré type on X\D fort € (0, 1] only, as wi—o = wx —dd° ZZ# log (—
log(|o;[3)) is of Poincaré type on X\ (D — D;) — assuming a good choice of the |- |,
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for the positivity assertion. Now by Proposition 1.5,

(7) FL\(2) = /X ez i

forall ¢ € (0,1]. Observe however that the integrand tends uniformly to s(wo) fZ %L

away from D, as t goes to 0. Our strategy is hence to show that, for the price of
(wx|p;)™ . Wi
Vi )((mD—l the formal limit fX\(Dij) s(wo) f2 22 is the
limit of (7) as t goes to 0; in other words, we want to show that:

the correction 4w [, f. D,

® g [ s = [ s B [ gz el

N0 Jx\p m! (m

which provides (5), by definition of ﬁ[gxl — and its independence from ¢ € (0, 1]
in (7) —, and of gfw ]
Set D7 := (D — D;)|p,; admitting momentarily that

WX|D o 7 (Woij\Di)m
<9> / wa . 1) - /Dj\Dj fwo (m . 1)' )

m—1

instead of [ Sy

7 (@olp \pi)
our aim is to prove (8) with [, \Di z OJ(D;L\ff)!

The key point is the following technical lemma:

7 (WX‘Dj)7n71
wx  (m=1)!

Lemma 2.2 Let f € C*(X\(D — Dy)), and w € C;*(X\D;). Then

(10)
. Wi W (wol p,\ps)™ ™!
P\IB X\D sld(f+w) oy ml /X\(DD ) o)l +w) m! i /Dj\Dj d (m —1)!

By “f € C*(X\(D—D;))”, we mean: f is smooth on X\ (D— D), with derivatives
bounded at any order with respect to any Poincaré type metric on X\(D — D;),
e.g. wo; by “w € Cf°(X\D;)”, we mean: w smooth on X\D;, with derivatives at
any order (’)(‘ log |0j]j‘71) with respect to any Poincaré type metric on X\ D, e.g.
wx + ddcgoj-.

Lemma 2.2 is proven in next section. Let us see for now how it applies to our
situation. One has: fZ = fZ +t(Z-p;); we already know that fZ € C>(X\(D —
D;)), and we check easily that (Z - ¢;) € C°(X\D;) thanks to the assumption
that Z is parallel to D;. This way, by Lemma 2.2, fX\D s(wy) f2 wi/m! tends
to fx\D S(WO) 50 w(r)n/m| +4m ij\Dj ffo (WO|Dj\Dj)m71/(m - 1)!7 and fX\D S(Wt)(z ’
@;) w*/m! tends to fX\D s(wo)(Z - ;) wy*/m! as t goes to 0 — all that matters here

10
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is actually this limit existing and being finite. As a result,

w™ wm w™
sff 5= [ st 2 e [ sta)zee) G
/)(\D ¢ m‘ X\D 0 m‘ X\D J m‘
m wolpapi )™t
—>t\“0 / s(wo)ffo W_o' +47r/ ffo —( OIDJ\DJ), )
X\(D—-Djy) m. Dj\DJ (m—1)!

as wanted.

Apart from the proof of Lemma 2.2, we are left with that of equality (9).
We work on D;\D? — recall the notation D/ = (D — D;)|p, -, where we set
w, = (1 = s)(wx|p;) + s(wo|p,\pi); these are Poincaré type metrics for s > 0. In
the same fashion as in the proof of Proposition 1.2, growths near D’ allow us to
say that

s — (fox +8(Z-ty))wd ™!
Dj\DJ

is smooth, with derivative

/ (Z ) w4 (m— 1) / (2. + 5(Z - 4y))ddeupy A ™.
Dj\DJ

Dj\DJ

In order to conclude as in the proof of Proposition 1.2, since (Z - ;)|p,\pi =
(Z|Ip,\ps) - (¥5lp,\ps) as Z is parallel to Dj;, we check that the Hodge decompo-
sition out of D; induces a Hodge decomposition on D;, up to the mean of the
Riemannian /symplectic gradient potentials. Namely, we check that

Z|p, ﬁ _ c
1) & = @) = Gl + Ayl + R )
the extension to couples (Poincaré type metric @w on X\ (D — D), restriction of w
on D;\D?) being dealt with as in Proposition 1.2. Now, as harmonic 1-forms are
exactly d— and d°—closed 1-forms on compact Kahler manifolds, (11) is immediate

Zlp.
from §w|;|”D = §5X |p,» and this latter identity follows at once from the definition of
J
Z|p,. Indeed, in local holomorphic coordinates (z',...,2™) such that D; is given
by 2! =0, write Z = ZF 2 + Zk%, and thus Z|p, = Z%p, 3% +7Q\Dj% — we
implicitly sum on repeated Latin indices over {1,...,m}, and on Greek indices
over {2,...,m}. The dual 1-forms are given by:
55)( = ZZ(QX)kEde_'_ZE(gX)ZEdev gwx\]Dj =7 ’Dj (gX|Dj)aBdZ +ZB‘Dj(gX|Dj)BO_4dZ )
hence the result after restriction to D; of &5, as Z'|p, = 71 p; =0. O

11
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2.3 Main technical argument: proof of Lemma 2.2

Localisation of the problem. Recall that wy = wx + dd“y); is of Poincaré type on
X\(D — D;), and that the w, = wx +dd(tp; +1;), t € (0,1], are of Poincaré type
on X\D. Now for all t € [0, 1], s(w;)wj™ = 2mo(wo) A w}* —mdd®log (%) Awt,
On the one hand, for f and w as in the statement, as (f+w)o(wp) Aw;™ is uniformly
dominated by w™,

om [ (f+w)elwn) Aw = 2m [ (f+w)olwo) Al = / (o) (f + w) !
X\D X\D X\D

as t tends to 0; one recognises the first term in the right-hand side of (10).
On the other hand, thanks to the uniform convergence of dd‘log (%) Awit
0

to 0 far from D; (for wy, say), as ¢ tends to 0, we can restrict to f and w with
compact supports in a neighbourhood U of holomorphic coordinates (z!,...,2z™)
centred at any point of D;; we also assume that |z, < e on U for all ¢, that D; <
U = {z' = 0}, and that the possible other components of D intersecting U are
respectively given by {22 = 0}, ..., {2* = 0} for the appropriate k € {2,...,m}.

For fixed t > 0, we can write w/™/wi = v;/[|2!|*log®(|2!|?)] on U\D, with v
positively bounded below, and bounded up to order 2, for w = w;—1; these bounds
are not uniform in ¢ though, as (w"/w*) — 1 far from D; when ¢ N\, 0. We rather
write |log(w™/wi')] < C + log (1 +t/[|z'[*1log?(|z'[?)]) for a control uniform in ¢,
with C' > 0 independent of .

. AT .
Both controls come from the expansion w; = wy + t% + &4, with

let]ws [V9EL]w, [ (V)2 < Ct| log |z1||_1, where C' > 0 is independent of .

Integration by parts. Now as dd°log(|z'[*) = 0 in U\D;, for fixed ¢ > 0,

m

¢ w m— c Yt m—1
f4w)ddlog (L) Aw 1:/ fHw)ddlog | —————) ANw
[ rwarios (Se) ner = (7 s wgaon (i) e

Ut c m—1
= log ( —5—— )dd°(f +w) ANw"™;
o108 (gt +

we perform this integration by parts without boundary terms, as integrands are
L' at every stage (including the intermediate step, where the integrand is d(f +
w) A dlog (=) Aw™ ).

log?(|21[2)
m—1 m—1 idz! Adzt m—2 ~ : ~
Expand now w;" as w™ ' 4+ (m — 1) Tt A WO T &, with €] <

12
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Ct|log |zl|‘_1; this way,

vy
log ( —5—— |dd°(f + w) Aw™
o1 gy e 0

“(
= log (U—)>ddc(f +w) Awg !

U\D (|Z1|
" +(m—1)/ log(—v )ddc(f—l— w) A tide! ) d:! A wi?
o Mog?(|21?) 212 log?(|21)7)
vy
+ log | ————|dd°(f + w) AN &
o8 (g - )

We deal with the three summands of the right-hand side separately; the aim is to

show that when t goes to 0, the first summand provides the f p.-term” of (10),
J

whereas the other two tend to 0.

First summand.  As w|p, = 0, (an easy adaptation of) the classical Lelong
formula yields: [, ,log(|2"[*)dd°(f +w) Awg'™ L= —4r Jono, A\ D) fwolpppi)™ "
Consequently, for ¢ > 0, as W™ /wi® = v,/[|2']? log®(|2'[?)],

Uy c m—1
/U\Dlog <—10g T )>dd (f +w) A wj

w
= [ tog (S)da (7 v w) A am [l
U\D “o Un(D;\D)
The uniform controls |log(w™/wi)| < C +log (1 + 1/[|2'*log?(|2")]), |(dd°f A
wy ) wi| < C, [(ddew Awg ) Jw™| < C log|zl|r1 now allow us! to argue by
dominated convergence on the first summand of the right-hand side in the latter
identity; since the integrand tends to 0 as t \ 0, we get:

} Uy
lim

- C m—1 _ . m—1
s log <10g ey )>dd (f +w) Awy 47r/ Flwolpypi)™ .

Un(D;\D7)

Third summand of the right-hand side of (12). Use the control on &; to write:

v . )
‘ /U\D o <W>dd (f +w) A&

<CHlldde(f + )]l / [tog (50 + 10s((21)

U\D wg'

wm

(I
Lthe worst term to deal with is Ju\plog (1+1/[2" \QIOg (12112]) /| log |2* || w™, which is finite,
as log (14 1/[|21]? log?(|2!| 2])/|1og |z|| =1+ o(1) for z! small

13
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the integral of the right-hand side is indeed finite (same argument as in the footnote
above), and the left-hand side thus tends to 0 as t \ 0.

Second summand of the right-hand side of (12). This is probably the most
delicate. We rewrite the integral in play as

tZle A d; / v, .
/0 v og (10g2(|21|2))( (f w)) |Vzl (w0|Vz1)

<peri<ife 212 log?([21]?)

where the V,1 are the slices {z! = constant} of U\D. On each such slice, (the
restriction of) f + w, d(f + w) and dd°(f + w) are bounded, with respect to (the
restriction of) wy, hence [, (dd*(f +w))lv,, A(wolv,,)™* =0 for all 2! # 0. Our
integral can thus be rewritten as

tidz A dzt
/ ! / log(vr) (dd(f + w)) v, A (wolve, )™ 2
0 V1

<leri<ise 212 log?(|21]?)

that is:

: — tlog[|zl\2log2(|z1‘2) .wm/wm] )
idz /\dzl/ t 0 dd¢ f+w Vl/\ wolv m—2
/0<|21§1/e ! Vzl |21’2 10g2(|21|2) ( ( ))’ - ( 0’ . )

Now for all z! # 0, t € (0,1],

)/ tlog[|="[* log?(|2'[*) - wi" /wiy]
Va

(dde(f +w)) v, A (wolv,, )™

212 log?(|2?)

< Cll(dde(f +w)v.i ., Vol(Var) |1+ [Togft + 12 log?(1=" )]

212 og?(|2]?)

where Vol(V,1) = fvl wy't. This volume, as well as the supremums H (ddc( f+

w)) |V21

restrict to directions parallel to D;, along which wy and w are comparable. Now,

woly . AT€ bounded below independently of z' (and of #!) — notice that we
1

tidz' A dz' [
1+ [ogft + 2" log? (12" [2)]
/{0<|z1|§1/e} |z1|210g2(|zl|2) ’ |
t/ idz' A dzt illogt idz' A dzt
= og
(o<lt<1/ey 1212 1og?(|21[?) fo<lti<izey |21 log? (|21 ?)

t 1 21 2 112 o
+/ 112 1mg2(] 1|2 log(l—i—lz [“log™(|"| )>idz1/\dzl.
{o<lzt<1/ey |22 log™(]21[?) t

14
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As t N\ 0, the first two summands of the right-hand side clearly tend to 0; as
for the integrand of the third summand, an elementary study of the function
x +— xlog(l+41/x) on (0,00) shows that it is bounded above by 1, and tends to 0
ast (0. A last use of dominated convergence thus gives that this third summand,
hence the whole second summand of (12), tend to 0 as ¢ N\ 0.

Summing up the above analysis of the three summands of the right-hand side
of (12), we get:

wm

[ wddiog () nurt S an [ i)
U\D “o Un(D;\DY)

and we saw this is equivalent to Lemma 2.2 for our (localised) f and w. O

3 APPLICATION TO EXTREMAL METRICS OF POINCARE TYPE

3.1 Extension of Proposition 2.1 (smooth divisor)

Noticed that the integral term in (5) does not depend on the smooth metric wy €
M), as neither FP (Z) nor FD-D;

[wx] [wx]
invoked when proving (9) tell us moreover that for the price of replacing D, by

(Z) do. Considerations similar to those

D\D?, one can replace wx by any w € %f;]Dj, w|p,\ps being in that case an

element of .#P" . .
[wx]lp;

One can go a step further, at least when the divisor is smooth, and take an
w € ///[SX} which is asymptotically a product near D;, i.e. for which there exist
a >0, w € 4, and & > 0 such that as soon as D; = {z' = 0} in local

holomorphic coordinates (z1,...,2™), then

wxllp,

aidz' A dzt

w =
212 log™ (|2 [?)

+pw; + O(|log |21 ),

where p(zt,...,2™) = (2%,...2™), and with the O understood at any order for w.

This way w| p, still makes sense as an element of .Z|, ), , as well as ff] p;, and:
J

Proposition 3.1 (D smooth) Let w € //l[gx}, and assume that w is asymptoti-
cally a product near D;, for j € {1,...,N}. Then for all Z € f)/]/j, one has:

[wx]

(13) FL(2)=F0D(2) + 4n /D | fj—(zuyjf_)r:)_' .

15
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Proof. — Assume that w is asymptotically a product as above; then w = wx +
dd° (¢ + 1), with ¢ = —alog ( —log(|z*[*)), and in local holomorphic coordinates
(2%,...,2™) such that D; = {z' = 0}, ¢ = p*¢ + O(|log|zl|‘_6), where the O
is understood at any order for w, and where ¢y € C*°(D,) is such that w%j =

wx|p; +dd“) € M.y, and w|p, = w%j.

Taking Z € b}, Z- ¢ = O(|log \le_l) in coordinates as above, so that fZ =
L +Z (p+ 12), restricts to fZ|p, + (Z|p,) - ¥ on D;. Now we know from the

treatment of equality (9) in the proof of Proposition 2.1 that d(f2|p, + (Z|p,) - ¥)
is the gradient part in the Hodge decomposition of the dual 1-form of (Z|p,) for

wl’éj_. The analogue moreover holds when replacing ¢ by ¢ for ¢ € [0, 1]; setting
wh, = wx|p; +tdd*y and f; = fZ|p, +t(Z|p,) -1, we thus see that the derivative of
Il D, fi (wﬁ)j)m_l vanishes thanks to the usual integration by parts, hence the result,
in view of (5). O

3.2 A numerical constraint on extremal metrics of Poincaré
type

We apply what precedes to reformulate the numerical obstruction of [Auvld4,
§4.2.2|, which is a constraint on extremal Poincaré type metrics of class [wx]:

Theorem 3.2 Assume that there exists an extremal metric of Poincaré type of
class [wx] on X\D, and let K € f)/’? be the Riemannian gradient of its scalar

curvature. Then for all j =1,... N, setting D7 = (D — D;)|p,,

(14) sP <8P +

I 47TV01(D]-)(J[WX] (K) | ( )),

wx]

where 7 (resp. §B; ) denotes the mean scalar curvature attached to ///[fx] (resp.
DJ

to //[WXHDj) :

Proof. — Assume for a start that D is smooth. Let w € //l[fx] be extremal,
and let K = Vs(w) € Ij/? , where the (Riemannian) gradient V is computed with
respect to (the Riemannian metric associated to) w. According to [Auv14, Thm.
3], w is asymptotically a product near the divisor, and induces an extremal metric
wj € Muy)p, for all j =1,...,N. We fix one of these j; as K= s(w) - 87,

16
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Proposition 3.1 implies:

J[WX}(K) y[SX]D (K) + 47T/L).(S(W) N §D) (;;}j_ 1)!
D-D; <D 2 w;n_l
=F o) (K) — 471 Vol(D;)s” + 4m /Dj (S(wj) - a)m

b 2
—7P-Pi(K) — 4z Vol(D) (gD —8p, + —),

a;

where a; € (0,00) is such that: given a neighbourhood of holomorphic coordi-

nates (2',...,2™) in X of any point of D; such that D, locally corresponds to
1 _ _ idz! Adz!
= 0, then w = 4 T 10g? (210 + prw; + O(W) for some 0 > 0, and with
p(zt, ... 2™) = (22,...,2™). As a; is positive, one gets:
D-D; D -
P (K) > F2 (K) + 47 Vol(D;) (7 —5p,),

of which (14) is simply a rewriting — as D is smooth, D7 =0 on D;.

The simple normal crossing case. The asymptotically product behaviour of the
extremal metric w is not clear anymore when the divisor admits (simple normal)
crossings; we thus content ourselves with applying Proposition 2.1, with Z = K,
and wyx smooth, and adapt our argument as follows. Let gp so that w = wx +ddyp;
then 5 = f5 + K-, that is, ff = f5 — K. =s(w) —5” — K- ¢. Remember
that ffx is smooth on X, and set for the following lines wp, = wx/|p,; To compute
I |p,, notice that by Remarks 4.4 and 4.7 in [Auv14], one can find “tubes” around
D; in X\ D such that: s(w) and K- ¢ tend uniformly on compact subsets of these
tubes, respectively to s(wp, + dd) — 2/a; and Kp, - ¢, and where: 1 is smooth
on D;\D?, such that w%j = wp, +dd@¢ € ///[géj], and a; > 0 is the inverse of the

left-hand side of inequality (35) in [Auvl4, Prop. 4. 5]
As a consequence, f5 |p\pi = s(wp, + dd“)) — 8" — 2/a; — Kp, - 1, and
Proposition 2.1 yields

gP—Dj 2 —(w j)m_l
(15) FL(K) = F2 P (K) - 4W/D L (6eh) =5 = Ko, ) e

We can be more specific when analysing w near D;, and see that w}g is extremal,

with Kp, = Vs(w}b) ) and V the Riemannian gradient with respect to w}, p,- In other

Kp,
words, f ,7 = s(w%j) — sDj, hence
w
D.
J

Kp. J
(16) fun! =s(wh,) =85, —Kp, - ¢

17
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Kp.,

As [ D fwllfj ! ngfl = 0 by definition of the normalised holomorphic potential, using
J

(16), we can rewrite equation (15) as:

D—D; . 2
FLaK) = FLK) — 4w Vol(D) (55 =57 = ).
We now conclude as in the smooth divisor case, using the positivity of a;. O
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