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Abstract

Let D = Z;V: 1 Dj a divisor with simple normal crossings in a Kahler
manifold (X, wq) of complex dimension m > 2. The purpose of this short
note is to show that the existence of a Poincaré type metric w with constant
scalar curvature in PM|, on X \D implies for all j the inequality § < sp,.
Here s denotes the scalar curvature of @, whereas Sp; denotes the mean
scalar curvature associated to P M|y, p,] OF [wo|p,], depending on that D;
intersects other components or not. We also explain how those results were

already conjectured by G. Székelyhidi when D is reduced to one component.

1 INTRODUCTION

As canonical geometric objects, Kéhler metrics with constant scalar curvature
on compact manifolds have intensively been studied over the past few years. The
question of their uniqueness has been settled by works of S.K. Donaldson [Donl|,
T. Mabuchi [Mabl], X.X. Chen [Che| and by Chen and G. Tian [CT].

On the other hand, about the existence of Kahler metrics with constant scalar
curvature (on compact manifolds), fewer is known. Nevertheless, in the projective
case, Yau suggested |Yau] a conjecture relating the existence of such metrics among
a fixed polarization class with algebro-geometric properties of the polarized mani-
fold. This conjecture has been reformulated by Tian |Tia] and Donaldson [Don2],
and can be stated as:

Conjecture 1 (Yau, Tian, Donaldson) A compact polarized manifold (M, L)
15 K-stable if, and only if, there exists a Kdhler metric with constant scalar curva-
ture in the class c1(L).
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This is still an open question, at least in the "only if" direction. Indeed, the
implication "existence of metric with constant scalar curvature implies K-stability"
has been proved by J. Stoppa and Mabuchi, see [Sto, Mab2|, and the references
within. Concerning the converse, in has been proved so far for toric surfaces by
Donaldson [Don3|, but remains a very delicate problem in the general case.

In this respect, the aim of this note is to provide necessary conditions to the
existence of a metric with constant scalar curvature among a class of Kahler metrics
with cusp singularities along a divisor, which we call metrics of Poincaré type.
Considering metrics of Poincaré type takes its interest in that they can appear
as limits when working with sequence of smooth metrics. Studying this singular
case may also enlighten the smooth case. For example, Donaldson [Don4| suggests
the study of Kéhler metrics with conical singularities as a method toward the
understanding of the existence of smooth Kéhler-Einstein metrics in the Fano
case; indeed conical singularities vanish when letting their angle go to 27, but we
can recall that they also tend to cusp singularities, when the angle goes to 0.

Let us recall briefly the terminology of Poincaré type Kéhler metrics, in the
sense of [Auv, part 1]. We consider a divisor D with simple normal crossings in
a compact Kéahler manifold (X, wg, J) of dimension m > 2 and write its decom-
position into smooth irreducible components as D = Zjvzl D;. By simple normal
crossings we mean that every irreducible component is smooth, and that around a

point where exactly k components, D, ..., D; say, intersect, one has an open set U
of holomorphic coordinates (z1,. .., 2k, 2k, - - - » 2m) such that D,NU = {z, = 0}
forall{=1,... k.

Let us endow each line bundle [D;] with a smooth hermitian metric | - |},

and denote by o; € O([D;]) a holomorphic section such that D; = {o; = 0},
j=1,...,N. Up to multiplying | - |; by a positive constant or a smooth positive
function for those j, we can assume that |o;]? < e~ so that p; := —log(|o;|5) > 1
out of Dj; notice that id0p; extends to a smooth real (1,1)-form on the whole
X, the class of which is 2m¢i([D;]). We can also assume that |o;|; is constant
near Dy when D; N D, = &. Let A be a nonnegative real parameter, and set
u; :=log(A + p;) = log (A —log(|o;|?)). Then for X big enough,

N N N
w = wp — ddu = wy — Z dd‘u;, where u = Z u; = Z log (A —log(|o;[3)), (1)
j=1

Jj=1 J=1

defines a genuine Kéhler form on X\ D, that we will take as a reference metric in
what follows —we shall also assume that A = 0, since this is equivalent to replace
the | - |; by €| - |;. Indeed if U is a polydisc of coordinates (z1, ..., 2,,) around
some point of D such that U N D = {2 --- 2z = 0}, then w is mutually bounded

.. . k idzj \dz; m . —
near the divisor with > 7, TEeem > jepy1idzj A dzj, and moreover has
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bounded derivatives at any order with respect to this local model metric. Sharper
asymptotics are described in Proposition 1.2 of [Auv].

Such a metric is complete and has finite volume on X\ D, equal to W;,’I—},m We
are interested into generalizing the behaviour of our model w and the reference
potential u to a whole class; for this we state:

Definition 1.1 Let @ be a locally smooth closed real (1,1) form on X\D. We say
that W is a Kdhler metric of Poincaré type in the class Q0 = [wolar, denoted by

w e PMaq, if:

(1) © is quasi-isometric to w, i.e. cw <w < ¢ 'w on X\D for some ¢ > 0;

(2) W= w+dd for function i € £,
where

E:={p e Cr(X\D)| ¢ =O0(u) and |Vip| is bounded on X\D for any j > 1}.

Similarly, we denote by 7?7\719 the space of potentials of such metrics, computed
with respect to w.

A fundamental representant of such a class is the Kéhler-Einstein metric Tian
and Yau [TY] produce when K[D] is ample and Q = pc; (K[D]), p > 0.

It is obvious that provided ¢ € & such that ||dd°y||,, is small enough and
W € PMgq, then @ + dd“y is again a metric lying in PMg. In this way mg is
nothing but an open neighbourhood of 0 in £, and we will use in what follows the
notation

wy = w + dd“p € PMq (2)

for all ¢ € mg

Besides their completeness and finite volume property, the metrics in PMg
have also in common that their Ricci forms lie in —2m¢; (K[D]) (as an L? class).
Consequently they all have the same mean scalar curvature, which we denote by:

c1 (K [D])[wo]™ !
[wo]™ .

S = —4mm

Finally, one observes when D is smooth that for every j € {1,...,N}, w
induces a Kéhler form w|p, on D;. The class of this form is actually [wy|p,], which
depends only on €2, and any Kahler form in this class has its Ricci form lying
in —2me;(Kp,), which can also be written as —2m¢; (K[D]|p,), according to the
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adjunction formula and the triviality of [Dy] over D; when k # j. Thus, any
metric on D; in the class [wo|p,] gets as mean scalar curvature

Cl(K[D”Dj)][:EtDJ’]m_ . (3)

Sp, = —4mr(m — 1)

[W0|Dj

When D is not smooth and D, intersects other components, the metric in-
duced on D;\ U 4; Dy is of Poincaré type, hence has its Ricci form in the class
—2m¢; (Kp,[D; N D it Dj]), which writes again —2m¢; (K[D]|p,), and thus the
mean scalar curvature one gets is again given by (3), which we denote again by
Sp,. At last, we associate in both cases this number to [wo|p,;] or P M, p,] @S the
mean scalar curvature of this class.

We can now state the main result of this note:

Theorem 1.2 LetSp, the mean scalar curvature associated to the (Poincaré) class
ofwlp, forj=1,...,N as above. Suppose there exists a Kdihler metric of Poincaré
type in the class of wy (in the sense of Definition 1.1) with constant scalar curvature
on X\D. Then for every j, 8 < Sp,. In other words, we have for every j the
imequality

R

c1([Dy]) 1 (K[D]) [wo] ™2

¢1([Dy]) [wo] ™

wn terms of classes defined on X.

The present theorem genuinely deals with Poincaré type Kéhler metrics speci-
ficity, since the constraint it states becomes empty in the compact case. Moreover,
it represents a first step toward the notion of K-stability G. Székelyhidi [Sze| sug-
gested for pairs (X, D), formulated to take into account such a Poincaré behaviour.
We shall explain these links in next part, first section. Nonetheless, the content
of the theorem is rather intuitive, and can just be understood as a negative con-
tribution in the scalar curvature from the component of the metric normal to the
divisor, which looks like the Einstein metric of negative Ricci form on Poincaré’s
punctured disc.

Let us give a few comments about the choice we made in Definition 1.1 for the
space of potentials. On the one hand, we asked for a priori L® control on the
derivatives of order > 1 because this comes into consideration in the analysis on
potentials, especially in a description of X\ D near infinity we need to prove our
theorem. On the other hand, we allow non-sharp asymptotics near the divisor,
to avoid the asymptotically product situation. Indeed, we shall see in part 2,
second section, that the existence of an asymptotically product Kéhler metric on
X\D implies that D carries Kéhler metrics with constant scalar curvature, and

4
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this implies the K-stability of D, which would not be clearly implied by the K-
stability of (X, D). Working with what Poincaré type metrics, on which sharp
asymptotics are not required, thus allows us to avoid such an assumption on the
divisor. Now in this framework Theorem 1.2 is no more an immediate consequence
of the hypothesis, as it would be if dealing with asymptotically product metrics;
we also look at this point in part 2.

Finally, let us precise that Theorem 1.2 is the consequence of growth constraints
on the potential of a metric of Poincaré type described in Propositions 4.1 and 4.2
below, together with the use of the constant scalar curvature property. Since we
need a suitable description of X near D to state those propositions, we shall deal
with such a description in part 3, and state our propositions in part 4, as well as we
shall show how they imply Theorem 1.2 and give their proofs. For simplicity, we
assume that D is smooth until the end of part 4, and deal with the generalization
to the simple normal crossings case in part 5.
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2 LINKS WITH SZEKELYHIDI’S SUGGESTIONS
2.1 K-stability for a triple (X, D, L)

In [Sze, §3.1.2|, G. Székelyhidi considers (a subclass of ) Kéhler metrics of Poincaré
type resulting from a polarisation L — X, the class of asymptotically hyperbolic
metrics. He then suggests the following conjecture, extending Yau-Tian-Donaldson
of the compact case:

Conjecture 2 (Székelyhidi) Assume D is smooth. The triple (X, D, L) is K-
stable if, and only if, there exists an asymptotically hyperbolic Kdhler metric in the
polarization class.

Precisions on asymptotically hyperbolic metrics are given further. Now, by
contrast to the K-stability in the compact case, the K-stability for triples (X, D, L)
requires two types of conditions:

1. for any test-configuration of (X, D, L), the Futaki invariant is non-negative,
and vanishes only for product configurations;

2. one can compute numbers ¢y # 0, ¢1, 1 # 0 and a for any test-configuration
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of (X, D, L); we ask for the inequality

a2 (4)

Co (651

Let us say that condition 1 is analogous to the computations involved in the
compact case. On the other hand, condition 2 is original, and is meant to guarantee
that the metrics in game do have a "Poincaré behaviour" near the divisor; in the
following lines, we are looking deeper into this condition.

Let us mention now we will not need a precise definition of test-configurations,
and that we will not use Futaki invariants; the reader is referred to [Sze| for the
details. We just need to know that (X x C, D x C), above (X, D), polarized by
the pull-back of L for the obvious projection and with the trivial C*-action, is a
test-configuration for (X, D, L) ; this is indeed the trivial one.

In this way we give a few precisions on the numbers c¢g, ¢1, a; and as computed
for the trivial configuration. By definition, ¢y and ¢; are given by

dy, + dy

o = ok + k™t + O(K™ ),

where dj, (resp. dy) is the dimension of H(X, L*) (resp. of H° (X, Lf @ O(=D))).
Similar computations are used to define a;; and aw, which verify the relation:

dim H°(D, LE|p,) =: ark™ ™ + apk™ 2 + O(k™3)
There is no difficulty in computing those four terms for our trivial configuration:

Proposition 2.1 Consider the trivial test-configuration for the triple (X, D, L).

Then: . .
el e al) f el
Ol ! 2(m —1)! ’
ci(Llp)™ ! c1(L|p)"™* - e1(Kp)
O =, g = —
(m—1)! 2(m —2)!
Now if one takes [wy] = 27¢y (L) in this case, one thus has [wy|p] = 27e; (L|p),
hence [wy|p]™ ™ = [wo]™ -1 ([D]). A straightforward computation shows that the
inequality £ < &2 corresponds to mm%}% > (m — 1)%, which

is the inequality stated in Theorem 1.2 when D is reduced to one component.
Moreover, when D is smooth and admits several components, the inequality of (4)
can be obtained as the average of the inequalities of Theorem 1.2.

To sum it up, Theorem 1.2 is a first step toward the implication "existence of
asymptotically hyperbolic Kdhler metric = K-stability of (X, D, L)".
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Proof of Proposition 2.1. According to Riemann-Roch theorem, for £ going to
infinity,

_al@)" ., al@)" - alK) m—2
dy = 0k SR O,
and
0 ko alllp)™ o alLlp)™ - eil(KD) ) s m—3
h'(D, L¥|p) = Wk - 2(m = 2)] E"2+ O(R™),  (5)
thus oy = 20— ((I;l’f);;_l and ay = —Cl(L|D2)(2122'§!1(KD).

There remains to compute d.; now for k big enough H'* (X, LF® O(—D)) =0,
and consequently the sequence

0 — H°(X, L} © O(-D)) — H(X, L") — H(D, L¥|p) — 0

is exact, thus dy = dj — h°(D, L¥|p). Finally from (5) one has ¢y = %, and

1/c (L)m71~c (K) c (Ll )mfl
_§< : (m—l)!1 + 1(m[—)l)! ) O

C1 =

2.2 Asymptotically hyperbolic Kahler metrics

Our next comment on Székelyhidi’s conjecture will concern more precisely the
class of asymptotically hyperbolic near D Kahler metrics. We start by the precise
definition, which we take in [Sze].

Consider an open set U of holomorphic coordinates {21, ..., 2, } around some
point of D (assumed smooth) such that D = {z; = 0} in U. Then near D an
asymptotically hyperbolic metric g looks like a product metric

|dz |

gr = K +h 6
o =K ey T ®)

at any order, i.e. ’VSU (g—QU)‘gU = o(1) near D for all k£ > 0. Here K is a smooth
positive function on X, and hy is a smooth extension of a metric on D.

Clearly, asymptotically hyperbolic metrics are of Poincaré type, but they are
actually rather specific, because their definition implies that:

1. K is constant on D, and can hence be taken constant near D, the error being
included in the o(1) above;

2. if g has constant scalar curvature, so does the metric g|p it induces on D,
and s(g) <s(g/p)-
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Fact 1 is proved by looking at the Kéahler form w, of g; indeed, in the coordinates
used above on U, for any j, k € {2,...,m},

K +o(1) 1
Wil = , wip = 0(+———),
U a2 log?(|24)2) t (|zl||1og\z1u)
1
1=0(————— d wi= -
“n = O Tog ) and g = (ot

at any order, in asymptotically hyperbolic sense (or Poincaré, because of mu-
tual bounds). Now the Kédhler hypothesis tells us that for any j, k € {2,...,m},

0,11 = O,wjr = O(W). Now 0,,wi1 = %, and hence (K is
smooth on X), 0.,,K = 0 on DNU. Thus K is constant on D N U; since such
functions K may depend on the open set of coordinates but have to patch, we
deduce that they are constant on any component of D with common value, at
least in formula (6).

All this can be reformulated saying that on any U as above, wy, = Aiday ATT__ 4

|21]2 log?(212)
wy|, +0(1) for some positive constant A independent of U, the perturbation being
understood at any order in asymptotically hyperbolic metric.
Fact 2 readily follows from this latter observation. Indeed, one has w;" =
Aidzy AdzT
2112 log?(|z1]2)

A (wg|p)™ ! The Ricci form g, of g is thus given by

2’id21 VAN dz_1

|21 [21og? (|1 [2)

Oqlp — 100 log < )> +0o(1) = g, — o(1).

|21[21og? (|21 |2

Now s(g)w,® = 2mog A w;”_l, which develops into

Aidzy A dz
m: 2 _1 /\ m72_4A71 m—1 1 1
s(g)wy m[ (m —1)ogp “op “olD |21[21og?(|21[2) o
Aidzy N\ dzy
_ _ 4A_1 m—1 A 1 1 + 1
m(s(g!D) )W9|D ‘21’2 10g2(|21‘2> 0( )

i.e. s(g) =s(g|p) —4A7 + o(1). Thus if s(g) is constant, s(g|p) is too, the o(1)
_ 4

drops, s(g|p) > s(g) and A = CDEIOR

These computations illustrate the intuitive interpretation of Theorem 1.2. Of
course, such computations are no longer possible in the absence of asymptotics like
those coming from the definition of asymptotically hyperbolic metrics, and this is
why we develop hereafter some techniques to get our result in the more general
class of Poincaré type Kéhler metrics.
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3 A FIBRATION NEAR THE DIVISOR

To begin with, let us suppose that D is reduced to one (smooth) component,
and denote by ¢ a defining section for D.

We consider a tubular neighbourhood N4 of D (A is a real parameter to
be fixed), with projection p, obtained from the exponential map associated to
a smooth metric on X, wy say. On ANy, an S' action comes form the iden-
tification of N, with some neighbourhood V of the null section of the normal
holomorphic bundle Np = T;f—ﬁi‘;’ and this action leaves invariant the projection
p: Ny~V C Np — D. Now we complete p by making the function u, which is
reduced to log ( —log(|o|?)), invariant under the circle action. To be more precise,

let T" the infinitesimal generator of the action, with flow ®5. We set:

t = log [log (- %/S @3 (|o?) )|

near D, and extend it smoothly away from the divisor. If we denote the couple
(p,t) by g, we have the following diagram:

Na\D (7)
lq=(t7p)
[A, +00) x D

Sl

It is easy to see that t = u up to a perturbation which is a O(e™"), that is, a
@) (m), as well as its derivatives of any order (in Poincaré type metric). Finally,
A and N are adjusted so that N,\D = {t > A} C X\D.

We associate to the circle action on A4 a connection 1-form 7, as follows: if g
is of Poincaré type (e.g. g is the Riemannian metric associated to w) and keeping
T as the infinitesimal generator of the action with flow ®4, we set at any point x

of N4 )
. T o 9:(T) Nl
Ne = /0 (I)19<gm(T7 T))dﬁ and Ne = 27T(/SI 77) Nz
where the S! of the last integral is the fiber ¢! (x). In this way, for all z € Ny,
fq”(w) =2
Moreover, if we consider around some point of D a neighbourhood of holomor-
phic coordinates (2, = re®, ..., z,,) such that D is given by z; = 0, one has n = df
up to a term which is a O(1) as well as its derivatives of any order with respect
to w. Hence if we assume that g denotes the Riemannian metric associated to w,
one has
g=dt* +4e7*'n> +p*gp + O(e™") (8)



Metrics of Poincaré type with constant scalar curvature: a topological constraint

with gp the metric associated to wy|p, where O(e*t) is understood at any order in
Poincaré metric; this follows from [Auv, Proposition 1.2]. This means for example
that Jdt = 2e~'n+ O(e™"), this O(e™") being understood in the same way.

One can furthermore use the fibration (7) as follows. Let f € C**(X\D) (in
the o = 0 case, which is relevant here, C* (X \D) is defined with help of V,; see
[Auv, section 1.2] for the definition of such Holder spaces when a € (0,1) ); one
writes the decompositions

f=Lf)t2) +ULf = fot) + fu(t,2) + TLf (9)
where z = p(x), with:

(Mof)(t,2) = 5 /ql(x)fn, and fo<t>=V011(D) [ Wae,2) vor.

i 1 (D) [wolp]™ !

(m—1)!

[wo|D
(m-=1)! >

and Vol(D) computed with respect to gp, hence equal to or

by Lelong’s formula.

Using equation (9) and the definition of C**(X\D), since the S' fibers are
of length equivalent to e~ for g, it is not difficult to see that on an open set of
holomorphic coordinates as above, if j < k,

Dyj—e(IlLf) = O(e” "+

as soon Dy ;_, denotes a product (j —¢) factors of which are equal to e'dy, and the
remaining ¢ factors are in {r|logr|0,,0.,,0.,, B > 2}, were r = |z].

If moreover .Jp is the complex structure on D, we have that p*Jp differs of J
restricted to @522 (C% D C%) by a perturbation which is a O(e™") as well as

its derivatives at any order. An application of these estimations is that one has, if
feCh(X\D), k>2 ac(01),

df = (3tf0(t) + 0y f1(t, Z))dt +dpfi(t,z) + O(ef(kfua)t)
d°f = Jdf =2(0fo(t) + Dfi(t,2))e "+ dp fi(t,2) + O™ (10)
with df = p*(Jpd), and
dd° f =2(07 fo(t) + O fr(t, 2) — Dufolt) — Dufu(t, z))e"dt A

+2e'dp (O fo(t) + Oufi(t, 2)) A+ dt Adpd,fi(t, z) (11)
+dd}, fi(t,z) + O(e™)
with dd$, = p*(dJpd)
Eventually, if we replace f € C* (X \D) by a potential ¢ of a metric in P Mg,

computed with respect to w, decomposition (9) and estimates (10) and (11) apply
again, except that (t) = O(t), and 9] po = O(1) for all j > 1.

10
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All this description is easily transposable in the case the number N of disjoint
components of D is strictly bigger than 1, by working near one component and
away from the others; in this case we shall add to the objects above an index j
(e.g. t;, mj, @o,, etc.) to specify which component of the divisor they refer to.

4 THE KEY PROPOSITIONS

4.1 Statements, and proof of Theorem 1.2 (smooth divisor
case)

We assume again in this part that D is smooth. We come now to the statement

of the two key propositions of which Theorem 1.2 is a corollary: assuming w,, =

w + dd°p has constant scalar curvature (hence equal to § = —4wm%

at any point), one find constraints on ¢ which will translate into constraints on s.
For this, we state first:

Proposition 4.1 (D smooth) Assume ¢ € P M. Fiz j € {1,...,N}, and
consider the compact subdomains {t; < s} C X\D;. Then |Jo{t; < s} = X\Dy,
the integral fX\D etng diverges to +00, and:

/{t.< } Wl = dmm! Vol(D;)(s — ¢o;(s)) + O(1) (12)

when s goes to oo, for j=1,... N.

We also state:

Proposition 4.2 (D smooth) Assume ¢ € PMeq. Then:
/ Swetng' = 47m! VOI(D]) ((ng — 2)8 — §ng007j (S)) + 0(1) (13)
{tj<s}

when s goes to oo, for j=1,...,N.

The proofs are postponed to section 4.2, since we shall see for now how Propo-
sitions 4.1 and 4.2 readily imply Theorem 1.2 when D is smooth.

Proof of Theorem 1.2 from Propositions 4.1 and 4.2. Assume w, = w + dd°p has
constant scalar curvature. Fix j € {1,..., N}. Compare equations (12) and (13),

11
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after having multiplied the first one by § (which equals s, at every point of X\ D).
It follows, for s going to oo:

(8 =85 =2)s = (5; = S)po,(s) + O(1),

r (55 —8)(s — ¢o,(s)) = 25+ O(1) to be more explicit (here and from now on, §;
stands for 8p,). Having 5; =5, d.e. 25 = O(1), would thus be absurd. It follows
that § # §;, and s — ¢ ;(s) = (1). Now, in order to determine the sign

of §; — S, we use the dlvergence of fX\D ew]'. Since fX\D ew] is the increasing

limit of f{t <s }e 'wg', from the asymptotics (12) we know that (s — o,;(s )) tends
to 400 when s goes to oo. This would not be compatible with an inequality s > §;,
hence § <'s;.

C1(K[D])[u}0]m71 B CI(KD,)[WMD.]T"*Q
ol > (m = 1) e

To recover the inequality of the theorem, one uses that given (m — 1) classes

We thus have proved the inequality m

laq], ..., [m—1] with (1,1) representatives a, ..., ;1 on X, then the cup product
[on] - - - [a—1]e1([D;]) is equal to [on|p,] - - - [am—1]|p,]. One also uses the adjunction
formula K[D]|p, = K[D;]|p, = Kp, (the [Dy], k # j, are trivial over D;). O

Remark 4.3 This proof also gives us a sharper description of the potential ¢ of

a Poincaré metric with constant scalar curvature indeed, in a nutshell, one has

0 — Z] Lajt; € C=(X\D), where a; = =222 for each j. In other words, we
J

directly pass from "oglog" terms (the t;) to bounded terms in the development of

such a potential near the divisor, whereas terms like t}/ % are a priori authorized to
contribute to potentials of Poincaré type.

4.2 Proofs of Propositions 4.1 and 4.2

4.2.1 Proof of Proposition 4.1

Fix j € {1,...,N}. The exhaustion (J,{t; < s} = X\Dj is clear, arising
from the construction of ¢;, and more precisely from the estimate t; = u; + o(1)
where we recall that u; = log ( — log(|o;]?)) and D; = {o; = 0} in X.

Let us look at the divergence of [ X\D etfw;”. As etﬂ'w:f is mutually bounded
with the volume form of the model w, which is %wm, near each D, different
from D;, and since w has a finite volume on X\D, the integration near those
Dy, does not contribute to the divergence. On the other hand, near D;, eYw

is mutually bounded with e%w™, itself behaving as the cylindrical volume form

dt; Amj A pj(w|p,)™ ", of infinite volume.

12
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We now prove formula (12). Set © = w™ '+ w™ 2 Aw, + -+ + wgl*l, SO

that W' = w™ " + dd°p A ©, and that © is a closed (m — 1,m — 1)-form. Our
j € {l,...,N} is fixed again. By Stokes’ theorem, we have for s going to oo
(assume s is big enough so that Dy C {t; < s} when k # j):

/ Wl = / eliw™ + / elidp N O — / d(e) Ad°p A ©.
{tj<s} {t;<s} {tj=s} {t;<s}

Let us simplify the notation and drop the j indexes; this will not lead to some
confusion, since we are precisely dealing with integrals near D;. Now as © has
type (m — 1,m — 1), d(e') Ad°¢ A © = dp A d°(e') A O, and again by Stokes,

/ do Nd(e") N O = / pd°(e" Y N O — / dd®(e") N O,
{t<s} {t=s}

{t<s}

hence:

/ etw;’; = / elw™ + / odd®(e") N O + es/ (d°p — @dt) NO (14)
{1<s) {r<s} (<5} {t=s}

To get to (12), we shall analyze the different summands in game. First, e’ =
p;j + O(1) at any order, hence dd“(e') = ddp; + O(1); now, dd°p; is bounded (for
wp, and thus for w, of Poincaré type) since it extends smoothly through D. In
this way, as © is itself dominated by w™ ! and ¢ is L' for w, we deduce that
S (1<s} pdd®(e') A © converges when s goes to infinity, and in particular is bounded.

Let us pass to |, (=5} d°p N\ ©. According to derivation formulas (10) and (11),
since dt = 0 on {t = s}, one has on this slice

w=7p'wp+0(e?)
Wy = p* (wD]. + dch](,Ol) + 2dD]. g0.1 N 6_87'] + O(e_s)
d“p = 2(bo + p1)e "n +dp,p1 + O(e™”)

where * stands for 0;, the O being still understood for Poincaré metrics. The
notation dp,¢; means d(¢|—s), or the pull-back by p of the differential of the
function induced on D; by ¢; when fixing ¢t = s; similarly chjcpl stands for the
pull-back of Jp,d(1i=s).

In this way, we obtain on {t = s}

dp NO =2(y + 1)e AP (Wi + - + (wp, + idd o)™ )
m—1

-2 Z ke™*n Ndp;p1 A dCngpl A p* ((wDJ. + dchjapl)m_l_k A wﬁ;l)
k=0

+O(e™).

13
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We shall notice that the latter O(e™*) is a (2m — 1)-form on {t = s}; we could for
example write it as e(z)e™*n A (p*wp,)™ !, with e(z) = O(e~"®).

Up to some O(e™®), d°p A © is Sl-invariant, thus as the fibers are of length 27
for n, one has

J

/ dpNO = 47T@_S(/ (60 + @) (s, ) (Wh 4o+ (wp, +1iddp)™ )
(t=s) D '

- [ das At nZ(as) + 0 )

J

where Z(u) = 327/ k((wp, + ddu)™ =% A w%;l) for any (smooth) function u on
D.

-
In view of:

e the dependence on s only of ¢y ;

e the equality

/ (wp, + dd%jgol)m’kk A wl,f)j = [wp,]™" =t (m — 1)!'Vol(D;)
D.

J
for all k € {0,...,m — 1} ;
e the boundedness of the component ¢; and its differential;

it follows that:
/ o N O = dre*mI Vol(D;)go(s) + Oe ), (15)
{t=s}

that is: e® f{t:s} d°p N © = 4w Vol(D;)mlgy(s) + O(1) = O(1).
Using a similar process, and setting Y (u) = ng’l + -+ (wp, + dd°u)™" for

u any function on Dj, one gets :

e* /{t }QOdct A © =4mm! Vol(D;)o(s) + 4#/ | o1(5, )T (¢1(s,7)) + O(e™)

DJ
=47m! Vol(D;)po(s) + O(1).

(16)

There remains to analyze [ (1<s) e'w™. We can write, in a neighbourhood of
Dj, w™ = 2me~tdt An A (p*wp,)™ (14 O(e™)), according to (8) (or rather its
analogue near D, in the case when D has several components). This we write
again e'w™ = 2mdt An A (p*wp,)™ ' + O(e™"), O(e™") understood in the sense of
volume forms of metrics of Poincaré type. One more use of the S'-invariance of

14
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dtA(p*wp,)™ ' +0(e™") on {t > A} and the equality [, w}’}j‘l = (m—1)!'Vol(Dy),
we thus have for any s big enough:

/ elw™ = / etwm+/ (4mm! Vol(D;)+O0(e™"))dt = 4wm! Vol(D;)s+O(1).
{t<s) (1<)

A
(17)
The proposition is proved by collecting (14), (15), (16) et (17). O

4.2.2 Proof of Proposition 4.2

The techniques we use to get to estimate (13) are exactly similar to those
we just used to prove Proposition 4.2. However the starting point is the following
formulas for the computation of the scalar curvature: s, = 2(A,0,), or equivalently
Sewy' = 2moy, N w:;‘_l ; here we denote by g, the Ricci from of w,, and we denote
by o that of w. One has between those two forms the relation: o, = o — %ddc f,

where we set [ = log (:—fmn) € C*(X\D). Multiplying by mefg*l yields:
Sew, = 2mo A w:f’l —mdd°f N\ wgl’l.

that is: f{tgs} e's, Wl = 2m f{tgs} elo Nwl ! — mf{tgs} etddf AWl after inte-
gration (here again we fix j € {1,..., N}, and drop it as an index when there is
no risk of confusion). Here one can write wq’?*l = w™ ! +dd°p AU, with ¥ the

(m —2,m — 2)-form w™ % + - + w7 This gives the sum

/ eoNwl ™ = / elo ANw™ ! +/ eloNddp ANV, (18)
{t<s} {t<s} {t<s}

In order to estimate f{t<s elo A w™ !, we notice that, o being asymptotically

a product, its Ricci form will be too. More precisely, denoting by p; the Ricci

form of wp,, since from (8) one has w = 2dt Ae~'n+p*(w|p,) + O(e™"), we get the
asymptotics

o=poj—dt NeT'n+O(e™), (19)

as sketched in our discussion in section 2, with less precise asymptotics. Hence
near D;:

oAW™ Tt =2(m = 1)dt A e~ Ap*(oj Awp ) = 2dt AT ApT(wp ) + O(eT).

Proceeding as for |, (1<s) e'w™, one gets this way:

/{t< }etg Awm = 47rs((m - 1)[Qj][ij]m_2 - [ij]m_l) + O0(1),

15
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Siflwp.]m 1
=2 = 2l nd fwp, ]t = (m — 1)! Vol(Dy),

that is to say, since [;][wp, )

2m e'o Aw™ ! = 4drmls(s; — 2) Vol(D;) + O(1).
{t<s}

We proceed by successive integrations by parts for the summand |, (1<s} elo N
dd°p A V¥ in equation (18):

/ o Nddp NV = / odd“(e) No AU +¢° / (d°0 — @dt) N o AN V.
{t<s} {t<s) ft=s}

The first integral of the right-hand-side member is bounded for the same reasons
than f{tgs} pdd®(e") AO (see the proof of Proposition 4.1, §4.2.1). Using the asymp-

totics of ¢ (formula (19)) and the same arguments as for e* f{t:s}(godct —dp) N O
leads us to:

o /{t: (pd't —d°) A @ N =2m(m 1)15; (¢o(s) — wols)) + O(1)
= —2m(m — 1)Is50(s) + O(1),

i.e. 2m f{tgs} odd®(e') N o AT = —4rmlS;p0(s) + O(1)
To conclude one has to see that [ (1<s) elddf A w™ ! remains bounded; here
again two successive integrations by parts give:

/ etddef AW = / fdde(e") Aw™ ! + es/ (d°f — fdt) Aw™
{t<s} {t<s} {t=s}

we then show that (dd°(e?) is bounded and that) (d°f — fdt) Aw™ ! restricted to
the slice {t = s} is a O(e™*), with respect to n A p*(wp,)™ " say. O

5 GENERALIZATION: THE SIMPLE NORMAL CROSSINGS CASE

Assume now D has simple normal crossings. What follows is devoted to provide
the necessary adaptation to get Theorem 1.2 in this general case.

We want first to construct circle actions around each component in order to
have decompositions similar to (9). For this we need the action around a fixed
component to respect the other components. If these actions come from the iden-
tification of the normal bundles to tubular neighbourhoods with respect to some
exponential map, we need the connection giving this exponential map to provide
some orthogonality to intersecting component. In other words, we are asking for
a connection with respect to which the crossing components are totally geodesic.

16
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We are also asking for the connection to preserve the complex structure J of X,
because we also need asymptotics on such an operator.

There are obstructions to asking for such a connection to be the Levi-Civita
connection of a smooth Kéahler metric defined on some neighbourhood of the di-
visor. Nevertheless we only need the connection, not the metric, and we can
construct it as follows.

Take U = U, U --- U U, a finite open cover of D inX, such that U € U, if,
and only if, U is an open set of holomorphic coordinates meeting a codimension
k crossing of D, and not meeting any codimension > k + 1 crossing, this for
kE=1,...,m. Now if a codimension k crossing, D; N --- N D, say, is given by
{z1 =+ =2, =0} in U € Uy, set Vy for the pull-back of the Levi-Civita of the
euclidian metric in U. Take moreover a partition of unity (xy)yey associated to
U, and set

V= Z XuvVu
Ueu
on the neighbourhood J;,¢,, U of D.
It is clear that

e cach intersection made from the D; is totally geodesic for V;

e the complex structure J of X is parallel for V.

Fix now j € {1,..., N}, and set D; = D;\U,,; Dy (vesp. D" =3, Dj).
Thanks to the exponential map of V, one identifies a neighbourhood V of D; in
X (resp. mneighbourhood V' of D’ in X\D') to the normal bundle of D; in X
(resp. to its restriction to D}). We call p; the associated projection on V; one has:
p;(V') = Dj

Through this identification, one gets an S! action around D; preserving the
other components of D, and the discs in the resulting fibration of V are asymp-
totically holomorphic.

Averaging |0j|? as in part 3, one gets an S' invariant function ¢; verifying
t; = u; + o(1) at any order with respect to a Poincaré metric on X\D;, w; say
(e.g. w; = wy — dd°u;). One also builds a connection 1-form 7; giving length 27
to the fibers of the action. Finally, if ¢ is the Riemannian metric associated to w
and h; that of w|p, (the Kéhler form of Poincaré type induced on D}), one has on
V' the asymptotics

g =dt; +4e i + pih; + o(1)

with the perturbation o(1) understood at any order with respect to w;.
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Similarly, when it makes sense (and it does for Poincaré type potentials, for
example), define I f as the S'-invariant part of f around D%, and fo; and f1; by

1 ol
foits) = Vol(D;) /D; (p;)«(ILo f)(t5,-) vol ®5 and S =1f = fo;
[WO‘Dj}mil)

(here Vol(D;) is computed with respect to w|p:, and is thus equal to B oy T

Derivation formulas (10) and (11) become
d°f = Jdf = 2(0y, fo(t) + 8y, fr(t, 2))e™"m; + dp fi(t, z) + o(1)

with df, = pj(Jp,d), and

ddcf :2(8752] f()(t]> + a?]fl (tj, Z) — (9tjf0(tj) — atjfl (tj, Z))e_tjdtj VAN n;
+ 2€_tdi; (8tjf0(tj) + 8tjf1(tj, Z)) A N + dt]’ A dS }@jfl(tj, Z)
+ddiy filt,2) +o()

for f € C**(X\D), k> 2,a € (0,1),0r f € 737\4/9 (in both cases, the derivatives
of f with respect to w and of order < k — 1 are bounded, and the S depending
part is included in the o(1)).

The point to be noticed here is that these estimations are uniform along D;-,
away from the other Dj as well as close to them.

Now, a careful reading of the proofs of Propositions 4.1 and 4.2 allows us to

state them in our normal crossings case, with small adaptations: if ¢ € 737\79,
then

/{ }etjw:f = 4mm! Vol(D;) (s — gooJ(s)) +O(1), (20)
thS

with moreover this integral tending to +o0o0 when s goes to +o0, and
/{ sl = drmINOI(D,) (5o, 2~ S7e0,(4) +0(1)  (21)
tjgs

where now 8p, is computed for the class of Poincaré type Kihler metrics on D
relatively to wo|p, (instead of smooth metrics in the smooth divisor case), and
hence is given by

a1 (K[D]|p,) [wo|p,]™

]m—l

c1([Dy]) 1 (K[D]) [wo]™
c1 ([Dy]) [wo] ™

For example, Stokes theorem, which is a key-ingredient in those proofs, work again
since the different integrands (with fixed s) in the integration by parts are L' with

Sp; = —4r(m—1) = —4r(m—1)

[W0|D]-
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respect to wly;<s;. Moreover the O(e™®) of those proofs were much better that
needed, and the present o(1) at our disposal are sufficient to get the final O(1).

Assuming finally that w, has constant scalar curvature and comparing § times
(20) with (21) gives us that §p, > 8. This holds for all j = 1,..., N, and thus
Theorem 1.2 is proved in the simple normal crossings case.
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