Université Paris-Saclay 2017-2018
Linear and nonlinear elliptic partial differential equations
Final exam

In the sequel, we assume that Q C RY is a bounded open set with N > 2.
Exercise 1. Let A = (ai;)1<ij<n be a matrix whose coeflicients satisfy a;; € L>°(£2) for all 1 <
1,7 < N as well as the ellipticity condition : there exists A > 0 such that

A(z)E-€ > NEJP for ae. z € Q and all € € RY.

Let us also consider h = (hy,...,hy) with h; € L?(Q) for all 1 <i < N.
1. Show that there exists a unique u € H} () satisfying

(1) —div(AVu) = —divh in D'(Q).
2. Show that (1) is equivalent to
(2) /AVu-Vde:/h-Vvdx for all v € H3 ().
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3. We next intend to show that, if h; € LI(Q2) for all 1 <i < N with ¢ > N, then u € L*°(2), and
[ull ooy < CllA]l,

where C' > 0 only depends on N, ¢ and (2.
(a) Let k& > 0. We already know that (u — k), = max(u — k,0) € HY(Q) and V(u — k), =
14>k Vu. Show that, actually, (u — k)4 € HE(Q).
(b) Show that
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where Qp = {z € Q : u(z) > k}.

(c) We recall a version of Sobolev’s imbedding which states that if N > 2, then there exists a
constant Cy > 0 such that

|| @) < CullVwllz2q)  for all w € Hy(S),
where r = 2N/(N —2) if N > 2, while r € [2, +o0[ is arbitrary if N = 2. Show that
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(d) Show that
=Rl = | 19l ds.

and deduce that
3) Hk) < = FE - (B)] T,

where H (k) := [ Q] ds.



(e) Let ko =sup{k > 0: H(k) > 0}. Show that
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where 8 = Cyllh| pa)/A and 1/y =1/2+1/p—1/r.
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(f) Deduce that kg < C*]Qﬁ_% %HhHLq(Q) and show that

u < C(N,p, h|lpay ae in Q.
(g) Conclude that
|ull oo () < C(N, p, DAl La(q)-
Exercise 2. Let A = (ai;)1<ij<n be a matrix whose coefficients satisfy a;; € L*°(£2) for all 1 <
1,7 < N as well as the ellipticity condition : there exists A > 0 such that
A(z)E-€> MNP forae € Qandall € € RY,

The goal of this exercise is to show the existence of weak solutions to the PDE

—div(AVu) = f in Q,
u =0 on 01,

when the right hand side f only belongs to L(Q).
1. Assume first that there exists u € HE(Q) such that

(4) — div(AVu) = f in D'(9).

(a) Let 1 <p < N/(N—1) and ¢ =p/(p—1) > N its conjugate exponent. For h = (hi,...,hy)
with h; € L(Q) for all 1 <i < N, let v, € H}(Q) be the unique solution of

—div(ATVuy,) = —divh in D'(Q),

where AT is the transpose of the matrix A. Justify quickly the existence and uniqueness of

vp. Show that
/AVU-Vvhd:B:/fvhdx:/h-Vudaz.
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(b) Using the conclusion of exercise 1, deduce that

/Qh - Vudz < C||f|l )17 L),

where C > 0 only depends on 2, N and p.

(¢) Deduce that
IVullzr) < Cllflli o)

2. We now discuss the existence of solutions u € Wol’p(Q), with 1 <p < N/(N — 1), to (4).



(a) For f € LYQ), let (fu)nen be a sequence in C°(Q) such that f, — f in L}(Q). For each
n € N, let us consider u,, € H(Q) such that

—div(AVu,) = f, in D'(Q).

Show that for all n € N, then u,, € Wol’p(Q) for any p < N/(N —1), and that if n and m € N,
then

llwn — umHWOl”’(Q) < Cllfa = il

(b) Deduce that u,, — u® in WHP(Q), where u) € Wol’p(Q) satisfies (4).
(¢) Show that the limit () is independent of p.

Exercise 3. Let f € L?>(Q) and a : 2 x R — R be a Carathéodory function satisfying
a<a(xz,s) <p forae ze€QandallseR,
where a > 0 and 8 > 0. Using Schauder’s fixed point Theorem, show the existence of solutions

u € HH(Q) to
—div(a(z,u)Vu) = f in D'(Q).



