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Tempered distributions and Sobolev spaces

1) Topology of the Schwartz space. We recall that a function f ∈ S(RN ) if for any multi-indexes α and β ∈ NN ,

sup
x∈RN

|xαDβf(x)| < +∞.

For each n ∈ N and f ∈ S(RN ), define

pn(f) := sup
α,β∈NN ,|α|≤n,|β|≤n

sup
x∈RN

|xαDβf(x)|.

For all f and g ∈ S(RN ), let

d(f, g) :=
∑
n∈N

1
2n

pn(f − g)
1 + pn(f − g)

.

Show that d is a distance on S(RN ) whose induced topology defines a complete metric space.

2) Compute the Fourier transform of the following tempered distributions :

a) δ0.

b) 1.

c) δ′0, δ′′0 , . . . , δ
(k)
0 .

d) δa.

e) x 7→ e−2iπax.

3) Let µ ∈M(RN ) be a bounded Radon measure in RN . Show that its Fourier transform is given by the function

Fµ(ξ) =
∫

RN

e−2iπξ·x dµ(x) for all ξ ∈ RN .

4) Cauchy principal value. For all x ∈ R∗, define f(x) := ln |x|.
a) Show that f ∈ L1

loc(R).

b) Show that the mapping

T : ϕ ∈ S(R) 7→
∫

R
ϕ(x) ln |x| dx ∈ R

defines a tempered distribution.

c) Show that the derivative of T is the principal value of 1/x, which is defined by the tempered distribution

pv
(

1
x

)
: ϕ ∈ S(R) 7→ lim

ε→0

∫
{|x|>ε}

ϕ(x)
x

dx.

5) Hilbert transform. For all u ∈ S(R), we denote by Hu ∈ S(R) the Hilbert transform of u defined by

Hu :=
1
π
u ∗ pv

(
1
x

)
.

a) Show that for every x ∈ R,

(Hu)(x) = lim
ε→0

1
π

∫
{|x−y|>ε}

u(y)
x− y

dy.
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b) Show that its Fourier transform is given by

Ĥu(ξ) = −isign(ξ)û(ξ) for all ξ ∈ R.

Deduce that for every u ∈ S(R),
‖Hu‖L2(R) = ‖u‖L2(R)

c) Deduce that H extends to an isometry from L2(R) to L2(R), and that H2 = −I, where I is the identity mapping
over L2(R).

6) Let χ ∈ C∞c (R) be such that χ = 1 in a neighborhood of 0.

a) Show that any function ϕ ∈ S(R) admits the following decomposition

ϕ(x) = ϕ(0)χ(x) + xψ(x) ∀x ∈ R,

for some ψ ∈ S(R).

b) Solve xT = 0 in S ′(R).

c) Solve xT = 1 in S ′(R).

7) We recall that a tempered distribution u ∈ S ′(RN ) belongs to the Sobolev space Hs(RN ) (with s ∈ R) if and only
if û ∈ L2

loc(RN ) and ∫
RN

(1 + |ξ|2)s|û(ξ)|2 dξ <∞.

Show that δ0 ∈ Hs(RN ) if and only if s < −N/2.

8) The aim of this exercise is to show that for each s ≥ 0, (Hs(RN ))′ can be identified to H−s(RN ). More precisely,
for each T ∈ (Hs(RN ))′ there exists a unique u ∈ H−s(RN ) such that

〈T, v〉(Hs(RN ))′,Hs(RN ) =
∫

RN

ûv̂ dξ for every v ∈ Hs(RN ),

and
‖T‖(Hs(RN ))′ = ‖u‖H−s(RN ).

– Show that if u ∈ H−s(RN ) and v ∈ Hs(RN ), then ûv̂ ∈ L1(RN ).
– Deduce that the mapping v 7→

∫
RN ûv̂ dξ defines an element of (Hs(RN ))′.

– Show that the Fourier transform F is an isometrical isomorphism from Hs(RN ) to L2(RN , µ), where µ is the
absolutely continuous Radon measure (1 + |ξ|2)sLN .

– Let T ∈ (Hs(RN ))′, and define T̃ := T ◦ F−1. Deduce that T̃ is a linear continuous map on L2(RN , µ).
– Conclude.
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