UPMC Basic functional analysis
Master 1, MMO5SE 2011-2012

Tempered distributions and Sobolev spaces

1) Topology of the Schwartz space. We recall that a function f € S(RY) if for any multi-indexes « and 8 € NV,

sup |2*DP f(z)| < +o0.
z€RN

For each n € N and f € S(RY), define

pn(f) = sup sup |anBf(x)|.
a,BENN [a|<n,|B|<n z€RN

For all f and g € S(RY), let

o 1 pn(f_g)
d(f:9) '_%271+pn(f*9)‘

Show that d is a distance on S(R”) whose induced topology defines a complete metric space.

2) Compute the Fourier transform of the following tempered distributions :

a) 0.

0
b) 1.
c) 8, 6. ... 68
d) 5,
e) x s e~ 2imar,

3) Let u € M(RY) be a bounded Radon measure in RY. Show that its Fourier transform is given by the function

Fu(§) = /RN e 2T du(z)  for all € € RN,

4) Cauchy principal value. For all z € R*, define f(x) := In|z|.
a) Show that f € L (R).

b) Show that the mapping
T:9peSR)— / o(xz)In|z|dr e R
R

defines a tempered distribution.

¢) Show that the derivative of T is the principal value of 1/x, which is defined by the tempered distribution

pv (1> peSR)— lim/ () dx.
v O lel>e)y ¥

5) Hilbert transform. For all u € S(R), we denote by Hu € S(R) the Hilbert transform of u defined by
1 1
Hu:= —uxpv <) .
T x

(Hu)(z) = lim 1 u(y) dy.

0T J{lo—y|>e} T Y

a) Show that for every z € R,




b) Show that its Fourier transform is given by
Hu(€) = —isign(&)a(¢)  for all £ € R.

Deduce that for every u € S(R),
[Hull2m) = lullL2(®)

c¢) Deduce that H extends to an isometry from L?(R) to L?(R), and that H? = —I, where I is the identity mapping
over L(R).

6) Let x € C°(R) be such that x = 1 in a neighborhood of 0.
a) Show that any function ¢ € S(R) admits the following decomposition

p(x) = p(0)x(z) + z¢(z) VreR,

for some 9 € S(R).
b) Solve 2T = 0 in S'(R).
¢) Solve zT' =1 in §'(R).

7) We recall that a tempered distribution u € S'(R”Y) belongs to the Sobolev space H*(RY) (with s € R) if and only
if a € L2 _(RY) and

loc

| IR rIa©P s < .
]RN
Show that dp € H*(RY) if and only if s < —N/2.

8) The aim of this exercise is to show that for each s > 0, (H*(RY)) can be identified to H~*(R"). More precisely,
for each T' € (H*(R™))’ there exists a unique u € H~*(R") such that

(T, v) (s RNy Ho (RN) = /RN wvdé  for every v € H*(RY),

and
HTH(HS(]RN))’ = Hu”H*S(RN)'
— Show that if u € H~*(RY) and v € H*(RY), then a0 € L'(R").
— Deduce that the mapping v — [, @0 d¢ defines an element of (H*(RY))'.
— Show that the Fourier transform F is an isometrical isomorphism from H*(RY) to L2(R", u), where u is the

absolutely continuous Radon measure (1 + [£]?)*LY.
~ Let T € (H*(RY)), and define T := T o F~!. Deduce that T is a linear continuous map on L2(R¥, ).
— Conclude.



